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Adaptive Regulation With Global KL Guarantees

lasson Karafyllis

Abstract—In the absence of persistency of excitation
(PE), referring to adaptive control systems as “uniformly
asymptotically stable” typically indicates insufficient un-
derstanding of stability concepts. While the state is indeed
regulated to zero and the parameter estimate has some
limit, namely, the overall state converges to some equilib-
rium, the equilibrium reached is not unique (and not even
necessarily stable) but is dependent on the initial condition.
The equilibrium set in the absence of PE is not uniformly
attractive (from an open set containing the equilibrium set);
hence, uniform asymptotic stability does not hold and KL
estimates are unavailable for the full state. In this article,
we pursue an adaptive control design with KL guarantees
on the regulated state, something that is possible but pre-
viously unachieved with smooth, time-invariant and non-
hybrid adaptive controllers. This property is referred to as
uniform global asymptotic output stability, where the reg-
ulated state is thought of as a system output. We provide
designs for systems with a matched uncertainty and sys-
tems in the parametric strict feedback form. We assume
no a priori known bound for the parameters. To guarantee
KL estimates in the absence of PE, our desighs employ
time-invariant nonlinear damping terms, which depend both
on the state and the parameter estimate. With an example,
we illustrate the theory.

Index Terms—Adaptive control, Lyapunov methods, non-
linear control systems.

[. INTRODUCTION

HE problem of adaptive control arises naturally as it is
T rare (or even impossible) to know exactly the system
parameters. Thus, it is of great interest to regulate a system in
the presence of unknown parameters. The literature on adaptive
control is huge, spanning over sixty years. It is well known that
adaptive control does not guarantee uniform attractivity and/or
KL estimates for the solution of the closed-loop system (see [17])
when the dynamics are time invariant and when no persistence of
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excitation (PE) assumption holds. Indeed, as shown in [18], the
equilibrium set in the absence of PE is not uniformly attractive
(from an open set containing the equilibrium set); hence, asymp-
totic stability does not hold and KL estimates are unavailable
for the full state. In the literature, one can find a number of
different approaches for the problem of constructing adaptive
feedback laws that can provide some performance guarantees
for the closed-loop system.

1) Using the funnel control scheme (see, for instance, [3],
[71, [19], [22], and [37]), researchers have constructed
time-varying adaptive controllers that guarantee a pre-
scribed performance in a region of the state space. Similar
to the funnel control scheme, the prescribed performance
scheme (see [2], [4], [9], [20], [27], and [41]) employs
an error transformation of the system and guarantees
prescribed performance locally.

2) For tracking control problems, researchers have managed
to establish Uniform Global Asymptotic Stability under
the assumption of PE (see [23], [24], [25], [28], and [39]).
Using the Immersion and Invariance approach researchers
in [36] managed to construct a strict Lyapunov function
for a class of nonlinearly parameterized systems under an
input-to-state stability (ISS) small-gain condition and a
PE assumption, and guarantee global uniform asymptotic
tracking. The immersion and invariance approach is also
used in [21] and [33]. Recent results assume less de-
manding excitation notions (e.g., excitation on an interval;
see [0]).

3) In [29] and [30], an unbounded-in-time, time-varying
adaptive control scheme is proposed by using a time-
depended state transformation in order to guarantee uni-
form attractivity properties in the absence of PE.

4) In [11] and [12], an event-triggered adaptive control
scheme is proposed in order to guarantee specific KL
estimates for the solutions of the closed-loop system.

5) In [42], an adaptive scheme is proposed that guarantees
regulation of the state in finite time uniformly, assuming
that a bound for the parameter vector is known, see
also [38] and [40] for finite time regulation using state-
feedback gains. An unbounded time-scale transformation
is used in [15] in order to regulate the state to the origin
in finite time and similarly, time-varying gains are used
in [8] to guarantee global prescribed time convergence of
the state to zero.

It should also be noticed that the recent work [13] showed that
minor modifications of the adaptive controller design procedures
introduced in [17] can also guarantee semiglobal uniform output
stability for nonlinear time-invariant systems under a smooth,
time-invariant, and adaptive feedback law.
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In this article, we approach the problem of design with KL
guarantees of the regulated state by applying adaptive backstep-
ping in [17] using nonlinear damping terms that depend not
only on the state, but also on the estimate of the parameter.
We apply the control design on systems satisfying the matching
condition (see [17]) and derive a KL estimate that guarantees
the uniform global asymptotic output stability (UGAOS) for a
class of output functions. We assume no a priori known bound
for the parameters. This design follows the idea in [13] where
semiglobal results were provided. Then, we extend the design
to systems in the parametric strict feedback form, where we
derive a KL estimate that quantifies the convergence speed to
a residual ball of assignable radius for the regulated state and
yields UGAOS for a similar class of outputs as in the previous
case.

The article is organized as follows. In Section II, we present
the controllers and prove the desired properties in the case of
systems satisfying the matching condition, and in Section III,
we consider the case of systems in the parametric strict feedback
form. In Section IV, we give an illustrative example of the design
and we compare the performance of the proposed adaptive con-
troller with standard adaptive feedback laws proposed in [17].

|. NOTATION AND NOTIONS

In what follows, we use the notation (z)* for the positive
part of the real number = € R, i.e., ()T = max (x,0). For a
vector z € R™, |x| denotes the Euclidean norm of 2 and ' the
transpose of . We also use the notation Ry = [0, +00).

Let D C R™ be an open set and let S C R™ be a set that
satisfies D C S C cl(D), where cl(D) is the closure of D. By
CO(S ; ), we denote the class of continuous functions on S,
which take values in Q C R™. By C*(S;2), where k > 1 is an
integer, we denote the class of functions on S C R", which take
values in 2 C R™ and have continuous derivatives of order k. In
other words, the functions of class C*(S; ) are the functions,
which have continuous derivatives of order k in D = int(.S) that
can be continued continuously to all points in 0D N S. When
Q) = R, then we write C°(.S) or C*(S). We also use the notation
C>(8:9) = M2, C*(S: Q).

We use the terminology “KL estimate” or “KL bound” for
an estimate or a bound that involves a KL function. We use the
terminology “practical KL estimate” or “practical KL bound” for
an estimate or a bound that involves a positive constant added
to a KL function.

Let f:R™ — R"™ be a locally Lipschitz vector field with
f(0) =0 and h:R"™ — R* be a continuous mapping with
h(0) = 0. Consider the dynamical system

&= f(z),z € R"” (1)

with output

Y = h(z). 2)

We assume that the dynamical system (1) is forward complete,
i.e., for every xp € R™, the unique solution z(t) = ¢(t, xo) of
the initial value problem (1) with initial condition z(0) = x¢
exists for all ¢ > 0.

