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Nonlocal Nonholonomic Source Seeking Despite Local Extrema

Raik Suttner

Abstract—In this article, we investigate the problem of source
seeking with a unicycle in the presence of local extrema. Our study
is motivated by the fact that most of the existing source-seeking
methods follow the gradient direction of the signal function and
thus only lead to local convergence into a neighborhood of the
nearest local extremum. So far, only a few studies present ideas
on how to overcome local extrema in order to reach a global ex-
tremum. None of them apply to second-order (force- and torque-
actuated) nonholonomic vehicles. We consider what is possibly
the simplest conceivable algorithm for such vehicles, which em-
ploys a constant torque and a translational/surge force in propor-
tion to an approximately differentiated measured signal. We show
that the algorithm steers the unicycle through local extrema toward
a global extremum. In contrast to previous extremum-seeking stud-
ies, we do not approximate the gradient of the objective function
but the gradient of a certain local spatial average of the objective
function. Such a spatially averaged objective function is expected
to have fewer critical points than the original objective function.
Under suitable assumptions on the averaged objective function
and on sufficiently strong translational damping, we show that
the control law achieves practical uniform asymptotic stability and
robustness to sufficiently weak measurement noise and distur-
bances to the force and torque inputs.

Index Terms—Averaging, mechanical systems, nonholonomic
unicycle, source seeking.

I. INTRODUCTION

The problem of source seeking arises when an autonomous agent
has to locate a point where an unknown scalar signal attains an extreme
value. For instance, the autonomous agent could be a wheeled robot or
adrone, and the unknown scalar signal could be given by the strength of
an electromagnetic field or the concentration of a chemical substance.
It is assumed that the agent is equipped with a suitable sensor so that it
can measure the signal at its current position. The spatial distribution
of the signal is unknown. Moreover, the agent can neither determine
its own position or orientation with respect to a reference frame nor
can it store data to compare measurement results at different time
instances. Only real-time measurements of the signal values can be
used for a feedback law. For many real-world signals, it is reasonable
to expect that the signal attains an unknown global extreme value at
some unknown point, called the source. In this sense, source seeking
can be seen as a global optimization problem. Here, we follow the usual
convention in optimization and focus (without loss of generality) on
minimization.
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Over the past two decades, many different source-seeking methods
for various agent models have been proposed. This includes methods
for single-integrator points [6], [24], velocity-actuated unicycles in the
plane [5], [13], and velocity-actuated nonholonomic models in 3-D
space [4], [14]. However, velocity actuation considers only vehicle
kinematics. Wheeled robots and drones are mechanical systems with in-
ertia, and, therefore, second-order dynamic models, actuated by forces
and torques, are more realistic descriptions than first-order kinematic
models actuated by velocities. There exist source-seeking methods for
double-integrator points [16], [35], force- and torque-controlled slider
models [21], [26], and force- and torque-controlled unicycles [25]. In
the present article, we focus on the latter model. The unicycle has
two inputs—a force to control the translational motion and a torque
to control the rotational motion.

As indicated above, the objective of source seeking is, ideally, global
optimization. That is, the goal is to find the point where the unknown
signal attains its global minimum value; under the tacit assumption that
such a point exists and is unique. We also assume that the signal is
given by a sufficiently smooth real-valued function, which then plays
the role of an objective function. Many of the existing source-seeking
methods steer the agent approximately in the negative gradient direction
of the objective function. This approach works very well as long as
the objective function has no other critical points besides the global
minimum. Otherwise, it can happen that the agent gets stuck in an
undesired configuration. In general, a gradient-based algorithm only
leads to convergence toward the set of critical points but not to the global
minimum. The same problem also occurs in the context of extremum-
seeking control for general nonlinear systems. So far, relatively little
is known about systematic procedures to overcome undesired local
extrema. The intention of the present article is to offer a partial solution,
at least for the particular problem of source seeking with a dynamic
unicycle.

Survey of literature: Global extremum seeking in the presence of
local extrema is certainly a very difficult problem. Many papers, such
as [1], [18], and [31], address this topic only in terms of qualitative
discussions and simulation studies. Quantitative statements about the
ability of a method to overcome local extrema are rather difficult
to derive. There are, however, some attempts to provide sufficient
conditions under which a method can pass through a local extremum;
for instance, in [29] and [30] for a steady-state input—output map of
one variable. The proposed method in [29] and [30] employs a periodic
perturbation signal with a tunable amplitude. Under suitable assump-
tions, it is shown in [29] and [30] that if the amplitude is sufficiently
large, then the input can pass through local extrema of the input—output
function. In the present article, we will interpret this behavior in terms
of the gradient of an averaged input—output function. Such an averaged
input—output function is expected to have fewer local extrema than
the original input-output function. The control law from [29] and
[30] is extended in [33] to solve a nonconvex social cost optimization
problem by a network of agents. In this context, we also mention the
perturbation-based extremum-seeking methods for open-loop unstable
kinematic systems in [27] and [32]. The investigations in [27] and [32]
lead to a similar interpretation as for the method in [29] and [30]. It is
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conjectured in [27] and [32] that the employed periodic perturbation
signals give approximate access to the gradient of an averaged objective
function. However, the investigations in [27] and [32] do not reveal
explicitly how the suspected averaged objective function is related to
the original objective function. A completely different approach to
global optimization is taken in [7] and [8] in the form of multiunit
extremum-seeking for 1-D and 2-D single-integrator points. However,
an implementation of the method in [7] and [8] requires that the
objective function be measured at different positions at the same time.
The methods in [12] and [17] take advantage of the fact that some known
discrete-time derivative-free algorithms from numerical optimization,
such as the Piyavskii—Shubert algorithm [19], [22], have the ability to
find the global minimum of a function (within a prescribed compact set).
Using a zero-order hold, one can apply these discrete-time algorithms to
a continuous-time system for the purpose of global extremum-seeking
(under the assumption of a suitable steady-state input—output behavior
of the underlying control system). Finally, we note that none of the
above methods is suitable for source seeking with a dynamic unicycle
in the presence of local extrema.

