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Stabilization of Triangular Nonlinear Systems With Multiplicative
Stochastic State Sensing Noise

Wuquan Li , Senior Member, IEEE, and Miroslav Krstic , Fellow, IEEE

Abstract—We present new state feedback control designs
for lower/upper triangular nonlinear systems with multiplicative
stochastic sensor uncertainty. For lower triangular nonlinear sys-
tems with small sensor noise, we develop a novel control design
where the control gains are suitably constructed to simultaneously
dominate the nonlinear functions and sensor noise of sufficiently
small multiplicative gain. For upper triangular nonlinear systems,
we propose a new low-gain domination design, the advantage of
which is that it can effectively deal with the sensor noise with
arbitrarily large intensities. These two designs can both ensure that
the closed-loop system has an almost surely unique global solu-
tion; the origin of the closed-loop system is mean-square stable,
and the states can be regulated to zero almost surely. Finally, two
simulation examples are given to illustrate the designs.

Index Terms—Multiplicative, nonlinear systems, stochastic sen-
sor uncertainty.

I. INTRODUCTION

Stochastic control has been an exceedingly active research topic,
due to its wide applications in finance, engineering, and science [1],
[2], [3]. For example, in biology, stochastic control is used to deal with
stochastic variability in reproduction and environment on populations.
The study of stabilization of stochastic nonlinear systems was initiated
in [4] and [5] by extending the Sontag’s [6] stabilization formula to the
stochastic setting. The breakthrough for stochastic nonlinear design
is the weighted quadratic Lyapunov functions-based design [7] and
quartic Lyapunov functions-based design [8], [9], [10]. These design
methods were further developed in [11], [12], [13], [14], [15], [16], and
[17].

As shown in circuits and electrical devices [18], biomedical equip-
ment [19], mechanical systems [20], [21], and practical systems often
suffer from the sensor uncertainty. Thus, it is important to study the
control for systems with sensor uncertainty. In this direction, Chen
et al. [22] proposed a dual-domination approach to deal with nonlinear
systems with unknown measurement sensitivity in the output. Zhang
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et al. [23] considered strict feedback systems under unknown sensor
uncertainty and proved that the system output converges to any small
neighborhood around zero in a specified time. Zhang et al. [24] used
an estimator with a dynamic gain to deal with the unknown constant
sensor uncertainty and the nonlinear functions with a polynomial
output-dependent growth rate. Jeong et al. [25] established an adap-
tive output feedback dynamic surface control strategy to achieve the
robust stabilization in the presence of the unknown sensor sensitivity
and provided an experiment for a flexible-joint robot. Li et al. [26]
proposed a new stochastic adaptive dual-domination approach to deal
with nonlinear systems simultaneous presence of sensor uncertainty,
unknown growth rate, and stochastic disturbance. However, the results
in [22], [23], [24], [25], and [26] contain one limitation, i.e., the sensor
uncertainties they considered are deterministic constants or bounded
time-varying functions.

In many applications, the sensor uncertainty many practical systems
suffered from is stochastic. For example, neuroscience studies show
connections of the stochastic sensor uncertainty with time optimal
maneuver of the human eye and arm. Specifically, as shown in [27],
based on the empirical observation and psychophysical observations,
it is more reasonable to study the eye and arm movements based on
the assumption that the neural control signals are corrupted by noise.
Inspired by these applications, De Oliveira et al. [28] solved the mean-
square state feedback stabilization problem for linear systems whose
white noise sources have intensities affinely related to the variance of
the signal they corrupt. It should be noted that the work in [28] only
studies linear systems. However, considering that nonlinear systems
are more general and practical [29], it is important to study the control
design for nonlinear systems with stochastic sensor uncertainty.

Motivated by the abovementioned observations, we study the state
feedback control design for lower/upper triangular nonlinear systems
with multiplicative stochastic sensor uncertainty. The contributions of
this article are two-fold, which are as follows.
1) We consider general system models in addition to those in the exist-

ing results [22], [23], [24], [25], [26], [28]. Unlike [22], [23], [24],
[25], [26], whose sensor uncertainties are deterministic constants or
bounded time-varying functions, we consider the stochastic sensor
uncertainty. While inspired by general linear systems [28], when
dealing with nonlinear systems, we focus only on lower/upper
triangular structures. In this article, the inherent nonlinear character
of the closed-loop system and the complexity of the stochastic
sensor uncertainty involved make the controller design and the
stability analysis much more difficult.

