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ON DISTURBANCE-TO-STATE ADAPTIVE STABILIZATION
WITHOUT PARAMETER BOUND BY NONLINEAR FEEDBACK OF
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Abstract. We complete the first step toward the resolution of several decades-old challenges in
disturbance-robust adaptive control. For a scalar system with an unknown parameter for which no a
priori bound is given, with a disturbance that is of unlimited magnitude and possibly persistent (not
square integrable), and without a persistence of excitation necessarily verified by the state, we con-
sider the problems of (practical) gain assignment relative to the disturbance. We provide a solution
to these heretofore unsolved feedback design problems with the aid of infinite-dimensional nonlinear
feedback employing distributed delay of the state and input itself. Specifically, in addition to (0) the
global boundedness of the infinite-dimensional state of the closed-loop system when the disturbance
is present, we establish (1) practical input-to-output stability with assignable asymptotic gain from
the disturbance to the plant state; (2) assignable exponential convergence rate; and (3) assignable
radius of the residual set. The accompanying identifier in our adaptive controller guarantees (4)
boundedness of the parameter estimate even when disturbances are present; (5) an ultimate estima-
tion error which is proportional to the magnitude of the disturbance with assignable gain when there
exists sufficient excitation of the state; and (6) exact parameter estimation in finite time when the
disturbance is absent and there is sufficient excitation. Among our results, one reveals a trade-off
between “learning capacity” and “disturbance robustness”: the less sensitive the identifier is to the
disturbance, the less likely it is to learn the parameter.
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1. Introduction. The use of delays in feedback control of finite-dimensional,
continuous-time control systems is an idea that was proposed many years ago in
control theory. The idea appears in the book [23] and has been exploited by many
researchers: for instance, in [2], [10], [11] it is shown that the intentional use of delays
to a delay-free system can guarantee properties that cannot be guaranteed by delay-
free designs. More recently, in [14], [15] it was shown that the use of delays in adaptive
control can ensure features that cannot be guaranteed by delay-free adaptive control.

However, the adaptive control schemes in [14], [15] contain delays but are of a hy-
brid nature (note the event-triggered character of the adaptive controller in [14], [15]).
Thus, the question of robustness with respect to the modeling errors arises for the
resulting closed-loop systems. Simulations in [14], [15] showed strong robustness with
respect to various uncertainties, but our efforts to provide theoretical guarantees did
not succeed. This, of course, is consistent with the difficulty of achieving robustness
in nonlinear closed loops under adaptive control and the inherent limitations hidden
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therein: see the relevant discussions in [8], [9], [17], [20], [22], [28] as well as the lim-
itations for robustness that appear in discrete-time systems under adaptive control
in [3] (but see also the review paper [4] and references therein). In the supervisory
framework of direct adaptive control, practical stability in the presence of external
disturbances for a plant belonging to known bounded sets has been studied in [6], [7],
[21]. In the present paper no known bound on the plant parameter is assumed.

This is the first paper that proposes the intentional use of delays in a conven-
tional (nonhybrid) fashion for adaptive control. The proposed adaptive feedback law
makes the closed loop a neutral delay system. Neutral functional differential equa-
tions have been studied extensively [1], [5], [13], [18], [19], [23], [25], [27]. We study
the robustness properties of the closed-loop system when modeling errors are present
and make assumptions of neither a priori bounds for the unknown parameters (so
that no projection scheme can be applied), nor of a priori bounds on the modeling
error (so that no dead zone modification can be applied). Due to the difficulty of
the performed study and the novel character of the proposed feedback, as in [3], [4],
we focus on a scalar system. However, even for the scalar linear case the required
analysis is quite demanding: the closed-loop system is a neutral delay system not in
Hale’s form and standard results for neutral delay systems in Hale’s form (see [5], [13],
[25], [27]) cannot be used. The reader should notice the difference with the recent
work [24]: in [24] the authors apply robust control schemes (leakage) to a system with
discrete delays, while here we have a delay-free open-loop system where we apply a
novel adaptive scheme with delays.

The present work shows that the intentional use of delays in adaptive control can
guarantee features that cannot be guaranteed by existing control schemes. We show
practical input-to-output stability (IOS; see [29], [12]) for the closed-loop system with
respect to the disturbance with assignable asymptotic gain, assignable exponential
convergence rate, and assignable radius of the residual set. Moreover, we guarantee
that the state of the closed-loop system remains bounded when the disturbance is
present, in addition to having the property of uniform practical global asymptotic
stability with exponential and assignable convergence rate in the absence of distur-
bance. Let us notice here the difference between the proposed adaptive controller
and the other conventional nonlinear adaptive controllers proposed in the literature.
First, some adaptive control schemes do not guarantee that the state of the closed-loop
system is bounded when the disturbance is present. Second, some adaptive schemes
guarantee that the state of the closed-loop system is bounded when a disturbance
of unknown bound is present [8], [9], [22], [28] (e.g., the o-modification and other
leakage schemes), but the radius of the residual set for the output is neither known
nor assignable.

The adaptive feedback law is accompanied by a hybrid identifier, which only
provides estimates not used for feedback (and consequently the identifier does not
affect the closed-loop system). The identifier guarantees

(i) exact parameter estimation in finite time when the disturbance is absent and

there is sufficient excitation,

(ii) boundness of the parameter estimate even when disturbances are present,

(iii) an ultimate estimation error which is proportional to the magnitude of the

disturbance with an assignable gain when there exists sufficient excitation of
the state.
These features cannot be provided by other identifiers in the literature.

The evident novelty of the proposed adaptive feedback law is accompanied by a

novel stability analysis of the closed-loop system which combines Lyapunov arguments
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and a small-gain analysis (see the proof of Theorem 2 below) in Sobolev spaces.
Since we could not find existence/uniqueness results for neutral delay systems not in
Hale’s form with measurable disturbances, we also prove existence/uniqueness (see
Theorem 1 below).

The structure of the paper is as follows. All the main results are stated and
discussed in section 2. Sections 3 and 4 of the paper are devoted to the proofs of all
the main results and auxillary results. The concluding remarks of the present work
are provided in section 5.

Notation. Throughout this paper, we adopt the following notation.

* Ry =[0,+00) denotes the set of nonnegative real numbers. Z is the set of integers
and N is the set of natural numbers (including zero). For z € Ry, [x] denotes the
smallest integer that is greater than or equal to =z, i.e., [m] =min{s € Z : s > z}.
We use the notation (z)* for the positive part of the real number z € R, i.e., (x)" =
max{z,0}.

*x Let D CR™ be an open set and let S C R™ be a set that satisfies D C .S C cl(D),
where cl(D) is the closure of D. By C°(S ; Q), we denote the class of continuous
functions on S, which take values in Q C R™. By C*(S ; Q), where k > 1 is an
integer, we denote the class of functions on S C R", which take values in Q C R™ and
have continuous derivatives of order k. In other words, the functions of class C*(S;Q)
are the functions which have continuous derivatives of order k in D =int(S) that can
be continued continuously to all points in 9D N'.S. When Q = R then we write CY(S)
or CF(S).

*x Let I C R be an interval with nonempty interior. For every a > 1, L*(I) denotes
the set of equivalence classes of Lebesque measurable functions f : I — R for which

[flla = (f;|f(2)]*dz)"/* < 400. L>(I) denotes the set of equivalence classes of
Lebesgue measurable functlons f:1— R with Hf|| = ess sup,cs (|f(2)]) < 4o0.
The scalar product in L2(I) is denoted by (f,g) f 7 x)dx. For every a > 1,

Whe(I) denotes the set of absolutely continuous functlons f I — Rwith f, f/ € Lo(I).
We use the notation H'(I) for the space W12(I).

* Let r >0, a <b<+oco and u: [a — r,b] = R™ be given. We use the notation u; to
denote the history at certain t € [a,b), i.e., (us)(s) =u(t + s) for all s € [—r,0].

