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1. Introduction

Extremum seeking control for open-loop unstable systems is
an important and challenging problem, which has led to exten-
sive research efforts (Diirr, Stankovi¢, Ebenbauer, & Johansson,
2013; Diirr, Stankovié¢, Johansson, & Ebenbauer, 2014; Scheinker
& Krsti¢, 2013, 2014; Suttner, 2019b; Zhang, Siranosian, & Krsti¢,
2007). A popular and frequently studied example is the problem
of source seeking with an autonomous agent. In this case, the
task is to locate the source of a scalar signal, such as the con-
centration of a chemical substance or the strength of an electro-
magnetic field. Depending on the surrounding environment, the
autonomous agent can be a robot with wheels (Cochran, Sira-
nosian, Ghods, & Krsti¢, 2009; Zhang, Arnold, Ghods, Siranosian,
& Krsti¢, 2007), a drone (Abdelgalil & Taha, 2022; Cochran &
Krsti¢, 2009; Matveev, Hoy, & Savkin, 2014), an underwater
vehicle (Cochran, Kanso, Kelly, Xiong, & Krsti¢, 2009; Mandic,
Miskovi¢, & Loncar, 2020), or a satellite (Montenbruck, Diirr,
Ebenbauer, & Allgéwer, 2014; Walsh, Forbes, Chee, & Ryan, 2017).
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Most of these papers assume that the motion of the agent can be
described by a first-order kinematic model. That is, the agent’s
velocity is controlled directly through the inputs. The same as-
sumption also appears in many studies on extremum seeking
control for multi-agent systems (Li, Qu, & Weitnauer, 2015;
Stankovié, Johansson, & Stipanovi¢, 2012). On the other hand, if an
agent is controlled through forces or torques, then a second-order
dynamic model might be more appropriate than a first-order
kinematic model. The method in the present paper is intended
for mechanical control systems.

In general, one cannot expect that a mechanical control system
is open-loop stable in the sense that an arbitrary constant force
or torque leads to asymptotic stability. Moreover, because of
the system’s inertia, vanishing inputs do not necessarily lead to
vanishing velocities as in a first-order kinematic model. Thus,
the problem of extremum seeking control for second-order dy-
namic models is more challenging, because it does not only
involve the system’s configuration (e.g. the position or attitude)
but also its velocity. It is clear that stabilizing a mechanical system
about an optimal configuration requires some form of dissipation
in order to reduce the total energy. Almost all of the existing
studies on extremum seeking control for mechanical systems
assume that a sufficiently strong loss of energy occurs through
velocity-dependent damping (Michalowsky & Ebenbauer, 2014,
2015; Scheinker, 2018; Suttner, 2019a; Suttner & Sun, 2019). This
assumption is justified in environments with significant friction
or air resistance. A sufficiently strong damping effect can also be
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induced through the inputs if measurements of the current veloc-
ity are available. However, there are also situations in which none
of the above holds; for example, in certain aerospace and under-
water applications. The method in the present paper does neither
rely on naturally occurring dissipation nor on the availability of
velocity measurements.

To the best of our knowledge there are only two studies in
the literature so far that address the problem of extremum seek-
ing control for mechanical systems in the absence of naturally
occurring dissipation and velocity measurements; namely Zhang,
Siranosian et al. (2007) and Suttner and Krsti¢ (2020). In the
present paper, we combine ideas from Zhang, Siranosian et al.
(2007) and Suttner (2023) to derive a control law for a larger class
of second-order dynamic systems. Roughly speaking, our method
consists of the following two components: The first component
can be seen as a velocity estimator to induce a damping effect and
the second component is a gradient estimator to steer the system
towards an extremum of the objective function. The idea for the
velocity estimator is taken from Zhang, Siranosian et al. (2007).
The underlying control system in Zhang, Siranosian et al. (2007)
is a double-integrator point mass in the plane. We show that a
similar approach as in Zhang, Siranosian et al. (2007) can be suc-
cessfully applied to a larger class of fully actuated mechanical sys-
tems. Another similarity to the method in Zhang, Siranosian et al.
(2007) is that our control law employs periodic perturbation sig-
nals with sufficiently large amplitudes and frequencies to extract
gradient information about the objective (gradient estimator). A
disadvantage of the method in Zhang, Siranosian et al. (2007) is
that it leads to unbounded velocities in the large-amplitude high-
frequency limit. To circumvent this problem, we use a different
class of perturbation signals, which ensures bounded velocities.
This less invasive perturbation-based approach was already ap-
plied in Suttner (2019a) to an acceleration-actuated unicycle, and
was extend in Suttner (2023) to a larger class of mechanical sys-
tems. Note, however, that the extremum seeking method in Sut-
tner (2023) relies on the presence of strict velocity-dependent
damping. The approach in Suttner (2023) does not lead to stabil-
ity in the absence of naturally occurring dissipation and velocity
measurements. We solve the problem in the present paper by
combining the gradient estimator from Suttner (2023) and the ve-
locity estimator from Zhang, Siranosian et al. (2007) in a suitable
way.

As indicated in the previous paragraph, the extremum seek-
ing control law in Zhang, Siranosian et al. (2007) leads to an
unbounded growth of velocities with increasing amplitudes and
frequencies of the periodic perturbation signals. This undesired
feature makes applications to second-order dynamic systems
with a non-trivial geometric acceleration impossible. In the present
paper, we use a different perturbation-based approach, which
is tailored for applications to mechanical systems. Using the
averaging theory from Bullo (2002), we show that the closed-loop
system approximates the behavior of an averaged system. This in
turn leads to the effect that stability properties of the averaged
system carry over to the approximating closed-loop system. The
same transfer of stability properties also occurs in Lie bracket
approximation-based extremum seeking schemes for first-order
kinematic systems; see, e.g., Diirr et al. (2013, 2014). In this case,
gradient information is provided by Lie brackets of pairs of suit-
ably chosen vector fields. However, the kinematic approach leads
to vanishing Lie brackets if it is applied to second-order dynamic
systems. To obtain a suitable method for mechanical systems, we
use the class of perturbation signals from Bullo (2002). In this
case, the averaged system involves so-called symmetric products
of vector fields from the closed-loop system. One can show that
symmetric products originate from iterated Lie brackets of three
vector fields on the tangent bundle of the configuration manifold.
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A suitable design of our extremum seeking method ensures that
the symmetric products provide gradient information about the
objective function. The symmetric product approach to extremum
seeking control is also used in Suttner (2023) for mechanical
systems with strict velocity-dependent dissipation. Here, we go
one step further and present a method which does not rely on
the presence of dissipation.

The paper is organized as follows. A suitable notion of practical
asymptotic stability for the closed-loop system is introduced in
Section 2. A precise problem statement, the control law, and the
main stability theorems are presented in Section 3. In Section 4,
we apply our method to a double-integrator point mass and to
a rigid body in an ideal fluid. Some concluding comments on
technical feasibility are made in Section 5. Proofs of theoretical
results can be found in Appendices A-C.

