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For control-affine nonlinear systems with a disturbance and unknown parameters satisfying a matching condition
but not having a known bound, we introduce a direct adaptive control scheme with three design elements: (a)
nonlinear damping, (b) single-gain adjustment, and (c) deadzone in the update law. Combining these three in-
gredients for the first time, we guarantee the following previously unattained property: an attenuation of the
plant state to an assignable small level, despite unknown bounds on the parameters and disturbance, without a

drift of the gain, state, and input. Given the tools and results, we refer to the proposed scheme as a Deadzone-
Adapted Disturbance Suppression (DADS) Controller.

1. Introduction

Robustness in adaptive control is a major issue that has attracted the
attention of many researchers in control theory. Various approaches
have been proposed in the literature for time-invariant nonlinear control
systems for which no persistence of excitation condition is assumed:
nonlinear damping (see [13,14,9,10]), leakage (see [2,3,17,20]), pro-
jection methodologies (see [2] and Appendix E in [13]), supervision for
direct adaptive schemes (see [1]), dynamic (high) gains or gain adjust-
ment (see [4,12,16]) and deadzone in the update law (introduced in the
paper [18] and well explained in the book [2]). Every approach has its
own advantages and disadvantages and some of the approaches require
special assumptions (e.g. knowledge of bounds for the disturbances
and/or the unknown parameters).

In the present short note, we focus on a special class of systems: time-
invariant systems that satisfy the so-called matching condition (see [13]
for the definition of the matching condition) for which no bounds for the
disturbance and the unknown parameters are known. For this class of
systems, it was recently shown in [10] that there are indirect, adaptive
feedback designs which can guarantee KL estimates in the
disturbance-free case. Inspired by the idea of dynamic gain used in [4,
19,12,16,15], here we go several steps further. We provide a simple,
direct, adaptive control scheme that combines three elements: (a)
nonlinear damping (as in [13,10]), (b) single-gain adjustment (the dy-
namic feedback has only one state), and (c) deadzone in the update law.
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It is the first time that these three tools are combined, to the best of the
authors knowledge. The proposed adaptive scheme is direct and
robustness is not sought by applying advanced identification tools or
delays (as in [7,8,111); here no identification is performed (which also
explains the simplicity of the proposed scheme). We call the proposed
controller a Deadzone-Adapted Disturbance Suppression (DADS)
controller.

The advantages of the DADS controller (besides its simplicity) are
many. The proposed adaptive control scheme achieves for the first time
an attenuation of the plant state to an assignable small level, despite the
presence of disturbances and unknown parameters of arbitrary and
unknown bounds. Moreover, the DADS controller prevents gain and
state drift regardless of the size of the disturbance and unknown
parameter. The latter property is a consequence of the Bounded-Input-
Bounded-State (BIBS) property and the Input-to-Output Stability (I0S)
property that both hold for the closed-loop system. The important (and
so rarely achieved) combination of robustness properties that are
guaranteed for the closed-loop system in conjunction with the simplicity
of the controller justify our focus to a special class of systems (systems
with matched uncertainties).

There are hundreds of robust adaptive control papers; none of them
achieve attenuation of the plant state to an assignable small level,
despite unknown bounds on the parameters and disturbance, without a
drift of the gain, state, and input. The reason for that is the following.
Among the robustification tools for the update law, only the sigma-
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modification (see [2,3,17,20]) is free of a requirement of a known bound
on the parameter. Projection requires and bound and the deadzone
alone is known to provide only local robustness (local in the initial
condition and the disturbance size).

Hence, it is worth understanding why adaptive nonlinear control
with a sigma-modification alone does not attain regulation to an
assignably-small residual set, in the presence of large disturbances. This
is elucidated in our Section 2, specifically in the inequality (2.8) for the
sigma-modified adaptive controller (2.6). Inequality (2.8) indicates that
the residual set, in the plant state and the parameter estimation error
space, is dependent on both the parameter and the disturbance, both of
which are unknown. Hence, the residual set is unassignable. What'’s
lacking in the elementary sigma-modified adaptive controller (2.6) are
several things, the main among them being the termination of adapta-
tion once the state alone enters the assigned residual set, which can only
be achieved with a deadzone. But a simple deadzone, and a deadzone
alone, does not suffice, as it would only stop adaptation, without
maintaining the state in the assigned residual set. Our particular form of
update with a deadzone in (2.11), combined with a particular form of
nonlinear damping in the robust adaptive controller (2.10), ensures that
both the adaptation is terminated and the state is kept inside the residual
set, regardless of the action of a disturbance of arbitrarily large and
unknown size. How is the state kept inside the residual set in spite of the
unknown size of the disturbance? The update law (2.11) “pumps up” the
controller gain to a sufficient size, adapting the gain to the unknown
disturbance, and shuts off further pumping up of the gain once the state
is in the residual set. There is quite a magic in the mix of the three design
ingredients (mentioned in the abstract) in the simple adaptive feedback
(2.10), (2.11). This magic is “demystified” through the proof of Theorem
1.

The structure of the paper is as follows. We start with a section that
provides all the stability notions used in the paper (some of them are
modifications of well-known notions presented in [6,9,21]). All the
main results are stated and discussed in Section 2. Section 3 is devoted to
the presentation of certain illustrative examples. Section 4 of the paper
contains the proofs of all main results. The concluding remarks of the
present work are provided in Section 5.

Notation and Basic Notions. Throughout this paper, we adopt the
following notation.

« Ry := [0, + o0). For a vector x € R", |x| denotes its Euclidean norm
and x denotes its transpose. We use the notation x* for the positive part
of the real number x € R, i.e., x™ = max(x,0).

« Let P € R™" be a symmetric positive definite matrix. By Amin(P) we
denote the smallest eigenvalue of P.

« Let D C R" be an open set and let S C R" be a set that satisfies
D C S C cl(D), where cl(D) is the closure of D. By C°(S ; Q), we denote
the class of continuous functions on S, which take values in Q C R™. By
C*(S; Q), where k > 1 is an integer, we denote the class of functions on
S C R", which take values in Q C R™ and have continuous derivatives of
order k. In other words, the functions of class C*(S ; Q) are the functions
which have continuous derivatives of order k in D = int(S) that can be
continued continuously to all points in dDNS. When Q = R then we
write C°(S ) or CX(S). A function f € (2, CX(S ; Q) is called a smooth
function.

« By L°(R;) we denote the class of essentially bounded, Lebesgue
measurable functions d : R, —»RP. For d € L®(R, ) we define || d ||, =
sup(|d(t)|), where sup(|d(t)|) is the essential supremum.

t>0 t>0

* By K we denote the class of increasing continuous functions a :
R;—>R; with a(0) = 0. By K, we denote the class of increasing
continuous functions a : Ry —»R,; with a(0) = 0 and lir+n (a(s)) = + oo.