2. Main results. Consider the scalar system

&(t) = 0x(t) + u(t) + d(t),
(2.1) z,u,d €R,
where 6 € R is a constant unknown parameter. We assume that d € L*(Ry) is a

disturbance that is not measured. It is evident from (2.1) that for every r > 0 the
following identity is valid for ¢ > r:

22(t) — 2 (t —7) — 2<xt,ut> = 29“3&”3 + 2<(Et, dt>.
Here and in what follows all functions xy,u, d; are considered to be defined on [—7, 0]

and consequently, we have <xt7dt> = fi) x(t+ s)d(t + s)ds, {xy,u;) = f_o x(t+ s)u(t +

s)ds, and thH2 f 22(t + s)ds. It is tempting to design a feedback law for (2.1)
based on the followmg estlmate for the unknown parameter § € R when x; # 0:

) 22(t) — 22(t — 1) — 2{ 24, uy
o st
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For example, one can think of a feedback law of the form wu(t) = —(2¢ + 0(t))x(t),
where the parameter estimate 6(t) is given by (2.2) and ¢ > 0 is a constant. There
are two major issues for the implementation of this idea. First, the feedback law will
give the current value of u(t) based on the estimate () which also depends on the
history of u(t). Therefore, the closed-loop system will not be a conventional delay
system. Second, the mapping that gives the estimate 6(¢) is not continuous (it is not
even locally bounded). Consequently, there will be severe problems for establishing
the well-posedness of the closed-loop system.

We seek a modification of the above idea, which can guarantee the well-posedness
of the closed-loop system as well as a set of properties that cannot be guaranteed by
other adaptive controllers.

We next investigate the properties of the closed-loop system under the adaptive
controller

(2.3) ult) = —(2¢ + plae, u) o (t),

(2.4) %(t) =0 for all t€ir,(i+ 1)r),i €N,

(25) O+ 1) =0(ir) it | max = ([a]l,) <o ieN,
0((i+1)r) =q(xr,ur) if irgg%ﬁl)r(n‘rsuﬂ >0, i€N,

(2.6) with 7 =max{t € [ir, (i + 1)r] : th||2 = irgsngl%gil)r(}|xs||2)}’

where €, ¢, 7,0 > 0 are constants and
(22(0) — 22 (—r) — 2(z,u))* + crz?(0)
2
2(][[[; + (2 = 22(0))*)

2.7 plz,u)= for (z,u) € CO([-r,0]; R?),

2 2
(2.8) q(z,u)= 0= (—rg — 2w for (z,u) € CO([—r,0;R?),  #0.
2l
Some explanations for the feedback law (2.3) and the identifier (2.4)—(2.6) are
needed here.
e Notice that the mapping ¢ defined by (2.8) is simply the expression appearing
in the right-hand side of (2.2). So, the identifier in (2.6) uses the estimate (2.2)
at the most recent time in the interval [ir, (i + 1)r] for which the L?((—7,0))
norm is greater than or equal to 0. When there is no time in the interval
[ir, (i+1)r] for which the L?((—r,0)) norm is greater than or equal to o, then
the identifier in (2.5) does not update the parameter estimate 0.
e It should be noticed that the feedback law (2.3) does not use the parameter
estimate 6. Therefore, the identifier does not affect the closed-loop system
(2.1), (2.3). Instead, using definition (2.7), the feedback law (2.3) can be
written as

(22(t) = (t—7) —2(xy, uy))* craz’(t) 7
2[5+ (e — 22(8)*) 2|2 + (¢ — 22(1))%)

where it becomes clear that the parameter estimate has been replaced
by (@@=’ (t=r)=2(z,u)"
Z 2(llze I3 +(e2—22(1)+)
z®(t)—z* (t—r)—2(x¢,us)
2]z |3
_ crz® (t)
2([lze[l3+(e2—22()) )

u(t)=—(2c +

Ja(t) —

(notice the difference with the estimate

in (2.2)). On the other hand, the term

is a (delay-dependent) nonlinear damping term.
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Even with this modification, the right-hand side of (2.3) is not bounded when (z;,u;)
is in a bounded subset of C°([—r,0];R?). This can be shown by the sequence of
functions

0 , se[—r,_r ],
(s) n—+1
T,(8) =
n 1 _
e<n+ s—l—l) , 8€<r,0
r n+1

for which it holds that HanOC =, | unHoo =0 and p(xy,up) = 3(n+ 1)< = +oo.
However, it can be shown (see Lemma 1 in section 3) that the right-hand side of (2.3)
is indeed bounded when (x;,u;) is in a bounded subset of W1:2°((—r,0)) x C°([-r,0])
or a bounded subset of H'((—7,0)) x C%([—r,0]). Therefore, the closed-loop system
(2.1), (2.3) is a system of functional differential equations with state (x:,u:) € X,
where

, Up =0 with n > 1,

X :={(z,u) € §:u(0) = =(p(z,u) + 2¢)x(0)},
(2.9) S :=Whe((=r,0)) x C°([—r,0]).
The well-posedness of the closed-loop system (2.1), (2.3) cannot be guaranteed by
using standard results in the literature. For example, one can think of obtaining the

solution of the closed-loop system (2.1), (2.3) with initial condition (zg,up) € X as a
solution of the delay system

&(t) = 0x(t) +u(t) + d(t),

£(t) = 2z(t)u(t),

(2.10) ul(t) = — ((x2(t) —a2%(t—r) - )+ E—1)) T +erz®(t)
2]z, + (€2 = 22(£) %)

+ 20) x(t)

with initial condition (zg,&) € (W (=r,0)) x (W1°(—r,0)) that satisfies £(s) =
&(=r)+2[° z()u(l)dl for all s € [—r,0] (notice that &(t) = &(—r) + 2fira:(l)u(l)dl
for all t > —r). Systems like (2.10) with state space being a Sobolev space are studied
in [18], [19]. In [18], [19] systems like (2.10) are characterized as neutral functional
differential equations. However, the use of the existence/uniqueness results in [18],
[19] would require the assumption that d € C°(R). Moreover, system (2.10) is
a neutral delay system not in Hale’s form, and standard results for neutral delay
systems in Hale’s form (see [5], [13], [25], [27]) cannot be used for its study. Equation
(2.3) by itself is a functional difference system (see [26]) but its right-hand side is not
independent at 0. Therefore, we are forced to prove the following existence/uniqueness
result for the closed-loop system (2.1), (2.3).

THEOREM 1. Given 0 € R, (zg,up) € X and d € L>®(Ry) there exist tyar €
(0,+00] and a unique pair of continuous mappings T,u : [—7r,tmaez) — R with z €
Whee (=, T)) for all T < tmaz, 2(s) = x0(s), u(s) = ug(s) for all s € [-r,0] such
that (2.1) holds for t € [0,tmaz) a.e. and (2.3) holds for all t € [0,tmax). Moreover, if
tmax < 00, then limsup, - (|u(t)]) = +oo.

Based on Theorem 1, we prove the following stabilization result.

THEOREM 2. Let w € (0,c] be an arbitrary constant with exp(wr) < 2. For every
0 € R there exist a constant M >0, a function a € K, and a nondecreasing function
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v : Ry — Ry such that for every (xzg,ug) € X, d € L>®(Ry) there exist a unique
pair of continuous mappings T,u: [—7,tmaex) — R with ¥ € WH(Ry), x(s) = xo(s),
u(s) =wuo(s) for all s € [—r,0] for which (2.1) holds for t >0 a.e. and (2.3) holds for
all t >0 and the following estimates hold for all t > 0:

]l o
21/4¢’

(2.11)  |x(t)] < Mexp(—c(t —7)")|zo(0)] + €+ (1 + v/rMexp(—c(t —r)T))

[[utlloo < exp(—wt)a([|zolloo + [[Eo]loc + [[to]loc)
+7(lzolloo + llFollse + lluollse + lldllse) Il
(2.12) +ep,

where p:= 20| + 2%@“ +c(r+3).

