Annual Reviews in Control 56 (2023) 100908

Contents lists available at ScienceDirect

Annual
Reviews in
Control

Annual Reviews in Control

journal homepage: www.elsevier.com/locate/arcontrol

Full length article ' )

Check for

Extremum seeking for infinite-dimensional systems | opnes’

Tiago Roux Oliveira **, Miroslav Krstic "

a Department of Electronics and Telecommunication Engineering, State University of Rio de Janeiro (UERJ), Rio de Janeiro, RJ 20550-900, Brazil
b Department of Mechanical and Aerospace Engineering, University of California - San Diego (UCSD), La Jolla, CA 92093-0411, USA

ARTICLE INFO ABSTRACT

Keywords:

Extremum seeking

Adaptive control and learning systems
Infinite-dimensional systems

Delays

Partial differential equations

The last year was the centennial of the 1922 invention, in the context of maximizing the power transfer to an
electric tram car, of the method for real-time model-free optimization called extremum seeking (ES). Forgotten
after a few decades of practical use and attempts at theoretical study, ES returned to life when the stability
of its operation for not only static input-output maps but for dynamic systems modeled by general nonlinear
ordinary differential equations (ODEs) was proven in 1997. Then it is natural to ask “why limit the use and
the theoretical advances of ES to ODE systems?” So many—if not the majority of physical systems—involve
delays or are modeled by partial differential equations (PDEs); why not pursue the application of ES in the
presence of delays and for PDE systems? With this tutorial paper, we show a small portion of the vast space
of possibilities of designing ES algorithms for infinite-dimensional systems governed by transport hyperbolic

PDEs as well as diffusion parabolic PDEs.

1. Introduction

The field of ES has grown vast since the papers (Krstic & Wang,
1997) and (Krsti¢c & Wang, 2000) re-awoke it in 1997 and 2000.
Over 17,000 papers have been published on this topic since and they
currently emerge at the rate of about 1000 per year. Additionally, over
2000 patents have been granted. It is impossible to survey a literature
of this size in either this tutorial. But we do give a few highlights.

As said earlier, the idea of ES emerged in a French patent and
article (Leblanc, 1922) on maximizing power transfer to a tram car.
Soviet control engineers intensively studied and advanced this concept
in the 1940s (Kazakevich, 1943), before it was introduced in the 1950s
in the US by Draper and Li (1951). ES vanished from the research
horizon in the 1960s and returned in 1997 with the stability proof
in (Krstic & Wang, 1997). An advancement of the stability study from
local to semiglobal was provided in (Tan, Nesi¢, & Mareels, 2006).
An extension to multivariable maps with the convergence rate being
made uniform across all the input channels using a Newton-based ES
approach was introduced in (Ghaffari, Krsti¢, & Nesi¢, 2012). Stochastic
ES algorithms and the stochastic averaging theory needed for their
stability study were introduced in (Liu & Krsti¢, 2012). Performance
improvements for parameter convergence is pursued in (Adetola &
Guay, 2007; Guay & Dochain, 2015; Guay & Zhang, 2003) and (Nesi¢,
Mohammadi, & Manzie, 2013).

The most popular ES approach relies on a small periodic excitation,
usually sinusoidal, to disturb the parameters being tuned (Adetola &
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Guay, 2007; Ariyur & Krsti¢, 2003; Guay & Zhang, 2003; Krsti¢, 2014;
Krstic & Wang, 1997; Krsti¢ & Wang, 2000; Tan et al., 2006; Tan,
Nesi¢, Mareels, & Astolfi, 2009). This approach generates an estimate
of the gradient of the map, which is then being driven to zero by
the ES algorithm, to find an extremum. Along with the perturbations
employed to estimate the gradient, and in some cases the Hessian of
the unknown map, come the mathematical methods needed for the
convergence study—the averaging theory (periodic and stochastic) and
the singular perturbation theory.

Actuator and sensor delays are some of the most common phenom-
ena that arise in engineering practice. Long delays are as detrimental,
if left uncompensated, to ES as they are to other feedback loops.
Real-time optimization gives rise to significant delays, such as when
post-processing of the plant’s measured output translates into a consid-
erable delay in generating the control input to be applied to the plant.
Examples are the image processing that takes place in laser-based light
sources for photolithography in semiconductor manufacturing (Butler,
2013; Riggs & Haugan, 2011), or in various chemical and biochemical
processes where analysis of samples takes place. For instance, the phase
lag observed in batch cultures applied to bioreactors (Lin, Lee, Lee, &
Koo, 2000; Swinnen, Bernaerts, Dens, Geeraerd, & Van Impe, 2004)
illustrates the delay phenomenon occurring in the biological optimizing
process. These delays are typically known, constant, and relatively
large.

The infinite-dimensional backstepping transformation for systems
with input delays (Krsti¢, 2009b) has recently enabled the design of
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predictor feedback designs for delay compensation, the construction
of explicit Lyapunov functionals for their stability analysis, and the
quantification of their performance, robustness, and optimality. How-
ever, predictor feedback designs encounter a significant obstacle to
their applicability in ES—they are model-based. The presence of an
unknown nonlinear map in the feedback loop is an antithesis to model-
based design. In this sense, we need to resolve this challenge and design
algorithms that enable the estimation of the unknown Hessian of the
map, which is needed for the implementation of predictor-based delay
compensation in ES algorithms.

On the other hand, many complex industrial systems—perhaps the
majority—are described by PDEs or even PDEs coupled with ODEs.
These ODE-PDE cascades systems occur, for example, when sensors
and actuators are not collocated and, particularly, in systems involving
transport of heat and materials. Among several other applications
are the screw extrusion processes, metal rolling-cutting processes, oil
drilling, populations, transport delays in fuel/air ratio systems, produc-
tion of manufacturing systems, and tubular bioreactors. The extension
of the backstepping designs from delay-ODE cascades to PDE-ODE
cascades (Krsti¢, 2009b) provides the tools for ES design in the presence
of PDEs, along with the perturbation-based estimation of the Hessian
of the map and the PDE motion planning-based design perturbation
signals employed in extremum seeking.

In what follows, we begin with systems of infinite dimension which
are arguably the most common in control practice—delays at the
input or due to computation, sometimes also referred to as “dead
time”. As shown in (Krsti¢, 2009b), purely delays can be represented
by transport hyperbolic PDEs. With predictor feedback designs for
input delays, we compensate delays of arbitrary length in ES feedback
loops and ensure convergence of the algorithms. Then we extend such
results, using PDE backstepping, to the class of diffusion parabolic
PDEs in the actuation pathways of unknown input-output maps. It
is the exhaustive consideration of these two baseline problems that
make possible the various extensions—multivariable maps (Oliveira,
Feiling, Koga and Krstic, 2020), dynamical plants (Rusiti, Evange-
listi, Oliveira, Gerdts, & Krstic, 2019), nonconstant (Rusiti, Oliveira,
Krstic, & Gerdts, 2021a) and uncertain delays (Rusiti, Oliveira, Krstic,
& Gerdts, 2021b), distributed delays (Tsubakino, Oliveira, & Krstic,
2023), reaction-advection—diffusion equations (Oliveira, Feiling, Koga
and Krstic, 2021) or wave models (Oliveira & Krstic, 2021b), cascades
of PDEs (Oliveira & Krstic, 2021a), etc.—of the use of delay- and PDE-
compensated ES algorithms, some of them discussed at the end of the
article.

While designing ES algorithms with predictors or diffusion com-
pensators are the main practical benefits of this tutorial article, and
this design is of non-negligible complexity, it is in the analysis that
a greater share of the tutorial’s innovation resides. We introduce a
carefully crafted stability analysis process—a template of sorts—with
precisely sequenced steps: (a) representation of the infinite-dimensional
system as a PDE; (b) representation of the closed-loop system in a
form in which the perturbation signal are present and the param-
eter estimation error-dynamics contains a PDE state; (c) derivation
of the average PDE-ODE model; (d) application of a backstepping
transformation to the averaged PDE-ODE model; (e) introduction of
a Lyapunov—Krasovskii functional for the backstepping target system
and a stability computation for this functional; (f) generation of an
exponential stability estimate for the average PDE-ODE system in the
original variables, using the inverse backstepping transformation; (g)
application of the averaging theorem for PDE systems, by Hale and
Lunel (1990), to obtain exponential stability of a small periodic orbit
near the extremum; (h) derivation of the asymptotic estimates for the
convergence of the output of the unknown map to the vicinity of its
extremum. This process will serve the needs of future researchers who
deal with ES under delays and more general PDEs.

The notation and terminology considered along this tutorial article
are given in Appendix A.
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2. Extremum seeking for transport hyperbolic PDE

In this section, we derive the control algorithm, and present the
stability analysis, for scalar gradient ES in the presence of arbitrarily
long input-output delays (Oliveira, Krsti¢, & Tsubakino, 2017). In our
design we employ a predictor, to compensate for the delay. Since a
predictor is always model-based, we are faced with the problem that
we need to perform a prediction of a system in which either the input
map or the output map contains a dependency on the Hessian, which
is unknown. Hence, to perform a model-based prediction, i.e., delay
compensation, we need an estimate of the Hessian. Our estimate of
the Hessian is generated similarly to the estimation of the Hessian in
Newton-based ES (Ghaffari et al., 2012), namely, using a perturbation
or demodulation signal N(z).

2.1. Scalar static map with delay

Scalar ES considers applications in which the goal is to maximize
(or minimize) the output y € R of an unknown nonlinear static map
Q(0) by varying the input 6 € R.

Here, we additionally assume that there is a constant and known
delay D > 0 in the actuation path or measurement system such that
the measured output is given by

y(t) =Q((t - D)). (€8]

For notational clarity, we assume that our system is output-delayed in
the following presentation and block diagrams. However, the extension
of the results in this article to the input-delay case is straightforward
since, for a static map, any input delay can be moved to the output.
The case when input delays D;, and output delays D, occur simulta-
neously could also be handled, by declaring that the total delay to be
compensated is D = D;, + D, with D; , D, > 0.

Without loss of generality, let us consider the maximum seeking
problem such that the maximizing value of 6 is denoted by 6*. For the
sake of simplicity, we also assume that the nonlinear map is quadratic,
ie.,

0O =y + D@07, @)

where, besides the constants §* € R and y* € R being unknown, the
scalar H < 0 is the unknown Hessian of the static map.