S§——+00

By KL we denote the set of all continuous functions ¢: Ry xR, —>R,
with the properties: (i) for each t > 0 the mapping o(-, t) is of class K; (ii)
for each s > 0, the mapping o(s, -) is non-increasing with tliT (a(s,t)) =

0.
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*LetS C R" be anon-empty set with 0 € S. We say that a function V :
S—R, is positive definite if V(x) > 0 for all x € S with x # 0 and V(0) =
0. We say that a continuous function V : S—R, is radially unbounded if
the following property holds: “for every M > 0 the set {x € S : V(x) <

M} is compact”. For Ve C}(S;R;) we define VV(x) = (d"% (%) .oy
2L(x)).
We next recall certain notions of output stability. Let f : R"—>R" be a

locally Lipschitz vector field with f(0) = 0 and h : R">R? be a contin-
uous mapping with h(0) = 0. Consider the dynamical system

i=f(x), xeR" (1.1)
with output
Y = h(x) (1.2)

We assume that the dynamical system (1.1) is forward complete, i.e.,
for every x, € R" the unique solution x(t) = ¢(t,x,) of the initial-value
problem (1.1) with initial condition x(0) = x, exists for all t > 0. We
use the notation Y(t,xo) = h(¢(t,xo)) for all t>0, xo € R" and
Br ={xeR": |x|]<R} for all R>0. The following properties are
standard in the analysis of output stability: see for instance [6,9,21]. We
say that system (1.1), (1.2) is

i) Lagrange output stable if for every R > 0 the set { |Y(t,xo)| : X0 €
Bg, t >0} is bounded.
ii) Lyapunov output stable if for every ¢ > 0 there exists §(¢) > 0 such
that for all xo € By(,), it holds that |Y(t,x0)| < e for all t > 0.
iii) Globally Asymptotically Output Stable (GAOS) if system (1.1), (1.2)
is Lagrange and Lyapunov output stable and tETw(Y(t7 X0)) =0

for all xo € R™.

iv) Uniformly Globally Asymptotically Output Stable (UGAOS) if system
(1.1), (1.2) is Lagrange and Lyapunov output stable and for every
&,R > 0 there exists T(¢e,R) > 0 such that for all xy € Bg, it holds
that |Y(t,xo)| < € for all t > T(e,R).

It should be noted that (see Theorem 2.2 on page 62 in [6]) UGAOS
for system (1.1), (1.2) is equivalent to the existence of a function $ € KL
such that the following estimate holds for all x, € R" and ¢t > 0:

[Y(t,x0)| < B(|xol,7) (1.3)

We say that system (1.1), (1.2) is practically Uniformly Globally
Asymptotically Output Stable (p-UGAOS) if there exists a function g € KL
and a constant @ > 0 such that the following estimate holds for all x, €
R™ and t > 0:

|Y(I,X())‘ Sﬂ(|x0|7t)+a (14)

When h(x) = x then the word “output” in the above properties is
omitted (e.g., Lagrange stability, Lyapunov stability, GAS, UGAS, p-
UGAS).

Let f : R" x RP—>R" be a locally Lipschitz vector field with f(0,0) =
0. Consider the control system

x :f(xvd) 5

We assume that system (1.5) is forward complete, i.e., for every x, €
R" and for every Lebesgue measurable and locally essentially bounded
inputd : R; —>RP the unique solution x(t) = ¢(t, xo; d) of the initial-value
problem (1.5) with initial condition x(0) = x, corresponding to inputd :
R, —>[RP exists for all t > 0. We use the notation Y(t,xo;d) = h(¢(t, xo; d))
for all t >0, xo € R" and for every Lebesgue measurable and locally
essentially bounded input d : R, ->RP.

We say that system (1.5), (1.2) is Input-to-Output Stable (IOS) if there
exist functions € KL, y € K such that the following estimate holds for
all xo € R", t > 0 and for every d € L (R, ):

[Y (1, %03 d)| < B(lxol, 1) + ([l d [l) (1.6

xeR', de R (1.5)
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We say that system (1.5), (1.2) is practically Input-to-Output Stable (p-
I0S) if there exist functions # € KL, y € K and a constant a > 0 such that
the following estimate holds for all xo € R", t >0 and for every
deL>(R,):

[Y(t,x0:d)| < BIxol, 1) +7(Il d [|) + @ a7

We say that system (1.5), (1.2) satisfies the practical Output Asymp-
totic Gain Property (p-OAG) if there exists a non-decreasing, continuous
function y : R, »R, with y(0) = 0 and a constant @ > 0 such that the
following estimate holds for all x, € R", t > 0 and for every d € L* (R, ):
timsup([Y (1.20:d))) < 7(]| d 1) + (1.8)

When y = 0 we say that system (1.5), (1.2) satisfies the zero practical
Output Asymptotic Gain property (zero p-OAG).

When h(x) = x then the word “output” in the above properties is
either replaced by the word “state” (e.g., ISS, p-ISS) or is omitted (e.g., p-
AG, zero p-AG).

2. Main results

In this work we study nonlinear control systems of the form

&= f(x) + g(x)(u+ ¢ (x)0 + a(x)d) @1
xeR ueRdeROcR

where f, g: R">R", ¢ : R">RP, a: R">R are smooth mappings with
f(0) =0, ¢(0) = 0, x € R" is the plant state, § € R is the vector of
constant and unknown parameters, u € R is the control input and d € R
is the disturbance. The reader should notice the difference between 6
and d when both are considered to be perturbations: while 6 € R? is a
vanishing perturbation (due to the fact that ¢(0) = 0), d€ R is -in
general- a non-vanishing perturbation. Systems of the form (2.1) are
systems that satisfy the so-called matching condition, i.e., the effect of
both 6 € R and d € R can be cancelled by the control inputu € R if they
are known. We assume next that d € L*(R;) but we assume no bound
for the parameters 6 € R? and the disturbance d € R.

Assumption (A): There exist smooth mappings V,Q : R"->R,, k : R"—
R with k(0) = 0, V,Q being positive definite and radially unbounded such
that the following inequality holds for all x € R":

VV(x)(f(x) + g0)k(x)) < —Q(x) (22)

Assumption (A) guarantees the existence of global feedback stabi-
lizer when 6 = 0 and d = 0. However, due to the existence of § € R? and
d € R we cannot apply the feedback law u = k(x) without some modi-
fication. To this purpose we need an additional assumption.

Assumption (B): There exists a smooth mapping u : R"—[1,+o0) such
that the following inequality holds for all x € R":

o) < u(x)0() (2.3)

Assumption (B) holds automatically when there is a constant Q > 0
such that the inequality Q(x) > Q|x|* holds for all x € R". Consequently,
Proposition 4.4 in [5] guarantees that both assumptions (A), (B) hold
automatically if there exists a smooth mapping k : R"—R with k(0) =0,
such that the feedback law u = k(x) guarantees global asymptotic sta-
bility and local exponential stability for system x = f(x) + g(x)k(x).