We use the notation Y (¢, x) = h(¢(t,xo)) forallt > 0,20 €
R™and Br = {z € R" : |z| < R} forall R > 0. The following
properties are standard in the analysis of output stability; see for
instance [14].

Definition 1 (Output Stability Notions): We say that the sys-
tem (1), (2) is as follows.

1) Lagrange output stable if for every R > 0 the set
{lY'(t,20)| : xz0 € Bgr,t > 0} is bounded.

2) Lyapunov output stable if for every e > 0 there ex-
ists 9(¢) > 0 such that for all zg € Bj(), it holds that
ly(t, z0)| < eforallt > 0.

3) Globally asymptotically output stable (GAOS) if the sys-
tem (1), (2) is Lagrange and Lyapunov output stable and
limy 400 (Y (¢, 20)) = 0 for all zp € R™.

4) UGAOQOS if the system (1), (2) is Lagrange and Lya-
punov output stable, and for every €, R > 0, there exists
T(e,R) > 0 such that for all zg € Bg, it holds that
Y (t,20)] < eforallt > T(e, R).

When the word “output” is omitted in all the aforementioned
stability notions, then we understand that the output coincides
with the (regulated) state of the plant. The following lemma
provides a characterization of the UGAOS notion of Definition 1.
Its proof is given in [10].

Lemma 1 (UGAOS through a KL estimate): System (1), (2)
is UGAOS if and only if there exists a function 0 € KL such
that the following estimate holds for all zyp € R™ and ¢t > 0:

Y (¢, z0)| < (|l t)- ©)

Il. SYSTEMS SATISFYING THE MATCHING CONDITION

Consider the following finite-dimensional control system:

& = f() + g(z)u+ g(x)(p(x))'0 “
where f, g : R™ — R", ¢ : R™ — RP are locally Lipschitz vec-
tor fields with f(0) =0 and ¢(0) =0, v € R", uw € R is the
control input, and 6 € R? is the constant vector of unknown
parameters. The control system (4) satisfies the “matching con-
dition” (following the terminology in [17]) since the uncertain
parameters are in the span of the control. The following assump-
tion is used for the control system (4).

Assumption 1: There exist functions P € C?(R™;R,),Q €
C°(R™; R ) being positive definite and radially unbounded and
a locally Lipschitz function k£ € C°(R™;R,) with k(0) =0
such that

VP(z)f(x) + VP(x)g(z)k(z) < —Q(x)for all z € R™.

(%)

When Assumption 1 holds, then it is possible to regulate the
state to zero by applying a standard adaptive control scheme. To
see this, consider the adaptive controller

u=k(z) = (p(x)) 0 6)
o = TVP@)(@)e(o) 0

where I' € RP*P is a positive definite matrix. The closed-loop
system (4), (6), (7) with output

Y=z
has the following stability properties:

®)
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1) the set {(0,0) : 6 € RP} (i.e., the set where z = 0) is the
set of equilibrium points for the closed-loop system (4),
(7;
2) the equilibrium point (,0) = (0, ) is Lyapunov stable;
3) for every initial condition, the solution (x(t), Q(t)) of the
closed-loop system (4), (7) is bounded and the closed-
loop system is Lagrange stable;
4) the closed-loop system (4), (7), (8) is GAOS and ev-
ery solution of the closed-loop system (4), (7) satisfies
The proof of the aforementioned facts follows the analysis
given in [17] using the Lyapunov function V (z, ) := P(z) +
%(é —0)T-1(6 — 6), which [by virtue (4), (5)] satisfies the
following differential inequality:

%V (:aé) < —Q(x). ©)

However, the convergence rate of € R” to zero is not neces-
sarily uniform with respect to the initial condition, even when
considering initial states in a bounded neighborhood of the
origin. In order to be able to guarantee a KL estimate, we need
an additional assumption.

Assumption 2: There exists a locally Lipschitz, positive func-
tion € CO°(R™; (0, +00)) such that the following inequality
holds:

lo(@)]? < p(z)Q(x), forall z € R™. (10)

Assumption 2 is automatically guaranteed if there exists a
constant ¢ > 0 such that the inequality Q(z) > ¢|z|? holds for
all z € R" in a neighborhood of 0 € R". Both Assumption 1
and Assumption 2 are automatically guaranteed if the feedback
law u = k(x) achieves global asymptotic stabilization and local
exponential stabilization of 0 € R™ for the control system & =
f(@) + g(a)u.

When Assumption 1 and Assumption 2 hold, then itis possible
to modify the adaptive control scheme (6), (7) so that we can
obtain two different KL estimates: a “perfect” KL bound when
|#] < /7 and a practical KL bound when |6| > /7, where > 0
is a parameter of the controller. More specifically, the adaptive
control scheme (6), (7) is modified in the following way:

u = k(x) — (plx))' 0

= (Bletwr + ) (r+107) ) (VP15
(11)

- = IVP(2)g(z)p(z)

where I' € RP*P is a positive definite matrix and 0 >
0, » >0 are constants. The term —(g|<p(x)|2 + p(x)(r +
102))(VP(z)g(x)) is the difference between (6), (7) and (11),
(12) and it is a nonlinear damping term. Nonlinear damping
terms have been proposed in the literature (see [17, Sec. 3.4.3])
and it was shown in [13] that nonlinear damping terms can
guarantee semiglobal stabilization. Here, the nonlinear damping
term has a crucial difference with the damping term proposed
in [17] (and in [13]): the nonlinear damping term does not depend
on x only (as in [13] and [17]) but on both x and 0. That is

12)

the reason that here we achieve global and uniform stability
properties. The controller parameter > 0 plays a special role
in our design: we achieve UGAOS for the output Y = = when
6] < V.

It should be noticed that all properties 1)-4) hold for the
closed-loop system (4) with (11) and (12). The proof of this
fact follows again the analysis given in [17] using the Lyapunov
function V(z,0) := P(z) + (0 — 0)T~1( — ), which sat-
isfies the differential inequality (9). However, the closed-loop
system (4) with (11) and (12) also satisfies a global KL estimate
given by the following theorem.

Theorem 1: Suppose that Assumptions 1 and 2 hold. Let p €
K, be a function for which the following inequality holds:

p(P(x)) < Q(x) for all z € R™. (13)
Then, for every A € (0, 1), there exists ¢ € K L such that the
following global estimate holds for every solution of the closed-
loop system (4) with (11) and (12):
(P(z(t)) —a)T <o (P(=(0)) — a)t ,t) forallt >0
(14)
where

a:=p! ((1 (15)

Remarks:

1) Since P € C*(R";Ry) and Q € C°(R™;R) are pos-
itive definite and radially unbounded functions, there
exists p € K such that inequality (13) holds. Therefore,
the existence of p € K, for which (13) holds is not an
assumption.

