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1 | INTRODUCTION

First-order hyperbolic PIDEs are extensively utilized in modeling advection processes across many applications, such as
thermal transitions in tubular reactors,! traffic flow dynamics,>* pipe flows,> heat exchanger operators,®’ and oil well
drilling systems.®® Time delays are a common occurrence in advection processes due to the transportation of matter,
energy, and information, which degrade greatly system performance. For instance, in heat exchangers, maintaining a
consistent fluid temperature is critical, but the regulation of the temperature often encounters response lag, namely the
input delay.!° Precisely measuring the delay is typically difficult, contributing significantly to uncertainty in the control
process.!! Controlling the advection process in the presence of unknown delays is, therefore, a challenging task with
practical significance.

Recently, there have been many studies on the stability of first-order hyperbolic PIDEs,'?!3 and the development of
infinite-dimensional backstepping techniques in Reference 14 has provided effective methods for the PDE control prob-
lems. The method is employed for stabilization of an unstable first-order hyperbolic PIDE.}> Building upon this, the
realm of first-order hyperbolic PDE problems has been further explored. Specifically, research has been extended to 2 x 2
first-order PDEs,'®!8 n + 1 coupled first-order hyperbolic PDEs,'® and m + n anisotropic hyperbolic systems,?>! all of
which have utilized the infinite-dimensional backstepping approach. In Reference 22, a state feedback controller was
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designed for hyperbolic PIDEs with time-varying system parameters, and the controller ensures that the system state
converges to zero within a finite time. Furthermore, a stabilizing controller and observer for hyperbolic PIDEs with Fred-
holm integrals were constructed in Reference 23, and the results of Reference 24 were extended to output regulation
problems. Reference 25 demonstrated the equivalence between finite-time stabilization and exact controllability proper-
ties for first-order hyperbolic PIDEs with Fredholm integrals. For linear anisotropic hyperbolic systems without integral
terms, finite-time output regulation problems were addressed in Reference 26, and stabilization problems for linear ODEs
with linear hyperbolic anisotropic PDEs are solved in Reference 27.

Infinite-dimensional backstepping has also been extended to adaptive control of hyperbolic PDEs. The pioneering
work was presented in Reference 28, where an adaptive stabilization method was developed for a one-dimensional (1-D)
hyperbolic system with a single uncertain parameter. Since then, this method has been extensively applied to various types
of hyperbolic PDEs with unknown parameters, as presented in the extensive literature.?*-33 The aforementioned results
are built based on three traditional adaptive schemes, including the Lyapunov design, the passivity-based design, and
the swapping design, which were initially proposed for nonlinear ODEs,* and extended to the boundary adaptive con-
trol of PDEs.>>3” Combined with backstepping design, a novel control strategy is proposed for coupled hyperbolic PDEs
with multiplicative sensor faults in Reference 38, it employed a filter-based observer and model-based fault parameter
estimation technique to achieve the tracking objective.

Recent research has shifted attention towards delay compensation control of PDEs. An example of this is Reference 10,
where an input delay boundary controller is developed by the infinite-dimensional backstepping method for a first-order
hyperbolic PIDE. An observer-based delay compensation control law was proposed in Reference 39 for a class of first-order
hyperbolic PIDEs with both state delay and sensor delay. Reference 1 extends the previous result to an output regulation
problem in the present of state and sensor delays, addressing disturbances that occur both within the domain and at the
boundary. The robustness of output feedback for hyperbolic PDEs with respect to small delays in actuation and measure-
ments was discussed in Reference 40. Research on delay compensation for unknown and arbitrarily large delays in PDE
systems remains relatively limited. In contrast, significant research achievements in the adaptive control of ODE systems
with unknown delays have been realized. A notable theoretical breakthrough by developing adaptive control methods
to compensate for uncertain actuator delays are achieved in Reference 41. Subsequently, the delay adaptive control tech-
nique has been applied to various types of unknown delays in ODE systems, including single-input delay,*>** multi-input
delay,* and distributed input delay.*>*® Inspired by these studies, recent work on parabolic systems with unknown input
delays is presented in References 47 and 48. For the first-order hyperbolic systems with uncertain transport speed, param-
eter estimators and adaptive controllers are designed in References 49 and 50 by using swapping filters. In contrast to
these studies, we apply a Lyapunov argument combined with the infinite-dimensional backstepping technique to design a
delay-adaptive controller that achieves global stability, since the Lyapunov-based adaptive methods are known to provide
better transient performance.’

In this paper, we consider a hyperbolic PIDE with an arbitrarily large unknown input delay. The outcomes presented
in the paper are built upon the previous work on parabolic PDEs,**8 which extends the Lyapunov-backstepping adaptive
control method to hyperbolic PIDE systems. We employ the infinite-dimensional backstepping method and choose the
classic update law for the unknown delay, resulting in the structuring of the target system as a “cascade system,” and
the target transport PDE has two extra nonlinear terms which are controlled by the delay estimation error and the delay
update law. The global stability in the L? norm and the regulation of the state in the H' norm of the target system is
proven using appropriate Lyapunov functionals. Through the inverse Volterra/backstepping transformation, we establish
a norm equivalence relationship between the target system and the original one, thereby achieving global stability of the
PDE system under the designed adaptive delay compensation controller.

Main contributions of this paper are:

(1) Adaptive control of such “heterodirectional” hyperbolic PDEs was pursued in previous work, such as References 30
and 33 for the coupling coefficients, but the additional challenge we address here is the unknown convection speed
(delay), which results in the closed-loop system being perturbed not only by the delay estimation error but also by
the delay estimation rate. We resolve this difficulty by developing a combined approach of the infinite-dimensional
backstepping and the Lyapunov functional methodologies for the delay-adaptive control design.

