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Nonlocal Nonholonomic Source Seeking Despite Local Extrema
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Abstract—In this article, we investigate the problem of source
seeking with a unicycle in the presence of local extrema. Our study
is motivated by the fact that most of the existing source-seeking
methods follow the gradient direction of the signal function and
thus only lead to local convergence into a neighborhood of the
nearest local extremum. So far, only a few studies present ideas
on how to overcome local extrema in order to reach a global ex-
tremum. None of them apply to second-order (force- and torque-
actuated) nonholonomic vehicles. We consider what is possibly
the simplest conceivable algorithm for such vehicles, which em-
ploys a constant torque and a translational/surge force in propor-
tion to an approximately differentiated measured signal. We show
that the algorithm steers the unicycle through local extrema toward
a global extremum. In contrast to previous extremum-seeking stud-
ies, we do not approximate the gradient of the objective function
but the gradient of a certain local spatial average of the objective
function. Such a spatially averaged objective function is expected
to have fewer critical points than the original objective function.
Under suitable assumptions on the averaged objective function
and on sufficiently strong translational damping, we show that
the control law achieves practical uniform asymptotic stability and
robustness to sufficiently weak measurement noise and distur-
bances to the force and torque inputs.

Index Terms—Averaging, mechanical systems, nonholonomic
unicycle, source seeking.

I. INTRODUCTION

The problem of source seeking arises when an autonomous agent
has to locate a point where an unknown scalar signal attains an extreme
value. For instance, the autonomous agent could be a wheeled robot or
a drone, and the unknown scalar signal could be given by the strength of
an electromagnetic field or the concentration of a chemical substance.
It is assumed that the agent is equipped with a suitable sensor so that it
can measure the signal at its current position. The spatial distribution
of the signal is unknown. Moreover, the agent can neither determine
its own position or orientation with respect to a reference frame nor
can it store data to compare measurement results at different time
instances. Only real-time measurements of the signal values can be
used for a feedback law. For many real-world signals, it is reasonable
to expect that the signal attains an unknown global extreme value at
some unknown point, called the source. In this sense, source seeking
can be seen as a global optimization problem. Here, we follow the usual
convention in optimization and focus (without loss of generality) on
minimization.
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Over the past two decades, many different source-seeking methods
for various agent models have been proposed. This includes methods
for single-integrator points [6], [24], velocity-actuated unicycles in the
plane [5], [13], and velocity-actuated nonholonomic models in 3-D
space [4], [14]. However, velocity actuation considers only vehicle
kinematics. Wheeled robots and drones are mechanical systems with in-
ertia, and, therefore, second-order dynamic models, actuated by forces
and torques, are more realistic descriptions than first-order kinematic
models actuated by velocities. There exist source-seeking methods for
double-integrator points [16], [35], force- and torque-controlled slider
models [21], [26], and force- and torque-controlled unicycles [25]. In
the present article, we focus on the latter model. The unicycle has
two inputs—a force to control the translational motion and a torque
to control the rotational motion.

As indicated above, the objective of source seeking is, ideally, global
optimization. That is, the goal is to find the point where the unknown
signal attains its global minimum value; under the tacit assumption that
such a point exists and is unique. We also assume that the signal is
given by a sufficiently smooth real-valued function, which then plays
the role of an objective function. Many of the existing source-seeking
methods steer the agent approximately in the negative gradient direction
of the objective function. This approach works very well as long as
the objective function has no other critical points besides the global
minimum. Otherwise, it can happen that the agent gets stuck in an
undesired configuration. In general, a gradient-based algorithm only
leads to convergence toward the set of critical points but not to the global
minimum. The same problem also occurs in the context of extremum-
seeking control for general nonlinear systems. So far, relatively little
is known about systematic procedures to overcome undesired local
extrema. The intention of the present article is to offer a partial solution,
at least for the particular problem of source seeking with a dynamic
unicycle.

Survey of literature: Global extremum seeking in the presence of
local extrema is certainly a very difficult problem. Many papers, such
as [1], [18], and [31], address this topic only in terms of qualitative
discussions and simulation studies. Quantitative statements about the
ability of a method to overcome local extrema are rather difficult
to derive. There are, however, some attempts to provide sufficient
conditions under which a method can pass through a local extremum;
for instance, in [29] and [30] for a steady-state input–output map of
one variable. The proposed method in [29] and [30] employs a periodic
perturbation signal with a tunable amplitude. Under suitable assump-
tions, it is shown in [29] and [30] that if the amplitude is sufficiently
large, then the input can pass through local extrema of the input–output
function. In the present article, we will interpret this behavior in terms
of the gradient of an averaged input–output function. Such an averaged
input–output function is expected to have fewer local extrema than
the original input–output function. The control law from [29] and
[30] is extended in [33] to solve a nonconvex social cost optimization
problem by a network of agents. In this context, we also mention the
perturbation-based extremum-seeking methods for open-loop unstable
kinematic systems in [27] and [32]. The investigations in [27] and [32]
lead to a similar interpretation as for the method in [29] and [30]. It is
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conjectured in [27] and [32] that the employed periodic perturbation
signals give approximate access to the gradient of an averaged objective
function. However, the investigations in [27] and [32] do not reveal
explicitly how the suspected averaged objective function is related to
the original objective function. A completely different approach to
global optimization is taken in [7] and [8] in the form of multiunit
extremum-seeking for 1-D and 2-D single-integrator points. However,
an implementation of the method in [7] and [8] requires that the
objective function be measured at different positions at the same time.
The methods in [12] and [17] take advantage of the fact that some known
discrete-time derivative-free algorithms from numerical optimization,
such as the Piyavskii–Shubert algorithm [19], [22], have the ability to
find the global minimum of a function (within a prescribed compact set).
Using a zero-order hold, one can apply these discrete-time algorithms to
a continuous-time system for the purpose of global extremum-seeking
(under the assumption of a suitable steady-state input–output behavior
of the underlying control system). Finally, we note that none of the
above methods is suitable for source seeking with a dynamic unicycle
in the presence of local extrema.

