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We solve the output-feedback stabilization problem for a tank with a liquid modeled by the viscous
Saint-Venant PDE system. The control input is the acceleration of the tank and a Control Lyapunov
Functional methodology is used. The measurements are the tank position and the liquid level at the
tank walls. The control scheme is a combination of a state feedback law with functional observers for
the tank velocity and the liquid momentum. Four different types of output feedback stabilizers are
proposed. A full-order observer and a reduced-order observer are used in order to estimate the tank
velocity while the unmeasured liquid momentum is either estimated by using an appropriate scalar
filter or is ignored. The reduced order observer differs from the full order observer because it omits
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Output feedback ) the estimation of the measured tank position. Exponential convergence of the closed-loop system to
gg‘étsml Lyapunov functional the desired equilibrium point is achieved in each case. An algorithm is provided that guarantees that

a robotic arm can move a glass of water to a pre-specified position no matter how full the glass is,
without spilling water out of the glass, without residual end point sloshing and without measuring the
water momentum and the glass velocity. Finally, the efficiency of the proposed output feedback laws
is validated by numerical examples, obtained by using a simple finite-difference numerical scheme.

The properties of the proposed, explicit, finite-difference scheme are determined.

© 2022 Elsevier Ltd. All rights reserved.

1. Introduction

Output feedback stabilization of Partial Differential Equations
(PDEs) is an active research area. Important results in the lit-
erature include the construction of observer-based output feed-
back controllers for parabolic or hyperbolic PDEs (see for in-
stance Krstic, Guo, Balogh, & Smyshlyaev, 2008; Krstic, Guo, &
Smyshlyaev, 2011; Krstic & Smyshlyaev, 2008; Smyshlyaev &
Krstic, 2005; Wang & Krstic, 2019, 2021). Cases of systems with
boundary measurements subject to time-delays are also consid-
ered in the literature (see for instance Fridman, 2013; Katz &
Fridman, 2020, 2021; Selivanov & Fridman, 2019).

The major control scheme in the linear case is the so-called
“Separation Principle” (see Sontag, 1998 for the finite-dimensional
case): a state feedback controller is designed separately from an
observer which estimates the whole state of the PDE system.
However, this scheme is difficult to be applied in the nonlinear
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case because there are no systematic procedures for the design
of observers which estimate the infinite-dimensional state of
the system. For complex systems it may be reasonable to set a
less ambitious goal for output feedback stabilization. Luenberger
(1966, 1971) introduced the concept of a functional observer: a
functional observer is an auxiliary system that is driven by the
input and available system output and estimates a function of
the state. Research on functional observers continues (see Trinh
& Fernando, 2012 and references therein). As already remarked by
Luenberger (1971), it is possible to utilize a functional observer
in order to directly estimate the nominal state feedback (see
also Kravaris & Venkateswaran, 2021).

In this paper, we apply the functional-observer methodol-
ogy to a well-known nonlinear PDE problem: the stabilization
of the motion of a tank containing a liquid described by the
viscous Saint-Venant PDE system. The Saint-Venant system or
shallow water model has been used in many applications (river
flows, tidal waves, oceans) and since its first derivation from
first principles by Adhémar Jean Claude Barré de Saint-Venant in
1871 (see Barré & de Saint-Venant, 1871), the model has been
extended to take into account many types of forces acting on
the body of the liquid other than gravity (e.g., viscous stresses,
surface tension, friction forces; see Bresch & Noble, 2007; Chin-
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Bing, Jordan, & Warn-Varnas, 2011; Gerbeau & Perthame, 2001;
Lannes, 2013; Mascia & Rousset, 2006; Sundbye, 1996). Feedback
stabilization problems involving various variations of the Saint-
Venant model have attracted the attention of many researchers
during the last decades (see Bastin & Coron, 2016; Bastin, Coron,
& Hayat, 2021; Bastin, Coron, & d’Andréa Novel, 2009; Coron,
2002, 2007; Coron, d’Andréa Novel, & Bastin, 2007; de Halleux
& Bastin, 2002; Diagne, Diagne, Tang. and Krstic, 2017; Diagne,
Tang, Diagne and Krstic, 2017; Karafyllis & Krstic, 2022b; Litrico
& Fromion, 2006; Petit & Rouchon, 2002; Prieur & de Halleux,
2004; Smyshlyaev & Krstic, 2005). Most works study the inviscid
Saint-Venant model (i.e., the model that ignores viscous stresses
and surface tension and takes into account gravity and friction
forces), which provides a system of first-order hyperbolic Partial
Differential Equations (PDEs). Many papers study stabilization
problems for the linearization of this system around an equi-
librium point, employing either the backstepping methodology
(see Diagne, Diagne et al., 2017; Diagne, Tang et al., 2017) or the
Control Lyapunov Functional (CLF) methodology (providing local
stabilization results for the original nonlinear system in many
cases; see Bastin & Coron, 2016; Bastin et al., 2021, 2009; Coron,
2007; Coron et al., 2007; de Halleux & Bastin, 2002; Litrico &
Fromion, 2006). In Karafyllis and Krstic (2022b) a state feedback
stabilizer for the viscous, nonlinear, Saint-Venant system has
been proposed. The feedback law proposed in Karafyllis and Krstic
(2022b) requires measurement of the tank position and velocity,
the liquid level at the tank walls and the total liquid momentum.
The latter quantity is very difficult to be measured directly.

In this paper we utilize the state feedback law proposed in
Karafyllis and Krstic (2022b) in order to solve the output feedback
stabilization problem of the motion of a tank containing a viscous,
incompressible, Newtonian liquid. We assume that we measure
the tank position and the liquid level at the tank walls and
we construct functional observers for the tank velocity and the
liquid momentum. The problem is studied by means of the CLF
methodology initially presented in Krstic (1999) for nonlinear
parabolic PDEs and studied also in Coron (2007), Karafyllis (2021)
and Karafyllis and Krstic (2019, 2022a, 2022b). We construct two
different observers for the tank velocity: a full-order observer
and a reduced-order observer. We also construct two different
estimators for the liquid momentum (strictly speaking they are
not functional observers of the liquid momentum). Therefore,
we construct four different types of output feedback stabilizers.
Exponential convergence of the closed-loop system to the desired
equilibrium point is achieved in each case. As in Karafyllis and
Krstic (2022b), the constructed CLFs are also size functionals
(see Sontag, 2022 for the notion of the size function) as they
provide positive upper and lower bounds of the liquid level. As
far as we know, this is the first paper in the literature that
achieves output feedback stabilization of the nonlinear viscous
Saint-Venant system.