Theorem 2 implies that the maximal existence time .4, € (0, +00] of the solution
of the closed-loop system (2.1), (2.3) guaranteed by Theorem 1 satisfies 4, = 400 for
all initial conditions (xg,uo) € X and for all external inputs d € L (R ). The stability
estimate (2.11) guarantees global practical IOS for the output ¥ =z with respect to
the disturbance d with assignable asymptotic gain (equal to 2-1/ 4c1), assignable ex-
ponential convergence rate (equal to c¢), and assignable radius of the residual set (equal
to €). Let us notice here the difference between the adaptive controller (2.3) and other
conventional nonlinear adaptive controllers proposed in the literature: some adaptive
control schemes do not guarantee that the state of the closed-loop system is bounded
when the disturbance d € L*°(R) is present and require additional assumptions for
the disturbance in order to guarantee boundedness (e.g., d € L*(R;)NL>® (R, )) which
cannot be verified in practice. There are some adaptive schemes that can guarantee
that the state of the closed-loop system is bounded when the disturbance d € L>(R.)
is present: see [8], [9] (e.g., the o-modification and other leakage schemes). However,
in such adaptive control schemes the radius of the residual set for the output Y =z is
proportional to |6| and therefore is not known (and not assignable). Both estimates
(2.11), (2.12) guarantee uniform practical asymptotic stability with exponential and
assignable convergence rate in the disturbance-free case. The effect of the controller
parameters c¢,r, € is very complicated to describe in a clear way. However, the proof
of Theorem 2 is constructive and allows the derivation of (possibly very conservative)
formulas for the constant M > 0, the function a € K., and the nondecreasing func-
tion v : Ry — Ry involved in estimates (2.11), (2.12). Moreover, it should be noted
that M, a,v depend on 6 € R (the system parameter), on the controller parameters
¢e,re, and on w € (0, c].

The proof of Theorem 2 is based on a novel stability analysis of the closed-loop
system which combines Lyapunov arguments and a small-gain analysis (see section 4)
in Sobolev spaces.

An additional difference between the adaptive controller (2.3)—(2.6) and other
conventional nonlinear adaptive controllers proposed in the literature arises when the
identifier (2.4), (2.5), (2.6) is taken into account. This is shown by the following
theorem.

THEOREM 3. For every 0 € R, (aco,uo,éo) € X xR, d e L*(R,), there exist a
unique triplet of mappings x,u € CO(R,), § € L (R,), with (0) = by, x € WH>(R,),
z(s) =xo(s), u(s) =uo(s) for all s € [—r,0] for which (2.1) holds for t >0 a.e., (2.3)
holds for all t >0, (2.4) holds for all t € [ir, (i + 1)r), i € N, and (2.5), (2.6) hold for
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all i € N. Moreover, if there exists t > r with ||x:||2 > o, then there exists a finite time
T > 1 for which the following estimate holds:

(2.13) 10(t) — 0] < £||d||oofor all t>T.
ag

Estimate (2.13) guarantees that the parameter estimate (t) is always bounded
(even when disturbances are present) and exact estimation in finite time of the un-
known parameter 6 € R when there exists sufficient excitation of the state (i.e., when
there exists ¢t > r with ||z¢||]2 > o) and the disturbance is absent. Moreover, es-
timate (2.13) guarantees an ultimate estimation error which is proportional to the
magnitude of the disturbance when there exists sufficient excitation of the state: this
feature cannot be provided by other adaptive schemes in the literature. The gain of
the disturbance for the estimation error (equal to 1/r/c) indicates a trade-off between
“learning” and “robustness”: when ¢ > 0 is large then the gain of the disturbance
is small (indicating strong robustness) but this implies that it is less likely for the
“learning” process to be complete (since it is less likely that there exists ¢ > r with
lzt||]2 > o). On the other hand, when ¢ > 0 is small then the gain of the disturbance
is large (indicating lack of robustness), but this implies that it is more possible for
the “learning” process to be complete.

3. Proof of Theorem 1. We start by stating and proving an auxiliary technical
lemma.

LEMMA 1. For all x € Wh°°((—r,0)) it holds that

7’63

" 2 &2 7x2 + .
(3.1) ez (e = O = S e Al )

Moreover, for all x € H'((—r,0) it holds that

647“

> .
T 2e2r +12(€2 + 2r||2]|3)
Proof. Let x € Wh°°((—r,0)) or z € H*((—r,0) be given. We distinguish the
following cases: , ,
Case 1: 22(0) < 5. In this case we have (¢2 — 2%(0))" > < and consequently
2

2 2
13+ (€2 —2*(0))* = 5.

Case 2: x%(0) > Using the triangle inequality we get for all s € [—r,0],

|2(0) — 2(s)]

(3.2) ]13 + (¢* = 2*(0))*

? .
€
V2

2
(3.3) Sla(s)] > (\/i - ||a'c||oo|s|)

[2(0)] = —= =[2(0)] - |2(0) — z(s)| =

5l

and
€

V2

€
3.4 =lz(s)| > —=— ||z s
.9 12 (5 - it/
If 52 |#]| oo, then it follows that (% — |l&llecls)t = <5 T sl2lleo = 0 for all
s € [-r,0]. Thus, in this case we obtain from (3.3)

2(0)] > == =2 (0)] - [2(0) — a(s)| > |2(0) — 2(s)]

+

2
lz(s)|* > % + ||1]12, 5% 4+ V/2€||&|| oo s for all s € [—r,0]
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2
er 1
= )3 = — + <1212 + —=€lldlloor?.

g T3l TS

Since the minimum of the function f(t) = %t e\;;t + 6277’ for ¢t € [0, =53] is equal to
T

2 2 7‘\/5
< the above estimate shows that ||a:H &
N t||2, then it follows that (<= — ||Z]|2+/|s ol |£]]24/—s > 0 for all
s € [-r,0]. Thus, in this case we obtain f m (3.4)

%\

j2(s)” > 5 = l|ll35 — V2el|i]|2v/~s for all s € [~r,0]

2V2
5 clldllary/r.

6 T .
= ||33H§ > - + §||$||%T2 -

2‘/?"15 + S~ for t € [0, %] is equal

t 2r

Since the minimum of the function f(t) =

2
22
to 612—27 the above estimate shows that ||x[|3 > >

12 -
If —% < ||#[|oo, then it follows that (5 — [|#[lec|s))" = 5 + s]l@[lc = 0 for all
s€[— H:CHE 73 0]. Thus, in this case we obtain from (3.3)

62 €

lz(s)|2 > — + ||&]|% 5% + V2€||d||0os for all s [0} ,
2 - [[#]] 00 v/2

€

|2(s)|? >0 for all s € [r, — .
I ]lo0 v2

It follows that
3

ol > =

2—mwmg
f <2||x||2, then it follows that (= — ||Z]l24/]s — |IZ|l2+/]s] = 0 for all
s€[— QI\J?II%’O} and (== — ||Z]]24/|s + = O for all s € [ 517 Hi] Thus, in this case

we obtain from (3. 4)

’ 2
me2;+m@|\mmn¢mmue[m”0]
e2
lz(s)|* > 0 for all s € {r} .
2113
It follows that
4

€
)13 > 57—
= 24|23

Combining both cases, we get ||z]|3 > ¢ mm( ,\ﬂl;” ), [|lz|3 > € mm( r) when

62
i QHOCHQ’
|l#]loc > 0 (which also 1mphes |&]l2 > 0) and ||z||3 > <= when ||$||<x> = 0. Thus, we
2
get ||x||2 (6 — X (0))+ > < mln( 7\/5”56”00)’ ||x||2 (62 -z (0))+ > 1 mln(Q“:‘CH%’ )

when [|Z[|oc > 0 and llz||3 + (2 — 22(0))* > E%T when ||Z||.c = 0. Using the fact

that min(a,b) > -2% that holds for all a,b > 0 we get that |[z||3 + (> — 2%(0))" >
Er 2 _ + etr LV,
VAR Hx||2 (€2 —2%(0))* > =5 when ||| > 0. The inequalities

s - 12(62+2T”$H ) .
(13 4 (2 — 2%(0))* > ma )13 4 (2 — 2%(0))" > Wﬁnrng) hold even
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in the case Hac||OO = 0. Consequently, we conclude that the inequalities lz||3 + (e2 —

2?(0))* > VAR =T ][5 + (€2 —22(0))* > m hold.
Combining the estimate obtained for Case 1 and the estimates obtained for Case
2, we get

2
|3+ (2 — 2%(0 +>€min<ﬂ071)’
[z +( )" =3 3(rv/2|oc +€)

2 2
) ) 9 " € . €Er

—2200) T > — Ty o L)
22 + (€ —2*(0)) " 2 2mln<6<62+2r|¢||2>’ )

Using the fact that min(a,b) > %% that holds for all a,b> 0 we get that

637"

1
z||2 + (2 —22(0)T > = ,
Il + O 23 ) el

4

) ) ) N er
—zZ(oNt > :
lellz (e =20 2 5 s vy

The above inequalities directly imply inequalities (3.1), (3.2). The proof is
complete. O

We next show the following technical result.