Underlying idea: The results in the abovementioned papers [27],
[29], [30], and [32], suggest that oscillations of the sensor with suf-
ficiently large amplitudes could be beneficial for our goal of source
seeking in the presence of local extrema, because these oscillations
might give access to an averaged signal function with fewer undesired
critical points than the original signal function. To generate a suitable
oscillatory motion, we demand that the sensor be attached to the
unicycle at a point with a distance r from the center of the vehicle;
the position of the vehicle center is denoted by p. Such a displaced
sensor was first proposed in [3], and then also used in [10] and [20],
for the kinematic unicycle model, but these papers do not address the
problem of source seeking in the presence of local extrema. If the sensor
is mounted in the described way, then a rotational motion of the unicycle
results in a circular motion of the sensor. Note that a circular motion
of the sensor requires that the translational velocity is slow compared
to rotational velocity. For this reason, we demand sufficiently strong
linear damping of the translational velocity. A suitable design of our
feedback law leads to an integration of the measured values of the signal
function ψ along the trajectory of the sensor. After one full rotation of
the unicycle, we get the integral of ψ over the circle with radius r
centered at p. In this situation, we can apply the divergence theorem
(a consequence of Stokes’ theorem) to write the integral over the circle
in terms of an integral over the disk. The latter integral leads us to
the definition of the averaged signal function Ψr at p, namely as the
integral ofψ over the disk of radius r centered at p. Such an application
of the divergence theorem is also used in some studies on nonsmooth
optimization to obtain a smoothed objective function; see, e.g., [9], [11],
and [15]. If the sensor distance r is sufficiently large, then one can expect
that the averaged signal function Ψr has fewer undesired critical points
than the original signal function ψ. Moreover, a global minimum of
Ψr is expected to be close to the global minimum of ψ. Consequently,
the function Ψr is better suited for global minimization by gradient
descent than ψ. We will show that the unicycle under the proposed
control law follows approximately the negative gradient direction of
Ψr . As a result, we can expect that the vehicle center converges into a
small neighborhood of the source.

Novelties/Contributions: Since our method only requires a uniform
rotation of the unicycle with moderate rotational velocity, it is rather
easy to implement and also less energy consuming than many other
source-seeking methods with large-amplitude high-frequency inputs,
such as in [3], [6], and [34], which generate an oscillatory motion
in the unicycle. However, this goes along with the disadvantage that
the speed of convergence of our method is rather slow. In contrast to

Fig. 1. Notation used in the model of vehicle sensor and center dy-
namics. The position of the sensor is denoted by ps.

many other studies on source seeking, our theoretical analysis takes
L∞-input disturbances and L∞-measurement errors into account. This
proves that our approach guarantees a certain degree of robustness with
respect to sufficiently weak disturbances. As indicated in the previous
paragraph, we can provide a simple formula for the averaged signal
function. Our main stability result only involves assumptions about the
averaged signal function. Those assumptions can be satisfied even if the
original signal function has undesired local minima. Under these mild
assumptions, we prove practical uniform asymptotic stability for the
closed-loop system in the presence of sufficiently weak disturbances.
The proof of our stability result involves a suitable first-order averaging
analysis for the closed-loop system. The averaging analysis reveals that
the position of the unicycle is driven approximately into the negative
gradient direction of the averaged signal function if a certain control
parameter is sufficiently small. The quality of the approximation im-
proves with a shrinking parameter. This in turn leads to the effect that the
robustness and stability properties of the gradient system carry over to
the approximating closed-loop system for sufficiently small parameter
values. Convergence to the global minimum in the presence of local
minima is illustrated by means of a numerical example.

II. PROBLEM STATEMENT AND CONTROL LAW

In the first step, we introduce the dynamic equations for a second-
order unicycle. The unicycle is a mechanical system with body mass
m > 0 and moment of inertia J > 0. The configuration of the unicycle
at time t ∈ R is given by its current position p(t) ∈ R

2 and its current
orientation o(t) ∈ S, where S is the unit circle centered at the origin
(see Fig. 1). We use the variables v(t) ∈ R and ω(t) ∈ R to describe
the translational and rotational velocity, respectively. Let k and κ be
arbitrary positive real constants to describe the impact of linear velocity-
dependent damping. Finally, the letter R denotes the (2× 2)-rotation
matrix for counter-clockwise rotation by angle π/2. Then Ro(t) is a
tangent vector toS ato(t). We consider the second-order unicycle model

ṗ(t) = v(t) o(t), (1a)

ȯ(t) = ω(t)Ro(t), (1b)

mv̇(t) = −k
ε
v(t) + ut(t) + dt(t), (1c)

J ω̇(t) = −κω(t) + ur(t) + dr(t), (1d)

where ut, ur are real-valued inputs and dt, dr ∈ L∞ are input
disturbances. Here, L∞ denotes the space of essentially bounded
and measurable real-valued functions on the real line. The essential
supremum norm on L∞ is denoted by ‖ · ‖. In some texts, e.g., in [2],
the dynamic unicycle model (1) is called rolling disk model.

In the vehicle model (1), we assume the existence of linear velocity-
dependent damping. The presence of dissipation prevents an unbounded
increase in the total energy. (Source seeking in the absence of dissipation
is studied in [28].) The constants k/ε and κ in (1c), (1d) represent the
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translational and rotational damping coefficients, respectively, where ε
is a parameter that is small relative to k, κ. Thus, we assume that the
vehicle has been designed to exhibit higher damping in translation than
in rotation, i.e., to promote rotation over translation. This is crucial to
our control design and analysis.

