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a b s t r a c t

We develop extremum seeking schemes for static maps whose inputs are subject to distributed delays.
With distributed delays, even generating a probing signal which, when passed through the distributed
delay operator, acts as a sinusoid in the static map, is nontrivial. After constructing such a probing
signal, using Artstein’s reduction approach, we design a delay-compensating update law for the input
into the map and prove the convergence of the estimation error to a neighborhood of the origin with a
combination of the averaging theory and a Lyapunov functional. The single-input design is followed by
multi-parameter schemes of the gradient and Newton types. The effectiveness of the proposed scheme
is confirmed by a numerical simulation.

© 2023 Elsevier Ltd. All rights reserved.
1. Introduction

Extremum seeking (ES) (Krstic & Wang, 2000; Nesic, Tan,
oase, & Manzie, 2010) is a model-free online optimization
ethod applicable to general nonlinear dynamic systems with
ppropriate output maps and, in particular, in the absence of
lant dynamics, to static maps with local extrema. ES requires
nly the measurement of the value of the map’s output and gen-
rates estimates of the gradient (and, if desired, the Hessian) of
he unknown map function using sinusoidal perturbation signals.

In its hundred-year history (Nesic et al., 2010), the turning
oint for ES is its proof of stability (Krstic & Ariyur, 2003; Krstic
Wang, 2000). Among the hundreds of extensions follow, we

ighlight the proof of semi-global stability (Tan, Nesic, & Mareels,
006; Tan, Nesic, Mareels, & Astolfi, 2009), the Newton-based
S (Ghaffari, Krstic, & Nesic, 2012; Moase, Manzie, & Brear, 2010;
an, Nesic, Moase, & Manzie, 2010), ES employing stochastic
robing (Krstic & Manzie, 2009; Liu & Krstic, 2010, 2014), and
nalysis employing Lie bracket averaging (Durr, Stankovic, Eben-
auer, & Johansson, 2013; Labar, Garone, Kinnaert, & Ebenbauer,
019) or a time-delay approach to averaging (Fridman & Zhang,
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2020; Zhu & Fridman, 2022). In those studies, the perturba-
tion signal is assumed to be transmitted to the system immedi-
ately. However, sensor, actuator, or transmission delays impact
practical implementation and, unless small enough, such delays
destabilize any feedback loop, including extremum seeking.

For static maps, we recently introduced ES schemes that
compensate discrete/point delays (Oliveira, Krstic, & Tsubakino,
2017). Unlike Zhu and Fridman (2022), where the schemes are
not for delay compensation in ES but for ES using a delay-
based averaging approach, the schemes in Oliveira et al. (2017)
employ predictor feedback (Artstein, 1982; Krstic, 2009; Manitius
& Olbrot, 1979) but in a non-trivial sense. Since the predictor
feedback needs to employ an integral of the map’s gradient over
the delay interval, and since the map to be optimized is unknown,
our predictor employs a probing-based estimate of the gradient.
Such a predictor is approximate but its time-averaged version
is exact. Stability is proved by combining infinite-dimensional
averaging with PDE backstepping-based Lyapunov analysis.

In this paper we advance from point delays (Oliveira et al.,
2017) to the much more challenging distributed delays. As the
first step in the paper’s exposition, we present the single-
parameter case. Then we progress to the multi-parameter dis-
tributed delay scenario. This is one of the substantial differ-
ences from our earlier conference paper (Tsubakino, Oliveira, &
Krstic, 2020). We compensate distributed delays using the delay-
eliminating (non-invertible) ‘‘reduction transformation’’ (Artstein,
1982; Manitius & Olbrot, 1979). Of high importance in generating
the estimates of the gradient, needed both by the ES update and
by the delay compensator, is the probing signal. While, in the
case of point delays, the probing signal is simply a time-advanced
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inusoid, under distributed delays the probing signal requires
more sophisticated construction, relying on the kernel of the
istributed delay.
We seize the opportunity to clarify the semi-model-based ap-

roach that we take with respect to the treatment of the delay. For
nstance, in Adetola and Guay (2007), Guay and Dochain (2015),
uay, Dochain, and Perrier (2004) and Guay and Zhang (2003),
he authors handle the map in a model-based manner in their
xtremum seeking free of delays, so we also employ a model-
ased component in our approach. However, while we assume
known delay, our predictor construction follows a model-free
pproach. We do not estimate the map parametrically—and, in
articular, we do not estimate the Hessian parametrically. We
stimate the Hessian with the same demodulating signal used to
eek the extremum, but with a different additive perturbation. So
e employ a predictor that is ‘‘partially model-based’’: the delay

s known but the plant model is unknown and is estimated using
erturbations.
Although we can find several papers (Bekiaris-Liberis, Jankovic,
Krstic, 2013; Bekiaris-Liberis & Krstic, 2011; Xu, Liu, Krstic, &

eng, 2022; Zhu, Krstic, & Su, 2020) which address the
istributed-delay case, they are restricted to the stabilization
roblem, while we are dealing with the real-time optimization
roblem via extremum seeking. Indeed, this is the first work in
he literature of extremum seeking which considers distributed
elays. Moreover, all of these references employ much more
nvolved backstepping-forwarding transformations or integra-
or backstepping methods for the finite-dimensional state of
he plant and for the infinite-dimensional actuator state since
he traditional infinite-dimensional backstepping (Krstic, 2009)
s inapplicable when the infinite-dimensional input dynamics
s distributed. Differently from them, we employ the classical
eduction approach (Artstein, 1982) and obtain a simpler al-
ernative solution for the design under distributed input delay,
ithout using the backstepping-based framework. Originally, we
lso develop the analysis via Lyapunov functional of the re-
ulting closed-loop system. Indeed, our stability proofs employ
veraging and Lyapunov analyses, both in infinite dimension. Lya-
unov analysis of compensated distributed delays, non-existent
n Artstein (1982) and Manitius and Olbrot (1979), is introduced
n Bekiaris-Liberis and Krstic (2011), using a PDE backstepping
ransformation. While such an approach is needed for general
lants, the ‘‘plant’’ in ES algorithms is just an integrator. As a
esult, a simpler Lyapunov functional, not involving PDE back-
tepping, suffices. We supplement our design and analysis results
ith numerical simulations, which illustrate the effectiveness of
he proposed extremum seeking controllers.

otation: For an open interval I ∈ R, the space of (equivalent
lasses of) Lebesgue square-integrable functions on I is denoted
y L2(I). The first order Sobolev space as a subset of L2(I) is
enoted by H1(I). Let f : [0, ∞) × [0, ∞) → [0 , ∞) be a
onnegative-valued function. Then, we write f (t, ε) ≤ O(ε) when
here exist k > 0 and ε > 0 such that f (t, ε) ≤ kε for any
∈ [0, ∞), ε ∈ [0, ε].

. Static map with distributed delay on the input

Consider a static map f : R → R. Suppose that f is twice
ontinuously differentiable and that the first and second deriva-
ives of f satisfy f ′(θ∗) = 0 and f ′′(θ∗) = H ̸= 0 at some point
∗

∈ R. Then, the map f takes an extremum f ∗
:= f (θ∗) at θ∗.

ithout loss of generality, we can assume that the Hessian H
atisfies H < 0. Then, f ∗ is a local maximum. If f is three-times
ontinuously differentiable, the quadratic map

(θ ) = f ∗
+

H
(θ − θ∗)2 (1)
2
2

is an approximation of f around θ = θ∗. We assume that f ∗, H ,
and θ∗ are unknown.

The objective of the basic, undelayed ES is to find f ∗ without
knowledge of H and θ∗ by measuring the signal y(t) = f (θ (t)) for
an appropriately designed probing signal θ (t).

In this paper, we assume that a distributed delay acts on
the input signal θ (t), namely, that the measured output y(t) is
obtained from the map

y(t) = f
(∫ D

0
θ (t − σ )dβ(σ )

)
(2)

for some constant D > 0. The integral on the right-hand side of
(2) is the Riemann–Stieltjes integral with respect to a function
β : [0, D] → R of bounded variation. If β is a continuously dif-
ferentiable function, the integral is reduced to a common integral
of θ (t − σ )β ′(σ ) with respect to σ over [0, D]. As long as it is of
bounded variation, β may be a discontinuous function. Indeed, if
β is such that

β(x) =

{
0, 0 ≤ x < D0,

1, D0 ≤ x < D,
(3)

for some D0 ∈ (0,D), then we have∫ D

0
θ (t − σ )dβ(σ ) = θ (t − D0). (4)

The extremum seeking schemes developed in our previous publi-
cations about constant delays can handle this case. However, for
the case with general β , a new scheme is necessary. We make an
assumption on the class of the function β . For each ω > 0, define
γ (ω) by

γ (ω) =

(∫ D

0
cos(ωσ )dβ(σ )

)2

+

(∫ D

0
sin(ωσ )dβ(σ )

)2

. (5)

Clearly, γ (ω) ≥ 0 for all ω > 0.

