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Abstract
In this article, we address the disturbance rejection problem for linear plants
with delayed measured output. The output delay is allowed to be time-varying
and of arbitrary duration. The disturbances that may represent actuator faults
are generated by an exogenous dynamic system and can be matched or
unmatched. A predictor–based observer is designed via the PDE–backstepping
(Partial Differential Equation–backstepping) method so that an estimate of the
current state vector, as well as that of unmeasured disturbance, can be obtained.
These estimates are used in to regulate the output and reject the disturbance by
output feedback sliding mode control. In addition, a solution for finite-time dis-
turbance rejection (rather than exponential only) is also introduced when the
sensor delay is constant. Numerical examples illustrate the performance and
robustness of the both proposed predictor-feedback control systems.
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1 INTRODUCTION

Time delays are present either on actuation or sensing paths1 in most control engineering applications, such as
chemical process control, machining, combustion systems, teleoperation, and networked systems, to name only a few. The
presence of significant measurement delays in control loops may cause poor performance or instability. For stable linear
systems with known constant time delays, a control scheme based on the Smith predictor2 is well known. In References
3 and 4, a time varying input delay is compensated using a predictor approach using the PDE-backstepping method,5,6 by
representing the time-delay as a transport PDE. More recently, more general classes of distributed unbounded delays are
also addressed by the backstepping approach.7
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2 PINTO et al.

For systems with parametric uncertainties or unmeasured disturbances, sliding mode control (SMC) is a well known
and attractive control strategy, due to its robustness, good transient performance and disturbance rejection capability.8–10

It is also a natural choice for systems with switched actuators (such as power converters).11 When the state vector is not
measurable, the use state observers, as originally proposed by Bondarev et al.,12 for linear systems with known parameters,
is an effective solution whereby chattering, the foremost flaw of SMC, can be avoided even in the presence of unmodeled
dynamics.8

The in-sensitiveness of SMC to matched disturbances, that is, which belong to the range of the control distribution
matrix, is well known. The case of unmatched disturbances is more difficult. Examples of SMC for rejection of such
disturbances can be found in References 13 and 14, using a disturbance observer. However, it should be noted that
full-state vector is assumed measurable. Other observer designs can simultaneously estimate state and disturbance.15

A comprehensive overview of such designs can be seen in the survey papers.16,17

Several papers dealt with SMC for systems presenting time delay in the state vector.18–21 For systems with measurement
delay, there are considerably fewer references. In the case of output delay, Shtessel et al.22 used a Padé approximation
to transform the control problem to that of controlling systems with nonminimum phase. The proposed method was
restricted to small constant delays. In contrast, in Reference 11, arbitrarily large delays were dealt with based on a cascade
of high-gain predictors for obtaining an asymptotic estimate of the current system state. A SMC law was then used to
achieve global stabilization even in the presence of (known) nonlinearities of a given class. The cascade strategy23 can
only be applied to constant measurement delays and, even for short delay durations, the number of observers in such a
cascade may easily reach thousands, which seems highly unpractical.24

In this article, we consider the output regulation problem with disturbance rejection for systems with time-varying
measurement delay under the action of an unmeasured disturbance. To this end, we extend the PDE-backstepping
approach derived in Reference 4, to design an unknown input observer-predictor for systems with measurement delay. We
assume that the disturbance is modeled by an external dynamic system.25 Then an output feedback SMC law is designed
to reject the matched or unmatched disturbances.

To the best of our knowledge, this is the first result on the design of a sliding mode controller (SMC), producing ideal
sliding mode and providing global exponential output regulation to zero despite the presence of matched or unmatched
disturbance, for arbitrarily long, possibly time-varying, measurement delay. Additionally, in the case of arbitrarily large
constant delays, a prescribed-time PDE predictor26 can be designed in order to obtain finite-time (faster than exponen-
tial) disturbance rejection SMC schemes. This is one of the substantial technical differences from the earlier conference
paper.27 This inclusion is important since in the previous results only asymptotic results could be proved. Although this
kind of observer had already been proposed in Reference 26, such method has never been tested in closed loop. Numerical
simulations with the exponential as well as the prescribed-time observers using fixed and time-varying gains concludes
the article.

For the results of Section 4, we need to invoke Filippov’s definition for solution of discontinuous differential
equations28 due to the existence of the sliding modes and differential equations with discontinuous right-hand sides.
On the other hand, for the results in Section 5, we need to invoke generalized Fillipov solutions29 due to the existence
of the sliding modes as well as the mathematical technicalities involving a right-hand side exhibiting singularity at the
prescribed convergence time instant.

2 PROBLEM FORMULATION

2.1 System definition

Consider a linear time-invariant system, presenting an unknown, unmeasurable disturbance signal d(t), which can be
matched or unmatched, and a known time-varying measurement delay 𝜏(t):

{
ẋ(t) = Ax(t) + Bu(t) + Fd(t),
y(t) = Cx(t − 𝜏(t)),

(1)

where matrices A ∈ Rn×n, B ∈ Rn×1, C ∈ R1×n, F ∈ Rn×1 are known. In this article, both input u(t) ∈ R and output signals
y(t) ∈ R are assumed available, however the system state x(t) ∈ Rn and the disturbance signal d(t) ∈ R are not directly
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PINTO et al. 3

measurable. The objective is to design for such system an output feedback control law that rejects the output effects of a
persistent disturbance regulating its output to zero.13

The following assumptions are made:

• (A1) The known time-varying delay 𝜏(t) is assumed differentiable, being positive and uniformly bounded from above
such that: 0 ≤ 𝜏(t) ≤ 𝜏.

• (A2) The time derivative of the delay 𝜏̇(t) exists, is sufficiently small, and is norm bounded (strictly smaller than one),
ensuring that t − 𝜏(t) is monotonically nondecreasing:

|𝜏̇(t)| ≤ h, 0 ≤ h < 1 . (2)

• (A3) B is full-rank, that is, rank(B) = 1.
• (A4) The pair (A,C) is observable.
• (A5) The pair (A,B) is controllable.

In particular, the finite upper bounds 𝜏 in (A1) and h (A2) are also known since the time-varying delay 𝜏(t) is assumed
to be known in (A1) as well.

By means of a linear transformation, the system can be taken to the following form:

x =

[
x1

x2

]
, A =

[
A11 A12

A21 A22

]
, B =

[
0

B2

]
, F =

[
F1

F2

]
,

C =
[

C1 C2

]
, (3)

where x1 ∈ Rn−1, x2 ∈ R, A11 ∈ R(n−1)×(n−1), C1 ∈ R1×(n−1), C2 ∈ R, and B2 ∈ R is not null. Notice that F2 ∈ R represents
the matched portion of F, while F1 ∈ Rn−1 represents the unmatched one.

In the form of (3), a further assumption is also made

• (A6) Matrix A11 is Hurwitz, that is, the system is minimum phase from u(t) to x2(t).

2.2 Structured disturbance

In industrial plants it is common practice to perform a reliability study during the design phase to anticipate failure modes
based on prior information regarding their nature.30 For this article, it is assumed that d(t) can be modeled as the output
of a linear dynamic exosystem16,25:

{
ẋd(t) = Adxd(t)
d(t) = Cdxd(t)

, (4)

where Ad ∈ Rnd×nd and Cd ∈ R1×nd , and it is assumed that neither d(t) nor the state xd(t) ∈ Rnd are directly measurable.
It is also assumed that:

• (A7) The pair (Ad,Cd) is observable.