Underlying idea: The results in the abovementioned papers [27],
[29], [30], and [32], suggest that oscillations of the sensor with suf-
ficiently large amplitudes could be beneficial for our goal of source
seeking in the presence of local extrema, because these oscillations
might give access to an averaged signal function with fewer undesired
critical points than the original signal function. To generate a suitable
oscillatory motion, we demand that the sensor be attached to the
unicycle at a point with a distance r from the center of the vehicle;
the position of the vehicle center is denoted by p. Such a displaced
sensor was first proposed in [3], and then also used in [10] and [20],
for the kinematic unicycle model, but these papers do not address the
problem of source seeking in the presence of local extrema. If the sensor
is mounted in the described way, then a rotational motion of the unicycle
results in a circular motion of the sensor. Note that a circular motion
of the sensor requires that the translational velocity is slow compared
to rotational velocity. For this reason, we demand sufficiently strong
linear damping of the translational velocity. A suitable design of our
feedback law leads to an integration of the measured values of the signal
function v along the trajectory of the sensor. After one full rotation of
the unicycle, we get the integral of 1) over the circle with radius r
centered at p. In this situation, we can apply the divergence theorem
(a consequence of Stokes’ theorem) to write the integral over the circle
in terms of an integral over the disk. The latter integral leads us to
the definition of the averaged signal function ¥,. at p, namely as the
integral of ) over the disk of radius 7 centered at p. Such an application
of the divergence theorem is also used in some studies on nonsmooth
optimization to obtain a smoothed objective function; see, e.g., [9], [11],
and [15]. If the sensor distance r is sufficiently large, then one can expect
that the averaged signal function ¥,. has fewer undesired critical points
than the original signal function ¢. Moreover, a global minimum of
W, is expected to be close to the global minimum of ¢. Consequently,
the function W, is better suited for global minimization by gradient
descent than 1. We will show that the unicycle under the proposed
control law follows approximately the negative gradient direction of
W,.. As aresult, we can expect that the vehicle center converges into a
small neighborhood of the source.

Novelties/Contributions: Since our method only requires a uniform
rotation of the unicycle with moderate rotational velocity, it is rather
easy to implement and also less energy consuming than many other
source-seeking methods with large-amplitude high-frequency inputs,
such as in [3], [6], and [34], which generate an oscillatory motion
in the unicycle. However, this goes along with the disadvantage that
the speed of convergence of our method is rather slow. In contrast to

1
_(p 2 _ (cosf
pP= (pg) eR , 0= (sinG) GS,

pt =v cosf, p?=wvsinb, 9:0.1,
1
- _ (p 41 cosb 5
o ps—p+ro—(p2+rsin9) R=.

Fig. 1. Notation used in the model of vehicle sensor and center dy-
namics. The position of the sensor is denoted by ps.

many other studies on source seeking, our theoretical analysis takes
L -input disturbances and L.,-measurement errors into account. This
proves that our approach guarantees a certain degree of robustness with
respect to sufficiently weak disturbances. As indicated in the previous
paragraph, we can provide a simple formula for the averaged signal
function. Our main stability result only involves assumptions about the
averaged signal function. Those assumptions can be satisfied even if the
original signal function has undesired local minima. Under these mild
assumptions, we prove practical uniform asymptotic stability for the
closed-loop system in the presence of sufficiently weak disturbances.
The proof of our stability result involves a suitable first-order averaging
analysis for the closed-loop system. The averaging analysis reveals that
the position of the unicycle is driven approximately into the negative
gradient direction of the averaged signal function if a certain control
parameter is sufficiently small. The quality of the approximation im-
proves with a shrinking parameter. This in turn leads to the effect that the
robustness and stability properties of the gradient system carry over to
the approximating closed-loop system for sufficiently small parameter
values. Convergence to the global minimum in the presence of local
minima is illustrated by means of a numerical example.

Il. PROBLEM STATEMENT AND CONTROL LAW

In the first step, we introduce the dynamic equations for a second-
order unicycle. The unicycle is a mechanical system with body mass
m > 0 and moment of inertia J > 0. The configuration of the unicycle
at time ¢ € R is given by its current position p(t) € R? and its current
orientation o(t) € S, where S is the unit circle centered at the origin
(see Fig. 1). We use the variables v(¢) € R and w(t) € R to describe
the translational and rotational velocity, respectively. Let k and s be
arbitrary positive real constants to describe the impact of linear velocity-
dependent damping. Finally, the letter R denotes the (2 x 2)-rotation
matrix for counter-clockwise rotation by angle 7/2. Then Ro(t) is a
tangent vector to S at o(t). We consider the second-order unicycle model

p(t) = v(t)o(t), (1a)
o(t) = w(t) Ro(t), (1b)
mo(t) = fgv(t)Jrut(t)ert(t), (10)
Jw(t) = —rw(t) + u(t) + di(2), (1d)

where u,, u, are real-valued inputs and d,d; € L, are input
disturbances. Here, L., denotes the space of essentially bounded
and measurable real-valued functions on the real line. The essential
supremum norm on L, is denoted by || - ||. In some texts, e.g., in [2],
the dynamic unicycle model (1) is called rolling disk model.

In the vehicle model (1), we assume the existence of linear velocity-
dependent damping. The presence of dissipation prevents an unbounded
increase in the total energy. (Source seeking in the absence of dissipation
is studied in [28].) The constants k /e and & in (1c), (1d) represent the
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translational and rotational damping coefficients, respectively, where €
is a parameter that is small relative to k, x. Thus, we assume that the
vehicle has been designed to exhibit higher damping in translation than
in rotation, i.e., to promote rotation over translation. This is crucial to
our control design and analysis.

We assume that the unicycle is equipped with a suitable sensor so
that it can measure the value of an unknown scalar signal. The signal is
assumed to be given by a smooth real-valued function 1) on R?. We do
not assume that v is analytically known. In particular, the gradient of ¥
is an unknown quantity. The proposed method requires that the sensor
is noncollocated with the center of the vehicle. To make it precise, we
assume that the sensor is mounted at the point p(t) + ro(t) with fixed
distance r > 0 from the vehicle center p(¢) into the direction o(t) of
the current alignment. Then, a rotational motion of the unicycle results
in a circular motion of the sensor. This way, the sensor can explore
the unknown signal in a neighborhood of the current position of the
vehicle center. A suitable design of our feedback law will allow us to
extract gradient information from the circular motion of the sensor. A
measurement of 1 at the current sensor position p(t) + ro(t) € R? at
time ¢ € R results in the real value

y(t) = p(p(t) + 7 o(t)) + di(1), 2)

where the function d; € L, describes disturbances in the signal mea-
surements. One may view (2) as the noise-corrupted output of the
unicycle system. We are interested in an output feedback law that
asymptotically stabilizes the unicycle at positions where ¢ attains a
minimum value. The diagram in Fig. 1 depicts the position, heading,
angular, and forward velocities for the center and sensor.