Assumption 1. The function β : [0,D] → R of bounded variation
satisfies β(0) = 0 and there exists a non-decreasing sequence
{ωi}

∞

i=0 ⊂ (0, ∞) ⊂ R of positive real numbers such that ωi → ∞

as i → ∞ and that γ defined by (5) satisfies γ (ωi) ̸= 0 for any
i ∈ N.

The first condition does not cause any loss of generality since
the Stieltjes integrals with respect to β and β + c0 coincide for
any constant c0 ∈ R. The latter condition is necessary to let the
frequency ω be arbitrary large. If we assume that the transmission
is lossless, β should take 1 at D. To see this, suppose that θ (t) ≡

θ (0) for some θ (0) ∈ R. Then, we expect that y(t) = f (θ0). For β
satisfying Assumption 1, we have∫ D

0
θ (t − σ )dβ(σ ) = θ0

∫ D

0
dβ(σ ) = β(D)θ0. (6)

Hence, if β(D) = 1, y(t) = f (θ0) as expected. Note that, for β
given in (3), β(0) = 0 and, for any ω ∈ (0, ∞),

γ (ω) =

(
cos(ωD0)

)2
+

(
sin(ωD0)

)2
= 1 ̸= 0 (7)

and Assumption 1 is thus fulfilled in this case.
The objective of this paper is to develop an extremum seeking

scheme for a static map f that is locally approximated by the
quadratic map (1) in the presence of distributed delay. As in
the previous publications, the idea here is to employ predictor
feedback. We construct an estimate of θ∗ by using the measured
output (2) so that the corresponding update law has the form
of predictor feedback control laws. A difficulty in the current
problem arises from the fact that the measured output y only
contains an integrated value of θ rather than an actual value of θ
at some time t .
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. Extremum seeking scheme

.1. Proposed scheme

Let θ̂ (t) ∈ R be an estimate of θ∗ and θ (t) ∈ R be an
intermediate variable. Treating for a moment θ as the variable
eing updated, we write its update law as

˙θ = U . (8)

The signal U(t) ∈ R is to be determined. We define the estimate
ˆ of θ∗ by

ˆ (t) =

∫ D

0
θ (t − σ )dβ(σ ). (9)

The use of these two variables θ̂ and θ is a feature of this paper.
ompared with the previous publications following the notation
riginally introduced in Oliveira et al. (2017), the definition of the
rror variable may seem at some extent strange. However, the
ffectiveness of this novel notation-formulation for this particular
cenario of distributed delays will be seen later.
In the proposed scheme, we use three perturbation signals

(t),M(t),N(t) ∈ R defined by

S(t) =
a

γ (ω)

∫ D

0
sin(ω(t + ξ ))dβ(ξ ), (10)

M(t) =
2
a
sin(ωt), (11)

N(t) =
16
a2

(
sin2(ωt) −

1
2

)
. (12)

he first perturbation signal S(t) also has a peculiar form, whereas
M(t) and N(t) are relatively simple. In particular, the term
sin(ω(t + ξ )) just represents a phase-shift operation which can
be easily employed for sinusoidal signals. In this case, there is no
issue related to causality involving future states. The signalM(t) is
sed in a conventional extremum seeking. The third signal N(t) is
ntroduced in Ghaffari et al. (2012) to estimate unknown Hessian
. The signal N(t) will be used for the same purpose. It should be

noted from the delay-free gradient ES and its average system,

˙̂
θ (t) = k

2
a
sin(ωt)f (θ (t)), (13)

˙̃
θ av

= kH θ̃ av, (14)

espectively, that the Hessian H is not necessary in the update
aw. However, H θ̃ av is available in the average analysis but θ̃ av

itself is not available for feedback. Hence, to construct the ex-
tremum seeking scheme based on the predictor feedback, an
estimate of H will be necessary.

We set the probing signal S(t) in (10) and denote θ (t) as

θ (t) = θ (t) + S(t). (15)

ote that θ includes θ rather than θ̂ unlike conventional ex-
tremum seeking schemes.

Recall that the variable θ (t) is the input of the map in (2). The
relation between θ̄ (t) and θ̂ (t) is given in (9). On the other hand,
the relation between θ̄ (t) and θ (t) is given in (15). Thus, the idea
of introducing the signal θ̄ (t) is to define a signal with the desired
behavior of classical extremum seeking free of delays in the input
of the map f (·). Basically, in the block diagram of Fig. 1, we try to
synthesize the signal θ̂ (t)+a sin(ωt) at this point and it is possible
only if we choose θ̄ (t) such as in (15), i.e., θ̄ (t) := θ (t) − S(t),
with S(t) in (10). In addition, substituting (15) into (2) gives an
expression of y in terms of the foregoing signals.

We claim that, for θ (t) defined as (15), the measured output y
becomes

y(t) = f
(
θ̂ (t) + a sin(ωt)

)
. (16)
 θ

3

Fig. 1. Block diagram of the proposed extremum seeking scheme for
compensating distributed delays.

Indeed, integrating (15) with respect to β yields∫ D

0
θ (t − σ )dβ(σ ) =

= θ̂ (t) +
a

γ (ω)

∫ D

0

∫ D

0
sin

(
ω(t − σ + ξ )

)
dβ(σ )dβ(ξ )

= θ̂ (t) +
a sin(ωt)

γ (ω)

∫ D

0

∫ D

0
cos

(
ω(ξ − σ )

)
dβ(σ )dβ(ξ )

+
a cos(ωt)

γ (ω)

∫ D

0

∫ D

0
sin

(
ω(ξ − σ )

)
dβ(σ )dβ(ξ ), (17)

here we have used the definition (9) of θ̂ and the addition
ormula of trigonometric functions. The second integral term on
he right-hand side is actually equal to 0. This can be seen as
ollows:

∫ D

0

∫ D

0
sin

(
ω(ξ − σ )

)
dβ(σ )dβ(ξ )

=

∫ D

0
sin(ωξ )dβ(ξ )

∫ D

0
cos(ωσ )dβ(σ )

−

∫ D

0
cos(ωξ )dβ(ξ )

∫ D

0
sin(ωσ )dβ(σ ) = 0 . (18)

e next calculate the first integral term in (17). It follows from
direct computation that∫ D

0

∫ D

0
cos

(
ω(ξ − σ )

)
dβ(σ )dβ(ξ )

=

∫ D

0
cos(ωξ )dβ(ξ )

∫ D

0
cos(ωσ )dβ(σ )

+

∫ D

0
sin(ωξ )dβ(ξ )

∫ D

0
sin(ωσ )dβ(σ ) = γ (ω). (19)

Substituting (19) into (17), we arrive at∫ D
0 θ (t − σ )dβ(σ ) = θ̂ (t) +

a sin(ωt)
γ (ω) γ (ω)

= θ̂ (t) + a sin(ωt).
(20)

his immediately implies (16). Although the estimate θ̂ of θ∗

nd the signal θ are defined in a somewhat strange manner,
he output y is expressed as if the map f received the signal
ˆ + a sin(ωt) as in the conventional scheme.
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We next derive the dynamic equation that is satisfied by the
error variable:

θ̃ (t) := θ̂ (t) − θ∗ . (21)

ifferentiating (9) with respect to t leads to

˙̂
θ (t) =

∫ D

0

˙θ (t − σ )dβ(σ ) =

∫ D

0
U(t − σ )dβ(σ ). (22)

ince we have ˙̃
θ (t) =

˙̂
θ , it follows from (22) that

˙̃ (t) =

∫ D

0
U(t − σ )dβ(σ ). (23)

he error variable θ̃ evolves in accordance with this equation. If
e regard U as the control input, Eq. (23) is in a typical form
f a driftless linear system with distributed input delay. It is
ell-known that such a system can be stabilized by a predictor

eedback control law. In Manitius and Olbrot (1979) and Artstein
1982), the following control law is proposed:

(t) = −k
(

θ̃ (t) +

∫ t+D

t

∫ D

τ−t
U(τ − σ )dβ(σ )dτ

)
, (24)

here k > 0. The terms in the parentheses correspond to a
redicted future value of θ̃ . Unfortunately, this control law is not
mplementable because θ̃ is unavailable. Our approach aims at
ealizing (24) in the average sense.

We propose to close the loop of our extremum seeking scheme
y setting the signal U in the update law (8) for θ as the solution
o the following time-varying ordinary differential equation:

˙ (t) = − cU(t)

+ ck
(
M(t)y(t) + N(t)y(t)

∫ D

0
β[D,σ ]U(t − σ )dσ

)
, (25)

here β[D,σ ] := β(D) − β(σ ) and c > 0. The corresponding block
iagram is given in Fig. 1.
Eq. (25) means that U is a filtered version of the signal

k
(
M(t)y(t) + N(t)y(t)

∫ D

0
β[D,σ ]U(t − σ )dσ

)
. (26)

The filter is represented by the transfer function c/(s+ c). As we
will see later, the signal (26) mimics (24) in the average sense.
The filter is introduced for a technical reason. As explained in
the earlier publication (Oliveira et al., 2017), U must be a part of
the state variable in order that the infinite dimensional averaging
theorem (Hale & Lunel, 1990) be applicable to the closed-loop
system.