This is a basic condition for the design of the disturbance observer.
Regarding matrix Ad, to ensure that the disturbance signal is bounded, it is assumed that:

• (A8) No eigenvalue of Ad has positive real part and the eigenvalues with zero real parts are simple.

Even though matrices (Ad,Cd) are assumed known, disturbance d(t) and its state vector xd are to be estimated.
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4 PINTO et al.

2.3 Augmented system

In order to develop an unknown input observer,16 an augmented representation combining the system (1) and the
disturbance model (4) is considered. With state vector z(t) ≜

[
xT

d (t) xT(t)
]T , the augmented system can be written as:

{
ż(t) = Aaz(t) + Bau(t),
y(t) = Caz(t − 𝜏(t)),

(5)

where

Aa ≜

[
Ad 0

FCd A

]
, Ba ≜

[
0
B

]
, Ca ≜

[
0 C
]
. (6)

Assumptions (A4) and (A7) guarantee that the augmented system (Aa,Ca) is also observable, reminding that the
complete state vector is defined by z ∶= [xT

d xT
1 x2]T (in its expanded form) and matrices A and B are the same which we

have in (1), or in the corresponding form (3).

3 PDE-BACKSTEPPING BASED UNKNOWN INPUT OBSERVER

An unknown input observer will be derived for the augmented system with output delay, based on the
PDE-Backstepping,4,5 using a transport partial differential equation (PDE) to model the time-varying measurement delay.
Thereby, it is possible to predict the current state even in the presence of the disturbance.

3.1 Observer equations

The measurement delay of the augmented system (5) can be represented by a transport partial differential equation
(PDE) as:

⎧⎪⎪⎨⎪⎪⎩

ż(t) = Aaz(t) + Bau(t),
vt(𝓁, t) = 𝜋(𝓁, t)v𝓁(𝓁, t),
v(1, t) = Caz(t),
y(t) = v(0, t) (= Caz(t − 𝜏(t))),

(7)

where the speed of propagation, given by

𝜋(𝓁, t) = (𝜏̇(t)(𝓁 − 1) + 1)∕𝜏(t), (8)

is chosen such that the solution for this transport PDE is

v(𝓁, t) = Caz(t + (𝓁 − 1)𝜏(t)). (9)

The observer is developed in what follows is an extension of the one presented in Reference 4 (section 3.1) for constant
measurement delays, described by:

⎧⎪⎨⎪⎩
̇ẑ(t) = Aaẑ(t) + Bau(t) + eAa𝜏(t)L(y(t) − v̂(0, t)),
v̂t(𝓁, t) = 𝜋(𝓁, t)v̂𝓁(𝓁, t) + CaeAa𝓁𝜏(t)L(y(t) − v̂(0, t)),
v̂(1, t) = Caẑ(t),

(10)

where ẑ(t) = [x̂T
d (t) x̂T(t)]T is the estimate of the augmented state z, composed by the state estimates of the disturbance,

x̂d, and of the system, x̂. Matrix L is chosen such that Aa − LCa is Hurwitz. The spatial variable 𝓁 ∈ [0, 1] is mapped to the
measurement delay in the domain [𝜏(t), 0] so that 𝓁 = 1 corresponds to zero delay and 𝓁 = 0 corresponds to 𝜏(t).
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PINTO et al. 5

3.2 Convergence analysis of the proposed observer

The PDE-backstepping method allows a formal proof of Lyapunov stability for the observation error system. Indeed,
introducing the error variables:

z̃(t) = z(t) − ẑ(t), ṽ(𝓁, t) = v(𝓁, t) − v̂(𝓁, t), (11)

the observer error dynamics is then given by:

⎧⎪⎨⎪⎩
̇̃z(t) = Aaz̃(t) − eAa𝜏(t)Lṽ(0, t)
ṽt(𝓁, t) = 𝜋(𝓁, t)ṽ𝓁(𝓁, t) − CaeAa𝓁𝜏(t)Lṽ(0, t)
ṽ(1, t) = Caz̃(t)

. (12)

Based on the PDE-Backstepping proposed for observers for systems presenting constant measurement delay4(section 3.1),6

and using the variable 𝓁 as in the observer (10), the following transformation is obtained:

w̃(𝓁, t) = ṽ(𝓁, t) − CaeAa(𝓁−1)𝜏(t)z̃(t), (13)

in order to bring the transport PDE in (12) to an undisturbed (homogeneous) form:

w̃t(𝓁, t) = 𝜋(𝓁, t)w̃𝓁(𝓁, t), (14)
w̃(1, t) = 0. (15)

It can be seen from the boundary condition (15) that the transformed variable w̃(𝓁, t) converges in finite time to zero.
Applying this transformation to (12), the observer error dynamics can be written as:

⎧⎪⎨⎪⎩
̇̃z(t) =
(

Aa − eAa𝜏(t)LCae−Aa𝜏(t)
)

z̃(t) − eAa𝜏(t)Lw̃(0, t)
w̃t(𝓁, t) = 𝜋(𝓁, t)w̃𝓁(𝓁, t)
w̃(1, t) = 0

(16)

which has a convenient triangular structure.
Using a Lyapunov–Krasovskii functional,4 it can be demonstrated that the observer state (10) converges to the system

state (5). A formal proof for the case of time-varying delay follows hereafter.

Theorem 1. The observer error system (12) for the proposed observer (10) is exponentially stable at the origin
in the sense of the norm: (||z(t) − ẑ(t)||2 +

∫

1

0
(v(𝓁, t) − v̂(𝓁, t))2d𝓁

)1∕2

, (17)

and consequently, that (ẑ, v̂) exponentially converges to (z, v).

Proof. Based on assumptions (A1) and (A2) made on the delay and on its derivative it can be observed that:

𝜋(0, t) = 1 − 𝜏̇(t)
𝜏(t)

≥ 𝜋0 > 0. (18)

Let M be an upper bound for ||eAa𝜏(t)||, where ||eAa𝜏(t)|| ≤ e||Aa||𝜏 < M. It is important to notice that since
Aa − LCa is Hurwitz by design, the matrix Ao ≜

(
Aa − eAa𝜏(t)LCae−Aa𝜏(t)

)
will present stable eigenvalues for

any value of 𝜏(t). If 𝜏(t) changes slowly enough, it can be shown31(Lemma 9.9) that the Lyapunov equation
P(𝜏(t))Ao + AT

o P(𝜏(t)) = −Q, Q > 0 has an unique positive definite solution P(𝜏(t)), for every value of 𝜏(t). As
stated, this assertion is valid only for slowly time-varying delays 𝜏(t). Indeed, the “off the shelf” Lemma 9.9
in Reference 31 proves that for a slow enough parameter 𝛼, if A(𝛼) is differentiable and Hurwitz (uniformly
in 𝛼), the Lyapunov equation has a positive definite unique solution P(𝛼) for every value of 𝛼, as desired.
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6 PINTO et al.

