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Abstract. We complete the first step toward the resolution of several decades-old challenges in
disturbance-robust adaptive control. For a scalar system with an unknown parameter for which no a
priori bound is given, with a disturbance that is of unlimited magnitude and possibly persistent (not
square integrable), and without a persistence of excitation necessarily verified by the state, we con-
sider the problems of (practical) gain assignment relative to the disturbance. We provide a solution
to these heretofore unsolved feedback design problems with the aid of infinite-dimensional nonlinear
feedback employing distributed delay of the state and input itself. Specifically, in addition to (0) the
global boundedness of the infinite-dimensional state of the closed-loop system when the disturbance
is present, we establish (1) practical input-to-output stability with assignable asymptotic gain from
the disturbance to the plant state; (2) assignable exponential convergence rate; and (3) assignable
radius of the residual set. The accompanying identifier in our adaptive controller guarantees (4)
boundedness of the parameter estimate even when disturbances are present; (5) an ultimate estima-
tion error which is proportional to the magnitude of the disturbance with assignable gain when there
exists sufficient excitation of the state; and (6) exact parameter estimation in finite time when the
disturbance is absent and there is sufficient excitation. Among our results, one reveals a trade-off
between ``learning capacity"" and ``disturbance robustness"": the less sensitive the identifier is to the
disturbance, the less likely it is to learn the parameter.

Key words. delay systems, robust adaptive control, feedback stabilization, neutral functional
differential equations
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1. Introduction. The use of delays in feedback control of finite-dimensional,
continuous-time control systems is an idea that was proposed many years ago in
control theory. The idea appears in the book [23] and has been exploited by many
researchers: for instance, in [2], [10], [11] it is shown that the intentional use of delays
to a delay-free system can guarantee properties that cannot be guaranteed by delay-
free designs. More recently, in [14], [15] it was shown that the use of delays in adaptive
control can ensure features that cannot be guaranteed by delay-free adaptive control.

However, the adaptive control schemes in [14], [15] contain delays but are of a hy-
brid nature (note the event-triggered character of the adaptive controller in [14], [15]).
Thus, the question of robustness with respect to the modeling errors arises for the
resulting closed-loop systems. Simulations in [14], [15] showed strong robustness with
respect to various uncertainties, but our efforts to provide theoretical guarantees did
not succeed. This, of course, is consistent with the difficulty of achieving robustness
in nonlinear closed loops under adaptive control and the inherent limitations hidden
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ADAPTIVE STABILIZATION BY DELAYED FEEDBACK 3585

therein: see the relevant discussions in [8], [9], [17], [20], [22], [28] as well as the lim-
itations for robustness that appear in discrete-time systems under adaptive control
in [3] (but see also the review paper [4] and references therein). In the supervisory
framework of direct adaptive control, practical stability in the presence of external
disturbances for a plant belonging to known bounded sets has been studied in [6], [7],
[21]. In the present paper no known bound on the plant parameter is assumed.

This is the first paper that proposes the intentional use of delays in a conven-
tional (nonhybrid) fashion for adaptive control. The proposed adaptive feedback law
makes the closed loop a neutral delay system. Neutral functional differential equa-
tions have been studied extensively [1], [5], [13], [18], [19], [23], [25], [27]. We study
the robustness properties of the closed-loop system when modeling errors are present
and make assumptions of neither a priori bounds for the unknown parameters (so
that no projection scheme can be applied), nor of a priori bounds on the modeling
error (so that no dead zone modification can be applied). Due to the difficulty of
the performed study and the novel character of the proposed feedback, as in [3], [4],
we focus on a scalar system. However, even for the scalar linear case the required
analysis is quite demanding: the closed-loop system is a neutral delay system not in
Hale's form and standard results for neutral delay systems in Hale's form (see [5], [13],
[25], [27]) cannot be used. The reader should notice the difference with the recent
work [24]: in [24] the authors apply robust control schemes (leakage) to a system with
discrete delays, while here we have a delay-free open-loop system where we apply a
novel adaptive scheme with delays.

The present work shows that the intentional use of delays in adaptive control can
guarantee features that cannot be guaranteed by existing control schemes. We show
practical input-to-output stability (IOS; see [29], [12]) for the closed-loop system with
respect to the disturbance with assignable asymptotic gain, assignable exponential
convergence rate, and assignable radius of the residual set. Moreover, we guarantee
that the state of the closed-loop system remains bounded when the disturbance is
present, in addition to having the property of uniform practical global asymptotic
stability with exponential and assignable convergence rate in the absence of distur-
bance. Let us notice here the difference between the proposed adaptive controller
and the other conventional nonlinear adaptive controllers proposed in the literature.
First, some adaptive control schemes do not guarantee that the state of the closed-loop
system is bounded when the disturbance is present. Second, some adaptive schemes
guarantee that the state of the closed-loop system is bounded when a disturbance
of unknown bound is present [8], [9], [22], [28] (e.g., the \sigma -modification and other
leakage schemes), but the radius of the residual set for the output is neither known
nor assignable.

The adaptive feedback law is accompanied by a hybrid identifier, which only
provides estimates not used for feedback (and consequently the identifier does not
affect the closed-loop system). The identifier guarantees

(i) exact parameter estimation in finite time when the disturbance is absent and
there is sufficient excitation,

(ii) boundness of the parameter estimate even when disturbances are present,
(iii) an ultimate estimation error which is proportional to the magnitude of the

disturbance with an assignable gain when there exists sufficient excitation of
the state.

These features cannot be provided by other identifiers in the literature.
The evident novelty of the proposed adaptive feedback law is accompanied by a

novel stability analysis of the closed-loop system which combines Lyapunov arguments
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3586 I. KARAFYLLIS, M. KRSTIC, AND A. ASLANIDIS

and a small-gain analysis (see the proof of Theorem 2 below) in Sobolev spaces.
Since we could not find existence/uniqueness results for neutral delay systems not in
Hale's form with measurable disturbances, we also prove existence/uniqueness (see
Theorem 1 below).

The structure of the paper is as follows. All the main results are stated and
discussed in section 2. Sections 3 and 4 of the paper are devoted to the proofs of all
the main results and auxillary results. The concluding remarks of the present work
are provided in section 5.

Notation. Throughout this paper, we adopt the following notation.
\ast \BbbR + = [0,+\infty ) denotes the set of nonnegative real numbers. \BbbZ is the set of integers
and \BbbN is the set of natural numbers (including zero). For x \in \BbbR +,

\bigl\lceil 
x
\bigr\rceil 
denotes the

smallest integer that is greater than or equal to x, i.e.,
\bigl\lceil 
x
\bigr\rceil 
= min\{ s \in \BbbZ : s \geq x\} .

We use the notation (x)+ for the positive part of the real number x \in \BbbR , i.e., (x)+ =
max\{ x,0\} .
\ast Let D \subseteq \BbbR n be an open set and let S \subseteq \BbbR n be a set that satisfies D \subseteq S \subseteq cl(D),
where cl(D) is the closure of D. By C0(S ; \Omega ), we denote the class of continuous
functions on S, which take values in \Omega \subseteq \BbbR m. By Ck(S ; \Omega ), where k \geq 1 is an
integer, we denote the class of functions on S \subseteq \BbbR n, which take values in \Omega \subseteq \BbbR m and
have continuous derivatives of order k. In other words, the functions of class Ck(S;\Omega )
are the functions which have continuous derivatives of order k in D= int(S) that can
be continued continuously to all points in \partial D \cap S. When \Omega =\BbbR then we write C0(S )
or Ck(S ).
\ast Let I \subseteq \BbbR be an interval with nonempty interior. For every a \geq 1, La(I) denotes
the set of equivalence classes of Lebesque measurable functions f : I \rightarrow \BbbR for which
\| f\| a := (

\int 
I
| f(x)| adx)1/a < +\infty . L\infty (I) denotes the set of equivalence classes of

Lebesgue measurable functions f : I \rightarrow \BbbR with \| f\| \infty := ess supx\in I (| f(x)| ) < +\infty .
The scalar product in L2(I) is denoted by \langle f, g\rangle =

\int 
I
f(x)g(x)dx. For every a \geq 1,

W 1,a(I) denotes the set of absolutely continuous functions f : I \rightarrow \BbbR with f, f \prime \in La(I).
We use the notation H1(I) for the space W 1,2(I).
\ast Let r > 0, a < b \leq +\infty and u : [a - r, b]\rightarrow \BbbR n be given. We use the notation ut to
denote the history at certain t\in [a, b), i.e., (ut)(s) = u(t+ s) for all s\in [ - r,0].

2. Main results. Consider the scalar system

\.x(t) = \theta x(t) + u(t) + d(t),

x, u, d\in \BbbR ,(2.1)

where \theta \in \BbbR is a constant unknown parameter. We assume that d \in L\infty (\BbbR +) is a
disturbance that is not measured. It is evident from (2.1) that for every r > 0 the
following identity is valid for t\geq r:

x2(t) - x2(t - r) - 2
\Bigl\langle 
xt, ut

\Bigr\rangle 
= 2\theta 

\bigm\| \bigm\| xt

\bigm\| \bigm\| 2
2
+ 2
\Bigl\langle 
xt, dt

\Bigr\rangle 
.

Here and in what follows all functions xt, ut, dt are considered to be defined on [ - r,0]

and consequently, we have \langle xt, dt\rangle =
\int 0

 - r
x(t+ s)d(t+ s)ds, \langle xt, ut\rangle =

\int 0

 - r
x(t+ s)u(t+

s)ds, and
\bigm\| \bigm\| xt

\bigm\| \bigm\| 2
2
=
\int 0

 - r
x2(t+ s)ds. It is tempting to design a feedback law for (2.1)

based on the following estimate for the unknown parameter \theta \in \BbbR when xt \not = 0:

\^\theta (t) =
x2(t) - x2(t - r) - 2

\Bigl\langle 
xt, ut

\Bigr\rangle 
2
\bigm\| \bigm\| xt

\bigm\| \bigm\| 2
2

.(2.2)
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ADAPTIVE STABILIZATION BY DELAYED FEEDBACK 3587

For example, one can think of a feedback law of the form u(t) =  - (2c + \^\theta (t))x(t),
where the parameter estimate \^\theta (t) is given by (2.2) and c > 0 is a constant. There
are two major issues for the implementation of this idea. First, the feedback law will
give the current value of u(t) based on the estimate \^\theta (t) which also depends on the
history of u(t). Therefore, the closed-loop system will not be a conventional delay
system. Second, the mapping that gives the estimate \^\theta (t) is not continuous (it is not
even locally bounded). Consequently, there will be severe problems for establishing
the well-posedness of the closed-loop system.

We seek a modification of the above idea, which can guarantee the well-posedness
of the closed-loop system as well as a set of properties that cannot be guaranteed by
other adaptive controllers.

We next investigate the properties of the closed-loop system under the adaptive
controller

u(t) = - (2c+ p(xt, ut))x(t),(2.3)

d\^\theta 

dt
(t) = 0 for all t\in [ir, (i+ 1)r), i\in \BbbN ,(2.4)

\^\theta ((i+ 1)r) = \^\theta (ir) if max
ir\leq s\leq (i+1)r

(
\bigm\| \bigm\| xs

\bigm\| \bigm\| 
2
)<\sigma , i\in \BbbN ,(2.5)

\^\theta ((i+ 1)r) = q(x\tau , u\tau ) if max
ir\leq s\leq (i+1)r

(
\bigm\| \bigm\| xs

\bigm\| \bigm\| 
2
)\geq \sigma , i\in \BbbN ,

with \tau =max
\bigl\{ 
t\in [ir, (i+ 1)r] :

\bigm\| \bigm\| xt

\bigm\| \bigm\| 
2
= max

ir\leq s\leq (i+1)r
(
\bigm\| \bigm\| xs

\bigm\| \bigm\| 
2
)
\bigr\} 
,(2.6)

where \epsilon , c, r, \sigma > 0 are constants and

p(x,u) =
(x2(0) - x2( - r) - 2\langle x,u\rangle )+ + crx2(0)

2(
\bigm\| \bigm\| x\bigm\| \bigm\| 2

2
+ (\epsilon 2  - x2(0))+)

for (x,u)\in C0([ - r,0];\BbbR 2),(2.7)

q(x,u) =
x2(0) - x2( - r) - 2\langle x,u\rangle 

2
\bigm\| \bigm\| x\bigm\| \bigm\| 2

2

for (x,u)\in C0([ - r,0];\BbbR 2), x \not = 0.(2.8)

Some explanations for the feedback law (2.3) and the identifier (2.4)--(2.6) are
needed here.

\bullet Notice that the mapping q defined by (2.8) is simply the expression appearing
in the right-hand side of (2.2). So, the identifier in (2.6) uses the estimate (2.2)
at the most recent time in the interval [ir, (i+ 1)r] for which the L2(( - r,0))
norm is greater than or equal to \sigma . When there is no time in the interval
[ir, (i+1)r] for which the L2(( - r,0)) norm is greater than or equal to \sigma , then
the identifier in (2.5) does not update the parameter estimate \^\theta .

