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Summary
We are revisiting the problem of adaptive observer design for systems that are
constituted of an Ordinary Differential Equation (ODE), containing a glob-
ally Lipschitz function of the state, and a linear Partial Differential Equation
(PDE) of a diffusion–reaction heat type. The ODE and PDE are connected in
series and both are subject to parametric uncertainties. In addition to nonlin-
earity and uncertainty, the system complexity also lies in the fact that no sensor
can be implemented at the junction point between the ODE and the PDE. In
the absence of parameter uncertainty, nonadaptive state observers are available
featuring exponential convergence. However, convergence is guaranteed only
under the condition that either the Lipschitz coefficient is sufficiently small or
the PDE domain length is sufficiently small. To get around this limitation, and
also to account for parameter uncertainty, we develop a design that involves
two concatenated adaptive observers, covering the two subintervals of the PDE
domain. The proposed design employs one extra sensor, providing the measure-
ment of the PDE state at an inner position close to the ODE-PDE junction point.
Both observers are shown to be exponentially convergent, under ad-hoc persis-
tent excitation (PE) conditions, with no limitation on the Lipschitz coefficient
and domain length.
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1 INTRODUCTION

A great deal of interest has been paid, over the past 15 years, to control design for systems modeled by ODEs and PDEs
connected in cascade, series, and other ways.1–6 The interest is motivated by their modeling ability in several practi-
cal areas, for example, oil drilling and gas industry (Krstic and Bekiaris-Liberis, 2013). Although most works have been
focused on designing controllers, the problem of observer design has also been given much interest. In the seminal work
of2 an observer design approach has been developed for ODE-PDE and PDE-ODE cascades, where the ODE might repre-
sent system dynamics, while the PDEs might represent distributed sensors or actuators. The obtained observers provide
online estimates of the (finite-dimensional) state vector of the ODE and the distributed state of the PDEs supposed to be
heat diffusion type. A key design feature was a matrix transformation injected in the observer gain, making the PDE state
estimation error system autonomous (independent of the ODE state error system) and exponentially stable. The work of2
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was pursued in references 7–9 extending the observer design approach for ODE-PDE systems with nonlinear dynamics
in the ODE or in the PDE. Further extensions were completed in references 8–10 leading to sampled-data observers.

In addition to system nonlinearity, parameter uncertainty is also a crucial issue in observer design problems. Then, one
needs adaptive observers providing not only state estimates but also parameter estimates. Over the past three decades, a
huge research activity have been devoted to adaptive observer design but a small portion of the research effort concerned
infinite-dimensional systems governed, entirely or partly, by PDEs. Furthermore, most existing adaptive observers for
PDEs are in fact state estimators emerging within the framework of adaptive output-feedback control11 (Smyshlyaev and
Krstic, 2007a; Smyshlyaev and Krstic, 2007b; Smyshlyaev and Krstic, 2010).12–17 In that framework, exact parametric
estimation is not necessary for the achievement of reference tracking. It is relatively recently that boundary adaptive
observers featuring exponential convergence have been developed for PDEs with (constant) uncertain parameters in the
domain or boundaries, (e.g.,18,19) for linear and semi linear parabolic PDEs,20,21 for nonlinear wave PDEs,22,23 for coupled
first-order linear hyperbolic PDEs. Adaptive observers for ODE-PDE cascades, with parameter uncertainties in the ODE
and/or the PDE, have been developed in references 24,25. The latter constituted an interesting progress in observer design
but the results only concern linear ODEs and linear PDEs of some types.

The above description highlights two major limits in the existing works on observer design for ODE-PDE systems:
(i) where parameter uncertainty is present, the system is not allowed to be nonlinear; (ii) where Lipschitz nonlinearities
are involved, Lipschitz coefficient and PDE domain length are not allowed to be simultaneously large. In the present
study, we aim at pushing the above limits that is, allowing the ODE part to contain (globally) Lipschitz nonlinearity
with arbitrary Lipschitz coefficient and the PDE part to be diffusion–reaction type with arbitrary domain length. Besides,
we allow both parts to contain parameter uncertainties and exclude the possibility of implementing any sensor at the
interface between the ODE and PDE. Finally, the available sensors only provide measurements of the state at sensor
positions; the state spatial derivatives at sensor positions are not accessible to measurements. These constraints make the
problem of observer design more challenging. We develop a new solution involving two concatenated observers, whose
implementation requires two sensors (Figure 1). One sensor is implemented at the PDE boundary, the other is placed
within the PDE domain close to the ODE-PDE interface point. The first observer operating autonomously makes use of
the measurements provided by both sensors. It provides estimates, not only of the PDE state, but also of the state spatial
derivative, along the domain portion located between both sensors. The second observer provides state estimates of the
ODE and that of the PDE on the rest of the domain. It relies not only on the measurements provided by both sensors but
also on the estimate (provided by the former observer) of the space-derivative of the PDE state. Therefore, the first observer
is expected to provide accurate estimates of the PDE state and its space-derivative. We will prove that this requirement
is met whatever the length of the domain. Both observers are designed combining variants of the backstepping design
approach2,11,26 as well as high-gain observer principle to cope with system nonlinearity. Exponential stability of the error

F I G U R E 1 System structure and observer structure
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systems is established for both observers using suitable Lyapunov functional. A preliminary version of this work has been
submitted to the IFAC Workshop on Adaptive and Learning Systems. The conference paper did not account for parameter
uncertainties in the ODE and PDE and did not include the technical proofs.

The paper is organized as follows: the observer design problem under study is formally stated in Section 2; observer
design is dealt with in Section 3 and the obtained observers are analyzed in Section 4; simulation results ae presented in
Section 5; a conclusion ends the paper. For convenience, some proofs are placed in the Appendix and useful notation and
inequalities are recalled here:

Notation and inequalities. Euclidean norms in Rn and Rn×m are denoted | |. L2[0,D] denotes the Hilbert space of
square integrable functions f ∶[0,D] → Rn and ||f || denotes the associated L2-norm. H1[0,D] is the Sobolev space of abso-
lutely continuous functions f ∶[0,D]→ Rn with df

d𝜍
∈ L2[0,D]; H2[0,D] is such that df

d𝜍
,

d2f
d𝜍2 ∈ L2[0,D]. For any f ∈ H1[0,D]

such that f (0) = 0 or f (D) = 0, one has:

∫
D

0
|f (𝜍)|2dx ≤ 4D2

𝜋
2 ∫

D

0

|
|
|
|

df(𝜍)
d𝜍

|
|
|
|

2
d𝜍, Wirtinger’s inequality

max
0<𝜍<D

|f (𝜍)|2 ≤ D∫
D

0

|
|
|
|

df(𝜍)
d𝜍

|
|
|
|

2
d𝜍, Sobolev’s inequality

2 PROBLEM STATEMENT

Specifically, the system is described as follows:

̇X(t) = AX(t) + f (X(t)) + 𝜙(t)𝜃 + U(t), for all t > 0 (1)

ut(x, t) = uxx(x, t) + bu(x, t) + 𝜓(x, t)𝜂, for all x ∈ [0,D), t > 0 (2)

u(D, t) = CX(t), for all t > 0 (3)

ux(0, t) = 0, for all t > 0 (4)

with any initial conditions X(0) ∈ Rn, u(x, 0) = u0(x) ∈ R, where

A =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 1 0
0 0 ⋱

⋮

0
0

⋮

0
0

⋱

· · ·
· · ·

· · · 0
⋱ ⋮

⋱

0
0

0
1
0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ R
n×n
, (5)

C =
[

1 0 · · · · · · 0
]

∈ R
1×n
, (6)

f (X) =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

f1 (X1)
f2 (X1,X2)

⋮

fn(X)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, (7)

for all X =
[
X1 … Xn

]T ∈ Rn
,U =

[
U1 … Un

]T ∈ Rn. The rest of the notation are defined as follows:

• X(t) ∈ Rn and u(x, t) ∈ R respectively denote the state vector of the finite-dimensional subsystem (1) and the
infinite-dimensional subsystem (2); U(t) is a known input signal.
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• 𝜃 ∈ Rm and 𝜂 ∈ Rp are constant unknown parameter vector, but the integer m > 0 and p > 0 as well as the real
parameter b > 0 are known;

• 𝜙 ∈ C0 (R+,R
n×m) and 𝜓 ∈ C0 ([0,D] ×R+,R

1×p) are known bounded function an 𝜙M and 𝜓M denote the upper
bounds

𝜙M = sup
0≤ t<∞

|𝜙(t)|2, 𝜓M = sup
0≤ x≤D
0≤ t<∞

|𝜓(x, t)|2

• f ∈ C1 (Rn
,Rn) is a known function such that |fX (X)| ≤ 𝛽f < ∞,∀X ∈ Rn, for some real 𝛽f ≥ 0, where fX (.) denotes the

Jacobian of f .

We seek an observer that would be able to provide accurate online estimates of the system states, X(t) and u(x, t), and
the system parameter vectors 𝜃 and 𝜂, based only on the input signal U(t) and online measurements of:

u(0, t) and u (x1, t), for t ≥ 0 (8)

That is, the measurements are provided by a boundary sensor, implemented at positions x = 0, and an inner sensor
implemented at x = x1 with 0 < x1 < D.

The complexity of the estimation problem at hand comes from numerous factors: (i) nonlinearity of system dynamics
in Equation (1) and parameter uncertainties in both Equations (1) and (2); (ii) the signal u(D, t) at the junction point
is not accessible to measurements; (iii) the length D of the PDE domain is arbitrarily large; (iv) the inner sensor does
not provide measurements of the spatial derivative ux (x1, t) which is time-varying and unknown, unlike the boundary
derivative ux(0, t) which is null all the time.