2) We propose new design schemes in this article. On the one hand,
for lower triangular nonlinear systems with small stochastic sensor
noise, the designed controller not only can deal with the nonlinear
terms in the systems, but also have the ability to dominate the noise
produced by sufficiently small multiplicative stochastic sensor un-
certainty. On the other hand, for upper triangular nonlinear systems,
a novel low-gain homogeneous domination design is proposed to
dominate the nonlinear functions with upper triangular structure.
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In this case, the merit of the design is that it can deal with stochastic
sensor noise with arbitrarily large intensities.

The rest of this article is organized as follows. Section II describes the
design and analysis of lower triangular nonlinear systems. Section III
is devoted to the control of upper triangular nonlinear systems. Sec-
tion IV gives two examples to illustrate the theoretical results. Finally,
Section V concludes this article.

II. LOWER TRIANGULAR NONLINEAR SYSTEMS

A. Problem Formulation

Consider a class of nonlinear systems described by

ẋi = xi+1 + fi(t, x), i = 1, . . . , n− 1 (1)

ẋn = u+ fn(t, x) (2)

where x = (x1, . . . , xn)
T ∈ Rn and u ∈ R are the system state and

control input, respectively. The Borel measurable function fi : R
+ ×

Rn → R is locally bounded and locally Lipschitz continuous in x
uniformly in t ∈ R+, fi(t, 0) = 0, i = 1, . . . , n.

For systems (1) and (2), we need the following assumption.
Assumption 1: For i = 1, . . . , n, there exists a positive constant ci

such that

|fi(t, x)| ≤ ci(|x1|+ · · ·+ |xi|). (3)

We observe the state xi as yi, which is described by

yi = xi(1 + δiω̇i), i = 1, . . . , n (4)

or

yidt = xidt+ δixidωi, i = 1, . . . , n (5)

where δ1, . . . , δn are the known constants andω1, . . . , ωn are the scalar
independent standard Wiener processes defined on the complete filtered
probability space (Ω,F ,Ft, P ) with a filtration Ft satisfying the usual
conditions (i.e., it is increasing and right continuous, while F0 contains
all P -null sets).

The objective of this section is, with Assumption 1 and the observa-
tion (5), to design a state feedback controller for systems (1) and (2),
such that the closed-loop system has an almost surely unique solution
on [t0,+∞), the origin of the closed-loop system is mean-square stable,
and the states can be regulated to zero almost surely.

B. Control Design

In this section, we focus on the control design.
We design the controller as

u = − k1y1 − k2y2 − · · · − knyn (6)

where k1, . . . , kn are the positive control gains to be designed later.
By (5) and (6), systems (1) and (2) can be written as

dxi = (xi+1 + fi(t, x))dt, i = 1, . . . , n− 1 (7)

dxn =

(
−

n∑
i=1

kixi + fn(t, x)

)
dt+G(x)dω (8)

where ω = (ω1, . . . , ωn)
T and

G(x) = (−k1δ1x1, . . . ,−knδnxn). (9)

In the following, we use the backstepping method to design the
control gains k1, . . . , kn.

1) Step 1: Define V1 = 1
2
ξ21 and ξ1 = x1, then from (7), we have

LV1 = ξ1(x2 − x∗
2) + ξ1x

∗
2 + ξ1f1. (10)

From (3), we get

ξ1f1 ≤ c1ξ
2
1 . (11)

We choose the virtual controller

x∗
2 = − ξ1α1 (12)

α1 = n+ c1. (13)

Substituting (11)–(13) into (10), it yields

LV1 = −nξ21 + ξ1(x2 − x∗
2). (14)

2) Deductive Step: Assume that at step k, there are a proper
and positive definite Lyapunov function Vk(ξ̄k) and a set of virtual
controllers x∗

s+1 = −ξsαs (s = 2, . . . , k), such that

LVk ≤ −
k∑

i=1

(n− k + 1)ξ2i + ξk(xk+1 − x∗
k+1) (15)

where αs is a positive constant and ξs = xs − x∗
s, s = 2, . . . , k.