We assume that the unicycle is equipped with a suitable sensor so
that it can measure the value of an unknown scalar signal. The signal is
assumed to be given by a smooth real-valued function ψ on R

2. We do
not assume thatψ is analytically known. In particular, the gradient ofψ
is an unknown quantity. The proposed method requires that the sensor
is noncollocated with the center of the vehicle. To make it precise, we
assume that the sensor is mounted at the point p(t) + ro(t) with fixed
distance r > 0 from the vehicle center p(t) into the direction o(t) of
the current alignment. Then, a rotational motion of the unicycle results
in a circular motion of the sensor. This way, the sensor can explore
the unknown signal in a neighborhood of the current position of the
vehicle center. A suitable design of our feedback law will allow us to
extract gradient information from the circular motion of the sensor. A
measurement of ψ at the current sensor position p(t) + ro(t) ∈ R

2 at
time t ∈ R results in the real value

ŷ(t) = ψ(p(t) + r o(t)) + ds(t), (2)

where the function ds ∈ L∞ describes disturbances in the signal mea-
surements. One may view (2) as the noise-corrupted output of the
unicycle system. We are interested in an output feedback law that
asymptotically stabilizes the unicycle at positions where ψ attains a
minimum value. The diagram in Fig. 1 depicts the position, heading,
angular, and forward velocities for the center and sensor.

We propose the control law

ut(t) = −λ (ŷ(t)− η(t)) , (3a)

ur(t) = τ∗, (3b)

where λ and τ∗ are arbitrary positive constants and the high-pass filter

η̇(t) = ε h (ŷ(t)− η(t)) (4)

with filter input ŷ and filter output ŷ − η removes the dc bias in (2),
where h is a positive constant. The inclusion of ε into the filter gain ε h,
which is inversely proportional to the translational damping coefficient
k/ε, does not mean that the value of the translational damping is known
but only that the damping’s order of magnitude is known. Setting the
filter’s pole in inverse proportion to translational damping slows the
filter relative to the rate of rotation induced by the constant torque τ∗
and low rotational damping −κω(t) in (1d). The rotational velocity
ω(t) converges into a small neighborhood of

ω∗ := τ∗/κ > 0 (5)

if the magnitude ‖dr‖ of the input disturbance dr ∈ L∞ in (1d) is
sufficiently small.

For what follows, we summarize the closed-loop system by substi-
tuting (3), (4) into (1), (2) to get the system:

ṗ(t) = v(t) o(t), (6a)

ȯ(t) = ω(t)Ro(t), (6b)

mv̇(t) = −λ (ψ(p(t) + r o(t))− η(t))− 1

ε
k v(t) (6c)

− λ ds(t) + dt(t), (6d)

J ω̇(t) = −κ (ω(t)− ω∗) + dr(t), (6e)

η̇(t) = −ε h η(t) + ε hψ(p(t) + r o(t)) + ε h ds(t) (6f)

on the state manifold M := R
2 × S× R× R× R.

III. AVERAGING

In this section, we will see that the closed-loop system (6) approxi-
mates the behavior of a certain averaged system if the positive control
parameter ε is sufficiently small. For the sake of brevity and clarity,
several technical details are omitted here. The reader is referred to the
Appendix for a more precise averaging analysis.

A. Averaging of the Rotational Motion

To reveal the impact of the rotational motion with rotational velocity
ω∗, we carry out the change of variables

p̃(τ) = p
(τ
ε

)
, (7a)

õ(τ) = exp
(
−ω∗

τ

ε
R
)
o
(τ
ε

)
, (7b)

ṽ(τ) = v
(τ
ε

)
+ ε

λ

k

(
ψ
(
p
(τ
ε

)
+ r o

(τ
ε

))
− η

(τ
ε

))
, (7c)

ω̃(τ) = ω
(τ
ε

)
− ω∗, (7d)

η̃(τ) = η
(τ
ε

)
, (7e)

where exp : R2×2 → R
2×2 is the matrix exponential function. If the

control parameter ε > 0 is small, then, in the new time scale τ , the
unicycle is rotating fast while its position is varying slowly. This means
that the sensor performs a fast circular motion around the current po-
sition of the unicycle. A direct computation shows that the closed-loop
system (6) in the variables (7) can be equivalently written as

˙̃p(τ) = −λ r

2 k
G̃r

(τ
ε
, p̃(τ), õ(τ), η̃(τ)

)
(8a)

+
1

ε
ṽ(τ) exp

(
ω∗
τ

ε
R
)
õ(τ), (8b)

˙̃o(τ) =
1

ε
ω̃(τ)Rõ(τ), (8c)

m ˙̃v(τ) = − 1

ε2
k ṽ(τ) + Q̃

(τ
ε
, x̃(τ)

)
+

1

ε
dt

(τ
ε

)
(8d)

− λ

(
1

ε
+ ε

hm

k

)
ds

(τ
ε

)
+ ε R̃

(τ
ε
, x̃(τ)

)
, (8e)

J ˙̃ω(τ) = −1

ε
κ ω̃(τ) +

1

ε
dr

(τ
ε

)
, (8f)

˙̃η(τ) = −h η̃(τ) + hds

(τ
ε

)
(8g)

+ hψ
(
p̃(τ) + r exp

(
ω∗
τ

ε
R
)
õ(τ)

)
, (8h)

where we write x̃ = (p̃, õ, ṽ, ω̃, η̃), the R
2-valued map G̃r on R×

R
2 × S× R is defined by

G̃r(t, p, o, η) :=
2

r
(ψ(p+ r exp(ω∗tR)o)− η) exp(ω∗tR)o, (9)

and Q̃(t, ·), R̃(t, ·) are certain smooth real-valued functions on the
state manifold M which are (2π/ω∗)-periodic in t. If the disturbances
dr, ds, and dt are sufficiently weak, then the transformed velocities ṽ
and ω̃ in (8d), (8e), and (8f) converge fast into small neighborhoods
of the origin. After short transients of ṽ and ω̃, the position p̃, the
transformed orientation õ, and the high-pass filter η̃ in (8a), (8b), (8c),
(8g), and (8h) can be shown to be moderately time-varying compared to
the strongly varying periodic rotation τ �→ exp(ω∗ τ

ε
R)with rotational
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velocityω∗/ε. In this situation, it is reasonable to expect that the impact
of the high-frequency vector field on the right-hand side of (8a) is
approximately the same as its time average. One can easily check that,
for all fixed p̃ ∈ R