We aim at showing that the above state and parameter estimation problem has a solution provided that D − x1 is
sufficiently small, that is, if the inner sensor is implemented sufficiently close to x = D. For convenience, we let

𝛿 = D − x1 (9)

3 OBSERVER DESIGN

3.1 System reformulation

For convenience, we introduce the following notation:

w(x, t) = u(x, t), for x ∈ [0, x1] , t ≥ 0 (10)

The new variable w(x, t) differs from u(x, t) in that, the former is only defined on [0, x1]while the latter is defined on [0, 1].
Then, system (1)–(4) can be given the following cascade representation, involving two subsystems:

Subsystem 1:

̇X(t) = AX(t) + f (X(t)) + 𝜙(t)𝜃 + U(t), for all t > 0 (11)

ut(x, t) = uxx(x, t) + bu(x, t) + 𝜓(x, t)𝜂, for all x ∈ (x1,D) , t > 0 (12)

u(D, t) = CX(t), ux (x1, t) = wx (x1, t) for all t > 0 (13)

with accessible measurements y1(t) ≜ u (x1, t), for t ≥ 0.
Subsystem 2:

wt(x, t) = wxx(x, t) + bw(x, t) + 𝜓(x, t)𝜂, for all x ∈ (0, x1) , t > 0 (14)

wx(0, t) = 0, for all t > 0 (15)

w (x1, t) = y1(t), for all t > 0 (16)

with accessible measurements y0(t) ≜ u(0, t) = w(0, t), for t ≥ 0.
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In the next subsection, we will design two adaptive cascaded observers: the first observer will provide online estimates
𝜂(t) and ŵ(x, t) of 𝜂 and u(x, t) on [0, x1]; the second observer will provides estimates of X(t), 𝜃, and u(x, t) on [x1,D].
Note that subsystem 2 is fully defined, while Subsystem 1 is not. Indeed, the boundary condition ux (x1, t) is unknown
in Subsystem 1, making the approach of7 inapplicable to (11)–(13) even in the case of no parameter uncertainty. This
issue will partly be coped with by showing that the observer, which we will develop for subsystem 2, provides an estimate
of ux (x1, t) that is exponentially convergent to its true value. Such analysis is a new feature with respect to the relevant
existing works.

Remark 1. (a) Subsystem 1 generalizes the ODE-PDE cascade systems studied in references 2,7,8,10. With respect to
(w.r.t),3 Subsystem 1 includes constant uncertain parameters (terms in 𝜃 and 𝜂), nonlinear dynamics in (11) (introduced
through the term f (X(t))). Compared to,7,8,10 Subsystem 1 not only includes uncertain parameters but also, and mainly, it
does not assume the spatial derivative ux (x1, t) to be known.

(b) Observer design for isolated parabolic PDEs (not cascaded with ODEs) has been dealt with in reference 11; see
also.18,19 In addition to being part of a cascade configuration, the complexity of the parabolic Subsystem 2 also lies in
parameter uncertainty, which is not the case in reference 11.

3.2 Cascade observer design

3.2.1 Observer design for subsystem 2

Inspired by existing works, for example,18,19,26 we consider the following observer to get estimates of w(x, t) on [0, x1] as
well as estimates of 𝜂:

ŵt(x, t) = ŵxx(x, t) + bŵ(x, t) + 𝜓(x, t)𝜂(t)
− K(x)

(
ŵ(0, t) − y0(t)

)
+ v1(t), for x ∈ (0, x1) , t > 0 (17)

ŵ (x1, t) = y1(t), for all t > 0 (18)

ŵx(0, t) =
b
2
(

ŵ(0, t) − y0(t)
)
, for all t > 0 (19)

K(x) = bx1 (x1 − x)
x (2x1 − x)

I2

(√
bx (2x1 − x)

)

, for x ∈ [0, x1) (20)

where I2(.) denotes the modified Bessel function of order 2.26 In (17), 𝜂(t) is an estimate of 𝜂 and v1(t) is an extra innovation
term. To determine these quantities, we first define the estimation errors,

w̃(x, t) = ŵ(x, t) − w(x, t), 𝜂̃(t) = 𝜂(t) − 𝜂.

Subtracting each equation in (14)–(16) from the corresponding equation in (17)–(19) gives:

w̃t(x, t) = w̃xx(x, t) + bw̃(x, t) + 𝜓(x, t)𝜂̃(t)
− K(x)w̃(0, t) + v1(x, t), for all x ∈ [0, x1) , t > 0 (21)

w̃ (x1, t) = 0, for all t > 0 (22)

w̃x(0, t) =
b
2

w̃(0, t), for all t > 0 (23)

where we have used (10) and the fact that y1(t) ≜ u (x1, t) and y0(t) ≜ u(0, t) = w(0, t). We now introduce the following
decoupling transformation (to remove uncertain parameters)27:

z1(x, t) = w̃(x, t) − 𝜆(x, t)𝜂̃(t) (24)
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where 𝜆(x, t) ∈ C1 ([0,D] ×R+,R
1×p) is defined later. Differentiating (24) w.r.t time gives, using (21):

z1,t(x, t) = w̃xx(x, t) + bw̃(x, t) + 𝜓(x, t)𝜂̃(t)

− K(x)w̃(0, t) + v1(x, t) − 𝜆t(x, t)𝜂̃(t) − 𝜆(x, t) ̇𝜂̃(t)

= z1,xx(x, t) + bz1(x, t) − K(x)z1(0, t)

+ (𝜆xx(x, t) + b𝜆(x, t) + 𝜓(x, t) − K(x)𝜆(0, t) − 𝜆t(x, t)) 𝜂̃(t)

+ v1(x, t) − 𝜆(x, t) ̇𝜂̃(t), for all x ∈ [0, x1) , t > 0 (25)

Equation (25) suggests to let 𝜆(x, t) be governed by the vector PDE,

𝜆t(x, t) = 𝜆xx(x, t) + b𝜆(x, t) + 𝜓(x, t) − K(x)𝜆(0, t),
for all x ∈ [0, x1) , t > 0 (26)

and v1(t) be selected as follows:

v1(x, t) = 𝜆(x, t) ̇𝜂̃(t) = 𝜆(x, t) ̇𝜂(t) (27)

Note that b is a scalar while 𝜆(x, t) is a row vector. Doing so, Equation (25) boils down to:

z1,t(x, t) = z1,xx(x, t) + bz1(x, t) − K(x)z1(0, t) (28)

Also, using (22)–(23), it follows from (24):

z1 (x1, t) = −𝜆 (x1, t) 𝜂̃(t) (29a)

z1,x(0, t) =
b
2

w̃(0, t) − 𝜆x(0, t)𝜂̃(t)

= b
2

z1(0, t) +
b
2
𝜆(0, t)𝜂̃(t) − 𝜆x(0, t)𝜂̃(t) (29b)

These suggest to set the boundary conditions of (26) as follows

𝜆 (x1, t) = 0, 𝜆x(0, t) =
b
2
𝜆(0, t) (30)

z1 (x1, t) = 0 and z1,x(0, t) =
b
2

z1(0, t) (31)

To design an estimator of 𝜂 we rewrite (24) as follows, at x = 0:

w̃(0, t) = 𝜆(0, t)𝜂̃(t) + z1(0, t) (32)

Note that 𝜆(0, t) is fully defined by (26) and (30). Also,

w̃(0, t) = ŵ(0, t) − w(0, t) = ŵ(0, t) − y0(t) (33)

is an available information. It turns out that Equation (32) is affine in 𝜂̃(t). Then, the following least-squares type algorithm
will prove to be a suitable estimator of 𝜂:

̇
𝜂̃(t) = ̇

𝜂(t) = −R(t)𝜆T(0, t)w̃(0, t) (34)

̇R(t) = R(t) − R(t)𝜆T(0, t)𝜆(0, t)R(t) (35)
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with arbitrary 𝜂(0) ∈ Rp, R(0) ∈ Rp×p and R(0) = RT(0) > 0. Clearly, Observer 1 is constituted of the state estimator
(21)–(23), the auxiliary filter (26) and (30), and parameter estimator (34)–(35).

3.2.2 Observer design for subsystem 1

Inspired by,2,3 we consider the following observer structure for the system described by (10)–(13):

̇

̂X(t) = ÂX(t) + f (̂X(t)) + 𝜙(t)̂𝜃(t) + U(t)
− 𝛼Δ−1M(D)L

(
û (x1, t) − y1(t)

)
+ v3(t), for all t > 0 (36)

ût(x, t) = ûxx(x, t) + bû(x, t) + 𝜓(x, t)𝜂(t)
− 𝛼k(x)

(
û (x1, t) − y1(t)

)
+ v2(x, t), for x ∈ [x1,D) , t > 0 (37)

û(D, t) = ĈX(t), for all t > 0 (38)

ûx (x1, t) = ŵx (x1, t) , for all t > 0 (39)

k(x) = CM(x)L (40)

with arbitrary initial conditions ̂X(0) and û(x, 0) ∈ H2 [x1,D]. In Equations (36) and (40), M ∈ C∞ ([x1D] ,Rn×n) is defined
as follows:

M′′(x) = (𝛼A − bI)M(x), for x ∈ (x1,D] (41)

M (x1) = I,M′ (x1) = 0 (42)

where M′ and M′′ refer to dM
dx

and d2M
dx2 , respectively.

In (36)–(41),Δ = diag
(

1, 1
𝛼

, · · · , 1
𝛼

n−1

)

and 𝛼 > 1 is any real scalar; L ∈ Rn is any vector such that the matrix A − LC is
Hurwitz; existence of L is not an issue because the pair (A,C) is observable. The rest of notation in (36)–(40) are defined
as follows: 𝜂(t) is the estimate of 𝜂 provided by the estimator (34)–(35); ̂𝜃(t) is an estimate of the parameter vector 𝜃; v2(x, t)
and v3(t) are extra innovation terms, yet to be defined.