By plugging (2) into (1), we obtain the quadratic static map with
delay,

0=y + 2 ec-0)-07. ®)

2.2. Probing and demodulation signals

Let § be the estimate of 6* and
6(t) = 0(r) — 6" 4

be the estimation error. From Fig. 1 and Eq. (4), the error-dynamics can
be written as

dty=b=U@ and 6(r-D)=U(~- D). 5)
Moreover, one has

G(t) = M)y, (6)
o) = 6+ S, @

where the perturbation signal and demodulation signal, respectively,
are given by

S(t) = asin(w(t + D)), (€)]
M) = %sin(a}t) )

with nonzero perturbation amplitude « and frequency w.
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Fig. 1. Block diagram of the basic prediction scheme for output-delay compensation in gradient ES. The predictor feedback with a perturbation-based estimate of the Hessian
obeys Eq. (22), the probing and demodulation signals are given, respectively, by S(r) = asin(w(t + D)) and M(t) = %sin(wt) and the demodulating signal N () = —% cos(2wt).

Notice that (8) is different from the perturbation signal used in the
standard gradient extremum seeking free of delays. Since the output
delay can be transferred to the integrator output for analysis purposes
(or, equivalently, to its input), the phase shift +wD in (8) is applied to
compensate the delay effect in the perturbation signal S(r).

The signal

H() = N0y, (10)

is used to obtain an estimate of the unknown Hessian H, where the

demodulating signal N () is given by

N@) = _8 cosRwt) . (11
2

In (Ghaffari et al., 2012), it was proved that

T
i/ N(o)yde=H, II=2r/w, 12)
11 Jy

if a quadratic map as in (2) is considered. In other words, the average
version of (10) is H,, = (Ny),, = H, ie., the unknown Hessian is
correctly estimated, on the average, using a product of available signals,
the measured y(r) and the given N(¢).

2.3. Predictor feedback with a perturbation-based estimate of the Hessian

By using the averaging analysis, we can verify that the average
version of the signal (6) is

G, (1) = Hb,(t— D). 13

From (5) and (13), the following average models are also obtained

éav(t_D) = Uav(t_D), 14
G, () = HU,(t - D), 15)

where U,, € R is the resulting average control for U € R.

In order to motivate the predictor feedback design, the idea here is
to compensate for the delay by feeding back the future state G(¢t + D),
or G, (t + D) in the equivalent average system.

Given any stabilizing gain k > 0 for the undelayed system, our wish

is to have a control that achieves
U, () = kG (t+ D), Y120, 16)

and this feedback law appears to be non implementable since it requires
future values of the state. However, by applying the variation of
constants formula to (15), we can express the future state as

t+D
G, (t+D)=G, 1)+ H/ U, (c — D)do, a7
t

where the current state G,, (1) is faced as the initial condition. Shifting
the time variable under the integral in (17), we obtain

t
G, (t+D)=G, () +H / U, (0)do, 18)
t—D

which gives the future state G,,(f + D) in terms of the average control
signal U, (c) from the past window [t — D,]. It yields the following
feedback law

t
Uy =k [Gav(1)+H / U.dv(o)do] . 19)
t—D

Hence, from (18) and (19), the average feedback law (16) can be
obtained indeed as desired. Consequently,

6,,() = kG, (t + D), Vt>0. (20)

Therefore, from (13), one has

b, (1)

Tl kHO,,1),

Vi>D, 21

with an exponentially attractive equilibrium 8¢ = 0, since k > 0 in the
control design and H < 0 by assumption. It means that the delay is
perfectly compensated in D units of time, namely, the system evolves
as if the delay were absent after D > 0.

In the next section, we show that the control objectives can still be
achieved if a simple modification of the above basic predictor-based
controller, which employs a low-pass filter, is applied. In this case,
we propose the following infinite-dimensional and averaging-based
predictor feedback in order to compensate the delay (Krsti¢, 2008)

'
U = s-l—Lc {k [G(t) + I:I(t)/ U(r)dr] } , (22)
t-D

where ¢ > 0 is sufficiently large, i.e., the predictor feedback is of the
form of a low-pass filtered of the non average version of (19). This low-
pass filtering is particularly required in the stability analysis when the
averaging theorem in infinite dimensions (Hale & Lunel, 1990; Lehman,
2002), rewritten in Appendix B, is invoked. Note that we mix the
time- and frequency-domain notation in (22) by using the braces {-} to
denote that the transfer function acts as an operator on a time-domain
function.

The predictor feedback (22) is infinite-dimensional because the
integral involves the control history over the interval [+ — D,r]. This
feedback is also averaging-based (perturbation-based) because H is
updated according to the estimate (10) of the unknown Hessian H,
which satisfies the averaging property (12).

2.4. Stability analysis

The main stability/convergence results in L, norm for the closed-
loop system are summarized in the next theorem for gradient ES in the
presence of time delays.

Theorem 1. Consider the closed-loop system in Fig. 1 with delayed output
(3). There exists ¢c* > 0 such that, V¢ > ¢*, 3 w*(c) > 0 such that, Vo > o*,
the closed-loop delayed system (5), (22), (6) and (10) with state (t — D),
U(r), Yz € [t — D,t], has a unique exponentially stable periodic solution
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in t of period Il = 2x/w, denoted by 6" (t — D), U™ (z), V7 € [t — D, 1],
satisfying, vt > 0:

Oﬂo—mf+w"mf+[;wﬂmfwyﬁswvm. 23
Furthermore,

lim sup |6 - 0| = Oa+1/w), 24
limsup [y() =" = 0@ +1/0%). (25)

Proof. The proof consists of the following eight steps (whose order is
crucial).

Step 1: Transport PDE for Delay Representation
According to Krsti¢ (2009b), the delay in (5) can be represented
using a transport PDE as

6(t — D) = u(0,1), (26)
u(x,t) = u(x,t), xe€l[0,D], 27)
u(D,t) = U(@), (28)

where the solution of (27)—(28) is

u(x,t)=U({t+x— D). (29)

Step 2: Equations of the Closed-Loop System
First, substituting (8) into (7), we obtain

6(t) = 4(t) + asin(w(t + D)). (30)
ow, plug (4) and (30) into (3) so that the output is given in terms of
6:
* H 5 : 2
y) =y + 7(0(1 — D) + asin(wt))” . (31

By plugging (9) into (6), (11) into (10) and representing the integrand
in (22) using the transport PDE state, one has

D
U@ = —— {k [G(t) +H@) / u(o, z)da] } , (32)
s+c 0
G(t) = %sin(wt)y(t), (33)
H() = —% cosQawi)y(t) . (€D)]
a

Plug (31) into (33) and (34), and then the resulting (33) and (34) into
(32). By extracting the common factor y in the resulting version of (32),
one has

U@ = sfr—c {k [y* + %(é(z -D)+ asin(cot))z]

2 8 P
X [— sin(wt) — = cos(Zcot)/ u(o, t)do] } . (35)
a a 0
By expanding the binome in (35), we obtain
c S H )
Uiy = —<k —60°(t—-D
O} P { [y +3 ( )

+Hasin()d(t — D) + “ZTH sinz(wt)] (36)

[ snon - oo e}
X | = sin(wt) — — cosRwt) u(o,t)do .
a a? 0

Finally, substituting (36) into (28), we can rewrite (26)-(28) as
0@t = D) = u(0.1), 37)
ou(x,t) =ou(x,t), x€[0,D], (38)

c % H 2
D,t)=—<k —0°(t—-D
u(D, 1) e { [y +3 ( )

a*H

+Hasin(w)d(t — D) + sinz(wt)]
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2. 8 b
X | = sin(wt) — - coswt) u(o,t)do
a a 0

C

w2 .8 b
= k |y* = sin(wt) — y* — cos(2wt) u(o,t)do
a a? 0

s+c¢
+ 252 _ Dy sin(er)
a
D
—4—H§2(t — D) cosQat) / u(o,do
a? 0
+2H sin*(wt)d(t — D)

D
_8H sin(w?t)(t — D) cos(2wt) / u(o, t)do
a 0

D
+aH sin’(wt) — 4H sin®(wr) cos(2ot) / u(o-,t)do]}
0

D
=< {k [y* 2 sin(wt) — y* 3 cos(2a)t)/ u(o,t)do
s+c a a? 0

+%é2(1 — D)sin(wr)
D

—4—H§2(t — D) cosQot) / u(o,do

a? 0
+HO(t — D) — H cosQwt)d(t — D)

4H - b
-— [sin(3ewr) — sin(w?)]8(t — D) / u(o,do

0

3aH
+

aH b
sin(wt) — e sin(3wt) —2H COS(Zwt)/ u(o,t)do
0
D
+[H + Hcos(4a)t)]/ u(o, t)da] } . (39)
0

Step 3: Average Model of the Closed-Loop System
Now denoting

3t =68(t- D), (40)
the average version of system (37)—(39) is:
9., = u,,(0,1), (41)
Oty (x, 1) = Oy (x,1),  x €[0, D], (42)
d
zuav(D, 1) = —cu,, (D, 1)
5 D
+ ckH [8av(t)+/ uy (o, t)da], (43)
0

where in the last line we have simply set all the averages of the sine
and cosine functions of w, 2w, 3w and 4w to zero in (39). Moreover, the
filter ¢/(s + ¢) is also represented in the state-space form. Analogously
to (29), the solution of the transport PDE (42)—(43) is given by

Uy (x,1) =U,(t+x— D). (44)
Step 4: Backstepping Transformation, its Inverse and the Target System

Consider the infinite-dimensional backstepping transformation of
the delay state

w(x, 1) = uy(x,1) — kH [Sav(r) + / Uy, (o, z)da] , (45)
0
which maps the system (41)-(43) into the target system:

9, () = kHI (1) + w(0,1), (46)
wy(x,1) = w,(x,t), x€[0,D], (47)
w(D,1) = —1a,uav(1), 1. (48)

c

Using (45) for x = D and the fact that u,, (D, ) = U,, (1), from (48) we
get (43), i.e.,

D
¢ {kH [éav(r)+ / Uy (o, t)da]} . (49)
s+c 0

Let us now consider w(D,?). It is easily seen that

Uav(t) =

w,(D,1) = o,u,,(D,t) — kHu,,(D,1), (50)
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where 9,u,,(D, 1) = U,(t). The inverse of the backstepping transforma-
tion (45) is given by

Uy (6, 1) = w(x, 1) + kH [ek”X9av(z) + /0 ) M=y (g, t)da] . (51)
Plugging (48) and (51) into (50), we get
w,(D, 1) = —cw(D, 1) — kHw(D, 1)

— (kH)? [ekH Dg .0+ /O ’ M D=9 (g, t)da] . (52)

Step 5: Lyapunov-Krasovskii Functional
Now, consider the following Lyapunov functional

50

V) = )

D

+2 / (1 + 0w (. dx + L w(D. 1), (53)
2 Jo 2

where the parameter a > 0 is to be chosen later. We have

V() = kHE (1) + 8,,(Hw(0,1)

D
+a/ 1+ x)wx, Hw, (x,)dx + w(D, Hyw,(D, 1)
0

KH2,(1) + 8, (0w(0,1) + WD, 1)

(1+ D)
2
_a

D
2w2(0, n- g / w?(x, dx + w(D, Dw,(D, 1)
0

IA

< 9. b
2 2 a 2
KHT, () + 5— - 5/0 W (x, Ndx

+w(D, 1) [w,(D, n+ 2 ;“ D)

w(D, t)] .