(2) In Reference 48, the presence of nonzero boundary conditions in the parabolic PDE target system with unknown
input delay restricts us to the local stability of the closed-loop system with delay update law. In this paper, we leverage
the first-order hyperbolic property of the system to achieve global stability of the closed-loop system in the L? norm
and, additionally achieve regulation of the state in the H' norm.
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The structure of this article is as follows: Section 2 briefly describes the design of a nonadaptive controller for the
considered hyperbolic PIDE system. Section 3 discusses the design of the delay-adaptive control law. Section 4 is ded-
icated to the stability analysis of the resulting adaptive closed-loop system and the well-posedness of the closed-loop
system. Section 5 provides consistent simulation results to demonstrate the feasibility of our approach. The paper

ends with concluding remarks in Section 6.

Notation: Throughout the paper, we adopt the following notation to define the L?-norm for y(x) € L*[0, 1]:

1
eI, = / o,
0

and set [l [I> = I xI12,.
For any given function y (-, D(t))

owy(.DWO) _ p 0w D)
ot oD@

2 | PROBLEM STATEMENT AND NONADAPTIVE CONTROLLER

Consider the first-order PIDE with an input delay D > 0,
X
ur(x, t) = ux(x, t) + gou(o, t) + / fe,yuy, t)dy,
0
u(1,t)=U(t - D),

ux,0) = uo(x),

for (x,t) € (0,1) x R,, where g(x),f(x,y) € C![0,1] are coefficient functions, with the assumption that g(1) =

introducing a transport PDE to model the delayed input U(t — D), we obtain a set of coupled PDEs as follows:

ui(x, 1) = ue(x, 1) + g)u(0, 1) + /0 xf (e, y)u(y, H)dy,
u(1,t =v(0,1),
u(x, 0) = uo(d),
Dvi(x,t) = ve(x,t), x€[0,1),
v(1,t) =U®),
v(x, 0) = vo(X).
The solution to the infinite-dimensional input is obtained as follows
vx,t)=U({+D(x—-1)), ast>DA-x).

Introduce the backstepping transformation as follows:

w(x,t) = ulx,t) — / ke, y)u(y, H)dy,

0

€]

()

3
“4)
(5

0. By

(6)
(7
®
©)
(10)

amn

(12)

(13)
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1 X
2(x, ) = v(x, t) — / y(x, yyu(y, tydy — D / q(x = y)v(y, H)dy, (14)
0

0

where kernel functions k(x, y) and q(x — y) are definedon 77 = {(x,y) : 0 <y <x <1}, whiley(x,y)on 7T, = {(x,y) : 0 <
¥, x < 1}. Through the utilization of this transformation, we arrive at the following target system,

wi(X, £) = Wy(x, £), (15)
w(l, ) = z(0,1), (16)
w(x, 0) = wp(x), a7)

Dzi(x, t) = zx(, 1), (18)

2(1,1) =0, (19)
2(x,0) = Zo(x). (20)

The following kernel equations should be satisfied to achieve the backstepping transformation

k(e y) = —ky(x, y) + /y xf(r,y)k(r,y)df —feey, (21)
k(x,0) = /O xk(x, »gW)dy — g(x), (22)

rx(x,y) = =Dyy(x,y) + D /y lf(f,y)y(x, 7)dr, (23)
w0 = [ O, 24)

r(0,y) = k(1,), (25)

q) =y(x, 1). (26)

From the boundary conditions (10) and (19), we straightforwardly derive the associated control law,

1 1
U@ = / y(L,y)u(y,t)dy + D / q(1 = y)v(y, H)dy. (27)
0 0

The inverse transformations of (13)-(14) are

u(x, t) = wix, t) + / 1, y)w(y, t)dy, (28)
0

1
VX, t) = z(x, £) + / 7@, yw(y, t)dy + D / pex — )z, Hdy, (29)
0 0

where kernels I(x,y), n(x,y) and p(x — y) satisfy the following PDE:s,

lx(x’y) + ly(X,y) = _/ f(T’y)l(T’Y)dT _f(X,Y), (30)
y

lx,0) = —g(x), (31)

(X, y) + Diy(x,y) = 0, (32)
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n(x,0) = 0, (33)

n(0,y) =1(1,y), (34)

p(x) = n(x, 1). (35)

Based on the nonadaptive control design, we will develop an adaptive controller with delay update law in the next section.

3 | DESIGN OF ADELAY-ADAPTIVE FEEDBACK CONTROL

Assumption 1. The lower bound D and upper bound D of the unknown delay D, are known, namely, 0 <
D<D<D.

3.1 | Adaptive controller

Following the certainty equivalence principle, we rewrite controller (27) by replacing the real delay D with the estimated
one D(t), resulting in the following delay-adaptive controller:

1 1
Ux, 1) = / r(1,y, D®)u(y, H)dy + D(t) / q(1 =y, D(t))v(y, t)dy. (36)
0 0

3.2 | Target system for the plant with unknown input delay
We adopt a backstepping transformation of the same form as (14), but replace D with D(¢),
1 . . X R
20, 1) = v(x, 1) — / y (%, y, DO)u(y, H)dy — D(t) / q@x =y, D(O)W(y, t)dy, (37)
0 0
and the inverse transformation
1 R . X .
v0x, ) = 2(x, 1) + / n(x,y, DO)uy, Hdy + D(t) / px =y, D(0)z(y, Hydy, (38)
0 0

where kernels y(x,y, D(t)), qx — y, D)), n(x,y, D(t)), and p(x —y, D(t)) adhere to the same set of PDEs (21)-(26) and
(30)-(35), with the substitution of D by D(t). Using the transformation (13) and (37), we get the following target
system