The solution of (41)–(42) is analytic and expresses in term the following globally convergent series:

M(x) = I +
∞∑

l=1
(𝛼A − bI)l (x − x1)2l

(2l)!
, x ∈ [x1,D] (43)

An immediate property is that the matrices A and M(x) commute:

M(x)A = AM(x), for all x ∈ [x1,D] (44)

where I denotes the identity matrix.
To complete the observer design, we need to define the extra innovation terms v2(x, t) and v3(t) and the parameter

estimator of 𝜃. To this end, introduce the following estimation errors,

̃X(t) = ̂X(t) − X(t), ũ(x, t) = û(x, t) − u(x, t) (45)

Also, by definition, y1(t) ≜ u (x1, t) and so û (x1, t) − y1(t) = ũ (x1, t). Then, subtracting each equation in (11)–(13) from the
corresponding equation in (36)–(38), we obtain:

̇
̃X(t) = A ̃X(t) + f (̂X(t)) − f (X(t)) + 𝜙(t) ̃𝜃(t)

− 𝛼Δ−1M(D)Lũ (x1, t) + v3(t), for all t > 0 (46)
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ũt(x, t) = ũxx(x, t) + bũ(x, t) + 𝜓(x, t)𝜂̃(t)
− 𝛼k(x)ũ (x1, t) + v2(x, t), for x ∈ [x1,D) , t > 0 (47)

ũ(D, t) = C ̃X(t), for all t > 0 (48)

ũx (x1, t) = w̃x (x1, t) , for all t > 0 (49)

The following couple of transformations is a key point in the observer design:

Z(t) = M−1(D)Δ ̃X(t) − 𝛾1(t) ̃𝜃(t) (50)

z2(x, t) = ũ(x, t) − CM(x)M−1(D)Δ ̃X(t) − 𝛾2(x, t) ̃𝜃(t) (51)

where 𝛾1(t) ∈ Rn×m and 𝛾2(x, t) ∈ R1×m will be defined later. At this point, it is worth recalling the following well-known
properties:

ΔA = 𝛼AΔ, CΔ = C (52)

Using these properties, it follows from (46) and (50):

̇Z(t) = M−1(D)ΔA ̃X(t) +M−1(D)Δ
(

f
(
̂X(t)

)
− f

(
X(t)

))
+M−1(D)Δ𝜙(t) ̃𝜃(t)

− 𝛼Lũ (x1, t) +M−1(D)Δv3(t)

− 𝛾̇1(t) ̃𝜃(t) − 𝛾1(t) ̇̃𝜃(t)

= 𝛼AZ(t) +M−1(D)Δ
(

f
(
̂X(t)

)
− f

(
X(t)

))
− 𝛼Lũ (x1, t)

+
(
𝛼A𝛾1(t) +M−1(D)Δ𝜙(t) − 𝛾̇1(t)

)
̃
𝜃(t)

+ M−1(D)Δv3(t) − 𝛾1(t) ̇̃𝜃(t) (53)

Using (50)–(51), the term 𝛼Lũ (x1, t) expresses as follows:

−𝛼Lũ (x1, t) = −𝛼Lz2 (x1, t) − 𝛼LCM (x1)M−1(D)Δ ̃X(t) − 𝛼L𝛾2 (x1, t) ̃𝜃(t)
= −𝛼LCZ(t) − 𝛼Lz2 (x1, t) − (𝛼LC𝛾1(t) + 𝛼L𝛾2 (x1, t)) ̃𝜃(t) (54)

where we have used (42) in the last equality. Using (54), Equation (53) rewrites as

̇Z(t) = 𝛼(A − LC)Z(t) − 𝛼Lz2 (x1, t) +M−1(D)Δ(f (̂X(t)) − f (X(t)))
+

(
𝛼A𝛾1(t) +M−1(D)Δ𝜙(t) − 𝛾̇1(t) − 𝛼LC𝛾1(t) − 𝛼L𝛾2 (x1, t)

)
̃
𝜃(t)

+ M−1(D)Δv3(t) − 𝛾1(t) ̇̃𝜃(t) (55)

Let 𝛾1(t) be governed by the ODE

𝛾̇1(t) = 𝛼(A − LC)𝛾1(t) +M−1(D)Δ𝜙(t) − 𝛼L𝛾2 (x1, t) (56)

and the action v3(t) be defined by

v3(t) = Δ−1M(D)𝛾1(t) ̇̃𝜃(t) (57)

In view of (56)–(57), equality (55) takes the simpler form

̇Z(t) = 𝛼(A − LC)Z(t) − 𝛼Lz2 (x1, t) +M−1(D)Δ(f (̂X(t)) − f (X(t))) (58)
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Similarly, differentiating (51) w.r.t time gives, using (46)–(47) and (40):

z2,t(x, t) = ũt(x, t) − CM(x)M−1(D)Δ ̇
̃X(t) − 𝛾2,t(x, t) ̃𝜃(t) − 𝛾2(x, t) ̇̃𝜃(t)

= ũxx(x, t) + bũ(x, t) + 𝜓(x, t)𝜂̃(t) − 𝛼k(x)ũ (x1, t) + v2(x, t)

− CM(x)M−1(D)ΔA ̃X(t)

− CM(x)M−1(D)Δ(f (̂X(t)) − f (X(t))) − CM(x)M−1(D)Δ𝜙(t) ̃𝜃(t)

+ CM(x)M−1(D)Δ𝛼Δ−1M(D)Lũ (x1, t) − CM(x)M−1(D)Δv3(t)

− 𝛾2,t(x, t) ̃𝜃(t) − 𝛾2(x, t) ̇̃𝜃(t)

= z2,xx(x, t) + bz2(x, t)

+
[
CM′′(x)M−1(D)Δ + bCM(x)M−1(D)Δ − CM(x)M−1(D)𝛥𝐴

]
̃X(t)

− CM(x)M−1(D)Δ(f (̂X(t)) − f (X(t))) + b𝛾2(x, t) ̃𝜃(t)

+ 𝛾2,xx(x, t) ̃𝜃(t) + 𝜓(x, t)𝜂̃(t) − CM(x)M−1(D)Δ𝜙(t) ̃𝜃(t)

+ v2(x, t) − CM(x)M−1(D)Δv3(t) − 𝛾2,t(x, t) ̃𝜃(t) − 𝛾2(x, t) ̇̃𝜃(t) (59)

By (41), (44) and (52), we have:

CM′′(x)M−1(D)Δ + bCM(x)M−1(D)Δ − CM(x)M−1(D)𝛥𝐴 = 0 (60)

Using (60), Equation (59) simplifies as follows

z2,t(x, t) = z2,xx(x, t) + bz2(x, t) − CM(x)M−1(D)Δ(f (̂X(t)) − f (X(t)))
+

(
𝛾2,xx(x, t) + b𝛾2(x, t) − CM(x)M−1(D)Δ𝜙(t) − 𝛾2,t(x, t)

)
̃
𝜃(t)

+ v2(x, t) − 𝛾2(x, t) ̇̃𝜃(t) − CM(x)M−1(D)Δv3(t) + 𝜓(x, t)𝜂̃(t) (61)

Let the auxiliary variable 𝛾2(x, t) be governed by the following vector PDE:

𝛾2,t(x, t) = 𝛾2,xx(x, t) + b𝛾2(x, t) − CM(x)M−1(D)Δ𝜙(t) (62)

Note that b is a scalar while 𝛾2(x, t) is a row vector. The extra innovation action v2(x, t) is set as follow:

v2(x, t) = 𝛾2(x, t) ̇̃𝜃(t) + CM(x)M−1(D)Δv3(t)

= (𝛾2(x, t) + CM(x)𝛾1(t)) ̇̃𝜃(t) (63)

where the last equality is obtained by using (57). In view of (62)–(63), Equation (61) becomes:

z2,t(x, t) = z2,xx(x, t) + bz2(x, t) − CM(x)M−1(D)Δ
(

f
(
̂X(t)

)
− f

(
X(t)

))

+ 𝜓(x, t)𝜂̃(t) (64)

Let us now set boundary equations for (64) and (62). From (51) one gets, using (48) and (52):

z2(D, t) = −𝛾2(D, t) ̃𝜃(t) (65)

One also gets from (51), using (49), and (42):

z2,x (x1, t) = w̃x (x1, t) − 𝛾2,x (x1, t) ̃𝜃(t) (66)
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In the light of (65)–(66), we let

𝛾2(D, t) = 0 (67)

𝛾2,x (x1, t) = 0 (68)

Doing so, (65)–(66) yield:

z2(D, t) = 0 and z2,x (x1, t) = w̃x (x1, t) (69)

The last step in Observer 2 design is one of building up an estimator of the parameter vector 𝜃. To this end, introduce
the estimation error

̃
𝜃 = ̂

𝜃 − 𝜃 (70)

Then, Equation (51) written for x = x1 gives, using (50) and (42):

ũ (x1, t) = CM (x1)M−1(D)Δ ̃X(t) + 𝛾2 (x1, t) ̃𝜃(t) + z2 (x1, t)
= (C𝛾1(t) + 𝛾2 (x1, t)) ̃𝜃(t) + z2 (x1, t) + CZ(t)
= Λ(t) ̃𝜃(t) + z̃(t) (71)

where we have used the fact that M (x1) = I (due to (42)) and let

Λ(t) ≜ C𝛾1(t) + 𝛾2 (x1, t) (72)

z̃(t) ≜ z2 (x1, t) + CZ(t) (73)

using (42). It will be shown that z̃(t) can be made exponentially vanishing, under appropriate assumptions. Then, based
on Equation (71), one can estimates 𝜃 by using the following least squares type estimator:

̇
̃
𝜃(t) = ̇

̂
𝜃(t) = −S(t)ΛT(t)ũ (x1, t) (74)

̇S(t) = S(t) − S(t)ΛT(t)Λ(t)S(t) (75)

with arbitrary ̂𝜃(0) ∈ Rm and S(0) ∈ Rm×m is symmetric positive definite. This completes the design of Observer 2, which
is constituted of the state estimator, defined by (36)–(44) and (63), the auxiliary filters, defined by (62) and (67)–(68), the
parameter estimator defined by (74)–(75) and (72)–(73).