2. Practical stability

We introduce the same stability notions as in Suttner (2023).
Let M be an embedded submanifold of Euclidean space with
Euclidean norm | - |. For every w > 0, let f* be a time-dependent
vector field on M such that, for every ty € R and every xqg € M,
the ordinary differential equation

x = fUt.x) (1)

with initial condition x(tg) = Xo has a unique maximal solution.
The closed-loop system in Section 3 will be of the form (1),
where o is a parameter to scale the amplitudes and frequencies
of periodic dither signals. For every @ > 0 and every t € R, let
¢’ :M — M be a bijective map. We use this map to carry out the
change of variables

X = ¢r(x). (2)

In Section 3, such a change of variables will be applied to the
velocity of the closed-loop system.

Definition 1 (Diirr et al, 2013, 2014). Let x, € M. We say that
X, is practically uniformly stable for (1) in the variables (2) if, for
every ¢ > 0, there exist wg, § > 0 such that, for every w > wy,
every tp € R, and every Xo € M with |xo — x,| < §, the maximal
solution x of (1) with initial condition x(ty) = (¢>§g )~ 1(X) satisfies
|pf(x(t)) — x| < & for every t > to.

Definition 2 (Diirr et al, 2013, 2014). Let x, € M and let S be a
neighborhood of x, in M. We say that x, is S-practically uniformly
attractive for (1) in the variables (2) if, for all r, ¢ > 0, there exist
wo, A, R > 0 such that, for every w > wy, every ty € R, and every
Xo € S with |Xg — x,| < r, the maximal solution x of (1) with
initial condition x(to) = (#f2)~" (%) satisfies |p’(x(t)) — x| < R
for every t > to and |¢(x(t)) — x,| < e for every t > t, + A.

Definition 3 (Diirr et al, 2013, 2014). Let x, € M and let S
be a neighborhood of x, in M. We say that x, is S-practically
uniformly asymptotically stable for (1) in the variables (2) if x, is
practically uniformly stable for (1) in the variables (2) and if x, is
S-practically uniformly attractive for (1) in the variables (2).

Remark 1. If the conditions in Definitions 2 and 3 are satisfied for
some unknown (possibly small) neighborhood S of x, in M, then
we replace the prefix “S-" by the word “locally”. If there exists a
time-dependent vector field f on M such that f® = f for every
w > 0, then we omit the word “practically” in Definitions 1-3. If
¢’ (x) = x for every w > 0, every t € R, and every x € M, then
we omit the phrase “in the variables (2)” in Definitions 1-3. The
word “uniformly” in Definitions 1-3 indicates that the properties
therein are uniform with respect to the time parameter.
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Let f be a time-dependent vector field on M such that, for
every tp € R and every Xy € M, the ordinary differential equation

x = f(t,%) (3)

with initial condition X(tp) = xo has a unique maximal solution.
In Section 3, the averaged system of the closed-loop system will
be of the form (3).

Definition 4 (Diirr et al., 2013, 2014).We say that the solutions
of (1) in the variables (2) approximate the solutions of (3) if, for
every compact subset K of M and all v, A > 0, there exists wg > 0
such that, for every tp € R and every X, € K, the following
implication holds: If the maximal solution x of (3) with initial
condition x(ty) = X satisfies x(t) € K for every t € [to, to + A,
then, for every w > wy, the maximal solution x of (1) with initial
condition x(tg) = (¢>§‘$)”()’<0) satisfies |@{(x(t)) — x(t)| < v for
every t € [tg, to + Al

We will see in Section 3 that the closed-loop system ap-
proximated the behavior of an averaged system in the sense of
Definition 4. In the situation of Definition 4, stability properties
of (3) carry over to the approximating system (1) as follows.

Proposition 1 (Diirr et al., 2013, 2014). Suppose that the embed-
ded submanifold M is a topologically closed subset of the ambient
Euclidean space.! Assume that the solutions of (1) in the variables
(2) approximate the solutions of (3). Let x, € M and let S be a
neighborhood of x, in M. If x, is S-uniformly asymptotically stable
for (3), then x, is S-practically uniformly asymptotically stable for (1)
in the variables (2).

A proof of Proposition 1 can be found in Appendix A.

In Section 3, we will apply Proposition 1 to conclude stability
properties of the closed-loop system from stability properties of
the averaged system.

3. Problem statement, control law, and main results

Throughout this section, we suppose that

e G is a Lie group of dimension n such that G is a closed
embedded submanifold of Euclidean space,

e I is an inner product on the tangent space g to G at the
identity,

e R is a symmetric and positive-semidefinite endomorphism
of g with respect to T,

e 1 is a smooth real-valued function on G.

We use a similar notation as in the textbook (Bullo & Lewis, 2005).

Notation 1. For every g € G, let L, denote the left translation
map by g and let T.L; denote the restriction of its tangent map
to g. For every v € g, let v* denote the left-invariant vector field
on G defined by v'(g) := TeLy(v). Let V denote the left-invariant
Levi-Civita connection for the left-invariant Riemannian metric on
G induced by I. The restriction of V to g is the well-defined bilinear

g . g
map V:g x g — g, written (v, w) — V, w, such that

g
(Vow)'(g) = (Vew')(g) (4)

for every g € G and all v, w € g; cf. Theorem 5.40 in Bullo and
Lewis (2005).

1 Erratum: The assumption that M is a topologically closed subset of
Euclidean space is missing in Proposition 1 in Suttner (2023).
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3.1. Problem statement

We assume that we deal with a fully actuated control system
on the configuration manifold G whose dynamics can be described
by Euler-Poincaré equations of the form

. . g
g = Tlg(v), v+ Vy,v = —Rv+u (5)

on G x g, where we use Notation 1. The first equation in (5) de-
scribes the velocity g in the current configuration g. Since G is a Lie
group, we can represent g equivalently through the body velocity
v = (TeLg)*l(g), which is g-valued. The expression on the left-
hand side of the second equation in (5) represents the geometric
acceleration of g with respect to V in terms of the body velocity.
We assume that the geometric acceleration can be controlled
directly through a g-valued input u. Velocity-dependent dissipation
is described by the symmetric and negative-semidefinite endo-
morphism —R on g. Note that, in particular, we allow vanishing
R, which means absence of dissipation.

The configuration g and the velocity v in (5) as well as the
map R are unknown quantities. The only information about the
current system state is provided by real-time measurements of
the output

y = ¥(g). (6)

Note that a measurement of (6) does not provide immediate
information about the velocity, because the objective function
only depends on the configuration. We are interested in an output
feedback control law u for (5) that stabilizes the closed-loop
system about states (g, vi), where g, € G is a minimizer of v
and v, € g is zero. Reaching zero velocity becomes especially
difficult in the absence of dissipative forces (i.e. for vanishing R).
A suitable control law is proposed in the next subsection.