2) Since P € C?(R"; R, ) is a positive definite and radially
unbounded function, there exist functions by, by € Ko,
such that

b1(|z]) < P(x) < ba(|z|)for all x € R™. (16)

The proof of Theorem 1 and inequality (14) shows that
the following global KL estimate holds for all ¢ > 0:

b (Jz()]) < 6 ((b2 (|z(0))) =)™ ,t) +a (17
for appropriate o0 € K L. It should be noticed that the
functions b1, b, € K, and ¢ € KL are independent of
0.0nly o := p~1((1 —2)~1571(|#]*> — r)T) depends on
0. Furthermore, notice that by increasing 6 > 0 or r > 0
(which are parameters of the controller), we can decrease
the value of a.

3) The KL estimate (14) guarantees UGAOS with any
output Y = h(z, ) with h(0,0) = 0 for all § € RP for
which there exists a function b € K, with |h(z,0)] <
b((P(z) — a)™) forall (x,0) € R™ x RP.

4) Estimate (17) guarantees UGAOS for the output Y =z
when |0] < /7. On the other hand, estimate (17) is a
practical KL bound when |0] > \/r: it guarantees that
x(t) will approach a neighborhood of radius b; ' («) in a
uniform (with respect to the initial conditions) rate. Notice
that, since no a priori known bound for 6 is assumed, we
cannot know whether the inequality |0 < /7 holds or
not.

Inequality (17) shows that getting to the vicinity of the ball
|z| < b;! () can be fast and occurs in a uniform (with respect to

)t (P )"
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the initial conditions) rate. However, if the system is unstable,
this vicinity will be large, and the remaining task (getting to
x = 0) will occur at an unquantified rate. This happens because
when we approach the set x = 0, there is no excitation to learn,
and to then speed up the remainder of the convergence as a result
of learning.

[ll. PARAMETRIC STRICT FEEDBACK FORM

In this section, we study the parametric strict feedback form

given by the following equations forz =1,...,n:
T = fi (xl,...,xi)—&—gi(ml,...,xi)xi_,_l
p
+Z(pi’j (:cl,...,a:i)gj (18)
j=1
where fl,glRlﬁR, (pi’jZRi%R,Z’Zl ,j:1

..,p are C* functions with f;(0)=0, ‘Pw (0) =0,
gi(z1,...,2;) #0 for all z € R™, 0 € (01,02,...,0,) € RP
is a vector of unknown constant parameters and z,,11 = u € R
is the control input.

In order to study system (18), we need to introduce a useful
notion.

Definition 2: A smooth parameterized family of diffeomor-
phismsof R"isaC>®mapT : R” x RP — R"withT(0,0) =0
for all §# € R? having the property that there exists a C* map
T-1:R" x R — R" with T(T ' (x,0)) =TT (z,0)) =
x forall (z,0) € R™ x RP.

The following technical results are also useful for our analysis.

Lemma 2: Let h: R™ x RP — R be a C* map that satis-
fies h(0,0) = 0 for all § € RP. Then, there exists a C™ map
p:R" x RP — [1,400) such that |h(z, 0)| < p(z, 8)|z| for all
(x,0) e R™ x RP.

Lemma 3: Let h : R™ x RP — R be a C'"™ map that satisfies
h(0,0) = 0forallf € RP. LetT : R™ x R? — R" be a smooth
parameterized family of diffeomorphisms of R™. Then, there
exists a C™ map p : R" x RP — [1, 400) such that |h(z, )| <
p(x,0)|T(x,0)| forall (z,0) € R™ x RP.

Lemma 4: Let T : R™ x RP — R"™ be a smooth parameter-
ized family of diffeomorphisms of R™. Then, for every bounded
set © C RP, there exist K, functions ¢, 5 : Ry — Ry such
that a(|z|) < |T'(z,0)| < B(]z|) for all (z,0) € R"™ x ©.

The following lemma is the main backstepping lemma.

Lemma 5: Consider the system
F(z)+ b(z)y + @(x)0 (19)
where z € R", F,b:R"” — R"™ are C vector fields with
F(0)=0, y € R, ®(z) is an n x p matrix with entries C'*°
functions ; ; : R — R with ¢; ;(0) =0 forall i = 1,...,n
j=1,...,pand 0 € RP? is the vector of unknown constant pa-
rameters. Suppose that there exist C* functions k£ : R” x RP —
R, w : R" x R? — R? with k(0,0) = 0 and w(0,60) = 0 for
all § € R?, a smooth parameterized family of diffeomorphisms
of R® T : R™ x RP — R", constants r > 0, o, w, e > 0, and
v; > 0,7 =1,...,psuch that the closed-loop system (19) with
the adaptive feedback law

fg:w(w,é)

T =

(20)

y:k(x,é)

satisfies the following inequalities for all (x, 0, 0) € R" x RP x
RP:

2n

;t (x 9) < —a|T (x 9) 2 (22)

(31 (e8) ) 2o (o) =

where

2
2 )
V() =5l (+.0)] +ZQ% (05-0,) . @
Consider the control system (19) with
= fl@,9) + 9@ yu+Y enpr;(@y)0; (29

j=1
where w € R the control input, f,g: Rt & R, Pntl,j:
R™ ! — R are C™ functions with f(0,0) = ¢;,41,;(0,0) =0
for all j=1,...,p, and g(x,y) # 0 for all (z,y) € R+,
Then, there exist C* functions kR xRP 5 R, 1 :
R+ x RP — R? with k(0, 0,0) = 0 and @(0, 0, §) = 0 for all
0 € R?, a smooth parameterized family of diffeomorphisms of
R™H1T : R**! x RP — R+ such that the closed-loop system
(19), (25) with the adaptive feedback law

Zf i (2,.0) (26)

u==k (:c, v, é) 27

satisfies the following inequalities for all (z, y,,0) € R"! x
R? x RP:

dif/ (x,y,é) < —a|T (m,y,é) |2 (28)

G (317 (20:0) ) < T (a.08) P+ 26 (0 = )"
(29)

where
174 (x,y,é) = |T (m v, ) + Z (éj — 0j>2. (30)
Remark on Lemma 5: Lemma 5 is the analogue of [17, Lemma
4.7, p. 134]. However, the proof and the control design of Lemma
5 is different from the proof and the control design of [17,
Lemma4.7]. Lemma 5 exploits the idea of transient performance
improvement described in [17, Sec. 3.4.3]. More specifically,
instead of using nonlinear damping terms (or state-dependent
controller gains) that depend on x only (as done in [17, Sec.
3.4.3]), here we use nonlinear damping terms that depend both
on z and 6. Thus, we guarantee two differential inequalities
[inequalities (28) and (29)]. Inequality (29) is the analogue of
[17, inequality (3.143), p. 118] with an essential difference:
in [17, inequality (3.143)], the perturbation term depends on
|0 — 6|, while in (29), the perturbation term depends on  only.
As in the previous section, the two differential inequalities (28)
and (29) play a different role. Inequality (28) is used in order
to guarantee all properties that adaptive control schemes usually
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guarantee (properties 1)—4) as follows). Inequality (29) provides
a “perfect” KL bound when |6] < /7 (i.e., UGAOS for the
output Y = z) and a practical KL bound when |0 > /7. As
the reader can easily see these objectives are achieved by the
simultaneous use of two Lyapunov-like functions: the function
V (z,8), defined by (30), which is the classical Lyapunov func-
tion used in adaptive control, and the function |T(x,0)[2/2,
which is a sort of an input-to-output stability function. This
“dyad” of Lyapunov-like functions is an innovation of our
analysis. Inequality (29) is the analogue of inequality (14) in
Theorem 1.