We propose the control law

w(t) == (y(t) — (),

u(t) = 7,

(3a)
(3b)
where A and 7, are arbitrary positive constants and the high-pass filter

n(t) =eh (y(t) —n(t)) 4)

with filter input y and filter output § — n removes the dc bias in (2),
where h is a positive constant. The inclusion of ¢ into the filter gain € h,
which is inversely proportional to the translational damping coefficient
k /e, does not mean that the value of the translational damping is known
but only that the damping’s order of magnitude is known. Setting the
filter’s pole in inverse proportion to translational damping slows the
filter relative to the rate of rotation induced by the constant torque 7,
and low rotational damping —x w(t) in (1d). The rotational velocity
w(t) converges into a small neighborhood of

w, i=T./k>0 ®)

if the magnitude ||d,|| of the input disturbance d, € L, in (1d) is
sufficiently small.

For what follows, we summarize the closed-loop system by substi-
tuting (3), (4) into (1), (2) to get the system:

B(E) = o(0)oft), (60)
o) = w(t) Rolt), (6b)
mo(t) = % () +ro(®) ~ () - ko) (60
— ady(t) + di(t), (6d)

Talt) =~ (w(t) — w.) + (1), (60)
n(t) = —ehn(t) +eh(p(t) + ro(t)) + e hd(t) (6f)

on the state manifold M :=R? x S x R x R x R.

Ill. AVERAGING

In this section, we will see that the closed-loop system (6) approxi-
mates the behavior of a certain averaged system if the positive control
parameter ¢ is sufficiently small. For the sake of brevity and clarity,
several technical details are omitted here. The reader is referred to the
Appendix for a more precise averaging analysis.

A. Averaging of the Rotational Motion

To reveal the impact of the rotational motion with rotational velocity
wy, we carry out the change of variables

) =p(2). (7a)
o(t) = exp (—w* ER) o (g) ; (7b)
s =v(Z) ey (v (D) +r0(2)-n(2)). oo
w(T)=w (g) — wy, (7d)
i(r) =n (g) ; (7e)

where exp : R?*2 — R2*2 is the matrix exponential function. If the
control parameter £ > 0 is small, then, in the new time scale 7, the
unicycle is rotating fast while its position is varying slowly. This means
that the sensor performs a fast circular motion around the current po-
sition of the unicycle. A direct computation shows that the closed-loop
system (6) in the variables (7) can be equivalently written as

#r) =~ 57 G (Z.(r), ), () 3
+ % 5(r) exp (w* g R) 5(7), (8b)

6(r) = 2 () i), (80
mitr) = - ko) +Q (L,50) + 2 d () (50)
—1 (3+ah7m) i (D) +er(Z3m). o

Jé(r) :—ww(r)jtéd,(g), (8f)
ii(r) = ~hi(r) + hd, () (82
+ b (5(r) + 7 exp (w. T R) 3(7)) (8h)

R2 x S x R is defined by

2
Gr(t7p7 0, 77) = ; (1/’(17 +r eXp(w*t R)O) - 77) exp(w*t R)O7 (9)

and Q(t,-), R(t,-) are certain smooth real-valued functions on the
state manifold M which are (27 /w,)-periodic in ¢. If the disturbances
d;, ds, and d, are sufficiently weak, then the transformed velocities ¥
and @ in (8d), (8e), and (8f) converge fast into small neighborhoods
of the origin. After short transients of v and @, the position p, the
transformed orientation 0, and the high-pass filter 7 in (8a), (8b), (8c),
(8g), and (8h) can be shown to be moderately time-varying compared to
the strongly varying periodic rotation 7 + exp(w, T R) withrotational
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velocity w, /e. In this situation, it is reasonable to expect that the impact
of the high-frequency vector field on the right-hand side of (8a) is
approximately the same as its time average. One can easily check that,
forallfixed p € R2,6 € S,and7j € R, theaverage of t — G..(t, B, 6, 77)
is given by

27

W, [ o _
5 / G (t,p,0,7) dt = G..(D), (10)
™ Jo
where the vector field G, on R? is defined by
- 1 1
Go(p)i= = [ 205+ 0)0dis(o) (an
™ Js T

and Ag denotes the standard volume measure on S. Recall that (7a) is
just a change in the time scale. Thus, our vague averaging argument
indicates that, for sufficiently weak disturbances d,, ds, and d;, and for
a sufficiently small value of the control parameter € > 0, the solutions
of (6a) approximate the solutions of a system of the form

L G, (p(1)) + e d(t),

—aﬁ (12)

p(t) =
where the “disturbance” ¢ — d(t) € R? originates from the contribu-
tion of (8b) in the original time scale ¢. A precise approximation result
is given by Proposition 1 in the Appendix. In the next subsection, we
will see that the averaged (12) is a disturbed negative gradient system
of an averaged signal function.

B. Averaged Signal Function

The vector field G, in (11) is crucial for our objective of source
seeking in the presence of undesired local minima. Let P be an arbitrary
nonempty open subset of R?; for instance, P = R?. For every positive
real number r, define a real-valued function W,. on P by

()= 1 [ o+ ra) dista), (13)
where D is the closed unit disc centered at the origin and A5 denotes
the standard volume measure on ID. The value of ¥,. at p € P is the
average of v over the disk of radius r centered at the point p. In the
limit » — 0, the averaged function ¥,. converges locally uniformly to
1 on P. In the following, the positive real number r is the distance of
the sensor from the center of the unicycle. Note that the definition of
W, involves an integral over the closed unit disc D, while the definition
of G, involves an integral over the boundary of D, where o € S is an
outward-pointing unit vector. An application of the divergence theorem
(also known as Gauss’s theorem or Ostrogradsky’s theorem) leads to

G(p) = VT, (p) (14)

for every p € P. Thus, on P, the averaged (12) can be written as the
gradient system

. % VU, (B(t)) + £ d(t).