\bullet It should be noticed that the feedback law (2.3) does not use the parameter
estimate \^\theta . Therefore, the identifier does not affect the closed-loop system
(2.1), (2.3). Instead, using definition (2.7), the feedback law (2.3) can be
written as

u(t)= - (2c+
(x2(t) - x2(t - r) - 2\langle xt, ut\rangle )+

2(
\bigm\| \bigm\| xt

\bigm\| \bigm\| 2
2
+(\epsilon 2  - x2(t))+)

)x(t) - crx3(t)

2(
\bigm\| \bigm\| xt

\bigm\| \bigm\| 2
2
+ (\epsilon 2  - x2(t))+)

,

where it becomes clear that the parameter estimate has been replaced

by (x2(t) - x2(t - r) - 2\langle xt,ut\rangle )+
2(\| xt\| 2

2+(\epsilon 2 - x2(t))+)
(notice the difference with the estimate

x2(t) - x2(t - r) - 2\langle xt,ut\rangle 
2\| xt\| 2

2
in (2.2)). On the other hand, the term

 - crx3(t)
2(\| xt\| 2

2+(\epsilon 2 - x2(t))+)
is a (delay-dependent) nonlinear damping term.
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3588 I. KARAFYLLIS, M. KRSTIC, AND A. ASLANIDIS

Even with this modification, the right-hand side of (2.3) is not bounded when (xt, ut)
is in a bounded subset of C0([ - r,0];\BbbR 2). This can be shown by the sequence of
functions

xn(s) =

\left\{         
0 , s\in 

\biggl[ 
 - r,

 - r

n+ 1

\biggr] 
,

\epsilon 

\biggl( 
n+ 1

r
s+ 1

\biggr) 
, s\in 

\Biggl( 
 - r

n+ 1
,0

\Biggr] 
, un = 0 with n\geq 1,

for which it holds that
\bigm\| \bigm\| xn

\bigm\| \bigm\| 
\infty = \epsilon ,

\bigm\| \bigm\| un

\bigm\| \bigm\| 
\infty = 0 and p(xn, un) = 3(n+ 1) 1+cr

2r \Rightarrow +\infty .
However, it can be shown (see Lemma 1 in section 3) that the right-hand side of (2.3)
is indeed bounded when (xt, ut) is in a bounded subset of W 1,\infty (( - r,0))\times C0([ - r,0])
or a bounded subset of H1(( - r,0))\times C0([ - r,0]). Therefore, the closed-loop system
(2.1), (2.3) is a system of functional differential equations with state (xt, ut) \in X,
where

X := \{ (x,u)\in S : u(0) = - (p(x,u) + 2c)x(0)\} ,
S :=W 1,\infty (( - r,0))\times C0([ - r,0]).(2.9)

The well-posedness of the closed-loop system (2.1), (2.3) cannot be guaranteed by
using standard results in the literature. For example, one can think of obtaining the
solution of the closed-loop system (2.1), (2.3) with initial condition (x0, u0) \in X as a
solution of the delay system

\.x(t) = \theta x(t) + u(t) + d(t),

\.\xi (t) = 2x(t)u(t),

u(t) = - 

\Biggl( 
(x2(t) - x2(t - r) - \xi (t) + \xi (t - r))+ + crx2(t)

2(
\bigm\| \bigm\| xt

\bigm\| \bigm\| 2
2
+ (\epsilon 2  - x2(t))+)

+ 2c

\Biggr) 
x(t)(2.10)

with initial condition (x0, \xi 0) \in (W 1,\infty ( - r,0)) \times (W 1,\infty ( - r,0)) that satisfies \xi (s) =
\xi ( - r) + 2

\int s

 - r
x(l)u(l)dl for all s \in [ - r,0] (notice that \xi (t) = \xi ( - r) + 2

\int t

 - r
x(l)u(l)dl

for all t\geq  - r). Systems like (2.10) with state space being a Sobolev space are studied
in [18], [19]. In [18], [19] systems like (2.10) are characterized as neutral functional
differential equations. However, the use of the existence/uniqueness results in [18],
[19] would require the assumption that d \in C0(\BbbR +). Moreover, system (2.10) is
a neutral delay system not in Hale's form, and standard results for neutral delay
systems in Hale's form (see [5], [13], [25], [27]) cannot be used for its study. Equation
(2.3) by itself is a functional difference system (see [26]) but its right-hand side is not
independent at 0. Therefore, we are forced to prove the following existence/uniqueness
result for the closed-loop system (2.1), (2.3).

Theorem 1. Given \theta \in \BbbR , (x0, u0) \in X and d \in L\infty (\BbbR +) there exist tmax \in 
(0,+\infty ] and a unique pair of continuous mappings x,u : [ - r, tmax) \rightarrow \BbbR with x \in 
W 1,\infty (( - r,T )) for all T < tmax, x(s) = x0(s), u(s) = u0(s) for all s \in [ - r,0] such
that (2.1) holds for t\in [0, tmax) a.e. and (2.3) holds for all t\in [0, tmax). Moreover, if
tmax <\infty , then limsupt\rightarrow t - max

(| u(t)| ) =+\infty .

Based on Theorem 1, we prove the following stabilization result.

Theorem 2. Let \omega \in (0, c] be an arbitrary constant with exp(\omega r)< 2. For every
\theta \in \BbbR there exist a constant M > 0, a function a\in K\infty , and a nondecreasing function

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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ADAPTIVE STABILIZATION BY DELAYED FEEDBACK 3589

\gamma : \BbbR + \rightarrow \BbbR + such that for every (x0, u0) \in X, d \in L\infty (\BbbR +) there exist a unique
pair of continuous mappings x,u : [ - r, tmax)\rightarrow \BbbR with x \in W 1,\infty (\BbbR +), x(s) = x0(s),
u(s) = u0(s) for all s \in [ - r,0] for which (2.1) holds for t\geq 0 a.e. and (2.3) holds for
all t\geq 0 and the following estimates hold for all t\geq 0:

| x(t)| \leq Mexp( - c(t - r)+)| x0(0)| + \epsilon +
\bigl( 
1 +

\surd 
rMexp( - c(t - r)+)

\bigr) \| d\| \infty 
21/4c

,(2.11)

\| ut\| \infty \leq exp( - \omega t)a(\| x0\| \infty + \| \.x0\| \infty + \| u0\| \infty )

+ \gamma (\| x0\| \infty + \| \.x0\| \infty + \| u0\| \infty + \| d\| \infty )\| d\| \infty 
+ \epsilon \rho ,(2.12)

where \rho := 2| \theta | + 1
2
\surd 
2r

+ c(r+ 3).

Theorem 2 implies that the maximal existence time tmax \in (0,+\infty ] of the solution
of the closed-loop system (2.1), (2.3) guaranteed by Theorem 1 satisfies tmax =+\infty for
all initial conditions (x0, u0)\in X and for all external inputs d\in L\infty (\BbbR +). The stability
estimate (2.11) guarantees global practical IOS for the output Y = x with respect to
the disturbance d with assignable asymptotic gain (equal to 2 - 1/4c - 1), assignable ex-
ponential convergence rate (equal to c), and assignable radius of the residual set (equal
to \epsilon ). Let us notice here the difference between the adaptive controller (2.3) and other
conventional nonlinear adaptive controllers proposed in the literature: some adaptive
control schemes do not guarantee that the state of the closed-loop system is bounded
when the disturbance d \in L\infty (\BbbR +) is present and require additional assumptions for
the disturbance in order to guarantee boundedness (e.g., d\in L2(\BbbR +)\cap L\infty (\BbbR +)) which
cannot be verified in practice. There are some adaptive schemes that can guarantee
that the state of the closed-loop system is bounded when the disturbance d\in L\infty (\BbbR +)
is present: see [8], [9] (e.g., the \sigma -modification and other leakage schemes). However,
in such adaptive control schemes the radius of the residual set for the output Y = x is
proportional to | \theta | and therefore is not known (and not assignable). Both estimates
(2.11), (2.12) guarantee uniform practical asymptotic stability with exponential and
assignable convergence rate in the disturbance-free case. The effect of the controller
parameters c, r, \epsilon is very complicated to describe in a clear way. However, the proof
of Theorem 2 is constructive and allows the derivation of (possibly very conservative)
formulas for the constant M > 0, the function a \in K\infty , and the nondecreasing func-
tion \gamma : \BbbR + \rightarrow \BbbR + involved in estimates (2.11), (2.12). Moreover, it should be noted
that M,a,\gamma depend on \theta \in \BbbR (the system parameter), on the controller parameters
c, r, \epsilon , and on \omega \in (0, c].

The proof of Theorem 2 is based on a novel stability analysis of the closed-loop
system which combines Lyapunov arguments and a small-gain analysis (see section 4)
in Sobolev spaces.

An additional difference between the adaptive controller (2.3)--(2.6) and other
conventional nonlinear adaptive controllers proposed in the literature arises when the
identifier (2.4), (2.5), (2.6) is taken into account. This is shown by the following
theorem.

Theorem 3. For every \theta \in \BbbR , (x0, u0, \^\theta 0) \in X \times \BbbR , d \in L\infty (\BbbR +), there exist a
unique triplet of mappings x,u\in C0(\BbbR +), \^\theta \in L\infty (\BbbR +), with \^\theta (0) = \^\theta 0, x\in W 1,\infty (\BbbR +),
x(s) = x0(s), u(s) = u0(s) for all s \in [ - r,0] for which (2.1) holds for t\geq 0 a.e., (2.3)
holds for all t\geq 0, (2.4) holds for all t \in [ir, (i+ 1)r), i \in \BbbN , and (2.5), (2.6) hold for
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3590 I. KARAFYLLIS, M. KRSTIC, AND A. ASLANIDIS

all i\in \BbbN . Moreover, if there exists t\geq r with \| xt\| 2 \geq \sigma , then there exists a finite time
T \geq r for which the following estimate holds:

| \^\theta (t) - \theta | \leq 
\surd 
r

\sigma 
\| d\| \infty for all t\geq T.(2.13)

Estimate (2.13) guarantees that the parameter estimate \^\theta (t) is always bounded
(even when disturbances are present) and exact estimation in finite time of the un-
known parameter \theta \in \BbbR when there exists sufficient excitation of the state (i.e., when
there exists t \geq r with \| xt\| 2 \geq \sigma ) and the disturbance is absent. Moreover, es-
timate (2.13) guarantees an ultimate estimation error which is proportional to the
magnitude of the disturbance when there exists sufficient excitation of the state: this
feature cannot be provided by other adaptive schemes in the literature. The gain of
the disturbance for the estimation error (equal to

\surd 
r/\sigma ) indicates a trade-off between

``learning"" and ``robustness"": when \sigma > 0 is large then the gain of the disturbance
is small (indicating strong robustness) but this implies that it is less likely for the
``learning"" process to be complete (since it is less likely that there exists t \geq r with
\| xt\| 2 \geq \sigma ). On the other hand, when \sigma > 0 is small then the gain of the disturbance
is large (indicating lack of robustness), but this implies that it is more possible for
the ``learning"" process to be complete.

3. Proof of Theorem 1. We start by stating and proving an auxiliary technical
lemma.

Lemma 1. For all x\in W 1,\infty (( - r,0)) it holds that

\| x\| 22 + (\epsilon 2  - x2(0))+ \geq r\epsilon 3

2(3 + r)(r
\surd 
2\| \.x\| \infty + \epsilon )

.(3.1)

Moreover, for all x\in H1(( - r,0) it holds that

\| x\| 22 + (\epsilon 2  - x2(0))+ \geq \epsilon 4r

2\epsilon 2r+ 12(\epsilon 2 + 2r\| \.x\| 22)
.(3.2)

Proof. Let x \in W 1,\infty (( - r,0)) or x \in H1(( - r,0) be given. We distinguish the
following cases:
Case 1: x2(0) < \epsilon 2

2 . In this case we have (\epsilon 2  - x2(0))+ \geq \epsilon 2

2 and consequently

\| x\| 22 + (\epsilon 2  - x2(0))+ \geq \epsilon 2

2 .

Case 2: x2(0)\geq \epsilon 2

2 . Using the triangle inequality we get for all s\in [ - r,0],

| x(0)| \geq \epsilon \surd 
2
\Rightarrow | x(0)|  - | x(0) - x(s)| \geq \epsilon \surd 

2
 - | x(0) - x(s)| 

\Rightarrow | x(s)| \geq 
\biggl( 

\epsilon \surd 
2
 - \| \.x\| \infty | s| 

\biggr) +

(3.3)

and

| x(0)| \geq \epsilon \surd 
2
\Rightarrow | x(0)|  - | x(0) - x(s)| \geq \epsilon \surd 

2
 - | x(0) - x(s)| 

\Rightarrow | x(s)| \geq 
\biggl( 

\epsilon \surd 
2
 - \| \.x\| 2

\sqrt{} 
| s| 
\biggr) +

.(3.4)

If \epsilon 
r
\surd 
2
\geq \| \.x\| \infty , then it follows that ( \epsilon \surd 

2
 - \| \.x\| \infty | s| )+ = \epsilon \surd 

2
+ s\| \.x\| \infty \geq 0 for all

s\in [ - r,0]. Thus, in this case we obtain from (3.3)

| x(s)| 2 \geq \epsilon 2

2
+ \| \.x\| 2\infty s2 +

\surd 
2\epsilon \| \.x\| \infty s for all s\in [ - r,0]
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ADAPTIVE STABILIZATION BY DELAYED FEEDBACK 3591

\Rightarrow \| x\| 22 \geq 
\epsilon 2r

2
+

1

3
\| \.x\| 2\infty r3 +

1\surd 
2
\epsilon \| \.x\| \infty r2.

Since the minimum of the function f(t) = r3

3 t
2  - \epsilon r2\surd 

2
t+ \epsilon 2r

2 for t\in [0, \epsilon 
r
\surd 
2
] is equal to

\epsilon 2r
6 , the above estimate shows that \| x\| 22 \geq \epsilon 2r

6 .