3.2. Abstract formulation of the closed-loop system

Recall that the measurement signal y is given by (16). This can
be rewritten in terms of the error variable θ̃ as

y(t) = f
(
θ̃ (t) + a sin(ωt) + θ∗

)
. (27)

ence, the closed-loop system consists of (23) and (25) with the
nitial condition θ̃ (0) = θ̃0 ∈ R and U(τ −D) = φ(τ ) for each τ ∈

[0,D]. The initial function φ is an element of some function space.
To conduct stability analysis, we introduce a partial differential
equation (PDE) representation.

Set u(x, t) = U(x + t − D) for each x ∈ (0,D] and t ≥ 0 with
+ t ≥ 0. Then, the closed-loop system (23) and (25) can be
xpressed as

˙̃
θ (t) =

∫ D

u(D − σ , t)dβ(σ ), (28)

0

4

ut (x, t) = ux(x, t), x ∈ (0,D), (29)

u(D, t) = U(t), (30)

U̇(t) = − cU(t) + ck
(
M(t)y(t) + N(t)y(t)

×

∫ D

0
β[D,σ ]u(D − σ , t)dσ

)
(31)

with the initial condition θ̃ (0) = θ̃0, u(x, 0) = u0(x), x ∈

(0,D) and U(0) = U0 In this representation, the state variable
is composed of the finite-dimensional components θ̃ , U and the
infinite-dimensional one u.

Let the state space be H := R × L2(0,D) × R with the inner
product(
[X1, X2, X3]

T ,[Y1, Y2, Y3]
T
)

H

:= X1Y1 +

∫ D

0
X2(ξ )Y2(ξ )dξ + X3Y3 (32)

for each [X1, X2, X3]
T , [Y1, Y2, Y3]

T
∈ H . The space H is a Hilbert

space. The norm induced by the inner product (32) is denoted by
∥ · ∥H . Define a linear operator A : D(A) ⊂ H → H by

A

⎡⎣X1

X2

X3

⎤⎦ =

⎡⎢⎣
∫ D
0 X2(D − σ )dβ(σ )

dX2
dx

−cX3

⎤⎥⎦ (33)

with domain

D(A) = {[X1, X2, X3] ∈ H | X2 ∈ H 1(0,D), X2(D) = X3}. (34)

The time-varying nonlinear perturbation term is given by

F (ωt, X) =

[ 0
0

F3(ωt, X)

]
, (35)

where F3 : R × H → R is defined by

F3(ωt, X) = ck
[2
a
sin(ωt)f (X1 + a sin(ωt) + θ∗)

+
16
a2

(
sin2(ωt) −

1
2

)
f (X1 + a sin(ωt) + θ∗)

×

∫ D

0
β[D,σ ]X2(D − σ )dσ

]
. (36)

Thus, we arrive at the following abstract evolution equation cor-
responding to the closed-loop system (28)–(31):

dX
dt

(t) = AX + F (ωt, X). (37)

Basically, Eq. (37) represents the compact form in the off-the-
shelf averaging result for infinite-dimensional systems in Hale
and Lunel (1990) which will be invoked in our stability proof
given in Section 4. Clearly, F (ωt + 2π, X) = F (ωt, X) for any X ∈

H . If 1/ω is considered as a small parameter ε, we can indeed ap-
ply the Averaging Theorem for infinite-dimensional systems (Hale
& Lunel, 1990) reproduced in the Appendix. Then, the stability
of the closed-loop system can be investigated through the corre-
sponding average system. We carry out this investigation in the
next section.

4. Stability analysis

The main goal of this section is to prove our main theorem.
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heorem 2. Let H < 0, D > 0 and a > 0. Consider the system
37) for f being the quadratic map (1). Suppose that the function
: [0,D] → R of bounded variation satisfies Assumption 1 and the

onstants k > 0 and c > 0 are chosen so that c > −kH. then, for
ach ρ > 0, there exist constants ω∗ > 0 and ρ0 ∈ (0, ρ) such that,
or any ω > ω∗ with γ (ω) ̸= 0, any solution to (37) for an initial
alue X0 = [θ̃0, u0(·),U0]

T
∈ D(A) with ∥X0∥H ≤ ρ0 converges

o an O(1/ω)-neighborhood of the origin. In addition, the following
stimates hold:

lim
t→∞

sup |y(t) − f ∗
| = O(1/ω2

+ |a|2). (38)

To prove the theorem, we consider the averaged version of the
ystem (37).

.1. Average system

Let us obtain the average system associated with the closed-
oop system (28)–(31). The expression (27) of the output y has
he same form as the one in common delay-free extremum seek-
ng problems. Hence, average computation done in the classical
iterature, especially in Ghaffari et al. (2012), also works for our
roblem.
If f is the quadratic map (1), the average of (36) can be

xplicitly computed as

ω

2π

∫ 2π/ω

0
F3(ωτ, X)dτ

= HX1 + H
∫ D

0
β[D,σ ]X2(D − σ )dσ (39)

for each X = [X1, X2, X3]
T

∈ H . Hence, Eq. (39) just represents
the averaging computation of the third element of the vector
F (ωt, X) defined in (35). At this point, we are simply comput-
ing the average version of the system (37). From the argument
above, the average system associated with the closed-loop system
(28)–(31) is given by

˙̃
θ av(t) =

∫ D

0
uav(D − σ , t)dβ(σ ), (40)

uav
t (x, t) = uav

x (x, t), x ∈ (0,D), (41)

uav(D, t) = Uav(t) , (42)

U̇av(t) = − cUav(t)

+ ckH
(

θ̃ av(t) +

∫ D

0
β[D,σ ]uav(D − σ , t)dσ

)
. (43)

It can be inferred from the relation uav(x, t) = Uav(x+ t −D) that
Uav is filtered value of the signal

kH
(

θ̃ av(t) +

∫ D

0
β[D,σ ]Uav(t − σ )dσ

)
. (44)

Let us check the relationship between the predictor feedback (24)
and (44). Observe that integration by parts for the Riemann–
Stieltjes integral gives∫ D

0

∫ σ

0
Uav(t − ξ )dξdβ(σ )

= β(D)
∫ D

0
Uav(t − ξ )dξ − 0 −

∫ D

0
β(σ )Uav(t − σ )dσ

=

∫ D

0
β[D,σ ]Uav(t − σ )dσ . (45)

On the other hand, changing the variable of integration from ξ to
τ = t + σ − ξ and then reversing the order of integration leads
5

to∫ D

0

∫ σ

0
Uav(t − ξ )dξdβ(σ )

=

∫ D

0

∫ t+σ

t
Uav(τ − σ )dτdβ(σ )

=

∫ t+D

t

∫ D

τ−t
Uav(τ − σ )dβ(σ )dτ . (46)

From (45) and (46), the expression (44) is rewritten as

kH
(

θ̃ av(t) +

∫ D

0
β[D,σ ]Uav(t − σ )dσ

)
= kH

(
θ̃ av

+

∫ t+D

t

∫ D

τ−t
Uav(τ − σ )dβ(σ )dτ

)
. (47)

This completely coincides with (24) if the gain −k is replaced
with kH . Hence, the proposed U given by (25) realizes a filtered
predictor feedback control law with the gain kH in the average
sense.

4.2. Stability of the average system

The stability of the average system (40)–(43) is analyzed in
this subsection.

Lemma 3. Consider the system (40)–(43) for some D > 0 and
H < 0. Let β : [0,D] → R be a function of bounded variation
satisfying Assumption 1. Then, for each k > 0, there exists c∗ > 0
such that, for any c > c∗ the following assertions hold:

(i) The system (40)–(43) admits a unique solution in C1

([0, +∞); H ) ∩ C([0, +∞);D(A)) for any given initial data
[θ̃ av(0), uav(·, 0),Uav(0)]T ∈ D(A), where the subspace D(A) ⊂ H is
defined by (34).

(ii) There exist constants λ > 0 and M > 0, which are
independent from the initial data, such that⏐⏐⏐⏐⏐⏐θ̃ av(t), uav(·, t),Uav(t)

⏐⏐⏐⏐⏐⏐
H

≤ Me−λt
⏐⏐⏐⏐⏐⏐[θ̃ av(0), uav(·, 0),Uav(0)

]⏐⏐⏐⏐⏐⏐H . (48)

Proof. The proof starts with transformation of θ̃ av into another
variable. Set ϑ(t) ∈ R as

ϑ(t) := θ̃ av(t) +

∫ D

0
β[D,σ ]uav(D − σ , t)dσ +

1
c
Uav(t). (49)

Differentiating ϑ with respect to t gives

˙ (t) = θ̇ av(t) +
∫ D
0 β[D,σ ]uav

x (D − σ , t)dσ +
1
c U̇

av(t)

= kH
(
ϑ(t) −

1
c U

av(t)
)
,

(50)

here we have used Eqs. (40)–(43). Then, the average system
40)–(43) is considerably simplified as

ϑ̇(t) = kH
(
ϑ(t) −

1
c
Uav(t)

)
, (51)

uav
t (x, t) = uav

x (x, t), x ∈ (0,D), (52)

uav(D, t) = Uav(t), (53)

U̇av(t) = − cUav(t) + ckH
(
ϑ(t) −

1
c
Uav(t)

)
. (54)

The PDE-subsystem (41), (42) does not change. We first inves-
tigate the well-posedness and the exponential stability of the
transformed system.