The paper is structured as follows. In Section 2 we present
the output feedback control problem of the motion of a tank.
In Section 3 we present the main ideas for the construction of
dynamic output feedback laws. Section 4 contains the statements
of the main results. In Section 5 we present an algorithm which
guarantees that a robotic arm will move a glass of water to a pre-
specified position. We show that no matter how full the glass is,
the robot can transfer the glass without spilling water out of the
glass, without residual end point sloshing and without measuring
the water momentum and the glass velocity. Section 6 presents
illustrative numerical examples which show the efficiency of the
proposed dynamic output feedback laws. While there are many
numerical schemes devoted to the numerical approximation of
the inviscid Saint-Venant model, there are only few papers in the
literature that study the numerical approximation of the viscous
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Saint-Venant system with no control (see Delestre & Marche,
2011; Gunawan, 2014; Katsaounis & Simeoni, 2002) and there
is no paper that studies the numerical approximation of the
viscous Saint-Venant model with control. Here, we used a simple
finite-difference scheme and in Section 6 we state the properties
and the accuracy of the scheme. The proofs of all results are
provided in Section 7. Finally, the concluding remarks are given
in Section 8.

Notation. Throughout this paper, we adopt the following nota-
tion.

* Ry = [0, +00) denotes the set of non-negative real num-
bers.

* Let S € R" be an open set and let A C R" be a set that
satisfies S € A C cl(S). By C°(A; £2), we denote the class of
continuous functions on A, which take values in 2 C R™.
By CK(A: £2), where k > 1 is an integer, we denote the class
of functions on A € R", which takes values in 2 < R™
and has continuous derivatives of order k. In other words,
the functions of class C¥(A; §2) are the functions which have
continuous derivatives of order k in S = int(A) that can be
continued continuously to all points in dSNA. When 2 =R
then we write C°(A) or C¥(A). When I C R is an interval and
G e C'(I) is a function of a single variable, G'(h) denotes the
derivative with respect to h € I.

% Let I € R be an interval, let a < b be given constants
and let u : I x [a,b] — R be a given function. We use
the notation u[t] to denote the profile at certain t € I,
i.e, (u[tD(x) = u(t,x) for all x € [a, b]. When u(t, x) is
(twice) differentiable with respect to x € [a, b], we use the
notation u,(t, x) (ux(t, x)) for the (second) derivative of u
with respect to x € [a, b], i.e., uy(t, x) = 8—”(t X) (uxx(t, x) =

(t x)). When u(t, x) is differentiable with respect to t, we

B u

use the notation u,(t, x) for the derivative of u with respect
to t, i.e, u(t, x) = (¢, x).

* Given a set U C R", xy denotes the characteristic function
of U, i.e. the function defined by xy(x) := 1 for all x € U and
xu(x) := 0 for all x ¢ U. The sign function sgn : R — R is
the function defined by the relations sgn(x) = 1 for x > 0,
sgn(0) = 0 and sgn(x) = —1 for x < 0.

* Let a < b be given constants. For p € [1, +00), [P(a, b) is the
set of equivalence classes of Lebesgue measurable functions

: (a, b) — R with

lull, = </ lu(x |”dx> < +o0.

L*°(a, b) is the set of equivalence classes of Lebesgue mea-
surable functions u : (a, b) - R with

llullo := ess sup (Ju(x)|) < +oo.
xe(a,b)

For an integer k > 1, H(a, b) denotes the Sobolev space of
functions in L%(a, b) with all its weak derivatives up to order
k > 1in [*(a, b).

2. Description of the problem

We study a 1-D model for the motion of a tank that contains
a viscous, Newtonian, incompressible liquid. We assume that a
force, that can be manipulated, acts on the tank. Assuming that
the liquid pressure is hydrostatic, the liquid is modeled by the
1-D viscous Saint-Venant equations and the tank obeys Newton'’s
second law.

The control objective is to drive asymptotically the tank to a
specified position without liquid spilling out and having both the
tank and the liquid within the tank at rest.
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Let the position of the left wall of the tank at time t > 0 be a(t)
and let the length of the tank be L > 0 (a constant). The following
equations describe the motion of the liquid within the tank:

H; + (Hu); =0, fort > 0, Z € [a(t), a(t) + L] (1)
(Hu); + (Hu2 + %gHZ) = u (Huz),, fort > 0,

z
Z € (a(t), a(t) + L) (2)

where H(t,Z) > 0, u(t,Z) € R are the liquid level and the
liquid velocity, respectively, at time t > 0 and position Z €
[a(t), a(t) + L], while g, u > 0 (constants) are the acceleration
of gravity and the kinematic viscosity of the liquid, respectively.
The liquid velocities at the walls of the tank coincide with the
tank velocity, i.e., we have:

u(t, a(t)) = u(t, a(t) + L) = w(t), fort >0 (3)
where w(t) = a(t) is the velocity of the tank at time t > 0. For
the tank we have

act)y = —f(t), fort >0 (4)

where —f(t), the control input to the problem, is the acceleration
of the tank at time t > 0, which by virtue of Newton’s 2nd law
is equal to the force acting on the tank divided by the mass of
the tank. The conditions for avoiding the liquid spilling out of the
tank are:

H(t, a(t)) < Hmax

H(t, a(t) + L) < Hmax

where Hpax > 0 is the height of the tank walls. Applying the
transformation

u(t, x) = u(t, a(t) + x) — w(t)

h(t, x) = H(t, a(t) + x) (6)
§(t)=a(t) —a*

where a* € R is the specified position (a constant) in which we
want the left wall of the tank to be placed, we obtain the model
E=w, w=—f, fort>0 (7)
hy + (hv), =0, fort > 0,x € [0, L] (8)

(5)

1
(hv) + (hvz + 5ghz> = (hv), + hf, fort > 0, x € (0, L)
X

9)
v(t,0)=v(t,L)=0, fort >0 (10)
where the control input f appears additively in the second equa-
tion of (7) and multiplicatively in (9). Due to (10) there is no
need for a boundary condition for the liquid level h. Moreover,

the conditions (5) for avoiding the liquid spilling out of the tank
become:

max (h(t, 0), h(t, L)) < Hpax, fort >0 (11)

We consider classical solutions for the PDE-ODE system (7)-
(10), i.e., we consider functions

£eC'(Ry)NC*((0,+00)), w e C®(Ry) NC' (0, +00)),
v e C° ([0, +00) x [0, L]) N C' ((0, +00) x [0, L]),
h € C' ([0, +00) x [0, L]; (0, +00)) N C* ((0, +00) x (0,1)) ,
with v[t] € C? ((0, L)) for each t > 0 that satisfy Eqgs. (7)-(10) for
a given input f € C° (Ry).