One can expect that the averaged signal function ¥, has fewer unde-
sired critical points than the original signal function . In this sense,
assumptions on W, are weaker than assumptions on . On the other
hand, the shape of the function ¥,. does not only depend on ¢ but also on
the distance r. For this reason, any assumption on W,. is an assumption
on both v and r. Moreover, in the context of source seeking, the signal
function 1) is an unknown quantity. For this reason, the user is unable
to check in advance whether 1) has undesired local extrema. Thus, the
user can neither check conditions on ¢ nor conditions on ¥,. prior to
an implementation of the method. In practice, assumptions on v are as

p(t) = 15)

difficult to verify as assumptions on U,.. We suppose that the averaged
signal function ¥,. : P — R in (13) has the following property.

Assumption 1: There existreal numbers y, and yo with y. < yo such
that the yo-sublevel set of W,. is compact and such that the gradient of
W,. is nonzero at every point p of P with y, < ¥,.(p) < yo.

In Assumption 1, the yo-sublevel set of W, will act as a set of
admissible initial positions and the y.-sublevel set represents a set of
target positions. If Assumption 1 is satisfied, then the gradient system
(15) has the following robust asymptotic stability property.

Lemma 1: Suppose that Assumption 1 is satisfied with y, and y, as
therein. Then, there exists an open neighborhood U of the y-sublevel
set of W,. in P, a real number y;, > yo, a function 3 of class L with
B(s,0) = s forevery s > 0, afunction +y of class I, and a positive real
number ¢ such that the y(-sublevel set of the restriction of ¥,. to U is
compact and such that, for every tg € R, every po € U with ¥,.(pg) <
yp. every d € L2 with ||d|| < 4, and every € > 0, the maximal solution
p of (15) with initial value py at initial time ¢, satisfies

U, (p(t) —y. <
max {3 (max{¥, (o) — v.,0},e (t —t0)) ,v(||dl]) }

for every t > tg.

The existence of 5 € KL and v € K in Lemma 1 follows from a
similar reasoning as in the proof of [23, Th. 1]. In particular, one can
interpret the property described by inequality (16) as a weak form of
input-to-state stability with respect to sufficiently weak disturbances.

We end this section by establishing a direct link between the method
in this article and the approach in [29] and [30] for steady-state ex-
tremum seeking in the presence of local extrema.

Remark 1: 1t is possible to interpret the approach in [29] and [30]
in terms of an averaged objective function. The averaged “reduced
system” in [29] and [30] is a scalar system of the form

da_

0(t) =~ 9.(0(1)).

where a and ¢ are positive control parameters, the 1-D vector field
Jo : R — R is defined by

(16a)
(16b)

an

Ga(0) = 1 /0 " é (6 + a sin(r)) sin(r) dr

™

(18)

and ¢ : R — R is a smooth steady-state input—output function. Substi-
tution and integration by parts lead to

Ga(0) = V@, (0), (19)

where the averaged steady-state input—output function ¢, : R — R is
defined by
_ 9 _
D, (0) = ;/ V1= 5260+ as)ds. (20)
-1

This means that the averaged “reduced system” is driven into the
negative gradient direction of an averaged steady-state input—output
function. If the parameter a is sufficiently large, then one can expect
that @, has fewer undesired critical points than ¢. The control parameter
a in [29] and [30] corresponds to the sensor distance r in our article.
We emphasize that this interpretation of the averaged “reduced system”
does not appear in [29] and [30].

IV. MAIN RESULT

As indicated in Section III, if the positive control parameter ¢ is
sufficiently small, then the position of the source seeking unicycle (1),
(2) under control law (3), (4) follows approximately the solutions of
the gradient system (15) for the averaged signal function ¥,. : P — R
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in (13). Moreover, under mild assumptions on W,., the gradient system
has the robust asymptotic stability property in Lemma 1. This in turn
will allow us to conclude a robust practical stability property of the
approximating closed-loop system for sufficiently small € > 0. First,
we introduce the following notation. For every real number 7 and every
nonempty set A of real numbers, let |7|, denote the distance of 77 to A;
i.e., the infimum of all | — 7| with 77 € A.

Theorem 1: Suppose that Assumption 1 is satisfied with y, and y as
therein. Let A be the setof 1) (p + 7 0) with pin the yo-sublevel set of U,
and o € S. Let p,,, pu, py be positive real numbers. Then, there exists
a function 3 of class L with 3(s,0) = s for every s > 0, there exist
functions v, ¥s, Vi> Vp» Vy Of class C, and there exist positive constants
€0s Ors O, 01, 1, such that, for every € € (0, e¢), every o € R, every py
in the yo-sublevel setof W,., every oy € S, every vy € Rwith |vg| < py,
every wy € Rwith |wy — w,| < p,,,everyng € Rwith |ng|a < p,,and
all d,, ds, d; € L, with ||d,]| < 0y, ||ds|| < 6, ||di]] < &, the maximal
solution (p, 0, v, w, ) of the closed-loop system (6) with an initial value
(po, 00, Vo, wo, No) at the initial time ¢, satisfies

\I/T(p(t)) — Y. < (21a)
max {8 (max{, (po) — g, 0}, (£ — o)) , (21b)
A (Idel) + w(ldel) + %)} + vp(e),  @le)
[o(t)] < |vo| e % 7 (10 4y e, 21d)
Jw(t) — ] < fuo — &5 ¢ 4 L gy, @le)

K
| (®)la < Inola e =0 4 1dy] + vy e) @if)

for every t > t.

The proof of Theorem 1 in the Appendix will reveal that the function
[Bin (21c¢) is the same as in Lemma 1 and that the functions ~;, s, 7, in
(21c) originate from the function y in Lemma 1. Therefore, one may say
that certain robustness and stability properties of the averaged gradient
system (15) carry over to the approximating closed-loop system (6).
Since 1 and V¥, are analytically unknown, we cannot compute the
functions 3, ;, s, Y and the bounds &, Js, &, explicitly; we can only
prove their existence. However, as a general rule, one can say that good
robustness and stability properties can be expected if the averaged signal
function has a strong gradient vector field. An increase in the sensor
distance r can be helpful to strengthen the gradient of the averaged
signal function in the presence of local extrema.