Observe that the ordinary differential equations (51) and (54)
are linear and independent from uav. Hence, for any ϑ(0) ∈ R
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nd Uav(0) ∈ R they have the unique infinitely differentiable
olutions. Then, it is well-known (see, for example, Coron (2006))
hat, as long as uav(·, 0) ∈ H 1(0,D) satisfies uav(D, 0) = Uav(0),
he PDE-subsystem composed by (52) and (53) has a unique
olution uav

∈ C1([0, +∞); L2(0,D)) ∩ C([0, +∞); H 1(0,D)).
Since uav and Uav are not changed, the transformation (49) is
trivially invertible. Thus, the first part (i) has been proved.

To prove the second part, let us introduce V defined by

V (t) =
c2

2
ϑ(t)2 +

b
2

∫ D

0
eα(x−D)uav(x, t)2dx +

1
2
Uav(t)2 , (55)

or some b > 0 and α > 0. We show that V is a Lyapunov func-
ional for the transformed system (51)–(54). The time derivative
f V is given by

V̇ (t) = c2kHϑ(t)
(

ϑ(t) −
1
c
Uav(t)

)
+

b
2
Uav(t)2

−
b
2
e−αDuav(0, t)2 −

αb
2

∫ D

0
eα(x−D)uav(x, t)2dx

− cUav(t)2 + ckHUav(t)
(

ϑ(t) −
1
c
Uav(t)

)
,

or, equivalently,

V̇ (t) =c2kH
(

ϑ(t) +
1
c
Uav(t)

)(
ϑ(t) −

1
c
Uav(t)

)
−

αb
2

∫ D

0
eα(x−D)uav(x, t)2dx −

(
c −

b
2

)
Uav(t)2

−
b
2
e−αDuav(0, t)2.

Rearranging the terms, we can write

V̇ (t) = − c2(−kH)ϑ(t)2 −
αb
2

∫ D

0
eα(x−D)uav(x, t)2dx

−

(
c −

b
2

+ kH
)
Uav(t)2 −

b
2
e−αDuav(0, t)2. (56)

Set c∗
:= b/2−kH . Note that c∗ > 0 since H < 0. Then, it follows

from the above equation that

V̇ (t) ≤ −2λV (t), (57)

where λ := min{−kH, α/2, c − c∗
} > 0. The inequality (57)

implies that

V (t) ≤ e−2λtV (0). (58)

It is easy to see that there exist constants c1, c2 > 0 such that

c1
⏐⏐⏐⏐[ϑ(t), uav(·, t),Uav(t)

]⏐⏐⏐⏐
H

≤ V (t) ≤ c2
⏐⏐⏐⏐[ϑ(t), uav(·, t),Uav(t)

]⏐⏐⏐⏐
H (59)

for any t ≥ 0. Hence, the transformed system (51)–(54) is expo-
nentially stable. The exponential stability of the original average
system follows from the fact that there exist constants M1,M2 >

0 such that

|ϑ(t)| ≤ M1
⏐⏐⏐⏐[θ̃ av(t), uav(·, t),Uav(t)

]⏐⏐⏐⏐
H , (60)

|θ̃ av(t)| ≤ M2
⏐⏐⏐⏐[ϑ(t), uav(·, t),Uav(t)

]⏐⏐⏐⏐
H . (61)

for each t ≥ 0. This fact can be inferred from the definition (49)
of ϑ . The inequalities (58)–(61) imply (48). This completes the
proof. □

The exponential stability of the trivial solution to the average
system with respect to the norm ∥ · ∥H is shown. Thus, we are
now in a position to prove Theorem 2. Before moving on to the
 ω

6

proof, we make a remark. Unlike Oliveira et al. (2017), we do
not use a backstepping transformation to construct a Lyapunov
functional. Lyapunov functionals similar to (55) can be found
in Jankovic (2009) and Mazenc, Niculescu, and Krstic (2012).

4.3. Proof of Theorem 2

The theorem basically follows from the averaging theorem
for infinite-dimensional systems (Hale & Lunel, 1990). To apply
the averaging theorem in the Appendix, we have to check the
property of the linear operator A and the perturbation F in (37).

In Hale and Lunel (1990), the operator A is assumed to be a
generator of a strongly continuous semigroup TA and the associ-
ated semigroup TA must have the smoothing Property (H).

Property 1 (Hale & Lunel, 1990, Property (H)). For any h : [0, ∞) →

H that is norm continuous, the following relations must hold:

(i)
∫ D

0
TA(t − τ )h(τ )dτ ∈ D(A), t ≥ 0, (62)

(ii)
⏐⏐⏐⏐⏐⏐⏐⏐A ∫ D

0
TA(t − τ )h(τ )dτ

⏐⏐⏐⏐⏐⏐⏐⏐
≤ Meµt max

0≤τ≤t
∥h(τ )∥H , t ≥ 0, (63)

where M > 0 and µ ∈ R are independent from h.

It is true that the operator A defined by (33) is a generator
of a strongly continuous semigroup TA on H . However, TA does
not fulfill the smoothing property (H) in general. Fortunately, the
perturbation F defined in (35) merely has the finite-dimensional
component F3. Hence, in our problem, TA only have to satisfy (62)
and (63) for h : [0, ∞) → H of the form h(t) = [0, 0, h3(t)]T for
any continuous h3 : [0, ∞) → R.

For h(t) = [0, 0, h3(t)]T , we can explicitly compute the integral
of TA(t − τ )h(τ ) with respect to τ from 0 to t as[∫ t

0
TA(t − τ )h(τ )dτ

]
1

=

−
1
c

∫ max{0,t−D}

0

∫ D

0

(
e−c(t−τ−σ )

− 1
)
dβ(σ )h3(τ )dτ

−
1
c

∫ t

max{0,t−D}

∫ t−τ

0

(
e−c(t−τ−σ )

− 1
)
dβ(σ )h3(τ )dτ , (64)∫ t

0
TA(t − τ )h(τ )dτ

]
2

(x) ={
0, 0 < x ≤ D − t,∫ x+t−D

0 e−c(x+t−D−τ )h3(τ )dτ , D − t < 0 < x ≤ D,
(65)∫ t

0
TA(t − τ )h(τ )dτ

]
3

=

∫ t

0
e−c(t−τ )h3(τ )dτ . (66)

rom these expressions, we can see that TA satisfies the property
H) for h(t) = [0, 0, h3(t)]T with an arbitrary continuous real
unction h3.

Take arbitrary ρ > 0. It follows from (36) that F and its
réchet derivatives are bounded for any ∥X∥H ≤ ρ. Hence, we
an apply the averaging theorem in Hale and Lunel (1990) in the
ppendix to the closed-loop system (37). If c > −kH , we can
ind a sufficiently small b > 0 so that c > c∗

= b/2 − kH .
emma 3 shows the exponential stability of the trivial solution
f the average system (40)–(43). Then, the averaging theorem
uarantees the existence of a constant ω∗ > 0 such that, for each

> ω∗ with γ (ω) ̸= 0, there exists a unique exponentially
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table (2π/ω)-periodic solution XP (t, 1/ω) to (37). In addition,
the periodic solution has the property⏐⏐⏐⏐XP (t, 1/ω)

⏐⏐⏐⏐
H

≤
C
ω

, ∀t ≥ 0, (67)

or some C > 0 independent from ω. We thus prove the ex-
onential convergence of a solution X of (37) to an O(1/ω)-
eighborhood of the origin.
It is trivial that |θ̃ (t)| ≤ ∥[θ̃ (t), u(·, t),U(t)]T∥H . Since the

ight-hand side converges to ∥XP (t, 1/ω)∥ exponentially, we have
limt→∞ sup |θ̃ (t)| ≤ O(1/ω). Then, the estimate (38) is easily
educed from the relation

y(t) − f ∗
| =

⏐⏐⏐⏐⏐⏐⏐⏐ 12H(
θ̃ (t) + a sin(ωt)

)2
⏐⏐⏐⏐⏐⏐⏐⏐

≤ |H|

(
θ̃ (t)2 + |a|2

)
,

(68)

hich completes the proof of Theorem 2.

. Multivariable generalization for distributed delays

In contrast to our conference paper (Tsubakino et al., 2020),
he multiparameter extension is discussed in the following.