LEMMA 2. There exists a nondecreasing function L : Ry — (0,400) with the
following property: for every R >0 and for every (z,u) € H'((—r,0)) x L*((-r,0)),
(y,w) € H((=7,0)) x L'((=7,0)) with max(||z]lco, [|Z]l2, [[ufl1) < R, max(|ly[lo, 9]z,
lwll1) < R, it holds that
(3.5) Ip(z,u) = ply, w)| < L(R) ([ = ylloc + llu—wll1).

Proof. Let R > 0, (x,u) € H'((—r,0)) x LY((-r,0)), (y,w) € H*((-r,0)) x
LY((=,0)) with max(||z o, ||z, [ul1) < R, max(||yllec, [I9]l2, [w]l1) < R be given.
Using definition (2.7) and the triangle inequality we get

(3.6)

DA
22(0 r 2(0) 2 () — 2 )1
" Tz <o>)+>|< (0)=2(—1) = 2(a ) ¥ — (52(0)~ 9 (=) 2, w)*|
(

(||$Hz (62—332( Nt )(||y||2 ( y2(0))+ 2=
(1*(0) = y*(=r) = 2(y,w))* +cry2(0) 2 2(ONF — (2 — 22(0))*
ST+ @ —2O) (T (@ = oy VO~ (€ =071
Using (3.2), the fact that |(a)™ — (b)*] < |a — b| for all a,b € R, the fact that
max(||Z]|2,||9ll2) < R, and the triangle inequality, we obtain from (3.6)
[p(x,u) —ply,w)| < H(R)(1+ cr)|z*(0) — y*(0)|
FHR)(—r) — ()| + 2H (R () — (g )|
+ 2H(R(52(0) - (1) — 2y, w))* +ery®(0))| gl - llzI3)
(3.7) +2H(R)*(y*(0) — y* (=) — 2(y,w))* + cry?(0))|2*(0) — y*(0)],

\p(z,u) _p(va) <
1

(
(
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where

€2r + 6(e? + 2rR?)

(3.8) H(R):= i,

Using the fact that (y2(0) —y*(—r) —2(y, w))* < y*(0)+2|(y, w)| in conjunction with
(3.7) and the triangle inequality, we get
[p(@,u) = ply,w)| < (14 en) H(R) (12(0)] + [9(0)] ) [2(0) — y(0)|
HR) (lo(=0)] + y(=n)]) [p(=r) = y(=7)| + 2B (R) | (w0~ w)|
+2H(R)y<x—y, w)|
+2H (R (1 + er)y?(0) + [, 0)]) (Jlylle + 12 )| Iyll2 — llz]2|
(3.9) + 20 (R (1 + er)y?(0) + (g, w)]) (J2(0)] + [5(0)]) [2(0) - y(0)]

Using (3.9), the fact that max (||z||o, [|y|lsc) < R, Holder’s inequality, and the triangle
inequality, we get
[pl,) = p(y,w)| <2R(1 + er) H(R)[2(0) - y(0)|
+2RH(R)|a(=r) = y(=1)| + 2H(B) ||z  [u—w],
+ 2H (R)||2 = y|  [[w]],
+2H(R) (1 + e B2+ | lell, ) (loll, + ) = = o]

(3.10) +ARH(R)?((1+ en) B2 + ]| L[]l ) [2(0) = y(0)]
Using the fact || f||2 < /7| f|loo that holds for all f € C°([—r,0];R), we get from (3.10)

pla,u) = ply w)| <2R(1+er) H(R)la —
+2RH(R)||z — ylloo + 2H(R)||%| oo [lu — w]|1
+2H(R)[lz =yl wlix
+2rH(R)*((1+ er)R* + 2|y [l o lwll1) ([Ylloo + 12]lo0) |2 = ¥l
(3.11) +4ARH(R)*((1+ er)R? +2[[ylloo lw]l1) |2 — Yl oo-
Using the fact that max(||z||co, |%]|2, [|u|l1) < R and (3.11) we obtain (3.5) with
L(R)= (3+cr)(1+2R*(r +1)H(R))2RH(R)

and the proof is complete. 0
Now we are ready to provide the first existence result for system (2.1), (2.3).

LEMMA 3. Given (xg,ug) € X and d € L (R..) there exist 6 >0 and continuous
mappings T,u : [—r,8] = R with x € W1 ((—=r,6)), z(s) = z¢(s), u(s) = uo(s) for all
€ [-7,0] such that (2.1) holds for t €[0,d] a.e. and (2.3) holds for all t €0, 4].

Proof. Let (z9,up) € X and d € L>(R,) be given. Define the closed set

(3.12) A= {a € C°([0.8:R) : a(0) = p(zo, uo), max (a(s)) < M} c ([0, ),
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where 0, M > 0 are constants (to be selected appropriately). We also define the
mapping P: A — C°([0,8];R) in the following way. Given a € A we define

y(t) = exp(w ~20- | t a<s>ds) 70(0)

+ /Ot exp((@ —2)(t—1)) — /Tta(s)ds) d(t)dr

(3.13) for ¢t € (0, 4],
(3.14) y(s) = xo(s) for all s € [-r,0],
(3.15) w(t) =—(2c+a(t))y(t) for ¢t € (0,4],
(3.16) w(s) =wuop(s) for all s € [—r,0],
"
) (v2(0) = g2t =) = 2w +ery? (1)
(3.17) a(t) = p(yy, wi) =
2(llyellg + (2 = y2(0))
We define
(3.18) Pla)—a.

In order to complete the proof of the theorem, it suffices to show that the mapping
P : A — C°J0,6);R) has a fixed point. Therefore, by using Banach’s fixed point
theorem, we have to show that there exist §, M > 0 such that the mapping takes
values in A and is a contraction.

It should be noticed that definitions (3.12), (3.14), (3.16), and (3.17) guaran-
tee that a(0) = p(xg,up). Moreover, definitions (3.12), (3.13), (3.14), (3.15), (3.16)
guarantee that

(3.19) _max (ly(®)]) < exp((6 —2¢)"6) (Ilzolloc + lldlloc),
(3.20) y(t) = (0 —2c—a(t))y(t) + d(t) for t € (0,0] a.e.,

(321)  sup (Iy(t)) < (10 — 2| + M)exp((0 — 26)*) ([zollo + 8l d]o) + ]

)
/ 52 (s)ds < |liol |2

-r

(3.22) + 6(||d||oo + (10— 2¢] + M)exp((6 — 20)*6) (|lolc + 6||doo)) 7
(323 max (w(®)]) < (2e+ M)exp((6 —26)*8) (lz0]l + 8l dloc):

o
(3.24) / o (s)|ds < [Juolly + (2 + M)exp((0 — 2¢)78) (ol oe + 3dlloo)-

T
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Indeed, definitions (3.13), (3.14) give that max_,<¢<o(|y(t)]) < HJ;OHOO and
¢
ly(t)] < exp((& —2c)t — / a(s)ds) |20(0)]
0

+d||oo/0texp<(0—2c)(t—7))—/Tta(s)ds>d7
for t €10,4].

The above estimate and the fact that a(¢) >0 for all ¢ € [0, 6] imply the estimate
(0] < exp( (6~ 20t [so0)

e [ exp((10- 20007 )ar
for t €0, 0].

The fact that (6 —2c) < (6 —2¢)* and ¢ € [0, 6] gives the estimate maxo<;<s(|y(t)]) <
exp((6—2¢)%6) (||lzollso+0]|d|| s ), which combined with the estimate max_,<;<o (|y()])
< onHoo gives (3.19).

Using definition (3.17), inequality (3.2), the fact that (y2(t)—y?(t—r)—2(ys, w;))*
< y?(t)+2|(ys, we) |, Holder’s inequality (which implies that |(ye, we)| < ||y loolwe]l1),
and estimates (3.19), (3.22), (3.24), we obtain the estimate for all § € [0, 1]:

(3.25) a(t) <gH + (AH + 2R(g+ \)(2c + M))$ for all ¢ € [0,4],
where

R= exp((9 — 2C)+) (”1’0”00 + HdHOO)

12R (€3(r+6 .
o= 2 (S i
H = ((1+er)R+2lJuol )

12R 2
A:GT(IICIHOO—FIO—QC\R—FMR) .

