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a b s t r a c t

We establish the inverse optimality in the average sense of our earlier Gradient- and Newton-
based extremum seeking algorithms for maximizing unknown locally quadratic maps in the presence
of constant delays. To compensate the delay, these algorithms employ a predictor feedback with
a perturbation-based estimate for the unknown Hessian (or its inverse). The algorithm’s inverse
optimality is the result of running the predictor through a simple first-order filter with a fast enough
pole.
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1. Introduction

Extremum Seeking (ES) is a real-time optimization method
ith the ability of determining the extremum of a nonlinear
onvex map which may be related to a performance index of the
lant. ES does not assume the explicit knowledge of the plant or
he nonlinear map to be optimized, but only the existence of an
xtremum, being a maximum or minimum point [1]. The sign of
he Hessian (second derivative) of the map defines if we have a
aximization or minimization optimization problem.
In the ES literature there are many publications applying high-

ass and low-pass filters in order to improve the closed-loop
ystem performance and to facilitate the tuning parameters [2–6].
owever, they do not present any theoretical support that justi-
ies the inclusion of such filters, on the contrary, only heuristic
rguments are given.
In this paper, the proof of inverse optimality and its influence

n the Gradient- and Newton-based extremum seeking feed-
ack [5] is proved in the presence of delays. The results are valid,
n particular, also in the absence of delays. We show that the basic
redictor feedback controller originally proposed in [7,8], when
pplied through a low-pass filter, is inverse optimal and study its
obustness to the low-pass filter time constant.

Inverse optimality was defined by Kalman in [9] as follows:
‘Given a dynamic system and a known control law, find perfor-
ance criteria (if any) for which this control law is optimum’’.

∗ Corresponding author.
E-mail addresses: denistcf@yahoo.com.br (D.C. Ferreira), tiagoroux@uerj.br

T.R. Oliveira), krstic@ucsd.edu (M. Krstic).
ttps://doi.org/10.1016/j.sysconle.2023.105534
167-6911/© 2023 Elsevier B.V. All rights reserved.
Inverse optimality can be related to a control Lyapunov func-
tion [10], with a particular control law. In this sense, the inverse
optimality is guaranteed when a stabilizing controller is optimal
for some criteria and, for a given Lyapunov function. Hence, it
is possible to show that the feedback control law is optimal
with respect to some cost function. In general, this functional
includes a control input penalty (or the time-derivative of the
control signal or its rate of variation) and has an infinite gain
margin [11,12].

In this paper, we study the inverse optimality of the average
system, which we do via Lyapunov method, guaranteeing the
minimization of a functional which depends on the state variables
as well as the rate of variation of the control input over the
infinite-time horizon. Results and simulations illustrate the ben-
efit of endowing ES with an inverse optimality property and its
advantages for providing improved closed-loop responses. Expo-
nential stability and convergence to a small neighborhood of the
unknown extremum point are still preserved by using backstep-
ping transformation and averaging theory in infinite dimensions.

This paper is organized as follows. In Section 2, the advantages
of inverse optimal controllers are properly introduced. Section 3
revisits the Gradient-based extremum seeking scheme under de-
lays, proposed in [7,8]. In Section 4, the optimality proof is devel-
oped along with the stability analysis, while Section 5 shows the
analogous steps on the extension of the inverse optimal results
for the Newton-based extremum seeking under delays. Section 6
presents the simulations of the ES control feedback verifying the
inverse optimality for the resulting closed-loop system. Finally,
Section 7 concludes the paper by highlighting the contributions

and indicating potential future works.
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. Inverse optimality: What is it and why aim for it?

Extremum seeking is a method for optimization by control but
it is not a method of optimal control.

This sentence, if not read carefully, may seem like a con-
tradiction. But it is not. Let us recall the distinction between
optimization, which ES pursues, and optimal control.

ES pursues the optimization of a static map1—whether in
the presence or in the absence of a dynamic system. Hence,
all that matters in ES is the optimality as the time approaches
infinity. The trajectory through which ES approaches an optimal
steady state may be quick and straight, or slow, roundabout, and
complex, but the trajectory is not what is being penalized or
rewarded. Only the asymptotic value of the output is what is
being minimized or maximized.

In optimal control, the asymptotic value of the output is not
what is being optimized—this value must be taken to zero. It is,
instead, the transient of the output, state, and the input that is
being minimized, in a suitable temporal norm.

Hence, while ES is performing optimization, it is not necessar-
ily optimal in the sense of optimal control, i.e., in the sense of the
transient of its estimate, or of the update rate, being minimized.

This realization brings up the question whether this transient—
towards the optimum—can itself be made optimal.

The answer to this question is, in general, negative. The reason
for the impossibility of optimizing the ES transient is that optimal
control is model based and, under ES, at least the output map is
unknown.

However, we are still unwilling to give up on optimality, even
if it is not achieved by deliberate minimization of a cost functional
of the transient but is, instead, of a serendipitous nature.

This insistence on obtaining optimality, by accident if not
by design, has its root in Kalman’s question (paraphrased) ‘‘Is
every stabilizing feedback law optimal?’’ Kalman’s answer to this
question, in his 1964 paper [9], was negative but, in providing this
answer, he provided something very useful: a characterization of
‘‘inverse optimal controllers’’, i.e., all the controllers that happen
to be optimal with respect to a cost that is meaningful (positive
definite) though not chosen at will by the user.

Kalman’s notion of inverse optimality has spread from LTI sys-
tems to nonlinear control [13,14], ISS stabilization and differential
games [15], stochastic nonlinear stabilization [16,17], adaptive
control [18], PDE control [19], and control of delay systems [11].

The success of inverse optimality in the context of control of
delay systems, specifically, in the context of predictor feedback
for systems with input delays [11], is what inspires our interest
in inverse optimality of ES in the presence of delays.

In this paper, we revisit the Gradient-based extremum seeking
algorithm of [7] in the presence of a delay. We show that the
inclusion of a filter with a single sufficiently negative pole guar-
antees inverse optimality of the average ES system. The infinite-
horizon cost functional that ES happens to minimize includes
a positive definite cost on the ES parameter estimation error,
the parameter estimation rate over a moving time window of
length equal to the delay D, and the derivative of the parameter
estimation error rate (i.e., parameter estimation ‘‘acceleration’’).