For convenience, the whole cascade observer thus designed is recapitulated in Table 1.

Remark 2. Observer for Subsystem 1 differs from2,3 in that it is adaptive and accounts for nonlinear dynamics. The differ-
ence lies in the state estimator (76) which contains the extra innovation term depending on the parameter estimate rate
̇

̂
𝜃. Besides, the new observer includes parameter estimator (87)–(88) and auxiliary filter (90). W.r.t,7 the present observer
features its adaptive nature. Furthermore, the observer provides estimates of the unknown signal ux (x1, t) (using (86))
which signal was assumed to be known (equal to zero) in reference 7.

4 OBSERVER ANALYSIS

This section is devoted to analyzing the two observers designed in the previous section, and recapitulated in Table 1. The
observer for subsystem 2 will be analyzed first and the corresponding results will be based upon in the analysis of the
observer of subsystem 2. While all analysis results are stated in the present section, the corresponding technical proofs
will be provided later in a separate section.



BENABDELHADI et al. 87

T A B L E 1 Connected adaptive observers

Adaptive observer for subsystem 2

ŵt(x, t) = ŵxx(x, t) + bŵ(x, t) + 𝜓(x, t)𝜂(t) − K(x)w̃(0, t) + 𝜆(x, t) ̇𝜂̃(t),

for x ∈ [0, x1) , t > 0 (76)

ŵ (x1, t) = y1(t), ŵx(0, t) =
b
2

w̃(0, t), for all t > 0 (77)

K(x) = bx1 (x1 − x)
x (2x1 − x)

I2

(√
bx (2x1 − x)

)

, for x ∈ [0, x1) (78)

̇
𝜂̃(t) = ̇

𝜂(t) = −R(t)𝜆T(0, t)w̃(0, t) (79)

̇R(t) = R(t) − R(t)𝜆T(0, t)𝜆(0, t)R(t) (80)

w̃(0, t) = ŵ(0, t) − y0(t) (81)

with y0(t) ≜ u(0, t), y1(t) ≜ u (x1, t) and arbitrary initial values of 𝜂(0) ∈ R
p and positive definite R(0) ∈ R

p×p .

𝜆t(x, t) = 𝜆xx(x, t) + b𝜆(x, t) + 𝜓(x, t) − K(x)𝜆(0, t), for all x ∈ [0, x1) , t > 0 (82)

𝜆 (x1, t) = 0, 𝜆x(0, t) =
b
2
𝜆(0, t) (83)

with arbitrary ŵ(x, 0) ∈ H2 [0, x1], 𝜂(0) ∈ R
p, and positive definite R(0) ∈ R

p×p, 𝜆(x, 0) ∈ H2 [0, x1].

Adaptive Observer for Subsystem 1.

̇

̂X(t) = ÂX(t) + f (̂X(t)) + 𝜙(t)̂𝜃(t) + U(t) − 𝛼Δ−1M(D)L
(

û (x1, t) − y1(t)
)
+ Δ−1M(D)𝛾1(t)

̇

̂
𝜃(t),

for all t > 0 (84)

ût(x, t) = ûxx(x, t) + bû(x, t) + 𝜓(x, t)𝜂(t) − 𝛼CM(x)L
(

û (x1, t) − y1(t)
)
+ (𝛾2(x, t) + CM(x)𝛾1(t)) ̇̃𝜃(t),

for x ∈ [x1,D) , t > 0 (85)

û(D, t) = ĈX(t), ûx (x1, t) = ŵx (x1, t) , for all t > 0 (86)

̇
̃
𝜃(t) = ̇

̂
𝜃(t) = −S(t)ΛT(t)ũ (x1, t) (87)

̇S(t) = S(t) − S(t)ΛT(t)Λ(t)S(t) (88)

𝛾̇1(t) = 𝛼(A − LC)𝛾1(t) +M−1(D)Δ𝜙(t) − 𝛼L𝛾2 (x1, t) (89)

𝛾2,t(x, t) = 𝛾2,xx(x, t) + b𝛾2(x, t) − CM(x)M−1(D)Δ𝜙(t) (90)

Λ(t) ≜ C𝛾1(t) + 𝛾2 (x1, t) (91)

𝛾2(D, t) = 𝛾2,x (x1, t) = 0 (92)

where 𝛼 > 1 is arbitrary, L is such that A − LC is Hurwitz and M(x) is defined by (41)–(43), with arbitrary ̂X(0),
û(x, 0) ∈ H2 [x1,D], ̂𝜃(0) ∈ R

m, S(0) ∈ R
m×m and S(0) = ST(0) > 0.
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4.1 Analysis of observer of subsystem 2

In this subsection, we will state stability properties of the z1-system and the 𝜆-system. Based on these properties, stability
results will be established for the w̃-system and 𝜂̃-system. The analysis will make use of the following technical lemma:

Lemma 1. Consider the heat type PDE

𝜁t(x, t) = 𝜁xx(x, t) + 𝜑(x, t), for x ∈ [0,L), t > 0 (93)

for some real L > 0, with boundary condition:

𝜁(L, t) = 0 and 𝜁x(0, t) = 0 (94)

and any initial condition 𝜁(., 0) ∈ H2(0,L), where 𝜁(x, t) ∈ Rq and 𝜑(x, t) ∈ C0 ([0,L] ×R+,R
1×q), for some integer q.

1) If 𝜑(., .) = 0 then both 𝜁(x, t) and 𝜁x(x, t) exponentially converge to zero, in the sup norm, as t → ∞. Accordingly, there
exists a real constant 𝛽0 > 0 such that

a) maxx∈[0,L] |𝜁(x, t)| ≤ 𝛽0𝜗0e−𝜎0t; b) maxx∈[0,L] |𝜁x(x, t)| ≤ 𝛽0V0e−𝜎0t

with 𝛽0 = L 𝜎0 = 2𝜋2

L2 and 𝜗0 = ∫ L
0 𝜁

2(x, 0)dx + ∫ L
0 𝜁

2
x (x, 0)dx.

2) If 𝜑(x, t) and 𝜑x(x, t) are bounded and 𝜑(L, t) = 0 then

a) maxx∈[0,L] |𝜁(x, t)| is bounded; b) maxx∈[0,L] |𝜁x(x, t)| is bounded

The proof of Part 1 is quite standard (see e.g.,26). It makes use of the Lyapunov functional V = 1
2
∫ L

0 𝜁
2(x, t)dx +

1
2
∫ L

0 𝜁
2
x (x, t)dx. Part 1b relies on the analysis of the new initial-value problem:

𝜔t(x, t) = 𝜔xx(x, t), for x ∈ (0,L), t > 0

𝜔(0, t) = 0 and 𝜔x(L, t) = 0, for t > 0

with initial condition 𝜔(x, 0) = 𝜁x(x, 0), for all x ∈ [0,L).

Proposition 1. Let z1 be described by (28) and (31), where K(x) is given by (20) then, there exists a real constant 𝛽1 > 0
such that:

max
x∈[0,x1]

|z1(x, t)| ≤ 𝛽1𝜗1e−𝜎1t (95)

max
x∈[0,x1]

|
|z1,x(x, t)|| ≤ 𝛽1𝜗1e−𝜎1t (96)

for any initial condition z1(., 0) ∈ H2 (0, x1), with 𝜎1 = 2𝜋2

x2
1

as in Lemma 1 and 𝜗1 = ∫ L
0 z2

1(x, 0)dx + ∫ L
0 z2

1,x(x, 0)dx.
The system described by (28), (31), and (20) is identical to the system described by (5.9)–(5.11) and (5.33)–(5.34) in

reference 26. The reader is deferred to the analysis provided there.

Proposition 2. Consider the 𝜆-system described by (26) and (30), where K(x) is given by (20). Then, for any bounded initial
condition 𝜆(., 0) ∈ H2 (0, x1), both 𝜆(x, t) and its spatial derivative 𝜆x(x, t) are bounded functions.

Proof of Proposition 2. Part 1: proof that 𝜆(x, t) is bounded. ▪

The system described by (26) and (30) is identical to the system described by (28) and (31), except for the external term
𝜓(x, t) in the former. We therefore consider again the (invertible) transformation

𝜆(x) = 𝜉(x) − ∫
x

0
p(x, y)𝜉(y)dy (97a)
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with

p(x, y) = −b (x1 − x)
I1

(√

b
(
(x1 − y)2 − (x1 − x)2

)
)

√

b
(
(x1 − y)2 − (x1 − x)2

)
(97b)

Just as in reference 26, chap. 5), it can be shown that (97) transforms the 𝜆-system into the following system

𝜉t(x, t) = 𝜉xx(x, t) + 𝜓(x, t) (98)

𝜉 (x1, t) = 0 and 𝜉x(0, t) = 0 (99)

with 𝜓(x, t) defined by the invertible transformation:

−Φd(x, t) = 𝜓(x, t) − ∫
x

0
p(x, y)𝜓(y, t)dy (100)

Note that 𝜓(x, t) is bounded because so is 𝜓(x, t). Letting 𝜁 = 𝜉, 𝜑 = 𝜓 , the problem (98)–(99) turns out to be identical
to (93)–(94). Applying Lemma 1 (Part 2a) it follows that maxx∈[0,L] |𝜉(x, t)| is bounded and, due to the invertibility of (97),
so is maxx∈[0,L] |𝜆(x, t)|.