V. NUMERICAL TEST

We test the proposed method for the case that the measured signal
function ) is given by
o % e4(nP-2)? 22)
where | - | is the Euclidean norm on R2. The graph of this radially
symmetric function is indicated in Fig. 2. One can see that 1) attains
its global minimum value at the origin, but there is also a circular set
of local minimizers with distance ~ 2 to the origin. If we would use a
method that steers the unicycle into the negative gradient direction of
1), then the circular set of local minimizers would be an insurmountable
barrier. In this case, an initial position with a distance > 2 to the origin,
would only lead to convergence into the circular set of local minimizers,
but not to convergence toward the source at the origin. The proposed
control law (3), (4) has the ability to pass through the blocking set
of local minimizers because it steers the unicycle into the negative
gradient direction of the averaged signal function W,. in (13). Note that
V,. depends on the distance r > 0 of the sensor to the center of the
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Fig. 2. Graphs of the sensed signal function v/ (blue) given by (22) and

the averaged signal function ¥,. defined in (13) for sensor distances
r = 0.1 (orange) and » = 0.2 (green) to the vehicle center. To allow a
visual comparison with Fig. 3, the functions are shown for arguments
p = (p',p?) € R? with p! € [~4,0] and p? = 0.
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Fig. 3. Trajectory of the unicycle’s center position p for two different

distances r of the sensor to p. In each of the simulations, the initial
position is the point (—4,0) and the source is at the origin. The choice
of colors is the same as in Fig. 2.

vehicle. For this reason, the shape of W, depends on the distance r.
The larger r, the larger is the area of averaging in (13). It is natural to
expect that the circular set of local minima of 1) is eliminated if the area
of averaging is sufficiently large. This is exactly what we can observe in
Fig. 2. For r = 0.1, the averaging effect leads to a less distinct circular
set of local minima but the averaging effect is too weak to eliminate
the local minimizers completely. For » = 0.2, the area of averaging is
large enough and the corresponding averaged signal function only has
one minimizer at the origin. Thus, we expect that the unicycle cannot
pass through the circular set of local minima of ¢ for small values
of the control parameter ¢ if » = 0.1. On the other hand, Theorem 1
guarantees convergence of the position into a small neighborhood of
the origin for sufficiently small values of the control parameter ¢ if
r=0.2.

To generate numerical data, we set all constants, except for r, equal
to 1, and we choose the control parameter € equal to 0.1. The simulation
results in Fig. 3 indicate the position of the unicycle under control law
(3), (4) with the initial conditions p(0) = (—4,0), o(0) = (1,0), and
v(0) = w(0) = n(0) = 0. One can observe in Fig. 3 that the unicycle
gets stuck in the circular set of local minima if the distance r of the
sensor to the vehicle center is equal to 0.1. If r is increased to 0.2, then,
as expected in the previous paragraph, the unicycle reaches the source at
the origin. Figs. 4 and 5 also show the translational acceleration and the
translational velocity for the sensor distance distance r» = 0.2. One can
see in Fig. 5 that the translational velocity has a positive average. This
can be explained as follows. Since our control law steers the unicycle
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i ] following implication holds: If z(t) € K for every ¢ € [t,t3], then
0.4 F0(t) ] there exists an absolutely continuous map d : [t1, t3] — R? such that
‘ ] d()] < e [|de]| + e llds]l + e || (23)
0.2 F ]
E ] for every t € [t1, 3] and
0.1 1 ]
' ] t2 AT~ -
00 i)~ pte) [ (e 5rGu ) +ed) af s
[ t1
—01 :\ 1 i} 1 1
0 100 200 300 400 500 Sectelerlts — ] (24b)
Fig. 4. Translational acceleration ¢ — ©(t) for r = 0.2. for every to € [t1,t3].
Proof: Choose sufficiently large pyp, po, pu,py > 1 such that
| Pl <pp—1 [ <pe—1, [w—wl<pu |n<p, for every
0.10 F v(t) ] (p,0,v,w,m) € K. Let K be the compact set of (p, 6,7, $2,7) in M
0.08 | ‘ ] with p € ppD, 6 €S, || < py, |&] < pu, 7] < py,. Recall that the
’ i ] maps G,. and G,. are defined in (9) and (11), respectively. For every
0.06 ] t € R,every o € S, and every 7 € R, define a vector field H|[¢t, 6, 7] on
0.04 ] R? by
0.02 : it
U T ~ U N
0.00 HIt6,0)5) =~ 57 [ (Grls,5.6,7) = Go(B) ) d.
—0.02 & 1 | \ ) 0
0 100 200 300 400 500 Because of (10) and the (27 /w, )-periodicity of G, in the first argument,
RTINS . _ H[t,6,7] [~
Fig. 5. Translational velocity ¢ — v(t) for r = 0.2. also t — H[t, 6,7](p) is (27 /w.)-periodic. Let (1, p) — &~ o) (P)

toward a minimum of the signal function, the sensed signal value §(¢)
decreases and the high-pass filter state 77(¢) follows slowly. This implies
that the difference —A(5(¢) — n(t)) in (3a) is, on average, positive,
which in turn causes a translational velocity with a positive average.
One can also observe in Fig. 5 that the average value is close to zero for
time parameters between 200 and 250. In this time interval, the unicycle
is close to the set of local minima of the signal function and therefore
the gradient of the averaged signal function is very weak.

APPENDIX
PROOF OF THEOREM 1

The proof of Theorem 1 consists of the following two steps. In
the first step, we perform a first-order averaging transformation as,
e.g., in Section 9.1 of the textbook [2] to prove that the position
variable in (6a) of the closed-loop system approximates the solutions
of the averaged system (12) with decreasing parameter € > 0. This
approximation property is made precise in Proposition 1 below. In the
second step, we use Proposition 1 to prove the asserted robustness and
stability properties of the closed-loop system. Recall from Section III
that the averaged system (12) is the negative gradient system (15) for
the averaged signal function. Moreover, if Assumption 1 is satisfied,
then the negative gradient system has the robustness and stability
properties in Lemma 1. Using the approximation property from the
first step, we then show that the robustness and stability properties of
the averaged system carry over to the approximating closed-loop system
if the parameter € > 0 is sufficiently small. The rather technical proof
of robustness and stability for the closed-loop system is split up into a
sequence of auxiliary results (Lemmas 2—4).

As explained above, we first prove the following approximation
result for the position of the unicycle.