Using (8) and (10), we can prove that for every solution of (7)-
(10) it holds that d (fo (t,x dx) = 0 for all t > 0. Hence, the

total mass of the 11qu1d m > 0 is constant. Therefore, without loss
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of generality, we assume that every solution of (7)-(10) satisfies
the equation

L
/ h(t, x)dx = m. (12)
0

The open-loop system (7)-(10), (12), i.e., system (7)-(10), (12)
with f(t) = 0, allows a continuum of equilibrium points, namely
the points

h(x) = h*, v(x) =0, forx € [0, L] (13)
EeR,w=0 (14)

where h* = m/L. We assume that the equilibrium points satisfy
the condition for no spilling out (11), i.e., h* < Hpax. Due to
the existence of a continuum of equilibrium points for the open-
loop system given by (13), (14), the desired equilibrium point is
not asymptotically stable for the open-loop system. In addition
to that, experience shows that it is possible to find smooth initial
conditions (£(0), w(0), h[0], v[0]) € RxRx C? ([0, L]; (0, +00)) x
C' ([0, L)) with (v[0])(0) = (v[0])L) = O for which we cannot
avoid liquid spilling out of the tank-no matter what the applied
input f is. Thus, the described control problem is far from trivial.

In contrast with Karafyllis and Krstic (2022b), here we assume
that we do not measure the whole state vector (£(t), w(t), h[t],
v[t]) but we measure only the tank position &£(t) and the liquid
level at the tank walls h(t,0) and h(t, L). In other words, the
measured output is given by the equation:

y(t) = [&(t) h(t,0) h(t,L)] e R? (15)

Our objective is to design a finite-dimensional, dynamic, output
feedback law of the form

) — k
s(t) = Fy (s(t), y(t)) , s(t) e R Cfort >0, (16)
f(t) = Fy (s(t), y(t))

that leads exponentially the solution of the closed-loop system
(7)-(10) with (16) to the equilibrium point with & = 0. Moreover,
we additionally require that the “spill-free condition” (11) holds
for every t > 0.

Finally, it should be noted that in this paper we do not study
existence/uniqueness of solutions for the closed-loop system.
However the obtained stability estimates combined with ideas in
the literature (see Sundbye, 1996) can be used for a future study
of the existence/uniqueness issue.

3. Construction of the dynamic output feedback law
3.1. A nonlinear state feedback law

The static nonlinear state feedback law

() (2/0 (t, X)u(t, x)dx + p (h(t, L) — h(t, 0)
(17)
— q(w(0) + k() )
was proposed in Karafyllis and Krstic (2022b) for the stabilization
of the equilibrium point with & = 0. Here o,k,q > 0 are
constants that must satisfy the conditions
G (—cr)

I 0 ——— 18
e (=) (18)
where

_ 1 . og 4mL2Hmax0 (19)

- g+ pol’ = umw?
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and G 1: (—%h*ﬁ, +oo) — (0, +00) is the inverse function
(_gh*w?*, +oo)

of the increasing C! function G : (0, +00) —
defined by means of the formula

2
Gih) == Ssn (h— 1) (hJH —3nVh + 2h*\/h7) (20)
and r is a constant that satisfies
2
0<r<R:= MT\/E (2h*@+ Hmax min (Hmax — 3h*, 0))

(21)

The design of the feedback law (17) was based on the Control
Lyapunov Functional (CLF) V : S — R, defined by

qk? q
V(E, w, h,v) ;= W(h, v)+ E(h, v) + 752 +5w+ kEY?  (22)
where
1t 5 1 [t 2
E(h,v) = 7/ h(x)v?(x)dx + fg/ (h(x) — h*)" dx (23)
2 Jo 2° ),
L
Wik v) = / B () () + () dx
0
L
g / (h(x) — h*)? dx (24)
27 Jo

and S is the set defined by
h e C° ([0, L]; (0, +00)) NH'(0, L)

0
(&, w,h,v)eS & v e, I (25)

fo X)dx =
(5, w) € R?, v(0) =v(l)=0
The feedback law (17) guarantees (Theorem 1 in Karafyllis &

Krstic, 2022b) that for each r € [0, R) there exist constants M >
1, ¢ > 0 with the following property:

(Q) Every classical solution of the PDE-ODE system (7)-(10), (12)
and (17) with V(£(0), w(0), h[0], v[0]) < r, satisfies (&(t), w(t),
h[t], v[t]) € X and the following estimate for all t > 0:

” ), h[t] —h*xloua v[t]) ||x

<Mexp (—go t) [|(€(0), w(0), h[0] — h* x(0.11. VIO, (26)
Here X C R? x H' (0, L) x L? (0, L) is the metric space
X ={(&,w,h,v)eS : V(&,w,h,v) <R} (27)

with metric induced by the norm of the underlying normed linear
space R? x H' (0, L) x L? (0, L), i.e., we have for all (£, w, h, v) € X

I w. b vl = (&2 w2+ 103 + W2+ 10) © 28)
The quantity

(& w.h = R0 0] = (52 +w? + [h = o]

2 1/2
+ 5+ wi3)

i.e.,, the distance of the state (&, w, h, v) from the equilibrium
(0,0, h* x10,13- Ox0,17), is @ combined measure of the sloshing of
the liquid in the tank (given by the component ||h —h* X ||§ +
| H; + [lv]|%), the tank velocity (given by the component w?)

and the deviation of the tank from the desired position (given by
the component &£2). Finally, the “spill-free condition” (11) holds
for every classical solution of the PDE-ODE system (7)-(10), (12)
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with (17) and V(£(0), w(0), h[0], v[0]) < r, since Lemma 1 in
Karafyllis and Krstic (2022b) implies that for all (¢, w, h, v) € X it
holds

that

0 <G ' (—cV(§, w, h,v)) < h(x)

<G 1(cV(E,w, h,v)) < Hmax, for all x € [0, L].
The above inequality in conjunction with definitions (27), (19),
(21) guarantees the fact that the “spill-free condition” (11) holds

11
for every classical solution of the PDE-ODE system (7)-(10), (12)
with (17) and V(&(0), w(0), h[0], v[0]) <.