3.2. Control law

Before we present our control law for (5), we explain the un-
derlying idea and indicate how it works. For the sake of simplicity,
we restrict our introductory discussion to the particular example
of a double-integrator point in the Euclidean space R" whose
dynamics are described by the second-order differential equation

§ = -rg+u, (7)

where r is some nonnegative damping constant. The input u is
R"-valued and the output is given by (6). The first component
of our control law is the extremum seeking method from Sut-
tner (2023). This method is an output feedback strategy, which
employs perturbation signals with sufficiently large amplitudes
and high frequencies. If we apply the control law from Suttner
(2023) to the above double-integrator, then the solutions of the
closed-loop system approximate the solutions of an averaged
system in the sense of Definition 4. By Proposition 1, this implies
that stability properties of the averaged system carry over to
the approximating closed-loop system. It is shown in Suttner
(2023) that the averaged system is driven into the direction of
the negative gradient of ¥ up to some varying scaling factor. If
we omit this scaling factor for the sake of simplicity, then the
averaged system is of the form

§ = —rg— rgrady(g), (8)

where X is a positive constant and gradys denotes the gradient
of ¢ with respect to the standard Euclidean inner product on
R™ If r > 0, then the averaged system is a damped oscillator
with “potential function” ¥ and, under mild assumptions on
Y, one can show that minimizers of v lead to asymptotically
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stable equilibria. The situation changes, however, for r = 0;
i.e., in the absence of dissipation. Then, the averaged system is an
undamped oscillator and we cannot expect asymptotic stability.
Since we do not assume measurements of the velocity, we do not
have direct access to the current negative velocity —g(t) for the
purpose of linear damping. To circumvent this problem, we use
an approach from Zhang, Siranosian et al. (2007), which induces
damping as follows. For a solution t +— g(t) of the oscillator
(8), we can expect that the signal t — —g(t) leads the signal
t — —grady(g(t)) with a certain phase shift. Thus, if we want
to get access to t — —g(t), then we should add phase to t +—
—grady(g(t)). Now, instead of (8), we consider the system

g = —T&+Ve (9)
where y. is the output of the phase-lead compensator

W= —aw+ kU, (10a)
Ve = —bw+Auc (10b)
with input u. = —grady/(g) and positive gains a, A, b, ¥ such that
ar—bk > 0. (11)

The transfer function G, of phase-lead compensator (10) is given
by G.(z) = W We combine (9) and (10) and obtain the
system

g (12a)
(12b)

Under mild assumptions on i, one can show that minimizers of
Y lead to asymptotically stable equilibria for (12) for every r > 0;
in particular for r = 0. Thus, if we can approximate the solutions
of an averaged system of the form (12) by means of a suitable
control law, then we can expect practical stability for the closed-
loop system. This is exactly what we do in the next paragraph;
not only for a double-integrator point but for the more general
control system (5).

Now we introduce the components of the control law. Let T
be a positive real number and let u be a measurable and bounded
R"-valued map on R. As in Suttner (2023), the component func-
tions u', ..., u" of u shall act as independent periodic pertur-
bation signals. For this reason, we demand that u is T-periodic
and zero-mean, and that the component functions U, ..., U" of
the zero-mean antiderivative U of u satisfy the orthonormality
condition

/T - B { 1 ifi=j,
U'(t)W(z)dr = 0 (13)
0

g = —rg—bw— Agrady(g),

w = —aw — k grady(g).

ifi#£j
for alli,j € {1,...,n}. For example, for T = 27, we can define
the component functions of u by

u'(t) = +/2i cos(ir) (14)

for every i € {1,...,n}. Next, let « be a smooth real-valued
function on R. As in Suttner (2023), the function « is a design
function for the output feedback, which must have the following
properties. We demand that the product of & and its derivative o’
is strictly increasing and attains only positive values. For example,
we can define o by

o(z) = /z+log(2coshz), (15)

because then wa’ = (1 + tanh)/2 has the desired properties.
Let a, A, b, k be positive real numbers such that (11) is satisfied.
Choose an orthonormal basis (eq, ..., e,) for g with respect to I.

Recall that the restriction V of the Levi-Civita connection to g is
introduced in Notation 1. Set

g g
2 ::Ve1el+"'+venen€g- (16)
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To relate elements of g to elements of R", we introduce the
following convenient notation.

Notation 2. Let (eq, ..., e;) denote the standard basis for R". Let
E:R"™ — g denote the vector space isomorphism that assigns to
each basis vector e; of R" the corresponding basis vector e; of g.
We use the following notation to represent the values of E and its
inverse E~!. If the boldface symbol w is a vector in R", then we
denote E(w) by the lightface symbol w. Conversely, if the lightface
symbol w is a vector in g, then we denote E~!(w) by the boldface
symbol w. For any such pair of w € R" and w € g, we can write
w=uwe+- --+we, and w = w'e; + --- + w'e, with the
same components w!,..., w" € R. In the same way, if u is an
R"-valued map, then we denote the g-valued composition E o u
by the symbol u and vice versa.

Using Notation 2, we propose the parameter- and
time-dependent output feedback control law

u = —b(w—raly—n)U(wt))
+raly — n)ouwt) + 12 a*(y —n)u

(17a)
(17b)

for (5) with output y as in (6), where w is a positive real param-
eter, w is the R"-valued state of the “phase-lead compensator”

w = —a(w—«xaly —nU(t)) +kaly —n)ou(wt) (18)

to induce damping in the averaged system, and 7 is the real-
valued state of the high-pass filter

with filter output y — » and positive gain h to remove a pos-
sible offset from y. Now we apply (17)-(19) to (5) and, using
Notation 2, we obtain the closed-loop system

g = Telg(v), (20a)

D Vou = —Ru—b(w -k a(¥(g) — ) Ulwt)) (20b)
+ Loy (g) — n) o u(ot) (20c)

+ 22 a’(Y(g) — 0w, (20d)

W = —a(w—«aly —n)Uwt)), (20e)

+ Kk a(¥(g) — n) o u(wt), (20f)

n = —hn+hy(g) (20g)

on the state manifold M := Gx g xR" xR. To present the averaged
system of (20), we introduce the following notation. Let grady
denote the gradient vector field of v with respect to the left-
invariant Riemannian metric on G induced by I. Using Notation 1,
we define a g-valued map gradys on G by

grady(g) = (TeLg)'(grady(g)). (21)

Using Notation 2, for every g € G, we denote the representation
of grady/(g) as an element of R" by grady/(g). If we make the
change of variables

g =g (22a)
v = v—2ra(¥(g)—nU(wt), (22b)
w = w—ka(YEg)—nUet), (22¢)
n=mn (22d)

for the state of (20), then a standard first-order averaging argu-
ment can be applied to extract the averaged system

g = TLy(d),
54+ VsD = —Rb—bw

(23a)
(23b)
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— A2 (ad)(Y(8) — 1) grady(g), (23¢c)
W = —aw— k(e )Y(E)— ) grady(g), (23d)
n = —hij+hy(g) (23e)

on M. Alternatively, one can also apply the more general aver-
aging theory from Bullo (2002) to come to the same conclusion.
In the terminology of Definition 4, we can state the following
approximation result.

Proposition 2. The solutions of (20) in the variables (22) approx-
imate the solutions of (23).

A proof of Proposition 2 can be found in Appendix B.

Remark 2. Using the averaging procedure from Bullo (2002),
one can show that the gradient term in (23c) originates from so-
called symmetric products of vector fields which are determined
by the maps g — «(¥(g) — n)e; in (20c). To make this statement
more precise, recall (e.g. from Bullo and Lewis (2005)) that, for
all smooth vector fields X, Y on G, the symmetric product of X, Y
with respect to V is the vector field

(X:Y) = VxY + VyX (24)

on G. One can show that the oscillatory term in (20c) leads to the
following sum of symmetric products in the averaged system:

—72}»05

= =A% (aa' )y — n)grady — A% (¥ — n) ',

where we use Notation 1. The first term in (25b) corresponds to
the one in (23c). The second term in (25b) can be seen as an
undesired contribution, which, however, does not appear in (23)
since it is compensated by (20d). Note that the state manifold of
a mechanical system is the tangent bundle of its configuration
manifold. It is known from Bullo (2002) that the symmetric
products in the averaged system originate from certain iterated
Lie brackets on the tangent bundle of the configuration manifold.
For this reason, one may say that the proposed extremum seeking
method is based on approximations of Lie brackets. This differen-
tial geometric interpretation of control law (17)-(19) establishes
a direct link to the approach in Diirr et al. (2013, 2014) for
kinematic control systems.