We start by analyzing the transformed form (16) of the error system, using the Lyapunov–Krasovskii
functional candidate4(eq. 6.57):

V(t) = V1(z̃) + aV2(t), (19)
V1(z̃) = z̃TPz̃, (20)

V2(t) =
1
2∫

1

0
eb𝓁w̃2(𝓁, t)d𝓁, (21)

where a > 0 and b > 0 are constants to be defined later on.
Differentiating V1(z̃) along the trajectories of (16), we can write:

V̇ 1(z̃) = −z̃TQz̃ + z̃TP′(𝜏(t))𝜏̇(t)z̃ − 2z̃TP(𝜏(t))eAa𝜏(t)Lw̃(0, t), (22)

where P′(𝜏(t)) = dP(𝜏(t))∕d(𝜏(t)). Let p be an upper bound for ||P′(𝜏(t))|| and define Pmin and Pmax as the lower
and the upper bounds of ||P(𝜏(t))||, respectively, as well as set q ≜ 𝜆min(Q) − ph > 0. The positiveness expressed
in the latter inequality is consistent with the condition of having a slow time-varying delay, with a sufficiently
small constant h, according to assumption (A2). The following inequality can be obtained:

V̇ 1(z̃) ≤ −𝜆min(Q)||z̃||2 + ph||z̃||2 + 2||z̃||PmaxM||L|||w̃(0, t)|. (23)

Then, by completion of the squares it can be shown that

V̇ 1(z̃) ≤ −q||z̃||2 + 2(PmaxM||L||)2
q

w̃2(0, t). (24)

Using (14) and (15), and integration by parts, the derivative of V2(t) can be written as:

V̇ 2(t) =
∫

1

0
eb𝓁w̃(𝓁, t)𝜋(𝓁, t)w̃𝓁(𝓁, t)d𝓁 =

= −𝜋(0, t)w̃
2(0, t)

2
− 1

2∫

1

0
(b𝜋(𝓁, t) + 𝜋𝓁(𝓁, t))eb𝓁w̃2(𝓁, t)d𝓁. (25)

For the last term of (25) to be negative, we need

b𝜋(𝓁, t) + 𝜋𝓁(𝓁, t) =
(b(𝓁 − 1) + 1)𝜏̇(t) + b

𝜏(t)
> 0. (26)

By assumptions (A1) and (A2), we have 𝜏(t) > 0, h ≥ 𝜏̇(t) ≥ −h, and 0 ≤ h < 1. Since the numerator of (26) is
linear in 𝓁, equation (25) will have its minimum at either 𝓁 = 0 or 𝓁 = 1, so:

b𝜋(𝓁, t) + 𝜋𝓁(𝓁, t) ≥
min {b − h, b − h − bh}

𝜏(t)
. (27)

Choosing b > h
1−h

> h, we have b𝜋(𝓁, t) + 𝜋𝓁(𝓁, t) > 0. Then, using (27) in (25), we obtain

V̇ 2(t) ≤ −
𝜋0

2
w̃2(0, t) − min {b − h, b − h − bh}

2𝜏(t) ∫

1

0
eb𝓁w̃2(𝓁, t)d𝓁. (28)

Finally, defining

𝛽 = min {b − h, b − h − bh}
1 + h

> 0, (29)

it is possible to verify that

V̇ 2(t) ≤ −
𝜋0

2
w̃2(0, t) − 𝜋0𝛽V2(t). (30)
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PINTO et al. 7

Choosing a = 4(PmaxM||L||)2∕(𝜋0q) and applying (24) and (30) into (19), one obtains the following
inequality:

V̇(t) ≤ −q||z̃||2 − 𝜋0𝛽
4
(

PmaxM||L||)2

𝜋0q
V2(t). (31)

Defining 𝜇 = min
{
𝜋0𝛽,

q
Pmax

}
, it can be verified from the definition of V(t) in (19) that V̇(t) ≤ −𝜇V(t), and,

by a comparison lemma, that
V(t) ≤ e−𝜇tV(0), ∀t ≥ 0. (32)

This result shows that the error system (z̃, w̃) is exponentially stable at the origin relative to the norm

Ω(t) = ||z̃(t)||2 +
∫

1

0
w̃2(𝓁, t)d𝓁. (33)

Now, reminding that Pmin and Pmax are the lower and the upper bounds of ||P(𝜏(t))||, respectively, it can
be shown that

𝜓1Ω(t) ≤ V(t) ≤ 𝜓2Ω(t), (34)

where 𝜓1 = min

{
Pmin,

2
(

PmaxM||L||)2

q

}
and 𝜓2 = max

{
Pmax,

2
(

PmaxM||L||)2

q
eb

}
. Consequently,

Ω(t) ≤ 𝜓2

𝜓1
e−𝜇tΩ(0), ∀t ≥ 0. (35)

Based on this result, it is possible to demonstrate the stability of the system (z̃, ṽ) in the sense of the norm

Ξ(t) = ||z̃(t)||2 +
∫

1

0
ṽ2(𝓁, t)d𝓁, (36)

by determining the relation between the norms Ω(t) and Ξ(t). Utilizing the inverse PDE-Backstepping:

ṽ(𝓁, t) = w̃(𝓁, t) + CeA(𝓁−1)𝜏(t)z̃(t), (37)

positive constants 𝜙1 and 𝜙2 can be easily determined, such that the relation between Ω(t) and Ξ(t) is given
by 𝜙1Ξ(t) ≤ Ω(t) ≤ 𝜙2Ξ(t). The explicit expressions of 𝜙1 and 𝜙2 are given in the Appendix. Consequently,

Ξ(t) ≤ 𝜙2𝜓2

𝜙1𝜓1
e−𝜇tΞ(0), (38)

showing that the error system (z̃, ṽ) is stable at the origin in the sense of the norm (17). ▪

It is worth mention that the PDE-backstepping transformation (13) and its inverse (37) are bounded since they are con-
structed with the error variables (11) which are proved to converge to zero exponentially in Theorem 1, and, analogously,
in prescribed-time in Theorem 3, as shown in Reference 26 (Theorem 1).

3.3 Alternative representations of the observer

Based on (10), it can be shown, as in of Reference 4 (Cor. 3.1), that the observer can be represented in terms of
the output, as

⎧⎪⎨⎪⎩
̇ẑ(t) = Aaẑ(t) + Bau(t) + eAa𝜏(t)L(y(t) − ŷ(t))
ŷ(t) = Ca

(
ẑ(t − 𝜏(t)) + ∫ t

t−𝜏(t)e
Aa(t−𝜃)L(y(𝜃) − ŷ(𝜃))d𝜃

)
. (39)
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8 PINTO et al.