It follows from (3.12) and (3.25) that for M = gH + 1 there exists ¢ > 0 sufficiently
small so that the mapping P: A — C°([0,6];R) takes values in A.
Given a € A we define

(1) = exp ((a 90yt — /O t d(s)ds) 20(0)
4 /Ot exp ((9 90 (t—1)) — /:&(s)ds> d(r)dr

(3.26) for t € (0,4],

(3.27) 2(s) = wo(s) for all s € [—r,0],
(3.28) v(t) = —(2c + a(t) (1) for t € (0,6),
(3.29) v(s) = ug(s) for all s € [—r,0],
(3.30) (P(a))(t) = pl(ze,vy) for t€[0,0].
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Using (3.13) and (3.26) and the fact that |exp(—¢) —exp(—n)| < |¢p—n| for all ¢,n >0,

we get for all t € [0, 4],
exp (— /Ot a(s)ds) — exp (— /Ot d(s)ds)
exp <— /Tta(s)ds> — exp (— /Tt &(s)ds)

/ (a(s) — a(s))ds

[u(t) = =(t)| < exp((0—20)1) o loc

Tl / exp((6 — 20)(t — 7)) ir

<exp((6 —2c)*4)

llzoll oo

+ ||d|\ooexp((9 - 20)+§) /0 / (a(s) —a(s))ds

<exp((6 —20)*6) (||lzollo + 5||d||oo)50r£3%<6(’a(s) —a(s)|).

Combining (3.14), (3.27), and the above estimate we get for all ¢ € [0, d],
(331) e — 2l < exp((6—26*0) (laoll + 8] )5 mmax ([a(s) — a(s)])-

Using (3.12), (3.15), (3.19), (3.28), and (3.31) we obtain for all ¢ € [0, ],

(3.32)
Jw(t) = o(®)] < exp((0 = 20)*8) ((2e+ M)3+ 1) (ool + 8ld]oc) s, (Ja(s) — als))).

Consequently, from (3.16), (3.29), and (3.32) we get for all ¢ € [0, 4],

(3.33)
[lwe — ve|| < dexp((6 — 2¢)%6) ((2¢ + M)S + 1) ([|lzoll o + 6]d]l o) Olgggéﬂa(s) —a(s)|).

It should be noticed that definitions (3.26)—(3.29) guarantee that all estimates (3.19),
(3.21), (3.22), (3.23), (3.24) hold with z,v in place of y,w. Therefore, for ¢ € [0,1]
it follows that max(||zt||eo, [|Z¢l|2: [|0t]l1) < R, max(||yt]loo, [|Utll2, Jwell1) < R for all
t €10,4] with

R=cxp((0 — 20) (Izolloo + ldlloc) + ol
2
n (ndnoo (10— 26|+ M)exp((8— 2¢)*) (oo + ||d||oo))
(3.34) Tl + (26 + 3)exp((9 - 26)) (oo + 1d]c).

Lemma 2 implies that for every (z,u) € H'((—r,0))x L' ((=r,0)), (y,w) € H'((=r,0))x
LY((=r,0)) with max([[z]lc, [|]2, lull) < R, max([[ylloc, [|9]l2, [|w]l1) < R it holds that

(3.35) |p(x,u) = p(y,w)| < L(R)(Hx — | +Ju— le)

Definitions (3.17), (3.18), (3.30) and inequality (3.35) imply that for all § € [0,1] it
holds that

(336)  |P@)®) — (P@)O| < LB ([lge— |+ [we—vll,).
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Combining (3.31), (3.33), and (3.36), we obtain for all ¢ € [0, 1],

max (|(P()(®) - (P(@) ()]

0<i<6
(3.37) < 5L(R)exp((9 — 20)+) (||CB0||oo + ||dHoo) (20+ N + 2) Orélsa%(ﬁﬂa(s) — EL(S)D.

It follows from (3.37) that there exists 0 > 0 sufficiently small so that the mapping
P:A—C°0,8];R) is a contraction. The proof is complete. 0

The following result deals with continuity with respect to initial conditions for
the solutions for system (2.1), (2.3). It also shows uniqueness of solutions for system
(2.1), (2.3).

LEMMA 4. For every T,R >0, there exists Q(R,T) > 0 with the following prop-

erty:
(P) For every d € L*®(Ry) with ||d|« < R, z,u,y,w € CO([—r,T]) with z,y €
W ((=r,T)) and max_,<s<r(|2(s)]) < R, max_,<s<7(|y(s)]) < R, max_,<,<r
(lu(s)]) < R, max_,<s<r(fw(s)]) < R, sup_,ocr(|2(5)]) < R, sup_,. s ([9(s)]) <
R, for which (2.1) holds for t € [0,T] a.e., (2.3) holds for all t € [0,T], y(t) =
Oy(t) + w(t) + d(t) holds for t € [0,T] a.e., and w(t) = —(2¢ + p(ys, we))y(t) holds
for all t €[0,T], the following estimate holds:

(3.38)
e = ] + e = el < QT (Jlz0 — ol + w0 — ol ) sor it [0.7).

Proof. Let arbitrary T, R > 0 be given. By virtue of Lemma 2 there exists a non-
decreasing function L : Ry — (0,+00) with the following property: for every (z,u) €
HY((=r,0)) x LY((=,0)), (y,w) € H'((=r,0)) x L'((-=r,0)) with max(|lzc, [|Z]|2,
[ull1) < R, max([|yl|c, |9]]2; [[w][1) < R, (3.5) holds.

Let arbitrary d € L®(R,) with ||d]|s < R, z,u,y,w € C°([—r,T]) with x,y €
WHee((—r,T)), and max_,<s<r(|z(s)]) < R, max_,<s<r(|y(s)|) < R, max_,<o<r
(lu(s)]) < R, max_r<s<r(lw(s)]) <R, sup_, o, p(lE(s)]) < R, sup_, .. r([9(s)]) < R,
for which (2.1) holds for ¢ € [0, T] a.e., (2.3) holds for all ¢ € [0,T], y(t) = 0y(t) +w(t)+
d(t) holds for ¢ € [0,T] a.e., and w(t) = —(2¢ + p(y:, w:))y(t) holds for all ¢ € [0,T], be
given. Since || f|l2 < /7| flloos If]l1 7|l f|leo for all f € CO([—r,0]) we get from (2.3),
(3.5), and the equation w(t) = —(2¢ + p(yr, wt))y(t) for all ¢ € [0, 77,

|u(t) —w(t)] < (2c+ p(ze, ) [x(t) — y(@)| + |y(®)| [p(22, wr) — p(ye, we)]|
< (2c+ plae,ue)) [2(8) — y(O)] + [y(O LA + 1) R) ||z — ye
+ [y(®)|L((1 + ) R)|Juy — we|
< (20+p(93tyut) fp((),O)) |l"(t) - y(t)|
+ RL((1+7)R) ||zt — e + RL((1 + ) R)|Jur — wi ),
< (2¢+ LI+ ) B)llzelloo + LI+ 7)R) uell1) |2 (2) - y(1)]
+ RL((1+7)R)||2: — ytHOC + RL((1+7)R)||u: — wt”r
Since |z(t) —y(t)| < ||z — ytHOO7 we get from the above estimate for all ¢ € [0, 77,
[u(t) —w(t)| < RL((1+7)R)||ue = wil|,
+ (204 RL((L+ D) R)L((1+1)R) el + L1+ 7)R) ], ) e = el
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Since max,rgsST(’x(s) D < R and max,rgng(’u(s) D < R, it follows that thHoo <R
and HufH1 <rR for all t € [0,T]. Consequently, we get from the previous estimates
for all ¢ € [0, T,

|u(t) —w(t)] < RL((1+7)R) ||us — wel|,
+ (24 2+ 1) RL((1L+1)R) ) o = ]|
(3.39) < (24 @+ ) RL((1+7)R) ) ([l = well oo + | = ], )
Consequently, we obtain from (3.39) for all ¢ € [0, ],
(3.40)
=], < ||u0—w0||1+(2c+(2+r)RL((1+r)R))/Ot(H:cs—ys‘|oo+||us—ws||1)ds.