WX, £) = Wy(x, 1), (39)

w(l, £) = 2(0, ), (40)

w(x, 0) = wo(x), (41)

Dz,(x, t) = ze(x, 1) — D()Py(x, t) — DD(H)Py(x. 1), (42)
2(1,0) =0, (43)

Z(x, 0) = zo(%), (44)

85US017 SUOLLLIOD BAIERID 3|qedljdde ay Ag pausenob afe 9ol VO ‘88N JO SajnJ o AXeiq17 8Ul|UO A1 UO (SUOIPUOO-PUR-SLLLBHWI0D" A3 | 1M Afe.d)1)BU1|UO//SONY) SUOIPUOD pUe SWiia | 841 835 *[7202/20/T2] Uo ARigiauljuo AB|IM 1uio}ied JO AISReAIUN Aq G2, 2Ul/200T OT/I0p/wod A8 M AReIq1jeuljuo//Sdny Wwoly papeojumod ‘0 ‘6€2T660T



6 WILEY WANG ET AL.
where D(t) = D — D(t) denotes the estimation error. Functions P;(x, t), where i = 1, 2, are presented below:
1
R@ﬁ=z®ﬁMmL0+/FMMMQMM0®, (45)
0
1 1
PZ(x9 t) = / Z(V, t)M3(xe Y, t)dy + / W(y’ t)M4(X, Y, t)dy9 (46)
0 0
with
Ml(x9 t) = J/(xv 17 D(t))v (47)
M (x,y, 8) = y(x, 1, DDIL, y) = ry(x, . D®)
1 . . 1 . (48)
+ / <—Vy(x, & DDIE,y) +y(x, &, DO)f (&, ) + / y(x, 7, DO)f (7, é)l(f,y)df> d¢,
y 4
M3(x,y,8) = q(x = », D(®) + g (x = y, D(®) + D(®) / q(x = & D)p(& — y, D(#))dé
. ' (49)
+ D@y / Ap(x — & D@O)pE -y, D(e))d¢,
y
1 X
Ma(x,p, ) = 7pgy (6 3. D(8) + / Y @6 & DOIE, y)dé + / qx — & D@e)n(e.y, D(t))de
y 0
x (50)
+D(o) / b = & D@, y, Db)de.
0
3.3 | The parameter update law
We utilize the following update law
D) = 0Proj, 5 {z()},  0<0<0", (51)
where
oo ~by [ (1 +x)2(x, Py (x, t)dx’ 52
N(b)
with
1 /[! b, [*
N =3 / A+ x)w(x, £)>dx + 51 / (A + x)z(x, H)*dx. (53)
0 0
Here b; > 2D is a constant, and the upper bound of 6 is defined as
0% = min{D,b, 2D} min{l,bl}' (54)

2b12

where constant L will be determined in Section 4.1. The delay update law (52) starts with an initial condition D(0), which
should satisfy assumption 1, namely, 0 < D < D(0) < D. The standard projection operator is defined as

0 D(t)=Dand 7(t) < 0,
Proj, 5 {70} =1 0 D(t) = D and =(t) > 0, (55)

z(t) else.

85US017 SUOLLLIOD BAIERID 3|qedljdde ay Ag pausenob afe 9ol VO ‘88N JO SajnJ o AXeiq17 8Ul|UO A1 UO (SUOIPUOO-PUR-SLLLBHWI0D" A3 | 1M Afe.d)1)BU1|UO//SONY) SUOIPUOD pUe SWiia | 841 835 *[7202/20/T2] Uo ARigiauljuo AB|IM 1uio}ied JO AISReAIUN Aq G2, 2Ul/200T OT/I0p/wod A8 M AReIq1jeuljuo//Sdny Wwoly papeojumod ‘0 ‘6€2T660T



WANG . 7
A WILEY——
Remark 1.

1. An alternative (global) definition of the projection operator exists,

0 D(t) <Dand 7(t) <0,
Projip 5 {z(H} =4 0 D(@®) > D and =(t) > 0, (56)

7(t) else,

however, the standard definition already ensures the invariance of the projection interval, within which
D(t) is initialized. Unless the estimate starts outside of the projection interval, the two definitions are
equivalent.

2. The projection operator (55), standard in adaptive control, is discontinuous and gives rise to Filippov solu-
tions. A Lipschitz version of the Projection operator, where a boundary layer of width 6 > 0 is introduced,
is given by

~— D-é<D<Dand7<0,
Proj) 5 (7} =74 22 D<p<D+sand >0, (57)
else.

where the update law 7 undergoes a linear transition in D(¢) within the two boundary layer, [D, D + 6] U
[5 -4, l_)]. All properties outlined in Lemma 8.2 of Reference 51, except Lipschitzness, remain valid for
the discontinuous Projection operator (55) with § = 0. The discontinuous Projection has advantages in
applications because it is simple and does not cause jumps in either control or in D(t). Due to the inele-
gance and the added notational burden of the Lipschitz version of projection, the discontinuous version
remains the favorite in the literature and we employ it here.

3. The projection (55) is used to ensure the parameter estimate D(f) remains within the known inter-
val [D, D]. The projection has the role of bounding the adaptation rate transients by limiting the size
of the adaptation gain. The projection set can be taken conservatively and can be large, however,
in order to ensure stability, the adaptation gain needs to be in inverse proportion to the size of the
projection set.

4 | THE GLOBAL STABILITY OF THE CLOSED-LOOP SYSTEM UNDER THE
DELAY-ADAPTIVE CONTROL

In this section, we present the primary result of this paper, which asserts the global stability of the closed-loop system
(6)—-(11) with the update law (55) and adaptive controller (36).