Proof of Part 2 of Proposition 2 (proof that 𝜆x(x, t) is bounded). Again, letting 𝜁 = 𝜉, 𝜑 = 𝜓 and L = x1, it follows apply-
ing Part 2b of applying Lemma 1 that maxx∈[0,L] |𝜉x(x, t)| is bounded. Furthermore, applying Leibniz integral rule, one gets
from (97):

𝜆x(x) = 𝜉x(x) − p(x, x)𝜉(x) − ∫
x

0
px(x, y)𝜉(y)dy

= 𝜉x(x) −
b
2
(x − x1) 𝜉(x) − ∫

x

0
px(x, y)𝜉(y)dy (101)

Let us compute px(x, y). Letting 𝜒 = b
(
(x1 − y)2 − (x1 − x)2

)
implies that 𝜕𝜒

𝜕x
= 2b (x1 − x) and, from (98), p(x, y) writes in

the simpler form:

p(x, y) = −b (x1 − x)
I1(

√
𝜒)

√
𝜒

Then, it readily follows that

𝜕p
𝜕x
(x, y) = b

I1
(√

𝜒

)

√
𝜒

− b (x1 − x)
𝜕

𝜕x

[
I1
(√

𝜒

)]
×
√
𝜒 − I1

(√
𝜒

)
× 𝜕

√
𝜒

𝜕x

𝜒

= b
I1
(√

𝜒

)

√
𝜒

− b (x1 − x)
𝜕

√
𝜒

𝜕x

(
1

√
𝜒

I1
(√

𝜒

)
+ I2

(√
𝜒

))

×
√
𝜒 − I1

(√
𝜒

)

𝜒

= b
I1
(√

𝜒

)

√
𝜒

− 2b2(x1 − x)2
I2
(√

𝜒

)

√
𝜒

(102)

where the penultimate equality is obtained (using property [A14] in Appendix of26). It well known that the functions I1
and I2 are continuously differentiable and increasing on [0,+∞[. On the other hand, as 0 ≤ y ≤ x ≤ x1, it is easily seen
that 0 ≤ 𝜒 ≤ bx2

1. Finally, we know that (see properties (A16)–(A17) in Appendix of26):

In(𝜀) ≈
1
n!

(
𝜀

2

)n
for 𝜀 ≈ 0 (103)
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This show that there is no singularity on the right side of (102), as 𝜒 → 0. It turns out that 𝜕p
𝜕x
(x, y) is continuously dif-

ferentiable on the closed set 0 ≤ y ≤ x ≤ x1. Therefore, 𝜕p
𝜕x
(x, y) is bounded on that closed set. As 𝜉(x) and 𝜉x(x) are both

bounded on [0,L], it follows from (101) that so is 𝜆x(x). This completes the proof of Proposition 2.

Proposition 3. Consider the 𝜂̃-system described by (34)–(35) and assume the vector signal 𝜆(0, t) to be persistently exciting
(PE) in the sense that, there exist real T > 0, 𝜀0 > 0 such that:

∫
t+T

t
𝜆

T(0, s)𝜆(0, s)ds > 𝜀0I,∀t (104)

Then, the parameter estimation error 𝜂̃(t) converges exponentially to the origin.

Proof of Proposition 3. The PE condition (104) ensures that the adaptation gain matrix R(t) is uniformly invertible and its
inverse is bounded and stay away from zero.28 Accordingly, there exist positive real r0 and r1 such that:

r0I < R−1(t) < r1I,∀t (105)
▪

Then, it follows from (35) that R−1(t) is governed by the following differential equation:

dR−1

dt
(t) = −R−1(t) + 𝜆T(0, t)𝜆(0, t) (106)

Now, consider the Lyapunov function candidate:

V1 = 𝜂̃TR−1
𝜂̃ (107)

Differentiating both sides of (107) w.r.t time gives, using (34) and (106):

̇V 1 = 2𝜂̃TR−1
𝜂̇ + 𝜂̃T dR−1

dt
𝜂̃

= −2𝜂̃T
𝜆

T(0, t)w̃(0, t) − 𝜂̃TR−1
𝜂̃ + 𝜂̃T

𝜆

T(0, t)𝜆(0, t)𝜂̃
= −V1 − 𝜂̃T

𝜆

T(0, t)𝜆(0, t)𝜂̃(t) − 2𝜂̃T
𝜆

T(0, t)z1(0, t) (108)

where the last equality is obtained using (32). Applying Young’s inequality to the last term of (108), this implies:

̇V 1 ≤ −V1 + z2
1(0, t) (109)

By Proposition 1, z2
1(0, t) converges exponentially to zero. Then, it follows from (109) that V1(t) converges exponentially

to zero and, due to (105) and (107), so does 𝜂̃(t). Proposition 3 is proved.

Remark 3. The parameter estimator (79)–(80), providing the estimates 𝜂, is a least-squares with unit forgetting factor. It
generalizes as follows, by using a forgetting factor an arbitrary forgetting factor 𝜌 > 0:

̇

𝜂(t) = −R(t)𝜆T(0, t)w̃(0, t)

̇R(t) = 𝜌R(t) − R(t)𝜆T(0, t)𝜆(0, t)R(t)

Doing so, inequality (116) becomes ̇V 1 ≤ −𝜌V1 + z2
1(0, t) which, together with (107) and (105), implies that the con-

vergence rate of 𝜂̃(t) is comparable to the slowest function among e−
𝜌

2
t and z1(0, t). By Proposition 1, the rate of latter is

comparable e−𝜎1t with 𝜎1 = 2𝜋2

x2
1

only depending on the system parameter x1. It turns out that the maximal convergence
rate of 𝜂̃(t) cannot exceed that of e−𝜎1t .

Proposition 4. Consider the w̃-system described by (21)–(23), with K(x) and v1(x, t) given by (20) and (27). Assume that
the PE condition (104) holds. Then, one has the following properties:
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1. There exist real constant 𝜎2 > 0 and 𝛽2 > 0 such that one has, for any initial condition z1(., 0) ∈ H2 (0, x1):

max
x∈[0,x1]

|w̃(x, t)| ≤ 𝛽2e−𝜎2t and max
x∈[0,x1]

|w̃x(x, t)| ≤ 𝛽2e−𝜎2t (110)

2. Using Part 1, it immediately follows from (10) that:

lim
t→+∞

(
ŵx(x, t) − ux(x, t)

)
= 0, for all x ∈ [0, x1] , (111)

Proof of Proposition 4. From (24) one has w̃(x, t) = z1(x, t) + 𝜆(x, t)𝜂̃(t). By Propositions 1 and 3, z1(x, t) and 𝜂̃(t) exponen-
tially converge to zero as t → +∞, uniformly in x, and by Proposition 2, 𝜆(x, t) is bounded. Then, it follows that w̃(x, t)
exponentially converge to zero as t → +∞, uniformly in x. This proves the first part of Proposition 4. ▪

To prove the second part of Part 1, we differentiate (24) w.r.t x, which gives w̃x(x, t) = z1,x(x, t) + 𝜆x(x, t)𝜂̃(t). Again,
Propositions 1 and 3 ensures that z1,x(x, t) and 𝜂̃(t) exponentially converge to zero as t → +∞, uniformly in x. Proposition 2
ensures that 𝜆x(x, t) is bounded. Therefore, w̃x(x, t) exponentially converge to zero as t → +∞, uniformly in x. Proposition
4 is proved.

Remark 4. (1) We have already noted in Remark 3 that, even if we use a forgetting factor 𝜌 > 1 in the parameter estimator
(79)–(80), the convergence rate of 𝜂̃(t) cannot be made higher than that of e−𝜎1t with 𝜎1 = 2𝜋2

x2
1

. It turns out that the rate of
convergence of w̃(x, t) = z1(x, t) + 𝜆(x, t)𝜂̃(t) cannot be made higher than that of e−𝜎1t.2) Part 2 of Proposition 4 will prove
to be crucial in the analysis of the observer of Subsystem 1.

4.2 Analysis of observer of subsystem 1

The first step in the analysis consists in showing that the auxiliary signals 𝛾1(t) ∈ Rn×m and 𝛾2(x, t) ∈ R1×m are bounded.

Proposition 5. Consider the 𝛾2-system described by (90), its boundary conditions (92), and 𝛿 = D − x1. Let the distance 𝛿
(between the sensor placed at x = x1 and the ODE-PDE junction point x = D) be such that 𝛿 < 𝜋

2

4b
. Then, for any bounded

initial condition 𝛾2(., 0) ∈ H2 (x1,D), |𝛾2(x, t)| is a bounded function.

Remark 5. Note that 𝛿 may be arbitrarily large when b = 0, that is, in the case of no reaction effect.