Theorem 2: Consider the control system (18). Let arbi-
trary constants r > 0, o,w,e >0, and v; >0, j=1,...,p
be given. Then, there exist C'"™ functions k : R™ x RP — R,
w: R™ x R? — RP with k(0,6) = 0, w(0,0) = 0 for all § €
RP and a smooth parameterized family of diffeomorphisms
T :R™ x R? — R" such that the closed-loop system (18) with
the adaptive feedback law

(cilf =w (ac, é) (€2))
u =k (x, é) (32)

satisfies the following inequalities for all (x, 0, 0) € R™ x R? x
RP:

%V (x,é) < —a|T (m,é) >

G (3T (20) ) = =l (00) Pt e (02 - 1)

(34)

(33)

where V : R” x RP — R is defined by (24). Moreover, the
following properties hold:

1) the set {(0,0) : § € RP} is the set of equilibrium points
for the closed-loop system (18) with (31) and (32);

2) the equilibrium point (z,d) = (0,0) is Lyapunov stable
for the closed-loop system (18) with (31) and (32);

3) for every initial condition, the solution (x(t),0(t)) is
bounded and system (18) with (31) and (32) is Lagrange
stable;

4) the closed-loop system (18) with (31) and (32) and
output Y =z is GAOS and every solution satisfies
lim; o (2(t)) = 05

5) the closed-loop system (18) with (31) and (32) and output
Y = 2 is UGAOS when |0| < /;

6) the closed-loop system (18) with (31) and (32) is UGAOS
for every output Y = h(z, é,@) for which there exists
a function b € K., with |h(z,0,0)| < b((|T(z,0)|? —
wle(8]2 — r)F)).

Remark: All properties 1)—4) can be also guaranteed by the
adaptive controllers proposed in [17]. However, here we also
guarantee the uniform stability properties 5) and 6). Notice that
the importance of property 6) lies in the fact that it guarantees a
practical KL estimate. More specifically, the proof of Theorem 2
shows that every solution of the closed-loop system satisfies the

following estimate for all £ > 0:

(17 (=060 P~ e (0 = )")"

< exp(~20t) (1T (2(0).60)) [~ e (j01? 1) ")

(35)
The aforementioned estimate is an exponential estimate (a
KL estimate of exponential type) for (|T'(z(t),0(t))> —
wte(|0)? — r)T)T. Therefore, the aforementioned estimate
shows again that getting to the vicinity of the region |T'(z, é)| <
Vw™le(]0]? — )t can be fast and occurs in a uniform (with
respect to the initial conditions) rate. However, as in the previous
case of systems that satisfy a matching condition, if the system
is unstable, this vicinity will be large, and the remaining task
(getting to x = 0) will occur at an unquantified rate. Again,
notice that since no a priori known bound for € is assumed,
we cannot know whether the inequality || < /r holds or not.

IV. EXAMPLE

Consider the simplified Moore—Greitzer model of jet engine
surge dynamics

(36)

(37)
where x = (71, 72) € R?isthe state, u € Ris the control input,
and @ = (61, 02)" € R?is the vector of constant unknown param-
eters. The nominal values for the parameters are § = (— %, —%)
(see [17]) but since model (36), (37) is a simplified model
obtained by Garlekin decomposition with only three modes, it
is safer to consider 6 = (61, 62)" € R? to be unknown.

Using the design methodology presented in [17], we obtain

the following adaptive feedback law for (36) and (37):

U= — (Qfl + MQ) T — wir? — wors

3 2 3
xry = 91:61 + 92581 —+ X9

.’bQZU

— (Qélxl + 3é2$% + 2u) (éle + ézx‘;’ + xg)

(38)
db N -
ditl =w, = lexf (:cg + 915(}% + 923?‘;’ + ,u$1)
x (zém + 30522 + u) oy (39)
do » -
7; = Wy = "yQQZC? (LCQ + 01%% + 92%? + H$1>
« (zélxl + 30522 + u) + yazt (40)

where ), v1,7v2, 0 > 0 are constants. The adaptive feedback law
(38)—(40) guarantees the differential inequality

d A . R 2
%V (as, 9) < —ux% — uQ (mg + 9135% + ng‘;’ + /msl)
4D
for the Lyapunov function
A 1 A . 2
Vix,0) = 53:% + % (xg + 0127 + 025 + ua:1>
1 /. 2 1 /. 2
o (h-0) +—(-6) . @
2m 272
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As shown in [17], the feedback law (38)—(40) guarantees the
following properties:

1) the set {(0,6) : @ € RP} is the set of equilibrium points
for the closed-loop system (36), (37) with (38)—(40);

2) the equilibrium point (z, ) = (0,0) is Lyapunov stable
for the closed-loop system (36), (37) with (38)—(40);

3) for every initial condition, the solution (x(t),A(t)) is
bounded and system (36), (37) with (38)—(40) is Lagrange
stable;

4) the closed-loop system (36), (37) with (38)—-(40) and
output Y =2 is GAOS and every solution satisfies
limy o0 (2(2)) = 0.