Using (2.1) and the equation y(t) = 0y(t) + w(t) + d(t), we get for all ¢t € [0,T],

(341)  [a() = (0] <[2(0) =90 +10] [ [a(s) = y(s)]ds + [ [u(s) w(s)|as.
Consequently, we obtain from (3.39) and (3.41) for all t € [0,T],
(3.42) llze = wel. < Jzo — ol + (2¢+16] + (2 + r)RL((1 +r)R))

t
[ =l = s

Combining (3.40) and (3.42), we get for all t € [0,T],
(3.43) b(t) <b(0) + (2¢+10| + (2+ r)RL((1 +7)R)) /t b(s)ds,
0

where b(t) = ||z fytHOO + || fthl. Estimate (3.38) with Q(R,T) = exp(2(2¢+ 0|+
(2+7r)RL((14+7)R))T) is a consequence of (3.43) and the Gronwall-Bellman lemma.
The proof is complete. 0

We are now ready to prove Theorem 1.

Proof of Theorem 1. Let arbitrary (zo,uo) € X and d € L>°(R) be given.

We say that property I1(§) holds for some § > 0 if there exist continuous mappings
z,u: [—r, 0] = R with 2 € WHoo((=r,4)), 2(s) = xo(s), u(s) = ug(s) for all s € [-r,0]
such that (2.1) holds for ¢ € [0,0] a.e. and (2.3) holds for all ¢ € [0,d]. We define

(3.44) tmas = sup{(5 > 0:1I(9) holds }

By virtue of Lemma 3, the set {6 > 0 : TI(d) holds } is nonempty. Consequently,
definition (3.44) implies that t,,q. € (0,+00]. Moreover, definition (3.44) implies that
there exist continuous mappings z,u : [T, tmez) — R with 2 € Wh°((—r,T)) for
all T < tmaz, (s) = x0(s), u(s) = up(s) for all s € [—r,0] such that (2.1) holds
for t € [0,tmas) a.e. and (2.3) holds for all ¢ € [0,t4,). Uniqueness of the pair of
mappings follows from Lemma 4.

Next, suppose that t,,,, < +00. We show next by means of a contradiction
argument that w: [—7,tmes) — R is not bounded. Using (2.1), (2.3) we establish the
following estimate:

(3.45) 2(t)| < exp((0 — 2¢) " tmaz) (|Zolloo + tmaa||dl|oc) for all t € [0, timaz).-
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It follows from (3.45) that x : [—r,timaes) — R is bounded. If u : [—r tmaes) — R is
bounded, then both mappings z,u : [—7,tmas) — R can be extended continuously on
[—7, tmaz]. Indeed, notice that since u : [—7,tmqe) — R is bounded, it follows from
(2.1) that @(t), 4 (xy,u;) are also (essentially) bounded on [—7,tmqes] and [0,tmaq],
respectively. Consequently, the mappings x : [—7,tmaez) — R and [0,tm40) D ¢ —
(z%(t) — 2%t —7r) — 2<xt,ut>)+ € R are uniformly continuous. Thus, the mapping
x : [—7,tmas) — R can be extended continuously on [—r,¢,,4.]. Lemma 2.1 on page
40 in [5] implies that the mapping [—7,tmas] D t — 24 € C°([—7,0]) is continuous,
and consequently, the mapping [0, maz] 2t — ||z¢]|3 + (62 — 2%(t)) T € R is uniformly
continuous and positive. Hence, definition (2.7) implies that the mapping [0, tmaz) D
t — p(x¢,us) € R is uniformly continuous and by virtue of (2.3) it follows that the
mapping [—7,tmaes) D t — u(t) € R is uniformly continuous. Thus, the mapping
w: [—7, tmaz) — R can be extended continuously on [—7, t;q.]. Since w: [—7, tmar) = R
is bounded, it follows from (2.1) that 4 is also (essentially) bounded on [—7,t;q.) and
consequently x;, € W1((—r,0)). Moreover, by means of (2.1), (2.3), continuity
of p (recall Lemma 2), and continuity of the mappings [—7,tmaz] D t — Tt,us €
C°([-r,0]) (recall Lemma 2.1 on page 40 in [5]) it follows that u(tye.) = —(2¢ +
(Tt Ut,, .. ))T(tmaz). Consequently, definition (2.9) implies that (x, .., us,,..) €
X. Therefore, by exploiting Lemma 3, we can find ¢ > 0 such that property II(¢,,q. +
0) holds. This contradicts definition (3.44). The proof is complete. 0

max

4. Proofs of Theorems 2 and 3. We start by giving the proof of Theorem 2.

Proof of Theorem 2. Let (zo,up) € X and d € L*(R;) be given. Then, by
virtue of Theorem 1, there exist t,q0. € (0,400] and a unique pair of continuous
mappings x,u : [—7, timaz) — R with 2 € Who((—r,T)) for all T < t,naz, z(s) = zo(s),
u(s) = ug(s) for all s € [—r,0] such that (2.1) holds for t € [0,tm4s) a.e. and (2.3)
holds for all ¢ € [0, ty42). Moreover, if ¢4, < +00, then limsup, ,,— (Ju(t)]) = +oc.

The proof is divided into two parts:

Part 1: Derivation of estimates for the plant state x;.
Part 2: Derivation of estimates for the state component u;.
Part 1: Derivation of estimates for the plant state x¢. Defining

(4.1) d(t) =&(t) — 0z(t) — u(t) for t € (—r,0) a.e.

we conclude that (2.1) holds for ¢ € [—7,tnas) a-e.
By virtue of (2.1), we conclude that the following identity is valid for all ¢ €
[07tmaz):

(4.2) 22(t) — 22 (t —7) — 2(xe, ug) = 20||z¢||3 + 2y, dy).

Combining (2.3), (2.7), and (4.2), we get for all ¢ € [0, tm4z),

(20]|]13 + 2(we,d)) " + cm2(t)x .

4.3 u(t) = —2cx(t) — 5
(4.3) (t) 2(||ze 2 + (€2 — 22(1)) )

Using (2.1), (2.3), and the fact that p(z,us) >0, we also get for t € [0,tmqs) a-e.

(4.4) z(t)a(t) < (0 — 2c)z*(t) + 2 (t)d(t).

Copyright (C) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 12/06/23 to 85.74.0.3 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

3600 I. KARAFYLLIS, M. KRSTIC, AND A. ASLANIDIS

Using the inequality x(¢)d(t) < d?(t) + @IQ (t) in conjunction with (4.4) we

1
24/2¢2
get for t € [0,t142) ave.,

(4.5) 2(8)i(t) < (9 + @ - 20) 22(t) +

1
el

Differential inequality (4.5) gives the following estimate for all ¢ € [0, ,44):

(4.6) 22(t) < eap( (20 + V26— 4e) 1) (%(0) + \/%CQ lal).

Define the function

(4.7) W(x):= %((xQ - 62)+)2 for all z € R.

We next distinguish two different cases: the case where t,,,, > 7 and the case
tmax S T.

Case 1: tiay > 7. Using definition (4.7) and (2.1), (2.3), we get for ¢ € [r,tmaa)
a.e.,

20|4||3 + 2(we, dy)) 2(¢
L W(a(t) = - (xz(t)—62)+2x2(t)(2c+ ( ”xt”ﬁQ (o, )" + erz®(t) —9)
X 2o+ (@ —2(0))
(4.8) + (22(t) — &) T 2a(t)d(1).
Next, we focus on the case 2%(t) > €. Using (4.8) and the fact that 2z(¢)d(t) <
22(t) + ¢ 1d?(t) we get for all t € [r,tpas) a.e. when 2%(t) > €2,

d
dt

20|z |3 + 2<xt7dt>)+ + cra®(t) Ly >

2
el

GWa0) < - (220 - A)a(0) (304 (
(4.9) +c_1($2(t)—62)HdHio

Using the fact that (6]|z||3 + <:ct,dt))+ > (0)F||xe]|3 — (—(z¢,ds))T (a consequence
of the fact (a+b)™ < (a)* + (b)" that holds for all a,b € R), we get from (4.9) the

following inequality for t € [r,t;ma.) a.e. when z%(t) > €%

cra’(t) — 2(7<xt, dt>)+

2
el

d 2 2\ .2
ZW(a(t) < = (%(t) - &)a (t)<30+

+2(0)" — 29)

(4.10) e (@) - ) |2

The Cauchy—Schwarz inequality implies that ‘ Ty dy) ‘ < thH HdtHz \fHa:tHQHdH
Using the previous estimate in conjunction with (4.10) and the fact that ()" >0, w
get the following inequality for ¢ € [r,t;4.) a.e. when z2(t) > €

d
dt

W<»—@%%&ﬁw@+ﬁﬁn

2y/'r]|d]|

e O -

oo

(4.11) + (2°(t) — ) 2*(t)
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Using the estimate 22 (t) 2vrlldllee < —1 |d||% +cr (1) e get from (4.11) the following

llzell3 [ENEX
inequality for ¢ € [r,tnas) a.e. when 22(t) > €2:

d
(4.12) ZW () < =3e(2(1) = )a?(1) +2¢7 (2°(1) ) ||,
Rearranging the terms in (4.12) we obtain the following inequality for ¢t € [r,tmax)
a.e. when z2(t) > €%
d

ZW (@(t) < = Be(2(1) - €2)? = 3ce (a2(t) — €%)

(4.13) +2¢7H(2*(t) —eQ)HdHiO.