Alternatively, as in References 4 (section 6.3) and 6, if the input signal u(t) has its past values known for t ∈ [t − 𝜏, t],
it can be shown that the representation:

{
̇
𝜁(t) = (1 − 𝜏̇(t))(Aa𝜁(t) + Bau(t − 𝜏(t)) + L(y(t) − Ca𝜁(t)))
ẑ(t) = eAa𝜏(t)𝜁(t) + ∫ t

t−𝜏(t)e
Aa(t−𝜃)Bau(𝜃)d𝜃

, (40)

where 𝜁 = ẑ(t − 𝜏(t)), is equivalent to both the PDE-based (10) and the output-based (39) versions. Notice that this
representation consists of an observer for the delayed system cascaded with a feedforward predictor based on the Vari-
ation of Constants formula*.32,33 Such alternative versions are easier to implement numerically. On the other hand, the
ODE-PDE version helps to prove the stability by enabling a quantification of exponential stability in a suitable norm for
the closed-loop system, which is infinite-dimensional—see the proof of Theorem 1. For more details, see also Chapters 2
and 3 of Reference 4.

4 SLIDING MODE CONTROL DESIGN

In the augmented system (5), only the output signal is available, presenting a measurement delay. In order to design a
sliding mode control, we can use estimates for the current state of the system, obtained by the observer (10), to define the
sliding variable:

𝜎̂ = Sẑ (41)

where 𝜎̂ ∈ R, and S ∈ R1×(n+nd) is a full-rank matrix that will be chosen to design the sliding surface  = {ẑ ∶ Sẑ = 0}.
Also, the following auxiliary variables are defined:

𝜎 = Sz, 𝜎̃ = Sz̃. (42)

From (11), it can be seen that:

𝜎̃ = 𝜎 − 𝜎̂ (43)

To choose the matrix S, consider the augmented equations (5) and apply the representation for the system in (3):

⎧⎪⎨⎪⎩
ẋd(t) = Adxd(t)
ẋ1(t) = A11x1(t) + A12x2(t) + F1Cdxd(t)
ẋ2(t) = A21x1(t) + A22x2(t) + F2Cdxd(t) + B2u(t)

. (44)

4.1 A case of relative degree one

Assume C = [01×(n−1) C2]. Then, note that the relative degree from u to x2 is uniformly unitary since B2 is nonzero by
assumption (A3). A SMC law can be designed to regulate x2 to zero consequently regulating the output y to zero. The
natural choice for S is thus,

S =
[
01×(n+nd−1) 1

]
(45)

and then, 𝜎̂ = Sẑ = x̂2(t). When a sliding mode is reached in  , the sliding variable is bound to 𝜎̂ = 0. Then, considering
(42) and (43), we have 𝜎̂ = Sẑ = Sz − 𝜎̃ = 0, which, by substitution of S, leads to

x̂2(t) = x2(t) − 𝜎̃ = 0. (46)

From Theorem 1, it can be seen that 𝜎̃ = Sz̃ is an exponentially decaying term. Therefore, x2 will converge exponentially
to zero and, in consequence, y(t) = C2x2(t − 𝜏(t)) will also be brought to zero, hence rejecting the disturbance.
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PINTO et al. 9

To determine the control law, it follows from (39) that

̇
𝜎̂ = S ̇ẑ(t) = SAaẑ(t) + SBau(t) + SL𝜏(t)(y(t) − ŷ(t)),

L𝜏(t) ≜ eAa𝜏(t)L, ||L𝜏(t)|| ≤ M||L||. (47)

From assumption (A3), it can be verified that, since the chosen matrix S is full-rank, matrix SBa is nonsingular. Then,
applying the equivalent control method,9,34 it is possible to obtain the equivalent control ueq from the solution of the
equation ̇

𝜎̂ = 0:

SAaẑ(t) + SBaueq(t) + SL𝜏(t)(y(t) − ŷ(t)) = 0,
ueq(t) = −(SBa)−1SAaẑ(t) − (SBa)−1SL𝜏(t)(y(t) − ŷ(t)). (48)

Adding a stabilizing linear term and a discontinuous term that drives the state to the sliding surface, the proposed
control law is then given by:

u(t) = ueq(t) − (SBa)−1k𝜎̂ − (SBa)−1
𝜌(t) sgn(𝜎̂), (49)

where k > 0 is the gain of the stabilizing term and the modulation 𝜌(t) is a scalar positive function, bounded by

𝜌(t) ≥ 𝜂 (50)

where 𝜂 > 0 is any arbitrary constant. Also note that if 𝜌(t) = 0 is used, a linear control law that will also reject the distur-
bance is obtained. Indeed, the second term in the right-hand side of (49) contains ẑ(t) since 𝜎̂(t) = Sẑ(t), and consequently,
the portion dedicated to cancel the external disturbance.

The discontinuous term in (49) gives the finite-time stabilization of the sliding variable. In addition, this switching
term brings robustness with respect to parameter uncertainties for the closed-loop system, as illustrated in the simulation
results of Section 6.1. At last, with the switching term, we open the door to consider switched actuators, which are very
well-motivated in power electronics and aerospace applications.

Moreover, the equivalent control term can be useful in order to reduce the real-world chattering from the discontin-
uous control term since a smaller modulation function (or control gain) 𝜌(t) can be considered. The other option would
be to incorporate the equivalent control term into the function 𝜌(t) of (49), leading to a single discontinuous control law
with increased amplitudes, and, consequently, more control chattering.36

4.2 Closed-loop stability analysis

Theorem 2. Consider the delayed output system (1), under assumptions (A1) to (A6), in the presence of a dis-
turbance d(t) modeled by a linear dynamic exosystem (4), under assumptions (A7) and (A8). Using the state
estimate for system (5) obtained from the observer-predictor (39) to construct the sliding variable 𝜎̂ = x̂2 and the
control law (49), the following properties hold:

1. An ideal sliding mode 𝜎̂(t) ≡ 0 is reached in finite time, no greater than |𝜎̂(0)|∕𝜂;
2. The state x2 and thus the output signal y(t) = C2x2 is exponentially convergent to zero, for all initial conditions;
3. All signals of the closed-loop system remain uniformly bounded.

Proof. Applying the control law (49) in (47), one obtains:

̇
𝜎̂ = −k𝜎̂ − 𝜌(t) sgn(𝜎̂). (51)

Using the Lyapunov function candidate V3(𝜎̂) = (𝜎̂T
𝜎̂)∕2, it can be verified that:

V̇ 3(𝜎̂) = 𝜎̂T ̇
𝜎̂ ≤ −k|𝜎̂|2 − 𝜌(t)|𝜎̂|. (52)

Then, since k > 0 and substituting (50), we obtain

V̇ 3(𝜎̂) ≤ −𝜂|𝜎̂|. (53)
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10 PINTO et al.

From the definition of V3, we can observe that

V̇ 3(𝜎̂) ≤ −
√

2𝜂
√

V3(𝜎̂), (54)

which shows that the sliding surface is reached in some finite time tf < |𝜎̂(0)|∕𝜂 and remains there for all
future time, that is, 𝜎̂(t) ≡ 0, ∀t ≥ tf , which shows that the sliding mode is ideal.

From Theorem 1, it can be seen that 𝜎̃ = Sz̃ is an exponentially decaying term. Considering (42) and (43),
it can be verified that 𝜎 → 0 exponentially. Therefore, x2 will converge exponentially to zero and, since y(t) =
C2x2(t − 𝜏(t)), the output will also be taken to zero, rejecting the disturbance.

Then, the system (44) will be reduced to the following form{
ẋd(t) = Adxd(t),
ẋ1(t) = A11x1(t) + F1Cdxd(t) .