Proposition 1: Let K be acompact subset of M and let d,, o5, §, > 0.
Then there exist ¢;, ¢, ¢, ¢1, C2, €9 > 0 such that, forevery e € (0, &),
alld,, dg, d, € Ly, with ||d;|| < 6y, ||ds]] < I, ||di|| < Iy, every solution
x = (p,0,v,w,n) : I — M of (6), and all t1,t3 € I witht; < t3, the

denote the flow of HIt,d,7]. Then, there is a sufficiently small
€o > 0 such that \@ﬂt’a”ﬂ (p)| < pp and 4|1 (p + ro) — 7| < 1 for
every ¢ € [0,e0], every p € (p, — 1)D, every 6 € S, and every 7j €
[—py, py]. Furthermore, for every € € (0,¢), all d;, d;, d; € Lo, and
every solution z = (p, 0,v,w,n) : I — M of (6), the following impli-
cation holds: If z(¢) € K for every t € I, then a well-defined curve

B(t) = oI O (p(py), (252)
o(t) :== exp(—w.t R) o(t), (25b)
B(0) = vlt) + e 7 0 +ro®) — (D), (250)
@(t) :=w(t) — ws, (25d)
7i(t) = n(t). (25¢)

Note that (25) is almost the same change of variables as (7), except
for the additional transformation in (25a), which will allow us to
prove the asserted approximation of (12). Some lengthy computa-
tions using known rules for the derivatives of flows (see, e.g., Exer-
cise E9.4 and Proposition 3.85 in [2]) lead to the result that there exist
smooth maps A, B : [0,69] x R x K — R?and C, D : [0,¢0] x R x
K x R® — R, which are (27)/w,-periodic in the second argument,
such that, for every € € (0,¢¢), every d = (dy, ds, d;) € L2, and every
solution z = (p, 0, v,w,n) : I — M of (6), the following implication
holds. If x(t) € K for every t € I, then the components p, v, of
Z=(p,0,0,0,7) : I — M defined by (25) satisfy the differential
equations

Blt) = —¢ 57 Go(B() + 3(0) Ale, 1, 5(0))

+e@(t) Ble,t,#(t)) + €2 Cle, t, 2(t), d(t)),
§(t) = % %f)(t) ~ 2 At + 2 d() + £ De, 1, (1), d(b)),
50 =~ % at) + < dlt)
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Since A, B, C, D, and (e,t,p,0,7) — ‘1)515[15,5,77] (p) are smooth
and periodic in the second argument, there exist sufficiently large
CcA,CB,Cc,Cp,cy > 0 such that

|A(€7t7§3)‘ < ca, ‘B(&,t,i‘” < cg, |C(€7t753’d)‘ < cc,

|D(e,t,&,d)| < cp, |p— @O (p)| <ecy

—€

for every € € [0, o], every t € R, every p € (p, — 1)D, every & =

|ds| < 0, |d,| < &. Moreover, since G, is smooth, there is a Lipschitz
constant L¢ for G- on p,D. Finally, set

1 A 1
C = ;CB, Cs 1= %CA, C = %CA,

m J
(S 7pch+*pch+ch7
k K

m AT
€2 = - CACD +co + ﬁLGcH.
Next, we indicate that the asserted implication in Proposition 1 holds
for above choice of ¢, ¢, ¢, ¢1, ¢a, €¢.
Fix an arbitrary € € (0, ¢), arbitrary d;, ds, d; € Lo, with ||d;|| < 6,
lds|| < s, ||di|| < 6, anarbitrary solutionx = (p,0,v,w,n) : [ — M
of (6), and arbitrary ¢, t3 € I with t; < t3. Assume that z(t) € K

Then an absolutely continuous map d : [t;,t3] — R? is defined by

t
d(t) := / dr(s)%e’?(t’s)dsB(s,t,i(t))
t1
¢ 11 L1k (tg) ~
+/ (—=rd(s) +di(s)) SeE 2 ds A(e, t, Z(t)).

ty

It is obvious that d satisfies (23) for every ¢ € [t1, t3]. Moreover, using
the variation of constants formula to compute ¥ and @, one can verify
that (24) is satisfied for every t5 € [t1, t3]. |

Now we are ready to prove Theorem 1. We will use the approximation
result, Proposition 1, to show that asymptotic stability for the averaged
gradient system (15) implies practical asymptotic stability for the
approximating closed-loop system (6). From now on, we suppose that
Assumption 1 is satisfied with y, and y, as therein. Then, there exist
U, yi, B, 7, and ¢ as in Lemma 1. Following the notation in Theorem
1, we let A denote the set of ¢)(p + r 0) with p in the yo-sublevel set
of ¥, and o € S. Let p,, p.;, py be positive real numbers. We have to
show the existence of class-KC functions ¥, s, Y, Vp, V5, and positive
constants gg, o, s, O, ,, as in Theorem 1.

Let Cy be the compact set of p € P with ¥,.(p) < yo. Let C be
the compact set of p € U with ¥,.(p) < y;. Let A’ be the compact
set of ¥(p + 7o) with p € C and o € S. Let K, be the compact set
of (po, 00, V0, Q0,10) in M with pg € Co, 00 €S, |vo| < po, [wo —
wi| < pu, Mola < py. Let K be the compact set of (p, 0, v, 2, ) in M
witpe C,o0€S, [v] <py+1, lw—w <po+1, |na <p,+1.
Using the variation of constants formula for the linear subsystems (6¢),
(6d), (6e), (6f) one can easily verify the following statement.

Lemma 2: There exist ¢, d;, ds, ¢, v, > 0 such that, for every € €
(0,e0), all tg,t; € R with tg < ¢y, every 29 = (po, 00, Vo, Wo, Mo) i
Ky and all d,, ds,d, € L, with ||d;|| < 6, ||ds]| < 6, ||di]] < &, the
maximal solution z = (p, 0,v,w,n) : I — M of (6) with z(to) = g
satisfies the following implication: If [t,¢;] C I and if p(t) € C for
every t € [to,t1],thenz(t) € K foreveryt € [to, t1] and the estimates
(21d), (21e) hold for every t € [to, t1].