2, õ ∈ S, and η̃ ∈ R, the average of t �→ G̃r(t, p̃, õ, η̃)
is given by

ω∗
2π

∫ 2π
ω∗

0

G̃r(t, p̃, õ, η̃) dt = Ḡr(p̃), (10)

where the vector field Ḡr on R
2 is defined by

Ḡr(p̄) :=
1

π

∫
S

1

r
ψ(p̄+ r o) odλS(o) (11)

and λS denotes the standard volume measure on S. Recall that (7a) is
just a change in the time scale. Thus, our vague averaging argument
indicates that, for sufficiently weak disturbances dr, ds, and dt, and for
a sufficiently small value of the control parameter ε > 0, the solutions
of (6a) approximate the solutions of a system of the form

˙̄p(t) = −ε λ r

2 k
Ḡr(p̄(t)) + ε d̄(t), (12)

where the “disturbance” t �→ d̄(t) ∈ R
2 originates from the contribu-

tion of (8b) in the original time scale t. A precise approximation result
is given by Proposition 1 in the Appendix. In the next subsection, we
will see that the averaged (12) is a disturbed negative gradient system
of an averaged signal function.

B. Averaged Signal Function

The vector field Ḡr in (11) is crucial for our objective of source
seeking in the presence of undesired local minima. LetP be an arbitrary
nonempty open subset of R2; for instance, P = R

2. For every positive
real number r, define a real-valued function Ψr on P by

Ψr(p̄) :=
1

π

∫
D̄

ψ(p̄+ r q) dλD̄(q), (13)

where D̄ is the closed unit disc centered at the origin and λD̄ denotes
the standard volume measure on D̄. The value of Ψr at p̄ ∈ P is the
average of ψ over the disk of radius r centered at the point p̄. In the
limit r → 0, the averaged function Ψr converges locally uniformly to
ψ on P . In the following, the positive real number r is the distance of
the sensor from the center of the unicycle. Note that the definition of
Ψr involves an integral over the closed unit disc D̄, while the definition
of Ḡr involves an integral over the boundary of D̄, where o ∈ S is an
outward-pointing unit vector. An application of the divergence theorem
(also known as Gauss’s theorem or Ostrogradsky’s theorem) leads to

Ḡr(p̄) = ∇Ψr(p̄) (14)

for every p̄ ∈ P . Thus, on P , the averaged (12) can be written as the
gradient system

˙̄p(t) = −ε λ r

2 k
∇Ψr(p̄(t)) + ε d̄(t). (15)

One can expect that the averaged signal function Ψr has fewer unde-
sired critical points than the original signal function ψ. In this sense,
assumptions on Ψr are weaker than assumptions on ψ. On the other
hand, the shape of the functionΨr does not only depend onψ but also on
the distance r. For this reason, any assumption on Ψr is an assumption
on both ψ and r. Moreover, in the context of source seeking, the signal
function ψ is an unknown quantity. For this reason, the user is unable
to check in advance whether ψ has undesired local extrema. Thus, the
user can neither check conditions on ψ nor conditions on Ψr prior to
an implementation of the method. In practice, assumptions on ψ are as

difficult to verify as assumptions on Ψr . We suppose that the averaged
signal function Ψr : P → R in (13) has the following property.

Assumption 1: There exist real numbers y∗ and y0 with y∗ < y0 such
that the y0-sublevel set of Ψr is compact and such that the gradient of
Ψr is nonzero at every point p of P with y∗ < Ψr(p) ≤ y0.

In Assumption 1, the y0-sublevel set of Ψr will act as a set of
admissible initial positions and the y∗-sublevel set represents a set of
target positions. If Assumption 1 is satisfied, then the gradient system
(15) has the following robust asymptotic stability property.

Lemma 1: Suppose that Assumption 1 is satisfied with y∗ and y0 as
therein. Then, there exists an open neighborhood U of the y0-sublevel
set of Ψr in P , a real number y′0 > y0, a function β of class KL with
β(s, 0) = s for every s ≥ 0, a function γ of class K, and a positive real
number δ such that the y′0-sublevel set of the restriction of Ψr to U is
compact and such that, for every t0 ∈ R, every p̄0 ∈ U with Ψr(p̄0) ≤
y′0, every d̄ ∈ L2

∞ with ‖d̄‖ ≤ δ, and every ε > 0, the maximal solution
p̄ of (15) with initial value p̄0 at initial time t0 satisfies

Ψr(p̄(t))− y∗ ≤ (16a)

max
{
β (max{Ψr(p̄0)− y∗, 0}, ε (t− t0)) , γ(‖d̄‖)

}
(16b)

for every t ≥ t0.
The existence of β ∈ KL and γ ∈ K in Lemma 1 follows from a

similar reasoning as in the proof of [23, Th. 1]. In particular, one can
interpret the property described by inequality (16) as a weak form of
input-to-state stability with respect to sufficiently weak disturbances.

We end this section by establishing a direct link between the method
in this article and the approach in [29] and [30] for steady-state ex-
tremum seeking in the presence of local extrema.

Remark 1: It is possible to interpret the approach in [29] and [30]
in terms of an averaged objective function. The averaged “reduced
system” in [29] and [30] is a scalar system of the form

˙̄θ(t) = −δ a
2
ḡa(θ̄(t)), (17)

where a and δ are positive control parameters, the 1-D vector field
ḡa : R → R is defined by

ḡa(θ̄) :=
1

π

∫ 2π

0

1

a
φ(θ̄ + a sin(τ)) sin(τ) dτ (18)

and φ : R → R is a smooth steady-state input–output function. Substi-
tution and integration by parts lead to

ḡa(θ̄) = ∇Φa(θ̄), (19)

where the averaged steady-state input–output function Φa : R → R is
defined by

Φa(θ̄) :=
2

π

∫ 1

−1

√
1− s2 φ(θ̄ + a s) ds. (20)

This means that the averaged “reduced system” is driven into the
negative gradient direction of an averaged steady-state input–output
function. If the parameter a is sufficiently large, then one can expect
thatΦa has fewer undesired critical points thanφ. The control parameter
a in [29] and [30] corresponds to the sensor distance r in our article.
We emphasize that this interpretation of the averaged “reduced system”
does not appear in [29] and [30].