Let ξk+1 = xk+1 − x∗
k+1. Noting that, ξk+1 = xk+1 +∑k

s=1 αk · · ·αsxs, we have

dξk+1 =

(
xk+2 + fk+1 +

k∑
s=1

αk · · ·αs(xs+1 + fs)

)
dt. (16)

At step k + 1, choosing Vk+1 = Vk + 1
2
ξ2k+1 and noting xs+1 =

ξs+1 − ξsαs, s = 1, . . . , k, from (15) and (16), we can obtain

LVk+1 ≤ −
k∑

i=1

(n− k + 1)ξ2i + ξkξk+1 + ξk+1xk+2

+ ξk+1

(
fk+1 +

k∑
s=1

αk · · ·αsfs

)

+ ξk+1

k∑
s=1

αk · · ·αs(ξs+1 − ξsαs). (17)

By (3), we get

ξk+1

(
fk+1 +

k∑
s=1

αk · · ·αsfs

)

≤ |ξk+1|
(
ck+1

k+1∑
i=1

|xi|+
k∑

s=1

αk · · ·αscs

s∑
i=1

|xi|
)

= |ξk+1|
(
ck+1|xk+1|+

k∑
i=1

(ck+1

+

k∑
s=i

αk · · ·αscs)|xi|
)

≤ ck+1ξ
2
k+1 + |ξk+1||ξ1|

(
ck+1 + ck+1α1

+

k∑
s=1

csαs · · ·αk + α1

k∑
s=2

csαs · · ·αk

)

+
k−1∑
i=2

|ξk+1||ξi|
(
ck+1 + ck+1αi
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+
k∑

s=i

csαs · · ·αk + αi

k∑
s=i+1

csαs · · ·αk

)

+ |ξk+1||ξk| (ck+1 + ckαk + ck+1αk) . (18)

In addition, we have

ξk+1

k∑
s=1

αk · · ·αs(ξs+1 − ξsαs)

≤ |ξk+1|
(

k∑
s=1

αs · · ·αk|ξs+1|

+
k∑

s=1

α2
sαs+1 · · ·αk|ξs|

)

≤ αkξ
2
k+1 + α2

1α2 · · ·αk|ξ1||ξk+1|

+
k−1∑
i=2

(αi−1 · · ·αk + α2
iαi+1 · · ·αk)|ξi||ξk+1|

+ (αk−1αk + α2
k)|ξk||ξk+1|. (19)

Substituting (18) and (19) into (17), it yields

LVk+1 ≤ −
k∑

i=1

(n− k + 1)ξ2i + (ck+1 + αk)ξ
2
k+1

+ ξk+1xk+2 +

k∑
i=1

ak+1,i|ξk+1||ξi| (20)

where

ak+1,1 = ck+1 + ck+1α1 + α2
1α2 · · ·αk

+
k∑

s=1

csαs · · ·αk + α1

k∑
s=2

csαs · · ·αk

ak+1,i = ck+1 + ck+1αi + αi−1 · · ·αk

+ α2
iαi+1 · · ·αk +

k∑
s=i

csαs · · ·αk (21)

+ αi

k∑
s=i+1

csαs · · ·αk, i = 2, . . . , k − 1 (22)

ak+1,k = 1 + ck+1 + ckαk + ck+1αk

+ αk−1αk + α2
k. (23)

Noting

k∑
i=1

ak+1,i|ξk+1||ξi| ≤
k∑

i=1

ξ2i +
1

4

k∑
i=1

a2
k+1,iξ

2
k+1 (24)

and choosing the virtual controller

x∗
k+2 = − ξk+1αk+1 (25)

αk+1 = n− k + ck+1 + αk +
1

4

k∑
i=1

a2
k+1,i (26)

then (20) can be rewritten as

LVk+1 ≤ −
k+1∑
i=1

(n− k)ξ2i + ξk+1(xk+2 − x∗
k+2). (27)

3) Step n: Defining ξn = xn + ξn−1αn−1, by (7), (8), (16), and
(25), we have

dξn =

(
−

n∑
i=1

kixi + fn(t, x) +

n−1∑
s=1

αs · · ·αn−1

× (xs+1 + fs)

)
dt+G(x)dω. (28)