¥ —n)elhaly —n)eh) (25a)

(25b)

Because of Propositions 1 and 2, stability properties of the
averaged system (23) carry over to the approximating closed-loop
system (20). We will use this property in the next subsection to
derive the main stability results for the closed-loop system.

3.3. Main results

It is clear that a stability result for the closed-loop system (20)
requires certain assumptions on the objective function . A local
stability property can be proved if ¥ is locally quadratic about a
minimizer. This ensures that the negative gradient of ¥/ provides
a sufficiently strong force towards a minimum.

Assumption 1. The objective function v attains a local minimum
value at some point g, of G and the Hessian of ¢ at g, is
positive-definite.

Under the above assumption, we can show that the averaged
system (23) is locally asymptotically stable, and therefore, by
Propositions 1 and 2, the following practical stability property
holds for the closed-loop system on the state manifold M =
G x g x R" x R in the terminology of Definition 3 and Remark 1.
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Theorem 1. Suppose that Assumption 1 is satisfied with g, as
therein. Then the point (g, 0, 0, ¥(g.)) of M is locally practically
uniformly asymptotically stable for (20) in the variables (22).

A proof of Theorem 1 is given in Appendix C.

Next, we extend Theorem 1 to a non-local stability result and
provide an estimate for the domain of attraction. This, however,
requires that the underlying control system is “well-behaved”
in the sense that its geometric acceleration does not display
quadratic growth with increasing velocities. Note that, for large
velocities, the bilinear term on the left-hand side of (23b) may
have a larger magnitude than the negative gradient force on the
right-hand side of (23c). In this case, one cannot expect that
the estimator in (23d) provides reliable information about the
current body velocity. This in turn can lead to a loss of the desired
damping effect. For this reason, we assume the following property
in our non-local stability result (see Theorem 2).

g
Assumption 2. We have V,v = 0 for every v € g.

In some texts, e.g. in Postnikov (2001), Assumption 2 is the
defining property of a so-called Cartan connection.

Remark 3 (Lemma 7.2 in Milnor (1976)).Suppose that G is con-
nected. Then Assumption 2 is satisfied if and only if the left-
invariant Riemannian metric on G is actually bi-invariant.

If Assumption 2 is satisfied, then we can also weaken the
requirement of a positive-definite Hessian in Assumption 1 to
the condition that the gradient of ¥ is nonvanishing in a neigh-
borhood of a minimizer. To quantify the set with a nonvanishing
gradient, we introduce the following notation. For every manifold
X, every real-valued function f on X, every point x of X, and
every real number y > f(x), let f~!(< y, x) denote the connected
component of the y-sublevel set of f containing x.

Assumption 3. There exist g, € G and yo > ¥(g) such that
¥~ 1(< yo, &) is compact and gradiy/(g) # O for every g € ¢~ 1(<
Yo, &) with g # g,..

To provide an estimate for the domain of attraction for the
closed-loop system, we introduce the following maps. For every
symmetric and positive-semidefinite endomorphism = of g with
respect to I, define a real-valued function || - ||z on g by ||v]z :=

I(Ev, v). In particular, for the identity map I of g, we get the
norm | - || := || - ||; induced by I. Because of inequality (11),
g = bk ((@r—bi)[+1R)" (26)
is a well-defined symmetric and positive-definite endomorphism
of g with respect to I. Define a real-valued function 8 on R by

B(z) = /(; ((@e)Z) — (')(0)) dz. (27)

The assumptions on « in Section 3.2 imply that 8 is positive-
definite about 0. Finally, if g, is a minimum point of i, define
a real-valued function V on M by

2
Vigv,w,n) = P+ 3 v-2 (28a)

+ A2 (o )0) (Y(g) — ¥(g:) + A2 B (g) — n). (28b)

The terms on the right-hand sides of (28a) and (28b) can be
interpreted as kinetic energy and potential energy, respectively.
Since the system state w induces damping, one may refer to
the second term in (28a) as a damping-modified kinetic energy.
Using the sublevel sets of V, we can state the following non-
local stability result for the closed-loop system (20) on the state
manifold M = G x g x R" x R in the terminology of Definition 3.

2 Erratum: The term “—(g.)” in (28b) is missing in the definition of the
Lyapunov function in Suttner (2023).
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Fig. 1. Position (left) and output (right) of a source-seeking double-integrator point in the plane. The simulation results are generated with a “fortunate” (blue) and
a “realistic” (red) choice of the parameters a, A, b, k. The “fortunate” choice of a, A, b, ¥ results in a monotonic decay of the output without overshoots of the
source.. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Theorem 2. Suppose that Assumptions 2 and 3 are satisfied
with g, and yo as therein. Set x, = (g, 0,0, ¥(g,)) and Vy =
22(aa’)(0)yo — ¥(gy)). Then the point x, of M is V™I(< Vp, x,)-
practically uniformly asymptotically stable for (20) in the variables
(22).

A proof of Theorem 2 is given in Appendix C.
4. Examples
4.1. Double integrator point in the plane

As an easy example, we consider a double-integrator point
on G = R? in the absence of dissipative forces. This problem
is also studied in Zhang, Siranosian et al. (2007). To allow a
direct comparison with the control law in Zhang, Siranosian et al.
(2007), we choose the perturbation signals u! := —+/2sin and
u? := /2 cos. Then the zero-mean antiderivatives U' := +/2 cos
and U? := +/2sin satisfy the orthonormality condition (13).
Choose an orthonormal basis (eq, e;) for g = R? with respect
to the Euclidean inner product I. Then, we can write elements
g € Gand v € g component-wise as g = g'e; + g2e, and
v = v'e, + v2e,, respectively. In the same way, we can write a
vector w in R? component-wise as w = w'e; +w?e, with respect
to the standard basis (e;, e;) for R?. For the double-integrator
point, the general closed-loop system (20) reduces to

51 1 52 2

g =, g = (29a)
o' = —b(w' =k a(¥(g) — n) V2 cos(wt)) (29b)
— ra(¥(g) — n)wv/2sin(wt), (29¢)

12 = —b(w? — ka(¥(g) — n) V2 sin(wt)) (29d)
+ 2 a(¥(g) — 1) w2 cos(wt), (29e)

' = —a(w' -k a(¥(g) — n) V2 cos(t)) (29f)
— K a(Y(g) — n)w v2sin(wt), (29g)

w? = —a(w? — ka(Y(g) — n) V2 sin(wt)) (29h)
+ K a(¥(g) — n) @ v/2 cos(wt), (29i)

n = —hn+hy(g) (29))

and the general change of variables (22) reduces to
1 1

g =g, & =g, n=mn, (30a)
' = v = 1a(¥(g) — n) V2 cos(wt), (30b)
72 = v® — ra(¥(g) — n)V2sin(wt), (30¢)

' = w' —ka(y(g) — n)V2cos(wt),
w? = w? —ka(Y(g) — n)V2sin(wt).