If \epsilon \surd 
2r

\geq \| \.x\| 2, then it follows that ( \epsilon \surd 
2
 - \| \.x\| 2

\sqrt{} 
| s| )+ = \epsilon \surd 

2
 - \| \.x\| 2

\surd 
 - s\geq 0 for all

s\in [ - r,0]. Thus, in this case we obtain from (3.4)

| x(s)| 2 \geq \epsilon 2

2
 - \| \.x\| 22s - 

\surd 
2\epsilon \| \.x\| 2

\surd 
 - s for all s\in [ - r,0]

\Rightarrow \| x\| 22 \geq 
\epsilon 2r

2
+

1

2
\| \.x\| 22r2  - 

2
\surd 
2

3
\epsilon \| \.x\| 2r

\surd 
r.

Since the minimum of the function f(t) = r2

2 t
2  - 2

\surd 
2r\epsilon r
3 t+ \epsilon 2r

2 for t\in [0, \epsilon \surd 
2r
] is equal

to \epsilon 2r
12 , the above estimate shows that \| x\| 22 \geq \epsilon 2r

12 .
If \epsilon 

r
\surd 
2
< \| \.x\| \infty , then it follows that ( \epsilon \surd 

2
 - \| \.x\| \infty | s| )+ = \epsilon \surd 

2
+ s\| \.x\| \infty \geq 0 for all

s\in [ - \epsilon 
\| \.x\| \infty 

\surd 
2
,0]. Thus, in this case we obtain from (3.3)

| x(s)| 2 \geq \epsilon 2

2
+ \| \.x\| 2\infty s2 +

\surd 
2\epsilon \| \.x\| \infty s for all s\in 

\biggl[ 
 - \epsilon 

\| \.x\| \infty 
\surd 
2
,0

\biggr] 
,

| x(s)| 2 \geq 0 for all s\in 
\biggl[ 
 - r, - \epsilon 

\| \.x\| \infty 
\surd 
2

\biggr] 
.

It follows that

\| x\| 22 \geq 
\epsilon 3

6
\surd 
2\| \.x\| \infty 

.

If \epsilon \surd 
2r

< \| \.x\| 2, then it follows that ( \epsilon \surd 
2
 - \| \.x\| 2

\sqrt{} 
| s| )+ = \epsilon \surd 

2
 - \| \.x\| 2

\sqrt{} 
| s| \geq 0 for all

s \in [ - \epsilon 2

2\| \.x\| 2
2
,0] and ( \epsilon \surd 

2
 - \| \.x\| 2

\sqrt{} 
| s| )+ = 0 for all s \in [ - r, - \epsilon 2

2\| \.x\| 2
2
]. Thus, in this case

we obtain from (3.4)

| x(s)| 2 \geq \epsilon 2

2
+ \| \.x\| 22| s|  - 

\surd 
2\epsilon \| \.x\| 2

\sqrt{} 
| s| for all s\in 

\biggl[ 
 - \epsilon 2

2\| \.x\| 22
,0

\biggr] 
,

| x(s)| 2 \geq 0 for all s\in 
\biggl[ 
 - r, - \epsilon 2

2\| \.x\| 22

\biggr] 
.

It follows that

\| x\| 22 \geq 
\epsilon 4

24\| \.x\| 22
.

Combining both cases, we get \| x\| 22 \geq \epsilon 2

6 min(r, \epsilon \surd 
2\| \.x\| \infty 

), \| x\| 22 \geq \epsilon 2

12min( \epsilon 2

2\| \.x\| 2
2
, r) when

\| \.x\| \infty > 0 (which also implies \| \.x\| 2 > 0) and \| x\| 22 \geq \epsilon 2r
6 when \| \.x\| \infty = 0. Thus, we

get \| x\| 22 + (\epsilon 2  - x2(0))+ \geq \epsilon 2

6 min(r, \epsilon \surd 
2\| \.x\| \infty 

), \| x\| 22 + (\epsilon 2  - x2(0))+ \geq \epsilon 2

12min( \epsilon 2

2\| \.x\| 2
2
, r)

when \| \.x\| \infty > 0 and \| x\| 22 + (\epsilon 2  - x2(0))+ \geq \epsilon 2r
6 when \| \.x\| \infty = 0. Using the fact

that min(a, b) \geq ab
a+b that holds for all a, b > 0 we get that \| x\| 22 + (\epsilon 2  - x2(0))+ \geq 

\epsilon 3r
6(r

\surd 
2\| \.x\| \infty +\epsilon )

, \| x\| 22 + (\epsilon 2  - x2(0))+ \geq \epsilon 4r
12(\epsilon 2+2r\| \.x\| 2

2)
when \| \.x\| \infty > 0. The inequalities

\| x\| 22 + (\epsilon 2  - x2(0))+ \geq \epsilon 3r
6(r

\surd 
2\| \.x\| \infty +\epsilon )

, \| x\| 22 + (\epsilon 2  - x2(0))+ \geq \epsilon 4r
12(\epsilon 2+2r\| \.x\| 2

2)
hold even
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3592 I. KARAFYLLIS, M. KRSTIC, AND A. ASLANIDIS

in the case \| \.x\| \infty = 0. Consequently, we conclude that the inequalities \| x\| 22 + (\epsilon 2  - 
x2(0))+ \geq \epsilon 3r

6(r
\surd 
2\| \.x\| \infty +\epsilon )

, \| x\| 22 + (\epsilon 2  - x2(0))+ \geq \epsilon 4r
12(\epsilon 2+2r\| \.x\| 2

2)
hold.

Combining the estimate obtained for Case 1 and the estimates obtained for Case
2, we get

\| x\| 22 + (\epsilon 2  - x2(0))+ \geq \epsilon 2

2
min

\biggl( 
\epsilon r

3(r
\surd 
2\| \.x\| \infty + \epsilon )

,1

\biggr) 
,

\| x\| 22 + (\epsilon 2  - x2(0))+ \geq \epsilon 2

2
min

\biggl( 
\epsilon 2r

6(\epsilon 2 + 2r\| \.x\| 22)
,1

\biggr) 
.

Using the fact that min(a, b)\geq ab
a+b that holds for all a, b > 0 we get that

\| x\| 22 + (\epsilon 2  - x2(0))+ \geq 1

2

\epsilon 3r

\epsilon (r+ 3) + 3r
\surd 
2\| \.x\| \infty 

,

\| x\| 22 + (\epsilon 2  - x2(0))+ \geq \epsilon 4r

2\epsilon 2r+ 12(\epsilon 2 + 2r\| \.x\| 22)
.

The above inequalities directly imply inequalities (3.1), (3.2). The proof is
complete.

We next show the following technical result.

Lemma 2. There exists a nondecreasing function L : \BbbR + \rightarrow (0,+\infty ) with the
following property: for every R \geq 0 and for every (x,u) \in H1(( - r,0))\times L1(( - r,0)),
(y,w)\in H1(( - r,0))\times L1(( - r,0)) with max(\| x\| \infty ,\| \.x\| 2,\| u\| 1)\leq R , max(\| y\| \infty ,\| \.y\| 2,
\| w\| 1)\leq R, it holds that

| p(x,u) - p(y,w)| \leq L(R) (\| x - y\| \infty + \| u - w\| 1) .(3.5)

Proof. Let R \geq 0, (x,u) \in H1(( - r,0)) \times L1(( - r,0)), (y,w) \in H1(( - r,0)) \times 
L1(( - r,0)) with max(\| x\| \infty ,\| \.x\| 2,\| u\| 1) \leq R, max(\| y\| \infty ,\| \.y\| 2,\| w\| 1) \leq R be given.
Using definition (2.7) and the triangle inequality we get

| p(x,u) - p(y,w)| \leq cr

2(\| x\| 22 + (\epsilon 2  - x2(0))+)
| x2(0) - y2(0)| 

(3.6)

+
1

2(\| x\| 22+(\epsilon 2 - x2(0))+)
| (x2(0) - x2( - r) - 2\langle x,u\rangle )+ - (y2(0) - y2( - r) - 2\langle y,w\rangle )+| 

+
(y2(0) - y2( - r) - 2\langle y,w\rangle )+ + cry2(0)

2(\| x\| 22+(\epsilon 2 - x2(0))+)(\| y\| 22 + (\epsilon 2 - y2(0))+)

\bigm| \bigm| \bigm| \| y\| 22  - \| x\| 22
\bigm| \bigm| \bigm| 

+
(y2(0) - y2( - r) - 2\langle y,w\rangle )+ + cry2(0)

2(\| x\| 22 + (\epsilon 2  - x2(0))+)(\| y\| 22 + (\epsilon 2  - y2(0))+)
| (\epsilon 2  - y2(0))+  - (\epsilon 2  - x2(0))+| .

Using (3.2), the fact that | (a)+  - (b)+| \leq | a  - b| for all a, b \in \BbbR , the fact that
max(\| \.x\| 2,\| \.y\| 2)\leq R, and the triangle inequality, we obtain from (3.6)

| p(x,u) - p(y,w)| \leq H(R)(1 + cr)| x2(0) - y2(0)| 
+H(R)| x2( - r) - y2( - r)| + 2H(R)| \langle x,u\rangle  - \langle y,w\rangle | 

+ 2H(R)2(y2(0) - y2( - r) - 2\langle y,w\rangle )+ + cry2(0))
\bigm| \bigm| \bigm| \| y\| 22  - \| x\| 22

\bigm| \bigm| \bigm| 
+ 2H(R)2(y2(0) - y2( - r) - 2\langle y,w\rangle )+ + cry2(0))| x2(0) - y2(0)| ,(3.7)
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ADAPTIVE STABILIZATION BY DELAYED FEEDBACK 3593

where

H(R) :=
\epsilon 2r+ 6(\epsilon 2 + 2rR2)

\epsilon 4r
.(3.8)

Using the fact that (y2(0) - y2( - r) - 2\langle y,w\rangle )+ \leq y2(0)+2
\bigm| \bigm| \langle y,w\rangle \bigm| \bigm| in conjunction with

(3.7) and the triangle inequality, we get\bigm| \bigm| \bigm| p(x,u) - p(y,w)
\bigm| \bigm| \bigm| \leq (1 + cr)H(R)

\Bigl( 
| x(0)| + | y(0)| 

\Bigr) \bigm| \bigm| \bigm| x(0) - y(0)
\bigm| \bigm| \bigm| 

+H(R)
\Bigl( 
| x( - r)| + | y( - r)| 

\Bigr) \bigm| \bigm| \bigm| x( - r) - y( - r)
\bigm| \bigm| \bigm| + 2H(R)

\bigm| \bigm| \bigm| \langle x,u - w\rangle 
\bigm| \bigm| \bigm| 

+ 2H(R)
\bigm| \bigm| \langle x - y,w\rangle 

\bigm| \bigm| 
+ 2H(R)2

\Bigl( 
(1 + cr)y2(0) +

\bigm| \bigm| \langle y,w\rangle \bigm| \bigm| \Bigr) \Bigl( \| y\| 2 + \| x\| 2
\Bigr) \bigm| \bigm| \bigm| \| y\| 2  - \| x\| 2

\bigm| \bigm| \bigm| 
+ 2H(R)2

\Bigl( 
(1 + cr)y2(0) +

\bigm| \bigm| \langle y,w\rangle \bigm| \bigm| \Bigr) \Bigl( | x(0)| + | y(0)| 
\Bigr) \bigm| \bigm| \bigm| x(0) - y(0)

\bigm| \bigm| \bigm| .(3.9)

Using (3.9), the fact that max
\bigl( 
\| x\| \infty ,\| y\| \infty 

\bigr) 
\leq R, Holder's inequality, and the triangle

inequality, we get\bigm| \bigm| \bigm| p(x,u) - p(y,w)
\bigm| \bigm| \bigm| \leq 2R(1 + cr)H(R)

\bigm| \bigm| \bigm| x(0) - y(0)
\bigm| \bigm| \bigm| 

+ 2RH(R)
\bigm| \bigm| \bigm| x( - r) - y( - r)

\bigm| \bigm| \bigm| + 2H(R)
\bigm\| \bigm\| x\bigm\| \bigm\| \infty \bigm\| \bigm\| u - w

\bigm\| \bigm\| 
1

+ 2H(R)
\bigm\| \bigm\| x - y

\bigm\| \bigm\| 
\infty 

\bigm\| \bigm\| w\bigm\| \bigm\| 
1

+ 2H(R)2
\Bigl( 
(1 + cr)R2 +

\bigm\| \bigm\| y\bigm\| \bigm\| \infty \bigm\| \bigm\| w\bigm\| \bigm\| 1\Bigr) \Bigl( \bigm\| \bigm\| y\bigm\| \bigm\| 2 + \bigm\| \bigm\| x\bigm\| \bigm\| 2\Bigr) \bigm\| \bigm\| \bigm\| x - y
\bigm\| \bigm\| \bigm\| 
2

+ 4RH(R)2
\Bigl( 
(1 + cr)R2 +

\bigm\| \bigm\| y\bigm\| \bigm\| \infty \bigm\| \bigm\| w\bigm\| \bigm\| 1\Bigr) \bigm| \bigm| \bigm| x(0) - y(0)
\bigm| \bigm| \bigm| .(3.10)

Using the fact \| f\| 2 \leq 
\surd 
r\| f\| \infty that holds for all f \in C0([ - r,0];\BbbR ), we get from (3.10)\bigm| \bigm| \bigm| p(x,u) - p(y,w)

\bigm| \bigm| \bigm| \leq 2R(1 + cr)H(R)\| x - y\| \infty 
+ 2RH(R)\| x - y\| \infty + 2H(R)\| x\| \infty \| u - w\| 1
+ 2H(R)\| x - y\| \infty \| w\| 1
+ 2rH(R)2

\bigl( 
(1 + cr)R2 + 2\| y\| \infty \| w\| 1

\bigr) \bigl( 
\| y\| \infty + \| x\| \infty 

\bigr) 
\| x - y\| \infty 

+ 4RH(R)2
\bigl( 
(1 + cr)R2 + 2\| y\| \infty \| w\| 1

\bigr) 
\| x - y\| \infty .(3.11)

Using the fact that max(\| x\| \infty ,\| \.x\| 2,\| u\| 1)\leq R and (3.11) we obtain (3.5) with

L(R) = (3 + cr)(1 + 2R2(r+ 1)H(R))2RH(R)

and the proof is complete.