This ‘‘fast enough single-pole low-pass filter’’ is a part of the
common ES implementation anyway, for two reasons, one practi-
cal and one mathematical. First, the practical reason for including
a low-pass filter is to attenuate higher-order perturbation terms
of frequencies ω and higher, which arise due to injected per-
turbation and the (locally) quadratic nature of the map being
optimized. Second, the mathematical reason for including the

1 or of a steady non-stationary motion, such as in the minimization of a limit
ycle amplitude.
2

Fig. 1. Block diagram of the basic prediction scheme for output-delay compen-
sation in Gradient-based ES. The low-pass filter (in blue) is the key element
employed to guarantee the inverse optimality for the closed-loop system. (For
interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

low-pass filter is to make the predictor-compensated ES feedback
amenable to the application of the existing averaging theorem, by
Hale and Lunel [20], for functional differential equations, which
includes systems with delays on the state.

The same inverse optimality considerations can be conducted
for the Newton-based extremum seeking approach presented
in [21], as discussed in the final part of the manuscript.

Norms and Notations: The 2−norm of the state vector X(t)
or a finite-dimensional system described by an Ordinary Differ-
ntial Equation (ODE) is denoted by single bars, |X(t)|. In contrast,
orms of functions (of x) are denoted by double bars. By default,
· ∥ denotes the spatial L2[0,D] norm, i.e., ∥ · ∥ = ∥ · ∥L2[0,D].
ince the state variable u(x, t) of the infinite-dimensional system
overned by a Partial Differential Equation (PDE) is a function
f two arguments, we should emphasize that taking a norm in
ne of the variables makes the norm a function of the other
ariable. For example, the L2[0,D] norm of u(x, t) in x ∈ [0,D]

s ∥u(t)∥ =

(∫ D
0 u

2(x, t)dx
)1/2

, see [22]. The partial derivatives of
(x, t) are denoted by ut (x, t) and ux(x, t) or, occasionally, by
tuav(x, t) and ∂xuav(x, t) to refer the operator for its average
ignal uav(x, t). As defined in [23], big O(ϵ) notation is used to
uantify approximations or order of magnitude relation of vector
unctions, valid for ‘‘ϵ sufficiently small’’.

. Gradient-based extremum seeking under delays

The goal of scalar ES is to maximize (or minimize) the output
∈ R of an unknown nonlinear static map Q (θ ) by changing its

nput θ ∈ R. We further assume there is a constant and known
elay D ≥ 0 in the measurement system such that the delayed
utput signal is

(t) = Q (θ (t − D)) . (1)

For the sake of clarity, we illustrate the complete output-
elayed system in the block diagram of Fig. 1. Without loss
f generality, we also consider the maximum seeking problem.
or the sake of simplicity, we assume the nonlinear map to be
ptimized is quadratic as

(θ ) = y∗
+

H
2
(θ − θ∗)2 , (2)

with θ∗
∈ R, y∗

∈ R and H ∈ R being unknown scalar constants.
The maximizer of the input parameter θ is given by θ∗, while y∗

is the extremum point and H <0 is the unknown Hessian of the
map.
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Substituting (2) into (1), lead us to the following quadratic
static map under delay:

y(t) = y∗
+

H
2
(θ (t − D) − θ∗)2 . (3)

3.1. Probing and demodulation signals

Let us define the estimation error:

θ̃ (t) = θ̂ (t) − θ∗ (4)

where θ̂ is the estimate of θ∗. According to Fig. 1, one can write
the error dynamics as
˙̃
θ (t − D) = U(t − D) . (5)

In addition, one gets

G(t) = M(t)y(t) , θ (t) = θ̂ (t) + S(t) , (6)

with additive and multiplicative dithers given by

S(t) = a sin(ω(t + D)) , M(t) =
2
a
sin(ωt) . (7)

In (7), the amplitude a and frequency ω must be nonzero, assum-
ing small and large values (as discussed later on), respectively.

The estimate of the unknown Hessian H is given by

Ĥ(t) = N(t)y(t) , (8)

with the demodulating signal N(t) being

N(t) = −
8
a2

cos(2ωt) . (9)

From [5], it is possible to show

1
Π

∫ Π

0
N(σ )ydσ = H , Π = 2π/ω , (10)

or a quadratic map, as assumed in (2). The expression (9) give
s an averaging-based estimate of H by means of (10), i.e., Ĥav =

Ny)av = H .

.2. Predictor feedback with averaging-based estimates for gradient
nd Hessian

From the averaging analysis, we can obtain the average ver-
ion of G(t) in (6) as follows

av(t) = H θ̃av(t − D) . (11)

oreover, from (5), we can also derive the average models
˙̃
av(t − D) = Uav(t − D) , (12)

Ġav(t) = HUav(t − D) , (13)

ith Uav ∈ R being the average version of the control signal
∈ R.
As shown in [7,8], by computing the variation of constants

ormula of (13), we can write the future state as

av(t + D) = Gav(t) + H
∫ t

t−D
Uav(σ )dσ , (14)

hich is given in terms of the average control signal Uav(σ )
rom the past window [t − D, t]. It results in the next predictor-
feedback law

Uav(t) = k
[
Gav(t) + H

∫ t

t−D
Uav(σ )dσ

]
, k > 0 , (15)

which is able to make the equilibrium θ̃ e
av =0 of the closed-loop

system (12) and (15) exponentially stable.
3

In [7,8], it was shown the same stability objectives could be
guaranteed if a simple modification of the above basic predictor-
based controller (15) employing a low-pass filter [11] was ap-
plied.

In this case, the following infinite-dimensional filtered predic-
tor feedback, computed from its non average version (15), is again
considered:

U(t) =
c

s + c

{
k
[
G(t) + Ĥ(t)

∫ t

t−D
U(τ )dτ

]}
(16)

here c > 0 is a design constant chosen sufficiently large.
This low-pass filtering was particularly required in the stabil-

ity analysis of our earlier publications [7,8] when the averaging
theorem in infinite dimensions was invoked [20].

Now, in the next section, we are going to demonstrate the ad-
vantages of such a filtering procedure go beyond to merely solve
technical limitations in the analysis, but it can also improved
the control performance of the closed-loop ES system, which is
rigorously justified through the concept of inverse optimality [9].

4. Inverse optimal analysis

In this section, the stability analysis is carried out and the
proof of inverse optimality is presented.

In the formulation of the inverse optimality problem we will
consider U̇av(t) as the input to the system, whereas Uav(t) is still
the actuated variable. Hence, our inverse optimal design will be
implementable after integration in time, i.e., as dynamic feedback.
Treating U̇av(t) as an input is the same as adding an integrator,
which has been observed as being beneficial in the control design
for delay systems in [24].