(30d)
(30e)

Note that, in this particular example, Assumption 2 is trivially
satisfied and the energy-like function V defined in (28) is given
by

p 2
V(g.v.w. )= v* + Z(Gfufbl() v =L wl

+ A2 (o )0) (Y(g) — ¥(g:)) + A2 B(¥(g) — n),

where | - | denotes the Euclidean norm on R?. As a particular case
of Theorem 2, we get the following result.

(31a)
(31b)

Corollary 1. Suppose that Assumption 3 is satisfied with g, and
Yo as therein. Set x, := (g, 0, 0, ¥ (g,)) and Vg := A*(e’)(0)(yo —
V¥ (g,)). Then the point x, of R> x R? x R? x R is V7(< Vq, x,)-
practically uniformly asymptotically stable for (29) in the variables
(30).

To allow a visual comparison with the simulation results
in Zhang, Siranosian et al. (2007), we test our method for the
same quadratic objective function as therein. That is, we define
¥ by
V(g g?) = -1+ +3(e) (32)
In this case, Corollary 1 implies that x, = (0, 0,0, —1) is semi-
globally practically asymptotically stable for the closed-loop sys-
tem. We define o by (15) and, as in Zhang, Siranosian et al. (2007),
we set w := 30 and h := 1. In the first simulation, we choose
a:= A :=Db:=1and k := 1/2 to satisfy inequality (11). The
position and the output of the double-integrator point are shown
in red in Fig. 1. We observe that the position converges into a
neighborhood of the origin. We also see that the trajectory over-
shoots the optimal point several times with oscillations of period
~ 5. For a second simulation, we determine the linearization
of the averaged system about x, and compute the eigenvalues
as a function of the parameters a, A, b, «. It turns out that the
imaginary parts of the eigenvalues are very small for a := 1.3,
A = 0.7, b := 1.2, and ¥ = 0.7. The corresponding results
are shown in blue in Fig. 1. For this choice of a, A, b, «, there
are almost no swings and overshoots. Note, however, that this
selection of a, A, b, x requires knowledge about .

4.2. Rigid body in an ideal fluid

In our second example, we consider a system on the spe-
cial Euclidean group G = SE(3) = SO(3) x R3. Then, G is
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a 6-dimensional embedded submanifold of the 12-dimensional
Euclidean space R3*3 xR3 and its tangent space g at the identity is
s0(3) x R?, where so(3) denotes the subspace of skew-symmetric
matrices in R3*3, We refer the reader to Example 5.49 in the
textbook (Bullo & Lewis, 2005) for more details. It is convenient to
identify elements of so(3) with elements of R® through the vector
space isomorphism
oo 8][4 ]
TR® — s0(3), 22 |—=] 23 o -e!]. (33)
23 -2 @' o
This in turn induces the vector space isomorphism (§2,V)
(£2,V) between R> @ R3 and g. From now on we represent
elements of g by elements of R> @ R3, where elements in R> are
written as column vectors. Let J and M be two inner products on
R3. Let [J] and [M] denote the matrix representations of J and
M with respect to the standard basis of R3. Typical elements of
G = SO(3) x R® and g = R> @ R? are denoted by (R, r) and
(£2, V), respectively. Let x denote the usual cross product on R3.
We consider the controlled Kirchhoff equations

R=R2, =RV, (34a)
Q2+ x [T +V x [MV) = [J] 0, (34b)
V+ M2 x MIV) = [M] 'y, (34c)

where f¢; and fy are R3-valued inputs. The above Kirchhoff equa-
tions are also used in other works, such as Bullo and Murray
(1999), Fossen (1994) and Leonard (1997), as a simple model for
the motion of a rigid body in an ideal fluid. Here, the term ideal
fluid means that there are no dissipative forces. Let *: 50(3) — R3
denote the inverse of *. The Kirchhoff equations represent Euler-
Poincaré equations of the form (5) with R = 0 if we apply the
linear input transformation

fo = Jlle and fy = [Muy (35)

with a g-valued input u = (ug, uy) consisting of an so(3)-valued
component ug and an R3-valued component uy. An explicit

formula for the restriction % of the Levi-Civita connection to g
is given by equation (5.27) in the textbook (Bullo & Lewis, 2005).

Let v be a smooth real-valued function on SE(3). We want
to apply the output feedback control law (17). To this end, we
choose an R8-valued map u of periodic perturbation signals with
zero-mean antiderivatives U and a smooth real-valued function
« as in Section 3.2. We decompose u and U as u = (ug, uy) and
U = (Ug, Uy) with R*-valued maps ugp, uy, U, and Uy. Let q, A,
b, k be positive real-numbers such that (11) holds. Following the
construction in Section 3.2, we have to choose an orthonormal
basis for g. For this purpose, we let [J]~/? and [M]~!/? denote
the inverses of the square roots of the symmetric and positive-
definite matrices [J] and [M], respectively. Let (eq, e,, e3) denote
the standard basis for R3. For every i € {1,2,3}, set ¢ =
([71-/2€;, 0351) and e 3 = (0343, [M]~"/?e;). Then (e, ..., eg)
is an orthonormal basis for g. A direct computation, using equa-
tion (5.27) in Bullo and Lewis (2005), shows that the element
w of g in (16) is zero. Let E:R® — g be the isomorphism from
Notation 2 with respect to (e, ..., eg). We take the control law
uin (17) and apply u = E o u after the linear transformation (35)
to (34). For the rigid body in an ideal fluid, the general closed-loop
system (20) reduces to

R =R, =RV, (36a)
Q2+ 171(2 x [J12 4V x [M]V) (36b)
= +ra(YR, 1) — NI ug(wt) (36¢)

— b7 (we — ka(¥ (R, 1) — n)Ug(wt)), (36d)
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V + [M] (82 x [M]V) (36e)
= +ra(Y(R, 1) —n)o Ml uy(ot) (36f)
—b[M]*(wy — k a(Y(R, 1) — n) Uy(at)), (36g)

wo = —a(wo —ka(Y(R,1r)—n)Ug(wt)) (36h)
+rka(Y(R,r)—n)owug(wt), (36i)

wy = —a(wy —ka(Y(R.1)—n)Uy(ot)) (36))
+ra(Y(R, 1) —n)wuy(ot), (36K)

7 = —hn+hyR,T) (361)

and the general change of variables (22) reduces to

R=R fF=r 7 =n, (37a)
2 = 0 -ra(yR.1)—n)[I]Ug(ot), (37b)
V = V—21a(yR, r)—n) M Uy(ot), (37¢)
o = we — k(YR r)—n)Ug(wt), (37d)
by = wy —«a(Y(R,1)— 1) Uy(ot). (37e)

As a particular case of Theorem 1, we get the following stability
result for the closed-loop system (36) on the state manifold M =
SE(3) x R® x R® x R.

Corollary 2. Suppose that Assumption 1 is satisfied with g, =
(R., 1) € SE(3) as therein. Then the point (g, 0,0, V(g.)) of M
is locally practically uniformly asymptotically stable for (36) in the
variables (37).