Theorem 1. Consider the closed-loop system comprising the plant (6)—(11), the control law (36), and the
update law (51)-(55), under the assumptions stipulated in Assumption 1. There exist positive constants p, R
such that

¥(t) < REYO —1), vt>o0, (58)

where

1 1
Y(t) = / u(x, £)2dx + / v(x, £)2dx + D(t)%. (59)
0

0
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Furthermore, the states u(x, t) and v(x, t) are uniformly bounded, and
fim g 0] = (60
tlggloxrg[gx [v(x, H)] = 0. (61)

The theorem is established through the following three steps:

« Establish the norm equivalence between (u, v) and (w, z).

« Prove the global stability of the target (w, z)-system (39)-(44), and subsequently deduce the stability of the system (u, v)

by employing the norm equivalence.

« Achieve regulation of the states u(x, t) and v(x, t) in H! norm.

4.1 | Global stability of the closed-loop system

First, we discuss the equivalent stability property between the plant (6)-(11) and the target system (39)-(44). Call now
kernel functions k(x,y), y(x,¥), q(x—y), l(x,y), n(x,y), and p(x —y) are bounded by k, 7, q, [, 7, and p and in their
respective domains, which has been presented in References 16,23,39. From (13), (14), (28), and (29) it is easy to find, by

using Cauchy-Schwarz’s inequality, that
lu®I* + [v®11* < rllw®l* + r2llz@)11,
IwOI* + Iz < sullu@®lI* + s2 vl
where r; and s;, i = 1, 2 are positive constants,
) s
rn=2+2 +3n°,
—2_9
r,=3+3Dp’,
2 -
sy =242k +3y°,

—2_9
s;=3+3Dq".

(62)

(63)

(64)
(65)
(66)

(67)

Second, we will prove the global stability of the target system (39)-(44). Introducing a Lyapunov-Krasovskii-type function

(t)2

Va(®) = Dlog(1 + N(0) + =

where N(t) is defined in (53) and b; in N(¢) is a positive constant.
Taking the time derivative of (68) along (39)—(44), we get

D 1 1 D(l’)
Vi) = NGO / 1 +x)w(x, Hw,(x, t)dx + by / (1 4+ x)z(x, £)z(x, )dx D(t)—
0

N(t)< / (1 + x)w(x, Hw(x, t)dx + by / (1 + x)2(x, H)(Zx(x, ) — DE)Py (x, £)

—DD(t)P,(x, t))dx) D(z)@

" NO < / (L + X)wix, Hwx(x, Odx + by / (1 +x)2(x, Dz(x, H)dx — by D(1) / (1 +x)2(x, Py (x, H)dx

—b,DD(D) / (1 + x)z(x, DP,(x, t))dx) D(t)@
0

(68)

(69)
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Utilizing integration by parts results in
V10 = —— ( Dw(, 02 = 2w, 7 = ZjiwiP + biz1, 07 - 220,07 - 2212
N( ) ’ 2 2 ’ 27 2
(70)
- ! 5 ! b
—b1D(t) [ (1 +x)z(x, H)P1(x, t)dx — byDD(t) [ (1 + x)z(x, )P, (x, t)dx D(t)—
0 0
Recalling (43), we have
. 1 2 2 D, 5 b 2 by o
Vi) = NGO <DW(1 " — W(O, 1y > [lwl] > 2(0,1) > Izl
(71)
—b,D(®) / (1 + x)z(x, HP1(x, t)dx — leD(t) / (1 + x)z(x, )Py (x, t)dx> D(t)D(t)
Using equation (51) in conjunction with the property of the projection, as presented in Reference 51, yields,
—D(®)D(t) = —D(®)Projy, 5 {7(t)} < ~D()z(t), (72)
then, leads to
V10 < —  Dw(t, 072 = 2w, 7 - Zjwi? - 220,07 - 2z
~ N@® ’ 2 2 277 2
1 (73)
—leﬁ(t)/ 1+ x)z(x, )P (x, t)dx> - mD(t)/ (1 +x)z(x, HP1(x, HHdx — D(H)—= T(t)
0
Combing with (52), we have
. 1 D
"< 55 <—5|| I1? - || I1* - ( ~ D)z(0. 1 — b,DD(?) / (1 +x)z(x, P (x, r)dx) (74)

where b; > 2D.
After a lengthy but straightforward calculation, utilizing Cauchy-Schwarz’s and Young’s inequalities, in conjunction
with (45) and (46), leads to the following estimates,

/O 1(1 +X)2(x, Py (x, )dx < L(Iwl1> + [1z]1? + 1120, H1*), (75)
1
/0 (1 +x)z(x, HP(x, dx < L(|lwl|* + l|zl?), (76)
where
L=max{]\_/11+1\_/12, 2M3+M4}, 77)
in which
My= max ({|Mi(,D@)l}, M= oo 03X {IMi(x,y. DO}, i=2.3,4 (78)

The boundedness of M;, wherei =1, ... ,4, is established based on the premise that the kernels k, y, and g are bounded,
as indicated at the outset of this section.
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Submitting (75) and (76) into (74), we get

. D — 0b312 2 2 2
7, < —( min :’ﬁ _pl__ [lwl]* + [|z]l* + ||z(0, | . (79)
272 min{1,b;} N()

Select a value of # within the interval (0, 8*), where #* is defined in (54). This choice ensures V(t) < 0, and consequently
Vi(t) £ V1(0), (80)

for all t > 0. Hence, we obtain the following estimates from the definition of V; in (68):