Theorem 1. There exists c∗ such that the average feedback system
of (5) and (16) is exponentially stable in the sense of the norm

Ψ (t) =

(
|θ̃av(t − D)|

2
+

∫ t

t−D
Uav(τ )2dτ + Uav(t)2

)1/2

(17)

or all c > c∗. Furthermore, there exists c∗∗ > c∗ such that for any
≥ c∗∗, the feedback (16), with k sufficiently small, minimizes the
ost functional

=

∫
∞

0
(L(t) + U̇2

av(t))dt, (18)

here L(t) is a functional of (θ̃av(t − D), U(τ )), τ ∈
[
t − D, t

]
and

uch that

(t) ≥ µΨ (t)2 (19)

or some µ(c) > 0 with a property that µ(c) → ∞ as c → ∞.

roof. The proof is structured into Step 1 to Step 6, analogously to
hat has been done in [8]. Some overlaps with respect to Ref. [7]
ust be understood as a pedagogical tool. Some minimal tech-
ical details must be given otherwise the reader would miss the
eypoints in the demonstration of the main novelty concerning
he original inverse optimality result in Step 6.

.1. Step 1: Transport PDE for delay representation

Considering [22], the delay in (5) is represented using a trans-
ort PDE such as

˙̃ (t − D) = u(0, t) , (20)
ut (x, t) = ux(x, t) , x ∈ [0,D] , (21)
u(D, t) = U(t) , (22)

ith the solution of (21)–(22) being

(x, t) = U(t + x − D) . (23)
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.2. Step 2: Average model of the closed-loop system

By denoting

˜ (t) := θ̃ (t − D) , ϑ̃av(t) := θ̃av(t − D) , (24)

he average version of system (20)–(22), with U(t) in (16) is:
˙̃
ϑav(t) = uav(0, t) , (25)

∂tuav(x, t) = ∂xuav(x, t) , x ∈ [0,D] , (26)
d
dt

uav(D, t) = −cuav(D, t)+ckH
[
ϑ̃av(t)+

∫ D

0
uav(σ , t)dσ

]
, (27)

here the filter c/(s + c) in (16) was also represented in the
tate–space form. The solution of the transport PDE (26)–(27) is

av(x, t) = Uav(t + x − D) . (28)

.3. Step 3: Backstepping transformation, its inverse and the target
ystem

Since we are not able to prove directly the stability for the
verage closed-loop system (25)–(27), we consider the infinite-
imensional backstepping transformation of the delay state

(x, t) = uav(x, t) − kH
[
ϑ̃av(t) +

∫ x

0
uav(σ , t)dσ

]
, (29)

with inverse given by

uav(x, t)=w(x, t)+kH
[
ekHxϑ̃av(t)+

∫ x

0
ekH(x−σ )w(σ , t)dσ

]
. (30)

he transformation (29) maps the system (25)–(27) into the
arget system:
˙̃
ϑav(t) = kHϑ̃av(t) + w(0, t) , (31)

t (x, t) = wx(x, t) , x ∈ [0,D] , (32)

w(D, t) = −
1
c
∂tuav(D, t) . (33)

.4. Step 4: Lyapunov–Krasovskii functional

Consider the following Lyapunov functional

(t)=
ϑ̃2
av(t)
2

+
a
2

∫ D

0
(1 + x)w2(x, t)dx +

1
2
w2(D, t) , (34)

here the parameter a = −
1
kH and kH < 0. Computing the

ime-derivative of (34) along with (31)–(33), we have

˙ (t) = kHϑ̃2
av(t) + ϑ̃av(t)w(0, t)

+ a
∫ D

0
(1 + x)w(x, t)wx(x, t)dx + w(D, t)wt (D, t)

= kHϑ̃2
av(t) + ϑ̃av(t)w(0, t) +

a(1 + D)
2

w2(D, t)

−
a
2
w2(0, t)−

a
2

∫ D

0
w2(x, t)dx+w(D, t)wt (D, t)

≤ kHϑ̃2
av(t) +

ϑ̃2
av(t)
2a

−
a
2

∫ D

0
w2(x, t)dx

+ w(D, t)
[
wt (D, t) +

a(1 + D)
2

w(D, t)
]

. (35)

ow, following the same procedure given in [7], we get

˙ (t) ≤ −
1
4a

ϑ̃2
av(t) −

a
4(1 + D)

∫ D

0
(1 + x)w2(x, t)dx

− (c − c∗)w2(D, t) , (36)
4

where

c∗
=

a(1 + D)
2

− kH + a
⏐⏐(kH)2ekHD

⏐⏐2
+

1
a

(kH)2ekH(D−σ )
2

. (37)

ccording to (37), an upper bound for c∗ can be obtained from
he known delay D as well as some lower and upper bounds
f the Hessian H . In addition, from (36), it is clear the Hessian-
ependence of the Gradient approach in terms of the convergence
ate since the parameter a depends on H .

Thus, from (36), if we chose c such that c > c∗, we arrive at

˙ (t) ≤ −µ∗V (t) , (38)

or some µ∗ > 0. Hence, the closed-loop system is exponentially
table in the sense of the full-state norm(
|ϑ̃av(t)|

2
+

∫ D

0
w2(x, t)dx + w2(D, t)

)1/2

, (39)

.e., in the transformed variable (ϑ̃av , w).

.5. Step 5: Average system exponential stability estimate (in L2
orm)

In order to assure exponential stability for the average system
25)–(27) in the sense of the norm

|ϑ̃av(t)|
2
+

∫ D

0
u2
av(x, t)dx + u2

av(D, t)
)1/2

,

e need to show there exist constants α1 > 0 and α2 > 0 such
hat

1Ψ (t) ≤ V (t) ≤ α2Ψ (t) , (40)

here

(t) := |ϑ̃av(t)|
2
+

∫ D

0
u2
av(x, t)dx + u2

av(D, t) ,

r using (24) and (28),

(t) := |θ̃av(t − D)|
2
+

∫ t

t−D
U2
av(τ )dτ + U2

av(t) . (41)

Inequality (40) can be directly established from (29), (30), (34),
y using the Cauchy–Schwarz inequality and other calculations,
uch as in the proof of Theorem 2.1 in [22]. Thus, taking into
ccount (38), we obtain

(t) ≤
α2

α1
e−µ∗tΨ (0) , (42)

which concludes the proof of exponential stability in the original
variables (ϑ̃av , uav).