We test our method in the following situation. The inner prod-
ucts J and M are defined through their representation matrices
with respect to the standard basis by

1 5072] ‘_1[70_2]
[J] = 3 [_02; 2 and [M] = 3 2_52 62 . (38)
The objective function v on SE(3) is defined by

V(R 1) = jIR=DLP+3r?, (39)

where I; € SO(3) denotes the 3 x 3 identity matrix and | - |
denotes the Euclidean norm on both R**3 = R® and R>. One
can check that Assumption 1 is satisfied for g, = (R,, r,) with
R, = I3 and r, = 0. The component functions of u = (ug, uy)
are defined by ui(t) := ~/2(7 — i) cos((7 — i)t ) and the function &
is defined by (15). We set w .= 5, h :=1,

Ry = ! [iif’f] €s0(3), and 1o = [%] cR3. (40)

221 1

Fig. 2 shows the components R and r of the solution of (36)
with initial state ((Rg, 1), (0, 0), (0, 0), 0) at initial time O for two
different choices of the parameters a, A, b, « satisfying inequality
(11). We can see that R and r converge into neighborhoods of
R, and r,, respectively. The size of those neighborhoods can
be made arbitrary small by choosing the control parameter w
sufficiently large. As in Fig. 1, we can also observe in Fig. 2 that
the choice of the parameters a, A, b, ¥ has a significant impact on
the performance of the closed-loop system.

5. Discussion

An implementation of the proposed method is very energy
consuming since it requires periodic forces and torques with
sufficiently large amplitudes and frequencies. This can lead to
practical issues in applications to systems with a limited amount
of available energy, such as satellites in space. On the other hand,
the term “large-amplitude high-frequency perturbations” should
be understood in a relative sense. The employed perturbation
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Fig. 2. Attitude (upper row) and position (lower row) of a rigid body in an ideal fluid. The results in the left column are generated for a := b := « := 0.1 and
A := 0.2 and the results in the right column are generated for a := 0.15 and A := b := « := 0.13. The latter choice of a, A, b, ¥ leads to smaller imaginary parts of
the eigenvalues of the linearization of the averaged system and therefore to smaller oscillations and overshoots of the optimal state. The attitudes are illustrated by
the curves t — R(t)e; (red), t — R(t)e, (green), t — R(t)es (blue).. (For interpretation of the references to color in this figure legend, the reader is referred to the

web version of this article.)

signals may have small amplitudes and frequencies if the gains a,
A, b, k are sufficiently small so that the time-evolution of the state
variables is much slower than the variations of the perturbation
signals. This statement is confirmed by the simulation results in
Section 4. In Section 4.1, the gains a, A, b, k¥ are large and we
have to choose a large value for the amplitude and frequency
parameter w to ensure a good performance. In this case, we
can observe fast convergence to the desired configuration. In
Section 4.2, the gains a, A, b, ¥ are small and a moderate value
of w is already sufficient to obtain convergence into a small
neighborhood of the desired configuration. However, the speed
of convergence towards the desired configuration in Section 4.2 is
much slower than in Section 4.1. Consequently, the perturbation-
based method has to be applied for a longer period of time, which
means more consumption of energy.

We emphasize that our analysis is restricted to fully actu-
ated systems, but many real-world vehicles (such as aircraft and
underwater vehicles) are underactuated and they are subject to
nonholonomic velocity constraints. An analysis of the method for
a certain class of underactuated systems is currently in prepara-
tion. We also note that in most environments (except for outer

space) damping naturally occurs. In the presence of sufficiently
strong dissipation, the simple method in Suttner (2023) is proba-
bly a better choice. However, if naturally concurring dissipation is
rather weak, then the method in the present paper with artificial
damping leads to faster convergence to a desired configuration.

Appendix A. Proof of Proposition 1

We follow the proof of Theorem 1 in Moreau and Aeyels
(2000).

Assume that the solutions of (1) in the variables (2) approx-
imate the solutions of (3). Let x, be a point of M and let S be a
neighborhood of x, in M. For every r > 0, let K,(r) denote set of
x € M with |x — x,| < r. Suppose that M is a topologically closed
subset of the ambient Euclidean space. Then K, (r) is compact for
every r > 0. Assume that x, is S-uniformly asymptotically stable
for (3). We prove that x, is S-practically uniformly asymptotically
stable for (1) in the variables (2).

Practical uniform stability. Fix an arbitrary small ¢ > 0. Since
X, is assumed to be uniformly stable for (3), there exists some
sufficiently small § € (0, £/2] such that every maximal solution
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of (3) that starts in K,(8) stays in K,(e/2) at any later time. After
possibly shrinking § > 0, we may suppose that K,(§) is contained
inS. Set v := §/2. Since x, is assumed to be S-uniformly attractive
for (3), there exists some sufficiently large A > 0 such that
every maximal solution of (3) that starts in K.(§) enters K.(v)
at latest after the time span A and then stays in K,(v) at any
later time. Since K,(¢/2) is a compact subset of M and since the
solutions of (1) in the variables (2) are assumed to approximate
the solutions of (3), there exists some sufficiently large wg > 0
such that, for every w > wyg, every ty € R, and every xg € K.(5),
the maximal solution X of (3) with initial condition x(ty) = Xo
and the maximal solution x of (1) with initial condition x(tg) =
(¢;‘5)‘1(>'<0) satisfy |¢(x(t)) — X(t)| < v for every t € [to, to + A].
For the rest of this paragraph, fix an arbitrary @ > wy, an arbitrary
to € R, and an arbitrary Xy € K,.(8). For every integer k, set
ty == to + kA. Let x be the maximal solution of (1) with initial
condition x(ty) = (qb;‘;)*]()?o). We proceed by induction on the
nonnegative integer k. Suppose that we have already shown that
@2 (x(t)) € K.(¢) for every t € [to, ty] and that ¢§’;(x(tk)) € K,(6).
This is trivially true for k = 0. Now, for the induction step, set
X = q&ﬁ(x(tk)). Let x be the maximal solution of (3) with initial
condition x(tx) = Xi. Then, we know that x(t) € K,(e/2) for every
t € [ty, tyr1] and that X(tx11) € Ki(8/2). By the triangle inequality,
it follows that ¢{(x(t)) € K.(e) for every t € [ty, ti1] and that
qbt“k’ﬂ(x(tkﬁ)) € K.(8). The proof of practical uniform stability is
complete.