J410)
Iwll> < z<e b 1>, (s1)
2 2 ( Al
llzll” < b—<e L - 1>, (82)
1
o
D@? < @ <26 <eT - 1), (83)
and
1 /! by [* D(t)?
Vi(t) = Dlog(l + —/ (1 + s)w(x, £)*dx + —/ 1 + s)z(x, t)zdx> +
2/ 2 /o 20 (84)
— — D(t)?
< Dilwl + b, Dljzlf? + 22
20
From (68), (63), (81), and (82), we know that
i
lul)® + |[v]|* < <2r1 + %) <e D — 1). (85)
1
Combine with (83), which yields,
2?'2 20 ho
Y <|2 — + — 2 —1). 86
()_<rl+b1+1_)><e > (89
We have bounded ¥(t) in terms of V1(t). The next step is to establish the bound of V() in terms of W(¢).
Recalling (63) and (84), we have
— D(t)?
Vi) < Dmax(1,by) (s lull + 51011) + 2o~
— D(t)? @7
< Dmax{1, by }(s1 + ) (lull” + IMI17) + —-
and combine (83), which gives
= 1
Vi(t) < <D max {1, by }(s1 +55) + —)‘P(t). (88)
20
As a result, by combining (80), (86), and (88), we ultimately arrive at the following conclusion:
¥(t) < RO - 1), (89)
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with constants
R=2r +&+29, p=Dmax{1,b,}(s1 + ) + —=. (90)
by D 20
Up to this point, we have completed the proof of (58), the estimate for the bound.
4.2 | Pointwise boundedness and regulation of the distributed states

We will prove the regulation of the distributed states in this subsection. The bounds for ||w||, ||z|, and D(t) have been
established in (81)-(83). Recalling that

¢ t 2
/ lw(z)||*dz < sup N(z) Mdr, (91)
0 0<r<t 0 N(T)
and employing (80), we obtain the following inequality:
O3
7)< e 2 .
N(z) < N(0) (92)
Based on (79), we get
EY D(0)?
/ el DlogN(©) + =5~ ©3)
N(7) = 1 b, N
min { 2 1} min{1,b; }

By substituting (92) and (93) into (91), we obtain that ||w||? is integrable over time. Similarly, it can be proven that both
|lz||* and |z(0, t)|? are also integrable over time. Consequently, based on (45) and (46), we can conclude that ||P; || and
[|P2|| are both bounded and integrable functions of time.

To prove the boundedness of ||wy||, we define the following Lyapunov function

Va(t) = 3 [ (1 + xpweCx, 02dx + 22 (1 + X)2,x, 1)2dx, (94)

where b, is a positive constant. By employing integration by parts, we express the derivative of (94) with respect to time
as follows:

1 1
Vy(t) = / (1 + X)Wy (x, Hwy(x, Hdx + by,D / (1 4+ %)2x (¢, )2t (x, H)dx
0 0
1 1 .
= / (1 +x)wi(x, Hwe(x, Hdx + bz/ (1 + 2022 (%, D(Zae(X, £) — D(OP1x(x, 1) — DD(£)Pa(x, t))dx
0 0
1 1
= / (1 + )Wy (x, Hwy(x, t)dx + b, / (1 + %), (x, )2 (x, t)dx
0 ) 0 . (95)
— byD(t) / (1 + X)Zx(x, )P1x(x, H)dx — szf)(t) / (1 + 2)Zx(x, P2y (x, H)dx
0 0
= (1,07 = 20,07 = Tl + byl 07 — 220,07 — 2l
1 . 1
—b,D(t) / (1 + %)z (x, )P1c(x, )dx — b,DD(t) / (1 4 %)z (X, )Py (x, t)dx.
0 0
It is obvious from (39) and (40),
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Combine (42), which yields

Recalling z:(1, t) = 0, we know

Hence, by utilizing (96) and (97), we arrive at:

Let b, > 6, which yields

Knowing that

WANG ET AL.
Dz(1, ) = z:(1, £) — D(OP,(1, t) — DD(H)P,(1, 1). (96)
z(1,£) = D(©)Py(1, £) + DD()P,(1, 1), (97)
Va(8) < 320,07 + 3D(@PPL(0, 0 + 3D°D(PP0, 0% = Zwx(0, 07 = S
+ 2b,D(8)2Py (1, 1) + 2b,D*D(£2Py(1, 1) — %zx(o, 1? — %lllel2 (98)
1 . 1
— b D(t) / (1 4 X)zx(x, D)P1(x, H)dx — b,DD(t) / (1 + x)Z(x, £)Pax(x, H)dx
0 0
< 320,07 + 3DUPPL(0, 07 + 3D2DOPP2(0, 02 = Zwa(0, 07 = Il
+2b,D(1)*P1 (1, 0)% + 2b,D*D(1)°P,(1, 1) — %zx(o, 0? - %llzxn2 (99)
+ 2b2| D(O)| ||z | /| P, )| + b2 DI D) ||zl /| Paxx, D)l
where we have used Cauchy-Schwarz’s inequality. Hence,
. 1 2 b, 2, by 2L aRn2 2
Va(®) < =Zlwell* = (5 = 3)2x(0,0% = ZlIzell” + 3D@)*P1(0, 1)
+ 3D2D(E2P5(0, £)? + 2b,D(6)2Py (1, )% + 2b,D*D(t)*P(1, t)? (100)
+ 2b, | D) 1z |1 Prc(x6, 1] + 2b2DIDO) 1|21 1P e, D]
V,(t) < _%”lelz - %lllel2 + 3D(02P1 (0, 1) + 3D2D(t)2P(0, 1) + 2b,D(1)*Py (1, 1)?
—2 2 ~ 101
1 25,1 DY Py(L, 1 + 25, DO 26l [1Pasll + 2051 DO e, DI 1Prx, ] (101)
< —a1Va(t) + L@OVL() + f2(0),
where we use Young’s inequality and ¢; = % min{1, %},
At = b,D (1@ +4), (102)
£(t) = 12D P1(0, £)? + 3D°D(t)2P5(0, £)? + 8b,D Py (1, £)? 103)
+ 2b,D2D(12P(1, £)? + ba| Pl + b | Pl
1 2
P1(0,0)?% = <z(0, HM; (0, t) + / w(y, H)M;(0,y, t)dy>
0
(104)