Now we are ready to provide the first existence result for system (2.1), (2.3).

Lemma 3. Given (x0, u0) \in X and d \in L\infty (\BbbR +) there exist \delta > 0 and continuous
mappings x,u : [ - r, \delta ]\rightarrow \BbbR with x \in W 1,\infty (( - r, \delta )), x(s) = x0(s), u(s) = u0(s) for all
s\in [ - r,0] such that (2.1) holds for t\in [0, \delta ] a.e. and (2.3) holds for all t\in [0, \delta ].

Proof. Let (x0, u0)\in X and d\in L\infty (\BbbR +) be given. Define the closed set

A :=
\Bigl\{ 
a\in C0([0, \delta ];\BbbR ) : a(0) = p(x0, u0), max

0\leq s\leq \delta 
(a(s))\leq M

\Bigr\} 
\subset C0([0, \delta ]),(3.12)
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3594 I. KARAFYLLIS, M. KRSTIC, AND A. ASLANIDIS

where \delta ,M > 0 are constants (to be selected appropriately). We also define the
mapping P :A\rightarrow C0([0, \delta ];\BbbR ) in the following way. Given a\in A we define

y(t) = exp

\biggl( 
(\theta  - 2c)t - 

\int t

0

a(s)ds

\biggr) 
x0(0)

+

\int t

0

exp

\biggl( 
(\theta  - 2c)(t - \tau )) - 

\int t

\tau 

a(s)ds

\biggr) 
d(\tau )d\tau 

for t\in (0, \delta ],(3.13)

y(s) = x0(s) for all s\in [ - r,0],(3.14)

w(t) = - (2c+ a(t))y(t) for t\in (0, \delta ],(3.15)

w(s) = u0(s) for all s\in [ - r,0],(3.16)

\=a(t) = p(yy,wt) =

\Bigl( 
y2(t) - y2(t - r) - 2\langle yt,wt\rangle 

\Bigr) +
+ cry2(t)

2
\Bigl( 
\| yt\| 22 + (\epsilon 2  - y2(t))+

\Bigr) .(3.17)

We define

P (a) = \=a.(3.18)

In order to complete the proof of the theorem, it suffices to show that the mapping
P : A \rightarrow C0([0, \delta ];\BbbR ) has a fixed point. Therefore, by using Banach's fixed point
theorem, we have to show that there exist \delta ,M > 0 such that the mapping takes
values in A and is a contraction.

It should be noticed that definitions (3.12), (3.14), (3.16), and (3.17) guaran-
tee that \=a(0) = p(x0, u0). Moreover, definitions (3.12), (3.13), (3.14), (3.15), (3.16)
guarantee that

max
 - r\leq t\leq \delta 

\bigl( 
| y(t)| 

\bigr) 
\leq exp

\bigl( 
(\theta  - 2c)+\delta 

\bigr) \bigl( 
\| x0\| \infty + \delta \| d\| \infty 

\bigr) 
,(3.19)

\.y(t) = (\theta  - 2c - a(t))y(t) + d(t) for t\in (0, \delta ] a.e.,(3.20)

sup
0<t<\delta 

\bigl( 
| y(t)| 

\bigr) 
\leq 
\bigl( 
| \theta  - 2c| +M

\bigr) 
exp
\bigl( 
(\theta  - 2c)+\delta 

\bigr) \bigl( 
\| x0\| \infty + \delta \| d\| \infty 

\bigr) 
+ \| d\| \infty ,(3.21)

\int \delta 

 - r

\.y2(s)ds\leq \| \.x0\| 22

+ \delta 

\biggl( 
\| d\| \infty +

\bigl( 
| \theta  - 2c| +M

\bigr) 
exp
\bigl( 
(\theta  - 2c)+\delta 

\bigr) \bigl( 
\| x0\| \infty + \delta \| d\| \infty 

\bigr) \biggr) 2

,(3.22)

max
0\leq t\leq \delta 

\bigl( 
| w(t)| 

\bigr) 
\leq 
\bigl( 
2c+M

\bigr) 
exp
\bigl( 
(\theta  - 2c)+\delta 

\bigr) \bigl( 
\| x0\| \infty + \delta \| d\| \infty 

\bigr) 
,(3.23)

\int \delta 

 - r

| w(s)| ds\leq \| u0\| 1 + \delta 
\bigl( 
2c+M

\bigr) 
exp
\bigl( 
(\theta  - 2c)+\delta 

\bigr) \bigl( 
\| x0\| \infty + \delta \| d\| \infty 

\bigr) 
.(3.24)
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Indeed, definitions (3.13), (3.14) give that max - r\leq t\leq 0

\bigl( \bigm| \bigm| y(t)\bigm| \bigm| \bigr) \leq \bigm\| \bigm\| x0

\bigm\| \bigm\| 
\infty and

\bigm| \bigm| y(t)\bigm| \bigm| \leq exp

\biggl( 
(\theta  - 2c)t - 

\int t

0

a(s)ds

\biggr) \bigm| \bigm| x0(0)
\bigm| \bigm| 

+ \| d\| \infty 
\int t

0

exp

\biggl( 
(\theta  - 2c)(t - \tau )) - 

\int t

\tau 

a(s)ds

\biggr) 
d\tau 

for t\in [0, \delta ].

The above estimate and the fact that a(t)\geq 0 for all t\in [0, \delta ] imply the estimate\bigm| \bigm| y(t)\bigm| \bigm| \leq exp

\biggl( 
(\theta  - 2c)t

\biggr) \bigm| \bigm| x0(0)
\bigm| \bigm| 

+ \| d\| \infty 
\int t

0

exp

\biggl( 
(\theta  - 2c)(t - \tau )

\biggr) 
d\tau 

for t\in [0, \delta ].

The fact that (\theta  - 2c)\leq (\theta  - 2c)+ and t\in [0, \delta ] gives the estimate max0\leq t\leq \delta 

\bigl( 
| y(t)| 

\bigr) 
\leq 

exp
\bigl( 
(\theta  - 2c)+\delta 

\bigr) \bigl( 
\| x0\| \infty +\delta \| d\| \infty 

\bigr) 
, which combined with the estimate max - r\leq t\leq 0

\bigl( \bigm| \bigm| y(t)\bigm| \bigm| \bigr) 
\leq 
\bigm\| \bigm\| x0

\bigm\| \bigm\| 
\infty gives (3.19).

Using definition (3.17), inequality (3.2), the fact that (y2(t) - y2(t - r) - 2\langle yt,wt\rangle )+
\leq y2(t)+2

\bigm| \bigm| \langle yt,wt\rangle 
\bigm| \bigm| , Holder's inequality (which implies that

\bigm| \bigm| \langle yt,wt\rangle 
\bigm| \bigm| \leq \| yt\| \infty \| wt\| 1),

and estimates (3.19), (3.22), (3.24), we obtain the estimate for all \delta \in [0,1]:

\=a(t)\leq gH +
\bigl( 
\lambda H + 2R(g+ \lambda )(2c+M)

\bigr) 
\delta for all t\in [0, \delta ],(3.25)

where

R= exp
\bigl( 
(\theta  - 2c)+

\bigr) \bigl( 
\| x0\| \infty + \| d\| \infty 

\bigr) 
g=

12R

\epsilon 4

\biggl( 
\epsilon 2(r+ 6)

12r
+ \| \.x0\| 22

\biggr) 
H =

\Bigl( 
(1 + cr)R+ 2\| u0\| 1

\Bigr) 
\lambda =

12R

\epsilon 4

\Bigl( 
\| d\| \infty + | \theta  - 2c| R+MR

\Bigr) 2
.

It follows from (3.12) and (3.25) that for M = gH + 1 there exists \delta > 0 sufficiently
small so that the mapping P :A\rightarrow C0([0, \delta ];\BbbR ) takes values in A.

Given \~a\in A we define

z(t) = exp

\biggl( 
(\theta  - 2c)t - 

\int t

0

\~a(s)ds

\biggr) 
x0(0)

+

\int t

0

exp

\biggl( 
(\theta  - 2c)(t - \tau )) - 

\int t

\tau 

\~a(s)ds

\biggr) 
d(\tau )d\tau 

for t\in (0, \delta ],(3.26)

z(s) = x0(s) for all s\in [ - r,0],(3.27)

v(t) = - (2c+ \~a(t))z(t) for t\in (0, \delta ],(3.28)

v(s) = u0(s) for all s\in [ - r,0],(3.29)

(P (\~a))(t) = p(zt, vt) for t\in [0, \delta ].(3.30)
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3596 I. KARAFYLLIS, M. KRSTIC, AND A. ASLANIDIS

Using (3.13) and (3.26) and the fact that | exp( - \phi ) - exp( - \eta )| \leq | \phi  - \eta | for all \phi ,\eta \geq 0,
we get for all t\in [0, \delta ],

\bigm| \bigm| \bigm| y(t) - z(t)
\bigm| \bigm| \bigm| \leq exp

\bigl( 
(\theta  - 2c)t

\bigr) \bigm| \bigm| \bigm| \bigm| \bigm| exp
\Biggl( 
 - 
\int t

0

a(s)ds

\Biggr) 
 - exp

\Biggl( 
 - 
\int t

0

\~a(s)ds

\Biggr) \bigm| \bigm| \bigm| \bigm| \bigm| \| x0\| \infty 

+ \| d\| \infty 
\int t

0

exp
\bigl( 
(\theta  - 2c)(t - \tau )

\bigr) \bigm| \bigm| \bigm| \bigm| \bigm| exp
\Biggl( 
 - 
\int t

\tau 

a(s)ds

\Biggr) 
 - exp

\Biggl( 
 - 
\int t

\tau 

\~a(s)ds

\Biggr) \bigm| \bigm| \bigm| \bigm| \bigm| d\tau 
\leq exp

\bigl( 
(\theta  - 2c)+\delta 

\bigr) \bigm| \bigm| \bigm| \bigm| \bigm| 
\int t

0

(a(s) - \~a(s))ds

\bigm| \bigm| \bigm| \bigm| \bigm| \| x0\| \infty 

+ \| d\| \infty exp
\bigl( 
(\theta  - 2c)+\delta 

\bigr) \int t

0

\bigm| \bigm| \bigm| \bigm| \bigm| 
\int t

\tau 

(a(s) - \~a(s))ds

\bigm| \bigm| \bigm| \bigm| \bigm| d\tau 
\leq exp

\bigl( 
(\theta  - 2c)+\delta 

\bigr) \bigl( 
\| x0\| \infty + \delta \| d\| \infty 

\bigr) 
\delta max
0\leq s\leq \delta 

\bigl( \bigm| \bigm| a(s) - \~a(s)
\bigm| \bigm| \bigr) .