(29)

3.2. Ideas for the construction of dynamic output feedback law

The main idea for the construction of a dynamic feedback
law is the replacement of the quantities f h(t, x) xv(t, x)dx (the
liquid momentum) and w(t) (the tank ve?oaty) - which are not
measured - in the feedback law (17) by appropriate estimates. For
the tank velocity w(t) an estimate w(t) can be obtained either by
means of the finite-dimensional full-order observer

== -2y (ko) -&0),
f 1 A
(0 =—f(0) - (5 + yz) (f-gw). fore=0  (30)

where y > 0 is a constant or by means of the reduced-order
observer

L) ==y §(6) — y?§(6) = f(¢), fort =0 €2)
where y > 0 is a constant and the velocity estimate is given by

w(t) =¢(t) +y &)

The variable ¢ in the reduced-order observer (31) is the ob-
server state. The reduced-order observer is designed based on the
linear finite-dimensional system (7) (a double integrator) with
output equal to £. Both observers (30) and (31) guarantee global
exponential estimation of the tank velocity w(t) with rate of
convergence equal to y since by using (7), (30) and (31) we get:

© (B0 - £0) = w0~ win - 27 (B0 — &),

dt

d . AR Y2

- (D) — w(®) = - (5 +y ) GOEHO)!

d

o O+ yE0) = w(e) = =y @0+ (D) = (o).

Moreover, exponential estimation of w is guaranteed indepen-
dently of the input (i.e., the observers (30) and (31) can also work
in open-loop). For the liquid momentum we need to follow a
different approach. If we define

L
Z(t) = / h(t, x)v(t, x)dx + w (h(t, L) — h(t, 0)) (32)
0

then it follows from (8), (9), (10), (12) and definition (32) that the
following differential equation holds for every classical solution of
(7)-(10), (12) and all t > O:

dz

(O =mt) -

Consequently, the use of the filter
26) = mf(0) - 5 (K(e.) — (¢, 0))
—B (z(t) — n (h(t, L) — h(t,0))), fort >0

where 8 > 0 is a constant, along with (33), guarantees the follow-
ing differential equation for every classical solution of (7)-(10),
(12)and all t > 0:

& @(t) - 2(t) = =P @(t) = Z(t) — B [y h(t. x)(t, x)dx  (35)

g (W*(t, L) — h*(t, 0)) (33)

(34)
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Using (32), we can now estimate the liquid momentum
p(t) = [y h(t. x)u(t, X)dx

=Z(t) — p (h(t, L) — h(t, 0))

by:

(1) either the quantity z(t)—u (h(t, L) — h(t, 0)) which is going
to give an accurate estimate when |z(t) — z(t)| is small,
(2) or by zero, which is going to give an accurate estimate

when ‘fOL h(t, x)v(t, x)dx| is small.

Taking the convex combination of both estimates of the liquid
momentum we get the estimate

p(t) = Az(t) — A (h(t, L) — h(t, 0))

where XA € [0, 1] is a constant. However, this estimate of the lig-
uid momentum is not guaranteed to be a valid estimate. Eq. (35)
shows that the liquid momentum estimate p(t) will converge to
p(t) only if p(t) — 0 ast — +oo. Therefore, the liquid mo-
mentum estimate cannot work in open-loop but can only work
in closed-loop. Only the combination of the applied feedback
and the provided estimates can guarantee that the momentum
estimate is successful (see Theorems 1 and 2 below).

The reader should notice that when A = 0 then the filter (34)
is unutilized. Thus we may obtain four different dynamic output
feedback laws with:

(1) three ODEs when the full-order observer (30) is used and
A€ (0,1],

(2) two ODEs when the reduced-order observer (31) is used
and X € (0, 1],

(3) two ODEs when the full-order observer (30) is used and
A =0, and

(4) one ODE when the reduced-order observer (31) is used and
A =0.

4. Main results

Now we are in a position to state the main results of the
present work.

Theorem 1 (Output Feedback with Full-Order Observer). Let r €
[0, R) be an arbitrary constant, where R > 0 is the constant defined
n(21). Leto,q,k,y,B > 0, A € [0, 1] be arbitrary constants for
which

2g 8k 2m%uG(—cr)
>0>—, ——
ul q’ mL2G1(cr)
where ¢ > 0 is defined by (19). Let S be the set defined by (25)
and define the functional V : S — R, by (22), (23), (24). Let X

be the metric space defined by (27). Moreover, define the functional
@ : X x R> — R, by the equation

D(E, w, hv, &, 0,2)=V(E w, hv)

+7 (g 5) + 2L (“’_w_’/G_g))z (37)

2

L
%( N / h(x)v(x)dx—u(h(L)—h(O))> :
0

Then there exist constants M > 1,¢ > 0 with the following
property:

(P) Every classical solution of the PDE-ODE system (7)-(10), (12),
(30), (34) and

f=-0 (m +(1 — 22 (h(L) — h(0)) — q (&b + kE)
+qy (é —5) ) fort >0

> B+ 40 > 8o, (36)

(38)
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with ®(£(0), w(0), h[0], v[0], £(0), W(0), z(0)) < r, satisfies (£(t),
w(t), h[t], v[t]) € X and the following estimate for all t > 0:

(), w(o), hiel = B o vleD)]  + |60 — 00)
+ |(t) — ()|
+f‘

< Mexp (—fp t) 163

h(t, x)u(t, x)dx — p (h(t, L) — h(t, 0)))
). w(0), h[0] — h* xj0,13, v[OD)] (39)
+Mexp (—p0) (]ém) ~ §(0)] + [(0) - w(0)))

+VAM exp (=g t) |2(0) — [ h(0, X)v(0, x)dx
—p (h(0, L) — h(0,0)) |

Theorem 2 (Output Feedback with Reduced-Order Observer). Let
r € [0, R) be an arbitrary constant, where R > 0 is the constant
defined in (21). Let 0,q,k,y,B > 0, A € [0, 1] be arbitrary
constants which satisfy (36), where ¢ > 0 is defined by (19). Let S
be the set defined by (25) and define the functional V : S — R, by
(22), (23), (24). Let X be the metric space defined by (27). Moreover
define the functional ¥ : X x R?> — R, by the equation

oq? )
Y, w,hv,¢,z)=V(E, w, hv)+ 7 C —w+yEé)

2

L
+ 5 (2 [ renoa = wn) - oy (40)
0

Then there exist constants M > 1,¢ > 0 with the following
property:

(P') Every classical solution of the PDE-ODE system (7)-(10), (12),
(31), (34) and

f=—0 @2z +(1-20)p (h(L) — h(0)) — q (¢ + (¥ +Kk)§)),
fort >0 (41)

with ¥ (£(0), w(0), h[0], v[0], ¢(0), z(0)) < r, satisfies (&(t), w(t),
h[t], v[t]) eX and the following estimate for all t > 0:

|| ), hlt] — h*X[o us I [ 4 12(6) = w(t) + (L)
fo W(t, x)dx — u (h(t, L) — t0)))
<Mexp(—g¢t) (H(s w(0), h[0] — h* xjo.1y. v[O])] (42)

+1£(0) — w(0) + y&(0)]
+V ‘Z(O) — [ (0, x)v(0, x)dx — pu (h(0, L) — h(O, 0))’) .