—2 2 AT 2
< 2M;z(0, £)" 4 2M; |||

< 1zl 2y 4 2o (w2
<2M;(||1zl1* + llz«]l?) + 2M||wl|?,
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1 1
PZ(Oa t)z = </ Z(y9 I)M3(09y» t)dy + / W(ys t)M4(O’ ys [)dy>
0 0

2102 4 AR 2
< 2M;]|z]I7 + 2My4||w|l%,

in addition to (78), we get P;(0, t)*> and P,(0, t)? are integrable over time. Similarly, |[D(t)|, Py(1, £)?, P»(1,£)?, ||Pic||?, and
||P2||? are also integrable. Then, f;(t) and f>(t) are also integrable functions over time. in addition to (78), we can deduce
that P, (0, £)?> and P,(0, t)? are integrable over time. Similarly, [D(t)|, P1(1, )%, Po(1,1)?, ||Pi]l?, and ||Py]|? are also inte-
grable. Consequently, fi(¢) and f>(¢) are integrable functions over time. Applying Lemma D.3 in Reference 51, we know
that ||wy|| and ||z«|| are bounded. By combining Agmon’s inequality, we can infer the boundedness of w(x, t) and z(x, ¢) for
allx € [0,1].

Next, we will establish the boundedness of %(||Wx||2) 4

, dt(IIZIIZ) and %(HZxIIZ) using the following Lyapunov function
1! bsD [* bsD [!
Vs(t) = > / (A + X)Wy (x, £)*dx + - / (A +x)z(x, £)*dx + - / (1 + X)Zx(x, 1)*dx, (106)
0 0 0

where b; is a positive constant. Taking the derivative of (106) with respect to time and using integrations by part, we obtain

Vi(t) = /0 1(1 + X)Wy (X, HWy (X, H)dx + b3 D /0 1(1 + x)z(x, 1)z, (x, t)dx

+b3D /0 1(1 + X)Z (X, )75, D)dx

= /0 1(1 + X)W (X, Wy (X, H)dx + b3D /0 1(1 +X)2(x, Dz (x, 1) — D(P1(x, £) — DD(H)P,(x, 1))dx
+byD /0 1(1 + 02X, ) (2%, 1) — D(OP1(x, £) — DD(H)P(x, ))dx (107)

= W1, 07 = 20,07 = 2wl + sz, 0 — 220,07 ~ 2l + b1, 07 ~ 20,17
- %Illel2 - b3b(t)< /0 1(1 + X)z(x, HP1(x, t)dx + /0 1(1 + X)2x(X, DP1x(x, t)dX>
— bsDD(1) < /0 1(1 + X)z0x, P, (x, Hdx + /0 1(1 + )2 (2, P2 (X, t)dx).

Evidently, derived from (96) and (97), we have

. b b b b
Vs(t) = —%wx(o, 1 - %uwxuz = 520,07 = 2P = 20,07 =z’
+3D(6)2P, (0, £ + 3D2D(£)2P5(0, 1) + 2bsD(H2P1(1, )% + 2b;D*D(£)*P5(1, )2
1 1
— bsD(p) < / (1 + x)z(x, H)P1(x, t)dx + / (1 + x)2x(x, )Py (x, t)dx> (108)
0 0
. 1 1
. b3DD(t)< / (1 + x)70x, )P (x, Hdx + / (1 + %)2c(x, )P, t)dx).
0 0

Based on Cauchy-Schwarz’s inequality, the following holds,

. 1 b b b b

V3 < =Slwl® = 22l = (5 = D20, 0 = 2zl = (5 = 3200, 0?
+ 3D(t)*P1(0, )% + 3D*D(£)*P5(0, t)* + 2b3D(£)*P1 (1, £)? + 2b3D*D(t)*P,(1, t)?
+ 2b3 [ D) 1I1zll|P1 1| + 2bsDID@®)| 1zl I1P2 || + 2bs1D(®)] |zl | Pl

+2b3D|D(®)] |12l | Pl

(109)
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u(x,t)

X 0 time(sec) X . time(sec) X ¢ time(sec)
(A) (B) ©

FIGURE 1 The closed-loop system dynamics with ug(x), vo(x) and D(0). (A) The distributed state u(x, t) with nonadaptive control. (B)
The distributed state u(x, t) with D(0) = 1. (C) The distributed state u(x, t) with D(0) = 3.

By selecting b; > 6, we have

. 1 b b ~ 2 -
Vs(®) < = llwell* - 33||z||2 - guzxn2 +3D(t)*Py(0, 1) + 3D*D(£)*P5(0, t)* + 2b3D(H)*P; (1, t)?
+3D?D(1)2P5(0, 1)® + 2b3D(1)*P1 (1, £) + 2bsD2D(t)*P5(1, 1) + 2b3 | D(0)| ||z || Py | (110)

+ 2b31_)|ﬁ(t)| izl IP2]] + 2b3| D) ||| | Prxl| + 2bsB|1A)(f)|||Zx||||sz||
< —a1Va(®) + f(OV3(0) + fu(D),

where we use Young’s inequality, and functions
£t = 260" (DO + 4, (111)

£(6) = 3D(O?P1(0, )® + 3D D(t)*P(0, 1)
2 2 2 2, o2 2, AT A2 2 (112)
4 by (PP + IPaIP + 1Pl + 1Pall + 8D Py (1,17 + 2D D(OPPa(L 17 ).

are bounded and time-integrable. Therefore, from the fact that (110) is bounded, one can deduce the boundedness
of %(wallz), %(IIZIIZ) and %(IIZXIIZ). According to Lemma D.3 and D.2 in Reference 51, we get V3(f) — 0, and thus
well, 1ZIl, l1zx]l = O as t — oo. As a result, it is derived that |[uy]|, ||[V]|, |[vx]| = 0 as t — oo, owing to (62). By applying
Agmon’s inequality, we have u(x, t)?> < 2||ul|||ux||, which indicates that the uniform regulation of u(x, t) to zero across all
values of x. Similarly, one can prove the regulation of v(x, ). As so for, we have completed the proof of Theorem 1.