If we follow the procedure described in the proof of Lemma
5 and the proof of Theorem 2, then we obtain a different family
of adaptive feedback controllers. More specifically, we get the
adaptive feedback controller

— Q71I1 — <ZL'1 + é1> riwy — (I% + ég) T1Wo

u =
—Gz+ oMz — 2) (43)

dé

do

d—tz = wy = Y21 (Qzp + 21) (45)

where Q, 1,72, 4, € > 0, 7 > 0 are constants and

02 + 02 +r 1 1
M:=2M+12Q+x%+<1+26)x‘1‘+26x? (46)
z:=x9 + élm% + éQLE? + Mxq 7
= 2é1$1 + 3@233% + M
2 + 1 3
+ a? <2+2 <t x§+x‘1‘> 48)
€ €

a2 0240247
G:z,u—&—Qx%(l—kx%)goz(Qi—kluz .49

The adaptive controller (43)—(45) guarantees the following
two differential inequalities:

%W (1:9) < —uU (x é) (50)
%U (m,é) < —uU (x,é) —i—e(|9|2—7")Jr (51)
where
U (m,é) = —x] + =22 (52)

The smooth parameterized family of diffeomorphisms 7" : R? x
R? — RR? that appears in Theorem 2 is given by the formula

T(x,0) = ( 1 ) .

o + 0123 + 092} + May

2 x2

x1

0,6

Fig. 1. Projection of the z; —z2 plane of certain solutions of
the closed-loop system (36), (37) with (38)—(40), initial condition

(61(0),02(0)) = (0,0), 71 =12 =p=Q = 1.

x1

-0,8 -0,6

25 x2

Fig. 2. Projection of the z; —xz2 plane of certain solutions of
the closed-loop system (36), (37) with (43)—(45), initial condition

(01(0),02(0)) = (0,0),y1 =12 =p=Q=c=1,r=2.

The difference between (38)—(40) and (43)—(45) is clearly visi-
ble. Theorem 2 guarantees the same properties as the feedback
law (38)—(40) and the additional following properties:
5) the closed-loop system (36), (37) with (43)—(45) and
output Y = z is UGAOS when [0| < /1;
6) the closed-loop system (36), (37) with (43)-(45) is
UGAOS for every output Y = h(z, 8, ) for which there
exists a function b € K., with |h(z,0,0)] < b((2? +
22— uLe(l92 — r) ).

Notice that the importance of property 6) lies in the fact that
it guarantees a practical KL estimate. More specifically, the
proof of Theorem 2 shows that every solution of the closed-loop
system satisfies the following estimate for all ¢ > 0:

23 () + 2°(t) < exp(—2pt) (27(0) + 2%(0))

+ute (02 =), (54)

Although the difference between the behaviors of the two adap-
tive controllers is a qualitative difference and not a quantitative
one, the projections of the solutions on the x1 — x5 plane illus-
trate the qualitative change that takes place when the controller
(43)—(45) is used. This is shown in Figs. 1 and 2.
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1,2

038

0,6

04

02

=]
[
N
w
'S
wn
o
~
=]

Fig. 3. Evolution of |z(t)| for the closed-loop system (36), (37) with
(38)—(40) (red line) and the closed-loop system (37) with (43)—(45)
(blue line), initial condition (x1(0),z2(0),61(0),02(0)) = (.4,—1,0,0),
N=r=p=Q=c=1Lr=2

1,8
Ix]

16

14

1,2

0,8
06
04

0.2

Fig. 4. Evolution of |z(t)| for the closed-loop system (36), (37) with
(38)—(40) (red line) and the closed-loop system (36), (37) with (43)—(45)
(blue ling), initial condition (1 (0),z2(0),6;(0),82(0)) = (.6,.5,0,0),
N=r=p=Q=c=1r=2

The solutions of the closed-loop system (36), (37) with (43)—
(45) converge with a faster rate than the solutions of the closed-
loop system (36), (37) with (38)—(40) for the same parameter
values. However, the solutions of the closed-loop system (36),
(37) with (43)—(45) may present a higher overshoot. This is
shown in Figs. 3 and 4.

Moreover, for both closed-loop systems, the parameter esti-
mates é(t) do not converge to the real values of the parameter
0 = (—32,—1). This is shown in Figs. 5 and 6.

Fig. 5 also shows that the controller (43)—(45) exhibits less
effort for the estimation of the unknown parameters than the
controller (38)—(40). Indeed, the controller (43)—(45) acts pri-
marily as a robust nonlinear controller, and thus, the parameter
estimation becomes less important.

V. PROOFS

A. Proof of Theorem 1

We use definition (12), (4), the Young inequalities
VP(x)g(z)(¢(x)) (0 — P(0))

1,605 Iz
16
1,595
1,59
1,585
1,58
1,575
1,57
1,565
0 1 2 3 4 5 t 6
Fig. 5. Evolution of |2(t)| = |6(t) — 6] for the closed-loop system (36),

(37) with (38)—(40) (red line) and the closed-loop system (§6), (37)
with (43)—(45) (blue line), initial condition (x1(0),z2(0),61(0),62(0)) =
('47717070)7’71 =72 :H:Q:E:1|T:2'

185 | |y

18

175 ﬁ

17

1,65

16

1,55

0 1 2 3 4 5 t 6

Fig. 6. Evolution of |z(t)| = |4(t) — 6| for the closed-loop system (36),

(37) with (38)—(40) (red line) and the closed-loop system (3}3), (37)
with (43)—(45) (blue line), initial condition (x1(0),z2(0),01(0),02(0)) =
('67'57070)”71 =72 :IJ‘:Q:EZI!T:2'

< 5el0— PO + 3 (VP(@)g(2))? [p(a)* (59)

< p(x) (VP(x)g(x))* 10 + —— ()]

1
56
e 0)

1

< ula) (VP(@)g(@)* PO + 1o

()]
(57)

where P : R? — IRP the projection of # on the ball of radius /7
centered at 0 € R”

_ e, if 0] < /7
P(e)'_{%ﬁ if 0] > /7

and inequality (5) in order to obtain the estimate

1 2
)@

(58)

SP@) < - Q)+
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1 B0\ |2
+ 52l = PO)

+ p(@) (|PO)]° =) (VP(2)g(x))*

for all (z,6) € R™ x RP. B

Using inequalities (10), (13), (59) and the facts that | P(6) |2 <

r, |0 — P(0)|?> < (|0|> — r)* [consequences of definition (58)],
we obtain

(59)

d 1 1,y
- < - _ _
5 P(@) < =5p(P@)) + 55 (16]° = 1) (60)
for all (z,0) € R x R”. We define the function
1
W(x) = 5 ((P(a) - a)*)? forz € R™ 61)

and we notice that inequality (60) in conjunction with definition
(15) guarantees the following implication:

W) > 0= TP < Epp@). @

Since W (z) = (P(z) — o)™ 4 P(x), using (62) and distin-
guishing the cases W(x) =0 and W(x) > 0, we get for all
(z,0) € R™ x RP

d by

W (@) < =5 (Px) — o) p(P(2))
< 7% (P(x) — )" p ((P(z) —a)*)
= —H(W (2)) (63)

where j(s) := A,/5p(v/2s) is a function of class K. The
existence of o € KL for which (14) holds is a direct consequence
of the aforementioned differential inequality and [14, Lemma
4.4].