(55)

Since, by assumption (A6), the system is minimum phase, A11 is Hurwitz and that, by assumption (A8), xd(t)
is bounded, then it can be seen that the state x1 is bounded. Also, from Theorem 1, it can be concluded that
since x1 and xd are bounded their estimates x̂1 and x̂d are also bounded. ▪

The results above are relevant even for constant delays—it has not been done yet. The strength of Theorem 2 is that,
while predictors are not available explicitly under nonlinear control in general because usually it is not possible to solve
nonlinear systems explicitly, when the plant is linear we have an explicit predictor, even though the SMC is nonlinear.

5 PRESCRIBED-TIME STATE ESTIMATION AND FINITE-TIME
DISTURBANCE REJECTION FOR CONSTANT DELAYS

In this section, we consider systems represented by (5), but subject to constant time delays D > 0 in the output signal,
that is, {

ż(t) = Aaz(t) + Bau(t),
y(t) = Caz(t − D),

(56)

with t ≥ t0 ≥ 0, and the initial condition being defined by z(𝜃) = z0(𝜃) for all 𝜃 ∈ [t0 − D, t0], where t0 is the initialization
time, u(t) ∈ R is the input signal and y(t) ∈ R is the delayed output signal.

We recall that the observability matrix is given by: 𝒪 =
[

CT
a AT

a CT
a · · ·

(
An+nd−1

a

)T
CT

a

]T
, where we assume that

(Aa,Ca) is an observable pair, that is, that rank(𝒪) = n + nd. We perform the coordinate transformation26

zob(t) = Q−1z(t) , (57)

where Q =
[

q̃,Aaq̃, … ,An+nd−1
a q̃

]
, with q̃ being the (n + nd)th column of 𝒪−1. An application of (57) to (56) transforms

it into the following system in the observer form Reference 35:

{
żob(t) = Aobzob(t) + Bobu(t),
yob(t) = Cobzob(t − D),

(58)

where Aob = Q−1AaQ, Cob = CaQ and Bob = Q−1Ba. More precisely,

Aob =

⎡⎢⎢⎢⎢⎢⎣

0 0 0 · · · −a0

1 0 0 · · · −a1

⋮ ⋱ · · · ⋮

0 0 · · · 1 −an+nd−1

⎤⎥⎥⎥⎥⎥⎦
, Cob =

[
0 … 1

]
. (59)
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PINTO et al. 11

Our goal is to design an observer for the system (56) which converges within the prescribed terminal time. To this end, we
employ the methodology developed in Reference 26, which relies on representing the sensor delay as a linear transport
PDE, and builds upon the cascade ODE–PDE setting of Reference 4 (chapter 3). We henceforth represent system (56) as

⎧⎪⎪⎨⎪⎪⎩

ż(t) = Aaz(t) + Bau(t),
ut(t,𝓁) = u𝓁(t,𝓁),
u(t,D) = Caz(t),
y(t) = u(t, 0),

(60)

where t ≥ t0 ≥ 0, 𝓁 ∈ [0,D], and u(t, ⋅) is the transport PDE state at time t whose solution is u(t,𝓁) = Caz(t − D + 𝓁) and,
in particular, u(t, 0) = y(t).

Under the change of coordinates (57), system (58) rewrites as

⎧⎪⎪⎨⎪⎪⎩

żob(t) = Aobzob(t) + Bobu(t),
ut(t,𝓁) = u𝓁(t,𝓁),
u(t,D) = Cobzob(t).
yob(t) = u(t, 0).

(61)

As shown in Reference 26, the above observer form reformulation will be instrumental in performing several other
transformations to achieve a full delay-compensated observer design, which we discuss in the next subsection.

On the other hand, now the control objective is to guarantee a finite-time disturbance rejection scheme by means
of prescribed-time state estimation—the disturbance to be rejected is still that given in equation (4). This inclusion is
extremely important since in Section 4 only asymptotic results could be proved.

5.1 Delay-compensated prescribed-time observer

In this section, it is presented an observer that converges in the prescribed terminal time t0 + D + T, where T ∈ R+ is a
priori fixed, D is the known sensor delay, and t0 is the initialization time.

To achieve prescribed-time convergence, the authors in Reference 26 have used time-varying observer gains con-
structed with suitable blow-up functions. The approach builds upon the recent ones for prescribed-time stabilization and
estimation of ODEs,37–39 which proposes predictor feedback for prescribed-time input delay compensation of LTI systems.

Consider the following blow-up function (as in Reference 40):

c(t) = c2
0T2

(T + t0 − t)2
, c(t0) = c2

0 , (62)

with c0 > 0. As discussed in References 39 and 40, the chosen power degree of the blow-up function (62) is crucial for the
convergence analysis; moreover, it allows us to obtain explicit and compact closed-form gain formulas throughout the
design/analysis.

As in Reference 26, we consider the following time-varying matrices P(⋅) and M(⋅) in companion canonical/observer
form, respectively:

P(t) =

⎡⎢⎢⎢⎢⎢⎣

0 1 0 · · · 0
⋮ ⋮ ⋮ ⋱ ⋮

0 0 0 · · · 1
−p0(t) −p1(t) −p2(t) · · · −pn+nd−1(t)

⎤⎥⎥⎥⎥⎥⎦
, (63)

M(t) =

⎡⎢⎢⎢⎢⎢⎣

0 0 0 · · · −𝜇0(t)
1 0 0 · · · −𝜇1(t)
⋮ ⋱ · · · ⋮

0 0 · · · 1 −𝜇n+nd−1(t)

⎤⎥⎥⎥⎥⎥⎦
, (64)
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12 PINTO et al.

where pi−1(⋅), 𝜇i−1(⋅), i = 1 … n + nd, are time-varying functions that will be characterized below. There exists a
time-varying matrix R(⋅) such that

R(t)M(t) = P(t)R(t) − Ṙ(t) . (65)

Indeed, R is given as follows41:

R(t) =

⎡⎢⎢⎢⎢⎢⎣

0 0 · · · 0 1
0 0 · · · 1 𝜋n+nd−1,n+nd−1(t)
⋮ ... ⋮ ⋮

1 𝜋1,1(t) · · · 𝜋n+nd−2,1(t) 𝜋n+nd−1,1(t)

⎤⎥⎥⎥⎥⎥⎦
, (66)

where the time-varying coefficients 𝜋i,k(⋅) are characterized by the following recurrence relation

𝜋i,k =
⎧⎪⎨⎪⎩
−pn+nd−1, 1 ≤ k = 1 ≤ n + nd,

𝜋i−1,k−1 − 𝜋̇i−1,k, 1 < k < i ≤ n + nd,

−pn+nd−i −
∑i−2

j=0pn+nd−1−j𝜋i−1,j+1 − 𝜋̇i−1,1, k = 1 < i ≤ n + nd.