Proof of Proposition 5. Consider the Lyapunov functional candidate:

W2 =
1
2∫

D

x1

𝛾2(x, t)𝛾T
2 (x, t)dx + 1

2∫
D

x1

𝛾2,x(x, t)𝛾T
2,x(x, t)dx (112)

▪

Differentiating this w.r.t time gives using (90) and (92), and applying integration by part and Wirtinger’s inequality:

̇W2 = ∫
D

x1

𝛾2,t(x, t)𝛾T
2 (x, t)dx + ∫

D

x1

𝛾2,xt(x, t)𝛾T
2,x(x, t)dx

≤ −∫
D

x1

|
|𝛾2,x(x, t)||

2dx + 4b𝛿
𝜋

2 ∫
D

x1

|
|𝛾2,x(x, t)||

2dx + 𝜍

2∫
D

x1

|𝛾2(x, t)|2dx + 𝜅0

2𝜍

− ∫
D

x1

𝛾2,t(x, t)𝛾T
2,xx(x, t)dx (113)

for any 𝜍 > 0, with

𝜅0 = max
t≥0 ∫

D

x1

|
|CM(x)M−1(D)Δ𝜙(t)||

2dx < +∞,
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where the last inequality in (113) has been obtained using Young’s inequality. The last term on the right side of (113)
develops further as follows using (90) and integrating by part:

− ∫
D

x1

𝛾2,t(x, t)𝛾T
2,xx(x, t)dx = −∫

D

x1

|
|𝛾2,xx(x, t)||

2dx − ∫
D

x1

b𝛾2(x, t)𝛾T
2,xx(x, t)

+ ∫
D

x1

CM(x)M−1(D)Δ𝜙(t)𝛾T
2,xx(x, t)dx

= −∫
D

x1

|
|𝛾2,xx(x, t)||

2dx + 4b𝛿
𝜋

2 ∫
D

x1

|
|𝛾2,xx(x, t)||

2dx

+ 𝜍

2∫
D

x1

|
|𝛾2,xx(x, t)||

2dx + 𝜅0

2𝜍
(114)

Combining (113) and (114) yields, applying Wirtinger’s inequality:

̇W2 ≤ −
(

1 − 4b𝛿
𝜋

2

)

∫
D

x1

|
|𝛾2,x(x, t)||

2dx + 𝜍

2∫
D

x1

|𝛾2(x, t)|2dx

−
(

1 − 4b𝛿
𝜋

2 − 𝜍

2

)

∫
D

x1

|
|𝛾2,xx(x, t)||

2dx + 𝜅0

𝜍

≤ −𝜋2

2𝛿

(

1 − 4b𝛿
𝜋

2 − 𝜍

2

)

W2 +
𝜅0

𝜍

(115)

where the penultimate inequality is obtained using the fact that 4b𝛿
𝜋

2 < 1 and leting 𝜍

2
< 1 − 4b𝛿

𝜋
2 . It follows from (115) that

W2 is bounded and, in view of (112), so is ∫ D
x1
𝛾2,x(x, t)𝛾T

2,x(x, t)dx. Then, using (92) and applying Sobolev’s inequality, it
follows that |𝛾2(x, t)| is bounded. This ends the proof of Proposition 5.

Proposition 6. Consider the 𝛾1−system defined by (56), where 𝛼 > 1 is any real scalar, L ∈ Rn is such that A − LC is
Hurwitz, M(x) is defined by (41)–(42). Then, for any bounded initial condition 𝛾1(0) ∈ Rn×m, |𝛾1(t)| is bounded.

Proof of Proposition 6. Let 𝛾1(t) be written in column form, that is, 𝛾1(t) = [𝛾11 𝛾12 … 𝛾1m], where 𝛾1j ∈ Rn denotes the jth

column of 𝛾1(t). Then, the matrix differential Equation (56) turns out to be equivalent to m vector differential equation of the
form:

𝛾̇1j(t) = 𝛼(A − LC)𝛾1j(t) +M−1(D)𝛥𝜙j(t) − 𝛼L𝛾2j (x1, t) (116)

where 𝜙j denotes the jth column of 𝜙 and 𝛾2j is the jth component of 𝛾2. To analyze (116), consider the Lyapunov function
candidate:

W1j = 𝛾T
1jP𝛾1j (117)

where P is any symmetric positive definite matrix satisfying the inequality

P(A − LC) + (A − LC)TP ≤ 𝜇I (118)

with 𝜇 > 0 is an arbitrary real. Note that P exists because A − LC is Hurwitz. Differentiating (117) this w.r.t time gives,
using (56):

̇W1j = 𝛾̇T
1jP𝛾1j + 𝛾T

1jP𝛾̇1j

≤ −𝛼𝜇||𝛾1j||
2 + 2𝛾T

1jPM−1(D)𝛥𝜙j(t) − 2𝛾T
1jP𝛼L𝛾2j (x1, t)

≤ −𝛼𝜇
2
|
|𝛾1j||

2 +
4||PM−1(D)𝛥𝜙j||

2

𝛼𝜇

+
4||P𝛼L𝛾2j (x1, t)||

2

𝛼𝜇

(119)
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where the last inequality is obtained applying Young’s inequality. The two last terms on the right side of (119)
are bounded (either by assumption or by Proposition 5. Then, in view of (117), it follows from (119) that |

|𝛾1j||
is bounded. ▪

We now come to the main step, in the analysis of the observer for Subsystem 1, that consists in investigating the stability
of the error system constituted of the Z− system described by Equation (58), the z2− system described by Equation (56) and
associated boundary conditions (69), and the ̃𝜃− system described by (74)–(75). The stability analysis will be performed
on the basis of the following Lyapunov functional candidate:

W3 = ZT(t)PZ(t) + a
2∫

D

x1

z2
2(x, t)dx + c

2
̃
𝜃

T(t)S−1(t) ̃𝜃(t) (120)

where S(t) is the solution of (75) and P is as in (118) with a > 0 and c > 0 are arbitrary real. Note that P exists because
A − LC is Hurwitz. Clearly, the functional V2

(
Z, z2, ̃𝜃

)
is clearly positive definite in Z and z2 (considering the L2 norm

for the latter). For V2
(

Z, z2, ̃𝜃
)

to be also positive definite in ̃
𝜃, the (nonnegative) matrix S(t) must be uniformly positive

definite. This is actually the case if the following PE condition holds (e.g.,28):

∫
t+T1

t
ΛT(s)Λ(s)ds > 𝜀1I, ∀t (121)

for some real constants T1 > 0, 𝜀1 > 0. In the sequel, we will assume that (121) holds so that, there exist positive real s0
and s1 such that:

s0I < S−1(t) < s1I, ∀t (122)

Then, it follows from (75) that S(t) is governed by the following equation:

dS−1

dt
(t) = −S−1(t) + ΛT(t)Λ(t) (123)

which is immediately obtained. The main result is summarized in the following theorem:

Theorem 1. Consider the
(

Z, z2, ̃𝜃
)
− system described by Equations (56), (58), (69) and (74)–(75), where 𝛼 > 1, L ∈ Rn,

and M(x) are as in Proposition 6, and 𝛿 = D − x1. Assume that the PE condition (121) holds. Then, there exists a real
𝛼

∗
> 0 such that, if 𝛼 > 𝛼∗ then:

1) There exists 𝛿∗ > 0 so that if 𝛿 < 𝛿∗ then:
a) |Z(t)|, ∫ D

x1
z2

2(x, t)dx, and | ̃𝜃(t)| all converge to zero, exponentially.

b) | ̃X(t)| and ∫ D
x1

ũ2(x, t)dx exponentially converges to zero.

2) In the case where the system includes no nonlinearity (f = 0) and no reaction effect (b = 0), then Properties a and b of part
1 hold with no limitation on 𝛿 that is, the latter is arbitrary in [0,D] which implies that only the sensor placed at x = 0 is
need.

Proof of Theorem 1. Part 1. Differentiating (127) this w.r.t time gives, using (58), (56) and (74)–(75) and, when clear, omitting
the argument t to alleviate the expressions:

̇W3 = ̇ZTPZ + ZTP ̇Z + a∫
D

x1

z2(x, t)ż2(x, t)dx + 2c ̃𝜃TS−1 ̇
̃
𝜃 + c ̃𝜃T dS−1

dt
̃
𝜃

≤ −𝛼𝜇|Z|2 − 2𝛼ZTPLz2 (x1, t) + 2ZTPM−1(D)Δ(f (̂X) − f (X))

+ a∫
D

x1

z2(x, t)z2,xx(x, t) + a∫
D

x1

bz2
2(x, t)
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− a∫
D

x1

z2(x, t)CM(x)M−1(D)Δ(f (̂X) − f (X))dx

+ a∫
D

x1

z2(x, t)𝜓(x, t)𝜂̃(t)dx

− 2c ̃𝜃T
𝛬

Tũ (x1, t) − c ̃𝜃TS−1
̃
𝜃 + c ̃𝜃T

𝛬

T
𝛬
̃
𝜃 (124)

where the last inequality is obtained using (123). The different terms on the right side of (124) are bounded from above in the
sequel. Applying Young’s inequality to the second term gives:

−2𝛼ZT(t)PLz2 (x1, t) ≤ 𝛼𝜇

2
|Z(t)|2 + 2𝛼|PL|2

𝜇

|z2 (x1, t)|2

≤ 𝛼𝜇

2
|Z(t)|2 + 2𝛼𝛿|PL|2

𝜇 ∫
D

x1

z2
2,x(x, t)dx (125)

where the last inequality is obtained using (69) and applying Schwartz inequality.