Using the inequality 2 (z%(t) — €?)||d||2, < 2(2%(t) — €2) +c2||d||%, we get from (4.13)
the following inequality for ¢ € [r,t,142) a.e. when 22(t) > €%
d
(4.14) %W(x(t)) < —2¢(2*(t) — 62)2 —3ce?(2(t) — ) + c_3HdHio.
Using (4.14) and definition (4.7) we get the following inequality for ¢ € [r, t;4.) a.€.
when 22(t) > €%
d _3 4
(4.15) £W(x(t)) < —4eW (z(t) + 2 ||d] -
Using (4.7) and (4.8) we conclude that (4.15) holds even if 2%(t) < €2. Thus, we
conclude that (4.15) holds for ¢ € [r, t;mae) a.e.
Exploiting (4.15) and definition (4.7) we obtain the following estimate:

(4.16)
(2*(t) — 62)+ <exp(—c(t—r))(z*(t) — 62)+ + ﬁ”d”i for all t € [rytmaz)-

Estimate (4.16) gives the following estimate that holds when t,,4, > 7
(4.17) |m(t)‘ <exp(—c(t—r)) |x(7")’ +e+2 VAt HdHOO for all ¢ € [r, tmaz)-

Combining (4.17) and (4.6) we get the following estimate when ¢,,q, > 7 that holds
for all ¢ € [r, tmaz):

(4.18)
|z(t)| < Mexp(—c(t —r)%)|x(0)]| + e+ (1 + v/rMexp(—c(t — r)+))2_1/4c_1HdHoo,

where M :=exp((6+ %CQ —2c¢)™r). Notice that estimate (4.6) guarantees that (4.18)
holds for all ¢ € [0,r] as well. Therefore, estimate (4.18) is valid for all t € [0,¢44)
when t,,q0 > 7.

Case I1: tqe < r. In this case estimate (4.6) guarantees that estimate (4.18) is
valid for all ¢t € [0, ¢4 ). Hence, we conclude that in every case (tmqq > T O tmar <7T)
estimate (4.18) holds for all ¢ € [0, tinaz)-

Part 2: Derivation of estimates for the state component u;. We next estimate the
other component of the state, u(t). Using (4.3), the fact that (6]|z[|3 + <CEt,dt>)+ <
() l|lzel13 + [(2¢,d¢)|, and the Cauchy—Schwarz inequality |(z,dy)| < HthQHdtHQ <
ﬁ”xtHszth, we get for all ¢t € [0, tmaz),
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200) " llzel13 + 27|, [lde]l o + erz(®)
2[5 + (2 = 2(0)))

(4.19) lu(t)| < 2¢|z(t)| +

Using (2.1), (2.3), definition (4.1), and the fact that p(x¢,u;) >0 (which implies that
x(t)u(t) >0 for t > 0), we also get for t € [—7,tmas) a-e.,
(4.20) z(t)(t) < (0) T2 (t) + z(t)(d(t) + h(t)u(t)),
where
(421) nipy o {1 FE<0
' "o ift>o0.

Using (4.20) we get for all ¢,7 € [—r, tpmqee) With £ > 7,
(4.22)
22(t) < exp(2(9)+(t - T))x%) +2/ exp(2(9)+(t - s)) |2(s)(d(s) + h(s)u(s))|ds.

Employing (4.22), the fact that
/ exp (200)* (¢ — ) [£(s)(d(s) + h(s)u(s))|ds
§exp(2(9)+(t77)) sup (|d(s)+h(s)u(s)})/ |2(s)|ds,

T<s<t

and the Cauchy-Schwarz inequality f |z(s)|ds < Vt—T1 f |l2(s)|?ds)'/?, we get for
all t,7 € [—7,timae) With t > 7,

22(t) < exp(200) (t — 7)) 2*(7)
+ 1/2
(4.23) +2exp<2(0)+(t—7)) sup (|d(s)+h(5)u(s)‘)\/ﬁ</7 |x(5)|2ds) .

T7<s<t

Consequently, we obtain from (4.23) for all ¢t € [0,tp4) and T € [t — 7, ¢],
(4.24) z2(t) <exp (2(9)"’7“) x2(T) + 2exp (2 ) (|(d+ hu)e|| V7|2,
Integrating (4.24) with respect to 7 € [t — r,t], we get for all ¢ € [0, tas),
(4.25) m:Q(t)Sexp(2(0)+r)th||2—|—2exp( )H (d+ hu) H r\[HJJtHQ

Using the inequality 2/7exp(2(0)Tr)||(d+hu)¢] oo ||2¢]|2 < b~ trexp@(8) 7| (d-+hu)¢ ||,
|lz¢||3 + b that holds for all b> 0, we get from (4.25) for all t € [0, t4,) and b > 0,

(4.26) ra?(t) < (1 +b7'r||(d+ hU)tHio)eXp (4(9)+T)7"||@‘t I+ br.
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Combining (4.19) and (4.26) we get for all ¢ € [0,¢4,) and b > 0,

(2(9)+ + c(l + b7 tr|[(d+ hu)tHio>)exp<4(9)+r>r|‘xt“§

u(t)| < 2¢|z(t)| + 5
Ju(t)] |2 (1)] o(||e |2 + (€2 — 22(1))+)

|2(0)

2@l del o +cbr
2|3 + (€2 — 22(£))%)

(427) +

Using the inequality 2\/77||xtH2||dtHoo < cflb’1||xt||§”dt“ic + cbr we get from (4.27)
for all ¢ € [0, t4.) and b >0,
cbr|xz(t)|

u(t)| < 2c|z(t)| +
| | | | th’|§+(e2—x2(t))+

(4.28)
1 + -1 -1 2 2 2 +
+ 3 <2(0) +er+b (c ||d,g||Oo +cr?||(d+ hu)t||oo>>exp(4(0) 7‘) |z (t)|.
Exploiting (3.1) and (4.28) we get for all ¢ € [0,tm4.) and b >0,
lu(t)| <23 +r)e™? (T\/intHoo + e)cb}x(t)‘
(4.29)

+ % <2(9)+ e+ 4) + 07 (7|2, + 2 (d+ hu)t||io>>exp(4(9)+r) l2(2)].

Equation (2.1) implies that [|Z¢]|oo < |0]]|2¢]|oo + ||tt]lco + [|dt]lco for all ¢ € [0, tmaz)-
The previous inequality in conjunction with (4.29) gives for all ¢t € [0, t;4.) and b >0,

(4.30)
lu(t)| <203+ r)efgr\@||ut||oocb|x(t)|
+ ((9)+ +23+ 1) (rV2(0lllzilloe + il ) +€) cb) exp(4(0) r) |a(1)]

+ <c(r +2) 4+ ¢ 07 (1l + P2l (d+ hu)t||io>>exp<4(9)+r) B

Selecting b= W;W when |z(t)| > 0 we get from (4.30) for all ¢ € [0,tmaz),
(4.31) lu(t)| < %Hmllm +exp(4(9)+r)f(t),
where
£(t) = (2|9| Fe(r+ 3)) ||| + Hd;”w +—
2V/2r
(4.32) 4V + 3) (oo +rl|(d + hu)t||oo)2|x(t);2.