4.6. Step 6: Inverse optimality

Based on the proof of Theorem 6 in [19] and Theorem 2.8
in [25], we chose c∗∗

= 4c∗, c = 2c∗ and define L(t) as:

(t) = −2cV̇ (t) + c(c − 4c∗)w2(D, t)

≥ c
(

1
2a

ϑ̃2
av(t)+

a
2

∫ D

0
w2(x, t)dx+(c−2c∗)w2(D, t)

)
(43)

here ϑav(t) := θ̃av(t − D), according to (24).
Using (29) for x = D and the fact that uav(D, t) = Uav(t), from

33) we get (27). Let us now consider w(D, t). From (29) and (30),
it is easy to see that

w (D, t) = ∂ u (D, t) − kHu (D, t) , (44)
t t av av
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here ∂tuav(D, t) = U̇av(t). Plugging (30) and (33) into (44), we
et

t (D, t) = − cw(D, t) − kHw(D, t)

− (kH)2
[
ekHDϑ̃av(t) +

∫ D

0
ekH(D−σ )w(σ , t)dσ

]
. (45)

By plugging (45) into derivative of the Lyapunov functional
(35), one has

V̇ (t) = kHϑ̃2
av(t) + ϑ̃av(t)w(0, t) +

a(1 + D)
2

w2(D, t)

−
a
2
w2(0, t) −

a
2

∫ D

0
w2(x, t)dx − 2c∗w2(D, t)

− kHw2(D, t) − (kH)2w(D, t)ekHDϑ̃av(t)

− (kH)2w(D, t)
∫ D

0
ekH(D−σ )w(σ , t)dσ . (46)

Then, by applying (46) to (43), L(t) can be written as:

L(t)=−2ckHϑ̃2
av(t)−2cϑ̃av(t)w(0, t)−2c

a(1+D)
2

w2(D, t)

+ caw2(0, t) + ca
∫ D

0
w2(x, t)dx + 2ckHw2(D, t)

+ 2c(kH)2w(D, t)ekHDϑ̃av(t)

+ 2c(kH)2w(D, t)
∫ D

0
ekH(D−σ )w(σ , t)dσ +c2w2(D, t). (47)

On the other hand, substituting the average version of the system
(25) into the target system (31), we obtain

uav(0, t) = kHϑ̃av(t) + w(0, t). (48)

Rearranging (48) in order to isolate w(0, t), we can write:

w(0, t) = uav(0, t) − kHϑ̃av(t). (49)

Then, plugging (49) into (47), and adding–subtracting the term
γ ϑ̃2

av(t) (in blue) in the right-hand side of the resulting equation,
lead us to

L(t) = c
(
a(kH)2ϑ̃2

av(t) − 2(akH + 1)uav(0, t)ϑ̃av(t)

−a(1 + D)w2(D, t) − γ ϑ̃2
av(t) + 2(kH)2w(D, t)

×

[
ekHDϑ̃av(t) +

∫ D

0
ekH(D−σ )w(σ , t)dσ

] )
+au2

av(0, t) +
a
2

∫ D

0
w2(x, t)dx + w2(D, t)(2c∗

+ 2kH)

c
(
γ ϑ̃2

av(t)+
a
2

∫ D

0
w2(x, t)dx+(c − 2c∗)w2(D, t)

)
. (50)

eminding that a=−
1
kH , and replacing kH by −

1
a in (50), one has

(t) = c
([1

a
− γ

]
ϑ̃2
av(t)

(
2c∗

− a(1 + D) −
2
a

)
w2(D, t)

au2
av(0, t) +

a
2

∫ D

0
w2(x, t)dx +

2
a2

w(D, t)[
ekHDϑ̃av(t) +

∫ D

0
ekH(D−σ )w(σ , t)dσ

])
+c

(
γ ϑ̃2

av(t)+
a
2

∫ D

0
w2(x, t)dx+(c−2c∗)w2(D, t)

)
. (51)

After some mathematical manipulations, the term L(t) in (51)
can be rewritten as:

L(t) = Υ (D, t) + c
(
γ ϑ̃2

av(t) +
a

∫ D

w2(x, t)dx

2 0

5

+ (c − 2c∗)w2(D, t)
)
, (52)

here Υ (D, t) is given by:

(D, t) = c
([1

a
−γ

]
ϑ̃2
av(t)+

(
2c∗

−a(1+D)−
2
a

)
w2(D, t)

+au2
av(0, t) +

a
2

∫ D

0
w2(σ , t)dσ +

2
a2

w(D, t)ekHDϑ̃av(t)

2
a2

w(D, t)
∫ D

0
ekH(D−σ )w(σ , t)dσ

)
. (53)

In order to satisfy inequality (19), it is necessary to ensure
(D, t) ≥ 0. To assure the latter condition, we will analyze the

terms in (53) with undefined signs so that we can guarantee
they are non negative. After adding and subtracting the terms
1
a2

[ϑ̃2
av+w2(D, t)] and 2

√
D

a2
[w2(D, t)+

∫ D
0 w2(σ , t)dσ ] (in blue and

red) into (53), Υ (D, t) can be rewritten as:

Υ (D, t) = c
( [1

a
−

1
a2

− γ

]
ϑ̃2
av(t)

+
(
2c∗

− a(1 + D) −
2
a

−
1
a2

−
2
√
D

a2
)
w2(D, t)

+ au2
av(0, t) +

[ a
2

−
2
√
D

a2

] ∫ D

0
w2(σ , t)dσ

+
2
a2

w(D, t)ekHDϑ̃av(t) +
1
a2

w2(D, t) +
1
a2

ϑ̃2
av(t)

+
2
a2

w(D, t)
∫ D

0
ekH(D−σ )w(σ , t)dσ

+
2
√
D

a2
w2(D, t) +

2
√
D

a2

∫ D

0
w2(σ , t)dσ

)
. (54)

By employing the Young and Cauchy–Schwarz inequalities, it
s possible verify valid lower bounds for the terms which were
dded and subtracted in (54), so that:

1
a2

w2(D, t) +
1
a2

ϑ̃2
av(t) ≥

2
a2

⏐⏐w(D, t)ekHDϑ̃av(t)
⏐⏐ (55)

and

2
√
D

a2

(
w2(D, t) +

∫ D

0
w2(σ , t)dσ

)
2
a2

⏐⏐⏐⏐w(D, t)
∫ D

0
ekH(D−σ )w(σ , t)dσ

⏐⏐⏐⏐ . (56)

nalyzing Υ (D, t) in terms of the lower bounds in (55) and (56),
we get

Υ (D, t) ≥ c
([1

a
−

1
a2

− γ

]
ϑ̃2
av(t)

+
(
2c∗

− a(1 + D) −
2
a

−
1
a2

−
2
√
D

a2
)
w2(D, t)

+ au2
av(0, t) +

[ a
2

−
2
√
D

a2

] ∫ D

0
w2(σ , t)dσ

+
2
a2

w(D, t)ekHDϑ̃av(t) +
2
a2

⏐⏐w(D, t)ekHDϑ̃av(t)
⏐⏐

+
2
a2

w(D, t)
∫ D

0
ekH(D−σ )w(σ , t)dσ

+
2
a2

⏐⏐⏐⏐w(D, t)
∫ D

0
ekH(D−σ )w(σ , t)dσ

⏐⏐⏐⏐). (57)
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hen, to ensure Υ (D, t) ≥ 0 it is necessary to satisfy the following
onditions.