Consider a quadratic static map f : Rn
→ R defined by

f (θ ) = f ∗
+

1
2
(θ − θ∗)TH(θ − θ∗), (69)

where f ∗ is the extremum, θ∗
∈ Rn is the argument of the

extremum, and H = HT
∈ Rn×n is a negative-definite Hessian ma-

trix. All these parameters are assumed to be unknown. Suppose
that, for an input signal θ (t) ∈ Rn, we can measure the signal

y(t) = f
(∫ D

0
dβ(σ )θ (t − σ )

)
= f ∗

+
1
2
η(t)THη(t), (70)

η(t) :=

∫ D

0
dβ(σ )θ (t − σ ) − θ∗, (71)

where D > 0 is the representation of delays, β : R → Rn×n is
a matrix valued function whose entries are functions of bounded
variation. We also assume that the off-diagonal entries of β(x) are
0. Namely, there exist functions βi : R →R, i ∈ {1, 2, . . . , n} of
bounded variation such that β(x) = diag(β1(x), β2(x), . . . , βn(x)).
Then, we have∫ D

0
dβ(σ )θ (t − σ ) =(∫ D

0
θ1(t − σ )dβ1(σ ) · · ·

∫ D

0
θn(t − σ )dβn(σ )

)T

. (72)

If a constant signal θ (t) ≡ θ0 ∈ R is sent to the map, the
corresponding delayed signal is given by∫ D

0
dβ(σ )θ (t − σ ) =

∫ D

0
dβ(σ )θ0 = (β(D) − β(0))θ0. (73)

It is natural to expect that this value is θ0. Hence, β should satisfy
β(D)−β(0) = In. Since addition of a constant matrix to β does not
change the value of the Riemann–Stieltjes integral with respect to
β , we can set β(0) = 0 without loss of generality.

We summarize the assumption on β .

Assumption 4. For each x ∈ R, the function β(x) takes a diagonal
matrix value

diag(β1(x), β2(x)..., βn(x)).

Every diagonal entry βi : R → R, i = 1, 2, . . . , n is a right-
continuous function of bounded variation such that βi(0) = 0 and

βi(D) = 1.

7

For simplicity of notation, we write the Riemann–Stieltjes
integral of θ with respect to β over [0 ,D] as

θβ (t) =

∫ D

0
dβ(σ )θ (t − σ ). (74)

With this notation, the measured output can be rewritten as

y(t) = f (θβ (t)). (75)

If, for each i ∈ {1, 2, . . . , n}, the function βi is given by

βi(x) =

{
0, x < Di,

1, Di ≤ x, (76)

for some Di ∈ (0,D), then θβ (t) became∫ D

0
dβ(σ )θ (t − σ ) =

(
θ1(t − D1) · · · θn(t − Dn)

)T
. (77)

Hence, the above formulation encompasses the case for lumped
constant and distinct input delays as well.

Before developing extremum seeking schemes, we set up sig-
nals to be used in the proposed approach.

5.1. Probing signal

Let θ̂ (t) ∈ Rn be an estimate of θ∗. To determine a suitable
update law for θ̂ , we also introduce auxiliary variables θ (t) ∈ Rn

and U(t) ∈ Rn satisfying
˙θ (t) = U(t) . (78)

Set the estimate θ̂ as

θ̂ (t) = θβ (t) =

∫ D

0
dβ(σ )θ (t − σ ). (79)

he probing signal to be applied to the map normally consists of
ˆ and a perturbation signal. We propose the perturbation signal
(t) =

(
S1(t), S2(t)...Sn(t)

)
∈ Rn given by

Si(t) =
ai

γi(ωi)

∫ D

0
sin(ωi(t + τ ))dβi(τ ), i ∈ {1, 2, . . . , n}, (80)

where ai > 0. For each i ∈ {1, 2, . . . , n}, the function γi : R → R
is defined by

γi(ω) :=

(∫ D

0
cos(ωσ )dβi(σ )

)2

+

(∫ D

0
sin(ωσ )dβi(σ )

)2

. (81)

It is clear from (80) that γi(ωi) must not vanish.
The signal (80) is considerably different from the conventional

perturbation signal

S(t) =

(
S1(t) S2(t) · · · Sn(t)

)
:=

(
a1 sin(ω1t) a2 sin(ω2t) · · · an sin(ωnt)

)T
. (82)

The reason for defining Si by (80) is revealed by the next obser-
vation. With the angle sum identity for trigonometric functions,
it can be shown that∫ D

0
Si(t − σ )dβi(σ )

=
ai

γi(ωi)

∫ D

0

∫ D

0
sin

(
ωi(t − σ + τ )

)
dβi(τ )dβi(σ )

=
ai

γi(ωi)
sin(ωit)

∫ D

0

∫ D

0
cos

(
ωi(σ − τ )

)
dβi(τ )dβi(σ )

−
ai cos(ωit)

∫ D ∫ D

sin
(
ωi(σ − τ )

)
dβi(τ )dβi(σ )
γi(ωi) 0 0
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=
ai

γi(ωi)
sin(ωit)

×

((∫ D

0
cos(ωiσ )dβi(σ )

)2

+

(∫ D

0
sin(ωiσ )dβi(σ )

)2)
ai

γi(ωi)
cos(ωit)

×

(∫ D

0
cos(ωiσ )dβi(σ )

∫ D

0
sin(ωiτ )dβi(τ )

−

∫ D

0
sin(ωiσ )dβi(σ )

∫ D

0
cos(ωiτ )dβi(τ )

)
. (83)

hus,∫ D

0
Si(t − σ )dβi(σ ) = ai sin(ωit) = S i(t) . (84)

ence, setting the probing signal θ as

θ (t) = θ (t) + S(t) (85)

ields the following relation:

β (t) =

∫ D

0
dβ(σ )

(
θ (t − σ ) + S(t − σ )

)
=

∫ D

0
dβ(σ )θ (t − σ ) +

∫ D

0
dβ(σ )S(t − σ )

= θ̂ (t) + S(t). (86)

ote that (85) includes θ rather than θ̂ . The measured output is
hen represented as

(t) = f
(
θβ (t)

)
= f

(
θ̂ (t) + S(t)

)
= f

(
θ̃ (t) + S(t) + θ∗

)
, (87)

where the estimation error is

θ̃ (t) = θ̂ (t) − θ∗. (88)

It looks as if delays were absent. Hence, computations in the
averaging process developed for the delay-free extremum seeking
are still valid for our problem. As seen in (80), we need to pay
attention to the behavior of γi.

Assumption 5. For each i ∈ {1, 2, . . . , n}, let γi : R → R
be defined by (81) for the ith diagonal entry of β : R →Rn×n

in Assumption 4. Fix an arbitrary i ∈ {1, 2 ... n}. Then, there
xists a non-decreasing sequence {ωi,j}

∞

j=1 ⊂ (0, +∞) such that
γi(ωi,j) ̸= 0 for all j ∈ N and that ωi,j tends to ∞ as j → ∞.

For the sake of clarity, let us take two examples of βi-functions
ith their corresponding γ . Suppose that βi is given by (76). In
his case, we have

i(ω) = cos2(ωt) + sin2(ωt) = 1. (89)

ence, the assumption always holds true. As another example,
e suppose that βi is given by

i(x) =

⎧⎨⎩
0, x < 0,

x/D, 0 ≤ x < D,

1, D ≥ x.
(90)

he corresponding γi is calculated as

i(ω) =

(
1
D

∫ D

0
cos(ωσ )dσ

)2

+

(
1
D

∫ D

0
sin(ωσ )dσ

)2

(91)

=
1

ω2D2

(
sin2(ωD) + (1 − cos(ωD))2

)
=

2
ω2D2

(
1 − cos(ωD)

)
.

This means that γi(ω) ̸= 0 except at ω = 2mπ/D with m ∈

N ∪ {0}. Assumption 5 is again valid.
 I
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5.2. Signals to estimate unknown variables

Let us introduce the vector-valued demodulation signalM(t) =

M1(t),M2(t), . . . ,Mn(t)) ∈ Rn and the matrix-valued signal
(t) = (Ni,j(t)) ∈ Rn×n defined for each i, j ∈ {1, 2, . . . , n} by

Mi(t) =
2
ai

sin(ωit), (92)

Ni,j =

⎧⎪⎨⎪⎩
16
a2i

(
sin2(ωit) −

1
2

)
, i = j ,

4
aiaj

sin(ωit) sin(ωjt), i ̸= j .
(93)

An assumption is made for the frequencies ωi, i = {1, 2, . . . , n}.

Assumption 6. There exist real number ω > 0 and rational
numbers ω′

1, ω
′

2, . . . , ω
′
n > 0 such that ωi = ωω′

i for each i =

{1, 2, . . . , n} and that

ω′

i /∈

{
ω′

j,
1
2
(ω′

j + ω′

k), ω
′

j + 2ω′

k, ω
′

j + ω′

k ± ω′

l

}
(94)

or all distinct i, j, k, l ∈ {1, 2, . . . , n}.