Choosing Vn = 1
2

∑n
i=1 ξ

2
i , from (27) and (28), we can obtain

LVn ≤ − 2
n−1∑
i=1

ξ2i + ξn−1ξn + ξn

(
−

n∑
i=1

kixi + fn(t, x)

+

n−1∑
s=1

αs · · ·αn−1(xs+1 + fs)

)

+
1

2

n∑
i=1

k2
i δ

2
i x

2
i . (29)

Similar to (27), by choosing

x∗
n+1 = − ξnαn (30)

αn = 1 + cn + αn−1 +
1

4

n−1∑
i=1

a2
n,i (31)

then we have

LVn ≤ −
n∑

i=1

ξ2i + ξn

(
−

n∑
i=1

kixi − x∗
n+1

)

+
1

2

n∑
i=1

k2
i δ

2
i x

2
i (32)

where an,i is a positive constant.
Noting

ξ1 = x1, ξi = xi + ξi−1αi−1, 2 ≤ i ≤ n (33)

then (30) can be rewritten as

x∗
n+1 = −

n∑
i=1

(
n∏

s=i

αs

)
xi. (34)

If we choose

ki =
n∏

s=i

αs (35)

where α1, . . . , αn are defined in (13), (26), and (31), from (32), (34),
and (35), we get

LVn ≤ −
n∑

i=1

ξ2i +
1

2

n∑
i=1

k2
i δ

2
i x

2
i . (36)

Remark 1: From (13), (21)–(23), (26), and (31), we can observe that
α1, . . ., αn are completely determined by the growth rates c1, . . ., cn
described in Assumption 1. In other words, once systems (1) and (2)
are given, we can immediately get α1, . . ., αn. Then, by (34), we can
easily obtain the control gains k1, . . ., kn.

C. Stability Analysis

We are now ready to state the main stability results on systems (1)
and (2).
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Theorem 1: Consider the plant consisting of (1), (2), (5), and (6). If
Assumption 1 holds and the noise intensity δi satisfies

|δi| <
√
2√

n+
∑n−1

i=1 α2
i

∏n
s=i αs

, i = 1, . . . , n (37)

then the following conclusions hold.
1) The plant has an almost surely (a.s.) unique solution on [t0,+∞).
2) limt→+∞ x(t) = 0 a.s.
3) The plant is mean-square stable. Specifically, we have

E|x(t)|2 ≤
(
n+

n−1∑
i=1

α2
i

)(
x2
1(t0) +

n∑
k=2

(xk(t0)

+

k−1∑
s=1

k−1∏
j=s

αjxs(t0)

)2
⎞
⎠ e−σ0(t−t0) (38)

holds for ∀t ∈ [t0,+∞), where

σ0 =
2min {σi}

n+
∑n

j=2

∑j−1
i=1

∏j−1
s=i α

2
s

(39)

σi =
1

n+
∑n−1

i=1 α2
i

− 1

2
k2
i δ

2
i . (40)

Proof: 1) Step 1: We first prove the plant has an almost surely unique
solution on [t0,+∞).

It follows from (37), (39), and (40) that:

σi > 0, σ0 > 0. (41)

From (33), we have

x=

⎡
⎢⎢⎢⎣
1 0 0 · · · 0 0
−α1 1 0 · · · 0 0
...

...
...

...
...

...
0 0 · · · 0 −αn−1 1

⎤
⎥⎥⎥⎦ξ � Hξ (42)

where x = (x1, . . . , xn)
T and ξ = (ξ1, . . . , ξn)

T .
From (42), we have

|x|2 ≤ |H|2|ξ|2 (43)

or, equivalently,

|x|2 ≤
(
n+

n−1∑
i=1

α2
i

)
|ξ|2. (44)

Similarly, we can also prove that

|x|2 ≥ 1

n+
∑n

j=2

∑j−1
i=1

∏j−1
s=i α

2
s

|ξ|2. (45)

Substituting (44) into (36), it yields

LVn ≤ − 1

n+
∑n−1

i=1 α2
i

n∑
i=1

x2
i +

1

2

n∑
i=1

k2
i δ

2
i x

2
i . (46)

It follows from (35), (37), and (45) that:

LVn ≤ −
n∑

i=1

σix
2
i ≤ −σ0Vn. (47)

By (47) and [10, Th. 2.1], we can obtain that conclusion 1) holds and

lim
t→+∞

n∑
i=1

ξ2i = 0 a.s. (48)

2) Step 2: We then prove limt→+∞ x(t) = 0 a.s.
By (42) and (48), we get

lim
t→+∞

x(t) = 0 a.s. (49)

which shows that conclusion 2) holds.
3) Step 3: We final prove the plant is mean-square stable.