Supposing that assumptions (A) and (B) hold, we can have the
following modifications of the feedback law u = k(x).

1) Robust Control modification. Assuming that || < p where p > O isa
constant, the feedback law

u=k(x) — c(p’u(x) +a*(x)) VV(x)g(x) 2.4
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where ¢ > 1/4 is a parameter of the controller, guarantees the following
inequality for all x € R" and d € R
, 1 d?
TV + g+ @00 +ald) < — (1= )ow+5.  @5)
Inequality (2.5) is shown by using (2.2), (2.3), (2.4), the fact that
|6] < p and the inequalities

TV (s(W)alod < ca()(TVE00) + o
VV(x)g(x)g (1)0 < [VV(x)g(x)llg(x)]|6]

_lo)P

< oy T HWIOT(TV()800)°

Inequality (2.5) shows that V is an ISS-Lyapunov function for the
closed-loop system (2.1) with (2.4) and the ISS property from the
disturbance d € L*(R.) holds. The state is eventually led to a ball
around the origin and the radius of the ball is an increasing function of
Ld|?.

The disadvantage of the feedback law (2.4) is the fact that it works
only when |6| < p and (since 6 € RP is unknown) we cannot guarantee
the validity of the inequality |0] < p.

1) Adaptive Control modification. In this case, by using the so-called ¢ —
modification, the dynamic feedback law

u = k(x) — ¢ ()0 — ca’(x) VV (x)g(x)
a9 (2.6)

77 = VVg)le(x) — o

where c¢,o > 0 are parameters of the controller and I' € RP*? is a sym-
metric positive definite matrix guarantees the p-ISS property from the
disturbance d € L® (R, ) for the closed-loop system (2.1) with (2.6) (with

state (x, & — 6) € R" x R). Indeed, this is shown by using the ISS-
Lyapunov function

—OT ' (0-0) 2.7)

which satisfies the following inequality for all x € R", d € R, § € R and
A€ (0,1)

, a2
or—'e +— (2.8)
4c

W< —0@) —o(1-2)@ — 0T (0-0) + %
where W is the derivative of W(x, ) along the trajectories of the closed-
loop system (2.1) with (2.6). Inequality (2.8) shows that the radius of the

residual set is an increasing function of ﬁé)'F’IG—F +d |%. This is the

disadvantage of the approach: the state is eventually led (even in the

disturbance-free case) to a ball around the origin of unknown radius.
In order to present a third option, we need an additional assumption.
Assumption (C): There exist constants 5,5 > 0 such that the following

inequality holds for all x € R" with |x| < &:
0(x) 2 nV(x) (2.9)
Assumption (C) allows us to suggest a different option for the robust

stabilization of (2.1). Consider the dynamic feedback law:

u=k(x) = c(1+x(exp(@) (I (D) + 2u(x) + (@) VV(x)g(x)  (2.10)

i=Texp(—2)(V(x)—r)" , z€R (2.11)
where r,T",c > 0, 1 > 0 are parameters of the controller (constants) and

k € K., is a smooth function. We call the controller (2.10), (2.11) a
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Deadzone-Adapted Disturbance Suppression (DADS) controller. The
controller (2.10), (2.11) combines the use of deadzone (in (2.11)) and
dynamic nonlinear damping (in (2.10)).

The controller (2.10), (2.11) is clearly an extension of the controller
(2.4) with z being adapted by means of the update law (2.11) and by
treating both 6 € R’ and d € R as external disturbances: 0 € R is a
constant in time vanishing perturbation while d € R is a possibly time-
varying, non-vanishing perturbation. The controller (2.10), (2.11)
combines both the adaptation idea and the robust control methodology
that leads to controller (2.4). However, notice that Z becomes zero, i.e.,
the adaptation stops, when the plant state x enters the region defined by
V(x) < r. This is the effect of the deadzone and it is a characteristic that
does not appear in the update law of (2.6). The deadzone prevents the
state z to grow without bound in the case where the disturbance is
present.

The controller (2.10), (2.11) is simple: only one integrator is being
used. The dynamic controller gain increases in order to overcome the
effect of both € RP and d € R.

The following theorem clarifies the performance characteristics that
the DADS controller (2.10), (2.11) can guarantee for the closed-loop
system.

Theorem 1. Suppose that Assumptions (A), (B) and (C) hold. Let r,T’,c
>0, 1 > 0 be given constants and let x € K, be a smooth function. Then
there exist functions € KL, y € K, and a non-decreasing function
R : R, —R, dll functions independent of 6 € R, such that for every (xo,20) €
R™ x R and for every d € L*(R.) the unique solution of the initial-value
problem (2.1), (2.10), (2.11) with initial condition (x(0),2(0)) = (xo0,20)
is bounded and satisfies the following estimates for all t > 0:

io - c K(ex] *y?
Vo) < /;(V(x(o»,,m('d + (18] — 4y/e(U+ x{exp((0)))) ))

2¢(1 + k(exp(z(0))))

(2.12)
2(0) < 2(0) < R(I1d |IL +16F +V(x(0)) + |z(0)] (2.13)
limsup(V(x(2))) < r (2.14)

1=+

Remarks on Theorem 1: (a) Inequality (2.12) shows that the p-IOS
property from the disturbance d € L*(R,) holds for the closed-loop
system (2.1), (2.10), (2.11) with output Y = x. Indeed, the following
estimate is a direct consequence of (2.12):

V(x(1)) < AV(x(0)),1) +y<@> ”(l% )

The above estimate guarantees the p-IOS property from the distur-
bance d € L*(R, ) for the closed-loop system (2.1), (2.10), (2.11) with
output Y = x.

(b) Inequality (2.14) guarantees that the plant state x is eventually
led (even in the case where a disturbance is present) to a ball around the
origin of assignable radius. When the plant state x is considered to be the
output of the closed-loop system (2.1), (2.10), (2.11), inequality (2.14)
guarantees the zero p-OAG property limsup(|x(t)|) < a with a constant a

t—>+oo

> 0 independent of the constant parameter . Moreover, the state, i.e.,
both x(t) and z(t), remain bounded for every initial condition and every
disturbance d € L*(R.); this is the Bounded-Input-Bounded-State
(BIBS) property.

(c) The proof of Theorem 1 provides a crude estimate for the function
R. Let arbitrary s > 0 be given and define

7(s) == %inf{ % :

Notice that Assumption (C) guarantees that 77(s) > 0. Then we can

xeR"x#0,V(x) < 1+ﬂ(570)+y(zic> }
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estimate R(s) by means of the formula

R(s) = ln<1 +x! ((m - 1>+> +exp(s) +% (ﬂ(s70> +y(;7)))

but the reader is warned that the above formula provides a crude esti-
mate. However, it should be noted that estimate (2.13) in conjunction
with estimate (2.12) allows us to obtain a useful qualitative result: that
the solution (x(t), z(t)) is uniformly bounded for bounded sets of distur-
bances d € L*(R..) and bounded sets of initial conditions.