Combining (3.14), (3.27), and the above estimate we get for all t\in [0, \delta ],

\| yt  - zt\| \infty \leq exp
\bigl( 
(\theta  - 2c)+\delta 

\bigr) \bigl( 
\| x0\| \infty + \delta \| d\| \infty 

\bigr) 
\delta max
0\leq s\leq \delta 

\bigl( \bigm| \bigm| a(s) - \~a(s)
\bigm| \bigm| \bigr) .(3.31)

Using (3.12), (3.15), (3.19), (3.28), and (3.31) we obtain for all t\in [0, \delta ],

\bigm| \bigm| w(t) - v(t)
\bigm| \bigm| \leq exp

\bigl( 
(\theta  - 2c)+\delta 

\bigr) \bigl( 
(2c+M)\delta + 1

\bigr) \bigl( 
\| x0\| \infty + \delta \| d\| \infty 

\bigr) 
max
0\leq s\leq \delta 

\bigl( \bigm| \bigm| a(s) - \~a(s)
\bigm| \bigm| \bigr) .(3.32)

Consequently, from (3.16), (3.29), and (3.32) we get for all t\in [0, \delta ],

\bigm\| \bigm\| wt  - vt
\bigm\| \bigm\| \leq \delta exp

\bigl( 
(\theta  - 2c)+\delta 

\bigr) \bigl( 
(2c+M)\delta + 1

\bigr) \bigl( 
\| x0\| \infty + \delta \| d\| \infty 

\bigr) 
max
0\leq s\leq \delta 

\bigl( \bigm| \bigm| a(s) - \~a(s)
\bigm| \bigm| \bigr) .(3.33)

It should be noticed that definitions (3.26)--(3.29) guarantee that all estimates (3.19),
(3.21), (3.22), (3.23), (3.24) hold with z, v in place of y,w. Therefore, for \delta \in [0,1]
it follows that max(\| zt\| \infty ,\| \.zt\| 2,\| vt\| 1) \leq \=R, max(\| yt\| \infty ,\| \.yt\| 2,\| wt\| 1) \leq \=R for all
t\in [0, \delta ] with

\=R= exp
\bigl( 
(\theta  - 2c)+

\bigr) \bigl( 
\| x0\| \infty + \| d\| \infty 

\bigr) 
+ \| \.x0\| 22

+

\biggl( 
\| d\| \infty +

\bigl( 
| \theta  - 2c| +M

\bigr) 
exp
\bigl( 
(\theta  - 2c)+

\bigr) \bigl( 
\| x0\| \infty + \| d\| \infty 

\bigr) \biggr) 2

+ \| u0\| 1 +
\bigl( 
2c+M

\bigr) 
exp
\bigl( 
(\theta  - 2c)+

\bigr) \bigl( 
\| x0\| \infty + \| d\| \infty 

\bigr) 
.(3.34)

Lemma 2 implies that for every (x,u)\in H1(( - r,0))\times L1(( - r,0)), (y,w)\in H1(( - r,0))\times 
L1(( - r,0)) with max(\| x\| \infty ,\| \.x\| 2,\| u\| 1)\leq \=R, max(\| y\| \infty ,\| \.y\| 2,\| w\| 1)\leq \=R it holds that\bigm| \bigm| p(x,u) - p(y,w)

\bigm| \bigm| \leq L( \=R)
\Bigl( \bigm\| \bigm\| x - y

\bigm\| \bigm\| 
\infty +

\bigm\| \bigm\| u - w
\bigm\| \bigm\| 
1

\Bigr) 
.(3.35)

Definitions (3.17), (3.18), (3.30) and inequality (3.35) imply that for all \delta \in [0,1] it
holds that \bigm| \bigm| (P (a))(t) - (P (\~a))(t)

\bigm| \bigm| \leq L( \=R)
\Bigl( \bigm\| \bigm\| yt  - zt

\bigm\| \bigm\| 
\infty +

\bigm\| \bigm\| wt  - vt
\bigm\| \bigm\| 
1

\Bigr) 
.(3.36)
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Combining (3.31), (3.33), and (3.36), we obtain for all \delta \in [0,1],

max
0\leq t\leq \delta 

\Bigl( \bigm| \bigm| (P (a))(t) - (P (\~a))(t)
\bigm| \bigm| \Bigr) 

\leq \delta L( \=R)exp
\bigl( 
(\theta  - 2c)+

\bigr) \bigl( 
\| x0\| \infty + \| d\| \infty 

\bigr) \bigl( 
2c+N + 2

\bigr) 
max
0\leq s\leq \delta 

\bigl( \bigm| \bigm| a(s) - \~a(s)
\bigm| \bigm| \bigr) .(3.37)

It follows from (3.37) that there exists \delta > 0 sufficiently small so that the mapping
P :A\rightarrow C0([0, \delta ];\BbbR ) is a contraction. The proof is complete.

The following result deals with continuity with respect to initial conditions for
the solutions for system (2.1), (2.3). It also shows uniqueness of solutions for system
(2.1), (2.3).

Lemma 4. For every T,R > 0, there exists Q(R,T ) > 0 with the following prop-
erty:
(P) For every d \in L\infty (\BbbR +) with \| d\| \infty \leq R, x,u, y,w \in C0([ - r,T ]) with x, y \in 
W 1,\infty (( - r,T )) and max - r\leq s\leq T

\bigl( 
| x(s)| 

\bigr) 
\leq R, max - r\leq s\leq T (| y(s)| ) \leq R, max - r\leq s\leq T

(| u(s)| ) \leq R, max - r\leq s\leq T (| w(s)| ) \leq R, sup - r<s<T (| \.x(s)| ) \leq R, sup - r<s<T (| \.y(s)| ) \leq 
R, for which (2.1) holds for t \in [0, T ] a.e., (2.3) holds for all t \in [0, T ], \.y(t) =
\theta y(t) + w(t) + d(t) holds for t \in [0, T ] a.e., and w(t) =  - (2c + p(yt,wt))y(t) holds
for all t\in [0, T ], the following estimate holds:

\bigm\| \bigm\| xt  - yt
\bigm\| \bigm\| 
\infty +

\bigm\| \bigm\| ut  - wt

\bigm\| \bigm\| 
1
\leq Q(R,T )

\Bigl( \bigm\| \bigm\| x0  - y0
\bigm\| \bigm\| 
\infty +

\bigm\| \bigm\| u0  - w0

\bigm\| \bigm\| 
1

\Bigr) 
for all t\in [0, T ].

(3.38)

Proof. Let arbitrary T,R> 0 be given. By virtue of Lemma 2 there exists a non-
decreasing function L : \BbbR + \rightarrow (0,+\infty ) with the following property: for every (x,u) \in 
H1(( - r,0)) \times L1(( - r,0)), (y,w) \in H1(( - r,0)) \times L1(( - r,0)) with max(\| x\| \infty ,\| \.x\| 2,
\| u\| 1)\leq R, max(\| y\| \infty ,\| \.y\| 2,\| w\| 1)\leq R, (3.5) holds.

Let arbitrary d \in L\infty (\BbbR +) with \| d\| \infty \leq R, x,u, y,w \in C0([ - r,T ]) with x, y \in 
W 1,\infty (( - r,T )), and max - r\leq s\leq T (| x(s)| ) \leq R, max - r\leq s\leq T (| y(s)| ) \leq R, max - r\leq s\leq T

(| u(s)| )\leq R, max - r\leq s\leq T (| w(s)| )\leq R, sup - r<s<T (| \.x(s)| )\leq R, sup - r<s<T (| \.y(s)| )\leq R,
for which (2.1) holds for t\in [0, T ] a.e., (2.3) holds for all t\in [0, T ], \.y(t) = \theta y(t)+w(t)+
d(t) holds for t\in [0, T ] a.e., and w(t) = - (2c+ p(yt,wt))y(t) holds for all t\in [0, T ], be
given. Since \| f\| 2 \leq 

\surd 
r\| f\| \infty , \| f\| 1 \leq r\| f\| \infty for all f \in C0([ - r,0]) we get from (2.3),

(3.5), and the equation w(t) = - (2c+ p(yt,wt))y(t) for all t\in [0, T ],\bigm| \bigm| u(t) - w(t)
\bigm| \bigm| \leq \bigl( 2c+ p(xt, ut)

\bigr) \bigm| \bigm| x(t) - y(t)
\bigm| \bigm| + \bigm| \bigm| y(t)\bigm| \bigm| \bigm| \bigm| p(xt, ut) - p(yt,wt)

\bigm| \bigm| 
\leq 
\bigl( 
2c+ p(xt, ut)

\bigr) \bigm| \bigm| x(t) - y(t)
\bigm| \bigm| + \bigm| \bigm| y(t)\bigm| \bigm| L((1 + r)R)

\bigm\| \bigm\| xt  - yt
\bigm\| \bigm\| 
\infty 

+
\bigm| \bigm| y(t)\bigm| \bigm| L((1 + r)R)

\bigm\| \bigm\| ut  - wt

\bigm\| \bigm\| 
1

\leq 
\bigl( 
2c+ p(xt, ut) - p(0,0)

\bigr) \bigm| \bigm| x(t) - y(t)
\bigm| \bigm| 

+RL((1 + r)R)
\bigm\| \bigm\| xt  - yt

\bigm\| \bigm\| 
\infty +RL((1 + r)R)

\bigm\| \bigm\| ut  - wt

\bigm\| \bigm\| 
1

\leq 
\bigl( 
2c+L((1 + r)R)\| xt\| \infty +L((1 + r)R)\| ut\| 1

\bigr) \bigm| \bigm| x(t) - y(t)
\bigm| \bigm| 

+RL((1 + r)R)
\bigm\| \bigm\| xt  - yt

\bigm\| \bigm\| 
\infty +RL((1 + r)R)

\bigm\| \bigm\| ut  - wt

\bigm\| \bigm\| 
1
.

Since
\bigm| \bigm| x(t) - y(t)

\bigm| \bigm| \leq \bigm\| \bigm\| xt  - yt
\bigm\| \bigm\| 
\infty , we get from the above estimate for all t\in [0, T ],\bigm| \bigm| u(t) - w(t)

\bigm| \bigm| \leq RL
\bigl( 
(1 + r)R

\bigr) \bigm\| \bigm\| ut  - wt

\bigm\| \bigm\| 
1

+
\Bigl( 
2c+RL

\bigl( 
(1 + r)R

\bigr) 
L
\bigl( 
(1 + r)R

\bigr) \bigm\| \bigm\| xt

\bigm\| \bigm\| 
\infty +L

\bigl( 
(1 + r)R

\bigr) \bigm\| \bigm\| ut

\bigm\| \bigm\| 
1

\Bigr) \bigm\| \bigm\| xt  - yt
\bigm\| \bigm\| 
\infty .
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Since max - r\leq s\leq T

\bigl( \bigm| \bigm| x(s)\bigm| \bigm| \bigr) \leq R and max - r\leq s\leq T

\bigl( \bigm| \bigm| u(s)\bigm| \bigm| \bigr) \leq R, it follows that
\bigm\| \bigm\| xt

\bigm\| \bigm\| 
\infty \leq R

and
\bigm\| \bigm\| ut

\bigm\| \bigm\| 
1
\leq rR for all t \in [0, T ]. Consequently, we get from the previous estimates

for all t\in [0, T ],\bigm| \bigm| u(t) - w(t)
\bigm| \bigm| \leq RL

\bigl( 
(1 + r)R

\bigr) \bigm\| \bigm\| ut  - wt

\bigm\| \bigm\| 
1

+
\Bigl( 
2c+

\bigl( 
2 + r

\bigr) 
RL
\bigl( 
(1 + r)R

\bigr) \Bigr) \bigm\| \bigm\| xt  - yt
\bigm\| \bigm\| 
\infty 

\leq 
\Bigl( 
2c+

\bigl( 
2 + r

\bigr) 
RL
\bigl( 
(1 + r)R

\bigr) \Bigr) \Bigl( \bigm\| \bigm\| xt  - yt
\bigm\| \bigm\| 
\infty +

\bigm\| \bigm\| ut  - wt

\bigm\| \bigm\| 
1

\Bigr) 
.(3.39)

Consequently, we obtain from (3.39) for all t\in [0, T ],

\bigm\| \bigm\| ut - wt

\bigm\| \bigm\| 
1
\leq 
\bigm\| \bigm\| u0 - w0

\bigm\| \bigm\| 
1
+
\bigl( 
2c+(2+r)RL((1+r)R)

\bigr) \int t

0

\bigl( \bigm\| \bigm\| xs - ys
\bigm\| \bigm\| 
\infty +

\bigm\| \bigm\| us - ws

\bigm\| \bigm\| 
1

\bigr) 
ds.

(3.40)

Using (2.1) and the equation \.y(t) = \theta y(t) +w(t) + d(t), we get for all t\in [0, T ],\bigm| \bigm| x(t) - y(t)
\bigm| \bigm| \leq \bigm| \bigm| x(0) - y(0)

\bigm| \bigm| + | \theta | 
\int t

0

\bigm| \bigm| x(s) - y(s)
\bigm| \bigm| ds+ \int t

0

\bigm| \bigm| u(s) - w(s)
\bigm| \bigm| ds.(3.41)

Consequently, we obtain from (3.39) and (3.41) for all t\in [0, T ],\bigm\| \bigm\| xt  - yt
\bigm\| \bigm\| 
\infty \leq 

\bigm\| \bigm\| x0  - y0
\bigm\| \bigm\| 
\infty +

\bigl( 
2c+ | \theta | + (2+ r)RL((1 + r)R)

\bigr) 
(3.42) \int t

0

\bigl( \bigm\| \bigm\| xs  - ys
\bigm\| \bigm\| 
\infty +

\bigm\| \bigm\| us  - ws

\bigm\| \bigm\| 
1

\bigr) 
ds.

Combining (3.40) and (3.42), we get for all t\in [0, T ],

b(t)\leq b(0) +
\bigl( 
2c+ | \theta | + (2+ r)RL((1 + r)R)

\bigr) \int t

0

b(s)ds,(3.43)

where b(t) =
\bigm\| \bigm\| xt - yt

\bigm\| \bigm\| 
\infty +

\bigm\| \bigm\| ut - wt

\bigm\| \bigm\| 
1
. Estimate (3.38) with Q(R,T ) = exp(2(2c+ | \theta | +

(2+ r)RL((1+ r)R))T ) is a consequence of (3.43) and the Gronwall--Bellman lemma.
The proof is complete.

We are now ready to prove Theorem 1.

Proof of Theorem 1. Let arbitrary (x0, u0)\in X and d\in L\infty (\BbbR +) be given.
We say that property \Pi (\delta ) holds for some \delta > 0 if there exist continuous mappings

x,u : [ - r, \delta ]\rightarrow \BbbR with x \in W 1,\infty (( - r, \delta )), x(s) = x0(s), u(s) = u0(s) for all s \in [ - r,0]
such that (2.1) holds for t\in [0, \delta ] a.e. and (2.3) holds for all t\in [0, \delta ]. We define

tmax = sup
\Bigl\{ 
\delta > 0 : \Pi (\delta ) holds

\Bigr\} 
.(3.44)

By virtue of Lemma 3, the set \{ \delta > 0 : \Pi (\delta ) holds \} is nonempty. Consequently,
definition (3.44) implies that tmax \in (0,+\infty ]. Moreover, definition (3.44) implies that
there exist continuous mappings x,u : [ - r, tmax) \rightarrow \BbbR with x \in W 1,\infty (( - r,T )) for
all T < tmax, x(s) = x0(s), u(s) = u0(s) for all s \in [ - r,0] such that (2.1) holds
for t \in [0, tmax) a.e. and (2.3) holds for all t \in [0, tmax). Uniqueness of the pair of
mappings follows from Lemma 4.