Let

V = eσ0(t−t0)Vn. (50)

It follows from (39), (47), and (50) that:

LV = eσ0(t−t0)(LVn + σ0Vn) ≤ 0. (51)

For any l > 0, define the first exit time

ηl = inf{t : t ≥ t0, |ξ| ≥ l}. (52)

Let tl = ηl ∧ t for any t ≥ t0. Since |ξ| is bounded in the interval
[t0, tl] a.s., by the definition of Vn, we can obtain that Vn is bounded
on [t0, tl] a.s. From (47), we can conclude that LVn is also bounded on
[t0, tl] a.s. By (50) and (51), V and LV are bounded on [t0, tl] a.s.

From (50), (51), and Dynkin’s formula, we have

EV (tl) = Vn(t0) +E

{∫ tl

t0

LV (ξ(tl))dτ

}
≤ Vn(t0). (53)

Noting that liml→∞ ηl = ∞, letting l → ∞, from the Fatou’s lemma
and (53), we have

EV (t) ≤ Vn(t0). (54)

By (50) and (54), we get

EVn ≤ Vn(t0)e
−σ0(t−t0)∀t ∈ [t0,+∞). (55)

From (44) and (55), we can obtain (38). By (38) and (41), we can
obtain that the plant is mean-square stable.

Remark 2: For systems (1) and (2) with multiplicative stochastic
sensor uncertainty, due to the control gains k1, . . . , kn are also the gains
of noise, how to design them to simultaneously dominate the noise and
the nonlinear functions f1(t, x), . . . , fn(t, x) is nontrivial. To solve this
problem, we first construct them recursively in Section II-B to dominate
the nonlinear functions fi(t, x), i = 1 . . . , n. Then, although these
gains are also the gain of noise, by carefully dealing with the positive
cross term 1

2

∑n
i=1 k

2
i δ

2
i x

2
i in the proof of Theorem 1 [see (41)–(47)],

the designed gains (35) are also endowed the ability to dominate small
noise.

Remark 3: When fi(t, x) is linear of x1, . . . , xi, systems (1) and (2)
are reduced to linear systems, which are covered by systems in [28],
since [28] considers linear systems with more general structures, in-
cluding the triangular linear systems as a special case. However, even
for the mean-square stabilization of the same triangular linear systems,
our design is different from that in [28]. Specifically, we develop a
step-by-step design, which clearly describes the control gains [see
(35)] and the requirement on the noise intensity [see (37)]. The design
in [28] was heavily relied on an linear matrix inequality (LMI) where
the control gain and the noise intensity are coupled in a matrix, thus
it seems difficult to show what the control gains are and what the
noise intensity should satisfy. In addition, our design is also valid for
triangular nonlinear systems, while [28] only focused on linear systems.
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III. UPPER TRIANGULAR NONLINEAR SYSTEMS

A. Problem Formulation

Consider a class of nonlinear systems described by

ẋi = xi+1 + ϕi(t, x), i = 1, . . . , n− 2 (56)

ẋn−1 = xn (57)

ẋn = u (58)

where x = (x1, . . . , xn)
T ∈ Rn and u ∈ R are the system state and

control input, respectively. The Borel measurable function ϕi : R
+ ×

Rn → R is locally bounded and locally Lipschitz continuous in x
uniformly in t ∈ R+, ϕi(t, 0) = 0, i = 1, . . . , n− 2.

For systems (56)–(58), we need the following assumption.
Assumption 2: For i = 1, . . . , n− 2, there exists a positive constant

c̃i, such that

|ϕi(t, x)| ≤ c̃i(|xi+2|+ · · ·+ |xn|). (59)

We observe the state xi as yi, which is described by

yi = xi(1 + δiω̇i), i = 1, . . . , n (60)

or

yidt = xidt+ δixidωi, i = 1, . . . , n (61)

where δ1, . . . , δn are the known constants andω1, . . . , ωn are the scalar
independent standard Wiener processes defined on the complete filtered
probability space (Ω,F ,Ft, P ) with a filtration Ft satisfying the usual
conditions (i.e., it is increasing and right continuous, while F0 contains
all P -null sets).