st Condition:
1
a

−
1
a2

− γ > 0 ,

γ <
a − 1
a2

. (58)

nd Condition: Reminding that c = 2c∗,

c∗
− a(1 + D) −

2
a

−
1
a2

−
2
√
D

a2
> 0 ,

c > a(1 + D) +
2
a

+
1
a2

+
2
√
D

a2
. (59)

rd Condition:

a
2

−
2
√
D

a2
> 0 ,

a >
3
√
4
√
D . (60)

Therefore, considering L(t) given in (52) and Υ (D, t) in (53),
under the conditions imposed for γ , a and c , one can conclude
Υ (D, t) ≥ 0 and

L(t) ≥ c
(

1
2a

ϑ̃2
av(t)+

a
2

∫ D

0
w2(x, t)dx+(c−2c∗)w2(D, t)

)
,

ith γ =
1
2a .

Hence, we have L(t) ≥ µΨ (t)2, for the same reason that (40)
holds, completing the proof of inverse optimality. □

Corollary 1. For the delay-free case (D = 0), consider the control
law

U̇(t) = −cU(t) + ckG(t) . (61)

There exists c∗ such that the average feedback system of (5), with
D = 0, and (61) is exponentially stable in the sense of the norm

Ψ̄ (t) =

(
|θ̃av(t)|

2
+ Uav(t)2

)1/2

, (62)

for all c > c∗. Hence, there will exist c∗∗ > c∗ > 0 such that for any
c ≥ c∗∗, the feedback (61) minimizes the cost functional

J̄ =

∫
∞

0
(L(t) + U̇2

av(t))dt, (63)

where L(t) is a functional of (θ̃av(t), U(t)), and such that

L(t) ≥ µΨ̄ (t)2 (64)

for some µ(c)>0 with a property that µ(c)→∞ as c→∞.

The proof of Corollary 1 can be straightforwardly obtained
from Theorem 1 with the Lyapunov function V (t) = θ̃2

av(t)/2 +

U2
av(t)/2.
The feedback (15) is not inverse optimal, however the feed-

back (16) is, for any c ∈ [c∗∗ , ∞). Its optimality holds for a
relevant cost functional, which is lower bounded by the temporal
L2[0 , ∞) norm of the ODE state ϑ̃av(t), the norm of the average
control Uav(t), as well as the norm of its derivative U̇av(t)—in
addition to

∫ 0
−D Uav(τ )2dτ which is fixed because feedback has

no influence on it. The controller (16) is stabilizing for c = ∞,
namely, in its nominal form (15), however, since µ(∞) = ∞, it
is not optimal with respect to a cost functional that includes a

˙
penalty on Uav(t).

6

In our inverse optimality results of Theorem 1 and Corollary 1,
we also want to minimize the update rate U̇av(t) of the filtered-
predictor feedbacks (16) or (61) over the infinite interval [11]
in order to improve the closed-loop performance in terms of
transient responses and smooth control signals. However, we
could study the inverse optimality of the average system with
a different cost functional and the ‘‘input’’ in (18) or (63) not
being the average update rate. For instance, the controller in [12,
Theorem 3], in the context of stabilization rather than ES, does
not employ a filter and the cost functional employs (only) the
control instead of its derivative. Unfortunately, this result cannot
be used for ES since time-varying delays are considered there, and
we would not be able to apply the averaging theorem by [20] to
complete the proof, as discussed in [26].

Finally, analogously to the Steps 6 and 7 performed for the
proof of Theorem 1 in [7], we can invoke the averaging theorem
in infinite dimensions by [20] and still conclude the following
results for constant delays:

lim sup
t→+∞

|θ (t) − θ∗
| = O(a + 1/ω) , (65)

lim sup
t→+∞

|y(t) − y∗
| = O(a2 + 1/ω2) . (66)

. Inverse optimality for Newton-based extremum seeking
nder delays

Let us define the measurable signal

(t) = Γ (t)G(t) , (67)

where Γ (t) is updated by the following Riccati differential equa-
tion [5]:

Γ̇ = ωrΓ − ωr ĤΓ 2 , (68)

with ωr > 0 being a design constant. Eq. (68) generates an esti-
mate of the Hessian’s inverse, avoiding inversions of the Hessian
estimates that may be zero during the transient phase.

The estimation error of the Hessian’s inverse can be defined as

Γ̃ (t) = Γ (t) − H−1 , (69)

and its dynamic equation can be written from (68) and (69) by
˙̃
Γ = ωr [Γ̃ + H−1

] × [1 − Ĥ(Γ̃ + H−1)] . (70)

By using the averaging analysis, we can verify from (6) and
(67) that

zav(t) = Γav(t)H θ̃av(t − D) . (71)

From (69), Eq. (71) can be written in terms of Γ̃av(t) = Γav(t) −

H−1 as

zav(t) = θ̃av(t − D) + Γ̃av(t)H θ̃av(t − D) . (72)

The second term in the right side of (72) is quadratic in (Γ̃av, θ̃av),
thus, the linearization of Γav(t) at H−1 results in the linearized
version of (71) given by

zav(t) = θ̃av(t − D) . (73)

5.1. Predictor feedback with averaging-based estimates using the
Hessian’s inverse

From (5) and (73), the following average models can be writ-
ten:
˙̃
θav(t − D) = Uav(t − D) , (74)

żav(t) = Uav(t − D) , (75)
where Uav ∈ R is the resulting average control for U ∈ R.
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Fig. 2. Block diagram of the basic prediction scheme for output-delay compensation in Newton-based ES with inverse optimal properties when c → +∞ in the
low-pass filter (in blue). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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In order to motivate the predictor feedback design, the idea
here is to compensate for the delay by feeding back the future
state z(t + D), or zav(t + D) in the equivalent average system.

To obtain zav(t +D) with the variation of constants formula to
(75), the future state is written as

zav(t + D) = zav(t) +

∫ t

t−D
Uav(σ )dσ , (76)

in terms of the control signal Uav(σ ) from the past window
[t − D, t]. Given any stabilizing gain k > 0, the average control
would be given by

Uav(t) = −k
[
zav(t) +

∫ t

t−D
Uav(σ )dσ

]
, (77)

resulting in the average control feedback

Uav(t) = −kzav(t + D) , ∀t ≥ 0 , (78)

as desired. Hence, the average system would be, ∀t ≥ D:

dθ̃av(t)
dt

= −kθ̃av(t) − kΓ̃av(t + D)H θ̃av(t) . (79)

ince kΓ̃avH θ̃av is quadratic in (Γ̃av, θ̃av), the linearization of the
system (79) has all its eigenvalues determined by −k. The (local)
exponential stability of the algorithm can be guaranteed with a
convergence rate which is independent of the unknown Hessian
H , being user-assignable.