Remark 1. (i) Both Theorems 1 and 2 guarantee exponential
convergence to the desired equilibrium point. Moreover, both
estimates (39) and (42) are independent of z when A = 0.
This is expected since the corresponding closed-loop systems are
independent of z when A = 0.

(ii) It should be noticed that Theorem 1 in Karafyllis and Krstic
(2022b) had no condition whatsoever for the controller gain o >
0 in the feedback laws (38) and (41). However, Theorems 1 and 2
in the present work require the validity of inequality (36) which
shows that o > 0 should be sufficiently large but cannot be
arbitrarily large. The reason for the existence of an upper bound
for o > 0 is the existence of estimation errors in the present
work. Since we cannot implement the state feedback law (17)
but instead we try to approximate the feedback law (17) by
using appropriate estimates, the use of a large controller gain
o > 0 will also magnify the effect of the estimation errors to
the closed-loop systems.

(iii) On the other hand, neither Theorem 1 nor Theorem 2 re-
quire any upper bound for the parameter y > 0 that determines



I. Karafyllis, F. Vokos and M. Krstic

the convergence rate to zero of the observer error for the full
observer (30) and the reduced observer (31). However, a very
large value for the observer gain y > 0 should not be used in
practice due to the existence of possible measurement noise.
(iv) The gain 8 > 0 of the filter (34) has to be greater than 4o

and less than %ﬁ(cf” 4o (recall (36)). Indeed, the use of a

large filter gain 8 > 0 will magnify the effect of the estimation
errors to both closed-loop systems and this is the reason that the

gain g has to be less than %(”) 4.

(v) It should be noted that for every r € [0, R) we can find
constants o,k,q, 8,y > 0and A € [0, 1] for which inequal-
ities (36) hold. First of all, notice that inequalities (36) impose
no condition on y > 0 and A € [0, 1]. To show why we
can always find constants o, k,q, 8 > 0 for which inequalities
(36) hold, notice that we can always pick ¢ > 0 sufficiently

. nzqul(fcr) 2g :

small so that o < min (m, a ) Then we can pick any
372 uG Y (=cr)

p e (4”’ e @)

inequalities (36) are valid.

) and any k,q > 0 with s < g- Then all

5. Can a robot move a glass of water without spilling out water
and without measuring the water momentum?

We next consider the problem of the movement of a glass of
water by means of a robotic arm, from near-rest to near-rest in
finite (but not prespecified) time. The glass of water starting from
an almost at rest state (both the glass and the water in the glass),
is formulated as

(0, w(0), h[0] — h* xjo.y. vIOD)|, < & (43)

where ¢ > 0 is a small number (tolerance) and || - ||y is the
norm defined by (28). The robotic arm should move the glass to a
pre-specified position without spilling out water of the glass and
having the water in the glass almost still at the final time, i.e., at
the final time T > 0 we must have

[(E(T), w(T), hIT] — h* xo.3. IT)||, < & (44)

In other words, we require the spill-free and slosh-free motion
of the glass. The initial condition is (£(0), w(0), h[0], v[0]) € S,
where £(0) # 0 (recall the definition (25) of S). Our aim is to
show that the glass of water can be transferred without spilling
out water of the glass, without residual end point sloshing, with-
out measuring the glass velocity and without measuring the
momentum of water in the glass — no matter how small the
difference Hpy,x — h*. The minimization of the time needed for
the transition of the glass (a typical motion-planning, open-loop-
control problem that cannot be solved by a smooth feedback law)
is a completely different problem which is not studied in the
present work.

The problem was solved in Karafyllis and Krstic (2022b) for a
sufficiently small tolerance ¢ > 0 by using the feedback law (17).
However, the feedback law (17) requires the measurement both
of the momentum of the water in the glass and the glass velocity.
Both these two measurements are not easily obtained in practice
and thus the problem of performing of spill-free and slosh-free
transfer of the glass of water without measuring the momentum
of the water in the glass and without measuring the glass velocity
is important.

Here, we solve the problem by applying Theorem 2 with A = 0
when the tolerance ¢ > 0 is sufficiently small (but also Theorem 1
or different values of A € [0, 1] can be applied). More specifically,
we require that ¢ > 0 is small so that

1 3H
smax< ( —¢ ) zmax><Rand

min (h*, Hpax — h*)
<
Vi
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R = 2 (2h*JF + /Home Min (Hpa — 3h* , 0)).

Inequalities (45) are exactly the same conditions for tolerance
as in the case of the state feedback law (17) that was studied
in Karafyllis and Krstic (2022b). If inequalities (45) hold then we
can follow the following algorithm:

Step 1: Pick numbers r € (0, R), ¢ > 0 with

-1 3H
g < max (uz (h* — sﬁ) .8, 2max> and

-1 3H
&2 max (,uz (h* - sﬁ) .8, ;3X> < r (due to (45)).

where

Step 2: Select o, k, y > 0 so that the inequalities 2 8k

>0 > ?,

%&cr) > 80 hold and so that

2
. og’e? and
r — max ( (h* - 8«[) 3Hmax> &
\/r_gzmax< (h*_gf) 3Hmax>
1
r< |1 (46)

V34 1£(0)

Inequalities (46) guarantee the inequality ¥(£(0), w(0), h[O],
v[0], £(0),z(0)) < r for ¢(0) = —y&(0) and for arbitrary
z(0) € R (since A = O the filter (34) is irrelevant). Indeed, this
fact is a direct consequence of (28), (40), (43), (45), (46) and
Proposition 1 in Karafyllis and Krstic (2022b). More specifically,
w and (£(0), w(0), h[0], v[0]) € S satisfies

(43), Proposition 1 in Karafyllis and Krstic (2022b) implies the

inequality
V(£(0), w(0), h[0], v[0])
-1 3Hmax
8, 2 »q
3qk?