Recalling that k > 0 and H < 0, let us choose

1
=——. 54
“=TkH (54)

Then,

kH

D
5 2 1 2
V) < > I ORS ZkH,/O w”(x,)dx

a +D)w(D’t)]
2kH

+w(D,1) [w,(D, -

=Ly p- E/D w(x, )dx
2a T2 ’

a(1+ D)
2

+w(D,1) [w,(D, 1+ w(D, t)] . (55)

Hereafter, we consider (55) along with (52). With a completion of
squares, we obtain

. _ b 2
Vi) < -2 @ -4 / W (x,ndx +a |(kH)zekHD‘ w*(D, 1)
4a 4 Jo

2
+ %H(kH)Ze"H(D_") WD, 1)

N [a(1+D)

- kH] w*(D, 1) — cw*(D,1). (56)

To obtain (56), we have used

w(D, 1) {(kH 1P~ w(s,1)
w0l || kb= ol 7)

IA

2
w*(D,1),

A

1 —
NI + = |yt P
a

where the first inequality is the Cauchy-Schwarz and the second one
is the Young inequality, the notation (-,-) denotes the inner product
in the spatial variable ¢ € [0, D], on which both terms k(P and
w(o,t) depend on, and || - || denotes the L, norm in o. Then, from (56),
we arrive at

D
a 2 (Y2
" D)/o 1+ x)w(x,)dx — (c — c*)w(D,1), (58)

) <— L3 (-
V(’)5_4a'9av(’) aa
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where

. a(l+D)

2 2
c = ) —kH +a (kH)zekHD‘ + 1 ”(kH)zekH(D_”) ]
a

(59

From (59), it is clear that an upper bound for ¢* can be obtained from
known lower and upper bounds of the unknown Hessian H. Hence,
from (58), if ¢ is chosen such that ¢ > ¢*, we obtain

V)< —uV @), (60)

for some y > 0. Thus, the closed-loop system is exponentially stable in
the sense of the full-state norm
1/2

D
<|9av<t>|2+ / w2<x,r>dx+w2<D,r>> : (61)
0

ie., in the transformed variable (J,, , w).

Step 6: Exponential Stability Estimate (in L, norm) for the Average System
(41)-(43)
To obtain exponential stability in the sense of the norm
1/2

D
<|5ﬂv(z)|2+/ uﬁv(x,r)dxmng,t)) ,
0

we need to show there exist appropriate positive numbers «; and a,
such that

(1) < V() < ¥ (), (62)

where ¥(r) & |1§av(t)|2 + fOD u? (x,0)dx + u? (D, 1), or equivalently,

13
w() 216, - D) + / UZ(t)dt + U% (@), (63)
t—D
using (40) and (44). This is straightforward to establish by using (45),
(51), (53) and employing the Cauchy-Schwarz inequality and other
calculations, as in the proof of Theorem 2.1 in (Krsti¢, 2009b). Hence,

with (60), we get

P() < Zie-”’lp(O), 64
1

which completes the proof of exponential stability.

Step 7: Invoking Averaging Theorem
First, note that the closed-loop system (5) and (22) can be rewritten
as:

d(t—D)=U(t - D), (65)
U@t)=—-cU@)+c¢ {k [G(t) + E(t)/ U(‘r)df] } s (66)
t—D

where z(1) = [6(t— D), U®)]" is the state vector. Moreover, from (6) and
(10), one has

2(t) = f(wt, z,), (67)

where z,(0) = z(t + ©) for —-D < © < 0 and f is an appropriate
continuous functional, such that the averaging theorem by Hale and
Lunel (1990) and Lehman (2002) in Appendix B can be directly applied
considering w = 1/e.

From (64), the origin of the average closed-loop system (41)-
(43) with transport PDE for delay representation is exponentially sta-
ble. Then, according to the averaging theorem (Hale & Lunel, 1990;
Lehman, 2002) in Appendix B, for w sufficiently large, (37)-(39),
or equivalently (65)-(66), has a unique exponentially stable periodic
solution around its equilibrium (origin) satisfying (23).

Step 8: Asymptotic Convergence to a Neighborhood of the Extremum
0",y

By using the change of variables (40) and then integrating both sides

of (26) within the interval [z,6 + D], we have:

o+D
o+ D)=+ / u(0, s)ds . (68)
t
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From (29), we can rewrite (68) in terms of U, namely

S +D)=380) + / ! U(r)dr. (69)
Now, note that w

6(c) =8+ D), Voel[t—D,1]. (70)
Hence,

0(c) =0(t — D)+ /UD U(t)dr, Yo el[t—D,1]. (71)

By applying the supremum norm in both sides of (71), we have

o
sup |0(o)| = sup |0¢—D)|+ sup / U(r)dt
t—D<o<t t—D<o<t t—D<o<t|Jt-D
t
< sup |0¢-D)|+ sup / |U(7)| dz
t—D<o<t t—D<o<t Jt-D
t
§|§(t—D)|+/ |U(z)|dr (Cauchy-Schwarz)
-D

1/2 1/2

t t
<|0¢ - D)| + (/ d‘r) X (/ |U(z')|2d‘r>
t—D t—=D
. 1/2
< |6 - D)|+ VD (/ Uz(r)d‘r> . 72)
t—D

Now, it is easy to check

t
oG - D)| < <|é(z -p) +/
T

t 1/2 t 1/2
(/ U2(r)dr> < <|é(z -’ +/ Uz(‘r)d‘r> : 74)
t—D =D

By using (73) and (74), one has

|é(t—D)|+\/B(/tt

1/2
Uz(‘r)d‘r> , (73)
D

172
Uz(r)d‘r> < (1+VD) <|é(z -’
D

' 1/2
+ / UZ(T)dT> . (75)
t—D
From (72), it is straightforward to conclude that
' 1/2
sup |6(0)| <1+ VD) <|(§(z—D)|2 +/ Uz(r)dr> (76)
t—D<o<t t—D
and, consequently,
' 1/2
6| < (1 + VD) <|é(z—1))|2 +/ Uz(r)dr> : 77)
t—=D

Inequality (77) can be given in terms of the periodic solution 67 (t— D),
U'l(c), Vo € [t — D, 1] as follows

60| < 1+ VD) <|§(r - D)6t — D)+ 0" - D)‘2

t 1/2
+ / U@ -Uu"@+U" @) d1> . 78)
t—D

By applying Young’s inequality and some algebra, the right-hand side
of (78) and |4(t)| can be majorized by

6] < V2 1+ VD) <|§(1 - D)-6"( - D)‘2 + |07t - D)|2

t t 1/2
+ / [U@) -U" @) dr+ / [U"(r)]zdr> : 79)
t—-D =D

According to the averaging theorem (Hale & Lunel, 1990; Lehman,
2002) (see Appendix B), we can conclude that

6(t-D)-6"@¢-D) - 0, (80)
1
/ U@ -U" @) dr - 0, 81
t—=D

exponentially. Hence,

. 1/2
limsup |6(1)| = V2 (1+VD) x ((é"(r— D)(2+/ [U"(T)]zd‘r> . (82)
t—+00 t—D
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Fig. 2. Gradient-based ES plus output delay (time response of y(r)): (a) basic ES works

well without delays [top]; (c) ES goes unstable in the presence of delays [middle]; (3)
predictor fixes this [botton].

From (23) and (82), we can write

lim sup |6(t)| = O(1 /w) . (83)
t—>+o00

From (4) and recalling that 6(r) = 0(r) + S(7) with S(t) = asin(w(t + D)),
one has that

o) — 0* = 0(t) + S(1). (84)

Since the first term in the right-hand side of (84) is ultimately of order
O(1/w) and the second term is of order O(a), then

limsup |8() — 0% = Oa + 1 /w). (85)
t—>+o00
Finally, from (3) and (85), we get (25). O

2.5. Simulation with an academic example

In order to evaluate the proposed extremum seeking with delay
compensation, the following static quadratic map is considered

00)=5-16-27, (86)

subject to an output delay of D = 5s. According to (86), the extremum
point is (6%, y*) = (2, 5) and the Hessian of the map is H = —2.

In what follows, we present numerical simulations of the predictor
(22), where His given by (10) and ¢ = 20. We perform our tests with
the following parameters: a = 0.2, w = 10, k = 0.2, and 0(0) = 0.

Fig. 2 shows the system output y(¢) in three situations: (a) free of
output delays, (b) in the presence of output delay but without any
delay compensation and (c) with output delay and predictor-based
compensation.

Fig. 3 presents relevant variables for ES. The red curves are shown
when the proposed predictor is applied in comparison to the case free
of delay (with blue curves).

It is remarkable how the predictor-based scheme searches and
finds the maximum of the unknown map and how it completes the
perturbation-based estimation of the unknown Hessian H = -2.
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Fig. 3. Gradient-based ES plus output delay: (a) Time response of the parameter 6(z);
(b) the control signal U(r); (c) Hessian’s estimate H (7).

3. Extremum seeking for diffusion-dominated parabolic PDE

In the previous section we designed extremum seeking controllers
that compensate for delays, i.e., for transport PDEs. These being the
simplest of PDEs, how can we stop here?

It is natural to shift our sights next from the simplest (transport) to
the second simplest of PDEs—the heat or diffusion equation (Feiling,
Koga, Krstic, & Oliveira, 2018). The heat PDE does not model only
thermal phenomena, including phase change (such as solid-liquid-gas)
but numerous other diffusion-driven processes in biological, chemical
and energy storage systems, as well as the dynamics in many so-
cial networks, in which diffusion is the dominant mechanism for the
transmission of information and opinion.

The backstepping approach to predictor design for delays informs
us how to progress with the compensation of diffusion dynamics in ES
problems for unknown maps in cascade with heat PDEs. Since the ES
update dynamics consist of an integrator, compensating a delay at its
input entails using an integral with a constant integration kernel. The
approach differs a bit with the heat equation, which is second-order
in the spatial variable, rather than being first-order like the transport
PDE. Compensating this second spatial derivative at the input to an
integrator entails employing not a constant backstepping kernel but
a kernel that is linear in the integration variable. This is the biggest
difference between compensating transport and heat PDE dynamics
in extremum seeking. As with delay compensation, perturbation-based
gradient and Hessian estimates of the static map are used in the heat
PDE compensation.