Under Assumption 6, we can define Π by

=
2π
ω

× LCM
{

1
ω′

1
,

1
ω′

2
, . . . ,

1
ω′

n

}
, (95)

where LCM stands for the least common multiple. Then, as shown
in Ghaffari et al. (2012), for any constant θ̃ ∈ Rn, we have

1
Π

∫ Π

0
M(τ )f

(
θ̃ + S(τ ) + θ∗

)
dτ = H θ̃ , (96)

1
Π

∫ Π

0
N(τ )f

(
θ̃ + S(τ ) + θ∗

)
dτ = H. (97)

Hence, H θ̃ and H can be estimated from M(t)y(t) and N(t)y(t), re-
spectively, in the average sense. For later use, we also introduce a
signal that estimates the inverse of H . It is also shown in Ghaffari
et al. (2012) that Γ (t) ∈ Rn×n satisfying the following Riccati filter

Γ̇ (t) = ωrΓ (t) − ωrΓ (t)N(t)y(t)Γ (t), (98)

an be an estimate of H−1.

.3. Gradient- and Newton-based multi-parameter extremum
eeking

The remaining task is to determine the update law for the
stimate θ̂ . Differentiating (79) with respect to t leads to

˙̂ (t) =

∫ D

0
dβ(σ ) ˙θ (t − σ ) =

∫ D

0
dβ(σ )U(t − σ ), (99)

ince ˙̃
θ =

˙̂
θ , the above relation also implies that

˙̃ (t) =

∫ D

0
dβ(σ )U(t − σ ). (100)

f U is the control input, this equation looks like a multi-input lin-
ar system with distributed delays. The reduction approach (Art-
tein, 1982) gives the feedback control law

(t) = −K
(

θ̃ (t) +

∫ t+D

t
dτ

∫ D

τ−t
dβ(σ )U(t − σ )

)
(101)

or some positive-definite gain K ∈ Rn×n. Note that the value in
he parentheses is not an exact future value of θ̃ since the interval
f integration for the inner integral is not [0,D] but [τ − t,D].
f we use [0,D], future values of U are necessary. Unfortunately,
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101) cannot be implemented since θ̃ is not available. The idea is
o realize (101) in an average sense. We also need to incorporate
filter to make U be a part of state variable so that the averaging
nalysis is applicable to the closed-loop system (Appendix).
We start with simplifying the double integral on the right-

and side of (101). Changing the order of integration gives

t+D
t dτ

∫ D
t−τ

dβ(σ )U(τ − σ ) =
∫ D
0 dβ(σ )

∫ t+σ

t U(τ − σ )dτ

=
∫ D
0 dβ(σ )

∫ σ

0 U(t − ξ )dξ

=
∫ D
0 dξ

∫ D
ξ
dβ(σ )U(t − ξ )

=
∫ D
0 (In − β(σ ))U(t − σ )dσ .

(102)

Based on this expression, we define two extremum seeking
schemes: gradient-based and Newton-based schemes. Recall that
the estimate θ̂ is given by (79) and the probing signal θ is
constructed as (85). The intermediate variable θ satisfies (78).
ence, we only have to determine U .
As explained, (101) cannot be implemented because of un-

vailability of θ̃ . However, from (96), H θ̃ is available in the av-
erage sense. This fact motivates us to replace −K in (101) with
H . The matrix KH must be Hurwitz. Since H is a negative-definite
atrix, K is chosen as a diagonal matrix with positive entries. The
radient-based ES scheme is given by

U̇(t) = −cU(t)

cK
(
M(t)y(t) + N(t)y(t)

∫ D

0
(In − β(σ ))U(t − σ )dσ

)
, (103)

or some c > 0. In the averaging sense, M(t)y(t) and N(t)y(t)
orrespond to H θ̃ and H , respectively. Hence, (103) imitates

˙ (t) = −cU(t) + cKH
(

θ̃ (t) +

∫ D

0
(In − β(σ ))U(t − σ )dσ

)
. (104)

n the proposed gradient-based ES scheme, the gain contains the
nknown Hessian H , which affects the rate of convergence. In the
ewton-based ES scheme, Γ (t), which is an estimate of H−1 is

used to cancel H . Namely, we proposed the following U:

˙ (t) = −cU(t)

− cK
(

Γ (t)M(t)y(t) +

∫ D

0
(In − β(σ ))U(t − σ )dσ

)
. (105)

f we regard M(t)y(t) and Γ (t) as H θ̃ and H−1 respectively, then
105) can be read as (101) in the average sense. Before pro-
eeding to the next section, we briefly summarize the proposed
xtremum seeking schemes. The common components are given
y

(t) = θ (t) + S(t), (106)
˙θ (t) = U(t), (107)

θ̂ (t) =

∫ D

0
dβ(σ )θ (t − σ ). (108)

In the gradient-based ES scheme, the signal U is determined by
(103). The closed-loop system is given by

˙̃
θ (t) =

∫ D

0
dβ(σ )U(t − σ ), (109)

U̇(t) = −cU(t) + cK
(
M(t)f

(
θ̃ (t) + S(t) + θ∗

)
+ N(t)f

(
θ̃ (t) + S(t) + θ∗

) ∫ D

0
(In − β(σ ))U(t − σ )dσ

)
. (110)
9

On the other hand, U is given by (105) together with (98) in the
Newton-based ES scheme. Set Γ̃ (t) := Γ (t) − H−1. Then, the
quations of the closed-loop system are written as

˙̃
θ (t) =

∫ D

0
dβ(σ )U(t − σ ), (111)

U̇(t) = − cU(t)−cK
(
H−1M(t)f

(
θ̃ (t) + S(t) + θ∗

)
+

∫ D

0
(In − β(σ ))U(t − σ )dσ

)
−cK Γ̃ (t)M(t)f

(
θ̃ (t) + S(t) + θ∗

)
, (112)

˙̃
Γ (t) = − ωrH−1N(t)y(t)Γ̃ (t) − ωr Γ̃ (t)N(t)y(t)Γ̃ (t)

+ ωr
(
Γ̃ (t) + H−1)(H − N(t)y(t)

)
H−1. (113)

.4. Stability analysis

.4.1. Gradient-based scheme
The average equations corresponding to Eqs. (109) and (110)

re given by

˙̃
θ av(t) =

∫ D

0
dβ(σ )Uav(t − σ ), (114)

˙ av(t) = − cUav(t)

+ cKH
(

θ̃ av(t) +

∫ D

0
(In − β(σ ))Uav(t − σ )dσ

)
. (115)

hese equations have the following PDE representation:

˙̃
θ av(t) =

∫ D

0
dβ(σ )uav(D − σ , t), (116)

uav
t (x, t) = uav

x (x, t), (117)
av(D, t) = Uav(t), (118)

U̇av(t) = − cUav(t)

+ cKH
(

θ̃ av(t) +

∫ D

0
(In − β(σ ))uav(D − σ , t)dσ

)
,

(119)

here uav(x, t) = (uav
1 (x, t), uav

2 (x, t), . . . , uav
n (x, t))T is an Rn-

alued function defined in [0,D] × [0, +∞). It is easy to see that
av(x + t − D) = uav(x, t) for (x, t) satisfying t ≥ D − x. We use
he following reduction transformation

(t) := H
(

θ̃ av(t) +

∫ D

0
(In − β(σ ))uav(D − σ , t)dσ

)
. (120)

ifferentiating the both sides yields

˙ (t) = H ˙̃
θ av(t) + H

∫ D

0
(In − β(σ ))uav

t (D − σ , t)dσ

= H
∫ D

0
dβ(σ )uav(D − σ , t)

+ H
∫ D

0
(In − β(σ ))uav

x (D − σ , t)dσ

= H
∫ D

0
dβ(σ )uav(D − σ , t)

+ H
[
−(In − β(σ ))uav(D − σ , t)

]D

0

− H
∫ D

0
dβ(σ )uav(D − σ , t)

= HUav(t). (121)
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T
f

U

W

V

dV (t)/dt = ϑ(t)TKHKϑ(t) + ϑ(t)TKH
(
Uav(t) − Kϑ(t)

)
+

1
2
Uav(t)T (−H)Uav(t) −

1
2
e−Duav(0, t)T (−H)uav(0, t) −

1
2

∫ D

0
e−(D−x)uav(x, t)T (−H)uav(x, t)dx

+
(
Uav(t) − Kϑ(t)

)T (
−cUav(t) + cKϑ(t) − KHUav(t)

)
= ϑ(t)TKHKϑ(t) + ϑ(t)TKH

(
Uav(t) − kϑ(t)

)
+

1
2

(
Uav(t) − Kϑ(t)

)T (−H)
(
Uav(t) − Kϑ(t)

)
−

(
Uav(t) − Kϑ(t)

)THKϑ(t) −
1
2
ϑ(t)TKHKϑ(t)

−
1
2
e−Duav(0, t)T (−H)uav(0, t) −

1
2

∫ D

0
e−(D−x)uav(x, t)T (−H)uav(x, t)dx

−
(
Uav(t) − KHϑ(t)

)T(cIn +
1
2
(KH + HK )

)(
Uav(t) − KHϑ(t)

)
+

(
Uav(t) − KHϑ(t)

)TK (−H)Kϑ(t)

= −
1
2
ϑ(t)TK (−H)Kϑ(t) −

1
2
e−Duav(0, t)T (−H)uav(0, t) −

1
2

∫ D

0
e−(D−x)uav(x, t)T (−H)uav(x, t)dx

−
(
Uav(t) − KHϑ(t)

)T(cIn +
1
2
(KH + HK )

)(
Uav(t) − KHϑ(t)

)
+

(
Uav(t) − KHϑ(t)

)TK (−H)Kϑ(t).