(67)

Hence, from (65) along with (63), (64), and (66), the time-varying coefficients of M(t) can be explicitly characterized as
follows42 (section 2),43:

𝜇k(t) =
n+nd−1∑

i=k
(−1)i−k

( i
k

)
p(i−k)

i (t), k = 0, … ,n + nd − 1, (68)

where
(

i
k

)
∶= i!

k!(i−k)!
denotes the binomial coefficients. Under the same assumptions of Proposition 1 of Reference 39

(section 2), the entries p0(t), pj(t) (j = 1, … ,n + nd − 1) in (63) are explicitly characterized by

p0(t) = 𝜎n+nd

(
r1, … , rn+nd

)
cn+nd(t), (69)

and for j = 1, … ,n + nd − 1,

pj(t) =

(√
c(t)
)n+nd−j

(
c0T
)n+nd−j

n+nd∑
k=j
(−1)k−j

𝜎n+nd−k
(

r1, … , rn+nd

)

×
(

k − 1
j − 1

)
k!
j!

(
c0T
√

c(t)
)n+nd−k

, (70)

where c(t) is given in (62), 𝜎n+nd−k(⋅) are the elementary symmetric polynomials given by

𝜎0(r1, … , rn+nd) = 1, (71)

𝜎k(r1, … , rn+nd) =
∑

1≤i1≤i2≤···ik≤n+nd

ri1 ri2 · · · rik , (72)

𝜎k(r1, … , rn+nd) =
n+nd∏
i=1

ri, (73)

and 𝜎k(r1, … , rn+nd) = 0, for k > n + nd. The coefficients ri, i = 1, … ,n + nd, are simply distinct positive real numbers
(i.e., ri > 0, ri ≠ rj for i ≠ j, for i = 1, … ,n + nd).

Hence, the prescribed-time observer is given in the following theorem. It is an infinite-dimensional, full-order observer
as it estimates both the plant state z(t) and the sensor state y(t) (i.e., y(t) is introduced in the estimation error).
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PINTO et al. 13

Theorem 3 (26 (Theorem 1)). Let Q be as in (57), ai−1 be as in (59), c(t − D) be defined according to (62),
𝜇i−1(t − D) be given by (68), (69)–(70) (for i = 1, … ,n), and let T > 0 be fixed. For the system (60), the observer

⎧⎪⎨⎪⎩
̇ẑ(t) = Aaẑ(t) + Bau(t) + QeQ−1AaQD

𝛾(t − D)(y(t) − û(t, 0))
ût(t,𝓁) = û𝓁(t,𝓁) + CaQeQ−1AaQ𝓁

𝛾(t − D)(y(t) − û(t, 0))
û(t,D) = Caẑ(t)

, (74)

with time-varying output gain 𝛾(t − D) =
[
𝛾1(t − D), … , 𝛾n+nd(t − D)

]T given by

𝛾i(t − D) = −ai−1 + 𝜇i−1(t − D), for i = 1, … ,n + nd, (75)

guarantees that (ẑ,û) converges to (z,u) within the prescribed terminal time t0 + T + D. More precisely, there
exist a positive constant 𝜁 z and a positive polynomial 𝒫

(√
c(t − D)

)
such that, for any initial conditions z(t0),

ẑ(t0) ∈ Rn+nd and for any initial measurements u(t0,𝓁) = Caz(t0 − D + 𝓁), û(t0,𝓁) = Caẑ(t0 − D + 𝓁), where
𝓁 ∈ [0,D], we have that the quantity ||z(t) − ẑ(t)||2 + ||u(t, ⋅) − û(t, ⋅)||2L2

remains bounded for t ∈ [t0, t0 + D],
whereas it satisfies the bound

||z(t) − ẑ(t)||2 + ||u(t, ⋅) − û(t, ⋅)||2L2
≤ 𝜁 z𝒫

(√
c(t − D)

)
exp
(
−rminc0T

√
c(t − D)

)||z(t0) − ẑ(t0)||2 (76)

for t ∈ [t0 + D, t0 + T + D] with rmin = mini=1,… ,n+nd{ri}, and in particular,

||z(t) − ẑ(t)||2 + ||u(t, ⋅) − û(t, ⋅)||2L2
→ 0 (77)

as t → t0 + T + D, where ||u(t, ⋅) − û(t, ⋅)||2L2
∶= ∫ D

0 (u(t,𝓁) − û(t,𝓁))2d𝓁.

The Lyapunov analysis carried out in Reference 26 (Theorem 1) to prove Theorem 3 does quantitatively capture the
dependence on time and on the initial conditions in the chosen norm (note that this choice is not unique). Hence, stability
is uniform in the initial time. This is explicitly captured in the KL-estimates in (76). It is achieved by incorporating the
initial time in the time-varying gains.

The presented observer has several distinctive features: the observer gains (75) are explicit; the terminal time
t = t0 + T + D can be a priori prescribed regardless of the size of initial conditions; the convergence of the estimate errors
is highly smooth26 (Remark 3); and the observer estimates both the plant states and the sensor state.

The main contribution of this section is to note that the augmented system (5) and equation (56) have the same form
when 𝜏(t) = D and then employ the prescribed-time observer26 governed by (74) in closed-loop feedback through the
SMC law introduced before in Section 4, as described in the following.

5.2 Closed-loop stability analysis

In view of Theorem 3, we can repeat analogous steps carried out in the proof of Theorem 2 and produce now finite-time
convergence results for disturbance rejection according to the next theorem.

Theorem 4. Consider the delayed output system (1) with a constant time-delay 𝜏(t) ∶= D > 0, under
assumptions (A1) to (A6), in the presence of a disturbance d(t) modeled by a linear dynamic exosystem (4),
under assumptions (A7) and (A8). Using the state estimate for system (5), with 𝜏(t) = D, obtained from the
observer-predictor of the form (74), with time-varying gain 𝛾(t − D) given in (75) to construct the sliding variable
𝜎̂ = x̂2 and the control law (49), the following properties hold:

1. An ideal sliding mode 𝜎̂(t) ≡ 0 is reached in finite time, no greater than |𝜎̂(t0)|∕𝜂;
2. The estimation error z(t) − ẑ(t) → 0 within the prescribed terminal time t0 + T + D, for T > |𝜎̂(t0)|∕𝜂;
3. The state x2 and thus the output signal y(t) = C2x2 is convergent to zero at least in finite-time, for all initial

conditions;
4. All signals of the closed-loop system remain uniformly bounded.

 10991239, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/rnc.7113 by U

niversity O
f C

alifornia, W
iley O

nline L
ibrary on [17/12/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



14 PINTO et al.

Proof. Replacing the exponential observer (10) by the prescribed-time version given in (74) to estimate ẑ(t),
we continue to be able to apply the control law (49) in (47), and obtain

̇
𝜎̂ = −k𝜎̂ − 𝜌(t) sgn(𝜎̂). (78)

In this sense, the same Lyapunov function candidate V3(𝜎̂) = (𝜎̂T
𝜎̂)∕2 considered in the proof of Theorem 2

can be employed to conclude that
V̇ 3(𝜎̂) ≤ −

√
2𝜂
√

V3(𝜎̂). (79)

Thus, the sliding surface is reached in some finite time tf < |𝜎̂(t0)|∕𝜂 < T and remains there for all future time,
that is, 𝜎̂(t) ≡ 0, for tf ≤ t < T.