▪

To deal with the sixth term on the right side of (126), the mean value theorem is first used:

Δ(f (̂X(t)) − f (X(t))) = Δ∫
1

0
fX (X(t) + s ̃X(t))ds ̃X(t)

=
(

Δ∫
1

0
fX (X(t) + s ̃X(t))dsΔ−1

)

M(D)Z(t)

+
(

Δ∫
1

0
fX (X(t) + s ̃X(t))dsΔ−1

)

M(D)𝛾1(t) ̃𝜃(t) (126)

with fX denoting the Jacobian matrix of f , where we have used (50) to get ̃X(t) = Δ−1M(D)Z(t) + Δ−1M(D)𝛾1(t) ̃𝜃(t). Using
(126) we have:

2ZT(t)PM−1(D)Δ(f (̂X(t)) − f (X(t)))

= 2ZT(t)PM−1(D)Δ∫
1

0
fX (X(t) + s ̃X(t))dsΔ−1M(D)Z(t)

+ 2ZT(t)PM−1(D)Δ∫
1

0
fX (X(t) + s ̃X(t))dsΔ−1M(D)𝛾1(t) ̃𝜃(t) (127)

Using the fact that 𝛼 > 1 and the particular forms of f and Δ, we have:

|
|
|
|
|

Δ∫
1

0
fX (X(t) + s ̃X(t))dsΔ−1

|
|
|
|
|

≤ 𝛽f (128)

Then, applying Young’s inequality, it follows from (127) that:

2ZT(t)PM−1(D)Δ(f (̂X(t)) − f (X(t)))

≤ 𝜅1𝛽f |Z(t)|2 + 2𝜅2𝛽f |Z(t)|| ̃𝜃(t)|

≤ 𝛽f

(

𝜅1 +
𝜅2

2

)

|Z(t)|2 +
𝛽f𝜅2

2
| ̃𝜃(t)|2 (129)

with

𝜅1 = 2 ||PM−1(D)|| |M(D)|, 𝜅2 = |
|PM−1(D)|| |M(D)|sup

t≥0
|𝛾1(t)| (130)
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Applying an integration by parts, the fourth term on the right side of (124) develops as follows, using (69):

a∫
D

x1

z2(x, t)z2,xx(x, t)dx = −az2 (x1, t) w̃x (x1, t) − a∫
D

x1

z2
2,x(x, t)dx

= aw̃x (x1, t)∫
D

x1

z2,x(x, t)dx − a∫
D

x1

z2
2,x(x, t)dx

≤ a
2𝜍

w̃2
x (x1, t) +

a𝜍𝛿
2 ∫

D

x1

z2
2,x(x, t)dx − a∫

D

x1

z2
2,x(x, t)dx (131)

using (69) and Young’s inequality, for any real 𝜍 > 0.
Applying Young’s inequality, the seventh term on the right side of (124) is bounded from above as follows:

a∫
D

x1

z2(x, t)𝜓(x, t)𝜂̃(t)dx ≤ a𝜍
2

(
|
|
|
|
|
∫

D

x1

z2(x, t)𝜓(x, t)dx
|
|
|
|
|

)2

+ a
2𝜍

|𝜂̃(t)|2

≤ a𝛿𝜍𝜓M

2 ∫
D

x1

z2
2(x, t)dx + a

2𝜍
|𝜂̃(t)|2 (132)

for any real 𝜍 > 0, with

𝜓M = sup
x∈[0,D],t≥0

|𝜓(x, t)|2

The eighth term on the right side of (125) is dealt with as follows, using (127) and (128):

−a∫
D

x1

z2(x, t)CM(x)M−1(D)Δ(f (̂X) − f (X))dx

= −a∫
D

x1

z2(x, t)CM(x)M−1(D)dx

×
(

Δ∫
1

0
fX (X(t) + s ̃X(t))dsΔ−1

)
(

M(D)Z(t) +M(D)𝛾1(t) ̃𝜃(t)
)

≤ a𝛿𝛽f𝜅3

2 ∫
D

x1

z2
2,x(x, t)dx +

a𝛽f𝜅4

4𝜚
|Z(t)|2 +

a𝜚𝛽f𝜅5

4
| ̃𝜃(t)|2 (133)

for any 𝜚 > 0, with 𝜅3 = |
|CM(x)M−1(D)||, 𝜅4 = 𝜅3|M(D)|2, 𝜅5 = 𝜅3|M(D)𝛾1(t)|2, where the last inequality is obtained

applying Young’s inequality.
The last triplet of terms on the right side of (124) develops as follows, using (71) and (60):

−2c ̃𝜃TΛTũ (x1, t) − c ̃𝜃TS−1
̃
𝜃 + c ̃𝜃TΛTΛ ̃𝜃

= −c ̃𝜃TS−1
̃
𝜃 − c ̃𝜃TΛTΛ ̃𝜃 − 2c ̃𝜃TΛTz̃(t)

≤ −c ̃𝜃TS−1
̃
𝜃 + c𝛿

2 ∫
D

x1

z2
2,x(x, t)dx + c

2
|Z(t)|2 (134)

Using (134), (133), (132), (131), (129) and (125), inequality (124) gives (omitting t-argument):

̇W3 ≤ − 1
p0

(
𝛼𝜇

2
− 𝛽f

(

𝜅1 +
𝜅2

2

)

−
a𝛽f𝜅4

4𝜚
− c

2

)

ZTPZ

−
(

a − 2𝛼𝛿|PL|2

𝜇

− a𝜍𝛿
2
−

a𝛿𝛽f𝜅3

2
− c𝛿

2

)

∫
D

x1

z2
2,x(x, t)dx

+ 4𝛿2

𝜋
2

(

ab + a𝛿𝜍𝜓M

2

)

∫
D

x1

z2
2,x(x, t)
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−
(

c −
𝛽f𝜅2

2s0
−

a𝜚𝛽f𝜅5

4s0

)

̃
𝜃

TS−1
̃
𝜃

+ a
2𝜍

|𝜂̃(t)|2 + a
2𝜍

w̃2
x (x1, t) (135)

using Wirtinger’ where p0 denotes the smallest singular value of P and s0 is as in (122).
We let 𝜚 = 1∕a and c be sufficiently large so that the following inequality holds:

c −
𝛽f𝜅2

2s0
−

a𝜚𝛽f𝜅5

4s0
> 0 (136)

We let 𝛼 be sufficiently large so that:

𝛼𝜇

2
− 𝛽f

(

𝜅1 +
𝜅2

2

)

−
a𝛽f𝜅4

4𝜚
− c

2
> 0 (137)

We set the arbitrary coefficient 𝜍 to 𝜍 = 1∕a, and let a be sufficiently large and 𝛿 be small enough so that:

a − 2𝛼𝛿|PL|2

𝜇

− a𝜍𝛿
2
−

a𝛿𝛽f𝜅3

2
− c𝛿

2
= −2𝛼𝛿|PL|2

𝜇

− 𝛿

2
−

a𝛿𝛽f𝜅3

2
− c𝛿

2
> 0 (138)

Using (138) and applying Wirtinger’s inequality to the second term on the right side of (135), it follows from the
latter that:

̇W3 ≤ −𝜎1ZTPZ − 𝜎2∫
D

x1

z2
2(x, t)dx − 𝜎3 ̃𝜃

TS−1
̃
𝜃

+ a
2

w̃2
x (x1, t) +

a
2
|𝜂̃(t)|2

≤ −𝜎W3 +
a
2

w̃2
x (x1, t) +

a
2
|𝜂̃(t)|2 (139)

with

𝜎 = min (𝜎1, 𝜎2, 𝜎3) (140)

𝜎1 = −
1
p0

(
𝛼𝜇

2
− 𝛽f

(

𝜅1 +
𝜅2

2

)

−
a𝛽f𝜅4

4𝜚
− c

2

)

(141)

𝜎2 =
2
a

(
𝜋

2

4𝛿2

(

a − 2𝛼𝛿|PL|2

𝜇

− 𝛿

2
−

a𝛿𝛽f𝜅3

2
− c𝛿

2

)

−
(

ab + 𝛿𝜓M

2

))

(142)

𝜎3 =
2
a

(

c −
𝛽f𝜅2

2s0
−

a𝜚𝛽f𝜅5

4s0

)

(143)

where 𝛿 is assumed to be small enough so that 𝜎2 > 0. By Proposition 3 and Proposition 4, the last couple of term on the
right side of (139) converge to zero exponentially. Then, from (139) it follows that W3 exponentially converges to zero and,
from (120), so do |Z(t)|, | ̃𝜃(t)| and ∫ D

x1
z2

2(x, t)dx. This proves Part 1a.

Proof of Part 1b. From (50) one has ̃X(t) = Δ−1M(D)Z(t) + Δ−1M(D)𝛾1(t) ̃𝜃(t). Using Part 1a, it follows that ̃X(t) exponen-
tially converges to zero. Furthermore, we get from (51):

∫
D

x1

|ũ(x, t)|2dx = 1
3∫

D

x1

z2
2(x, t)dx + 𝜅6| ̃X(t)|2 + 𝜅7| ̃𝜃(t)|2 (144)

Using Part 1a again, it follows from (144) that ∫ D
x1
|ũ(x, t)|2dx exponentially converges to zero. This proves 2 and

completes the proof of Theorem 1. ▪



BENABDELHADI et al. 97

Proof of Part 2. In the case where f = 0 and b = 0, one has 𝛽f = 0 and so requirements (136)–(138) boils down to:

c > 0 (145)

𝛼𝜇

2
− c

2
> 0 (146)

a − 2𝛼𝛿|PL|2

𝜇

− 𝛿

2
− c𝛿

2
> 0 (147)

letting 𝜍 = 1∕a in the last inequality. The first inequality is satisfied by assumption. The second can be easily satisfied
by letting 𝛼 be large enough. The last inequality can be satisfied by letting a be large enough; whatever are the val-
ues of the other parameters on the right side of (147). Then, (139)–(143) hold with the following simpler expressions
of 𝜎1, 𝜎2, 𝜎3:

𝜎1 = −
1
p0

(
𝛼𝜇

2
− c

2

)

(148)

𝜎2 =
2
a

(
𝜋

2

4𝛿2

(

a − 2𝛼𝛿|PL|2

𝜇

− 𝛿

2
− c𝛿

2

)

− 𝛿𝜓M

2

)

(149)

𝜎3 =
2c
a

(150)

where a is let to be large enough so that 𝜎2 > 0, this is possible whatever are the values of the various parameters on the
right side of (142), especially that of 𝛿. ▪