The other difference between the delay and the heat PDE is the
perturbation signal. While, in the case of a delay, it suffices to advance
in time the sinusoidal perturbation, in the case of the heat dynamics
one has to employ a solution to the motion planning problem where
the output of the heat PDE system is a sinusoid at one of its boundaries
and the input is the signal that must be applied on the other boundary
in order to generate a sinusoid at the output. This input signal happens
to consist of sinusoidal and exponential functions.
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The stability analysis of the error-dynamics is based on using Lya-
punov’s method and applying averaging for infinite-dimensional sys-
tems to capture the infinite-dimensional state of the actuator model.
Local exponential convergence to a small neighborhood of the optimal
point is proven and illustrated by numerical simulations.

3.1. Problem statement

The basic ES for static maps is a real-time optimization control
scheme, where the goal is to find and maintain the optimum of an
unknown nonlinear static map Q : R — R with optimal unknown
output y* € R, unknown optimizer ©* € R, measurable output y € R
and input © € R. Without loss of generality, we consider maximization
problems (for minimization use y = —y).

3.1.1. Actuation dynamics and output

In this section, we consider actuation dynamics which are described
by a diffusion process, i.e., an heat equation with the actuator 6(r) € R
and the propagated actuator O(r) € R given by

(1) = a(0,1), (87)
o,a(x,1) = 0, a(x,t), x € (0,D), (88)
0,a(0,1) =0, (89)
a(D,t) = 0(1), (90)

where « : [0, D] xR, — R and D > 0 is the known domain length, ie.,
a proportional indicator of the diffusion coefficient. The measurement
is defined by the unknown static map with input (87), such that

y(@) = Q(O@). (oD

For the sake of simplicity we assume the following.

Assumption 1. The unknown nonlinear static map is quadratic, i.e.,
0© =y + 52 ©-0", 92)

where besides the optimal input ©* € R and the optimal output y* € R
being unknown, the scalar H < 0 is the unknown Hessian of the static
map.

Assumption 1 is reasonable, since every nonlinear function in C2(R)
can be approximate as a quadratic function in the neighborhood of its
extremum. Therefore, all stability results derived in this section hold at
least locally.

The output of the static map is then given by

W=y +Len-o7. 93)

Combining the actuation dynamics (87)—(90) and the basic ES scheme,
further adapting the proposed scheme in Section 2, the closed-loop ES
with actuation dynamics governed by a diffusion PDE system under yet
unknown diffusion compensation controller is shown in Fig. 4.

3.1.2. Probing and demodulation signals

We adapt the perturbation signal .S(¢), which should add asin(wr)
to O(t) as in the standard extremum seeking scheme, i.e., in the case
of actuation dynamics, the diffusion process has to be compensated.
Hence, asin(wf) with perturbation amplitude « and frequency w is
applied as follows:

S@) := p(D,1), 94)
9,8(x.1) = 0, p(x.1), x € (0,D), (95)
0,p(0,1) =0, (96)
$(0,1) = asin(wt), (97)
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Fig. 4. Extremum seeking control loop with actuation dynamics governed by a diffusion PDE.

where g : [0, D]XR, — R. Egs. (94)-(97) describe a trajectory generation
problem for motion planning design as in (Krsti¢ & Smyshlyaev, 2008,
Chapter 12). The explicit solution of (94) is given by

S@) = %ae‘/gD sin <a)t +4/ %D) + %ae_ 3D sin <a)t -4/ %D) . (98)

The optimal unknown actuator 6(tf) = ©* drives the static map to its
optimal value y*. Since our objective is to find ©*, we introduce the
estimators

() =00 — S®), O®) = 06®) — asin(wr). (99)

Furthermore, we define the estimation errors in the input and propa-
gated input variables as

0@ = 6 - 6%, ) := O@) — O (100)
Let @ : [0, D] xR, — R be defined as
a(x, 1 = a(x, 1) — p(x,1) — OF . (101)

By (87)-(90) and (94)—(97) with the help of (99) and (100), we have

(1) = a(0,1), (102)
3,a(x,1) = 0 @(x,1), x € (0,D), (103)
0,a(0,1) =0, (104)
a(D,1) = 0(t). (105)

Assume that @,@,,d,.&,, € C'([0,D] x R,). Then by taking the time
derivative of (102)-(105) and with § = U(#), see Fig. 4, the so called
propagated error-dynamics can be written as

() = u(©, 1), (106)
du(x, 1) = du(x,1), x€(0,D), (107)
0.u(0,1) =0, (108)
uD, ) =U(), (109)
where

u(x,t) 1= o0,a(x,t) = d.a(x,t). (110)

The relation among the propagated estimation error J(r), the prop-
agated input O(r), and the optimizer of the static map ©*, derived by
combining (99) and (100), is given by

(1) + asin(wr) = O() — OF. (111)

It remains to define the demodulation signal N(r) which is used to
estimate the Hessian of the static map by multiplying it with the output
¥(¢) of the static map. As recalled in Section 2.2, the authors in (Ghaffari

et al., 2012) derived the Hessian estimate as
A =N@Oy®) with N@) = —% cos2wi). 112)
a

Note that the dither signal M (¢), to estimate the gradient, is the same
as in the basic ES approach, such that

Gt = M@y@r) with M@) = % sin(wt). (113)

3.2. Control design and error-dynamics

We consider the PDE-ODE cascade (106)—(109). As in (Krsti¢, 2009a),
we use the backstepping transformation
X
w(x, 1) = u(x,1) — / q(x, ryu(r,ndr — y(x)9(1), (114)
0

with gain kernels g(x,r) = K(x —r) and y(x) = K, which transforms
(106)-(109) into the target system

(1) = K1) + w(0,1), (115)
o,w(x,t) =d  w(x,t), x&(,D), (116)
0, w(0,1) =0, a17)
w(D,1) =0, (118)
with K < 0.

3.2.1. Diffusion compensation controller

Since the target system (115)-(118) is exponentially stable (Krstic,
2009a), the controller which compensates the diffusion process can be
obtained by evaluating the backstepping transformation (114) at x = D
as

D
Ut)=Kd+K / (D = ryu(r,t)dr. (119)
0

However, the proposed control law in (119) is not applicable directly
because we have no measurement on d(t). Therefore, we extended an
important result of (Ghaffari et al., 2012) to the parabolic PDE case:
the average version of the gradient (113) and Hessian estimate (112)
are calculated to

G = H (1),  Hp()=H, (120)

if a quadratic map as in (92) is considered. Accordingly to (120), we
average (119) and choose K = KH with K > 0 and the introduced
unknown Hessian H of the static map, such that
D
Upy() = KHS,,() + KH / (D = Pugy(r, 1)dr. (121)
0
Hence, by plugging the averaged gradient and Hessian estimate (120)
into (121), we obtain
D

U () = KGoy(t) + K Hypy (1) /0 (D — Pgy (r, 1)dr-. (122)
Due to technical reasons in the application of the averaging theorem
for infinite-dimensional systems (Appendix C) in the following stabil-
ity proof, we introduce a low-pass filter to the controller in order
to write the error-dynamics (106)—(109) as an infinite-dimensional
system including U(s) as a state. Finally, we get the average-based
infinite-dimensional control law to compensate the diffusion process by

D
v =T { K [G(t) + H(®) / (D = Pu(r, t)dr] } , (123)
0
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with the low-pass filter operator

Tlomy =7 { ==} s o). o) : R, =R, (124)

where the corner frequency ¢ > 0 is chosen later, £7!{-} is the inverse
Laplace transformation, and * is the convolution operator. Note, the
feedback law (123) depends on the full PDE state information u(x, ), x €
[0, D]. Since u(x,?) is an artificial state while it is used for the analysis
in the sequel, the feedback law (123) should be described with respect
to the plant state a(x,?) and dither signals. Assuming that d,a(x,?) is
measured for x € [0, D], considering (101) and (110) such that u(x, 1) =
o,a(x,t) = d,a(x,1) — d,(x,t) and applying the integration by parts to
the integration of 9,4(x,t) = 0,,p(x,t), associated with (94)—(97), the
feedback law (123) is rewritten as

D
u@ =T {K [G(t)+ a0 ( / (D = roa(r,ndr — (S{) —a sin(wt)))] } .
0
(125)

In practice, having the measurement of O(¢) (input of the static map)
is more reasonable than measuring o,a(x, ) which is the time-derivative
of the spatially distributed plant state. In such a case, the control law
(125) can be rewritten as

U@ =T {K[G@®)+ H() (0¢) - O¢) + asin (@1))] } (126)

with the help of the diffusion equation od,a(x,7) = d,,a(x,r) and the
integration by parts, associated with (87)—(90) and (99)-(100).

3.2.2. Error-Dynamics
With the approximated gradient and Hessian depending on 9(r) and
H, the infinite-dimensional control law (123) is given by

Ha?

un=T7 { K [y + %32(1) + Hasin(wnd(7) + sinz(wt)]

2. 8 b
X | = sin(wt) — = cos(Za)t)/ (D = Pu(r,tydr| ;. 127)
a a 0

Substituting (127) into (109), we can write the error-dynamics
(106)—(109) as

9t = u(0,1), (128)
du(x,t) = d,u(x,1), x€ (0, D), (129)
a,.u(0,t)= 0, (130)
u(D,t) =T {K [Hf()) + HY)

+ sin(wt) f,(t) — cos(2wt) f5(t)

— sinBwt) f4(t) + cos(dwt) f5()] } (131)
where

D
[ = /0 (D = ryu(r,t)dr, (132)
f(0 = (29" + HO () + 490 f1(t) + 3¢° H /4) /a, (133)
30 = 8y* f1(t)/a® + HI(t) + 2H + 4AH* (1) f,(1)/ %, (134)
f20) = 4HID f,(1)/a+ Ha/4, (135)
s = Hf®. (136)

3.3. Stability and convergence analysis

The following theorem summarizes the stability and convergence
properties of the error-dynamics (128)-(131) and is proven in this
section.

Theorem 2. For a sufficiently large ¢ > 0, there exists some @(c) > 0, such
that Vo > @, the error-dynamics (128)—(131) with states 9(t), u(x,t), has
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a unique exponentially stable periodic solution in t of period II := 2z /w,
denoted by 9" (1), u" (x, 1), satisfying Vt > 0:

((s”(r))z + Hun(t)uz + 0xu"(t)H2 + | (D, z)f)l/z <OU/w). (137)
Furthermore,

limsup |6(1) - 6| :(9(|a|eDW+ l/a)), (138)
lim sup [O() ~ 67| = O (la] + 1/w), (139)
lim sup [y(1) = | = © (lal* +1/e?). (140)

Proof. Structured into Step 1 to 6 below. First, in Step 1-4, we show
the exponential stability of the average error-dynamics of (128)-(131)
via a backstepping transformation. Then, we invoke the averaging
theorem for infinite-dimensional systems (Appendix C) in Step 5 to
show the exponential stability of the original error-dynamics (128)—
(131). Finally, Step 6 shows the convergence of (6(t), O(t), y(t)) to a
neighborhood of the extremum (6*, ©*, y*).