(d) Taking into account the above remark, we can say that in the
disturbance-free case (i.e., when d = 0), the closed-loop system (2.1),
(2.10), (2.11) with output Y = x:

i) is Lagrange stable,
ii) satisfies the p-UGAOS property,
iii) has a globally attracting set, namely the set {(x, z) € R" x
R:V(x)<r}.

It is interesting to notice that in the disturbance-free case the closed-
loop system (2.1), (2.6) with ¢ = 0 and output Y = x:

i) is Lagrange stable,
ii) is Lyapunov stable,
iii) satisfies the GAOS property.

However, it should also be noted that the closed-loop system (2.1),
(2.6) with ¢ =0 does not guarantee the BIBS property when distur-
bances are present and that is the reason that 6 — modification (i.e., (2.6)
with ¢ > 0) is being used when disturbances may be present. The closed-
loop system (2.1), (2.6) with ¢ > 0 satisfies the p-ISS property when
disturbances are present and the p-UGAS property in the disturbance-
free case with a residual set that depends on 0 € RP.

(e) For 1 > 0 the DADS controller (2.10), (2.11) has an additional

advantage. If there exists T > 0 for which x(exp(2(T))) > M;%ﬁ then
estimate (2.12) and the semigroup property imply that the following
(non-practical, I0S-like) estimate holds for the closed-loop system (2.1),
(2.10), (2.11) with output Y =x and for all t > T

Id 15

Vo) < v, =)+ (151%)

The above estimate shows that in the disturbance-free case, if there
exists T >0 for which x(exp(z(T))) > 1%’ then the plant state is

il CAZ
actually led to zero (non-practical regulation). Therefore, in the

disturbance-free case we have that: either the plant state is led asymptot-
ically to zero or the estimate k(exp(2(t))) < 22 polds forallt > 0.

cz
(f) Theorem 1 is also valid for systems of the form

X =f(x) + g(x)u+ d(x)0 + A(x)d (2.15)
xeR ueR,deROecR '
where f,g,A : R">R", ® : R">R™P are smooth mappings with f(0) =0,
®(0) = 0 for which there exist smooth mappings ¢ : R">R?, a: R">R
such that VV(x)®(x) = VV(x)g(x)¢ (x), VV(x)A(x) = a(x)VV(x)g(x) for
all x € R" and for which assumptions (A), (B), (C) hold. The class of
systems of the form (2.15) includes systems that do not necessarily
satisfy the matching condition.

(8) Proposition 4.4 in [5] guarantees that assumptions (A), (B), (C)
hold automatically if there exists a smooth mapping k : R"— R with k(0)
= 0, such that the feedback law u = k(x) guarantees global asymptotic
stability and local exponential stability for system x = f(x) + g(x)k(x). In
other words, there exist smooth mappings V, Q: R"->R,, u:R"—>
[1,400) with V,Q being positive definite and radially unbounded for
which assumptions (A), (B), (C) hold for system (2.1).

(h) Theorem 1 can be stated for less regular mappings f,g: R">R",



I. Karafyllis and M. Krstic

¢:R'-R, V, Q:R"-R,, k:R'-R and a:R"'-R but here for
simplicity reasons we assume that all mappings are smooth.

Assumptions (A), (B), (C) are automatically satisfied for systems of
the form

%= Ax 4 B(u+ ¢ (x)0 + a(x)d)

2.16
xeR ueROcR deR ( )

where A € R™", Be R" is a given stabilizable pair of matrices and
¢ : R">RP, a: R">R are given smooth mappings with ¢(0) = 0. Using
the methodology of the proof of Theorem 1, we obtain the following
result.

Theorem 2. Let A € R™", B € R" be a given stabilizable pair of matrices
and let ¢ : R"—>RP, a : R"—>R be given smooth mappings with ¢(0) = 0. Let
k € R" be a vector for which (A —Bk) € R™" is Hurwitz and let P € R™" be
a symmetric positive definite matrix for which
Q=—-(A- Bk')'P — P(A—BKk) is a positive definite matrix. Let > 0 be a
constant and let u: R"—[1,+o00) be a smooth function for which the
following inequality holds for all x € R™:

o)

x’Qx > rpc/Px +
4u(x)

(2.17)

Let ¢,I',c > 0, 1 > 0 be given constants and let x € K, be a smooth
function. Define for all z € R, a,b > 0 the function:

1(z,a,b) ==« (min{s > k(exp(z)) : a* + ((b fﬂ\/my)z

< 4chun(P)EX(1+5) }) (2.18)
Consider the feedback law
u = —Kx = 2e(1 + x(exp()) (lo () + 2u(x) + a*(x) ) BPx 219

z=Texp(—z) (x/Px — /lmin(P)gz)Jr

Then for every (xo,2) € R" x R and for every d € L* (R, ) the unique
solution of the initial-value problem (2.16), (2.19) with initial condition
(x(0),2(0)) = (x0,20) is bounded and satisfies the following estimates for
allt>0

X (8)Px(1) < exp(—n1)x (0)Px(0) + S (2.20)
exp(z(0)) < exp(z(2)) < x(2(0), [ d || |6]) + % (x (0)Px(0) +S) (2.21)
limsup(|x(¢)]) < & (2.22)

t—>+00

2 +12
where S = [|d||% 4 ((10] =24/ c(1+x(exp(2(0)))) ) ") ]

4nc(1+x(exp(2(0))))
Remarks on Theorem 2: (a) Since definition (2.18) implies the
following inequality for all z € R, a,b > 0

x(z,a,b) < k! (max <K(exp(z)),a2 + (b= A/c(1 +x(exp(2)))) ) _ ]>)

AN Amin (P)€?
(2.23)

it follows from (2.21) that the following estimate holds for every solu-
tion of (2.16), (2.19):

exp((t)) <t (0)Px(0) + L4 15 1 (16 = 21/l + xlexp QD)) ")

4e(1+x(exp(2(0))))

n
e (max <K<exp(z(0)>>, | 113+ (6] = 2/e(T+x{expO)) )’ 1))

41CAmin (P)€?
(2.24)
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(b) Notice the difference between estimate (2.20) and estimate (2.12):
estimate (2.20) guarantees an exponentially vanishing effect of the
initial conditions.

(c) It should be noticed that systems of the form (2.16) include the
chain of integrators

)&i:XHl i:1,...7n—1

% = u+a(x)d + Z @, (x)0;

i=1

x,,)’ e R

(2.25)
X = (-xl! )

where ¢, : R"™>R (k =1,...,p) and a : R"—>R are smooth functions with
9(0) =0 (k = 1,....p).