IV. MAIN RESULT

As indicated in Section III, if the positive control parameter ε is
sufficiently small, then the position of the source seeking unicycle (1),
(2) under control law (3), (4) follows approximately the solutions of
the gradient system (15) for the averaged signal function Ψr : P → R
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in (13). Moreover, under mild assumptions on Ψr , the gradient system
has the robust asymptotic stability property in Lemma 1. This in turn
will allow us to conclude a robust practical stability property of the
approximating closed-loop system for sufficiently small ε > 0. First,
we introduce the following notation. For every real number η and every
nonempty set Λ of real numbers, let |η|Λ denote the distance of η to Λ;
i.e., the infimum of all |η − η̃| with η̃ ∈ Λ.

Theorem 1: Suppose that Assumption 1 is satisfied with y∗ and y0 as
therein. LetΛ be the set ofψ(p+ r o)withp in the y0-sublevel set ofΨr

and o ∈ S. Let ρv , ρω , ρη be positive real numbers. Then, there exists
a function β of class KL with β(s, 0) = s for every s ≥ 0, there exist
functions γr, γs, γt, νp, νη of class K, and there exist positive constants
ε0, δr, δs, δt, νv such that, for every ε ∈ (0, ε0), every t0 ∈ R, every p0
in the y0-sublevel set ofΨr , every o0 ∈ S, every v0 ∈ Rwith |v0| ≤ ρv ,
everyω0 ∈ Rwith |ω0 − ω∗| ≤ ρω , every η0 ∈ Rwith |η0|Λ ≤ ρη , and
all dr, ds, dt ∈ L∞ with ‖dr‖ ≤ δr, ‖ds‖ ≤ δs, ‖dt‖ ≤ δt, the maximal
solution (p, o, v, ω, η) of the closed-loop system (6) with an initial value
(p0, o0, v0, ω0, η0) at the initial time t0 satisfies

Ψr(p(t))− y∗ ≤ (21a)

max {β (max{Ψr(p0)− y∗, 0}, ε (t− t0)) , (21b)

γr(‖dr‖) + γs(‖ds‖) + γt(‖dt‖)}+ νp(ε), (21c)

|v(t)| ≤ |v0| e− 1
ε

k
m (t−t0) + νv ε, (21d)

|ω(t)− ω∗| ≤ |ω0 − ω∗| e− κ
J

(t−t0) +
1

κ
‖dr‖, (21e)

| η(t)|Λ ≤ |η0|Λ e−εh (t−t0) + ‖ds‖+ νη(ε) (21f)

for every t ≥ t0.
The proof of Theorem 1 in the Appendix will reveal that the function

β in (21c) is the same as in Lemma 1 and that the functions γr, γs, γt in
(21c) originate from the function γ in Lemma 1. Therefore, one may say
that certain robustness and stability properties of the averaged gradient
system (15) carry over to the approximating closed-loop system (6).
Since ψ and Ψr are analytically unknown, we cannot compute the
functions β, γr, γs, γt and the bounds δr, δs, δt explicitly; we can only
prove their existence. However, as a general rule, one can say that good
robustness and stability properties can be expected if the averaged signal
function has a strong gradient vector field. An increase in the sensor
distance r can be helpful to strengthen the gradient of the averaged
signal function in the presence of local extrema.

V. NUMERICAL TEST

We test the proposed method for the case that the measured signal
function ψ is given by

ψ(p) = −5 e−|p|2/6 − 1

2
e−4(|p|2−22)2 , (22)

where | · | is the Euclidean norm on R
2. The graph of this radially

symmetric function is indicated in Fig. 2. One can see that ψ attains
its global minimum value at the origin, but there is also a circular set
of local minimizers with distance ≈2 to the origin. If we would use a
method that steers the unicycle into the negative gradient direction of
ψ, then the circular set of local minimizers would be an insurmountable
barrier. In this case, an initial position with a distance>2 to the origin,
would only lead to convergence into the circular set of local minimizers,
but not to convergence toward the source at the origin. The proposed
control law (3), (4) has the ability to pass through the blocking set
of local minimizers because it steers the unicycle into the negative
gradient direction of the averaged signal function Ψr in (13). Note that
Ψr depends on the distance r > 0 of the sensor to the center of the

Fig. 2. Graphs of the sensed signal function ψ (blue) given by (22) and
the averaged signal function Ψr defined in (13) for sensor distances
r = 0.1 (orange) and r = 0.2 (green) to the vehicle center. To allow a
visual comparison with Fig. 3, the functions are shown for arguments
p = (p1, p2) ∈ R2 with p1 ∈ [−4, 0] and p2 = 0.

Fig. 3. Trajectory of the unicycle’s center position p for two different
distances r of the sensor to p. In each of the simulations, the initial
position is the point (−4, 0) and the source is at the origin. The choice
of colors is the same as in Fig. 2.

vehicle. For this reason, the shape of Ψr depends on the distance r.
The larger r, the larger is the area of averaging in (13). It is natural to
expect that the circular set of local minima ofψ is eliminated if the area
of averaging is sufficiently large. This is exactly what we can observe in
Fig. 2. For r = 0.1, the averaging effect leads to a less distinct circular
set of local minima but the averaging effect is too weak to eliminate
the local minimizers completely. For r = 0.2, the area of averaging is
large enough and the corresponding averaged signal function only has
one minimizer at the origin. Thus, we expect that the unicycle cannot
pass through the circular set of local minima of ψ for small values
of the control parameter ε if r = 0.1. On the other hand, Theorem 1
guarantees convergence of the position into a small neighborhood of
the origin for sufficiently small values of the control parameter ε if
r = 0.2.

To generate numerical data, we set all constants, except for r, equal
to 1, and we choose the control parameter ε equal to 0.1. The simulation
results in Fig. 3 indicate the position of the unicycle under control law
(3), (4) with the initial conditions p(0) = (−4, 0), o(0) = (1, 0), and
v(0) = ω(0) = η(0) = 0. One can observe in Fig. 3 that the unicycle
gets stuck in the circular set of local minima if the distance r of the
sensor to the vehicle center is equal to 0.1. If r is increased to 0.2, then,
as expected in the previous paragraph, the unicycle reaches the source at
the origin. Figs. 4 and 5 also show the translational acceleration and the
translational velocity for the sensor distance distance r = 0.2. One can
see in Fig. 5 that the translational velocity has a positive average. This
can be explained as follows. Since our control law steers the unicycle
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Fig. 4. Translational acceleration t �→ v̇(t) for r = 0.2.