4.3 | The boundedness and regulation of the derivatives of the closed-loop states

From Section 3.3, the discontinuous nature of projection (55) results in non-Lipschitzness of the right-hand side of the
target system (42)-(44). Rather than pursuing a study of well-posedness of (39)—(44) in the Filippov sense, we focus solely
on establishing that no discontinuities in time and space occur.

Theorem 2. Consider the closed-loop system comprising the plant (6)-(11), the control law (36), and the update

law (51)—(55), under Assumption 1. The derivatives of states u(x,t) and v(x,t) are uniformly bounded and

regulated to zero, namely,

lim max |ux(x H| =0, hm max [ve(x, 1) =0, (113)
t—ooxe([0,1] —o00x€|[0,

li Hl=0, Il | =o0.

lim max lu(x, B)| = lim max [ve(x, )| = (114)

Proof. Define a Lyapunov function, which is equivalent to H? norm of w and z.

bsD

1
Va(t) = %/ (1 + X)Wie(x, £)2dx + == / (1 + %)2xc (x, £)%dx, (115)
0
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where b, is a positive constant. Take the time derivative of (115)

1 1
Va(t) = / (1 + X)Wy O, Wit (X, H)dx + by D / (1 + %) 2o (X, B)Zoe (X, H)dx
0 0

= /1(1 + X)W (36, D)W (3, £)dx + b4/1(1 + X)Zooe (€, D) (Zooec (X, ) — D(t)Plxx(x, t)
—ODﬁ(t)Pm(x, £))dx 0

- /0 ' (1 4 W, Do, B0 + b /0 ' (1 4 10205, D, Dl (116)
— byD(t) /0 1(1 + )20 (6, Py (6, £)dx — byDD() /0 1(1 + )06, )P (X, )dx

= 1,0 = 100,07 = Lt DI + b1, 07 = 220,07 = Xzt 01

1 . 1
— baD(2) / (1 + X)Zxx (X, £)P1 (X, £)dx — by DD(£) / (1 + X)Zxee (X, £)Po (3, £)dx.
0 0

Based on (39), (40), we know that

Wxx(l, t) = th(la t) = th(17 t) = Ztt(07 t)

1 Do) D 14 <
= szx(o, t) — FPDC(O, t) — Fsz(O, t) + BD(I)PI(O’ t) — D(t)Pz(O, t) (117)

_ %D(t)Pu(O, t) — D(6)P2(0, 1),

2a(1, ) = D(O)P1e(1, ) + DD(t)Po(1, £) — DD(t)Py (1, £) + D*D(H)P,(1, £) a1s)
+ DD()P1,(1, £) + D2 D(t)Py(1, £).

Submitting (117) and (118) into (116), we arrive at the following inequality

7D(t)?

b 7
- —)zxx(o, 0 + == PO, 1)?

2 Dt

) 1 1 b
Va(®) < =S walO0, 0 - Ellwxxll2 - 5“||zx,<||2 - <

7b )2 I -
P (0,8)% + %Pl(o, 1% + 7D(1)?P,(0, t)* + I%D(t)zPlt(O, £)?

7D(t)?
+ (t)
DZ

+ 7D(O?Py(0, )% + 6b3D(E2Pia(1, )% + 6b4D*D(t)*Por(1, 1) + 6baD2D(£2Py (1, )2 (119)

+ 6byD*D(1)P5(1, 1) + 6b4D*D(t)*Py,(1, £)? + 6b4D*D(t)*Py(1, 1)
1 . 1
— bsD(®) / (1 4 X)Zee(X, )P (x, )dx — bsDD(t) / (1 + X)Ze (X, £) Py (x, £)dx.
0 0

Use Cauchy-Schwarz’s inequality, which gives

7D(t)?

b 7
% —)zxx(o, 1 + = Pu(0.1?

2 D4

. 1 1 b
Valt) < =3 w(0.02 = S Il = 2zl - (

D(t)? D(t)? ], 3
L PO 002+ %Pl(O, 07 + 7D PO, 07 + S DW?P 0,17

DZ

A A A (120)
+ 7D(t)*P5:(0, )% + 6b4D(£)*P1(1, £)* 4+ 6b4D*D(t)*Pax(1, £)* + 6b4D*D(t)*P1 (1, £)?

+ 6bsD*D(t)*P5(1, £)? + 6b, D2D()2P1,(1, £) + 6bsD*D(t)*Poy(1, 1)?