3. Examples

The examples provided in this section play a pedagogical role. The
first two examples show the importance of the use of deadzone in the
update law (2.11). In particular, we show that the zero p-OAG property
from the input d to the plant state x i.e., property (2.14), can be achieved
because of the use of the deadzone. The last two examples show that the
achievement of the zero p-OAG property can only be achieved for sys-
tems that satisfy strict structural constraints (e.g., the matching condi-
tion). Arbitrary controllable nonlinear systems cannot have this
property; no matter what controller is used.

The first example deals with a system of the form (2.25) and presents
a comparison between the DADS controller and the adaptive controllers

obtained by ¢ — modification.
Example 1. Consider the planar system

)&1 =X

3.1
)('52:0|X]+02X2+03X%+M+d ( )

System (3.1) is a system of the form (2.23) for which we can apply
Theorem 2 with

n=2p=3ax)=1

R

3-2V2

o) =[x x 2] Aua(P) :

Moreover, inequality (2.17) holds with 7 =3 and p(x) = 2+ x3.
Using Theorem 2 and the function x(p) = p?, we know that for every
constants ¢,I",c > 0, 4 > 0 the dynamic feedback law

u=—5x — 4x, — c(1 +exp(22)) ((1 + 2*)x] + x5 +x} + 1 +24%) (x, + 2x,)

i= gexp( -2) <X? + (0 + 2x1)2 - (3 - 2\/§>82)+

(3.2)

guarantees that for every (xo,2p) € R? x R, d € L®(R, ) the unique so-
lution of the initial-value problem (3.1), (3.2) with initial condition
(x(0),2(0)) = (x0,20) satisfies estimate (2.22) as well as the following
estimates for t > 0:

(1) + (n(f) + 2x1(1))* < exp(=31) (xf(O) + (x2(0) + 2x, (O))z)

e 15+ (6]~ 2/ +exp(2(0))) )’ (3.3)

6¢(1 + exp(2(0)))
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r I |13 + (6] = A/e(T +exp(22(0)))) ')*
CXp(Z(O)) S GXp(Z(l)) S gx (O)PX(O) +I 366(1 T exp(2z(0)))

> —A/c(T+exp(22(0)))) ")
+\j max <exp(22(0))7 4l + ((le‘&é 4 z(i/gr)zzp(zl(o)))) ) _ 1)

We next compare the DADS controller (3.2) with the adaptive
controller obtained by ¢ — modification using the Lyapunov function

1, 1 1 o~ 1 -
V(x,8) = Exﬁ + E(x2 +2x) + T (6, -6, + —21,2(92 —6,)
1~ 2
—(0; -0
+2F3( 3 3)

with constantsI'; > 0 (i =1,2,3) and the nominal feedback law k(x) = —
kx = — 5x; — 4x2:

u=—5x —4x, —c(x, +2x;) — glxl - @zxz - ngf

do —~
d—tl =Tx1(x2 +2x1) — 06,
= (3.5)
do ~
d—tz =Tx(x2 +2x1) — 66,
do ~
d—; = ngf(xz +2x1) — 0063

where ¢, o > 0 are constants.
We apply the controllers (3.2) and (3.5) to system (3.1) with 6, =10,
0, = 03 = 1. The parameters for the controllers were

c=1,6=T,=T,=03=1T=20e=02,1=1

The time evolution of the Euclidean norm of the plant state for the
solutions of the closed-loop systems (3.1), (3.2) and (3.1), (3.5) is shown
in Fig. 1 (disturbance-free case) and in Fig. 3 for the disturbance d(t) =
3cos(10t). It is clear that in both cases the controller (3.2) achieves to
bring the plant state very close to 0 while the controller (3.5) fails to
achieve this objective.

The time evolution of p(t) = exp(z(t)) for the solution of the closed-

1.8
|x(t)]

16

1.4

12

0.8
0.6
0.4

0.2

3.9

loop system (3.1), (3.2) is shown in Fig. 3. We found that in both
cases (the disturbance-free case and the case where d(t) = 3cos(10t)) the
evolution is similar: p(t) = exp(2(t)) increases and approaches quickly a
limit value (3.97 in the disturbance-free case and 3.84 in the case where
d(t) = 3cos(10t)). For t > 2, p(t) remains almost constant with value
approximately equal to its limit value.

It should also be noticed that Fig. 2 shows that the DADS controller
(3.2) achieves almost perfect disturbance rejection (as expected). This is
a consequence of the zero p-OAG property from the input d to the plant
state x i.e., property (2.22). <

The second example shows that the use of deadzone in (2.11) is
absolutely essential for achieving the zero p-OAG property limsup(|x(t)|)

t—+oo

< a from the input d to the plant state x with a constant « > 0 inde-
pendent of the constant parameter 6, i.e., property (2.14).

Example 2. As explained above, the mechanism that guarantees the
zero p-OAG property limsup(|x(t)|) < a from the input d to the plant state
t—+oo

x with a constant @ > 0 independent of the constant parameter 6, i.e.,
property (2.14), in conjunction with the boundedness of the whole state
vector (x,z) even in the presence of disturbances, is the combination of
the use of deadzone in (2.11) and dynamic nonlinear damping in (2.10).
The use of deadzone in (2.11) is absolutely essential. To understand this
point, we compare the controller (2.10), (2.11) with a controller for
which (2.11) has been replaced by

2 (exp(2)) = TV(x) - oexp(2)

7 (3.6)

where ¢ > 0 is a constant. Such a controller may achieve various ob-
jectives such as the p-IOS property from the input d to the plant state x
and the boundedness of the whole state vector (x, z) even in the presence

Fig. 1. The evolution of the Euclidean norm of the plant state for the solutions of the closed-loop systems (3.1), (3.2) (blue line) and (3.1), (3.5) (red line) with d = 0.
Initial condition x; (0) = — 1, x2(0) = 1, 2(0) = — In(10), 6 (0) = 62(0) = H5(0) = 0.
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Fig. 2. The evolution of the Euclidean norm of the plant state for the solutions of the closed-loop systems (3.1), (3.2) (blue line) and (3.1), (3.5) (red line) with d(t) =
3cos(10¢). Initial condition x;(0) = — 1, x2(0) = 1, 2(0) = — In(10), 61(0) = 02(0) = H5(0) = 0.

4.5

35
pr)
25

15

0.5

Fig. 3. The evolution of p(t) = exp(z(t)) for the solution of the closed-loop system (3.1), (3.2) with d = 0. Initial condition x; (0) = — 1, x2(0) =1, 2(0) = — In(10),

01(0) = 6,(0) = B5(0) = 0.

of disturbances. However, such a controller cannot achieve the zero p-

OAG property limsup(|x(t)|) < a from the input d to the plant state x with
t—+oo

a constant a > 0 independent of the constant parameter 6, i.e., property
(2.14).