The objective of this section is, with Assumption 2 and the observa-
tion (61), to design a state feedback controller for systems (56)–(58),
such that the closed-loop system has an almost surely unique solution
on [t0,+∞), the origin of the closed-loop system is mean-square stable,
and the states can be regulated to zero almost surely.

B. Control Design

We choose ai > 0, i = 1, . . . , n, such that the matrix A is Hurwitz,
and there exists P = PT satisfying

ATP + PA ≤ − In (62)

where

A =

⎡
⎢⎢⎢⎣

0 1 · · · 0
...

...
. . .

...
0 0 · · · 1

−a1 −a2 · · · −an

⎤
⎥⎥⎥⎦ . (63)

We design a new controller as

u = − a1ε
ny1 − a2ε

n−1y2 − · · · − anεyn (64)

where 0 < ε < 1 is a gain to be determined later.
By (61) and (64), systems (56)–(58) can be written as

dxi = (xi+1 + ϕi(t, x))dt, i = 1, . . . , n− 2 (65)

dxn−1 = xndt (66)

dxn = −
n∑

i=1

aiε
n−i+1xidt+ gxdω (67)

where ω = (ω1, . . . , ωn)
T and

gx = (−a1δ1ε
nx1, . . . ,−anδnεxn). (68)

Introduce the following change of coordinates:

z1 = x1, zi =
xi

εi−1
, i = 2, . . . , n. (69)

From (65)–(69), we have

dzi =

(
εzi+1 +

ϕi(t, x)

εi−1

)
dt, i = 1, . . . , n− 2 (70)

dzn−1 = εzndt (71)

dzn = − ε
n∑

i=1

aizidt+ εgzdω (72)

which is equivalent to

dz = (εAz + Fz)dt+ εGzdw (73)

where z = (z1, . . . , zn)
T , gz = (−a1δ1z1, . . . ,−anδnzn), 01×n =

(0, . . . , 0︸ ︷︷ ︸
n

), and

Fz =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

ϕ1(t, x)
ϕ2(t,x)

ε
...

ϕn−2(t,x)

εn−3

0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
, Gz =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

01×n

01×n

...
01×n

01×n

gz

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
. (74)

Choosing U(z) = zTPz, from (62) and (73), we have

LU(z) = εzT (ATP + PA)z + 2zTPFz

+
1

2
ε2Tr

{
Gz

∂2U

∂z2
GT

z

}
≤ − ε|z|2 + 2zTPFz

+
1

2
ε2Tr

{
Gz

∂2U

∂z2
GT

z

}
. (75)

For 1 ≤ i ≤ n− 2, from (69) and Assumption 2, we have

|ϕi|
εi−1

≤ c̃i
εi−1

(|xi+2|+ · · ·+ |xn|)

≤ c̃i
εi−1

(εi+1|zi+2|+ · · ·+ εn−1|zn|)

≤ c̃iε
2(|zi+2|+ · · ·+ |zn|). (76)

By (76), we can obtain

2zTPFz ≤ 2|P ||z||Fz|

≤ 2|P ||z|
(
|ϕ1|+ |ϕ2|

ε
+ · · ·+ |ϕn−2|

εn−3

)
≤ 2(n− 2)c̃0ε

2|P ||z|(|z3|+ · · ·+ |zn|)
≤ 2n1/2(n− 2)c̃0ε

2|P ||z|2 (77)

where c̃0 = max1≤i≤n−2{c̃i}.
Noting that gz = (z1, . . . , zn)diag(−a1δ1, . . . ,−anδn), we have

|gz|2 ≤
n∑

i=1

a2
i δ

2
i |z|2. (78)
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It follows from (74) and (78) that:

1

2
ε2Tr

{
Gz

∂2U

∂z2
GT

z

}
≤ ε2|P ||gz|2

≤
(

n∑
i=1

a2
i δ

2
i |P |

)
ε2|z|2. (79)

Substituting (77) and (79) into (75), it yields

LU(z) ≤ − ε

(
1−

(
2n1/2(n− 2)c̃0

+
n∑

i=1

a2
i δ

2
i

)
|P |ε

)
|z|2. (80)

C. Stability Analysis

We are now ready to state the main stability results on systems (56)–
(58).