Next, suppose that tmax < +\infty . We show next by means of a contradiction
argument that u : [ - r, tmax)\rightarrow \BbbR is not bounded. Using (2.1), (2.3) we establish the
following estimate:

| x(t)| \leq exp
\bigl( 
(\theta  - 2c)+tmax

\bigr) \bigl( 
\| x0\| \infty + tmax\| d\| \infty 

\bigr) 
for all t\in [0, tmax).(3.45)
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ADAPTIVE STABILIZATION BY DELAYED FEEDBACK 3599

It follows from (3.45) that x : [ - r, tmax) \rightarrow \BbbR is bounded. If u : [ - r, tmax) \rightarrow \BbbR is
bounded, then both mappings x,u : [ - r, tmax)\rightarrow \BbbR can be extended continuously on
[ - r, tmax]. Indeed, notice that since u : [ - r, tmax) \rightarrow \BbbR is bounded, it follows from
(2.1) that \.x(t), d

dt

\bigl\langle 
xt, ut

\bigr\rangle 
are also (essentially) bounded on [ - r, tmax] and [0, tmax],

respectively. Consequently, the mappings x : [ - r, tmax) \rightarrow \BbbR and [0, tmax) \ni t \rightarrow \bigl( 
x2(t)  - x2(t  - r)  - 2

\bigl\langle 
xt, ut

\bigr\rangle \bigr) + \in \BbbR are uniformly continuous. Thus, the mapping
x : [ - r, tmax) \rightarrow \BbbR can be extended continuously on [ - r, tmax]. Lemma 2.1 on page
40 in [5] implies that the mapping [ - r, tmax] \ni t \rightarrow xt \in C0([ - r,0]) is continuous,
and consequently, the mapping [0, tmax] \ni t\rightarrow \| xt\| 22 + (\epsilon 2  - x2(t))+ \in \BbbR is uniformly
continuous and positive. Hence, definition (2.7) implies that the mapping [0, tmax) \ni 
t \rightarrow p(xt, ut) \in \BbbR is uniformly continuous and by virtue of (2.3) it follows that the
mapping [ - r, tmax) \ni t \rightarrow u(t) \in \BbbR is uniformly continuous. Thus, the mapping
u : [ - r, tmax)\rightarrow \BbbR can be extended continuously on [ - r, tmax]. Since u : [ - r, tmax)\rightarrow \BbbR 
is bounded, it follows from (2.1) that \.x is also (essentially) bounded on [ - r, tmax) and
consequently xtmax

\in W 1,\infty (( - r,0)). Moreover, by means of (2.1), (2.3), continuity
of p (recall Lemma 2), and continuity of the mappings [ - r, tmax] \ni t \rightarrow xt, ut \in 
C0([ - r,0]) (recall Lemma 2.1 on page 40 in [5]) it follows that u(tmax) =  - (2c +
p(xtmax , utmax))x(tmax). Consequently, definition (2.9) implies that (xtmax , utmax) \in 
X. Therefore, by exploiting Lemma 3, we can find \delta > 0 such that property \Pi (tmax +
\delta ) holds. This contradicts definition (3.44). The proof is complete.

4. Proofs of Theorems 2 and 3. We start by giving the proof of Theorem 2.

Proof of Theorem 2. Let (x0, u0) \in X and d \in L\infty (\BbbR +) be given. Then, by
virtue of Theorem 1, there exist tmax \in (0,+\infty ] and a unique pair of continuous
mappings x,u : [ - r, tmax)\rightarrow \BbbR with x\in W 1,\infty (( - r,T )) for all T < tmax, x(s) = x0(s),
u(s) = u0(s) for all s \in [ - r,0] such that (2.1) holds for t \in [0, tmax) a.e. and (2.3)
holds for all t\in [0, tmax). Moreover, if tmax <+\infty , then limsupt\rightarrow t - max

(| u(t)| ) =+\infty .
The proof is divided into two parts:

Part 1: Derivation of estimates for the plant state xt.
Part 2: Derivation of estimates for the state component ut.

Part 1: Derivation of estimates for the plant state xt. Defining

d(t) = \.x(t) - \theta x(t) - u(t) for t\in ( - r,0) a.e.(4.1)

we conclude that (2.1) holds for t\in [ - r, tmax) a.e.
By virtue of (2.1), we conclude that the following identity is valid for all t \in 

[0, tmax):

x2(t) - x2(t - r) - 2\langle xt, ut\rangle = 2\theta \| xt\| 22 + 2\langle xt, dt\rangle .(4.2)

Combining (2.3), (2.7), and (4.2), we get for all t\in [0, tmax),

u(t) = - 2cx(t) - 
\bigl( 
2\theta \| xt\| 22 + 2\langle xt, dt\rangle 

\bigr) +
+ crx2(t)

2(
\bigm\| \bigm\| xt

\bigm\| \bigm\| 2
2
+ (\epsilon 2  - x2(t))+)

x(t).(4.3)

Using (2.1), (2.3), and the fact that p(xt, ut)\geq 0, we also get for t\in [0, tmax) a.e.

x(t) \.x(t)\leq (\theta  - 2c)x2(t) + x(t)d(t).(4.4)
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3600 I. KARAFYLLIS, M. KRSTIC, AND A. ASLANIDIS

Using the inequality x(t)d(t) \leq 1
2
\surd 
2c2

d2(t) +
\surd 
2c2

2 x2(t) in conjunction with (4.4) we

get for t\in [0, tmax) a.e.,

x(t) \.x(t)\leq 
\Bigl( 
\theta +

\surd 
2c2

2
 - 2c

\Bigr) 
x2(t) +

1

2
\surd 
2c2

\bigm\| \bigm\| d\bigm\| \bigm\| 2\infty .(4.5)

Differential inequality (4.5) gives the following estimate for all t\in [0, tmax):

x2(t)\leq exp
\Bigl( \bigl( 

2\theta +
\surd 
2c2  - 4c

\bigr) +
t
\Bigr) \Bigl( 

x2(0) +
1\surd 
2c2

\bigm\| \bigm\| d\bigm\| \bigm\| 2\infty \Bigr) .(4.6)

Define the function

W (x) :=
1

2

\Bigl( \bigl( 
x2  - \epsilon 2

\bigr) +\Bigr) 2
for all x\in \BbbR .(4.7)

We next distinguish two different cases: the case where tmax > r and the case
tmax \leq r.

Case I: tmax > r. Using definition (4.7) and (2.1), (2.3), we get for t \in [r, tmax)
a.e.,

d

dt
W (x(t)) = - 

\bigl( 
x2(t) - \epsilon 2

\bigr) +
2x2(t)

\biggl( 
2c+

\bigl( 
2\theta \| xt\| 22 + 2\langle xt, dt\rangle 

\bigr) +
+ crx2(t)

2(
\bigm\| \bigm\| xt

\bigm\| \bigm\| 2
2
+ (\epsilon 2  - x2(t))+)

 - \theta 

\biggr) 
+
\bigl( 
x2(t) - \epsilon 2

\bigr) +
2x(t)d(t).(4.8)

Next, we focus on the case x2(t) \geq \epsilon 2. Using (4.8) and the fact that 2x(t)d(t) \leq 
cx2(t) + c - 1d2(t) we get for all t\in [r, tmax) a.e. when x2(t)\geq \epsilon 2,

d

dt
W (x(t))\leq  - 

\bigl( 
x2(t) - \epsilon 2

\bigr) 
x2(t)

\biggl( 
3c+

\bigl( 
2\theta \| xt\| 22 + 2\langle xt, dt\rangle 

\bigr) +
+ crx2(t)\bigm\| \bigm\| xt

\bigm\| \bigm\| 2
2

 - 2\theta 

\biggr) 
+ c - 1

\bigl( 
x2(t) - \epsilon 2

\bigr) \bigm\| \bigm\| d\bigm\| \bigm\| 2\infty .(4.9)

Using the fact that
\bigl( 
\theta \| xt\| 22 + \langle xt, dt\rangle 

\bigr) + \geq (\theta )+\| xt\| 22  - ( - \langle xt, dt\rangle )+ (a consequence
of the fact (a+ b)+ \leq (a)+ + (b)+ that holds for all a, b \in \BbbR ), we get from (4.9) the
following inequality for t\in [r, tmax) a.e. when x2(t)\geq \epsilon 2:

d

dt
W (x(t))\leq  - 

\bigl( 
x2(t) - \epsilon 2

\bigr) 
x2(t)

\biggl( 
3c+

crx2(t) - 2
\bigl( 
 - \langle xt, dt\rangle 

\bigr) +\bigm\| \bigm\| xt

\bigm\| \bigm\| 2
2

+ 2(\theta )+  - 2\theta 

\biggr) 
+ c - 1

\bigl( 
x2(t) - \epsilon 2

\bigr) \bigm\| \bigm\| d\bigm\| \bigm\| 2\infty .(4.10)

The Cauchy--Schwarz inequality implies that
\bigm| \bigm| \langle xt, dt\rangle 

\bigm| \bigm| \leq \bigm\| \bigm\| xt

\bigm\| \bigm\| 
2

\bigm\| \bigm\| dt\bigm\| \bigm\| 2 \leq \surd 
r
\bigm\| \bigm\| xt

\bigm\| \bigm\| 
2

\bigm\| \bigm\| d\bigm\| \bigm\| \infty .
Using the previous estimate in conjunction with (4.10) and the fact that (\theta )+ \geq \theta , we
get the following inequality for t\in [r, tmax) a.e. when x2(t)\geq \epsilon 2:

d

dt
W (x(t))\leq  - 

\bigl( 
x2(t) - \epsilon 2

\bigr) 
x2(t)

\biggl( 
3c+

crx2(t)\bigm\| \bigm\| xt

\bigm\| \bigm\| 2
2

\biggr) 

+
\bigl( 
x2(t) - \epsilon 2

\bigr) 
x2(t)

2
\surd 
r
\bigm\| \bigm\| d\bigm\| \bigm\| \infty \bigm\| \bigm\| xt

\bigm\| \bigm\| 2
2

+ c - 1
\bigl( 
x2(t) - \epsilon 2

\bigr) \bigm\| \bigm\| d\bigm\| \bigm\| 2\infty .(4.11)
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Using the estimate x2(t) 2
\surd 
r\| d\| \infty 
\| xt\| 2

2
\leq c - 1\| d\| 2\infty +cr x4(t)

\| xt\| 2
2
, we get from (4.11) the following

inequality for t\in [r, tmax) a.e. when x2(t)\geq \epsilon 2:

d

dt
W (x(t))\leq  - 3c

\bigl( 
x2(t) - \epsilon 2

\bigr) 
x2(t) + 2c - 1

\bigl( 
x2(t) - \epsilon 2

\bigr) \bigm\| \bigm\| d\bigm\| \bigm\| 2\infty .(4.12)

Rearranging the terms in (4.12) we obtain the following inequality for t \in [r, tmax)
a.e. when x2(t)\geq \epsilon 2:

d

dt
W (x(t))\leq  - 3c

\bigl( 
x2(t) - \epsilon 2

\bigr) 2  - 3c\epsilon 2
\bigl( 
x2(t) - \epsilon 2

\bigr) 
+ 2c - 1

\bigl( 
x2(t) - \epsilon 2

\bigr) \bigm\| \bigm\| d\bigm\| \bigm\| 2\infty .(4.13)

Using the inequality 2 (x2(t) - \epsilon 2)\| d\| 2\infty \leq c2(x2(t) - \epsilon 2)+c - 2\| d\| 2\infty we get from (4.13)
the following inequality for t\in [r, tmax) a.e. when x2(t)\geq \epsilon 2:

d

dt
W (x(t))\leq  - 2c

\bigl( 
x2(t) - \epsilon 2

\bigr) 2  - 3c\epsilon 2
\bigl( 
x2(t) - \epsilon 2

\bigr) 
+ c - 3

\bigm\| \bigm\| d\bigm\| \bigm\| 4\infty .(4.14)

Using (4.14) and definition (4.7) we get the following inequality for t \in [r, tmax) a.e.
when x2(t)\geq \epsilon 2:

d

dt
W (x(t))\leq  - 4cW (x(t)) + c - 3

\bigm\| \bigm\| d\bigm\| \bigm\| 4\infty .(4.15)

Using (4.7) and (4.8) we conclude that (4.15) holds even if x2(t) < \epsilon 2. Thus, we
conclude that (4.15) holds for t\in [r, tmax) a.e.

Exploiting (4.15) and definition (4.7) we obtain the following estimate:

\bigl( 
x2(t) - \epsilon 2

\bigr) + \leq exp
\bigl( 
 - c(t - r)

\bigr) \bigl( 
x2(t) - \epsilon 2

\bigr) +
+

1\surd 
2c2

\bigm\| \bigm\| d\bigm\| \bigm\| 2\infty for all t\in [r, tmax).