From Theorem 3, it can be seen that 𝜎̃ = Sz̃ is a prescribed-time decaying term. Considering (42) and (43),
it can be verified that 𝜎 → 0 in finite-time since 𝜎(t) = 𝜎̃(t) + 𝜎̂(t). Therefore, x2(= 𝜎) will converge to zero in
finite-time and, since y(t) = C2x2(t − 𝜏(t)), the output will also be driven to zero in finite time, by rejecting the
disturbance in finite-time as well.

Again, the closed-loop system (44) will be reduced to (55), which is minimum phase. Since xd(t) is bounded
by construction, hence it can be concluded that the state x1 is also bounded. Additionally, from Theorem 3, it
can be concluded that the estimates x̂1 and x̂d are bounded since x1 and xd are bounded as well. ▪

Note that prescribed-time disturbance rejection would be possible if the control gain 𝜌(t) in the proposed SMC law
(49) was also designed in terms of the blow-up function (62). Although such a result seems to be interesting for future
investigation, it may result in larger control efforts. In this sense, the focus on this section was to guarantee finite-time
convergence results (faster than exponential) without sacrificing the control signal. Indeed, most existing finite-time con-
trol methods are based on fractional or SMC in that the control schemes are of the form u = −csgn(x)|x|𝛼 with c > 0 and
0 < 𝛼 < 1, essentially signum function–based when the fraction 𝛼 = 0, that is, u = −csgn(x). Another possibility is the
time-varying feedback alternative to achieving finite-time control, which is referred to as prescribed-time control44 or
predefined-time control.45

6 SIMULATIONS

6.1 Asymptotic disturbance rejection with exponential predictor

In order to demonstrate the effectiveness of the proposed strategy, a mass-spring-damper system, made intentionally
unstable by selecting a negative damping factor, with an actuation force as the control input will be used. The disturbance
is a sinusoidal signal d(t) = −(𝜋∕8) sin(10t) fed to the velocity equation (ẋ1), so that the disturbance signal is completely
unmatched from the input signal. The system presents a time-varying measurement delay 𝜏(t) = 1 + 0.1 sin(t).

The matrices of the state representation for the system and the disturbance are:

A =

[
0 1
−2 1

]
, B =

[
0
2

]
, F =

[
1
0

]
, Ad =

[
0 1

−100 0

]
, Cd =

[
0 0.05

]
, C =

[
0 1
]
. (80)

The observer-predictor was implemented as in (40) which has less computation complexity, with L chosen such that
the eigenvalues of (Aa − LCa) were {−12,−11,−10,−9}. A sliding mode control law as proposed in (49) was designed
with S =

[
0 0 0 1

]
, a linear stabilizing gain k = 1, and a constant modulation (gain) 𝜌(t) = 0.5.

In Figure 1 we compare three control laws: 1) The SMC law from (49); 2) a linear law obtained from (49) by setting
𝜌(t) = 0; 3) a linear feedback law u = −Kx̂ − Kdx̂d as described in Reference 25 (eq. 4.22). The corresponding control
signals are shown in Figure 2. The latter results in

ẋ = (A − BK)x + (FCd − BKd)xd + 𝜋z, (81)

where 𝜋z is an exponentially decaying term due to the observation error. According to Reference 25 the disturbance
distribution matrix (FCd − BKd) should be minimized. However, in this particular case, such norm is minimized by
Kd =
[
0 0
]
, since F and B are orthogonal. Both the sliding mode and linear laws based on (49) were able to completely
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PINTO et al. 15

F I G U R E 1 Comparison of the output signal for the linear feedback controller from Reference 25 (dashed/red), the control law
proposed in (49) with 𝜌 = 0.5 (solid/black), and the linear control law obtained from (49) using 𝜌 = 0 (dash-dot/blue).

F I G U R E 2 Comparison of the control signal for the linear feedback controller from Reference 25 (red), the control law proposed in
(49) with 𝜌 = 0.5 (black), and the linear control law obtained from (49) using 𝜌 = 0 (blue).

F I G U R E 3 Sinusoidal disturbance signal (dashed) and its estimate (solid).

reject the disturbance, with the sliding mode law being faster than the linear law. In contrast with the control law25

disturbance rejection was not possible.
Figure 3 compares the disturbance signal and its estimate obtained by the observer-predictor. After the initial delay

time, the predicted output matches the system states, and the disturbance can be reconstructed.
In order to verify the performance of the closed-loop system the uncertainties:

𝛿A =

[
0 0

0.5 0.5

]
, 𝛿B =

[
0

0.2

]
, 𝛿Ad =

[
0 0
5 0

]
, (82)

were added to the system matrices A, B, and Ad respectively, while the observer and control law were designed
considering their nominal value (80). Figure 4 shows the comparison of the closed-loop output signal for the system
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16 PINTO et al.

F I G U R E 4 Comparison of the closed-loop output signal for the system presenting uncertainties in matrices A, B, and Ad, using the
sliding mode control law proposed in (49) with 𝜌 = 0.5 (solid/black), the linear control law obtained from (49) using 𝜌 = 0 (dash-dot/blue),
and the linear feedback controller from Reference 25 (dashed/red). The linear controllers were unable to stabilize the output when the
uncertainties were present.

F I G U R E 5 Comparison of the control signals for the closed-loop system presenting uncertainties in matrices A, B, and Ad, using the
sliding mode control law proposed in (49) with 𝜌 = 0.5 (black), the linear control law obtained from (49) using 𝜌 = 0 (blue), and the linear
feedback controller from Reference 25 (red).

presenting the uncertainties above. The sliding mode control law proposed in (49) with k = 2 and 𝜌(t) = 0.5 (solid
line/black) was able to bring the output to a small residual error, while the linear control law obtained from (49)
using the same linear gain but 𝜌(t) = 0 (dash-dot line/blue) was unable to stabilize the system. The linear feedback
control law proposed in Reference 25 (dashed line/red) led to an oscillatory response. The corresponding control sig-
nals in this scenario of parametric uncertainties are shown in Figure 5. Figure 6 compares the disturbance signal and
its estimate obtained by the observer-predictor, when the uncertainties were present, showing an expected estimation
error.

This illustrates that the switching term in the proposed control law (49) brings robustness with respect to param-
eter uncertainties for the closed-loop system. They are being compensated since the modulation function 𝜌(t) of the
discontinuous control term satisfies the upper bound (50) and adds a degree of freedom to the user/designer in the
sense that the parametric uncertainty will be incorporated (at least locally) in the constant 𝜂. Hence, the higher 𝜂 is,
more uncertainty is tolerated. Unfortunately, it cannot be guaranteed considering the continuous equivalent control term
solely.

 10991239, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/rnc.7113 by U

niversity O
f C

alifornia, W
iley O

nline L
ibrary on [17/12/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



PINTO et al. 17

F I G U R E 6 Sinusoidal disturbance signal (dashed) and its estimate (solid), when matrices A, B, and Ad present uncertainties.

6.2 Finite-time disturbance rejection with prescribed-time predictor

In this subsection, we present the case of constant sensor delays in order to evaluate the delay-compensation strategy
proposed in Section 5 based on the prescribed-time observer (74) and the sliding mode control law (49), with controller
parameters k = 2 and 𝜌(t) = 0.5. It was assumed a constant delay of D = 1 s. The blow-up function c(t) in (62) has parame-
ters c0 = 2.5, T = 9 and t0 = 0. The prescribed-time observer has time-varying gains 𝛾(t − D) given in (75), being calculate
by using (68) and (69)–(73), with r1 = 1, r2 = 3, r3 = 5.