Step 1: Average Error-Dynamics
The average version of the system (128)-(131) for w large is

'gav(t) = 1y, (0, 1), (141)
Oy (X, 1) = Oy lipy(x,1), x € (0, D), (142)
0,y (0, 1) = 0, (143)

D
%uav(D, 1) = —cuy,(D, 1)+ cKH [8av(1‘) + / (D =) ugy(r,tydr|, (144)
0

where the low-pass filter is represented in state-space form. To derive
(141)-(144), the terms in (131) depending on sine or cosine of argu-
ment kw for k = 1,...,4, are set to zero, as shown in the obtention of
(120).

Step 2: Backstepping Transformation into the Target System
The backstepping transformation—see (Krsti¢, 2009a):

w(x, ) = uyy(x,1) — KH [19av(t) +/ (x = Mgy (r,tdr| , (145)
0

maps the average error-dynamics (141)-(144) into the exponentially
stable target system (stability shown in Step 3)

0y = KHI,y (1) + w(0,1), (146)
dw(x,t) = d, w(x,1), x€ (0, D), (147)
a,w(0,1) = 0, (148)
d,w(D,1) = —cw(D,t) — KHuw(D,1)
D
— (KH)2eKHD [ / (e KHD=) 1) w(r,H)dr + &av(r)] ) (149)
0

Egs. (146)—(148) can be derived by plugging the inverse backstepping
transformation (Krsti¢, 2009a)

X
Uy (X, 1) = w(x, 1) + KHeXH>9 () + KH / (eXHE=D 1) wi(r, ndr
0

(150)

into the average error-dynamics (141)-(143). With the boundary Eq.

(144) and the backstepping transformation (145) we obtain

Ww(D, 1) = =2 9.u (D, 1). (151)
c

Calculating the time derivative of the backstepping transformation

(145) evaluated at x = D, yields to
0,u(D, 1) = d,uuyy (D, ) — K Hu,y (D, 1), (152)

and substituting (150) and (151) into (152), we arrive at (149).
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Step 3: Exponential Stability of the Target System
Consider the Lyapunov—Krasovskii functional

92.(t)
2
where a, b, d > 0 to be chosen later. We define A := —K H with 4 > 0.
By calculating the time derivative of (153), associated with the solution
of the target system (146)-(149) and the help of integration by parts,
leads to

Y() =

b d
+ SOl + S 10,00 + Sw?(D.1), (153)

Y(t) = — A92,() + 9,y (Hw(0, 1)
+ aw(D, )0, w(D, 1) — a||0, w(@)||?
+ b3, w(D, 1)0,w(D, 1) — b||0, w(®)||*

+ dw(D, 1)o,w(D, 1). (154)

Applying Young’s, Poincaré’s, Agmon’s and the Cauchy-Schwarz’s in-
equalities on (154), and choosing a = (c — 1)/(8DA%), b = 1/(8DA3),
d =1, we get
Yiy<— 292 : %(D ; a 2
n=<- 1 () +(e] = w (D, 1) + (c5 — o, w®)|
1

2
- m”axxw(t)” , (155)
with
¢ =37 +a+ 22 4opie), (156)
2
¢t = A+8DA ‘% +4D22(D)| (157)

and ¢(D) = [OD(e"“D‘V)2 — 1)dr. Hence, from (155), if ¢ is chosen such

that ¢ > max {cT,c;}, we obtain for some u > 0

Y(t) < —uY(0). (158)

Thus, the target system (146)—(149) is exponentially stable in the sense
of the H,-norm

(82,(0) + 1w + 10,2 + w? (D, 1), (159)

i.e., in the transformed variable (9, w).

Step 4: Exponential Stability Estimate (in H,-norm) of the Average Error-
Dynamics

We define
V()= 85,0 + llugy DI + 10414y O + 153, (D.1). (160)

Then, there exist upper and lower bounds of the Lyapunov—Krasovskii
functional (153) with respect to ¥(¢), such that

PO <Y() <pP@), p=r0, p=706, (161)
with

.1 a b _ 1 a b
O'—mln{z, E,E}, O'—max{z, 5,5}, (162)

and appropriate 7, 7. Eq. (161), along with the exponential stability of
the target system (158), implies to

Y(r) < Ee‘”’T(O), (163)
p

which completes the proof of exponential stability of the average error-
dynamics (141)-(144) in sense of the H,-norm ¥'/2(7) in the variable
(Day» Uay)-

Step 5: Invoking the Averaging Theorem for Infinite-Dimensional Systems

To satisfy the conditions of the averaging theorem for infinite-
dimensional systems, stated in Appendix C, the error-dynamics (128)—
(131) has to be in the form

z(t) = I'z(t) + J(wt, z(1)), (164)

10
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where the conditions for I and J(wt, z(t)) are given in the theorem. By
the state-transformation of (128)-(131) with v(x,?) = u(x,t) — U(?), we
obtain the error-dynamics with homogeneous boundary conditions

81 = v(0,) + U @), (165)
du(x,1) = o, v(x,1) — (9, 0,U,1), x€&(0,D), (166)
0,.0(0,1) =0, (167)
v(D,1) =0, (168)
Un=¢@®.vU.D, (169)

with
. D
d®,0.U,1)=-cU®) +cK [G(t) + H(t)/ (D=n(vr.n+U@)dr|.
0

170)

Next, we write the PDE system (166)-(168) as an evolutionary equation
(Lunardi, 1995) in the Banach space X

Vity=AV(E) - ¢, V,U,1), t>0, (171)

where V(¢) is a function which belongs to the Banach space X. Fur-
thermore, A is the realization of the second order derivative with one
Dirichlet and Neumann boundary condition in X with
_ %

0x?2

and the domain

Ap . (172)

2

D(A) = {(peX : rp,iq)ek’are a.c.,%(pex,
X

dx
d
Ew(O)—o,«p(D)—o},

where a.c. means absolutely continuous. To express v(0,¢) in the ODE
(165) in terms of V(r), we introduce the linear boundary operator
B : X — R, such that

BV (1) := v(0,1). (173)
Furthermore, we define the linear operatorsa¢' : X > Randf : R - X
as
D
V@) :=/ (D = r)u(r, t)dr,
0
pC =1y s 17¢, CER

D
with ﬂk:/ v (x)dx
0

_ 2 2D vk
B \/;x(Zk—l)( D%

where y;(x) = v/2/Dcos(x/22k — 1)x/D),k = 1,2, ..., are the eigen-
functions of A. Finally, the error-dynamics with the infinite-
dimensional state vector z(f) = [9(r) V() U()]T can be rewritten as
(164) with

0 B 1 0
A cefl. Tt z)=|-cBK [G®) + HNg(2)] |,
0 —c K [G(1) + H(1)g(2)]

k=12,..., 174)

r= (175)

0
0
where g(z) = %DZU(t) +a'V(1). Since A is a sectorial operator, there-
fore generates an analytic semigroup (Pazy, 2012), B is .A-bounded
(BV®| < 4D\/B||AV(I)||) and f, ¢ are bounded, the matrix I" gener-
ates an analytic semigroup by the operator matrix theorem in (Nagel,
1989). Furthermore, J(wt,z) in (175) is Fréchet differentiable in z,
strongly continuous and almost periodic in ¢ uniformly with respect to
z. Hence, all conditions to apply the averaging theorem for infinite-
dimensional systems in Appendix C are satisfied and the average error-
dynamics is exponentially stable (see (161) and (163)). Thus, the orig-
inal error-dynamics (128)—(131) have an exponentially stable periodic
solution z*(¢) that satisfies (137).



T.R. Oliveira and M. Krstic

Step 6: Convergence to a Neighborhood of the Extremum

In this step, we prove the convergence statements in (138)—(140).
Therefore, applying Agmon’s, Poincaré’s and Young’s inequality on the
left-hand side of (102), along with (102)-(105), leads to

62(1) < 39(t)* + (4D + D&, ). (176)

By taking the time derivative of Y (1) = - |, ()||> + %192@) + %||u(t)||2 +
%Ilux(t)ll2 + %U (¢)* along with the exponential stability of the original
system, it holds

- . 1 1 _
Y <—pming -, —— Y
=T {4 64D3}

with x4 > 0. Hence, there exists some M > 0, such that

la, (0% < Me™ with k = wmin { ‘l‘, 64% } . 177)

With (176), (177) and adding the periodic solution 9% (z), it follows

limsup |§()|* = lim sup {3|s<r> +97() - s”(z)|2} . (178)

t—o0 1—
By applying Young’s inequality on (178) it holds that
2 2 2
190+ 970 = 8" 0" < V2 (19() - 8" 0" + 97 )"

and, by the averaging theorem in Appendix C, we have that 9(¢) —
9(t) - 0 exponentially. Hence,

lim suplé(l)l2 = limsup{3\/§|8"(1)|2}. (179)
t—=oo =00

Along with (137) and (179), we obtain

limsup |6(t)| = O(1/w). (180)

=00
Since 6(t) — ©* = 6(t) + S(t) from (100) and Fig. 4 and S(¢) is of order
O (|alePV®/2), as shown in (98), we finally get with (180) the next
ultimate bound

limsup |0(¢) — ©*| = (9(|a|eDV“’/2 + l/w)

=00

(181)

The convergence of the propagated actuator O(f) to the optimizer ©*
is proven in the next step. Using (111) and taking the absolute value,
one has

|6(t) — 0% = |9(t) + asin(w(®)] . (182)

As in the convergence proof of the parameter 6() to the optimal input
©* above, we write (182) in terms of the periodic solution '/ (¢) and
follow the same steps by applying Young’s inequality and the fact that
() — 9" (1) - 0 exponentially by means of the averaging theorem in
Appendix C. Hence, along with (137), we finally get

limsup |©(1) — ©*| = O(la| + 1/w). (183)
=00

To show the convergence of the output y(¢) of the static map to the
optimal value y*, we replace O(f) — ©* in (93) by (111) and take the
absolute value

Iy - y*| = % [9() + asin(@()T’|. (184)

Expanding the quadratic term in (184) and applying Young’s inequality
to the resulted equation, one has |y(r) — y*| = ‘H [8()? + a? sin(o1) ‘ As
before, we add the periodic solution 9%/ (¢), applying Young’s inequality
and conclude that 9(r) — 97 (t) - 0 exponentially, according to the
averaging theorem (Hale & Lunel, 1990). Hence, again with (137), we
finally get (140). O
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Fig. 5. ES with actuation dynamics governed by a diffusion PDE with compensating
controller (123) and perturbation signal (98) : (a) static map y(¢); (b) parameters
O, 00).
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Fig. 6. Basic uncompensated ES with dither signals which consider the phase lag
introduced by the actuator dynamics: (a) instability for large w; (b) slow convergence
for small w.