< max (,uz (h* — sﬁ)
x [|(0, w(0), h[O] — h* xjo.13, vIOD)||; + ——£%0)

since ¢ <

Since g < max (uz (h* — 8ﬁ> 8, 3H“‘a"> the above inequal-

ity, (43) and definition (40) gives the estimate (recall that A =
0):

¥ (£(0), w(0), h[0], v[0], £(0), z(0))
oq? 5
= V(&(0), w(0), h[0], v[0]) + —— (£(0) — w(0) + y£(0))
-1 3Hmax 3qk?
< max (,uz <h* - eﬁ) 8 ) &2+ qTSZ(O)
2
+% (¢(0) — w(0) + y£(0))?

The above inequality in conjunction with (46) and the fact that
lw(0)] < [[(0, w(0), h[0] — h* x{0.. v[0])|, < & (a consequence of
(28) and (43)) guarantees that ¥ (£(0), w(0), h[0], v[0], £(0), z(0))
< r for £(0) = —yp&(0) and for arbitrary z(0) € R. Notice
that since Z—gL >0 > %" % > 80 inequalities (36) hold
for appropriate § > 0 but notice that 8 > 0 in this case is
irrelevant due to the fact that A = 0 and the filter (34) is not
used. Consequently, we are in a position to apply Theorem 2. Let
M > 1, ¢ > 0 be the constants involved in (42) and correspond
to the selected parametersr € (O,R), A =0and o, k, y, 8 > 0.
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Step 3: Set T = l In (MEQIE2Me) (notice that since M > 1 it
follows that T > ’"—2 > 0) and apply the feedback law (31), (41)
with ¢(0) = —yé(O), A =0 fort € (0, T]. Inequalities (28), (42),

(43) imply that estimate (44) holds. Indeed, we obtain from (42)
for A = 0:

[(&(T), w(T), hIT] - h*X[o u- V[T
=Mexp (—¢ ) ( (& ), h[OT — h* xgo.03, vIOD)

+16(0) = w(0) + y&(0) )

The above inequality and the fact that £(0) = —y£(0) in conjunc-
tion with definition (28) (which directly implies that
1(6(0), w(0), RIO] — h* xpo.11, V[OD)], < 15(0)] + 1I(0, w(0), h[0]—
h* x10.13 v[O])”X gives the estimate

[E(T), w(T), AITT — h* x0.1, VIT])||, < Mexp (—¢T)
(H( w(0), h[0] — h*xqo.11. V[0, + 16(0)] + [w(0)])

Finally, inequality (43) and the fact that |w(0)| <|| ( w(0),
h[O] — h* x[0.15, v[O]) || x < & (a consequence of (28) and (43))
imply the estimate

[(€(T), w(T), AT — h* x0.5. vIT])]
< M exp (—¢T) (15(0)] + 2¢)

Estimate (44) is a direct consequence of the above estimate and
the fact that T = I In (ME@2Me),

The application of the above algorithm can guarantee that
the robotic arm will move the glass to the pre-specified position
without spilling out water of the glass, without residual end point
sloshing, without measuring the glass velocity and without measur-
ing the momentum of water in the glass - no matter how small the
difference Hyax — h* > 0 is.

=
8

6. A novel numerical scheme and examples

Applying appropriate scaling and using dimensionless vari-
ables in the viscous Saint-Venant model (7)-(10), (12), we may
assume (without any loss of generality) nextthat L = g = h* =

Using finite differences for (7), (8), (9) and (10) with time
step 8t > O, spatial discretization step §x = 1/n, where n >
2 is an integer, and using the notation h;, v; for the values of
the numerical approximations of the liquid level and velocity,
respectively, at time t > 0 and at position x = idx with i =
0,...,n, and the notation h", v;" at time t + §t, we obtain the
following discrete-time system (numerical scheme):

St
h$ = ho exp ( SX(UZ — 41)1))

St St hi_4
ht =h 1 — V1) + ——uil
exp( (v = ”“)+28x”’“<hi+1>> (47)

fori=1,...,n—1,
hT = h,ex ot —(4v Vn_2)
n — Itn p 28X n—1 — Un-2
and

25tu St
f=11- ;
" ( (5x)2> T oo

St hiiq
+74(8x)2 (Vig1 — vi—1) In (hil) (48)

(Vig1 +vic1)

t
——— (Vi (Vig1 — vi—1) + higr — hioq) 4+ fét

26x
fori=1,...,

vy =v =0 (49)

n — 1 with
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In the case of the output feedback with full-order observer the
above model is combined with the control law

f=—0(2rz+ (1 =21 p(hy — ho) — q (W + k&)
+ar (§-¢)) (50)
where the velocity of the tank w, the position of the tank &, the

velocity estimate w and the position estimate & at the next time
instant are given by the following equations

2
E+=E~I—8tw—(8;)

wh =w -8t f,

. St \ /» (51)
E¥ =" + exp(—y ot) (cos (ﬁ> (é-¢)

+ﬁsin(j%) (w—w—y(é—s»),

Wt =wt 4+ exp(—y 8t) (cos (%) (i —w)

)

In the case of the reduced-order observer the model is combined
with the control law

f=—-0@rz+A =20 phy—ho) —q+ ¥ +k§&) (52)

where the velocity of the tank w, the position of the tank £ and
the observer state ¢ at the next time instant are given by the
following scheme

. _6?

ET=E40tw 5 -
wh=w-—45tf (53)
(T =wt —yEt +exp(—y 8t) (¢ —w + y§)

In both cases the filter state z at the next time instant is given by
the following scheme

+=z+8t<f—%(hﬁ—hé)—ﬂ(l—u(hn—ho))> (54)

The discretization schemes (47)-(51), (54) for the viscous Saint-
Venant system under the output feedback controller with full-
order observer and (47)-(49), (52)-(54) for the viscous Saint-
Venant system under the output feedback controller with
reduced-order observer are non-standard, explicit, finite-
difference schemes and they guarantee positivity of the liquid
level (i.e., if h; >Ofori:0,...,nthenhi+ >0fori=0,...,n)
Moreover, the discretization schemes (47)-(51), (54) and (47)-
(49), (52)-(54) are accurate of order (2,1) (see Definition 2.3.3 on
page 57 in the book Thomas, 1995). We have not been able to find
similar discretization schemes in the literature and therefore, we
have included the following results for completeness (their proofs
are given in the following section). By the term “smooth solution”
we mean a solution with derivatives of sufficiently large order
(the existence of continuous derivatives of 4th order is sufficient).