+ 2b4 | D(O) 1|21 Prx || + 254 DID(O) | Zce | | Pl
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. 1 b ~ 2
V() < —§||Wx>c||2 - 34||Zxx||2 + baD(®)*|Zee|I* + ball Prcll® + baD*D(t)[|Zicx||* + ball Pe |l

7D(t? 7D(t)? 7D(t)? «
+ %Pu(o, 0+ o7 Pl H* + o PO, 1)? + 7D(£)*P»(0, 1)?
7 #0n2 2 A2 2 =2 2 2R, 2 2 (121)
+ ED(t) P14(0, £)% + 7D(t)?P2,(0, ) + 6b4D(t)*P1x(1, £)* + 6b4D*D(t)*Pax(1, £)
+ 6b,D*D(2P,(1, 1) + 6b,D*D(H)2P(1, 1) + 6b4D*D(£)*Py,(1, £)* + 6byD*D(£)2 Py (1, £)?
< —c1Va(@®) + fs(OVa() + fo(D),
where we use Young’s inequality, ¢; = % min{1, % }, and
—2 A
fs(©) = bsD"(D(t)* + 4), (122)
71A) t 2 N —2 A A
folt) = D(Z) P10, )% + TD(PP(0, 1) + 6bsD D(?Py(1, 1) + 6bsD D()?Py(1, 1)
—2 A
28D , . 7D(t)? ) —2 5 =24 5
+ 7Plx(o, 0% + 7PZX(O, £)? + 24bsD Pix(1, 1) + 6b4D D(£)*Py (1, t) (123)
+ gﬁzpu(o, 1Y + TD(t2P21(0, 1) + 24b,D Py(1, )% + 6b,D D(t)2Pyi(1, 1)
+ bal|Prxell® + bal[Poxc|l*.
Know that
1 2
P1(0,6)? = ( 2(0, )M1,.(0, t) + / w(y, )Mo, (0, y, H)dy
0 (124)
< 2M1,2(0, 1) + 2My |lw]|?,
1 1 2
PZX(07 t)z = (/ Z(y’ t)M3x(x9y9 t)dy + / W(ys t)M4x(x, y’ t)dy>
0 0 (125)
< 2Ma|1Z]|* + 2Mux[lw]|?,
where
My = max {|M(x,D®)}, Mix= max {|Mx(xy, DO}, i=23,4. (126)
0<x<1, >0 0<x<y<1, >0

In addition to the fact that z(0, £)?, ||z||?, and ||w]||? are integrable over time, which is proven in Section 4.2,
we can infer P1(0, £)? and Py(0, t)? are also integrable over time. In a similar way, it follows that all terms in
(122) and (123) are time-integrable, resulting in f; and fs both being time-integrable.

Utilizing Lemma D.3 in Reference 51, we get that ||wy|| and ||z.|| are bounded. Since

Wi(X, £) = Wi (X, 1), (127)

[lwiell and ||zl are also bounded. By combining the results from Section 4.2, where we showed that ||wy]|,
[|zx]] = 0 as t — oo and w and z are regulated to zero, one can get |[w||, [|z:]| = 0 as t — oo0. Using Agmon’s
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FIGURE 2 The closed-loop system dynamics with ugy(x), vo(x) and to D(0) with and without adaptation. (A) L2-norm of the plant state
u(x, t). (B) The time evolution of the control signal. (C) The dynamics of the update law D(t). (D) The time-evolution of the estimate of the
unknown parameter D(t).

inequality, we obtain that

lim max |w,(x, t)] =0, lim max |z.(x,t)] =0,
t—>ooxe[0,1]| x( )l t—>ooxe[0'1]|ZX( )l (129)
lim max |w;(x,t)] =0, lim max|z(x,t)| =0.
I—>°°x€[0,1]| (X, )l ’ t—>ooxe[0,1]|zt( > )| (130)

Ultimately, we have proven (113) and (114), owing to the invertibility of the backstepping transformations
(28) and (38). n

5 | SIMULATION

To illustrate the feasibility of the proposed adaptive controller design, we simulate the closed-loop system consisting
(6)-(10), the control law (27), and the update law defined through (51)—(55). The actual delay is set to D = 2 assuming
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known upper and lower bounds defined as D = 4 and D = 0.1, respectively. The adaptation gain is set to § = 0.021, the
plant coefficients are chosen as g(x) = 2(1 — x) and f(x,y) = cos(2zx) + 4 sin(2xy). The simulations are performed con-
sidering uo(x) = 4sin(zx), vo(x) = 0 as initial conditions with D(0) = 1 and D(0) = 3, respectively. Figure 1 shows the
convergence of the plant’s state u(x, ) with and without adaptive control, respectively. In the absence of adaptive con-
trol, but with a “mismatch input delay” set to D(t) = 3 (the true delay being D = 2). Figure 2A shows the dynamics of the
L?-norm of the plant state ||u(x, t)||;> with and without adaptive control, respectively. The control effort is displayed in
Figure 2B and the update law in Figure 2C. Finally, Figure 2D reflects a good estimate of the delay with D(t) converging
to the true value D = 2.

The simulation results show that the states u and v quickly converge to zero for the initial conditions taken in the
example in Figures 1B,C and Figure 2A. As expected from the theory, different initial settings D(0) correspond to different
convergence rates. The states with initial setting D(0) = 3 converge slower than the case of D(0) = 1 which may be due to
the overcompensation as f)(O) = 3.

Although Theorem 1 does not guarantee that D(f) converges to the true D, for a richer state transient, and for a higher
adaptation gain 6, the estimate D(t) settles closer to D, as shown in from Figure 2D.

6 | CONCLUSION

We have studied a class of first-order hyperbolic PIDEs systems with an input subject to an unknown time delay. By uti-
lizing an infinite-dimensional representation of the actuator delay, the system was transformed into a cascading structure
consisting of a transport PDE and a PIDE. We successfully established global stability results by designing a parameter
update law using the well-known infinite-dimensional backstepping technique and a Lyapunov argument. Furthermore,
we analyzed the well-posedness of the system, taking into account the added difficulty caused by the presence of nonlinear
terms. Through numerical simulations, we have demonstrated the effectiveness of the proposed method. This research
contributes to the understanding and control of systems with unknown time delays and provides valuable insights into
the stability analysis and parameter update design for such systems. Future work may involve extending these findings
to more complex systems or considering additional constraints and uncertainties.
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