Practical uniform attraction. Fix an arbitrary small ¢ > 0 and
an arbitrary large r > 0. After possibly shrinking ¢ > 0, we
may suppose that ¢ < r. We already know from the preceding
paragraph that x, is practically uniformly stable for (1) in the
variables (2). Therefore, there exists some sufficiently small § > 0
and some sufficiently large w; > 0 such that, for every w > wq,
every to € R, and every Xg € K,(8), the maximal solution x of (1)
with initial condition x(ty) = (¢§g)‘](7<0) satisfies ¢ (x(t)) € K.(¢)
for every t > ty. Since x, is assumed to be S-uniformly attractive
for (3), there exist sufficiently large A, R > 0 such that, for every
to € R and every xo € S with Xy € K,(r), the maximal solution
x of (3) with initial condition X(ty) = X, satisfies X(t) € K.(R) for
every t > toand x(t) € K.(6/2) forevery t > to + A.Setv := §/2.
Since K,(R) is a compact subset of M and since the solutions of (1)
in the variables (2) are assumed to approximate the solutions
of (3), there exists some sufficiently large w, > 0 such that, for
every w > wy, every ty € R, and every Xy € K,(r), the maximal
solution x of (3) with initial condition X(ty) = Xg, and the maximal
solution x of (1) with initial condition x(to) = (¢f)"(Xo) satisfy
| (x(t)) — X(t)| < v for every t € [to, o + A]. Let wp > 0 be
the maximum of w; and w,, and set R := R + v. For the rest
of this paragraph, fix an arbitrary @ > wy, an arbitrary ¢ty € R,
and an arbitrary Xy € K.(r). Set t; := ty + A. Let x be the
maximal solution of (1) with initial condition x(ty) = (qb;g)‘l(fco)
and let x be the maximal solution of (3) with initial condition
X(ty) = Xo. Then, we know that X(t) € K,(R) for every t € [to, t1]
and that x(t;) € K,(8/2). By the triangle inequality, it follows that
@2 (x(t)) € Ki(R) for every t € [to, t;] and that ¢>§‘;(x(t1)) € K.(9).
Consequently, ¢{’(x(t)) € K.(¢) and, in particular, ¢’(x(t)) € K.(R)
for every t > t;. The proof of practical uniform attraction is
complete.
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Appendix B. Proof of Proposition 2

We prove a slightly more general approximation result than
Proposition 2; see Lemma 1. The general approximation result
contains Proposition 2 as a special case; see Remark 4.

Let Q be an embedded submanifold of Euclidean space and
let £ be a vector subspace of Euclidean space. Let TQ denote
the tangent bundle of Q and let M := Q x & be the product
manifold of Q and Z, which is again an embedded submanifold
of Euclidean space. Let B: & x & — & be a bilinear map. For

—

every differentiable curve £:1 — &, we define V¢:£:1 — & by

VeE(t) = §(t) + B(5(1), £(1)). (B.1)
For every point q of Q, let L(q) be a linear map from & into the
tangent space T,Q to Q at q. We suppose that the map M — TQ,
(q, &) — L(q)¢ is smooth. For all smooth maps Y,Z:Q — &, we
define smooth maps VyZ, (Y:Z):Q — E by

VyZ(q) = dZ(q)Lq)Y(q) + B(Y(q). Z(q)). (B.2)
(Y:Z)(q) == VyZ(q)+ VzY(q), (B.3)

where dZ(q): T;Q — & denotes the differential of Z at q. For
every point q of Q, let R(q) be an endomorphism of &. We
suppose that the map M — Z, (q,&) — R(q)¢ is smooth. Let
X:M — TQ be a smooth map such that, for every & € &, the
map X(-,£):Q — TQ is a vector field on Q. Let Yo: M — &

and Yq,...,Y,:Q — Z be smooth maps. Let T be a positive
real number and let u', ..., u™ be measurable and bounded real-
valued functions on R. We suppose that u!, ..., u™ are T-periodic
and zero-mean. For each i € {1, ..., m}, let U’ be the zero-mean
antiderivative of u’. For all i,j € {1, ..., m}, we define the real
number
jo._ i i
AV = aT | Ul(r)U/(1)dr. (B.4)

We will show that the solutions of the system

G = X(a.6 = Y. Ulwt) V(@) + L@, (B52)
i=1
Vit = Yo(a.6 = Y Ul Yi(@) + R(@% (B:5b)
i=1
+ Y oul(wt)Yiq) (B5¢)
i=1
on M = Q x & in the variables
=g &=¢&-) Ula)Ylq) (B.6)
i=1
approximate the solutions of the system
q = X(3.&)+LQE, (B.7a)
ViE = Yo(@ &)+ R@E — Y AV(Yi:Y))(@) (B.7b)

ij=1
on M in the sense of Definition 4.

Lemma 1. The solutions of (B.5) in the variables (B.6) approximate
the solutions of (B.7).

Proof. We follow the proof of Theorem 4.1 in Bullo (2002) and
the proof of Theorem 9.32 in Bullo and Lewis (2005).
For alli,j € {1, ..., m}, define v', v':R — R by

Vi(r) = Ultr),  W(r) = U U(x) — AY,
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define f}, f', u’l ‘M — TQ by
f@. &) = X(@.8)+ L)k,
1@, 8) = LEY(E),
f{(@.8) = o,
and define f2,f2,f2:M — & by
3@ &) = Yo(@, &)+ R@E — > AV (¥;:v,)(@)
ij=1
f2@.8) = R@)Yi(@)— B, Y, ()) B(Yi(@). €)
— dY{(@)X(q. %) — dY{(LQ)E,
7(3.8) = —(Yi:Y;)(@)

Let J be the set of indices i and ij with i,j € {1, m}. For each
¢ € {0}U], let f, be the vector field on M with components f! and
ff. A direct computation shows that (B.5) in the variables (B.6) is
the system

X = fo®)+ ) vi(wt)fi(*
e

on M. The proof is complete if we can show that the solutions
of (B.8) approximate the solutions of

X = fol®),

since (B.9) is the same as (B.7).

For each ¢ € J, the function v* is T-periodic and zero-mean, and
therefore there exists a zero-mean antiderivative V' of v'. Let ¢
be the smooth inclusion map from M into the ambient Euclidean
space. For every vector field f on M, let f¢ denote the component-
wise Lie derivative of ¢ with respect to f. Define time-dependent
vector-valued functions D¢ and D, on M by

(B.8)

(B.9)

(D1g)(T. %) = Y V'(2) (fp)(R),
ef

(Dag)(T, %) = Y V() folfi))®) + Y v (1) V() (fo (i0))(R).
ef o]

For every vector-valued map a on an interval I and for all t;, t; €
I, we use the notation [a(t)]ig for the difference a(t;) — a(t;). A
direct computation, using integration by parts, shows that every
solution x:I — M of (B.8) satisfies the integral equation

p(X(t)) = w(i(t1))+f (fow)(X(t)) dt

t=tp 1 12
| oot ena
w t1

for all t1,t; € I.

To prove the asserted approximation property, fix an arbitrary
large compact subset K of M, an arbitrary small approximation
error v > 0 and an arbitrary large time span A > 0. After possibly
reducing v > 0, we can ensure that the closed v-neighborhood
K of K in M is compact. Since fop is smooth, there exists some
sufficiently large Lipschitz constant L > 0 such that

|(for)®) — (fop)®)| < Llp(%) — @)l

for all X,X € K. Since Dy¢ and D,¢ are T-periodic in the first
argument, there exist sufficiently large bounds ¢c; > 0and c; > 0
such that

I(D1p)(T. %) < I(D2p)(T. %) =

for every t € R and every x € K. Choose some

and

wy > %(ch +AC2)€AL
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We show that this choice of wg does the job. To this end, fix
an arbitrary initial time ty; € R and an arbitrary initial value Xo.
Suppose that the maximal solution x of (B.9) with initial condition
X(tg) = Xo satisfies X(t) € K for every t € [to, top + A]. Fix an
arbitrary @ > wg and let Xx:I — M be the maximal solution
of (B.8) with initial condition_x(to) Xo. Let t; be the largest
element in the intersection of I and [to, to + A] such that X(t) e K
for every t € [ty, t1]. Using the integral equation for the solutions
of (B.8) and the Gronwall lemma in integral form, we obtain that

|o(X()) — p(X(£))|

for every t € [to, t1]. In particular, this implies t; = to + A and
completes the proof.