Theorem 3 (Numerical Discretization of the Viscous Saint-Venant
System Under the Output Feedback with Full-Order Observer). Let
constantso, q,k, y, B > 0, A € [0, 1] be given. Let T > 0 be a given
constant and let (£(t), w(t), h{t], v[t], £(t), W(t), z(t)) € X x R3
with t € [0, T] be a classical smooth solution of the PDE-ODE system
(7)-(10), (12), (30), (34), (38) with L = g = h* = 1. Then there
exists a constant M > 0 such that the following estimate holds for
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all 5t € (0,T), 5x = 1/n

|6+ — £(80)| + |2+ — z(80)| + |&

+ max (| — h(st, isx)| + [v;*
1=0,...,n

< Mét (8t + (6x)%)

- é(ar)‘ + |w* — w(ot)]
— v(8t, idx)|) (55)

where n > 2 is an integer and h,.+
zt, &+, W+ are given by the difference scheme (47)-(5
h; = h(0, i6x), v; = v(0, i6x), fori = 0, .
& =£&(0), w = w(0) and z = z(0).

v fori=0,. toET,

Lnow
, (54) with

51)
o, w = w(0), £ = £(0),

Theorem 4 (Numerical Discretization of the Viscous Saint-Venant
System Under the Output Feedback with Reduced-Order Observer).
Let constants o, q,k,y,B8 > 0, . € [0, 1] be given. Let T > 0 be
a given constant and let (£(t), w(t), h[t], v[t], £(t), z(t)) € X x R?
with t € [0, T] be a classical smooth solution of the PDE-ODE system
(7)-(10), (12), (31), (34), (41) with L = g = h* = 1. Then there
exists a constant M > 0 such that the following estimate holds for
all 6t € (0,T), éx=1/n

|6+ — E(80)| + |wT — w(st)| + |27 — 2(80)| + |¢+ — ¢(8t)]

+ max (|n" = n(se, isx)| + v — v(st, i8x)|) (56)
< Mst (ar + (8x)%)
where n > 2 is an integer and h, v fori = 0,...,n w*,

&%, z%, ¢T are given by the difference scheme (47)-(49), (52)-(54)
with h; = h(0, i8x), v; = v(0,idx), fori = 0,...,n, w = w(0),
§ =§(0), ¢ = ¢(0) and z = z(0).

We have performed many simulations with n = 100 for
various values of the parameters o,q,k,y,8 > 0, L. € [0, 1].
For each simulation we tested whether the inequalities

@+ < @, for the output feedback with full observer
¥+ < @, for the output feedback with reduced observer

were valid for all times, where

n—1 n—1

=L LWk + £ h? +1Z(h —1)?

i=1

ﬂ(110—1) +E(h - 1?
(5 g) (ﬁ)—w )/(é
o 2
+2 (z—;Z]hivi—u(hn—ho))
i=1

o)

”“ Chy ! (4hy — hy — 3ho) + ”” h' (3hg + hy_y — 4hy_1)?

)

—_

3

) nu
+2i hi! (h,-v,- + e (hiy1 —

i=1

(57)
U= — w6+ (w+kE)? + g
+5 (z—:lnX]:hivi—u(h,,—ho)>2
=
1§(h—1)+—(h0—1)+—(h—1) (58)

i=1

n—1
_ nu 2
+5 Z hi! <hivi + 5 (higr = hi—l)) +

"“ Chy' (4hy — hy — 3hg) +

1 n—1 "
TPILY
i=1

B2 Bt (3R + By — 4y 1)’
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and &, ¥t are the values of the above functions with h;, v;
for i = 0,1,...,n replaced by h', v, respectively, for i =
0,1,...,n & w,z replaced by £, wt, zt, &, 1 replaced by £+,
wt for the output feedback with full observer and ¢ replaced
by ¢* for the output feedback with reduced observer. Notice
that @, ¥ are numerical approximations of the values of the
functionals @, ¥ defined by (37), (40), respectively (with all
integrals evaluated by means of the trapezoid rule and derivatives
approximated by central differences). The proofs of Theorems 1
and 2 show that the functionals @, ¥ are strict Lyapunov func-
tionals for the corresponding closed-loop systems and thus the
inequality @+ < & or ¥+ < ¥ must necessarily hold for
each time, provided that the time step §t > 0 is appropriately
selected. If there were a time for which the inequality #* < &
or ¥ < ¥ was not valid then the simulation was not accepted
and we reduced the time step 5t > 0.

In order to study the convergence of the state we used the
following non-negative function

n—1
Q —<g +w? +— Z(h—n +—(h0—1)

i=1 (59)

1 1 n—1 1/2
2 E 2
+%(hn_1) +Ei*1 vi)

which is a numerical approximation (by means of the trapezoidal
rule) of the square root of the functional

24+ w? + Hh - X[O,]JHi + [vll3.

We found that by increasing the controller gain o and the
observer gain y we were able to guarantee faster convergence.
The controller parameters g, k, 8 > 0 play a less significant role.
The parameter A € [0, 1] (the weight of the filter estimation)
played a minor role and in many cases the time evolution of the
state under the proposed output feedback laws with A = 0 and
A = 1 was almost identical. Fig. 1 shows the time evolution of
the function £2 defined by (59) with 6t = 1074, © = 0.2, y =
1, 0 =95,q=12,k=1.5,1=0and

£(0) =2, w(0) = —2.2, h(0,x) = x+ 0.5, v(0, x) = x*> —x,
z(0)=0.2 and ¢(0) = -5

for the output feedback with the reduced-order observer

£(0) =2, w(0) = —2.2, £(0) = 2.3, W(0) = —2.5, h(0, x) =
x+0.5,v(0,x) = x> —x and z(0) = 0.2

for the output feedback with the full-order observer.

Fig. 2 shows the time evolution of the logarithms of the
functions d_i_ (for the case of output feedback with the full-order
observer), ¥ (for the case of output feedback with the reduced-
order observer) defined by (57), (58), respectively. The plots
clearly indicate exponential convergence. This is expected since
the proofs of Theorems 1 and 2 show exponential convergence
of the functionals &, ¥ defined by (37), (40), respectively (recall
that @, ¥ are numerical approximations of the values of the
functionals &, ¥). Fig. 3 shows the evolution of the liquid level
profile and of the liquid velocity profile for the case of output
feedback with the full-order observer. It is shown that the liquid
level and the liquid velocity approach quickly the equilibrium
although sloshing during an initial transient is apparent.