3.4. Further numerical simulations

Numerical simulations illustrate the stability and convergence prop-
erties of the proposed extremum seeking with actuation dynamics
governed by diffusion PDEs. Consider a quadratic static map as in (92),
with Hessian H = -2, the optimizer ©* = 2, and the optimal value
y* = 5 and a domain length D = 1 for the actuator dynamics. The
parameters of the dither signal and the designed controller are chosen
as w = 10, a = 0.2, ¢ = 10, and K = 0.2. The simulation results of the
closed-loop are illustrated in Fig. 5.

One can observe that each variable (0,0, y) converges to a neigh-
borhood of the optimum (6%, ©*, y*). Due to the significant roll-off at
high frequencies of the actuator dynamics, a larger neighborhood of
convergence of 6(r) is observed, which is consistent with (138).

The proposed ES scheme with controller (123) and adapted pertur-
bation signal (98) is compared to the basic ES scheme with extended
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dither signals which compensates the known phase lag caused by the
actuation dynamics. Hence, the dither and demodulation signals are
chosen as S(t) = asin(wt — @) and M(t) = %sin(a)t — @), where ¢ is
the phase of the transfer function of (87)—(90) evaluated at w. Using
the same parameters for w, a and K as in the prior simulation, results
in instability of 6() as illustrated in Fig. 6 on top. On the other hand,
Fig. 6 on bottom shows the response for a lower frequency w = 5.0, in
which we observe that the convergence speed gets much slower than
the result in Fig. 5. Hence, our proposed ES controller stands as a strong
improvement of the basic ES in the presence of actuation dynamics
governed with diffusion PDEs, even if the phase lag of the actuator
dynamics is compensated in the additive dither signals.

4. Extremum seeking for distinct families of PDEs

In order to show that the proposed ES approach is general and
applicable to a wider class of PDEs, we have formulated in Table 1
the stabilizing boundary control (BC) law U(¢) and given the ex-
plicit solutions to the trajectory generation problem of S(¢) similar
to (94)-(97) and for five other classes of distributed parameter sys-
tems (Krsti¢c & Smyshlyaev, 2008): (a) reaction-advection-diffusion
(RAD) PDEs (Oliveira, Feiling et al., 2021; Oliveira, Feiling, & Krsti¢,
2019), (b) wave equations (Oliveira & Krsti¢, 2019; Oliveira & Krstic,
2021b), (c) hyperbolic transport PDEs—for constant delays (Oliveira
et al., 2017), (d) time-varying delays (Rusiti et al., 2021a), and (e)
distributed delays (Tsubakino, Oliveira, & Krsti¢, 2020; Tsubakino
et al., 2023).

As for the diffusion case in (106)-(109), the term u(x,t) which
appears in U (7) of Table 1, is the state of the infinite-dimensional system
corresponding to a copy of the PDE model of the actuator dynamics.

For the distinct cases involving ES plus PDEs in Table 1, we point
out the following applications and their corresponding references:
(i) Traffic Control for linearized Lighthill-Whitham-Richards (LWR)
macroscopic PDE models transformed into constant delays (Oliveira
et al.,, 2017; Yu, Koga, Oliveira, & Krsti¢, 2021); (ii) Neuromuscular
Electrical Stimulation (NMES) problem for ES under time-varying de-
lays (Paz, Oliveira, Pino, & Fontana, 2020; Rusiti et al., 2021a); (iii)
Optimal Oil Drilling Control with ES for wave models (Aarsnes, Aamo, &
Krsti¢, 2019); (iv) Bioreactors considering ES for models described by
parabolic PDEs (reaction—diffusion equations), see (Cougnon, Dochain,
Guay, & Perrier, 2006) and (Hudon, Guay, Perrier, & Dochain, 2008);
(v) additive manufacturing modeled by the Stefan PDE (Galvao, Oliveira,
& Krstic, 2022; Koga, Diagne, & Krsti¢, 2019); and (vi) Noncooperative
Games under delays and PDEs (Oliveira, Rodrigues, Krstic and Basar,
2020, 2021; Oliveira, Rodrigues, Krstic, & Basar, 2021b, 2021c).

In (Oliveira & Krstic, 2021a), differently from what has been done
which has dealt with PDEs at the input into an unknown map, and
in which we have already advanced from transport PDEs to reaction—
advection—diffusion PDEs to wave PDEs according to Table 1, the
authors consider one last configuration in which the input pathway to
the map contains a cascade of PDEs from distinct classes. There, we
deal with PDEs with input delays such as, for example, the notorious
problem of a wave PDE with an input delay where, if the delay is
left uncompensated, an arbitrarily short delay destroys the closed-loop
stability. Then, we move forward to an even more challenging class
of problems for parabolic-hyperbolic cascades of PDEs, focusing on
a heat equation at the input of a wave PDE. The treatment of such
systems with PDE-PDE cascades is again performed by means of bound-
ary control. Local exponential stability and convergence to a small
neighborhood of the unknown extremum point are guaranteed by using
a backstepping transformation and averaging in infinite dimensions.

PDE-PDE cascades have a great deal in common with PDE-ODE
cascades. For instance, a cascade of a delay into a PDE is just a much
generalized version of an integrator with an input delay, which has
been the focus of Section 2. However, while in a delay-integrator
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cascade the design can be pursued within the predictor feedback frame-
work, with backstepping just employed for an interpretation and for
analysis, in delay-PDE cascades a predictor for a PDE is too compli-
cated of a mathematical object to be of value. Instead, the design is
pursued entirely by the backstepping approach. Similarly, while the
heat-integrator cascade became familiar in Section 3, and was dealt
with through the backstepping design, a more general backstepping
design is applied to a heat-wave PDE cascade in a part of Ref. (Oliveira
& Krstic, 2021a).

5. Conclusions

As we indicated earlier, the last quarter century has seen over
17,000 papers and 2000 patents on extremum seeking, with over 1000
papers appearing each year on topics of ES, Nash equilibrium seeking,
and source seeking. One could estimate the community of active ES
researchers in several thousands, along with hundreds of practitioners
in industry. They work in many areas of engineering, in applied mathe-
matics, and in physics. Their applications range from robotics, to fluids,
to energy systems, to various areas of manufacturing, to automotive
systems, to traffic, to chemical and bio-reactors, to neuromuscular elec-
trical simulation, to lasers and charged particle accelerators. Many of
these researchers can benefit from the exposure, through this tutorial,
to the advances in ES designs to delays and PDE systems (Oliveira &
Krstic, 2022).

The article does not bring only an extension of ES to delay and PDEs.
It is also—and conversely—an extension of control of delay systems
and PDEs to ES. The PDE control community is rapidly growing as a
result of the emergence of PDE backstepping (Krstic & Bekiaris-Liberis,
2010, 2013), which supplies the user with controllers with explicit
gains for PDEs whose levels of open-loop instability are unrestricted.
The delay systems community is even larger and with a much longer
history (Kharitonov, 1999; Mondié, Egorov, & Gomez, 2022). Many of
these researchers can deploy their experiences in model-free and online
optimization problems through the ES approach, suitably integrated
with their techniques.

A key ingredient in the analysis of stability of ES algorithms is aver-
aging theory, sometimes combined with singular perturbation theory.
The design of ES algorithms often lurches ahead of the existing analysis
tools. It is common that designs are possible, perform powerfully in
simulations, guarantees stability of an average system, but an averaging
theorem is lacking to infer stability of the original system. Vast op-
portunities exist for applied mathematicians, particularly for specialists
in delay differential equations, PDEs, and stochastic differential equa-
tions, to develop advances in averaging theory which would serve as
a mathematical foundation for further useful advances in extremum
seeking.

Finally, many people that are completely unaware of the basics
of ES—and hopefully most of them will read this tutorial—forget (or
simply do not know) one very important fact: ES is about real-time
optimization (maximization or minimization) of an unknown objective
function. Perhaps, this feature must be stressed here since it distin-
guishes ES from other offline approaches of finding the extremum value
of a known objective function with or without constraints, e.g., (Karafyl-
lis, 2014) and (Karafyllis & Krstic, 2017). With the explosion of interest
in learning algorithms (Annaswamy & Fradkov, 2021), for all sorts of
purposes including optimization and recently even for control, it would
be regrettable if it were overlooked that ES is also a learning-based
approach (in the minimalistic, most efficient sense of learning), also a
model-free approach (Oliveira & Krstic, 2022), and also a data-based
approach (Markovsky & Dorfler, 2021). The real-time capabilities, as
well as the rigorous convergence guarantees, and even convergence
rate assignment capabilities, which ES possesses, are what machine
learning and reinforcement learning algorithm can only dream of. It
is the authors’ hope that some of the researchers and students who are
pursuing learning-based capabilities will take note of what this tutorial
offers, especially in terms of the possibility of blending model-free
learning and optimization with model-based compensation of physical
(and social) processes such as transport and diffusion.
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Table 1
ES for distinct classes of PDE systems.
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RAD equation

PDE : o,a(x,t)=e€0, a(x,t)+bo a(x,t)+Aa(x,1),

{

BC (Dirichlet): U(r)=

Trajectory generation : S(f) = e Z
k=0

c
s+

y(x) = cosh <\/Ex> + b
€ 2¢e

c

ke

x €1[0,1]

b

1
[y(l)G<t>+ﬁ(z) / e%"m(l-a)uw,z)dg] }
0

\/Esinh<\/gx>, Ei=B/@Ee)=A>0,k>0
& €
m(x—a):éﬁsinh(\/%(x—a)), €e>0,b>0,1>20

aZk(t)+£ ay (1)
el T2 Gk+ D)

K k
ay = eik sin(wt) Z <2kn>§k_2”w2” + ei“ cos(wt) z <2n]:— 1>§k'2"'1w2"+1
=0 =0

Wave dynamics

PDE : 0,a(x,t) = 0, a(x,1),

BC (Neumann): U(t) =

c
s+

c

x € [0, D]

{c [k @u(D, 1) - 0,u(D,1)] + p(D)G() +

. b T 0 0
H(t)/ p(D — o‘)t),u(a,t)da}, p(s)=k[0 Ile*[0 I, A= ( >
0

I 0

Trajectory generation : S(t) = acos(wD) sin(wt)

Constant delay

PDE : d,a(x,t) = d,a(x,1),

BC (Dirichlet) : U@) =

x € [0, D]

c
s+

c

D
{k [G(t)+ 210) / u(o, t)da] }
0

Trajectory generation : S(r) = asin(w(f + D))