Fig. 5. Translational velocity t �→ v(t) for r = 0.2.

toward a minimum of the signal function, the sensed signal value ŷ(t)
decreases and the high-pass filter state η(t) follows slowly. This implies
that the difference −λ(ŷ(t)− η(t)) in (3a) is, on average, positive,
which in turn causes a translational velocity with a positive average.
One can also observe in Fig. 5 that the average value is close to zero for
time parameters between 200 and 250. In this time interval, the unicycle
is close to the set of local minima of the signal function and therefore
the gradient of the averaged signal function is very weak.

APPENDIX

PROOF OF THEOREM 1

The proof of Theorem 1 consists of the following two steps. In
the first step, we perform a first-order averaging transformation as,
e.g., in Section 9.1 of the textbook [2] to prove that the position
variable in (6a) of the closed-loop system approximates the solutions
of the averaged system (12) with decreasing parameter ε > 0. This
approximation property is made precise in Proposition 1 below. In the
second step, we use Proposition 1 to prove the asserted robustness and
stability properties of the closed-loop system. Recall from Section III
that the averaged system (12) is the negative gradient system (15) for
the averaged signal function. Moreover, if Assumption 1 is satisfied,
then the negative gradient system has the robustness and stability
properties in Lemma 1. Using the approximation property from the
first step, we then show that the robustness and stability properties of
the averaged system carry over to the approximating closed-loop system
if the parameter ε > 0 is sufficiently small. The rather technical proof
of robustness and stability for the closed-loop system is split up into a
sequence of auxiliary results (Lemmas 2–4).

As explained above, we first prove the following approximation
result for the position of the unicycle.

Proposition 1: LetK be a compact subset ofM and let δr, δs, δt > 0.
Then there exist cr, cs, ct, c1, c2, ε0 > 0 such that, for every ε ∈ (0, ε0),
all dr, ds, dt ∈ L∞ with ‖dr‖ ≤ δr, ‖ds‖ ≤ δs, ‖dt‖ ≤ δt, every solution
x = (p, o, v, ω, η) : I →M of (6), and all t1, t3 ∈ I with t1 < t3, the

following implication holds: If x(t) ∈ K for every t ∈ [t1, t3], then
there exists an absolutely continuous map d̄ : [t1, t3] → R

2 such that

|d̄(t)| ≤ cr ‖dr‖+ cs ‖ds‖+ ct ‖dt‖ (23)

for every t ∈ [t1, t3] and

∣∣∣∣p(t2)− p(t1)−
∫ t2

t1

(
−ε λ r

2 k
Ḡr(p(t)) + ε d̄(t)

)
dt

∣∣∣∣ (24a)

≤ ε c1 + ε2 c2 |t2 − t1| (24b)

for every t2 ∈ [t1, t3].
Proof: Choose sufficiently large ρp, ρv, ρω, ρη > 1 such that

|p| ≤ ρp − 1 |v| ≤ ρv − 1, |ω − ω∗| ≤ ρω , |η| ≤ ρη for every
(p, o, v, ω, η) ∈ K. Let K̃ be the compact set of (p̃, õ, ṽ, Ω̃, η̃) in M
with p̃ ∈ ρpD̄, õ ∈ S, |ṽ| ≤ ρv , |ω̃| ≤ ρω , |η̃| ≤ ρη . Recall that the
maps G̃r and Ḡr are defined in (9) and (11), respectively. For every
t ∈ R, every õ ∈ S, and every η̃ ∈ R, define a vector fieldH[t, õ, η̃] on
R

2 by

H[t, õ, η̃](p̃) := −λ r

2 k

∫ t

0

(
G̃r(s, p̃, õ, η̃)− Ḡr(p̃)

)
ds.

Because of (10) and the (2π/ω∗)-periodicity of G̃r in the first argument,
also t �→ H[t, õ, η̃](p̃) is (2π/ω∗)-periodic. Let (τ, p̃) �→ Φ

H[t,õ,η̃]
τ (p̃)

denote the flow of H[t, õ, η̃]. Then, there is a sufficiently small
ε0 > 0 such that |ΦH[t,õ,η̃]

−ε (p)| ≤ ρp and ε λ
k
|ψ(p+ rõ)− η̃| ≤ 1 for

every ε ∈ [0, ε0], every p ∈ (ρp − 1)D̄, every õ ∈ S, and every η̃ ∈
[−ρη, ρη]. Furthermore, for every ε ∈ (0, ε0), all dr, ds, dt ∈ L∞, and
every solution x = (p, o, v, ω, η) : I →M of (6), the following impli-
cation holds: If x(t) ∈ K for every t ∈ I , then a well-defined curve
x̃ = (p̃, õ, ṽ, ω̃, η̃) : I →M with values in K̃ is defined by

p̃(t) := Φ
H[t,õ(t),η̃(t)]
−ε (p(t)), (25a)

õ(t) := exp(−ω∗ tR) o(t), (25b)

ṽ(t) := v(t) + ε
λ

k
(ψ(p(t) + r o(t))− η(t)) , (25c)

ω̃(t) := ω(t)− ω∗, (25d)

η̃(t) := η(t). (25e)

Note that (25) is almost the same change of variables as (7), except
for the additional transformation in (25a), which will allow us to
prove the asserted approximation of (12). Some lengthy computa-
tions using known rules for the derivatives of flows (see, e.g., Exer-
cise E9.4 and Proposition 3.85 in [2]) lead to the result that there exist
smooth maps A,B : [0, ε0]× R× K̃ → R

2 and C,D : [0, ε0]× R×
K̃ × R

3 → R, which are (2π)/ω∗-periodic in the second argument,
such that, for every ε ∈ (0, ε0), every d = (dr, ds, dt) ∈ L3