B. Proof of Lemma 2

We have h(z,0) =>"" | 01 %(Aw, 0)x;d for all (z,0) €

R™ x RP. Using the Cauchy—Schwarz inequality, we get

|h(z,0)| < (i </01 (,ichi(m:,e)cl/\f)é || (64)

i=1
for all (x,0) € R™ x RP. Again, using the Cauchy—Schwarz
inequality, we get

|h(z,0)] < (il /01 (%(Ax,@))zd)u); || (65)

for all (z,0) € R™ x RP. We conclude that the inequality
|h(z,0)] < p(z,0)|z| holds for all (z,0) € R™ x RP with

p(x,0) = <1 + i/ol (gj(kx,e)>2dk>é . (66)
i=1 !

C. Proof of Lemma 3

Notice that h(z,0) = h(T~(T(x,0),0),0) for all (z,0) €
R™ x RP. Consider the map h = h(T~'(z,0),0), which is a
C> map that satisfies h(0,0) = 0 for all § € R?. By virtue
of Lemma 2, there exists a C™ map p : R” x RP — [1, +00)
such that |h(z, 8)| < j(z,0)|z| forall (z,0) € R™ x RP. Setting

z = T(x,0), and noticing that h(z,0) = h(T(z,0),0), we get

|h(z,0)] < p(T(x,0),0)|T(z,0)|forall (x,0) € R™ x RP. We
conclude that the inequality |h(z, 0)| < p(z, 0)|T(x,0)| holds
for all (z,0) € R™ x RP with p(z,0) := p(T(x,0),0). [ ]

D. Proof of Lemma 4

Let © C R” be the closure of © C R? (a compact set). De-
fine b(s) := max{|T(x,0)| : x € R",0 € O, |z| < s} for s >
0. By definition b: R, — R, is a well defined, nondecreas-
ing function with b(0) = 0. Continuity of 7' : R x R? — RP?,
the fact that 7°(0,60) = 0 for all # € RP and compactness of
© C R? implies that for every € > 0, there exists § > 0 with
|T(x,0)| < eforall (z,0) € R" x © with |z| < 4. Therefore,
lim, o+ (b(s)) = b(0) = 0. A lemma in [10, Lemma 2.4] im-
plies the existence of a K, function g : Ry — R, such that
b(s) < B(s) for all s > 0. Therefore, it holds that |T(z, )| <
B(|z|) for all (z,0) € R™ x ©. Similarly, by defining ¢(s) :=
max{|T !(z,0)| : x € R",0 € O, |z| < s} for s > 0, we con-
clude the existence of a K, function C' : Ry — R, such that
c(s) < C(s)forall s > 0. Therefore, it holds that |7~ (z, §)| <
C(|z|) forall (x,0) € R™ x ©. The fact that T~1(T(z,0),0) =
x for all (x,0) € R™ x R? implies that |z| < C(|T(x,0)]|) for
all (z,0) € R™ x ©. Consequently, it holds that |T'(z,0)| >
a(|z]) for all (z,0) € R™ x © witha = C~1. [ ]

E. Proof of Lemma 5

Define the map T : R"! x R? — Rt for all (xz,y,0) €
R"*! x RP by means of the following equation:

T(x,é)
y—k (xe)

Since T'(0,0) = 0and k(0, §) = Oforall € R?, it follows from
(67) that T(0,0,6) = 0 for all § € R?. Since T : R x R —
R™and k : R™ x RP — R"™ are C'"™° maps, it follows from (67)
that 7 : R"t! x R? — R™*! is a C° map. The map T :
R+ % RP — R™ L defined for all (z,¢,0) € R x RP by

the equation
Tt (z,é)
C+k (T%(z,é),é)

is also a C° map that satisfies T(T '(x,y,0),0) =
T-YT(x,y,0),0) = (x,y) for all (z,y,0) € R"! x R,
Hence, the map T : R"*! x R? — R™*! defined by (67)
is a smooth parameterized family of diffeomorphisms

of R"!. Next, define the update law w(z,y,6) =

(dl(m,yﬁ),...,d}p(x,yﬁ))’ ERP for all ((E7y79> €
R"™*1 x RP by means of the following formula for j = 1,.. ., p:

w; (x,y,é) = wj (z,é)
)
. <son+17j<x,y> D3

T (z,y,é) — 67)

71 (z,g,é) - (68)

2 () o)

(69)
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It should be noticed that inequalities (22) and (23) and definition  (26), (27) satisfies the following equation:

(24) imply the following inequalities for all (z, 0, ) eR"x 4 /1 . R
R? x RP: T <2|T($ay79)| )
i(T(x,é))"lT(z,é) Fi(z) + b;(2)k(z, 0) + Xp:%,jej n - OT P
g ox; = = (T(x,0)) o (2,0) | Fi(@) + bi(x)y + > i b
i=1 v j=1
u - 0T R
+ ) (T(@,0)) —(z,0)w;(x,0) "G OT A
jgl 8GJ ’ +Z(T($,9)) %(‘rva)w(l‘ayaa)
j=1 J
+ zp: i(é‘ — 0)w;(x,0) < —a|T(x,0)? (70) j P ok
= j = Vj)wile, 0) = ) _ (y - k(%é)) Z 8A‘($,9)w‘j (a:,y,é>
j=1 Y%
. o OT N -
> (T(,0)' 5—(,0) (F( ) + bi(x)k(,0) + Zgoi,ﬂj) + (v k(w,0))
i=1 ¢ j=1
P
+ ) (T(x,0)) 8?“ (z,0)w;(x,0) < | f@y) + (@ yk(@y,0) + Z Put1.4(@, y)gj)
j=1 897 J=1
< —w|T(x,é)|2+e(\9|2 —r)+. (71) - (y—k(x,9)>
We next define the feedback law k(z, y,0) for all (z,y,0) € "ok p
R”*! x RP by means of the following formula: X 3 (Fl(l') +bi(z)y + Z Di.j (x)Qj) (74)
TN CY 'R ) =1 7 =t
(,y,0) := g(z, ) (72) and the equation
. 5 2 A d (1, 5 N T 2
k($7y79) = _f(xvy) _Z%,j(%y)eg‘ % (2|T(l‘,y,0)|2+227 (01 703) )
J=1 j=1""
+Zn:ak(é) F»()+b.()+zpj»»()é» =S @iy @) [ " 0
- oz, x, i\ T L)Y = ©i,5 ()0 = i:1( (3?, )) oz, (:E7 ) 1(,@)4—(%(1’)4—; Yi,j0;
Ok ; i N /A )
+ —(x,0 )0 T(x, —(x,0)w (z,y,0
;aj(x Jwj(x,0) —&-;( ( )) aej(x Y (z,y )
+ zp: Ok (2,0)7;(y — k(,0)) +y° 1 (é] - t%) W (x,yﬁ)
j=1 99 =
n 8]{ R _ ~ ~ A~
% <80n+1,j($7y) _ %( 79)%],(x)> + (y — k(z,0)) (f(x,y) + gz, y)k(e,y,0)+
=1 g
u AN/ oT A + i‘pn+1,j(ma y)ej - Z Ok (,T’é)ﬂ} (x7ya é)
- (T(x,0)) ﬁ(%@)w = =1 90;
j=1 J
"ok ~ - (y—k(x,e))
X (Sanrl,j(xvy) - Z Oz ($79)(pi)j(l‘)>
i—1 7 n ok P
n or X Z p. (Fz(x) +bi(z)y + Z@i’j(x)aj) . (79
- bL(T(x7 )),a (l‘, 9) i=1 ! j=1
i=1 i Combining (69), (71), (70), (73), (74), and (75), and definition
N N n n+1
Y (x, y,@) (y _ k(m,&)) 73) (30),~We get forall (z,y,0) € R x RP