Variable delay

PDE : d,a(x, ) = z(x, )d,a(x, 1),

BC (Dirichlet): U(t) =

s+

Trajectory generation : S(r) = asin(wr),

c

1 +x[d(d>;(r>> _ 1]

x €10,1], =y

n(x,t) =

1
{k [G(t)+ﬁ(t)/ u(o,t) (¢7' (1) — 1) do-]}
0

@) :=t— D)

Demondulation : M) = 2 sin(w(t — D)), N(t) = —% cosa(t — D(1)))
a a

Distributed delay

D
PDE : d,a(x,) = d.a(x,/), x€[0,D], y=0Q (/ o — a)dﬂ(a)>
0

BC (Dirichlet): U®) =

s+

c

D
{k [G(t) +H@ / (1-B)uD —o, t)do] }
0

D
Trajectory generation : S(r) = —— / sin(@(t + £)d (&)
y(w) Jo
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Appendix A. Notation, norms and terminology

The 2-norm of the state vector X (¢) for a finite-dimensional system
described by an ODE is denoted by single bars, | X ()|. In contrast, norms
of functions (of x) are denoted by double bars. By default, || - || denotes
the spatial L,[0, D]-norm, ie, |- || = | - || L,[0,D]> where we drop the
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index L,([0, D)) if not otherwise specified. Since the state variable u(x, 1)
of the infinite-dimensional system governed by a PDE is a function of
two arguments, we should emphasize that taking a norm in one of the
variables makes the norm a function of the other variable, as adopted
in (Krsti¢, 2009b). For example, the L,[0, D]-norm of u(x, ) in x € [0, D]

1/2
is |u(@®)| = ( fOD u?(x, t)dx) , whereas the L [0, D]-norm is defined by
lu®llz 0,07 = Nulle = supye(o py lu(x,1)|. Moreover, the H,-norm is
given by IIM(l)Ilill = IIM(I)IIZL2 + IIMX(l)IIiz-

We denote the partial derivatives of a function u(x, ) as o,u(x,1) =
ou(x,1)/dx, d,u(x,t) = du(x,1)/ot. We conveniently use the compact form
u,(x,1) and u,(x,t) for the former and the latter, respectively.

Consider a generic nonlinear system x = f(t, x,¢), where x € R”,
f(t, x,¢) is periodic in ¢ with period T, i.e., f(t+T, x,€) = f(t,x,¢€). Thus,
for ¢ > 0 sufficiently small, we can obtain its average model given by
Xay = fay(x), With f,(x) =1/T /OT f(z,x,0)dr, where x,,(f) denotes the
average version of the state x(¢) (Khalil, 2002).

As defined in (Khalil, 2002), a vector function f(z,¢) € R” is said to
be of order O(¢) over an interval [t),1,], if 3k, € : |f(t,€)| < ke, Ve €
[0,€é] and V¢ € [ty,1,]. In most cases we give no estimation of the
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constants k and €, then O(e) can be interpreted as an order of magnitude
relation for sufficiently small e.

The term “s” stands either for the Laplace variable or the differential
operator “d/dt”, according to the context. For a transfer function H(s)
with a generic input u, pure convolution hy(f) * u(t), with hy(t) being
the impulse response of Hy(s), is also denoted by H,(s)u, as done
in (Ioannou & Sun, 1996). The maximum and minimum eigenvalues
of a generic quadratic matrix A is denoted by A.,.(A) and A.;,(A),
respectively.

According to Fridman (2014) and Hale and Lunel (1993), we assume
the usual definitions for any delayed-system x(¢) = f(t,x,), t > t, and
x(ty + ©) = £(0),0 € [—D,,, ,0], where 1, is an arbitrary initial time
instant 7, > 0, x(f) € RV is the state vector, D, > 0 is the maximum
time delay allowed, the history function of the delayed state is given
by x,(0) = x(t + ©) € C([—D,,x,0;RY), and the functional initial
condition ¢ is also assumed to be continuous on [-D,,,, ,0]. Without
loss of generality, we consider 7, = 0 throughout the article.

Appendix B. Averaging theorem for functional differential equa-
tions (Hale & Lunel, 1990)

Theorem 3. Consider the delay system

x(t) = f(t/e,x;), Vt>0, (B.1)

where € is a real parameter, x,(0) = x(t + ©) for —-r < 6 < 0, and
f i R, xQ — R"is a continuous functional from a neighborhood Q of
0 of the supremum-normed Banach space X = C([—r,0];R") of continuous
functions from [—r,0] to R". Assume that f(t, ¢) is periodic in t uniformly
with respect to ¢ in compact subsets of 2 and that f has a continuous
Fréchet derivative df(t,¢)/dp in ¢ on R, X Q. If y = y, € Q is an
exponentially stable equilibrium for the average system

¥ = folv), V=0, (B.2)

where fi(p) = limg_, % /OT f(s,@)ds, then, for some ¢y >0 and 0 < ¢ <
€, there is a unique periodic solution t — x*(t, €) of (B.1) with the properties
of being continuous in t and ¢, satisfying |x*(t,¢) — yo| < O(e), for t € R,,
and such that there is p > 0 so that if x(-; @) is a solution of (B.1) with
x(s) = @ and |@ — yo| < p, then |x(t) — x*(t,€)| < Ce 79, for C > 0 and
y > 0.

Appendix C. Averaging theorem for general infinite-dimensional
systems (Hale & Lunel, 1990)

Theorem 4.
Banach space X

Consider the infinite-dimensional system, defined in the

z=Az+ J(ot,z) (C.1)

with z(0) = z, € X and the operator A : D(A) - X generates an analytic
semigroup. Moreover the nonlinearity J : R, XX — X with t — J(wt, 2) is
Fréchet differentiable in z, strongly continuous and periodic in t uniformly
with respect to z in a compact subset of X. Along with (C.1), the average
system

Zay = AZgy + Jo(2gy) (C.2)

with Jy(zq,) = limg_, o % /OT J(z,z4,)d7 is considered. Suppose that z,, =
0 € D C X is an exponentially stable equilibrium point of the average system
(C.2), then for some @ > 0 and w > @ hold:

(a) there exists a unique exponentially stable periodic solution t +~
Z(t,1/w), continuous in t and 1/w, with ||z(t,1/w)|| < O(1/w) for
t>0;
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(b) with ||zy — z4,(0)]| < O(1/w), the solution estimate of (C.1) is given
by

lz() = zgll £ O /@), 1> 0; €3

(o) for |lzoll < O(1/w), and the stable manifold theorem, it holds that

llz(t) — z(t, 1 /w)|| < Ce™™', t>0, (C4)

for some C, y > 0.

References

Aarsnes, U. J., Aamo, O. M., & Krsti¢, M. (2019). Extremum seeking for real-time
optimal drilling control. In IEEE American control conference, Philadelphia (pp.
5222-5227).

Adetola, V., & Guay, M. (2007). Parameter convergence in adaptive extremum-seeking
control. Automatica, 43, 105-110.

Annaswamy, A. M., & Fradkov, A. L. (2021). A historical perspective of adaptive control
and learning. Annual Reviews in Control, 52, 18-41.

Ariyur, K., & Krsti¢, M. (2003). Real-time optimization by extremum-seeking control. John
Wiley & Sons.

Butler, H. (2013). Adaptive feedforward for a wafer stage in a lithographic tool. IEEE
Transactions on Control Systems Technology, 21, 875-881.

Cougnon, P., Dochain, D., Guay, M., & Perrier, M. (2006). Real-time optimization of
a tubular reactor with distributed feed. American Institute of Chemical Engineers
Journal, 52, 2120-2128.

Draper, C. S., & Li, Y. T. (1951). Principles of optimalizing control systems and an
application to the internal combustion engine. American Society of Mechanical
Engineers.

Feiling, J., Koga, S., Krstic, M., & Oliveira, T. R. (2018). Gradient extremum seeking
for static maps with actuation dynamics governed by diffusion PDEs. Automatica,
95, 197-206.

Fridman, E. (2014). Introduction to time-delay systems - analysis and control. Birkhauser
Basel.

Galvao, M. L., Oliveira, T. R., & Krstic, M. (2022). Extremum seeking for Stefan PDE
with moving boundary and delays. IFAC-PapersOnLine, 55, 222-227.

Ghaffari, A., Krsti¢, M., & Ne$i¢, D. (2012). Multivariable Newton-based extremum
seeking. Automatica, 48, 1759-1767.

Guay, M., & Dochain, D. (2015). A time-varying extremum-seeking control approach.
Automatica, 51, 356-363.

Guay, M., & Zhang, T. (2003). Adaptive extremum seeking control of nonlinear dynamic
systems with parametric uncertainties. Automatica, 39, 1283-1293.

Hale, J. K., & Lunel, S. M. V. (1990). Averaging in infinite dimensions. Journal of
Integral Equations and Applications, 2, 463-494.

Hale, J. K., & Lunel, S. M. V. (1993). Introduction to functional differential equations.
Springer.

Hudon, N., Guay, M., Perrier, M., & Dochain, D. (2008). Adaptive extremum-seeking
control of convection-reaction distributed reactor with limited actuation. Computers
and Chemical Engineering, 32, 2994-3001.

Toannou, P. A., & Sun, J. (1996). Robust adaptive control. PTR Prentice-Hall.

Karafyllis, I. (2014). Feedback stabilization methods for the solution of nonlinear
programming problems. Journal of Optimization Theory and Applications, 161,
783-806.

Karafyllis, I., & Krstic, M. (2017). Global dynamical solvers for nonlinear programming
problems. SIAM Journal on Control and Optimization, 55, 1302-1331.

Kazakevich, V. (1943). Technique of automatic control of different processes to
maximum or to minimum. Avtorskoe svidetelstvo, USSR Patent.

Khalil, H. K. (2002). Nonlinear systems. Prentice Hall.

Kharitonov, V. L. (1999). Robust stability analysis of time delay systems: A survey.
Annual Reviews in Control, 23, 185-196.

Koga, S., Diagne, M., & Krsti¢, M. (2019). Control and state estimation of the one-phase
Stefan problem via backstepping design. IEEE Transactions on Automatic Control, 64,
510-525.

Krstié, M. (2008). Lyapunov tools for predictor feedbacks for delay systems: inverse
optimality and robustness to delay mismatch. Automatica, 44, 2930-2935.

Krsti¢, M. (2009a). Compensating actuator and sensor dynamics governed by diffusion
PDEs. Systems & Control Letters, 58, 372-377.

Krsti¢, M. (2009b). Delay compensation for nonlinear, adaptive, and PDE systems.
Birkhatiser.

Krsti¢, M. (2014). Extremum seeking control. Encyclopedia of systems and control.
Springer,

Krstic, M., & Bekiaris-Liberis, N. (2010). Compensation of infinite-dimensional input
dynamics. Annual Reviews in Control, 34, 233-244, Annual Reviews in Control.
Krstic, M., & Bekiaris-Liberis, N. (2013). Nonlinear stabilization in infinite dimension.