In the next sub-section, we show that the inverse optimal
control objectives can still be achieved if a simple modification
of the above basic predictor-based controller, which employs a
low-pass filter, is applied. In this case, we propose the following
infinite-dimensional and averaging-based predictor feedback in
order to compensate the delay [11]:

U(t) =
c

s + c

{
−k

[
z(t) +

∫ t

t−D
U(τ )dτ

]}
, (80)

where c > 0 is sufficiently large, i.e., the predictor feedback is of
the form of a low-pass filtered of the non average version of (77).
Note that we mix again the time and frequency domain notation
in (80) by using the braces {·} to denote that the transfer function
acts as an operator on a time-domain function.

The predictor feedback (80) is infinite-dimensional because
the integral involves the control history over the interval
[t − D, t] and averaging-base (perturbation-based) because z in
(67) is updated according to the estimate Γ for the unknown
Hessian’s inverse H−1 given by (68), with Ĥ(t) in (8) satisfying
the averaging property (10).

Fig. 2 shows the predictor feedback with a perturbation-based
estimate of the Hessian’s inverse and the low-pass filter in order
to guarantee the inverse optimality for the closed-loop system.
7

5.2. Hessian-independent inverse optimality

Differently from the Gradient-based ES approach, where the
inverse optimality is guaranteed with c satisfying some upper
bounds c > c∗∗ with c∗∗

= 4c∗ for c∗ in (37) depending explicitly
on the Hessian H (or some upper bound for its induced norm),
the inverse optimal design for the Newton case can be obtained
independent of that. We provide such an intuitive result in the
next theorem.

Theorem 2. There exists c∗ such that the average feedback system
of (5) with (68) and (80) is exponentially stable in the sense of the
norm

Ψ (t) =

(
|Γ̃av(t)|

2
+ |θ̃av(t − D)|

2
+

∫ t

t−D
Uav(τ )2dτ + Uav(t)2

)1/2

(81)

for all c > c∗. Furthermore, there exists c∗∗ > c∗ such that for any
c ≥ c∗∗, the feedback (80), with k sufficiently small and ωr in (68)
ufficiently large, minimizes the cost functional

=

∫
∞

0
(L(t) + U̇av(t)2)dt, (82)

here L(t) is a functional of (Γ̃av(t), θ̃av(t−D), U(τ )), ∀τ ∈
[
t−D, t

]
nd such that

(t) ≥ µΨ (t)2 (83)

or some µ(c) > 0 with a property that µ(c) → ∞ as c → ∞.

Proof. The proof of Theorem 2 follows steps similar to those
employed to prove Theorem 1. In this sense, we will simply point
out the main differences, instead of giving the full independent
proof.

First of all, we give the average closed-loop system (20)–(22)
with the predictor-based control law (80) with the following
PDE-representation:
˙̃
θav(t − D) = uav(0, t) , (84)
∂tuav(x, t) = ∂xuav(x, t) , x ∈ [0,D] , (85)

uav(D, t) =
c

s + c

{
−k

[
Γav(t)H θ̃av(t − D)

+

∫ D

0
uav(σ , t)dσ

]}
. (86)

From (71) and (72), we can conclude that the linearization of
Γav(t) at H−1 leads to the linearized version of (71) given by (73),
i.e., z (t)= θ̃ (t−D). Thus, the term Γ (t)H θ̃ (t−D) in (86) can
av av av av
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e replaced simply by θ̃av(t−D) in this linearized model. Now, by
enoting

˜ (t) = θ̃ (t − D) , (87)

ne has ϑ̃av(t) = zav(t) = θ̃av(t − D) and the following linearized
verage model of (84)–(86) can be obtained:

˙̃
ϑav(t) = uav(0, t) , (88)

∂tuav(x, t) = ∂xuav(x, t) , x ∈ [0,D] , (89)
d
dt

uav(D, t) = −cuav(D, t) − ck
[
ϑ̃av(t)

+

∫ D

0
uav(σ , t)dσ

]
, (90)

where the low-pass filter c/(s+c) is also represented in the state–
space form. The solution of the transport PDE (89)–(90) is given
by uav(x, t) = Uav(t+x−D). On the other hand, the average model
for the estimation error associated to the inverse of the Hessian in
(70) is dΓ̃av(t)

dt = −ωr Γ̃av(t) − ωrHΓ̃ 2
av(t) and its linearized version

is described by

dΓ̃av(t)
dt

= −ωr Γ̃av(t) . (91)

he next infinite-dimensional backstepping transformation

(x, t) = uav(x, t) + k
[
ϑ̃av(t) +

∫ x

0
uav(σ , t)dσ

]
(92)

aps the system (88)–(90) into the target system:
˙̃
ϑav(t) = −kϑ̃av(t) + w(0, t) , (93)

t (x, t) = wx(x, t) , x ∈ [0,D] , (94)

w(D, t) = −
1
c
∂tuav(D, t) . (95)

he following Lyapunov–Krasovskii functional

(t) =
ϑ̃2
av(t)
2

+
Γ̃ 2
av(t)
2

+
a
2

∫ D

0
(1+x)w2(x, t)dx+

1
2
w2(D, t) , (96)

ith the parameter2 a = 1/k, lead us to

V̇ (t) ≤ −
1
4a

ϑ̃2
av(t) − ωr Γ̃

2
av(t)

−
a

4(1 + D)

∫ D

0
(1 + x)w2(x, t)dx − (c − c∗)w2(D, t) , (97)

here c∗
=

a(1+D)
2 +k+a

⏐⏐k2e−kD
⏐⏐2+ 1

a

k2e−k(D−σ )
2, independent

of the Hessian H . Hence, from (97), if c is chosen such that c > c∗,
e obtain

˙ (t) ≤ −µV (t) , (98)

or some appropriate µ > 0. Consequently, the closed-loop loop
ystem is exponentially stable in the sense of the following norm
or the state(
|Γ̃av(t)|

2
+ |ϑ̃av(t)|

2
+

∫ D

0
w2(x, t)dx + w2(D, t)

)1/2

, (99)

i.e., in the transformed state variable (ϑ̃av , w), or equivalently in
the norm of the state for the original system (θ̃av(t −D) ,Uav(t)):

Ψ (t) := |Γ̃av(t)|
2
+ |θ̃av(t − D)|

2
+

∫ t

t−D
U2
av(τ )dτ + U2

av(t) , (100)

using (87).