Box I.
his is a delay-free linear system, especially, n integrators. The
ilter equation (119) becomes
˙ av(t) = −cUav(t) + cKϑ(t) = −c

(
Uav(t) − Kϑ(t)

)
. (122)

Consider a candidate of Lyapunov function

V (t) =
1
2
ϑ(t)TKϑ(t)

+
1
2

∫ D

0
e−(D−x)uav(x, t)T (−H)uav(x, t)dx

+
1
2

(
Uav(t) − Kϑ(t)

)T (Uav(t) − Kϑ(t)
)
. (123)

The time-derivative of V can be computed as is done in Box I.
It follows from the Young’s inequality that(

Uav(t) − KHϑ(t)
)TK (−H)Kϑ(t) ≤(

Uav(t) − KHϑ(t)
)TK (−H)K

(
Uav(t) − KHϑ(t)

)T
+

1
4
ϑ(t)TK (−H)Kϑ(t). (124)

e thus have

˙ (t) ≤
1
4
ϑ(t)TK (−H)Kϑ(t)

+
1
2

∫ D

0
e−(D−x)uav(x, t)T (−H)uav(x, t)dx

−
(
Uav(t) − KHϑ(t)

)T(cIn +
1
2
(KH + HK ) + KHK

)
×

(
Uav(t) − KHϑ(t)

)
. (125)

Set c∗
:= (1/2)λmin(KH + HK + 2KHK ). Then, V̇ satisfies

V̇ (t) ≤
1
4
ϑ(t)TK (−H)Kϑ(t)

−
1
2

∫ D

0
e−(D−x)uav(x, t)T (−H)uav(x, t)dx

− (c − c∗)
(
Uav(t) − KHϑ(t)

)T (Uav(t) − KHϑ(t)
)
. (126)

Together with other several inequalities, we can infer from (126)
the exponential stability of the average system (116)–(119) with
10
respect to the norm

∥[θ av, uav,Uav
]∥ =

(
θ av(t)T θ av(t) +

∫ D

0
uav(x, t)Tuav(x, t)dx

+ Uav(t)TUav(t)
)1/2

. (127)

Let H = Rn
× L2((0,D);Rn) × Rn be a Hilbert space equipped

with the inner product(
[X1, Y1, Z1], [X2, Y2, Z2]

)
=XT

1 X2 +

∫ D

0
Y1(x)TY2(x)dx

+ ZT
1 Z2. (128)

This inner product induces the norm (127). The next statement
summarizes the result of this section.

Proposition 1. Consider the system (116)–(119), where D > 0
is a constant, K = K T

∈ Rn×n is a diagonal matrix with positive
diagonal entries, and H = HT

∈ Rn×n is a negative definite matrix.
Assume that β : R → Rn×n satisfies Assumptions 4 and 5. Then,
there exists c∗

∈ R depending only on K and H such that, if c > c∗,
the system (116)–(119) is well-posed in H and the zero-solution is
exponentially stable.

5.4.2. Newton-based scheme
The averaged version of the closed-loop system (111)–(113) is

given by

˙̃
θ av(t) =

∫ D

0
dβ(σ )Uav(t − σ ), (129)

U̇av(t) = − cUav(t)

− cK
(

θ̃ av(t) +

∫ D

0
(In − β(σ ))Uav(t − σ )dσ

)
− cK Γ̃ av(t)H θ̃ av(t), (130)

˙̃
Γ av(t) = − ωr Γ̃

av(t) − ωr Γ̃
av(t)HΓ̃ av(t). (131)

Eqs. (130) and (131) contain quadratic nonlinear terms. In addi-
tion, it is not difficult to see that (131) has a locally exponentially
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table equilibrium point Γ̃ av(t) = 0. Hence, after linearization
of the system with respect to Γ̃ av(t) around Γ̃ av(t) = 0, the
(θ̃ av,Uav)-subsystem and the Γ̃ av-subsystem are completely de-
coupled. In particular, as the linearized equation of (130), we
have

U̇av(t) = − cUav(t)

− cK
(

θ̃ av(t) +

∫ D

0
(In − β(σ ))Uav(t − σ )dσ

)
. (132)

Similar to the previous subsection, a PDE representation of (129),
(132) is derived as

˙̃
θ av(t) =

∫ D

0
dβ(σ )uav(D − σ , t), (133)

uav
t (x, t) = uav

x (x, t), (134)

uav(D, t) = Uav(t), (135)

U̇av(t) = − cUav(t)

− cK
(

θ̃ av(t) +

∫ D

0
(In − β(σ ))uav(D − σ , t)dσ

)
.

(136)

e show the exponential stability of the average system based
n this representation.
We again use the reduction transformation

(t) = θ̃ av(t) +

∫ D

0
(In − β(σ ))uav(D − σ , t)dσ . (137)

Note that the right-hand side does not contain H unlike (120)
in the gradient-based scheme. Differentiating ϑ defined by (137)
with respect to t leads to

ϑ̇(t) =

∫ D

0
dβ(σ )uav(D − σ , t) + uav(D, t)

−

∫ D

0
dβ(σ )uav(D − σ , t)

=Uav(t). (138)

With this new variable, (136) is rewritten as

U̇av(t) = −c
(
Uav(t) + Kϑ(t)

)
. (139)

Let V be a candidate of the Lyapunov function defined by

V (t) =
1
2
ϑ(t)TK 2ϑ(t) +

1
4

∫ D

0
e−(D−x)uav(x, t)TKuav(x, t)dx

+
1
4

(
Uav(t) + Kϑ(t)

)T (Uav(t) + Kϑ(t)
)
. (140)

Differentiating V with respect to t leads to

V̇ (t) = ϑ(t)TK 3ϑ(t) + ϑ(t)TK 2(Uav
+ Kϑ(t)

)
+

1
4

(
Uav(t) + Kϑ(t)

)TK(
Uav(t) + Kϑ(t)

)
−

1
2

(
Uav(t) + Kϑ(t)

)TK 2ϑ(t) +
1
4
ϑ(t)TK 3ϑ(t)

−
1
4
e−Duav(0, t)TKuav(0, t)

−
1
4

∫ D

0
e−(D−x)uav(x, t)TKuav(x, t)dx

−
1
2

(
Uav(t) + Kϑ(t)

)T(cIn − K
)(

Uav(t) + Kϑ(t)
)

−
1 (

Uav(t) + Kϑ(t)
)TK 2ϑ(t)
2
11
= −
3
4
ϑ(t)TK 3ϑ(t) −

1
4

∫ D

0
e−(D−x)uav(x, t)TKuav(x, t)dx

−
1
4

(
Uav(t) + Kϑ(t)

)T(cIn −
3
2
K
)(

Uav(t) + Kϑ(t)
)

−
1
4
e−Duav(0, t)TKuav(0, t) . (141)

Let c∗ > 0 defined by c∗
= (3/2)λmax(K ). Then, we have

V̇ (t) ≤ −
3
4
ϑ(t)TK 3ϑ(t)

−
1
4

∫ D

0
e−(D−x)uav(x, t)TKuav(x, t)dx

−
1
4
(c − c∗)

(
Uav(t) + Kϑ(t)

)T (Uav(t) + Kϑ(t)
)
. (142)

Thus, if c > c∗ the linearized system (133)–(136) is exponentially
table with respect to the norm (127).
The next statement summarizes the result of this section.

roposition 2. Consider the system (133)–(136), where D > 0 is a
constant, K = K T

∈ Rn×n is a diagonal matrix with positive diagonal
entries, and H = HT

∈ Rn×n is a negative definite matrix. Assume
that β : R → Rn×n satisfies Assumptions 4 and 5. Then, there
exists c∗

∈ R depending only on K such that, if c > c∗, the closed-
loop system (133)–(136) is well-posed in H and the zero-solution
is exponentially stable.

6. Numerical examples

We can mention that the simplicity or complexity of imple-
mentation of the proposed predictors depends on the algebraic
function β inside the integral and not on the integral computation
tself. For instance, note that the distributed-integral term in
he control law (25), for the scalar case, as well as (103) and
105) for the multi-input one (Gradient and Newton, respectively)
lready appears in the existing papers about constant delays
when the β-function can be considered linear)—see Krstic (2009)
nd Mondie and Michiels (2003). In this context, we could al-
ernatively employ approximate predictors (Bresch-Pietri, Prieur,
Trelat, 2018; Karafyllis & Krstic, 2017) at the price of not

ompensating exactly for the delay or restricting it in terms of
uration. Other solutions involving discretization and sampled-
ata designs (Zhu, Fridman, & Oliveira, 2023) or finite-dimension
sequential) predictors (Malisoff & Krstic, 2021) might lead to
elay-dependent conditions or even impacting the convergence
ate of the algorithm (Teel & Popovic, 2001).