To see this, let us study the simple scalar example

X=60x+u+d

xeRueRecR,deR 37

A controller based on (2.10), (3.6) and V(x) =x? /2, k(p) = p* would
give a controller of the form

w1+ Kop )= (Ko 4 Kip?) )
p=Mx"—op

where Ki,K>,K3,K4,M,0 > 0 are constants and p = exp(z). The equi-

librium points for the closed-loop system (3.7), (3.8) with d =0 are
given by the equations

(Kl -0+ szz)x + (K3 + K4p2)X3 =0

Mx* =op 39

It is clear that when 6 > K; there are non-zero equilibrium points of

the form (x,p) = (i (ﬂ)l/z,p) with p > 0 being the unique positive

M
solution of the equation %% + K,p? + £2) = g9 — K;. Notice that the

unique positive solution satisfies the inequality p > min(%,

1/3
(%) ) Consequently, when 6 > K; there are solutions of the

closed-loop system (3.7), (3.8) with d = 0 for which
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MO-K) \'"? M@O-K) \°
K4O'+K2M+K3(7 ’ K4(7+K2M+K3O'

Therefore, it is clear that -no matter how the constants K; ,K»,K3,Ky,
M,0 >0 are selected- property (2.14) cannot hold with a constant r >0
independent of 6.

Therefore, the use of deadzone in (2.11) is absolutely essential for
achieving the zero p-OAG property limsup(|x(t)|) < a from the input d to

t—+o0

limsup(|x(7)]) > (%) " i

1—=+00

the plant state x with a constant @ > 0 independent of the constant
parameter 6. <
The third example shows that the zero p-OAG property limsup(|x(t)|)
t—=+o0

< a from the input d to the plant state x with a constant @ > 0 inde-
pendent of the constant parameter 6, i.e., property (2.14), imposes se-
vere structural constraints on the system. In other words, this property
cannot be achieved for arbitrary stabilizable systems.

Example 3. Consider the planar system

x.li)C2+d 5 Xziu
x=(x,%0)cRucRdeR 310

We claim that the zero p-OAG property limsup(|x(t)|) < a from the
t—+oo

input d to the plant state x with a constant @ > 0 cannot be achieved for

system (3.10) (the constant parameter 0 is irrelevant for this example).

The proof of this fact is made by contradiction. Suppose that there exists

a feedback controller for which the corresponding closed-loop system

satisfies the zero p-OAG property limsup(|x(t)|) < a from the input d to
t—+o0

the plant state x with a constant @ > 0. Consider the solution of (3.10)
corresponding to the constant disturbance d(t) = a + 2. By assumption,
there exists T > 0 such that |x(t)] <a+1 for t > T. Using (3.10), we
then have for t > T a.e.

B =00 +dt) > a+2— o) >a+2—|x(1)] > 1

Consequently, we obtain for t > T the inequality a + 1 > |x(t)| >
|21 (t)| >x1(t) > x1(T) + t — T, which obviously leads to a contradiction.
It should be noted that the matching condition does not hold for
system (3.10). «
The final example shows that even if we relax our requirements and
try to achieve the p-OAG property limsup(|x(t)|) < a(|| d ||) from the
t—+o0

input d to the plant state x with a non-decreasing function a: R, —
(0, +o0) independent of the constant parameter 6, then we still need to
impose severe structural constraints on the system.

Example 4. Consider the system

X]:—X]+d 5 )&2:0X1+X3 5 )é_g:u
x=(x1,%,x) e R ucROcRdeR G1D

We claim that the p-OAG property limsup(|x(t)|) < a(]| d ||) from
t—+oo

the input d to the plant state x with a non-decreasing function a : R, —

(0, +o0) independent of the constant parameter 6 cannot be achieved for

system (3.11). The proof of this fact is made by contradiction. Suppose

that there exists a feedback controller for which the corresponding

closed-loop system satisfies the p-OAG property limsup(|x(t)]) <
t—+o00

a(]| d ||) from the input d to the plant state x with a non-decreasing
function a: R;—(0,+o0) independent of the constant parameter 6.
Consider the solution of (3.11) corresponding to the constant distur-
bance d(t) = — 1, constant parameter § = 2 + (1) and initial condition
x1(0) = 1. By assumption, there exists T > 0 such that |x(t)| < a(1) +1
for t > T. Moreover, x;(t) =1 for all t > 0. Using (3.11), we then have
fort>Ta.e.
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Xz(t)zgxl(f)+X3() 0+ x ()
>0~ |vs(1)| > 60— |x(1)| > 6~ a(1) - 1

Consequently, since § = 2 + a(1) we obtain for t > T the inequality
a(l) +1 > |x(t)] > |x2(t)] >x2(t) > x2(T) + t — T, which obviously leads
to a contradiction.

It should be noted again that the matching condition does not hold
for system (3.11). «

The last two examples show that the implications of the matching
condition are far reaching and should not be neglected by the control
theorist or the control practitioner.

4. Proofs of main results

We next provide the proof of Theorem 1.
Proof of Theorem 1: Due to (2.1), (2.10), (2.11) we have for all (x,z)
eER"x R,de R:

V = VV()(f(x) + g(x)k(x))
+VV(x)g(x)¢ (x)0 +a(x)VV(x)g(x)d
)

4.1)
—e(1 + K(exp(2))) (e @I + 2) +

() (VV(x)g(x))’
where V is the derivative of V(x) along the trajectories of the closed-loop
system (2.1) with (2.10), (2.11). Using (2.2) and the inequality

dZ

a(x)VV(x)g(x)d < c(1+k(exp(z)))a’ (x)(VV(x)g(x))* + (1 + x(exp(@))

we get from (4.1) for all (x,z) e R"x R, d € R:

S
4c(1 -+ x(exp(2)))

—e(1+ k(exp(2))) (J0(0) + 2u(x)) (VV ()’

V< —0(x) +[VV(x)g)llg(x)ll6] +
(4.2)

Inequality (4. 2) and the fact that |0 < (|0] — 2y/c(1 + x(exp(z
A4/c(1 + k(exp(2))) gives for all (x,2) e R" x R, d € R:

V<0 (|0\ /(1 + x(exp(z) ) IVV)g()]jox)|
/e T R (exp @)YV ()2 ) [ (x )|+476(1+:(6Xp(1))) 4.3)
—e(1+ x(exp(2))) (lo ()] + 2u(x)) (VV(2)g(x))’
Using the inequalities
A/ e(1 +x(exp(2)))|[VV(x)g(x)] o (x)]
< Re(l+ x(exp(z)))u(x)(vvu)g(x))z + f(x)ww
(161 = 2/e(T x(exp@)) ) [PV 020 ()
< el1 + (o)l (7Y (i) + (A=A RORE) )
we get from (4.3) for all (x,2) e R" x R, d € R:
. 1 2 d+ (6] = 2/c( + x(exp(@))) ")’
VS 00 + sl + o) 4.4)

Inequality (4.4) in conjunction with (2.3) gives for all (x,z) € R" x R,
deR:

3 (6] — A/e(T + x(exp@)))) )
V<= 0(x) + 4e(1 + x(exp(z))) o

Since V,Q are smooth, positive definite and radially unbounded
functions, Proposition 2.2 on page 107 in [6] guarantees the existence of
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a function ¢ € K, such that the following inequality holds for all x € R™:
0(x) > {(V(x)) (4.6)
Combining (4.5) and (4.6) we get for all (x,z) ER"x R, deR:
((16] = A/ (1 + k(exp(z
4.7
R “n

Lemma 2.14 on page 82 in [6] guarantees the existence of € KL for
which the following property holds: for every absolutely continuous

. 3
V<o) +2

R(s) == ln(l +max (K*‘ ((4”;(S) - 1)+) ,exp(s)) +% (ﬁ(s, 0)+ y(%))) for s >0

functiony : [0, T]>R, with T > 0 and for every constant P > 0 for which
the implication

¥(0) > Poy(0) < —E0(0)

holds for almost all t € [0, T], the following estimate holds for all t € [0,

T):
y() < max(5(y(0),1), S(P, 0)) (4.8)

Let arbitrary (xo,2p) € R" x Rand d € L* (R, ) be given. Consider the
unique solution of the initial-value problem (2.1), (2.10), (2.11) with
initial condition (x(0),2(0)) = (xo,%0). The solution is defined on [0, t; ),
where t,,x € (0,+o0] is the maximal existence time of the solution. Due
to (2.11) (which implies that z > 0) it follows that the left inequality
(2.13) holds for all t € [0, tyya).

The mapping y(t) = V(x(t)) is absolutely continuous on every closed
interval in [0, ty,y ). Define

po ot (141 (01— /el KexpEO))) )
‘ 26(1+ K(exp((0))))

Notice that when y(t) > P, we get
((181=21/c(1-+x(exp(x(0))) ) )

L(V(x(D)) > L e . Due to the left inequality (2.13)
and the fact that « is non-decreasing (since « € K,,) we get

| 15 + (0] — A/eT+ s{exp(&(0)))))
2¢(1 + x(exp(z(0))))
_ld I + ((16] = 2/c(1 + x(exp@)))) )
2 2¢(1 + k(exp(z(1))))

for all t € [0, tma). Therefore, we conclude that y(t) > P, we get

)2
%((V(x(t))) > [ldl|Z,+((J6]— Ay/c(Ltx(exp(z(1))) )")

. Since the inequality

4c(1+x(exp(z(t))))
(1) + (10~ A/ T @@
4¢(1 + k(exp(z(7))))
4 l12 + ((16] = A/c(1 + k(exp(z

de (1 + x(exp(z(t ))))

holds for almost all t € [0,tnax ), we conclude from (4.7) that forevery T €

(0, tmax) the implication y(t) > P=>y(t) < —3(y(t)) holds for almost all

t € [0, T]. Therefore, (4.8) holds for all t € [0, tyay). It follows from (4.8)

that (2.12) holds for all t € [0, tmy) With (s) := (¢ ~1(s),0) for s > 0.
Estimate (2.12) implies the estimate
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V(x(t) < P = H(V(x(0)),0) +7 <M> 4.9)

2¢(1 + x(exp(z(0))))

for all t € [0, tmax). Estimate (4.9) and the fact that V is a radially un-
bounded function implies that x(t) is bounded on [0, ty. ). Consequently,
in order to show that t,,x = +oo it suffices to show that z(t) is bounded
from above on [0, ty.x). We next show that the right inequality (2.13)
holds with

(4.10)

where

7(s) == %inf{ % xeRx#£0V(x) < l+ﬂ(s,0)+y(2%) }, fors >0

(4.11)

Assumption (C) guarantees that 7(s) > 0 for all s > 0. Notice that
definition (4.11) and estimate (4.9) implies that for all t € [0, t,.x) it
holds that

Q(x(1)) > T1(5) VIx() with s = | d I, +[0F + V(x(0)) + (0)]  (4.12)

In order to prove the right inequality (2.13) for all t € [0, tyux), We
distinguish the following cases.

Case 1: exp(z(t)) <1+ max(k’1 ((W - 1)+>,exp(s)> for all t e
[0, tmax) With s = || d || + [0]* + V(x(0)) + |2(0)]. Since definition

(4.10) implies
R(s) > ln<1 + max <K*' (<4crsﬁ(s) - l) +) ; exr)(S)))

it follows that the right inequality (2.13) holds for all t € [0, ) in this
case.

Case 2: There exists 7 € [0, tmax) such that

+
exp(z(7)) > 1+ max(rc’1 ((ﬁ%) - l) ),exp(s)). withs = || d |2 +
|6]> + V(x(0)) + |2(0)|. Since
+

(el +ler

exp(z(0)) < 1+ max <r< << 20m(s) 1 ,exp(z(0))
s +

< M —==— f
(e
it follows that 7 # 0. Since z(t) is non-decreasing (recall that (2.11)
implies that 2z > 0), there exists T € (0,7) such that exp(z(T)) =1+

max (K’l ((m — 1>+),exp(s)) and
exp(z(t)) > 1+ max (w ((W - 1)+),exp(s))
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for t € [T, tyay). Thus, using the fact thats = || d || + [6]* + V(x(0)) +
|z(0)], the following inequalities hold for all t € [T, tnax)
s e e
> - > = - .
K(exp(z(r)) 2 (4crﬁ(x) 1) = der(s) ! (4.13)

Consequently, we get from (4.5) and (4.12), (4.13) for t € [T, ty) a.

d 3 I d |2+ ((16] — Ay/c(1 + x(exp(z
EV()C(I)) < 7ZQ(X(I)) + 4(,(1 (exp(z(t))))
< o) + A e 0 Vi) + 7o)

4e(1 + x(exp(z(1))))
(4.14)

Integrating the differential inequality (4.14) we obtain the following
estimate for all t € [T, tu):

V(x(1)) < exp(—7(s)(t = T))V(x(T)) +r
Therefore, we obtain from (2.11) and (4.15) for all t € [Tty ):

(4.15)
—1(s)(t=T))V(x(T)) (4.16)

Integrating the differential inequality (4.16) we obtain the following
estimate for all ¢ € [Tty ):

< (expl(0)) < Texp(

exp(z(r)) <exp(z(T)) + E V(x(T)) (4.17)

n

Since exp(2(T)) = 1+ max(;c‘l ((ﬁ_](s) - 1>+>, exp(s)), we obtain
from (4.17), (4.9) and (4.10) that the right inequality (2.13) holds for all
t € [T, tma). Since z(t) is non-decreasing, it follows that the right
inequality (2.13) holds for all t € [0, ty)-

Consequently, we have proved that (2.13) holds for all t € [0, tyax)-

By virtue of (2.13), z(t) is bounded on [0, t.x ). Hence, it holds that
tmax = + oo. Moreover, the solution is bounded for all t > 0.