For the rest of the proof of Theorem 1, select g, &;, Js, O, Vs
as in Lemma 2. After possibly reducing £, > 0, we can also select

¢, Cs, Gy €1, C2 > 0 as in Proposition 1. Recall that v and ¢ are given
by Lemma 1. Since both ¢ and W, are analytically unknown, we
cannot compute y and ¢ explicitly; we only know about their existence.
Equation (12) in [23]implies the existence of class-AC functions yr, s, 1
such that

Y(elde] + eslds| + eildi]) < yelldel) + s (lds]) + 7llh])

for all d,,d;,d, € R. After possibly reducing 9, ds,d; > 0, we can
ensure that ¢.6; + ¢,ds + ¢d, < 0 and that

1 . ,
FYr((Sr) + ’73(55) + 71(51) < g mln{yo Y Yo — Z/o}~

Since W,. is smooth, there exist Lipschitz constants Ly and L for W,
and G, on the compact subset C of P. After possibly reducing ¢ > 0,
we can ensure that 7% := 1 log(log 1) is a well-defined positive real
number for every £ € (0, €g). Using the definition of T}, one can verify
that there exists a function v, of class K such that

max {Lw (ecr + €2y T.) e #F 10T By, — y*,sTa)}

< 21,(0)

for every e € (0,eg9). After possibly reducing o > 0, we ensure
vp(e) < min{y( — yo, Yo — ys }/2 forevery € € (0,¢&).

Lemma 3: Lete € (0,eq), lettg, t; € Rwithtg < ¢, letxg € Ko,
let dy, ds,d; € Lo, with ||d;]] < 6y, ||ds]] < ds, ||dy]| < b¢, and let x =
(p,0,v,w,n) : I — M be the maximal solution of the closed-loop
system (6) with z(tg) = (. Assume that [t, 1] C I, that z(t) € K
for every ¢ € [to,t1], and that p(¢;) € Cy. Then [t1,¢ + T.] C I and
z(t2) € K and

V(p(t2)) — y. < max {8 (max{V¥,(p(t1)) — y.,0} ,

e (t2 = t1)) s %elldell) + ¥ (lldsll) + %Clldil)} + él/p(f-r)

for every to € [t1,t1 + T%].

Proof: Letts be the largest element of [t1, 1 + 1] with [tq,t3] C I
and p(t) € C for every ¢t € [tq,t3]. Then, we obtain from Lemma 2
that z(t) € K for every t € [ty,t3]. Proposition 1 states that there is
an absolutely continuous map d: [t1,t3] — R2 as therein. Let p be the
maximal solution of (15) with p(¢;) = p(¢1). By Lemma 1 and (23),
we have

(p(t2)) — y» < max {5 (max{¥,(p(t)) - y.,0} ,
e (t2 = t1)) s Wllldel]) + o (lldsll) + 7 (lldl)}

for every t5 € [t1,t3]. On the other hand, estimate (24) and the Gron-
wall inequality in integral form lead to

A 1
Ly |p(t2) = p(t2)| < Ly (ecy + €% ex Te) ef TR EeTe < gl/p(E)

for every to € [t1,t3]. Together, this implies that the asserted estimate
is true for every to € [t1, t3]. In particular, we obtain that p(¢2) is an
element of the interior of C for every to € [t1, 3] and therefore t3 =
tl + Te~ .

Next, one can apply Lemma 3 repeatedly on time intervals of length
T.. A simple proof by induction leads to the following result.

Lemma 4: Lete € (0,e9), lettg € R, let xg = (po, 00, Vo, Wo, No)
in Ko, letd;, d, d € Loc with ||di[| < 6. [|ds|| < 6, [|di| < 61, and let
z = (p,0,v,w,n) : I — M be the maximal solution of the closed-loop
system (6) with z(tg) = xo. Then [tg,00) C I, z(t) € K for every
t > to, and estimates (21a), (21b), (21c) hold for every t > .
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It follows from the continuity of ¢) and W,., and from the definition
of A that there exists a function v,, of class K such that

P(p +ro) < max A+ v,(e)

foreverye € (0,eq),everyp € U with U,.(p) < yo + v,,(¢), and every
o € S. To complete the proof of Theorem 1, let £ € (0, &), let ¢ €
R, let xo = (po, 00, Vo, Wo, Mo ) in Ko, let d;, ds, d, € L, with ||d,|| <
O, ||ds]| < 6, ||di]] < 6., and let © = (p,0,v,w,n) : I — M be the
maximal solution of the closed-loop system (6) with 2 (tg) = x¢. Then,
by Lemma 4, [to,00) C I, z(t) € K for every t > to, and estimate
(21a), (21b), (21c¢) holds for every ¢t > to. Now we may apply Lemma
2 and obtain that estimates (21d), (21e) hold for every ¢ > t,. Finally,
it follows from estimates (21a), (21b), (21c), the choice of v,), and the
variation of constants formula that also estimate (21f) is satisfied for
every t > to. This completes the proof of Theorem 1.

REFERENCES

[1] D. Bhattacharjee and K. Subbarao, “Extremum seeking control with
attenuated steady-state oscillations,” Automatica, vol. 125, 2021,
Art. no. 109432.

[2] F Bullo and A. D. Lewis, Geometric Control of Mechanical Systems,
volume 49 of Texts in Applied Mathematics. New York, NY, USA: Springer,
2005.

[3] J. Cochran and M. Krsti¢, “Nonholonomic source seeking with tuning of
angular velocity,” IEEE Trans. Autom. Control, vol. 54, no. 4, 717-731,
Apr. 2009.

[4] J. Cochran, A. Siranosian, N. Ghods, and M. Krsti¢, “3D source seeking
for underactuated vehicles without position measurement,” /EEE Trans.
Robot., vol. 25, no. 1, pp. 117-129, Feb. 2009.

[5] H.-B. Diirr, M. Krsti¢, A. Scheinker, and C. Ebenbauer, “Extremum
seeking for dynamic maps using lie brackets and singular perturbations,”
Automatica, vol. 83, pp. 91-99, 2017.

[6] H.-B. Diirr, M. S. Stankovi¢, and K. H. Johansson, “A lie bracket approxi-
mation for extremum seeking vehicles,” in Proc. 18th IFAC World Congr.,
2011, pp. 11393-11398.

[7] F. Esmaeil-Zadeh-Azar, M. Perrier, and B. Srinivasan, “Global optimiza-
tion of two-input systems using multi-unit adaptation,” in Proc. 9th I[FAC
Symp. Dyn. Control Process Syst., 2010, pp. 751-756.