2 With some abuse of notation, such a parameter must not be understood as
he amplitude ‘‘a’’ of the probing and demodulation signals (7) and (9).
8

Now, we can choose c∗∗
= 4c∗ and c = 2c∗ as well as define

L(t) such that:

L(t) = − 2cV̇ (t) + c(c − 4c∗)w2(D, t)

≥ c
(
1
2
kϑ̃2

av(t)+
Γ̃ 2
av(t)
2

+
a
2

∫ D

0
w2(x, t)dx+(c−2c∗)w2(D, t)

)
,

(101)

where ϑav(t) := θ̃av(t − D). Plugging the derivative of the back-
stepping transformation (92) at x = D into the derivative of the
Lyapunov–Krasovskii in (96), one has

V̇ (t) = − kϑ̃2
av(t)+ϑ̃av(t)w(0, t) − ωr Γ̃

2
av(t)+

a(1 + D)
2

w2(D, t)

−
a
2
w2(0, t) −

a
2

∫ D

0
w2(x, t)dx − 2c∗w2(D, t)

+ kw2(D, t) − k2w(D, t)e−kDϑ̃av(t)

− k2w(D, t)
∫ D

0
e−k(D−σ )w(σ , t)dσ . (102)

Thus, L(t) is simply write as:

L(t) = 2ckϑ̃2
av(t) − 2cϑ̃av(t)w(0, t) + 2cωr Γ̃

2
av(t)

− 2c
a(1 + D)

2
w2(D, t) + caw2(0, t) + ca

∫ D

0
w2(x, t)dx

− 2ckw2(D, t) + 2ck2w(D, t)e−kDϑ̃av(t)

+ 2ck2w(D, t)
∫ D

0
e−k(D−σ )w(σ , t)dσ + c2w2(D, t). (103)

However, by replacing the average version of (88) in the target
system (93), we get

uav(0, t) = −kϑ̃av(t) + w(0, t). (104)

Isolating w(0, t) in (104), one achieves:

w(0, t) = uav(0, t) + kϑ̃av(t). (105)

Then, substituting (105) into (103) as well as adding–subtracting
the terms γ ϑ̃2

av(t) and γ̄ Γ̃ 2
av(t) over there, yields to:

L(t) = c
(
ak2ϑ̃2

av(t) − 2(−ak + 1)uav(0, t)ϑ̃av(t)

− a(1 + D)w2(D, t) − γ ϑ̃2
av(t) − (γ̄ − 2ωr )Γ̃ 2

av(t)

+ 2k2w(D, t)

×

[
e−kDϑ̃av(t) +

∫ D

0
e−k(D−σ )w(σ , t)dσ

])
+ au2

av(0, t) +
a
2

∫ D

0
w2(x, t)dx + w2(D, t)(2c∗

− 2k)

+ c
(
γ ϑ̃2

av(t)+γ̄ Γ̃ 2
av(t)+

a
2

∫ D

0
w2(x, t)dx+(c−2c∗)w2(D, t)

)
.

(106)

Recalling that a =
1
k and substituting k by 1

a in (106), results in

L(t) = c
([1

a
− γ

]
ϑ̃2
av(t) +

(
2c∗

− a(1 + D) −
2
a

)
w2(D, t)

− (γ̄ − 2ωr )Γ̃ 2
av(t)+au2

av(0, t)+
a
2

∫ D

0
w2(x, t)dx+

2
a2

w(D, t)

×

[
e−kDϑ̃av(t) +

∫ D

0
e−k(D−σ )w(σ , t)dσ

])
+ c

(
γ ϑ̃2

av(t)+γ̄ Γ̃ 2
av(t)+

a
2

∫ D

0
w2(x, t)dx+(c−2c∗)w2(D, t)

)
.

(107)
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ence, L(t) can be rewritten as:

(t) = Υ (D, t) + c
(
γ ϑ̃2

av(t) + γ̄ Γ̃ 2
av(t)

+
a
2

∫ D

0
w2(x, t)dx + (c − 2c∗)w2(D, t)

)
, (108)

with Υ (D, t) given by

Υ (D, t) = c
([1

a
− γ

]
ϑ̃2
av(t) +

(
2c∗

− a(1 + D) −
2
a

)
w2(D, t)

− (γ̄ − 2ωr )Γ̃ 2
av(t) + au2

av(0, t) +
a
2

∫ D

0
w2(σ , t)dσ

+
2
a2

w(D, t)e−kDϑ̃av(t)+
2
a2

w(D, t)
∫ D

0
e−k(D−σ )w(σ , t)dσ

)
.

(109)

In order to satisfy inequality (101), it is necessary to guarantee
that Υ (D, t) ≥ 0. In this sense, there will be analyzed the non-
quadratic terms in (109) such that we can assure they are in fact
equal or greater than zero. After adding–subtracting the terms
1
a2

[ϑ̃2
av + w2(D, t)] and 2

√
D

a2
[w2(D, t) +

∫ D
0 w2(σ , t)dσ ] into (109),

e can rewrite Υ (D, t) as:

(D, t) = c
([1

a
−

1
a2

− γ

]
ϑ̃2
av(t) − (γ̄ − 2ωr )Γ̃ 2

av(t)

+
(
2c∗

− a(1 + D) −
2
a

−
1
a2

−
2
√
D

a2
)
w2(D, t)

+ au2
av(0, t) +

[ a
2

−
2
√
D

a2

] ∫ D

0
w2(σ , t)dσ

+
2
a2

w(D, t)e−kDϑ̃av(t) +
1
a2

w2(D, t) +
1
a2

ϑ̃2
av(t)

+
2
a2

w(D, t)
∫ D

0
e−k(D−σ )w(σ , t)dσ

+
2
√
D

a2
w2(D, t) +

2
√
D

a2

∫ D

0
w2(σ , t)dσ

)
. (110)

y means of the Young and Cauchy–Schwarz inequalities, it is
ossible to check that the upper bounds for the included terms
n (110) satisfy:

1
a2

w2(D, t) +
1
a2

ϑ̃2
av(t) ≥

2
a2

⏐⏐w(D, t)e−kDϑ̃av(t)
⏐⏐ , (111)

and

2
√
D

a2

(
w2(D, t) +

∫ D

0
w2(σ , t)dσ

)
≥

2
a2

⏐⏐⏐⏐w(D, t)
∫ D

0
e−k(D−σ )w(σ , t)dσ

⏐⏐⏐⏐ . (112)

From the lower bounds of Υ (D, t), we conclude that

Υ (D, t) ≥ c
([1

a
−

1
a2

− γ

]
ϑ̃2
av(t) + (2ωr − γ̄ )Γ̃ 2

av(t)

+
(
2c∗

− a(1 + D) −
2
a

−
1
a2

−
2
√
D

a2
)
w2(D, t)

+ au2
av(0, t) +

[ a
2

−
2
√
D

a2

] ∫ D

0
w2(σ , t)dσ

+
2
a2

w(D, t)e−kDϑ̃av(t) +
2
a2

⏐⏐w(D, t)e−kDϑ̃av(t)
⏐⏐

+
2
a2

w(D, t)
∫ D

0
e−k(D−σ )w(σ , t)dσ

+
2
a2

⏐⏐⏐⏐w(D, t)
∫ D

0
e−k(D−σ )w(σ , t)dσ

⏐⏐⏐⏐). (113)

θ

9

In order to obtain Υ (D, t) ≥ 0, we need to verify the conditions.