∞, and every
solution x = (p, o, v, ω, η) : I →M of (6), the following implication
holds. If x(t) ∈ K for every t ∈ I , then the components p̃, ṽ, ω̃ of
x̃ = (p̃, õ, ṽ, ω̃, η̃) : I →M defined by (25) satisfy the differential
equations

˙̃p(t) = −ε λ r

2 k
Ḡr(p̃(t)) + ṽ(t)A(ε, t, x̃(t))

+ ε ω̃(t)B(ε, t, x̃(t)) + ε2 C(ε, t, x̃(t), d(t)),

˙̃v(t) = −1

ε

k

m
ṽ(t)− λ

m
ds(t) +

1

m
dt(t) + εD(ε, t, x̃(t), d(t)),

˙̃ω(t) = −κ
J
ω̃(t) +

1

J
dr(t).
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Since A, B, C, D, and (ε, t, p, õ, η̃) �→ Φ
H[t,õ,η̃]
−ε (p) are smooth

and periodic in the second argument, there exist sufficiently large
cA, cB , cC , cD, cH > 0 such that

|A(ε, t, x̃)| ≤ cA, |B(ε, t, x̃)| ≤ cB , |C(ε, t, x̃, d)| ≤ cC ,

|D(ε, t, x̃, d)| ≤ cD, |p− Φ
H[t,õ,η̃]
−ε (p)| ≤ ε cH

for every ε ∈ [0, ε0], every t ∈ R, every p ∈ (ρp − 1)D̄, every x̃ =
(p̃, õ, ṽ, ω̃, η̃) ∈ K̃, and every d = (dr, ds, dt) ∈ R

3 with |dr| ≤ δr,
|ds| ≤ δs, |dt| ≤ δt. Moreover, since Ḡr is smooth, there is a Lipschitz
constant LG for Ḡr on ρpD̄. Finally, set

cr :=
1

κ
cB , cs :=

λ

k
cA, ct :=

1

k
cA,

c1 :=
m

k
ρv cA +

J

κ
ρω cB + 2 cH ,

c2 :=
m

k
cA cD + cC +

λ r

2 k
LG cH .

Next, we indicate that the asserted implication in Proposition 1 holds
for above choice of cr, cs, ct, c1, c2, ε0.

Fix an arbitrary ε ∈ (0, ε0), arbitrary dr, ds, dt ∈ L∞ with ‖dr‖ ≤ δr,
‖ds‖ ≤ δs, ‖dt‖ ≤ δt, an arbitrary solutionx = (p, o, v, ω, η) : I →M
of (6), and arbitrary t1, t3 ∈ I with t1 < t3. Assume that x(t) ∈ K
for every t ∈ [t1, t3]. Define x̃ = (p̃, õ, ṽ, ω̃, η̃) : [t1, t3] →M by (25).
Then an absolutely continuous map d̄ : [t1, t3] → R

2 is defined by

d̄(t) :=

∫ t

t1

dr(s)
1

J
e−

κ
J

(t−s) dsB(ε, t, x̃(t))

+

∫ t

t1

(−λ ds(s) + dt(s))
1

ε

1

m
e−

1
ε

k
m (t−s) dsA(ε, t, x̃(t)).

It is obvious that d̄ satisfies (23) for every t ∈ [t1, t3]. Moreover, using
the variation of constants formula to compute ṽ and ω̃, one can verify
that (24) is satisfied for every t2 ∈ [t1, t3]. �

Now we are ready to prove Theorem 1. We will use the approximation
result, Proposition 1, to show that asymptotic stability for the averaged
gradient system (15) implies practical asymptotic stability for the
approximating closed-loop system (6). From now on, we suppose that
Assumption 1 is satisfied with y∗ and y0 as therein. Then, there exist
U , y′0, β, γ, and δ as in Lemma 1. Following the notation in Theorem
1, we let Λ denote the set of ψ(p+ r o) with p in the y0-sublevel set
of Ψr and o ∈ S. Let ρv , ρω , ρη be positive real numbers. We have to
show the existence of class-K functions γr, γs, γt, νp, νη and positive
constants ε0, δr, δs, δt, νv as in Theorem 1.

Let C0 be the compact set of p ∈ P with Ψr(p) ≤ y0. Let C be
the compact set of p ∈ U with Ψr(p) ≤ y′0. Let Λ′ be the compact
set of ψ(p+ ro) with p ∈ C and o ∈ S. Let K0 be the compact set
of (p0, o0, v0,Ω0, η0) in M with p0 ∈ C0, o0 ∈ S, |v0| ≤ ρv , |ω0 −
ω∗| ≤ ρω , |η0|Λ ≤ ρη . LetK be the compact set of (p, o, v,Ω, η) inM
wit p ∈ C, o ∈ S, |v| ≤ ρv + 1, |ω − ω∗| ≤ ρω + 1, |η|Λ′ ≤ ρη + 1.
Using the variation of constants formula for the linear subsystems (6c),
(6d), (6e), (6f) one can easily verify the following statement.

Lemma 2: There exist ε0, δr, δs, δt, νv > 0 such that, for every ε ∈
(0, ε0), all t0, t1 ∈ R with t0 ≤ t1, every x0 = (p0, o0, v0, ω0, η0) in
K0 and all dr, ds, dt ∈ L∞ with ‖dr‖ ≤ δr, ‖ds‖ ≤ δs, ‖dt‖ ≤ δt, the
maximal solution x = (p, o, v, ω, η) : I →M of (6) with x(t0) = x0
satisfies the following implication: If [t0, t1] ⊂ I and if p(t) ∈ C for
every t ∈ [t0, t1], then x(t) ∈ K for every t ∈ [t0, t1] and the estimates
(21d), (21e) hold for every t ∈ [t0, t1].