[8] F.Esmaeil-Zadeh-Azar, M. Perrier, and B. Srinivasan, “A global optimiza-
tion method based on multi-unit extremum-seeking for scalar nonlinear
systems,” Comput. Chem. Eng., vol. 35, no. 3, pp. 456-463, 2011.

[9] A.D.Flaxman, A. T. Kalai, and H. B. McMahan, “Online convex optimiza-

tion in the bandit setting: Gradient descent without a gradient,” in Proc.

16th Annu. ACM-SIAM Symp. Discrete Algorithms, 2005, pp. 385-394.

N. Ghods and M. Krsti¢, “Speed regulation in steering-based source

seeking,” Automatica, vol. 46, no. 2, pp. 452-459, 2010.

A. M. Gupal, “A method for the minimization of almost-differentiable

functions,” Cybernetics, vol. 13, pp. 115-117, 1977.

S. Z. Khong, D. Nesi¢, C. Manzie, and Y. Tan, “Unified frameworks for

sampled-data extremum seeking control: Global optimisation and multi-

unit systems,” Automatica, vol. 49, no. 9, pp. 2720-2733, 2013.

S.-J. Liu and M. Kirsti¢, “Stochastic source seeking for nonholonomic

unicycle,” Automatica, vol. 46, no. 9, pp. 1443-1453, 2010.

A.S.Matveev, M. C. Hoy, and A. V. Savkin, “3D environmental extremum

seeking navigation of a nonholonomic mobile robot,” Automatica, vol. 50,

no. 7, pp. 1802-1815, 2014.

[10]
[11]
[12]

[13]

[14]

[15] D. Q. Mayne and E. Polak, “Nondifferential optimization via adaptive
smoothing,” J. Optim. Theory Appl., vol. 43, no. 4, pp. 601-613, 1984.
S. Michalowsky and C. Ebenbauer, “The multidimensional n-th order
heavy ball method and its application to extremum seeking,” in Proc.
IEEE 53rd Conf. Decis. Control, 2014, pp. 2660-2666.

D. Nesi¢, T. Nguyen, Y. Tan, and C. Manzie, “A non-gradient approach
to global extremum seeking: An adaption of the Shubert algorithm,”
Automatica, vol. 49, no. 3, pp. 809-815, 2013.

D. Nesié, Y. Tan, and 1. Mareels, “On the choice of dither in extremum
seeking systems: A case study,” in Proc. IEEE 45th Conf. Decis. Control,
2006, pp. 2789-2794.

S. A. Piyavskii, “An algorithm for finding the absolute extremum of a
function,” USSR Comput. Math. Math. Phys., vol. 12, no. 4, pp. 57-67,
1972.

A. Raisch and M. Krsti¢, “Overshoot-free steering-based source seeking,”
IEEE Trans. Control Syst. Technol., vol. 25, no. 3, pp. 818-827, May 2017.
A. Scheinker, “Extremum seeking for force and torque actuated systems,”
in Proc. IEEE 57th Conf. Decis. Control, 2018, pp. 7107-7111.

B. O. Shubert, “A sequential method seeking the global maximum of a
function,” SIAM J. Numer. Anal., vol. 9, no. 3, pp. 379-388, 1972.

E. D. Sontag, “Smooth stabilization implies coprime factorization,” IEEE
Trans. Autom. Control, vol. 34, no. 4, pp. 435-443, Apr. 1989.

M. S. Stankovi¢ and D. M. Stipanovi¢, “Discrete time extremum seeking
by autonomous vehicles in a stochastic environment,” in Proc. IEEE 48th
Conf. Decis. Control, 2009, pp. 4541-4546.

R. Suttner, “Extremum seeking control for an acceleration controlled
unicycle,” in Proc. 11th IFAC Symp. Nonlinear Control Syst., 2019,
pp. 676-681.

R. Suttner, “Extremum seeking control for a class of mechanical systems,”
IEEE Trans. Autom. Control, vol. 68, no. 2, pp. 1200-1207, Feb. 2023.
R. Suttner and S. Dashkovskiy, “Robustness and averaging properties
of a large-amplitude, high-frequency extremum seeking control scheme,”
Automatica, vol. 136, 2022, Art. no. 110020.

R. Suttner and M. Krsti¢, “Extremum seeking control for fully actuated
mechanical systems on lie groups in the absence of dissipation,” Automat-
ica, vol. 152, 2023, Art. no. 110945.

Y. Tan, D. Nesi¢, and 1. Mareels, “On non-local stability properties of
extremum seeking control,” Automatica, vol. 42, pp. 889-903, 2006.

Y. Tan, D. Nesi¢, I. M. Y. Mareels, and A. Astolfi, “On global ex-
tremum seeking in the presence of local extrema,” Automatica, vol. 45,
pp. 245-251, 2009.

L. Wang, S. Chen, and K. Ma, “On stability and application of extremum
seeking control without steady-state oscillation,” Automatica, vol. 68,
pp. 18-26, 2016.

S. Wildhagen, S. Michalowsky, J. Feiling, and C. Ebenbauer, “Charac-
terizing the learning dynamics in extremum seeking: The role of gradient
averaging and non-convexity,” in Proc. IEEE 57th Conf. Decis. Control,
2018, pp. 21-26.

M. Ye, G. Wen, S. Xu, and F. L. Lewis, “Global social cost minimiza-
tion with possibly nonconvex objective functions: An extremum seeking-
based approach,” IEEE Trans. Syst., Man, Cybern. Syst., vol. 51, no. 12,
pp. 7413-7422, Dec. 2021.

C. Zhang, D. Arnold, N. Ghods, A. Siranosian, and M. Krsti¢, “Source
seeking with non-holonomic unicycle without position measurement and
with tuning of forward velocity,” Syst. Control Lett., vol. 56, pp. 245-252,
2007.

C. Zhang, A. Siranosian, and M. Krsti¢, “Extremum seeking for moder-
ately unstable systems and for autonomous vehicle target tracking without
position measurements,” Automatica, vol. 43, no. 10, pp. 1832-1839,
2007.

[16]

[17]

[18]

[19]

[20]
[21]
[22]
[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

Authorized licensed use limited to: Miroslav Krstic. Downloaded on March 30,2024 at 04:57:34 UTC from IEEE Xplore. Restrictions apply.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