In our paper, such kind of restrictions are NOT imposed on
he delay, which can be arbitrarily long and of distributed nature.
or instance, Section 6.1 summarizes the results for scalar maps,
hile Section 6.2 discusses multi-input maps under the particular
lass of lumped-distinct delays in the inputs of the map to be
ptimized. The latter multi-input example is inspired in the GPS-
enied source seeking application described in Oliveira et al.
2017).

.1. Scalar map

In this section, we confirm the effectiveness of our ideas with
he simplest proposed scalar scheme. Let β be given by

β(x) =

{
0, 0 ≤ x ≤

D
2 ,

2x
D − 1, D

2 < x ≤ D .
(143)

ince it is clear that this β satisfies the first condition in Assump-
ion 1. Note that we have∫ D

θ (t − σ )dβ(σ ) =
2

∫ D

θ (t − σ )dσ . (144)

0 D D/2
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Fig. 2. The measured output y(t).

Hence, the map f receives an average of the signal θ over the past
interval [t − D, t − D/2] at each t . We next calculate γ (ω) in (5).
Direct computation shows that

γ (ω) =
16

ω2D2 sin2
(

ωD
4

)
. (145)

We can see that γ (ω) ̸= 0 as long as ω ̸= 4mπ/D for each
m ∈ Z. Thus, Assumption 1 holds. The perturbation signal S can
e obtained explicitly for β in (143). Indeed, it follows that

(t) =
2a

γ (ω)D

∫ D

D/2
sin(ω(t + ξ ))dξ

=
aωD

4 sin(ωD/4)
sin

(
ω

(
t +

3
4
D
))

, (146)

where we have used the explicit form (145) of γ (ω). Conse-
quently, S(t) is a sinusoidal function, but its amplitude and phase
have specific forms.

The unknown parameters of the map are set as f ∗
= 15, θ∗

=

5, and H = −1. The maximum delay is D = 5. The parameters
in the proposed extremum seeking scheme are chosen as a =

0.25, ω = 6, k = 0.5 and c = 1. To improve the numerical
computation, a high-pass filter s = s/(s + ωh) is applied to y.
The filtered signal is denoted by z. The signal My in (25) is placed
with Mz. The signal Ny in (25) is also swapped with Ĥ(t), which
is defined as a filtered signal of Nz with the low-pass ωl/(s+ ωl).
We set ωh = 1 and ωl = 0.1. Initial conditions are such that
θ (0) = 0 and U(σ ) = 0 for any σ ∈ [0,D]. The initial values of
ilters’ states are set as 0.

The output y is plotted in Fig. 2 and it is observed that y
pproaches to a neighborhood of the extremum f ∗. Therefore,
he proposed scheme successfully compensates the effect of the
istributed delay.

.2. Multi-input map

In order to evaluate the multidimensional version of the delay-
ompensated extremum seeking, we consider the following static
uadratic map:

(θ ) = 1 +
1
2

(
2(θ1)2 + 4(θ2 − 1)2 + 4θ1(θ2 − 1)

)
, (147)

ubject to distinct delays D1 = 35 and D2 = 40 in the input
hannels. In this case, reminding (76), for each i ∈ {1, 2}, the
unction βi is given by

i(x) =

{
0, x < Di,

1, Di ≤ x.
(148)

he extremum point is θ∗
= (0, 1) with y∗

= 1, and the Hessian’s
ap is

= −

(
2 2
2 4

)
. (149)

he Gradient version of the predictor controller equation (103)
onsidering β (x) in (148) results in the same controller proposed
i

12
Fig. 3. Newton-based ES versus Gradient-based ES: Time response of the output
y(t) subject to multiple-distinct-input delays.

in Oliveira, Tsubakino, and Krstic (2020, Equations (56)–(60)). For
this n = 2 example, K = diag{K1, K2}. In particular, the additive
dither signal is given by

S(t) =
[
a1 sin(ω1(t + D1)) a2 sin(ω2(t + D2))

]T
.

On the other hand, in order to compare the Gradient-based
S with the Newton-based approach, we rewrite the control law
iven in (105) for the case where βi(x) is simply (148), resulting

in the expression given in Oliveira et al. (2017, Equation (123)),
where z(t) = Γ (t)M(t)y(t) ∈ R2 such that z(t) := [z1(t) z2(t)]T
nd Γ (t) ∈ R2×2 in (98) with ωr = 0.1.
In what follows, we performed our tests with c = 20, K1 =

1
100 , K2 =

1
200 , a1 = a2 = 0.05, ω = 0.5, ω1 = 17.5ω, ω2 = 12.5ω,

and θ̂ (0) = (0, 1). Fig. 3 shows the estimate of the maximum for
both approaches, Newton- and Gradient-based ES. As expected,
the Newton algorithm indeed converges faster than the Gradient
one, even in the presence of delays.

In particular, the simulations in Fig. 3 were obtained without
employing low-pass or high-pass filters in the signals z(t) and
Ĥ(t), as done in Section 6.1. The advantages of including such
filters are widely known in the extremum seeking literature. Of
course, decent simulations results can also be obtained without
them, but their inclusion allows the users to employ a better
tuning procedure without sacrificing the controller parameters
by, for example, choosing unnecessary high-values for the dither
frequencies ω and ωi. Despite this common sense, only recently
this practice to obtain improvement performance was rigorously
justified in extremum seeking designs in Ferreira, Oliveira, and
Krstic (2020) in terms of the inverse optimality concept (Kalman,
1964; Krstic, 2008).

7. Conclusion

In this paper, we have proposed scalar and multi-parameter
extremum seeking schemes for static maps in the presence of
distributed delays. Both versions of gradient-based and Newton-
based methods have been addressed. To compensate the dis-
tributed delays, we have first introduced a new perturbation
and probing signals that become conventional sinusoidal signals
after delay. Then, the extremum seeking scheme is developed
based the predictor feedback control law. The effectiveness of the
proposed schemes is demonstrated theoretically and numerically.

We can apply our approach adaptively to unknown constant
or distributed delays, respectively in Bresch-Pietri and Krstic
(2010) or Zhu et al. (2020). However, because of the nonlinear
parametrization of the delay, the result would necessarily be local
(the initial estimate of the delay would have to be close to the
actual delay). This would offer little advantage over the existing
robustness of the predictor feedback to small perturbations in
the delay, which is proved in Bekiaris-Liberis and Krstic (2013)
and Rusiti, Oliveira, Krstic, and Gerdts (2021). We can probably
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evelop results, for extremum seeking, on distributed-delay ro-
ustness. As for adaptation for unknown delay, even if we can do
t outside of the extremum seeking (ES) context, doing it under ES
s problematic. Adaptive control systems are never exponentially
table, unless there is persistency of excitation. In ES we have
ersistency of excitation to estimate the input parameter θ , but
e generally do not have a persistency of excitation for unknown
elays. So, we would get an average system that has neutral
tability plus the regulation of θ̂ to the true θ . Then, we would not
e able to apply an averaging theorem to establish the regulation
f θ̂ to θ in the non-average system. We have considered this kind

of questions, even without delays, for a long time. Nevertheless,
simultaneous ES and adaptive control does not look promising.
Martin Guay, Dennis Dochain and co-authors (Adetola & Guay,
2007; Guay & Dochain, 2015; Guay et al., 2004; Guay & Zhang,
2003) might have done some interesting advances along this line
for systems governed by ordinary differential equations but we
would stay away from it, especially for infinite-dimensional input
dynamics described by PDEs.

Appendix. Averaging for infinite-dimensional systems (Hale &
Lunel, 1990)

Consider the infinite-dimensional system, defined in the Ba-
ach space X :

˙ = A z + J(ωt, z) (A.1)

ith z(0) = z0 ∈ X and the operator A : D(A ) → X

enerates an analytic semigroup. Moreover the nonlinearity J :

+ × X → X with t ↦→ J(ωt, z) is Fréchet differentiable in z,
trongly continuous and periodic in t uniformly with respect to z
n a compact subset of X . Along with (A.1), the average system

˙av = A zav + J0(zav) (A.2)

ith J0(zav) = limT→∞
1
T

∫ T
0 J(τ , zav)dτ is considered. Suppose

that zav = 0 ∈ D ⊂ X is an exponentially stable equilibrium
point of the average system (A.2), then for some ω̄ > 0 and ω > ω̄

olds:

(a) there exists a unique exponentially stable periodic solution
t ↦→ z̄(t, 1/ω), continuous in t and 1/ω, with ∥z̄(t, 1/ω)∥ ≤

O(1/ω) for t > 0,
(b) and with ∥z0 − zav(0)∥ ≤ O(1/ω), the solution estimate of

(A.1) is

∥z(t) − zav∥ ≤ O(1/ω), t > 0, (A.3)

(c) and for ∥z0∥ ≤ O(1/ω), and the stable manifold theorem, it
holds

∥z(t) − z̄(t, 1/ω)∥ ≤ Ce−γ t , t > 0, (A.4)

for some C, γ > 0.
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