For the rest of the proof of Theorem 1, select ε0, δr, δs, δt, νv
as in Lemma 2. After possibly reducing ε0 > 0, we can also select

cr, cs, ct, c1, c2 > 0 as in Proposition 1. Recall that γ and δ are given
by Lemma 1. Since both ψ and Ψr are analytically unknown, we
cannot compute γ and δ explicitly; we only know about their existence.
Equation (12) in [23] implies the existence of class-K functionsγr, γs, γt

such that

γ(cr|dr|+ cs|ds|+ ct|dt|) ≤ γr(|dr|) + γs(|ds|) + γt(|dt|)
for all dr, ds, dt ∈ R. After possibly reducing δr, δs, δt > 0, we can
ensure that crδr + csδs + ctδt ≤ δ and that

γr(δr) + γs(δs) + γt(δt) ≤ 1

3
min{y0 − y∗, y′0 − y0}.

Since Ψr is smooth, there exist Lipschitz constants LΨ and LG for Ψr

and Ḡr on the compact subsetC of P . After possibly reducing ε0 > 0,
we can ensure that Tε := 1

ε
log(log 1

ε
) is a well-defined positive real

number for every ε ∈ (0, ε0). Using the definition of Tε, one can verify
that there exists a function νp of class K such that

max
{
LΨ

(
εc1 + ε2 c2 Tε

)
eε

λr
2˜k LG Tε , β(y0 − y∗, ε Tε)

}

≤ 1

3
νp(ε)

for every ε ∈ (0, ε0). After possibly reducing ε0 > 0, we ensure
νp(ε) ≤ min{y′0 − y0, y0 − y∗}/2 for every ε ∈ (0, ε0).

Lemma 3: Let ε ∈ (0, ε0), let t0, t1 ∈ R with t0 ≤ t1, let x0 ∈ K0,
let dr, ds, dt ∈ L∞ with ‖dr‖ ≤ δr, ‖ds‖ ≤ δs, ‖dt‖ ≤ δt, and let x =
(p, o, v, ω, η) : I →M be the maximal solution of the closed-loop
system (6) with x(t0) = x0. Assume that [t0, t1] ⊂ I , that x(t) ∈ K
for every t ∈ [t0, t1], and that p(t1) ∈ C0. Then [t1, t1 + Tε] ⊂ I and
x(t2) ∈ K and

Ψ(p(t2))− y∗ ≤ max {β (max{Ψr(p(t1))− y∗, 0} ,

ε (t2 − t1)) , γr(‖dr‖) + γs(‖ds‖) + γt(‖dt‖)}+ 1

3
νp(ε)

for every t2 ∈ [t1, t1 + Tε].
Proof: Let t3 be the largest element of [t1, t1 + Tε]with [t1, t3] ⊂ I

and p(t) ∈ C for every t ∈ [t1, t3]. Then, we obtain from Lemma 2
that x(t) ∈ K for every t ∈ [t1, t3]. Proposition 1 states that there is
an absolutely continuous map d̄ : [t1, t3] → R

2 as therein. Let p̄ be the
maximal solution of (15) with p̄(t1) = p(t1). By Lemma 1 and (23),
we have

Ψ(p̄(t2))− y∗ ≤ max {β (max{Ψr(p(t1))− y∗, 0} ,
ε (t2 − t1)) , γr(‖dr‖) + γs(‖ds‖) + γt(‖dt‖)}

for every t2 ∈ [t1, t3]. On the other hand, estimate (24) and the Gron-
wall inequality in integral form lead to

LΨ |p(t2)− p̄(t2)| ≤ LΨ

(
εc1 + ε2 c2 Tε

)
eε

λr
2˜k LG Tε ≤ 1

3
νp(ε)

for every t2 ∈ [t1, t3]. Together, this implies that the asserted estimate
is true for every t2 ∈ [t1, t3]. In particular, we obtain that p(t2) is an
element of the interior of C for every t2 ∈ [t1, t3] and therefore t3 =
t1 + Tε. �

Next, one can apply Lemma 3 repeatedly on time intervals of length
Tε. A simple proof by induction leads to the following result.

Lemma 4: Let ε ∈ (0, ε0), let t0 ∈ R, let x0 = (p0, o0, v0, ω0, η0)
inK0, let dr, ds, dt ∈ L∞ with ‖dr‖ ≤ δr, ‖ds‖ ≤ δs, ‖dt‖ ≤ δt, and let
x = (p, o, v, ω, η) : I →M be the maximal solution of the closed-loop
system (6) with x(t0) = x0. Then [t0,∞) ⊂ I , x(t) ∈ K for every
t ≥ t0, and estimates (21a), (21b), (21c) hold for every t ≥ t0.
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It follows from the continuity of ψ and Ψr , and from the definition
of Λ that there exists a function νη of class K such that

ψ(p+ ro) ≤ maxΛ + νη(ε)

for every ε ∈ (0, ε0), everyp ∈ U withΨr(p) ≤ y0 + νp(ε), and every
o ∈ S. To complete the proof of Theorem 1, let ε ∈ (0, ε0), let t0 ∈
R, let x0 = (p0, o0, v0, ω0, η0) in K0, let dr, ds, dt ∈ L∞ with ‖dr‖ ≤
δr, ‖ds‖ ≤ δs, ‖dt‖ ≤ δt, and let x = (p, o, v, ω, η) : I →M be the
maximal solution of the closed-loop system (6) with x(t0) = x0. Then,
by Lemma 4, [t0,∞) ⊂ I , x(t) ∈ K for every t ≥ t0, and estimate
(21a), (21b), (21c) holds for every t ≥ t0. Now we may apply Lemma
2 and obtain that estimates (21d), (21e) hold for every t ≥ t0. Finally,
it follows from estimates (21a), (21b), (21c), the choice of νη , and the
variation of constants formula that also estimate (21f) is satisfied for
every t ≥ t0. This completes the proof of Theorem 1.
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[5] H.-B. Dürr, M. Krstić, A. Scheinker, and C. Ebenbauer, “Extremum
seeking for dynamic maps using lie brackets and singular perturbations,”
Automatica, vol. 83, pp. 91–99, 2017.
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[29] Y. Tan, D. Nešić, and I. Mareels, “On non-local stability properties of
extremum seeking control,” Automatica, vol. 42, pp. 889–903, 2006.
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