Theorem 2: Consider the plant consisting of (56)–(58), (61), and
(64). If Assumption 2 holds and the parameter ε of the gains in (64) is
chosen as

ĉ = 2n1/2(n− 2) max
1≤i≤n−2

{c̃i} (81)

0 < ε < min

{
1,

1

(ĉ+
∑n

i=1 a
2
i δ

2
i ) |P |

}
(82)

then the following conclusions hold.
1) The plant has an almost surely unique solution on [t0,+∞).
2) limt→+∞ x(t) = 0 a.s.
3) The plant is mean-square stable. Specifically, we have

E|x(t)|2 ≤ 1

λmin{P}

(
n∑

i,j=1

ε−i−j+2Pijxi(t0)xj(t0)

)

× e−ε0(t−t0)∀t ∈ [t0,+∞) (83)

where λmin{P} is the smallest eigenvalue ofP , λmax{P} is the largest
eigenvalue of P , Pij is the entry in the ith row and jth column of P ,
and

ε0 =
ε

λmax{P}

(
1−

(
2n1/2(n− 2)c̃0

+

n∑
i=1

a2
i δ

2
i

)
|P |ε

)
. (84)

Proof: It follows from (80), (82), and (84), and the definition of
U(z) that:

LU(z) ≤ − ε0U (85)

where ε0 > 0 is a constant.
By (85) and [10, Th. 2.1], we can obtain that conclusion 1) holds and

lim
t→+∞

n∑
i=1

|z| = 0 a.s. (86)

From (69) and (86), we have

lim
t→+∞

x(t) = 0 a.s. (87)

which shows that conclusion 2) holds.

Fig. 1. Pendulum system.

Similar to (55) in the proof of Theorem 1, we can obtain

EU ≤ U(t0)e
−ε0(t−t0)∀t ∈ [t0,+∞). (88)

From (88) and the definition of U(z), we can obtain (83), which
shows that the plant is mean-square stable.

Remark 4: In this section, by introducing a small gain ε in the design
process, we propose a novel low-gain homogeneous domination design
method to solve the stabilization problem for systems (56)–(58) with the
multiplicative stochastic sensor uncertainty (61). This design method
has the following two advantages.
1) As shown in (77) and (80), we can effectively dominate the non-

linear functions (ϕi(t, x), i = 1, . . . , n− 2) by tuning ε.
2) We do not need to make any restriction on the sensor noise inten-

sities δi, i = 1, . . . , n. In other words, the sensor noise intensities
are allowed to be arbitrarily large.

Remark 5: In this article, we consider nonlinear systems with mul-
tiplicative stochastic sensor uncertainty where the noise intensities
δ1, . . . , δn are constants. In fact, with similar assumptions, taking
the similar design and analysis, the results in Sections II and III can
be easily generalize to the case with time-varying noise intensities
δ1(t), . . . , δn(t). Specifically, for lower triangular nonlinear systems
(1) and (2), δi(t) is allowed to be time-varying and not differentiable,
but it should satisfy the inequality (37). For upper triangular nonlinear
systems (56)–(58), δi(t) is allowed to be any time-varying and bounded
function.

IV. TWO SIMULATION EXAMPLES

In this section, we give two simulation examples to show the effec-
tiveness of the control schemes developed in the last two sections.

Example 1: Consider the pendulum system shown in Fig. 1.
By the Newton’s law of motion, the system is described as [30]

m0lθ̈ = −m0g sin θ − klθ̇ +
1

l
T (89)

where l denotes the length of the rod, m0 denotes the mass of the bob,
and g denotes the acceleration due to gravity. Assume the rod is rigid
and has zero mass. Let θ denote the angle subtended by the rod and the
vertical axis through the pivot point. The pendulum is free to swing in
the vertical plane. The bob of the pendulum moves in a circle of radius
l. There is also a frictional force resisting the motion, which we assume
to be proportional to the speed of the bob with a coefficient of friction
k. T is the torque applied to the pendulum.