(4.16)

Estimate (4.16) gives the following estimate that holds when tmax > r:\bigm| \bigm| x(t)\bigm| \bigm| \leq exp
\bigl( 
 - c(t - r)

\bigr) \bigm| \bigm| x(r)\bigm| \bigm| + \epsilon + 2 - 1/4c - 1
\bigm\| \bigm\| d\bigm\| \bigm\| \infty for all t\in [r, tmax).(4.17)

Combining (4.17) and (4.6) we get the following estimate when tmax > r that holds
for all t\in [r, tmax):

\bigm| \bigm| x(t)\bigm| \bigm| \leq Mexp
\bigl( 
 - c(t - r)+

\bigr) \bigm| \bigm| x(0)\bigm| \bigm| + \epsilon +
\Bigl( 
1 +

\surd 
rMexp

\bigl( 
 - c(t - r)+

\bigr) \Bigr) 
2 - 1/4c - 1

\bigm\| \bigm\| d\bigm\| \bigm\| \infty ,

(4.18)

where M := exp((\theta +
\surd 
2c2

2  - 2c)+r). Notice that estimate (4.6) guarantees that (4.18)
holds for all t \in [0, r] as well. Therefore, estimate (4.18) is valid for all t \in [0, tmax)
when tmax > r.

Case II: tmax \leq r. In this case estimate (4.6) guarantees that estimate (4.18) is
valid for all t\in [0, tmax). Hence, we conclude that in every case (tmax > r or tmax \leq r)
estimate (4.18) holds for all t\in [0, tmax).

Part 2: Derivation of estimates for the state component ut. We next estimate the
other component of the state, u(t). Using (4.3), the fact that

\bigl( 
\theta \| xt\| 22 + \langle xt, dt\rangle 

\bigr) + \leq 
(\theta )+\| xt\| 22 +

\bigm| \bigm| \langle xt, dt\rangle 
\bigm| \bigm| , and the Cauchy--Schwarz inequality

\bigm| \bigm| \langle xt, dt\rangle 
\bigm| \bigm| \leq \bigm\| \bigm\| xt

\bigm\| \bigm\| 
2

\bigm\| \bigm\| dt\bigm\| \bigm\| 2 \leq \surd 
r
\bigm\| \bigm\| xt

\bigm\| \bigm\| 
2

\bigm\| \bigm\| dt\bigm\| \bigm\| \infty , we get for all t\in [0, tmax),
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3602 I. KARAFYLLIS, M. KRSTIC, AND A. ASLANIDIS

\bigm| \bigm| u(t)\bigm| \bigm| \leq 2c
\bigm| \bigm| x(t)\bigm| \bigm| + 2(\theta )+\| xt\| 22 + 2

\surd 
r
\bigm\| \bigm\| xt

\bigm\| \bigm\| 
2

\bigm\| \bigm\| dt\bigm\| \bigm\| \infty + cr
\bigm| \bigm| x(t)\bigm| \bigm| 2

2(
\bigm\| \bigm\| xt

\bigm\| \bigm\| 2
2
+ (\epsilon 2  - x2(t))+)

\bigm| \bigm| x(t)\bigm| \bigm| .(4.19)

Using (2.1), (2.3), definition (4.1), and the fact that p(xt, ut)\geq 0 (which implies that
x(t)u(t)\geq 0 for t\geq 0), we also get for t\in [ - r, tmax) a.e.,

x(t) \.x(t)\leq (\theta )+x2(t) + x(t)(d(t) + h(t)u(t)),(4.20)

where

h(t) :=

\Biggl\{ 
1 if t < 0,

0 if t\geq 0.
(4.21)

Using (4.20) we get for all t, \tau \in [ - r, tmax) with t\geq \tau ,

x2(t)\leq exp
\Bigl( 
2(\theta )+(t - \tau )

\Bigr) 
x2(\tau ) + 2

\int t

\tau 

exp
\Bigl( 
2(\theta )+(t - s)

\Bigr) \bigm| \bigm| x(s)(d(s) + h(s)u(s))
\bigm| \bigm| ds.

(4.22)

Employing (4.22), the fact that\int t

\tau 

exp
\Bigl( 
2(\theta )+(t - s)

\Bigr) \bigm| \bigm| x(s)(d(s) + h(s)u(s))
\bigm| \bigm| ds

\leq exp
\Bigl( 
2(\theta )+(t - \tau )

\Bigr) 
sup

\tau \leq s\leq t

\bigl( \bigm| \bigm| d(s) + h(s)u(s)
\bigm| \bigm| \bigr) \int t

\tau 

\bigm| \bigm| x(s)\bigm| \bigm| ds,
and the Cauchy--Schwarz inequality

\int t

\tau 
| x(s)| ds \leq 

\surd 
t - \tau (

\int t

\tau 
| x(s)| 2ds)1/2, we get for

all t, \tau \in [ - r, tmax) with t\geq \tau ,

x2(t)\leq exp
\Bigl( 
2(\theta )+(t - \tau )

\Bigr) 
x2(\tau )

+ 2exp
\Bigl( 
2(\theta )+(t - \tau )

\Bigr) 
sup

\tau \leq s\leq t

\bigl( \bigm| \bigm| d(s) + h(s)u(s)
\bigm| \bigm| \bigr) \surd t - \tau 

\biggl( \int t

\tau 

\bigm| \bigm| x(s)\bigm| \bigm| 2ds\biggr) 1/2

.(4.23)

Consequently, we obtain from (4.23) for all t\in [0, tmax) and \tau \in [t - r, t],

x2(t)\leq exp
\Bigl( 
2(\theta )+r

\Bigr) 
x2(\tau ) + 2exp

\Bigl( 
2(\theta )+r

\Bigr) \bigm\| \bigm\| (d+ hu)t
\bigm\| \bigm\| 
\infty 
\surd 
r
\bigm\| \bigm\| xt

\bigm\| \bigm\| 
2
.(4.24)

Integrating (4.24) with respect to \tau \in [t - r, t], we get for all t\in [0, tmax),

rx2(t)\leq exp
\Bigl( 
2(\theta )+r

\Bigr) \bigm\| \bigm\| xt

\bigm\| \bigm\| 
2
+ 2exp

\Bigl( 
2(\theta )+r

\Bigr) \bigm\| \bigm\| (d+ hu)t
\bigm\| \bigm\| 
\infty r

\surd 
r
\bigm\| \bigm\| xt

\bigm\| \bigm\| 
2
.(4.25)

Using the inequality 2
\surd 
rexp(2(\theta )+r)\| (d+hu)t\| \infty \| xt\| 2 \leq b - 1rexp(4(\theta )+r)\| (d+hu)t\| 2\infty 

\| xt\| 22 + b that holds for all b > 0, we get from (4.25) for all t\in [0, tmax) and b > 0,

rx2(t)\leq 
\Bigl( 
1 + b - 1r

\bigm\| \bigm\| (d+ hu)t
\bigm\| \bigm\| 2
\infty 

\Bigr) 
exp
\Bigl( 
4(\theta )+r

\Bigr) 
r
\bigm\| \bigm\| xt

\bigm\| \bigm\| 2
2
+ br.(4.26)
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Combining (4.19) and (4.26) we get for all t\in [0, tmax) and b > 0,

\bigm| \bigm| u(t)\bigm| \bigm| \leq 2c
\bigm| \bigm| x(t)\bigm| \bigm| +

\biggl( 
2(\theta )+ + c

\Bigl( 
1 + b - 1r

\bigm\| \bigm\| (d+ hu)t
\bigm\| \bigm\| 2
\infty 

\Bigr) \biggr) 
exp
\Bigl( 
4(\theta )+r

\Bigr) 
r
\bigm\| \bigm\| xt

\bigm\| \bigm\| 2
2

2(
\bigm\| \bigm\| xt

\bigm\| \bigm\| 2
2
+ (\epsilon 2  - x2(t))+)

\bigm| \bigm| x(t)\bigm| \bigm| 
+

2
\surd 
r
\bigm\| \bigm\| xt

\bigm\| \bigm\| 
2

\bigm\| \bigm\| dt\bigm\| \bigm\| \infty + cbr

2(
\bigm\| \bigm\| xt

\bigm\| \bigm\| 2
2
+ (\epsilon 2  - x2(t))+)

.(4.27)

Using the inequality 2
\surd 
r
\bigm\| \bigm\| xt

\bigm\| \bigm\| 
2

\bigm\| \bigm\| dt\bigm\| \bigm\| \infty \leq c - 1b - 1
\bigm\| \bigm\| xt

\bigm\| \bigm\| 2
2

\bigm\| \bigm\| dt\bigm\| \bigm\| 2\infty + cbr we get from (4.27)
for all t\in [0, tmax) and b > 0,

\bigm| \bigm| u(t)\bigm| \bigm| \leq 2c
\bigm| \bigm| x(t)\bigm| \bigm| + cbr

\bigm| \bigm| x(t)\bigm| \bigm| \bigm\| \bigm\| xt

\bigm\| \bigm\| 2
2
+ (\epsilon 2  - x2(t))+

+
1

2

\biggl( 
2(\theta )+ + cr+ b - 1

\Bigl( 
c - 1
\bigm\| \bigm\| dt\bigm\| \bigm\| 2\infty + cr2

\bigm\| \bigm\| (d+ hu)t
\bigm\| \bigm\| 2
\infty 

\Bigr) \biggr) 
exp
\Bigl( 
4(\theta )+r

\Bigr) \bigm| \bigm| x(t)\bigm| \bigm| .
(4.28)

Exploiting (3.1) and (4.28) we get for all t\in [0, tmax) and b > 0,\bigm| \bigm| u(t)\bigm| \bigm| \leq 2(3 + r)\epsilon  - 3
\Bigl( 
r
\surd 
2
\bigm\| \bigm\| \.xt

\bigm\| \bigm\| 
\infty + \epsilon 

\Bigr) 
cb
\bigm| \bigm| x(t)\bigm| \bigm| 

+
1

2

\biggl( 
2(\theta )+ + c(r+ 4) + b - 1

\Bigl( 
c - 1
\bigm\| \bigm\| dt\bigm\| \bigm\| 2\infty + cr2

\bigm\| \bigm\| (d+ hu)t
\bigm\| \bigm\| 2
\infty 

\Bigr) \biggr) 
exp
\Bigl( 
4(\theta )+r

\Bigr) \bigm| \bigm| x(t)\bigm| \bigm| .
(4.29)

Equation (2.1) implies that \| \.xt\| \infty \leq | \theta | \| xt\| \infty + \| ut\| \infty + \| dt\| \infty for all t \in [0, tmax).
The previous inequality in conjunction with (4.29) gives for all t\in [0, tmax) and b > 0,

\bigm| \bigm| u(t)\bigm| \bigm| \leq 2(3 + r)\epsilon  - 3r
\surd 
2\| ut\| \infty cb

\bigm| \bigm| x(t)\bigm| \bigm| 
(4.30)

+

\biggl( 
(\theta )+ + 2(3 + r)\epsilon  - 3

\Bigl( 
r
\surd 
2
\bigl( 
| \theta | \| xt\| \infty + \| dt\| \infty 

\bigr) 
+ \epsilon 
\Bigr) 
cb

\biggr) 
exp
\Bigl( 
4(\theta )+r

\Bigr) \bigm| \bigm| x(t)\bigm| \bigm| 
+

\biggl( 
c(r+ 2) + c - 1b - 1

\Bigl( 
\| dt\| 2\infty + c2r2

\bigm\| \bigm\| (d+ hu)t
\bigm\| \bigm\| 2
\infty 

\Bigr) \biggr) 
exp
\Bigl( 
4(\theta )+r

\Bigr) \bigm| \bigm| x(t)\bigm| \bigm| .
Selecting b= \epsilon 3

4
\surd 
2(3+r)rc| x(t) | when | x(t)| > 0 we get from (4.30) for all t\in [0, tmax),\bigm| \bigm| u(t)\bigm| \bigm| \leq 1

2
\| ut\| \infty + exp

\Bigl( 
4(\theta )+r

\Bigr) 
f(t),(4.31)

where

f(t) :=
\Bigl( 
2| \theta | + c(r+ 3)

\Bigr) \bigm\| \bigm\| xt

\bigm\| \bigm\| 
\infty +

\bigm\| \bigm\| dt\bigm\| \bigm\| \infty 
2

+
\epsilon 

2
\surd 
2r

+ 4
\surd 
2(r+ 3)\epsilon  - 3r

\Bigl( 
\| dt\| \infty + cr

\bigm\| \bigm\| (d+ hu)t
\bigm\| \bigm\| 
\infty 

\Bigr) 2\bigm| \bigm| x(t)\bigm| \bigm| 2.(4.32)

Notice that (4.31) also holds when | x(t)| = 0 (because in this case (4.30) implies that
| u(t)| = 0). Therefore, we conclude that (4.31) holds in any case for all t\in [0, tmax).