Remark 6. (a) Theorem 1 (Part 1) generalizes a similar results in references 2,3 in that the observer convergence
is presently achieved in presence of parameter uncertainty and nonlinear dynamics. The price paid to obtain this
generalization is the implementation of a second sensor close to the junction point between the ODE and PDE blocks.

b) Theorem 1 (Part 1) also generalizes the result of,7,8,10 not only because it holds in the presence of parameter uncer-
tainty, but also because it shows that the length D of the PDE domain is allowed to be arbitrarily wide, provided two
sensors are used. The sensor that is close to the junction point (placed at x = x1) provides the measurements of u(x, t)
on [x1,D], whereas the farer sensor (placed at x = 0) provides online line estimates of the rate ux (x1, t). The latter was
assumed to be null in references 7,8,10.

c) The result in Part 2 of Theorem 1 is quite comparable to that of,3 that is, convergence is ensured whatever the length
of the PDE domain. But, the progress made in the present results lies in the fact that it holds in the presence of parameter
uncertainty.

d) Part 1 of Theorem 1 holds if 𝛿 is small enough so that 𝜎2 > 0. It is of interest to find out the largest value of 𝛿 for
which Part 1 holds. It might not be practical to use (142) as this involves several terms that are not necessarily avail-
able. The point is that no rigorous method is currently available for determining the maximal admissible value of the
parameter 𝛿. In this respect, let us first note that the requirement 𝜎2 > 0 is a sufficient condition, i.e. the set of admis-
sible values of 𝛿 is larger than that defined by the condition 𝜎2 > 0. Second, the interest of (142) lies in the fact that, it
shows that 𝜎2 only depends on the system model (not on the states). That is, some suitable values of 𝛿 can be found a pri-
ori by running the observer of Table 1 in simulation several times, for different values of 𝛿, using the same experimental
data set.

5 SIMULATION

Example 1. Here we consider a practical example where the ODE part in system (1)–(4) represents a heat transfer by
radiation. It is shown in many places (e.g.,29) that such a heat transfer is described by a second-order ODE of the form (1)
with:

X(t) =

[
X1

X2

]

≜
[

Tbox
dTbox

dt

]

, B = 02×1,
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f (X(t)) =

[
0

− f2maxX3
1

]

, 𝜙(t) =

[
0

𝜙2max sin(2𝜔t)

]

, 𝜃 ∈ R,

where Tbox is the temperature of the enclosure closed and 𝜃 designates the conversion efficiency. The various parameters
are given the numerical values 𝜃 = 0.9, f2max = 5.10−11

, 𝜙2max = 170, 𝜔 = 100𝜋 rd∕s. The PDE part of system (1)–(4) is
characterized by values D = 10, x1 = 9.8, b = 0.2, 𝜂 = 0.6, and 𝜓(x, t) = 0.5(1 + tanh(x))

(

3 sin
(
𝜔
𝜓1t

)
− 4

(
sin

(
𝜔
𝜓2t

))2
)

with 𝜔
𝜓1 = 23𝜋;𝜔

𝜓2 = 10𝜋.

It turns out that the matrix function M(x), defined by (41)–(43), expresses as follows, for x ∈ [x1,D]:

M(x) =
⎡
⎢
⎢
⎣

cos
(√

b (x − x1)
)

−α
√

b(x−x1)
2b

sin
(√

b (x − x1)
)

0 cos
(√

b (x − x1)
)

⎤
⎥
⎥
⎦

The observer of Table 1 is used with the gain value 𝛼 = 2 while the gain L is selected so that the matrix A − LC has
the pair of eigenvalues (−0.5,−0.6). Furthermore, even though the function f (X) is polynomial, it is presently Lipschitz
because the variable X1 is physically bounded by a known value X1max. In the considered application we let X1max = 20.
Then, it is sufficient to replace f (̂X) by f (℘(̂X))where℘(̂X) denotes the projection of ̂X on the domain {X∕ |X1| ≤ X1max}.
Such projection does not alter the convergence properties of the observer. The initial values of the system states are

given the values u(x, 0) = u0(x) = 3,X(0) =
[

3
0

]

, while the observer is initialized with û(x, 0) = 0, ̂X(0) =
[

0
0

]

, ŵ(x, 0) =

0, 𝜆(x, 0) = 0, 𝜂(0) = 0, ̂𝜃(0) = 0,R(0) = 1, S(0) = 1.
The components of the state vector X(t) and their estimates are plotted on Figure 2, along with the associated esti-

mation errors. Figure 3 shows the time-evolution of the estimation ũ(x, t) = û(x, t) − u(x, t), while Figure 4 shows the

F I G U R E 2 Components of X(t) and their estimates (top) and the associated estimation errors (bottom)
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F I G U R E 3 Estimation error ũ(x, t) = û(x, t) − u(x, t)

F I G U R E 4 Top: parameter 𝜃 (dashed) and its estimates ̂𝜃 (solid). Bottom: parameter 𝜂 (dashed) and its estimates 𝜂 (solid).
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F I G U R E 5 Components of state vector X(t) and their estimates

F I G U R E 6 Estimation error ũ(x, t) = û(x, t) − u(x, t)

evolution of parameter estimates ̂𝜃 and 𝜂. The figures show that all estimates converge to their true values confirming
thus the theoretical result of Theorem 1.

Example 2. We now consider an academic example with system (1)–(4) being characterized by the various parameters
values,

D = 10, x1 = 9.8, b = 0.1, 𝜃 = 0.5, 𝜂 = 0.6, n = 2

f (X) =

[
0.5 − 0.2 sin (X1)

−0.3 sin (X1) − 0.2 sin (X2)

]

, 𝜙(t) =

[
0.3 cos

(
𝜔
𝜑11t

)

(
0.5 sin

(
𝜔
𝜑21t

))2 − 0.2 cos
(
𝜔
𝜑22t

)

]

𝜓(x, t) = 1.5(1 + tanh(x))
(

0.3 sin
(
𝜔
𝜓1t

)
− 0.4

(
sin

(
𝜔
𝜓2t

))2
)

𝜔
𝜑11 = 0.2𝜋;𝜔

𝜑21 = 0.3𝜋;𝜔
𝜑22 = 0.1𝜋;𝜔

𝜓1 = 2.3𝜋;𝜔
𝜓2 = 𝜋.

It turns out that the matrix function M(x), defined by (41)–(43), expresses as follows, for x ∈ [x1,D]:

M(x) =
⎡
⎢
⎢
⎣

cos
(√

b (x − x1)
)

−α
√

b(x−x1)
2b

sin
(√

b (x − x1)
)

0 cos
(√

b (x − x1)
)

⎤
⎥
⎥
⎦
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F I G U R E 7 Top: parameter 𝜃 (dashed) and its estimates ̂𝜃 (solid). Bottom: parameter 𝜂 (dashed) and its estimates 𝜂 (solid).

The system is excited by the input signal,

U(t) =

[
0, 2 (cos (𝜔in1t) + cos (𝜔in2t))

0

]

with 𝜔in1 = 0.1𝜋, 𝜔in2 = 0.7𝜋, and the state initial values are: u0(x) = 2,X(0) =
[

2
−1

]

.

The observer of Table 1 is used with the gain value 𝛼 = 2 while the gain L is selected so that the matrix A − LC has the
pair of eigenvalues (−0.5,−0.6). The observer is initialized with the values:

û(x, 0) = 0, ̂X(0) =

[
0
0

]

, ŵ(x, 0) = 0, 𝜆(x, 0) = 0, 𝜂(0) = 0, ̂𝜃(0) = 0,R(0) = 1, S(0) = 2.7

The components of the state vector X(t) and their estimates are plotted on Figure 5, along with the associated estimation
errors. Figure 6 shows the time-evolution of the estimation ũ(x, t) = û(x, t) − u(x, t), while Figure 7 shows the evolution
of parameter estimates ̂𝜃 and 𝜂. Clearly, all estimates converge to their true values confirming thus the theoretical result
of Theorem 1.
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F I G U R E 8 Components of X(t) and their estimates in case of inner sensor position x1 = 8.5

F I G U R E 9 Estimation error ũ(x, t) = û(x, t) − u(x, t) in case of inner sensor position x1 = 8.5. It confirms that ũ(x, t) diverges when x
goes away from x1 = 8.5 approaching the inlet boundary.

To highlight the relevance of implementing the inner sensor sufficiently close to the ODE-PDE connection point, we
let x1 = 8.5. The simulation results show substantial deterioration of the observer performances as illustrated by Figures 8
and 9. The former shows that the estimate ̂X(t) gets away from its true value X(t) as time increases. Figure 9 shows that
the estimation error ũ(x, t) = û(x, t) − u(x, t) does no longer converge to zero.

6 CONCLUSION

The problem of observer design for ODE-PDE cascades, that involve heat PDE, is revisited in this paper. Com-
pared to existing observers for this class of systems, our solution consists of two observers connected in series. Both
observers are adaptive compensating for parameter uncertainty in the ODE and the PDE. The first observer, described
in Table 1, provides online estimates of the PDE state over the sub-domain [0, x1], based on boundary measurements
u(0, t) and u (x1, t). The second observer, described in Table 1, provides online estimates of the ODE state and the
PDE state over the sub-domain [x1,D], based on the measurements of u (x1, t), provided by the inner sensor, and
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the estimates ûx (x1, t) provided by the first observer. Compared to the existing one-sensor observers for ODE-PDE
systems, the new cascaded-observer enjoys two features: (i) observer exponential convergence is guaranteed for arbi-
trarily large PDE domain; (ii) being adaptive nature, the observer compensates for parameter uncertainties in the ODE
and PDE. This study may be pursued in many direction, for example, considering the case of time-varying uncertain
parameters 𝜃 and 𝜂.
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