Suppose we want to stabilize the pendulum at an angle
θ = θ0. First of all, we need to apply a torque T0 to make θ0 an
equilibrium, i.e.,

T0 −m0gl sin θ0 = 0. (90)
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Fig. 2. Response of the closed-loop systems (93), (94), (98), and (99).

To obtain a state model for the pendulum system, choose the state
variables x1 = θ − θ0 and x2 = θ̇ and the control u = T − T0. Then,
from (89), we get the state-space form as

ẋ1 = x2 (91)

ẋ2 =
1

m0l2
u− g

l
sin(x1 + θ0)− k

m0

x2 +
1

m0l2
T0. (92)

Choosing θ0 = π
6

, l = g, and m0 = k = 1
g2

, by (90), we have T0 =
1
2

. Then, (91) and (92) can be written as

ẋ1 = x2 (93)

ẋ2 = u− sin
(
x1 +

π

6

)
− x2 +

1

2
. (94)

Noting that

1

2
− sin

(
x1 +

π

6

)
− x2

= sin
π

6
− sin

(
x1 +

π

6

)
− x2

= −2 cos

(
1

2
x1 +

π

6

)
sin

x1

2
− x2 (95)

we have ∣∣∣∣12 − sin
(
x1 +

π

6

)
− x2

∣∣∣∣ ≤ |x1|+ |x2| (96)

which means that Assumption 1 is satisfied.
We observe the state xi as yi, which is described by

yi = xi(1 + δiω̇i), i = 1, 2 (97)

or

yidt = xidt+ δixidωi, i = 1, 2 (98)

and design the controller as

u = − k1y1 − k2y2. (99)

By the design developed in Section II, we can obtain k1 = 40, k2 =
20, |δ1| < 0.014, and |δ1| < 0.028.

For simulation, we select the noise intensities δ1 = 0.01 and δ2 =
0.02, and randomly set the initial conditions as x1(0) = −2, x2(0) =
3, y1(0) = −0.52, and y2(0) = 0.7. Fig. 2 shows the responses of
the controller and states, which show that limt→+∞ x(t) = 0 a.s. and

Fig. 3. Response of the closed-loop systems (100)–(103) and (106).

limt→+∞ E|x|2 = 0. Therefore, the effectiveness of the control scheme
developed in Section II is demonstrated.

Example 2: Consider the following system:

ẋ1 = x2 + x3 sin(x1x2) (100)

ẋ2 = x3 (101)

ẋ3 = u. (102)

We can observe the state xi as yi, which is described by

yi = xi(1 + δiω̇i), i = 1, 2, 3 (103)

or

yidt = xidt+ δixidωi, i = 1, 2, 3 (104)

where δ1 = δ2 = δ3 = 0.1.
We choose a1 = 5.9, a2 = 9, and a3 = 6.5, from (62), we get

P =

⎡
⎣ 3.5870 2.0893 0.1791
2.0893 4.0454 0.3668
0.1791 0.3668 0.2290

⎤
⎦ . (105)

By (82) and (105), we can obtain ε = 0.1.
From the design in Section III, we get

u = − a1ε
3y1 − a2ε

2y2 − a3εy3. (106)

For simulation, we randomly set the initial conditions as x1(0) =
1.5, x2(0) = −1.5, x3(0) = 1, y1(0) = 1, y2(0) = 0.8, and y3(0) =
−0.5. Fig. 3 shows the responses of the controller and states, which
show that limt→+∞ x(t) = 0 a.s. and limt→+∞ E|x|2 = 0. Therefore,
the effectiveness of the control scheme developed in Section III is
demonstrated.

V. CONCLUSION

In this article, we have studied the state feedback control problems for
lower/upper triangular nonlinear systems with multiplicative stochastic
sensor uncertainty. New controllers were designed to guarantee that the
closed-loop system has an almost surely unique solution on [t0,+∞),
the origin of the closed-loop system is mean-square stable, and the
states can be regulated to zero almost surely.

For the nonlinear control with multiplicative stochastic sensor uncer-
tainty, many important issues are still open and worth investigating, such
as studying the output feedback control, and generalizing the results in
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this article to more general systems, such as those presented in [31],
[32], and [33].
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