Finally, we show inequality (2.14). Since z(t) is non-decreasing and
bounded from above the limit . ETm(eXP(z(t))) exists and is finite.

Moreover, boundedness of x(t) (which follows from (2.1), (2.10), (2.11)
and boundedness of the solution) implies that £ (exp(z(t)))

[(V(x(t)) —r)" is uniformly continuous. Using Barbilat’s Lemma and
(2.11) we conclude that tlir+n (& (exp(2(1))) = lim (V(x(t) —n)7)

t—>+o

0, from which we obtain inequality (2.14). The proof is complete. <
We finish this section by providing the proof of Theorem 2.

Proof of Theorem 2: Using the functions V(x) = xPx, k(x) = — kx,
Q(x) = xQx, (2.22), (2.17) the fact that Q = —(A — BK)P — P(A —Bk)
and proceeding exactly as in the proof of Theorem 1, we establish the
following inequality for all (x,2) € R" x R, d € R:

Ay/e(1 + k(exp(z

4e(1+ K(exp( )))

((le1 -

V< —nV(x) + (4.18)

where V is the derivative of V(x) = xPx along the trajectories of the
closed-loop system (2.16) with (2.19).

Let arbitrary (xo,2p) € R" x Rand d € L®(R..) be given. Consider the
unique solution of the initial-value problem (2.16), (2.19) with initial
condition (x(0), 2(0)) = (xo, 20). The solution is defined on [0, tyax),
where ty, € (0, +o0] is the maximal existence time of the solution. Due
to (2.19) (which implies that z > 0) it follows that the left inequality
(2.21) holds for all t € [0, tyay)-

The mapping y(t) = V(x(t)) = x (t)Px(t) is absolutely continuous on
every closed interval in [0, ty,y). Due to the left inequality (2.21) and
(4.18), we conclude that the differential inequality
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4c(1+ x(exp(z(0))))

holds for almost all t € [0, ty,x)- It follows from (4.19) that (2.20) holds
for all t € [0, tmax ).

Consequently, in order to show that t,,x = +oo it suffices to show
that z(t) is bounded from above on [0, £y, ). Let arbitrary constant § > 0
be given. In order to prove the right inequality (2.21) for all t € [0, tmax),
we show first that

y(1) < —ny(t) + (4.19)

exp(z()) < 8 +x(2(0), || d [l 6]) +

((16] = 24/c(1 + k(exp(z(0)))

(1 +K(6XP( (0))))

We distinguish the following cases.

1}; x(0)Px(0) 1€ 0, tmax)

) (4.20)
ol +

Case 1:exp(2(t)) < 9+ x(2(0), || d ||, |6]) for all t € [0,tmax). It follows
that inequality (4.20) holds in this case.
Case 2: There exists 7 € [0, tmax) such that

exp(2(7)) > 8 +x(2(0), || d [|e, |6])

Since definition (2.18) implies that y(2(0), || d ||, |0]) > exp(2(0)), it
follows that 7 # 0 and that exp(2(0)) < 9+ y(2(0), || d ||«.|0|). Since =z(t)
is non-decreasing (recall that (2.19) implies that z > 0), there exists T €
(0,7) such that exp(2(T)) = 9 + y(2(0), ] d ||, |6]) and

exp(z(t)) > 9+ x(2(0), ] d ||, 6]) (4.21)

for t € [T, tmax). Definition (2.18) implies that

((\9| /e(T+x(y(z(

41]('/1",1“ ( ){:

I 0.1l o) )

x((2(0), [ d s, 161)) =

—1
(4.22)
Combining (4.21) and (4.22) we get for t € [T, tax)

Id |12+ ((l6] = 2y/c(1 0,11 d [, 101))) Bl
1+ x(exp(z(7))) > (( 4716/1min( ) ) )
|| d Hi ((16] = 2y/c(1 + k(exp(z
= 4}7c/1mm( e

(4.23)
Consequently, we get from (4.18) and (4.23) for t € [T, tyx) a.€

a [ 15+ (9] /el KexpG)) )
V() < —nV(x(0) + 4c(1 + x(exp(z(r))))

< = V(x(1)) + Anin(P)™
(4.24)

Integrating the differential inequality (4.24) we obtain the following
estimate for all t € [Tt ):

V(x(1)) < exp(=n(t=T))V(x(T)) + Anin(P)e’
Therefore, we obtain for all t € [T, ty,) from (2.19), (4.25) and the
fact that V(x(t)) = x (t)Px(t):

(4.25)

< (expl:())) < Texp(-n(t ~ T)V((T)) (4.26)

Integrating the differential inequality (4.26) we obtain the following
estimate for all ¢t € [T,y ):
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exp(z() < exp(o(T)) + V(x(T))

Since exp(2(T)) = 9+ y(2(0), || d ||~, |0]), we obtain from (4.27),
(2.20) and the fact that V(x(t)) = x (t)Px(t) that inequality (4.24) holds
for all t € [T, t,.x). Since z(t) is non-decreasing, it follows that the right
inequality (4.20) holds for all t € [0, £, ).

Consequently, we have proved that (4.20) holds for all t € [0, tyax)
and for arbitrary 9 > 0. Therefore, (2.21) holds for all t € [0, tyux)-
Hence, by virtue of (2.21), z(t) is bounded from above on [0, ). Hence,
it holds that t,,x = + co. Moreover, the solution is bounded for all t > 0.

Finally, we show inequality (2.22). Since z(t) is non-decreasing and
bounded from above the limit . Liinw(exp(z(t))) exists and is finite.

(4.27)

Moreover, boundedness of x(t) (which follows from (2.16), (2.19), and

boundedness of the solution) implies that £ (exp(z(t))) =

T(x (£)Px(t) — Amin(P)e2)" is uniformly continuous. Using Barbalat’s
that :ETm(d% (exp(2(1)))) =

lim (X ()Px(t) — Amin(P)e2)™) = 0, from which inequality (2.22) fol-

Lemma and (2.19) we conclude

lows. The proof is complete. <
5. Concluding remarks

As mentioned in the Introduction, the important (and so rarely
achieved) combination of robustness properties that are guaranteed by
using the DADS controller for the closed-loop system in conjunction with
its simplicity justify our focus to a special class of systems (systems with
matched uncertainties). However, it is clear that a detailed study is
needed for the characterization of the class of nonlinear systems for
which these robustness properties can be guaranteed by adaptive control
schemes. Moreover, it will be useful to construct more academic ex-
amples for which there is no adaptive control scheme that guarantees for
the corresponding closed-loop system: (a) the p-IOS property from the
disturbance to the plant state, (b) the BIBS property, and (c) the zero p-
OAG property limsup(|x(t)|) < a with a constant a > 0 independent of

t—+oo

the constant parameters.
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