Notice that (4.31) also holds when |z(t)| =0 (because in this case (4.30) implies that

|u(t)| =0). Therefore, we conclude that (4.31) holds in any case for all ¢ € [0, tya)-
Taking into account (4.21) and the fact that u(s) = ug(s) for all s € [-r,0], we

conclude that H(d—l—hu)tHoo < |ldt]loo +h(t—7)]|up|| 0o for all £ > 0. Taking into account
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(4.1) and the facts that z(s) =zo(s), u(s) =ug(s) for all s € [-r,0], we conclude that
lde]loo < R(t —7‘)(Hu0||OO + |Z0|| 0o + |9|||$o||oo) + ||d||oo for all £ > 0. Since (4.18) gives
for all t € [0, tynaz)

(4.33)

|| < Mexp(—c(t—2r)")||zol| +e+ (1 + v/rMexp(—c(t — 2r)+))2_1/4c_1 ]

we obtain from (4.32) using the fact that (a+b)? < 2a%+2b? (repeatedly) the following
inequality that holds for all ¢ € [0, tm4z):

7(t) < (2161 + e(r + 3) ) Mexp(—e(t = 2r) ) ol |,
h(t—r)
+ 2

2
+ K (M aollZ, +2) At = 1) (2luolloe + 20 ]loc + 0110l )

+ e(2|0| +c(r+ 3))

(lolloo + llzolloo + 161120l )

NG
+ ((29| Fe(r+ 3)) (1 + \/?M)2*1/4c*1 + ;) ]l

+

2
#1624 0ol + 2 (2l + ol + Ll + )
2
s x (14 venr) [ Jalk.

where K = 16e~1v/2(r + 3)r(1 + cr)?. Estimate (4.34) shows that the function f(t)
is bounded on [0, tyq,) With f(t) < F for all ¢ € [0,¢,42). Moreover, we obtain from
(4.31) for all t € [0, tmaz ),

1
z +
(4.35) Org?%(tﬂu(sﬂ) < 5 7§1§aét<|u(s)|) + exp (4(0) 7‘) F.
Distinguishing the cases max_,<s<¢(Ju(s)|) = maxo<s<¢(Ju(s)|) and max_,<s<¢(Ju(s)|)
= max_,<s<o(|u(s)]), using the fact that u(s) = ug(s) for all s € [—7,0], we get the
following estimate for all ¢ € [0, tm42):

1
. <= + ) .
(4.36) Orgg%(tﬂu(s)b <3 HuoHOO + 2exp(4(0) r)F.
Estimate (4.36) shows that wu(t) is bounded on [0,¢144). It follows from Theorem 1
that ¢pee = +00. Furthermore, estimate (2.11) is a direct consequence of (4.18).

We next finish the proof by showing the validity of estimate (2.12). Let w € (0, |
be such that exp(wr) < 2. Using (4.31) we get for all ¢ >0,

(4.37)  |u(t)|exp(wt) < % t_rfg;{ét(|u(s)’exp(ws)) + exp (4(9)+T)f(t)exp(wt).

Inequality (4.37) implies the following estimate for all ¢ > 0:

Orgggtﬂu(s)‘exp(ws)) < (mlgﬂrlgsaéct(‘u(sﬂexp(ws))
(4.38) + exp (4(9)*7") Orgg;ct(f(s)exp(ws)).
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By distinguishing the cases max_,<s<¢(|u(s)|exp(ws)) = maxo<s<t(|u(s)|exp(ws))
and max_,.gsgt(‘u(s)’exp(ws)) = MaxX_,<s<0 }u(s)|exp(ws)), we obtain from (4.38)

for all t > 0,
Orél?gt(‘u(sﬂexp(ws)) < exzﬂ 7orélgaéio(‘u(s)’exp(ws))
(4.39) +2(2 — exp(wr)) texp (4(9)+r) Olgggt(f(s)exp(ws)).

Thus, we obtain from (4.39) and the fact that u(s) = ug(s) for all s € [—r,0] the
following inequality for all £ > 0:

exp(—w(t —1))
] < =)

(4.40) +2(2 — exp(wr)) texp (4(9)*7’) max (f(s)exp(—w(t — s))).

0<s<t

[wolloo

Using the facts that w € (0,c], exp(—c(t — 2r)T) < exp(—c(t — 2r)), h(t — 1) <
exp(—c(t — 2r)) in conjunction with (4.34) we get

(4.41)

Orgggt(f(s)exp(—w(t —s))) < o + 6(2|0\ +c(r+ 3))

+ (316] + c(r + 8) ) Mexp(~wt)exp(2er) (luolloo + o]l + l2olloc)
2 2
#1240 anl ) (24 1) exp(-wt)ex(er) (fuole + ol + ool
_ _ 1
+(<2|9|+c(r+3)) (1+\/;M)2 Ve 1—1—2)Hd||oo
+K[2+e-2<M2+c-2(2+9|)2(1+WM)2>
. 2 2
x (Iluolloo + llzoloc + 170 1o + e ) }ndnw

Estimate (2.12) for certain appropriate function a € K, and certain nondecreasing
function v: Ry — R is a direct consequence of estimates (4.40), (4.41). The proof is
complete. 0

We end this section by providing the proof of Theorem 3.

Proof of Theorem 3. Let (xg,u0,00) € X x R, d € L>°(R,) be given. By virtue
of Theorem 2 there exists a unique pair of continuous mappings z,u : [—7,t;maes) = R
with € WH(Ry), 2(s) = z0(s), u(s) =ug(s) for all s € [-r,0] for which (2.1) holds
for t >0 a.e. and (2.3) holds for all t > 0. It follows from (2.4), (2.5), (2.6) that there

exists a unique piecewise constant function 6 : Ry — R with 6(0) = 6y which satisfies
(2.4) for all t € [ir, (i +1)r), i €N, and (2.5), (2.6) for all i € N.
We define the time sets

I={s2 e, 20}
(4.42) J:{SE[O,T)ZH])SHQZO'}.

Due to (2.8), (4.2), (4.42), (2.4), (2.5), (2.6), we obtain in the case I # 0,
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(4.43) 0(t) — 0] < gndnm for all ¢ > r[r~*min(I)],

0(t) =0(0) for 0<t < [r~'min(I)],
(4.44) when J =0 or J#0 and [r~'min(I)] =1,
(4.45) 6(t) =6(0) for 0<t<r and

0(t) = q(zr,ur) for r <t < rlr~ min(7)]
with 7 =max{t € [0, 7] : ||xt||2 :0121?;(”%”2)}’

when J # () and [r~'min(1)] > 2.

Similarly, due to (4.42), (2.4), (2.5), (2.6), we obtain in the case I # 0,

(4.46) 6(t) = 6(0) for t >0, when J =0,

0(t)=0(0) for 0<t<r and
0(t) = q(xr,ur) for t >r with 7 =max{t€[0,r]: ||xtH2 = Orgai(t(HxSHZ)},

(4.47) when J # 0.

Therefore, we conclude that § € L>°(R,). Estimate (2.13) with 7' = r[r~ min(I)]
in the case where there exists t > r with thHZ > o (i.e., in the case I # (J; recall
definition (4.42)) is a direct consequence of (4.43). The proof is complete. 0

5. Concluding remarks. As noted earlier, this paper is the first step toward the
resolution of several decades-old challenges in disturbance-robust adaptive control. We
have shown in a scalar system that the use of delays in adaptive control can guarantee
features that cannot be guaranteed by adaptive controllers without delays. However,
many things are left to be done in the future. First, the results have to be extended
to important classes of systems (e.g., systems in the strict feedback form or systems
satisfying the matching condition; see [16], [17], [20]). This extension is far from trivial
and will require the development of novel design procedures as well as the generation
of new mathematical results that will make the analysis of the resulting closed-loop
systems tractable. Second, simulation studies have to be performed to investigate how
the performance is affected by different choices for the controller parameters. Indeed,
the obtained stability estimates show us some important qualitative characteristics
but the actual dependence of the performance on the controller parameters can be fully
understood only with the combination of theory and various numerical experiments.
The numerical studies should also compare the proposed delay-adaptive scheme with
well-established existing schemes (e.g., leakage).
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