Taking into account (4.21) and the fact that u(s) = u0(s) for all s \in [ - r,0], we
conclude that

\bigm\| \bigm\| (d+hu)t
\bigm\| \bigm\| 
\infty \leq \| dt\| \infty +h(t - r)\| u0\| \infty for all t\geq 0. Taking into account
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3604 I. KARAFYLLIS, M. KRSTIC, AND A. ASLANIDIS

(4.1) and the facts that x(s) = x0(s), u(s) = u0(s) for all s\in [ - r,0], we conclude that
\| dt\| \infty \leq h(t - r)

\bigl( 
\| u0\| \infty + \| \.x0\| \infty + | \theta | \| x0\| \infty 

\bigr) 
+ \| d\| \infty for all t\geq 0. Since (4.18) gives

for all t\in [0, tmax)

\bigm\| \bigm\| xt

\bigm\| \bigm\| 
\infty \leq Mexp

\bigl( 
 - c(t - 2r)+

\bigr) \bigm\| \bigm\| x0

\bigm\| \bigm\| 
\infty + \epsilon +

\Bigl( 
1 +

\surd 
rMexp

\bigl( 
 - c(t - 2r)+

\bigr) \Bigr) 
2 - 1/4c - 1

\bigm\| \bigm\| d\bigm\| \bigm\| \infty 
(4.33)

we obtain from (4.32) using the fact that (a+b)2 \leq 2a2+2b2 (repeatedly) the following
inequality that holds for all t\in [0, tmax):

f(t)\leq 
\Bigl( 
2| \theta | + c(r+ 3)

\Bigr) 
Mexp

\bigl( 
 - c(t - 2r)+

\bigr) \bigm\| \bigm\| x0

\bigm\| \bigm\| 
\infty 

+
h(t - r)

2

\Bigl( 
\| u0\| \infty + \| \.x0\| \infty + | \theta | \| x0\| \infty 

\Bigr) 
+K

\Bigl( 
\epsilon  - 2M2\| \.x0\| 2\infty + 2

\Bigr) 
h(t - r)

\Bigl( 
2\| u0\| \infty + \| \.x0\| \infty + | \theta | \| x0\| \infty 

\Bigr) 2
+

\epsilon 

2
\surd 
2r

+ \epsilon 
\Bigl( 
2| \theta | + c(r+ 3)

\Bigr) 
+

\biggl( \Bigl( 
2| \theta | + c(r+ 3)

\Bigr) \Bigl( 
1 +

\surd 
rM
\Bigr) 
2 - 1/4c - 1 +

1

2

\biggr) 
\| d\| \infty 

+K

\biggl[ 
2 + \epsilon  - 2M2\| x0\| 2\infty + c - 2\epsilon  - 2

\Bigl( 
2\| u0\| \infty + \| \.x0\| \infty + | \theta | \| x0\| \infty + \| d\| \infty 

\Bigr) 2
\times 
\Bigl( 
1 +

\surd 
rM
\Bigr) 2\biggr] 

\| d\| 2\infty ,(4.34)

where K = 16\epsilon  - 1
\surd 
2(r + 3)r(1 + cr)2. Estimate (4.34) shows that the function f(t)

is bounded on [0, tmax) with f(t)\leq F for all t \in [0, tmax). Moreover, we obtain from
(4.31) for all t\in [0, tmax),

max
0\leq s\leq t

\bigl( \bigm| \bigm| u(s)\bigm| \bigm| \bigr) \leq 1

2
max

 - r\leq s\leq t

\bigl( \bigm| \bigm| u(s)\bigm| \bigm| \bigr) + exp
\Bigl( 
4(\theta )+r

\Bigr) 
F.(4.35)

Distinguishing the cases max - r\leq s\leq t(| u(s)| ) =max0\leq s\leq t(| u(s)| ) and max - r\leq s\leq t(| u(s)| )
= max - r\leq s\leq 0(| u(s)| ), using the fact that u(s) = u0(s) for all s \in [ - r,0], we get the
following estimate for all t\in [0, tmax):

max
0\leq s\leq t

\bigl( \bigm| \bigm| u(s)\bigm| \bigm| \bigr) \leq 1

2

\bigm\| \bigm\| u0

\bigm\| \bigm\| 
\infty + 2exp

\Bigl( 
4(\theta )+r

\Bigr) 
F.(4.36)

Estimate (4.36) shows that u(t) is bounded on [0, tmax). It follows from Theorem 1
that tmax =+\infty . Furthermore, estimate (2.11) is a direct consequence of (4.18).

We next finish the proof by showing the validity of estimate (2.12). Let \omega \in (0, c]
be such that exp(\omega r)< 2. Using (4.31) we get for all t\geq 0,\bigm| \bigm| u(t)\bigm| \bigm| exp(\omega t)\leq exp(\omega r)

2
max

t - r\leq s\leq t

\bigl( \bigm| \bigm| u(s)\bigm| \bigm| exp(\omega s)\bigr) + exp
\Bigl( 
4(\theta )+r

\Bigr) 
f(t)exp(\omega t).(4.37)

Inequality (4.37) implies the following estimate for all t\geq 0:

max
0\leq s\leq t

\bigl( \bigm| \bigm| u(s)\bigm| \bigm| exp(\omega s)\bigr) \leq exp(\omega r)

2
max
r\leq s\leq t

\bigl( \bigm| \bigm| u(s)\bigm| \bigm| exp(\omega s)\bigr) 
+ exp

\Bigl( 
4(\theta )+r

\Bigr) 
max
0\leq s\leq t

\bigl( 
f(s)exp(\omega s)

\bigr) 
.(4.38)
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ADAPTIVE STABILIZATION BY DELAYED FEEDBACK 3605

By distinguishing the cases max - r\leq s\leq t

\bigl( \bigm| \bigm| u(s)\bigm| \bigm| exp(\omega s)\bigr) = max0\leq s\leq t

\bigl( \bigm| \bigm| u(s)\bigm| \bigm| exp(\omega s)\bigr) 
and max - r\leq s\leq t

\bigl( \bigm| \bigm| u(s)\bigm| \bigm| exp(\omega s)\bigr) = max - r\leq s\leq 0

\bigl( \bigm| \bigm| u(s)\bigm| \bigm| exp(\omega s)\bigr) , we obtain from (4.38)
for all t\geq 0,

max
0\leq s\leq t

\bigl( \bigm| \bigm| u(s)\bigm| \bigm| exp(\omega s)\bigr) \leq exp(\omega r)

2
max
r\leq s\leq 0

\bigl( \bigm| \bigm| u(s)\bigm| \bigm| exp(\omega s)\bigr) 
+ 2(2 - exp(\omega r)) - 1exp

\Bigl( 
4(\theta )+r

\Bigr) 
max
0\leq s\leq t

\bigl( 
f(s)exp(\omega s)

\bigr) 
.(4.39)

Thus, we obtain from (4.39) and the fact that u(s) = u0(s) for all s \in [ - r,0] the
following inequality for all t\geq 0:\bigm| \bigm| u(t)\bigm| \bigm| \leq exp( - \omega (t - r))

2
\| u0\| \infty 

+ 2(2 - exp(\omega r)) - 1exp
\Bigl( 
4(\theta )+r

\Bigr) 
max
0\leq s\leq t

\bigl( 
f(s)exp( - \omega (t - s))

\bigr) 
.(4.40)

Using the facts that \omega \in (0, c], exp
\bigl( 
 - c(t  - 2r)+

\bigr) 
\leq exp

\bigl( 
 - c(t  - 2r)

\bigr) 
, h(t  - r) \leq 

exp
\bigl( 
 - c(t - 2r)

\bigr) 
in conjunction with (4.34) we get

max
0\leq s\leq t

\bigl( 
f(s)exp( - \omega (t - s))

\bigr) 
\leq \epsilon 

2
\surd 
2r

+ \epsilon 
\Bigl( 
2| \theta | + c(r+ 3)

\Bigr) (4.41)

+
\Bigl( 
3| \theta | + c(r+ 3)

\Bigr) 
Mexp

\bigl( 
 - \omega t

\bigr) 
exp
\bigl( 
2cr
\bigr) \Bigl( 

\| u0\| \infty + \| \.x0\| \infty + \| x0\| \infty 
\Bigr) 

+K

\biggl( 
2 + \epsilon  - 2M2\| x0\| 2\infty 

\biggr) \biggl( 
2 + | \theta | 

\biggr) 2

exp
\bigl( 
 - \omega t

\bigr) 
exp
\bigl( 
cr
\bigr) \Bigl( 

\| u0\| \infty + \| \.x0\| \infty + \| x0\| \infty 
\Bigr) 2

+

\biggl( \Bigl( 
2| \theta | + c(r+ 3)

\Bigr) \Bigl( 
1 +

\surd 
rM
\Bigr) 
2 - 1/4c - 1 +

1

2

\biggr) \bigm\| \bigm\| d\bigm\| \bigm\| \infty 
+K

\biggl[ 
2 + \epsilon  - 2

\biggl( 
M2 + c - 2(2 + | \theta | )2

\Bigl( 
1 +

\surd 
rM
\Bigr) 2\biggr) 

\times 
\Bigl( 
\| u0\| \infty + \| \.x0\| \infty + \| x0\| \infty + \| d\| \infty 

\Bigr) 2\biggr] 
\| d\| 2\infty .

Estimate (2.12) for certain appropriate function a \in K\infty and certain nondecreasing
function \gamma :\BbbR + \rightarrow \BbbR + is a direct consequence of estimates (4.40), (4.41). The proof is
complete.

We end this section by providing the proof of Theorem 3.

Proof of Theorem 3. Let (x0, u0, \^\theta 0) \in X \times \BbbR , d \in L\infty (\BbbR +) be given. By virtue
of Theorem 2 there exists a unique pair of continuous mappings x,u : [ - r, tmax)\rightarrow \BbbR 
with x\in W 1,\infty (\BbbR +), x(s) = x0(s), u(s) = u0(s) for all s\in [ - r,0] for which (2.1) holds
for t\geq 0 a.e. and (2.3) holds for all t\geq 0. It follows from (2.4), (2.5), (2.6) that there
exists a unique piecewise constant function \^\theta :\BbbR + \rightarrow \BbbR with \^\theta (0) = \^\theta 0 which satisfies
(2.4) for all t\in [ir, (i+ 1)r), i\in \BbbN , and (2.5), (2.6) for all i\in \BbbN .

We define the time sets

I =
\bigl\{ 
s\geq r :

\bigm\| \bigm\| xs

\bigm\| \bigm\| 
2
\geq \sigma 
\bigr\} 
,

J =
\bigl\{ 
s\in [0, r) :

\bigm\| \bigm\| xs

\bigm\| \bigm\| 
2
\geq \sigma 
\bigr\} 
.(4.42)

Due to (2.8), (4.2), (4.42), (2.4), (2.5), (2.6), we obtain in the case I \not = \emptyset ,
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3606 I. KARAFYLLIS, M. KRSTIC, AND A. ASLANIDIS

\bigm| \bigm| \^\theta (t) - \theta 
\bigm| \bigm| \leq \surd 

r

\sigma 
\| d\| \infty for all t\geq r

\bigl\lceil 
r - 1min(I)

\bigr\rceil 
,(4.43)

\^\theta (t) = \^\theta (0) for 0\leq t\leq 
\bigl\lceil 
r - 1min(I)

\bigr\rceil 
,

when J = \emptyset or J \not = \emptyset and
\bigl\lceil 
r - 1min(I)

\bigr\rceil 
= 1,(4.44)

\^\theta (t) = \^\theta (0) for 0\leq t < r and(4.45)

\^\theta (t) = q(x\tau , u\tau ) for r\leq t < r
\bigl\lceil 
r - 1min(I)

\bigr\rceil 
with \tau =max

\bigl\{ 
t\in [0, r] :

\bigm\| \bigm\| xt

\bigm\| \bigm\| 
2
= max

0\leq s\leq t

\bigl( \bigm\| \bigm\| xs

\bigm\| \bigm\| 
2

\bigr) \bigr\} 
,

when J \not = \emptyset and
\bigl\lceil 
r - 1min(I)

\bigr\rceil 
\geq 2.

Similarly, due to (4.42), (2.4), (2.5), (2.6), we obtain in the case I \not = \emptyset ,

\^\theta (t) = \^\theta (0) for t\geq 0, when J = \emptyset ,(4.46)

\^\theta (t) = \^\theta (0) for 0\leq t < r and

\^\theta (t) = q(x\tau , u\tau ) for t\geq r with \tau =max
\bigl\{ 
t\in [0, r] :

\bigm\| \bigm\| xt

\bigm\| \bigm\| 
2
= max

0\leq s\leq t

\bigl( \bigm\| \bigm\| xs

\bigm\| \bigm\| 
2

\bigr) \bigr\} 
,

when J \not = \emptyset .(4.47)

Therefore, we conclude that \^\theta \in L\infty (\BbbR +). Estimate (2.13) with T = r
\bigl\lceil 
r - 1min(I)

\bigr\rceil 
in the case where there exists t \geq r with

\bigm\| \bigm\| xt

\bigm\| \bigm\| 
2
\geq \sigma (i.e., in the case I \not = \emptyset ; recall

definition (4.42)) is a direct consequence of (4.43). The proof is complete.

5. Concluding remarks. As noted earlier, this paper is the first step toward the
resolution of several decades-old challenges in disturbance-robust adaptive control. We
have shown in a scalar system that the use of delays in adaptive control can guarantee
features that cannot be guaranteed by adaptive controllers without delays. However,
many things are left to be done in the future. First, the results have to be extended
to important classes of systems (e.g., systems in the strict feedback form or systems
satisfying the matching condition; see [16], [17], [20]). This extension is far from trivial
and will require the development of novel design procedures as well as the generation
of new mathematical results that will make the analysis of the resulting closed-loop
systems tractable. Second, simulation studies have to be performed to investigate how
the performance is affected by different choices for the controller parameters. Indeed,
the obtained stability estimates show us some important qualitative characteristics
but the actual dependence of the performance on the controller parameters can be fully
understood only with the combination of theory and various numerical experiments.
The numerical studies should also compare the proposed delay-adaptive scheme with
well-established existing schemes (e.g., leakage).
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