<

i(ZC] +AC2)€AL <V

Remark 4. To see that Proposition 2 is indeed a special case
of Lemma 1,set Q := G x R and & := g x R™ The maps B,
L R X, Yy, and Y; with i € {1, ..., m} are defined by

B((v, w), (v, w)) = (V,0'.0),
Lg, n) v, 1) = (TeLg(v), 0),
R(g, n)(v, w) = ( Rv, )
X((g. n). (0, w)) := (0, —hn+hy(g)),
Yo((g. ). (0, @) = (A*a*(¥(g) —n)u.0) — (b, awb),
Yig.n) = a(y(@)—n)(re.xe),

where m := n is the dimension of G. Eq. (13) implies that A; =
1/2 for i = j and A; = 0 otherwise. Now it is easy to verify
that (20), (22), and (23) are special cases of (B.5), (B.6), and (B.7).

Appendix C. Proofs of Theorems 1 and 2

Recall that we use Notations 1 and 2 and that the real-valued
function V on M = G x g x R" x R is defined by (28). Let V denote
the derivative of V along solutions of (23). A direct computation
shows that V is given by

V(g.v.w,n) = —hA? B'(¥(g) — n)(¥(g) — n) (C1a)
— Ilvllg = lvlizz — % (ax = be) lwlZ  (C.1b)
-1z VU, v — L w). (C.1c)

C.1. Proof of Theorem 1

Suppose that Assumption 1 is satisfied with g, as therein. For
every ¢ > 0, define a real-valued function V, on M by

V(g’ v, w, 77) - 8 e H(gtaa'(/f( ) )
+ & ‘% I(gradyr(g), u)).

Such a modification of the total energy is sometimes referred to
as Chetaev’s trick (cf. Remark 6.46-3 in Bullo & Lewis, 2005).

Set x, := (g, 0,0, ¥(g,)) € M. Note that V,(x,) = O for every
e > 0. We show that, for every sufficiently small ¢ > 0, the
function V, is locally positive-definite about x,. Using the Cauchy-
Schwarz inequality and completion of squares, it is easy to see
that there exist 91, ¥, > 0 such that the kinetic energy terms of
V satisfy the estimate

Ve(g, v, w, n) :

T2 o 1 A2 2 2
2 vlIF+ 5 llv—2wlz = d1llvl® 4+ J2 lwll

forall v, w € g. It follows from Assumption 1 and Proposition 6.30
in Bullo and Lewis (2005) that there exist y > 0 and some
sufficiently small neighborhood U of g, in G such that

¥(g) = v(gs) = v llgea@y(g)l® > 0
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for every g € U with g # g,. Using the Cauchy-Schwarz
inequality and completion of squares, we obtain that
Ve(g, v, w,n) = A*B(y(g) — n)

+ (3 (@a')0) y — & %) ||lgradyr(g)]1?

+ (1 — & Z)ol® + (92 — & ) lw|?

bk
—& =

for every ¢ > 0 and every (g, v, w,n) € M with g € U. Now,

using that B is positive-definite about 0, one can show that there

exists some sufficiently small ¢; > 0 such that V.(x) > 0 for every

e €(0,&1)and every x = (g, v, w,n) € M with g € U and x # x,.
For every g € G, define the endomorphism

9essyr(g) == (Telg)™' o Hessyr(g) o Tel,g

of g, where Hessyr is the Hessian operator of i with respect to
the left-invariant Riemannian metric on G induced by I. For every
¢ > 0, let V, denote the derivative of V, along solutions of (23).
A direct computation shows that V, /& is given by

TV vow, 1) = B 01 ey

— A(ar —b)(aa)¥(g) — n) llgrady(g)lI’

+ 2 [(essy(g)v, w) — LL=P Ygeaay(g), w)
+ % I(geady(g), Vi w) + 2 Igrady(g). Rv).

1V.(g, v, w,n)

Note that Vg(x*) = 0 for every ¢ > 0. We show that, for every suf-
ficiently small & > 0, the function V, is locally negative-definite
about x,. Because of Assumption 1, after possibly shrinking the
neighborhood U of g, from the previous paragraph, we can find
hq, hy > 0 such that

[(Sessyr(g)v, w)| < hy o]l [[w]]

for every g € U and all v, w € g. Since R is an endomorphism of g
and since the restriction of V to g is bilinear, there exist r,s > 0
such that

2 2
”U“ijcssd/(g) = h] ”U” s

[IRv, w)| < rivlllwl, | %va < slvllwll

for all v, w € g. Since & is symmetric and positive-definite with
respect to I, there exist &1, & > 0 such that

oz = &’ [I(Ev,w)| < &l llw]

for all v, w € g. Using the Cauchy-Schwarz inequality and
completion of squares, one can show that there exist positive
constants cg, ..., ¢cs such that

Ve(g, v, w,n) < —h2%B'(¥(g) — n)(¥(g) —n) — o llw]?
—e(c1 —ec; —ecs ||gravy(g)]?
—1gs|v—2wl)v)?

— & (ca (@)W (g) — n) — e cs5) llgradyy (2]

for every ¢ > 0 and every (g, v, w,n) € M with g € U. Now,
using that z — B'(z)z is positive-definite about 0, one can show
that there exists some sufficiently small &, > 0 such that, for
every ¢ € (0, &3), there exists a neighborhood W(¢) of x, in M
such that V.(x) < 0 for every x € W(¢e) with x # x,.

In summary, we have shown that, for every sufficiently small
& > 0, the function V, is locally positive-definite about x, and
V, is locally negative-definite about x,. By a standard Lyapunov
stability criterion (see, e.g., Theorem 6.14 in Bullo and Lewis
(2005)), this implies that the equilibrium point x, is locally (uni-
formly) asymptotically stable for (23). Now the claim follows
from Propositions 1 and 2.
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C.2. Proof of Theorem 2

Suppose that Assumptions 2 and 3 are satisfied with g, and yg
as therein. Set x, := (g, 0,0, ¥(g.)) and Vo := A*(aer’)(0)yo. The
claim follows from Propositions 1 and 2 if we can show that x, is
V~1(< Vp, x,)-uniformly asymptotically stable for (23). Our goal
is to apply the LaSalle invariance principle (see, e.g., Theorem 6.19
in Bullo and Lewis (2005)). It follows from Assumption 3 that
A = Vi< Vp,x,) is a compact subset of M. Because of
Assumption 2 and Eq. (C.1), we have V < 0 on M. This implies
that the sublevel set A of V is positively invariant for (23). Let
C be the set of x € A with V(x) = 0. Let B be the largest
positively invariant subset of C for (23). It is clear x, is contained
in B. Since (23) is an autonomous system, the claim that x, is A-
uniformly asymptotically stable for (23) follows from the LaSalle
invariance principle if we can show that there is no other point
than x, in B. For this purpose, let (g, v, w, ) be a solution of (23)
with values in C. Then, we obtain from Assumption 2 and Eq.
(C.1) that ¥ o g = n and w = 0. It follows from Eq. (23d) that
gradys o g = 0. Because of Assumption 3, this in turn implies
that g = g, and therefore v = 0 and n = v¥(g,). Thus, we have
shown that (g, v, w, n) is identically equal to x,, which completes
the proof.
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