d
where M (x,y,0) is a positive C™ function that is to be de- @V@’y’ 9)

termined next. Notice that by virtue of definition (67), the N . N2
closed-loop system (19), (25) with the adaptive feedback law < —alT (957 9) =M (357 Y, 9) (y — k(z, 9)) (76)
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d

pr ( T (,y,0)| > < —w\T(z,é)|2 +e€ (|9|2 - 7“)+

~ M(e.y.0) (y - k(x.0))’
(- k(w0))

p
X Z (%H,a z,y) Z

0)pij(x )) (6, —0)).

(77)

By virtue of Lemma 3, there exist C*° maps p; : R"*! x RP —

[1,400),j =1,...,pfor which the following inequalities hold
forj=1,...,p:
ok A
sl =32 5 (2.6) prs(@)]
for all (z,y,6) € R"*! x RP.
Definition (67) in conjunction with inequalities (78) gives the
following inequalities for j = 1,...,p:
" Ok
ont1s(@y) = > 5. 0)pi ()]
i1 i
< pj(,9,0)[T(w,0)| + pj(x,,0)ly — k(x,0)] (79)

for all (z,y,0) € R™! x RP,
Define the function P : R? — R” as in (58). We get from (77)
for all (x,y,0) € R" ™! x RP:

& (3@ 007) < —alT @ D) 4 (0 1)

~ M(e.y.0) (v k.0))’
+ (y - k(m,é))

>
+ (y - k(x,é))

XZ <¥7n+1,] €T y Z 8@ 90173 )) (ej_pj(e))

j=1

- (y — k(z, é))
X Z (@nJrl,J r,y)

The 1nequahtles

(v k) 32 ( (@)

j=1

<90n+1,] x y

ok

< Oa; (z (80)

,0)p;(x >> 0;.

"0k, .
2 %(%9)%,3‘(@)

<e(0,- P0) + - (v k(x.0))

2
"0k, -

X <@n+1,j($ay) - (q)w_(xvo)@i,j(x)) (81)
i=1 v

which hold for all j = 1,...,p and the inequalities (79) com-
bined with (80) give for all (x,y,6) € R"*! x RP

& (3T @nDP) < TP + (o )"

— M(w,9,0) (y - k(a, D)

+ |y — k(x,0)||T (,6)] Z p(a,y. 0)|P;(6)]

+ei(9j—l3j(9))2
+(y kx@)zi( |—|—|t9 |> p(z,y,0)

n 2
(‘pn+1,J T,y) ‘Pm ))
1

+ |y — k(x,0)||T (,6) |ZP z,y,0)|0;].

j=1
Definition (58) implies that |P;(0)| < /7 for j=1,...,p
and Y2%_, (6; — P;(6))* < (|6]> —r)*. Using the previous in-

equalities in conjunction with (82) and the inequalities

1951 < 16]

(82)

(83)

R 1 1=
1051 < 5+ 507 (84)

for j =1,...,p, we obtain for all (z,y, ) € R x R?

& (3@ 007) < ol D) + 26 (0P - 1)

~ M(z,9.0) (v~ b(x.0))

+ |y — k(z,0)||T(z, é)|\/;zp(l’7y, 0)
+ (y—
+ i (v ke, é))2

n
(@n-i-lj T y Z

-1 Z

bw0) 'S <¢F+ L ;ég) p(z,9.0)

i=1
2
@w ))

P
+ |y — k(x,0)||T(x,0)|] Z plz,y,0

<

(85)
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Using the inequalities

= e DT S o0,
- 2
< S0P + = (y- kb)) i?@%@ (86)
ke DT A pla.)
"~ 2
<21 oP + 2 (y - kw0)) | 3 pto0.)
a (87)

we obtain from (85) for all (z,y, f) € R"! x R?

& (3T 002) < el D) + 26 (0P~ 1)’

2

> o(w,y.0)

j=1

(o= kwd) X (Ve g 58 ) )

901] )) :

<.

+ 4% (v - 9))2

€ ]R"H x RP

(88)

Defining for all (z, y, )

P ok

2
1 n R
+ 4e = <‘Pn+1,j($v3/) - 2 871;1(% 0)i,j ($)> (89)

we obtain inequalities (28) and (29) from (76) and (89) and
definition (67). [ |

F. Proof of Theorem 2

The proofis divided into two parts. In the first part of the proof,
we prove the existence of the adaptive controller that guarantees
inequalities (33) and (34). In the second part of the proof, we
prove all stability properties for the closed-loop system (18) with
(31) and (32).

1) First Part: Let arbitrary constants r > 0, o, w, € > 0, and
v; > 0,75 =1,...,pbe given. Applying Lemma 5 inductively,

it suffices to show that there exist C* functions k : R*R? —
R, w : R x R? — R? with k(0,6) = 0 and w(0,) = 0 for all
0 € R? and a smooth parameterized family of diffeomorphisms
of R7T : R x RP — R such that the closed-loop system

P
= fi(x1) + g1(w1)z2 + Z p1,5(21)0;

(90)
j=1
with the adaptive feedback law
df .
= —w<z1,0> 1)
w2 =k (w1,0) (92)

satisfies the following inequalities for all (z,0,0) € R x R? x
RP:

i (3o + S5 (5, -0)

< —a|T(x1,0)|? (93)
d (1 - R
7 (3T op) < —uir.op

+2 e (102 —r)" (94)

Define themap 7" : R x RP — Rby T'(x1, é) =z, forall 1 €
R and the functions

k(w1,0) =
1 p . ~ R
s fi(zr) + ;@17‘7‘(2’}1)0] + M(z1,0)z | (95)
w(zy,0)
=1 (mpra(r),r2@12(1), -1 p(e1)) (96)

where M (1, 0) is determined in what follows. The closed-loop
system (90) with the adaptive feedpack law (91), (92) satisfies
the following equations for all (z,6,6) € R x R? x RP:

d (1 e 2
dt(2|T(93179)| +;2%(9j9j>

= —M(z1,0)a? 97)