Annual Reviews in Control, 37, 220-231.

Krsti¢, M., & Smyshlyaev, A. (2008). Boundary control of PDEs: a course on backstepping

designs. SIAM.


http://refhub.elsevier.com/S1367-5788(23)00072-X/sb1
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb1
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb1
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb1
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb1
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb2
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb2
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb2
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb3
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb3
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb3
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb4
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb4
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb4
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb5
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb5
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb5
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb6
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb6
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb6
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb6
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb6
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb7
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb7
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb7
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb7
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb7
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb8
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb8
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb8
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb8
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb8
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb9
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb9
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb9
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb10
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb10
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb10
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb11
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb11
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb11
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb12
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb12
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb12
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb13
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb13
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb13
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb14
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb14
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb14
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb15
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb15
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb15
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb16
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb16
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb16
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb16
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb16
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb17
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb18
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb18
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb18
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb18
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb18
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb19
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb19
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb19
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb20
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb20
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb20
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb21
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb22
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb22
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb22
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb23
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb23
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb23
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb23
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb23
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb24
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb24
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb24
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb25
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb25
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb25
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb26
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb26
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb26
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb27
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb27
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb27
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb28
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb28
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb28
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb29
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb29
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb29
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb30
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb30
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb30

T.R. Oliveira and M. Krstic

Krstic, M., & Wang, H. H. (1997). Design and stability analysis of extremum seeking
feedback for general nonlinear systems. In IEEE conference on decision and control,
San Diego (pp. 1743-1748).

Krsti¢, M., & Wang, H. H. (2000). Stability of extremum seeking feedback for general
nonlinear dynamic systems. Automatica, 36, 595-601.

Leblanc, M. (1922). Sur lelectrification des chemins de fer au moyen de courants
alternatifs de frequence elevee. Revue Generale de UElectricite, 12, 275-277.

Lehman, B. (2002). The influence of delays when averaging slow and fast oscillating
systems: overview. IMA Journal of Mathematical Control and Information, 19,
201-215.

Lin, J., Lee, S.-M., Lee, H.-J., & Koo, Y.-M. (2000). Modeling of typical microbial cell
growth in batch culture modeling of typical microbial cell growth in batch culture.
Biotechnology and Bioprocess Engineering, 5, 382-385.

Liu, S.-J., & Krsti¢, M. (2012). Stochastic averaging and stochastic extremum seeking.
Springer.

Lunardi, A. (1995). Analytic semigroups and optimal regularity in parabolic problems.
Birkhauser.

Markovsky, 1., & Dorfler, F. (2021). Behavioral systems theory in data-driven analysis,
signal processing, and control. Annual Reviews in Control, 52, 42-64.

Mondié, S., Egorov, A., & Gomez, M. A. (2022). Lyapunov stability tests for linear
time-delay systems. Annual Reviews in Control, 54, 68-80.

Nagel, R. (1989). Towards a matrix theory for unbounded operator matrices.
Mathematische Zeitschrift, 201, 57-68.

Nesi¢, D., Mohammadi, A., & Manzie, C. (2013). A framework for extremum seeking
control of systems with parameter uncertainties. IEEE Transactions on Automatic
Control, 58, 435-448.

Oliveira, T. R., Feiling, J., Koga, S., & Krstic, M. (2020). Multivariable extremum seeking
for PDE dynamic systems. IEEE Transactions on Automatic Control, 65, 4949-4956.

Oliveira, T. R., Feiling, J., Koga, S., & Krstic, M. (2021). Extremum seeking for unknown
scalar maps in cascade with a class of parabolic partial differential equations.
International Journal of Adaptive Control and Signal Processing, 35, 1162-1187.

Oliveira, T. R., Feiling, J., & Krsti¢, M. (2019). Extremum seeking for maximizing
higher derivatives of unknown maps in cascade with reaction-advection-diffusion
PDEs. IFAC-PapersOnLine, 52, 210-215.

Oliveira, T. R., & Krsti¢, M. (2019). Compensation of wave PDEs in actuator dynamics
for extremum seeking feedback. IFAC-PapersOnLine, 52, 134-139.

Oliveira, T. R., & Krstic, M. (2021a). Extremum seeking boundary control for PDE-PDE
cascades. Systems & Control Letters, 155, 1-15, paper 105004.

Oliveira, T. R., & Krstic, M. (2021b). Extremum seeking feedback with wave partial
differential equation compensation. Transactions of the ASME. Journal of Dynamic
Systems, Measurement and Control, 143, paper 041002.

Oliveira, T. R., & Krstic, M. (2022). Extremum seeking through delays and PDEs. SIAM.

15

Annual Reviews in Control 56 (2023) 100908

Oliveira, T. R., Krsti¢, M., & Tsubakino, D. (2017). Extremum seeking for static maps
with delays. IEEE Transactions on Automatic Control, 62, 1911-1926.

Oliveira, T. R., Rodrigues, V. H. P., Krstic, M., & Basar, T. (2020). Nash equilibrium
seeking with arbitrarily delayed player actions. In IEEE conference on decision and
control, Jeju Island, Republic of Korea (pp. 150-155).

Oliveira, T. R., Rodrigues, V. H. P., Krstic, M., & Basar, T. (2021). Nash equilibrium
seeking in quadratic noncooperative games under two delayed information-sharing
schemes. Journal of Optimization Theory and Applications, 191, 700-735.

Oliveira, T. R., Rodrigues, V. H. P., Krstic, M., & Basar, T. (2021b). Nash equilibrium
seeking with players acting through heat PDE dynamics. In IEEE American control
conference, New Orleans (pp. 684-698).

Oliveira, T. R., Rodrigues, V. H. P., Krstic, M., & Basar, T. (2021c). Nash equilibrium
seeking in heterogeneous noncooperative games with players acting through heat
PDE dynamics and delays. In IEEE conference on decision and control, Texas (pp.
1167-1173).

Paz, P., Oliveira, T. R., Pino, A. V., & Fontana, A. P. (2020). Model-free neuromuscular
electrical stimulation by stochastic extremum seeking. IEEE Transactions on Control
Systems Technology, 28, 238-253.

Pazy, A. (2012). Semigroups of linear operators and applications to partial differential
equations. Springer Science & Business Media.

Riggs, D. J., & Haugan, O. (2011). Advanced laser wavelength control. United States
Patent Application Publication, No. US 2011/0116522 Al.

Rusiti, D., Evangelisti, G., Oliveira, T. R., Gerdts, M., & Krstic, M. (2019). Stochastic
extremum seeking for dynamic maps with delays. IEEE Control Systems Letters, 3,
61-66.

Rusiti, D., Oliveira, T. R., Krstic, M., & Gerdts, M. (2021a). Newton-based extremum
seeking of higher-derivative maps with time-varying delays. International Journal of
Adaptive Control and Signal Processing, 35, 1202-1216.

Rusiti, D., Oliveira, T. R., Krstic, M., & Gerdts, M. (2021b). Robustness to delay
mismatch in extremum seeking. European Journal of Control, 62, 75-83.

Swinnen, 1. A. M., Bernaerts, K., Dens, E. J. J., Geeraerd, A. H., & Van Impe, J. F.
(2004). Predictive modelling of the microbial lag phase: a review. International
Journal of Food Microbiology, 94, 137-159.

Tan, Y., Nesié, D., & Mareels, 1. (2006). On non-local stability properties of extremum
seeking control. Automatica, 42, 889-903.

Tan, Y., Nesi¢, D., Mareels, I., & Astolfi, A. (2009). On global extremum seeking in the
presence of local extrema. Automatica, 45, 245-251.

Tsubakino, D., Oliveira, T. R., & Krsti¢, M. (2020). Extremum seeking under distributed
input delay. IFAC-PapersOnLine, 53, 5423-5428.

Tsubakino, D., Oliveira, T. R., & Krstic, M. (2023). Extremum seeking for distributed
delays. Automatica, 153, 1-14, paper 111044.

Yu, H., Koga, S., Oliveira, T. R., & Krsti¢, M. (2021). Extremum seeking for traffic
congestion control with a downstream bottleneck. Transactions of the ASME. Journal
of Dynamic Systems, Measurement and Control, 143, 1-10.


http://refhub.elsevier.com/S1367-5788(23)00072-X/sb31
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb31
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb31
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb31
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb31
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb32
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb32
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb32
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb33
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb33
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb33
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb34
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb34
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb34
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb34
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb34
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb35
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb35
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb35
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb35
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb35
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb36
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb36
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb36
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb37
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb37
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb37
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb38
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb38
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb38
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb39
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb39
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb39
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb40
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb40
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb40
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb41
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb41
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb41
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb41
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb41
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb42
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb42
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb42
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb43
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb43
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb43
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb43
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb43
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb44
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb44
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb44
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb44
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb44
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb45
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb45
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb45
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb46
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb46
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb46
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb47
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb47
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb47
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb47
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb47
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb48
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb49
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb49
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb49
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb50
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb50
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb50
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb50
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb50
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb51
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb51
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb51
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb51
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb51
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb52
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb52
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb52
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb52
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb52
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb53
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb53
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb53
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb53
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb53
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb53
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb53
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb54
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb54
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb54
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb54
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb54
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb55
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb55
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb55
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb56
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb56
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb56
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb57
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb57
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb57
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb57
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb57
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb58
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb58
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb58
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb58
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb58
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb59
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb59
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb59
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb60
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb60
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb60
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb60
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb60
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb61
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb61
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb61
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb62
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb62
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb62
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb63
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb63
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb63
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb64
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb64
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb64
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb65
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb65
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb65
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb65
http://refhub.elsevier.com/S1367-5788(23)00072-X/sb65

	Extremum seeking for infinite-dimensional systems
	Introduction
	Extremum Seeking for Transport Hyperbolic PDE
	Scalar Static Map with Delay
	Probing and Demodulation Signals
	Predictor Feedback with a Perturbation-based Estimate of the Hessian
	Stability Analysis
	Simulation with an Academic Example

	Extremum Seeking for Diffusion-Dominated Parabolic PDE
	Problem Statement
	Actuation dynamics and output
	Probing and demodulation signals

	Control Design and Error-Dynamics
	Diffusion compensation controller
	Error-Dynamics

	Stability and Convergence Analysis
	Further Numerical Simulations

	Extremum Seeking for Distinct Families of PDEs
	Conclusions
	Declaration of competing interest
	Data availability
	Acknowledgments
	Appendix A. Notation, Norms and Terminology
	Appendix B. Averaging Theorem for Functional Differential Equations Hale and Lunel (1990)
	Appendix C. Averaging Theorem for General Infinite-Dimensional Systems Hale and Lunel (1990)
	References