1st Condition:
1
a

−
1
a2

− γ > 0 ,

γ <
a − 1
a2

.

2nd Condition:

2ωr − γ̄ > 0 ,

γ̄ < 2ωr .

rd Condition: Reminding that c = 2c∗

2c∗
− a(1 + D) −

2
a

−
1
a2

−
2
√
D

a2
> 0 ,

c > a(1 + D) +
2
a

+
1
a2

+
2
√
D

a2
.

4th Condition:

a
2

−
2
√
D

a2
> 0 ,

a >
3
√
4
√
D .

Finally, considering L(t) in (108) and Υ (D, t) in (109) satisfy-
ing the four conditions above for γ , γ̄ , a and c , one can conclude
that Υ (D, t) ≥ 0. Consequently,

L(t) ≥ c
(
1
2
kϑ̃2

av(t)+
Γ̃ 2
av(t)
2

+
a
2

∫ D

0
w2(x, t)dx+(c−2c∗)w2(D, t)

)
,

(114)

ith γ = k/2 and γ̄ = 1/2. Thus, L(t) ≥ µΨ (t)2 can be written in
terms of the norm in (100), thus completing the proof of inverse
optimality for the Newton algorithm. □

In addition to (65) and (66), which can also be proved accord-
ing to [21, Theorem 1], we can also write

lim sup
t→+∞

|Γ (t) − H−1
| = O(a + 1/ω) . (115)

orollary 2. For the delay-free case (D = 0), consider the control
aw
˙ (t) = −cU(t) + ckz(t) . (116)

here exists c∗ such that the average feedback system of (5), with
= 0, (68) and (116) is exponentially stable in the sense of the

orm

¯ (t) =

(
|Γ̃av(t)|

2
+ |θ̃av(t)|

2
+ Uav(t)2

)1/2

, (117)

or all c > c∗. Thus, there will exist c∗∗ > c∗ > 0 such that for any
≥ c∗∗, the feedback (61) minimizes the cost functional

¯ =

∫
∞

0
(L(t) + U̇2

av(t))dt, (118)

here L(t) is a functional of (Γ̃av(t), θ̃av(t), U(t)), and such that

(t) ≥ µΨ̄ (t)2 (119)

or some µ(c)>0 with a property that µ(c)→∞ as c→∞.

The proof of the result of Corollary 2 can be straightforwardly
btained from Theorem 2 with the Lyapunov function V (t) =

˜2 (t)/2 + Γ̃ 2 (t)/2 + U2 (t)/2.
av av av



D.C. Ferreira, T.R. Oliveira and M. Krstic Systems & Control Letters 177 (2023) 105534
Fig. 3. Gradient-based Extremum Seeking with and without inverse optimality: (a) input signal θ (t); (b) control signal U(t); (c) output signal y(t) and (d) Hessian
estimate Ĥ(t).
6. Numerical simulations

In order to evaluate the effects of the inverse optimality for
the ES feedback under delays, the next quadratic map (1)–(2) is
considered: Q (θ ) = 5 − 0.1(θ − 3)2, with an output delay of
D = 5 s. The extremum point is (θ∗

; y∗) = (3; 5) and the Hessian
of the corresponding static map is H = −0.2. For the simulation
tests, we have considered only the Gradient-based ES approach,
where the following parameters were employed: ω = 10 rad/s,
k = 0.8, θ̂ (0) = −5 and a = 0.2. The time constant of the low-
pass filter c = 40 was chosen to satisfy the Conditions 1–3 in the
Step 6 of the proof of Theorem 1.

Fig. 3 presents a numerical comparison between the ES funda-
mental variables with and without using the filter c

s+c in feedback
law (16). As it can be observed, in the first case where the in-
verse optimality is guaranteed, the input–output signals θ (t) and
y(t) converge monotonically rather than swinging up-and-down,
thus improving the transient responses. Moreover, the undesired
oscillations in the Hessian estimate Ĥ(t) are reduced as well as
the amplitude of the control signal U(t).

Although the monotonic convergence to the extremum could
be observed, this monotonicity is not to be expected in general
because we do not know how to prove it for the average system,
10
composed by a complicated cascade connection of ODE–PDE–ODE
systems. In addition, Fig. 4 brings numerical results employing
the Newton-based approach in order to compare the effect of
various values of the filter parameter c on inverse optimality.
There, we can noticed that the monotonicity is not always preser-
ved.

7. Conclusions

In this paper, we derived inverse optimality results for ex-
tremum seeking feedback (both Gradient and Newton versions)
with the low-pass filtered modification of the predictor-based
feedback for delay compensation proposed in [7] and [21]. Ex-
tremum seeking is studied with Lyapunov tools and has a control
input whose cost can be optimized over infinite time. We have
established the stability robustness to varying the parameter c
from some large value c∗ to +∞, recovering in the limit, the
basic, unfiltered predictor-based feedback (15). This robustness
property might be intuitively expected from a singular perturba-
tion idea, though an off-the-shelf theorem for establishing this
property would be highly unlikely to be found in the litera-
ture, due to the infinite dimensionality and the special hybrid
(ODE–PDE) structure of the system at hand.
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Fig. 4. Time evolution of θ (t) under variation of the filter parameter c ∈ [0.01 , 100]. (For interpretation of the references to color in this figure legend, the reader
s referred to the web version of this article.)
lthough the delay-case has been the main focus throughout the
aper, the inverse optimality can also be assured for the delay-
ree case. The inverse optimality properties of the basic predictor
eedback controller are illustrated by a numerical example.
11
For future research, we indicate the study of inverse optimality
in the presence of delay mismatch [11,27] and for multiple-
input maps [28], or even considering more general classes of
PDE systems [29]. It will be also interesting to find whether
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erformance criteria exist under which other extremum seeking
esigns [30–33] are inverse optimal as well.
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