The successful achievement of the finite-time estimation is shown in Figure 7A–D. As expected, the proposed
closed-loop strategy is able to reject completely the effect of the disturbance d(t) in the output signal y(t), see Figure 7E.

(A) (B)

(C) (D)

(E) (F)

F I G U R E 7 Evolution of the closed-loop system by using the delay-compensated prescribed-time observer.
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18 PINTO et al.

F I G U R E 8 Sinusoidal disturbance signal d(t) (dashed) and its estimate ̂d(t) (solid).

F I G U R E 9 Control signal u(t).

On the other hand, Figure 7F shows that the sliding variable 𝜎̂(t) takes less than 3 s to reach the sliding motion in 𝜎̂(t) ≡ 0.
Figure 8 compares the disturbance signal d(t) and its estimate ̂d(t) obtained by the prescribed-time observer. Figure 9
shows the corresponding control signal u(t).

7 CONCLUSIONS

An observer-predictor for linear systems with time-varying measurement delays was designed using the
PDE-backstepping technique and combined with sliding mode control to regulate the output to zero, with disturbance
rejection. No restriction on the duration of the delay is required apart from being bounded from above.

One relevant result is that ideal sliding mode can be obtained for plants with arbitrarily large output delay using
the exponentially convergent PDE-backstepping predictor (Theorem 1). Moreover, the strength of Theorem 2 is that,
while predictors are not available explicitly under nonlinear control in general because usually it is not possible to solve
nonlinear systems explicitly, when the plant is linear we have an explicit predictor, even though the SMC is nonlinear.

A further prescribed-time convergence result (Theorem 3) using PDE-backstepping predictors is presented when the
output delay is considered constant, but still arbitrarily large. In this case, an accelerated disturbance rejection process
(in finite-time) can also be guaranteed using SMC (Theorem 4).
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PINTO et al. 19

The theoretical results are illustrated by simulations which also indicate the robustness of the proposed control scheme
with respect to plant model uncertainties. A theoretical robustness analysis of the combined PDE-backstepping method
with sliding mode control is an interesting future research topic.

Regarding the constant nature of the delay considered in Section 5, we recognize this limitation of the proposed
closed-loop approach when the prescribed-time state estimation scheme is employed for finite-time disturbance rejection.
The extension to time-varying delays has several showstoppers which may be considered in a future publication.

The idea of considering the super-twisting (ST) algorithm rather than first-order SMC has already been addressed for
us in a slight different context in the conference paper.46 In this reference, we do not replace the discontinuous SMC term
in the proposed control law by a super-twisting one, but we use the ST algorithm to obtain a nonlinear observer for some
unmeasured states of the plant. This topology could be also a very interesting future investigation, but we suspect that the
same control chattering limitations with respect to unmodelled dynamics pointed out in the discussions of Reference 36
will appear when we compare ST to classical first-order SMC, depending on the type (fast or slow) of unmoddeled dynam-
ics we are taken into account. Please see References 47 and 48 for a more complete discussion on first- and higher-order
sliding mode control and the chattering phenomenon.

Finally, other possible generalization is the expansion of the celebrated internal model approach to other classes of
PDEs (such as, in References 49 and 50) rather than purely delays. This approach could be used in this context since the
structure of the disturbance dynamics is assumed to be known.
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ENDNOTE
∗The Variation of Constants formula is also known as the method of variation of parameters, the Lagrange’s method or Duhamel’s principle.
More specifically in PDEs, Duhamel’s principle is a general method for obtaining solutions to inhomogeneous linear evolution equations. For
linear evolution equations without spatial dependency, Duhamel’s principle reduces to the method of variation of parameters technique for
solving linear inhomogeneous ordinary differential equations (ODEs). The philosophy underlying Duhamel’s principle is that it is possible
to go from solutions of the Cauchy problem (or initial value problem) to solutions of the inhomogeneous problem.
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APPENDIX

In what follows, we explicitly derive the expressions for 𝜙1 and 𝜙2 which appears in the exponential estimate (38). First
of all, for the sake of simplicity, let us redefine the following terms:

A = Aa , B = −eAa𝜏(t)L , Ao = Aa − eAa𝜏(t)LCae−Aa𝜏(t)
, K = Cae−Aa𝜏(t)

, 𝜙(t) = t − 𝜏(t) . (A1)

Indeed, it can be shown that

||w̃(t)||2L2
≤ 𝛼1(t)||ṽ(t)||2L2

+ 𝛼2(t)||z̃(t)||2, (A2)

||ṽ(t)||2L2
≤ 𝛽1(t)||w̃(t)||2L2

+ 𝛽2(t)||z̃(t)||2, (A3)

where in particular we have used the compact forms ||w̃(t)||L2 ∶=
(
∫

1
0 w̃2(𝓁, t)d𝓁

)1∕2
, ||ṽ(t)||L2 ∶=

(
∫

1
0 ṽ2(𝓁, t)d𝓁

)1∕2
for

the L2–norm of the PDE state variables, and

𝛼1(t) = 3
(

1 +
∫

1

0
(KM(x(𝜙−1(t) − t))B(𝜙−1(t) − t))2dx

)
, (A4)

𝛼2(t) = 3
∫

1

0
||KM(x(𝜙−1(t) − t))||2dx, (A5)

𝛽1(t) = 3
(

1 +
∫

1

0
(KN(x(𝜙−1(t) − t))B(𝜙−1(t) − t))2dx

)
, (A6)

𝛽2(t) = 3
∫

1

0
||KN(x(𝜙−1(t) − t))||2dx, (A7)

and

M(s) = eAs
, N(s) = eAos

, 𝜋
∗
0 =

1
sup

𝜗≥𝜙−1(0)
(𝜗 − 𝜙(𝜗))

> 0 . (A8)

Furthermore, we can show that

𝛼1(t) ≤ 𝛼1 = 3
⎛⎜⎜⎝1 + ||K||

2||B||2 e
2||A||
𝜋
∗
0 − 1

2𝜋∗0 ||A||
⎞⎟⎟⎠, (A9)
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𝛼2(t) ≤ 𝛼2 = 3||K||2𝜋∗0 e
2||A||
𝜋
∗
0 − 1

2||A|| , (A10)

𝛽1(t) ≤ 𝛽1 = 3
⎛⎜⎜⎝1 + ||K||

2||B||2 e
2||Ao ||
𝜋
∗
0 − 1

2𝜋∗0 ||Ao||
⎞⎟⎟⎠, (A11)

𝛽2(t) ≤ 𝛽2 = 3||K||2𝜋∗0 e
2||Ao ||
𝜋
∗
0 − 1

2||Ao|| . (A12)

With a few substitutions, we obtain

𝜙1Ξ(t) ≤ Ω(t) ≤ 𝜙2Ξ(t), (A13)

where

𝜙1 =
1

max{𝛽1 , 𝛽2 + 1}
, (A14)

𝜙2 = max{𝛼1 , 𝛼2 + 1}. (A15)
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