— M (x4, 0)a?
p
+ x Z%,j(ﬂvl)@g
j=1

(98)

p
— a1y o1 (x1)0;.
Jj=1

Define the function P : R? — RP by means of (58). We get from
(98) for all (z1,0) € R x RP:

& (FT@ DR ) = ~1(ar.0)2t + 01 3 () 5 0)

j=1
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)+ Z ¢1,5(w1)0

By virtue of Lemma 2, there exist C™ maps p; : R x RP —
[1,400),j = 1,...,pfor which the following inequalities hold
foryj=1,...,p

+ Z%,j x1)(0; — . (99
Jj=1

lo1,j(x1)| < pj(z1)|x| forall z; € R. (100)

The inequalities

z1p15(21)(0; — P;(6))

S 2_n6(9j

n—2

~ PO + T st ()

(101)
which hold for all j =1, ..., p and the inequalities (100) com-
bined with (99) give for all (z1,60) € R x R?

d (1 . X P _
& (3@ BB ) < 1,612t 2 3oy el P0)
j=1
p —
+27 Y (0, — P;(0))?
j=1
n7 P

Z 1901] 1)

P
-‘r.’L‘%Zp](.’El)le (102)

j=1
Definition (58) implies that | P;(0)| < y/r forj = 1,...,p and

|6 — P(9)> < (6] — r)T. Using the previous inequalities in
conjunction with (102) and the inequalities [0;]| < 1 + %03 for
j=1,...,p, weobtain for all (z1,0) € R x R?

% (3t op)

2n2

S_ M'Tla

Z@lj '1:1

1< X
72 (L+ 27 +0)p;(x1) | 27

2
+27e (|02 - )" (103)

Inequalities (93) and (94) are direct consequences of (97) and
(103) and definitions T'(z1,0) := x1 and

2 P
Z‘P%,j('xl)
j=1

M(Jfl,é) =

p
EZ 1+ 27 +0%)pj(x1) (104)

2
for all (z1,0) € R x RP.
2) Second Part: Lemma 4 guarantees that for every p > 0,
there exist K, functions a, g, 0,6 : R4 — R such that

apo(z]) < |T(,0)] < bpo(|z]) (105)

for all (z,0) € R™ x R with | — 0] < p.
Define the function

W (z, ) == ((|T<x,é)2 —1e(|9|2—7~)+)+)2 (106)

for all (z,0,0) € R x R? x RP. Using (34) and definition
(106), we obtain the following differential inequality:

d . .
7 — (W (=, 9)) < —4wW(x,0), forall (z,0) € R™ x RP.
(107)
Let R >0 be a given (arbitrary) constant and consider the
solution of the closed-loop system (18) with (31), (32), and (ar-
bitrary) initial condition (z(0),6(0)) € R™ x RP that satisfies

|2(0) +16(0) — 6> < R®. (108)
The solution is defined for ¢ € [0, tiay ), where tyax € (0, +00]
is the maximal existence time of the solution. Using (24), (105),

and (108), we get
R? >
. 109
n('}/i) ( )

V(2(0),0(0)) < % (bie(R) LTy

The differential inequality (33) guarantees the following esti-
mate for all ¢ € [0, timax):

V((t), 0(1)) < V(2(0),6(0)). (110)
Using definition (24), and (109) and (110), we get the following
estimate for all ¢ € [0, tpax):

00 —0 <\ 2 max GOVEO.00)<p 1D
where
R et

Using (24), (105), (109), (110), and (111), we get the following
estimate for all ¢ € [0, tpax):
. (113)
(%))

lz(t)] < a,p (bR,e(R) +

It follows from (111) and (113) that the solution is indeed
bounded on [0,#nax). Therefore, ty.x = +0o and estimates
(111) and (113) hold for all ¢ > 0. Since both R > 0 and
(2(0),0(0)) € R® x RP are arbitrary, we conclude that the
closed-loop system (18) with (31) and (32) is forward complete.
Property 6) is a direct consequence [13, Th. 1], definition (106),
inequality (107), and the inequality

Ay (2,0) < —alT (xe) 2

dt
< -« <|T (1’, é) > —w e (162

< —a,/W(x,é)

which is a consequence of (33), and definition (106).
Definition (106) and inequality (107) imply that every solution
of the closed-loop system (18) with (31) and (32) satisfies the
following estimate for all ¢ > 0:
+
n")

(1T ((t), 6@ — w e (l01* -

.....

,T)+)+

(114)
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< exp(~20t) (|T((0), 0O)) e (0" 1) )"
(115)

Using (105), (108), (115), and (111), we obtain the following
estimates for all ¢ > 0:

2(t) < a3} (exp<—wt>b3,e<R> o te (0P — )"

(116)
Properties 2), 3), and 5) are direct consequences of estimates
(111), (113), and (116). Property 1) is a consequence of the fact
that £;(0) = 0, @; ;(0) = 0, k(0,0) = 0,and w(0, §) = 0 forall
0 € R. Finally, property 4) is a consequence of estimate (113)
and LaSalle’s theorem (see [14, Th. 4.4]). [ |

VI. CONCLUSION

In this article, we considered nonlinear adaptive control sys-
tems satisfying a matching condition. We designed controllers
with nonlinear damping terms depending both on the state and
the parameter estimate and derived KL estimates of the per-
formance of the closed-loop system that guarantees gobal uni-
form output asymptotic stability for a class of output functions
in the absence of PE. We compare the proposed controller with
the existing one in the literature. The new design enhances
the robustness and the convergence speed of the closed-loop
system but presents a higher overshoot. Further study would be
at the direction of improving the performance of the proposed
controller in the parameter estimation convergence at its true
value. To this end, employing delayed measurements of the state
would prove to be sufficient.

This article should be properly situated within the literature.
This article, and its contribution, should be viewed in the context
of [16] and [18], which dealt, for the first time, with, respectively,
transient performance and asymptotic performance in adaptive
control. This article also deals with improving transient perfor-
mance, for the plant/regulated state. The difference from [16]
is that [16] deals with “overshoot performance” (mainly in the
L, but also in the Ly temporal norms, without guarantees on
the rate of decay), whereas the present paper deals with ensuring
a “decay rate performance,” in the sense of a KL estimate.
Both [16] and this article improve the transient performance
by strengthening the nonadaptive controller, without significant
alterations in the update law. The difference is that [16] merely
employs a robust linear controller to ensure overshoot perfor-
mance, whereas this article goes a step further with nonlinear
damping in both the plant and estimator states to improve the
decay rate performance.
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