Finally, it should be noticed that simulations showed that for
both output feedback schemes and for fixed controller parame-
ters o, q,k, ¥, B > 0, A € [0, 1] there is an optimal value pp; of
the viscosity coefficient u for which the convergence of the func-
tion £2 defined by (59) becomes fastest. It is important to mention
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25

= F'ull Order
Reduced Order

0.5

0 1 2 3 4 5 6 T 8
t

Fig. 1. Evolution of the function £2 in (59) for the case of the output feedback

with the full-order observer (30) and the reduced-order observer (31).

n(®), A=0or A=1
m(P), A=0o0r A=1|1

0 1 2 3 4 5 6 4 8

t
Fig. 2. Evolution of the logarithms of the function @ (blue line) defined by
(57) and the function ¥ (red line) defined by (58). (For interpretation of the
references to color in this figure legend, the reader is referred to the web version
of this article.)

that o is different for each output feedback scheme and for
different combinations of the controller parameters o, q, k, ¥, 8
and A.

7. Proofs
We first give the proof of Theorem 1.

Proof of Theorem 1. Let r € [0, R) be given (arbitrary) and let
constants o,q,k,y > 0, A € [0, 1] for which (36) holds (but
otherwise arbitrary) be given. Consider a classical solution of the
PDE-ODE system (7)-(10), (12) with (30), (34), (38) that satisfies

®(£(0), w(0), h[0], v[0], (0), ¥(0), 2(0)) < r

Using Lemma 2 in Karafyllis and Krstic (2022b), (7), (30
definitions (32) (37) we obtain for all t > 0:

), (35) and

(p = —ug fo dX - :u’fo h(X ) qk3§2
+ak(w + k)2 +f<zz — wlh(L) = (0)) — q(w + k)
A 2 . . 2 (60)
—og? (-8) —20¢ (i —w -y (E-¢))

—BA(z —2)* — BA(z — 2) [ h(x)v(x)dx
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Fig. 3. Evolution of the liquid level and velocity for the case of the output
feedback with the full-order observer (30).

Eq. (38) and definition (32) implies that
f=—0 @2z —p(h(L)—h(0) —q(w+kE§)) — 204 (z—2)

L
+ogq (w —w—vy (é - s)) +20(1— A)/ hudx (61)
0
for all t > 0. Combining Eqgs. (60), (61), we obtain for all t > 0:

& =—pug fo x)dx — ,ufo X2 (x)dx — qk3&?
+ak(w + kE)? — o (22 — pu(h(L) — h(0)) — g(w + k&))>

o (& - s)z ~ 206 (i —w - (é = as))2
—BAr(z —2)? —ﬁk(z—z)fo x)dx
—2)0 (z —2) (2Z — pu(h(L) - h(O)) q(w + k&)
toq (i —w—y (§-&)) @2 - u(h) - hO) - qlw + ke)
+20 (1 — 1) (22 — p(h(L) — h(0)) — q(w + k&) [ h(x)v(x)dx
(62)

Using the Young inequalities
2
—(z—12) fo Xw)dx < 3@z -2)%+ 3 (fOL h(x)v(x)dx) (63)

— (2 —2) 2z — p(h(L) — h(0)) — q(w + k&))

< (z—2)*+ 1 22 — u(h(L) — h(0)) — q(w + k&))° (64)
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(i —w -y (E—¢)) @2~ u(h() — h©O) - qw + ke)

R 2
=q(i-w-y(§-¢)) +4@-punw—noy 6
—q(w + k&)
(22 — p(h(L) — h(0)) — q(w + k&) [ h(x)v(x)dx
(66)

2
v(x)dx)
2) the following differential inequality that

< 122 - p(h(L) — h(0)) - qlw + k))® +(f0

we obtain from (6
holds for all t > 0:

b < —ug [y h30ode— o [y hxw2(x)dx — qk*e?
+ak(w + k&Y — § (22 — pu(h(L) — h(0)) — q(w + k&))*

ot (E-¢) o (0w (¢ —s))z
3 (5 =20) @ =27+ (5 + 2001 =) (Jy heo )
Using the inequality

(z J¥ h(xw(x)dx + p(h(L) — h(O))) q(w + k&)
2
< C(w+kEP +2 (z JERGv(x)dx + u(h(L) — h(O)))
7)forall t > 0:
d < ,ugfo dx—,ufoh(x
(2 JER(xu(x)dx + (h(L) — h(0)) )
A ~ 2
o (& - s) —oqt (w0 —w—y (&~ s))

3 (5 =20) @ =27+ (5 +2001 =) (Jy hev

(67)

(68)

we obtain from (6
(x)dx — qk3£?

aq

k) (w + k&)

)2
(69)
Using the inequality
2u(h(L) (2 Jhng x)dx)
<4 ( Jhng )dx) + p3(h(L) — h(0)?

and the facts that 8 > 40, A € [0, 1], h(L
obtain from (69) forall t > 0:

& < —ug [y h2(dx — p [y h(x)2(x)dx
T e
"

( +20) ([0 (x)v( x)dx)

The Cauchy-Schwarz inequality in conjunction with (12) implies
the following inequalities

(fo dx) < LfOL h2(x)dx

( JEhxow(x) dx) < m [E v (x)dx

which combined with (71) give for all t > 0:

& < —p(g— ZL) [ R2(x)dx — [y h(x)v(x
R 2

~q (%~ K (w+keP —oq? (¢ - &)

o (i (1))

2 (8 -20)@-2*+ (5 +20)m [y hx

— qk&?

. 2
— k) (w+ ke — o (.g _ g)

(71)
— (% -20)(z-2)7?

(72)

Ydx — qk3£2

v2(x)dx

10
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Define for each t > 0:

hmax(t) == max (h(t, X)) , hmin(t) := OrgxigL (h(t,x)) >0 (74)

The fact that hpyin(t) > O follows from the fact that h €

C' ([0, +00) x [0, L]; (0, +00)) (which implies that for every t >

0, h[t] is a continuous positive function on [0, L]). Applying

Wirtinger’s inequality and using definition (74), we obtain for
L L L

| 000 < s [ 2000 <

0 0

eacht > 0:
L
/ v2(x)dx
0
L
/ h(x)v2(x)dx
0

Combining (73) with (75), we get for all t > 0:

® < _f"( - LML) fo
mL? 2m? " Pmax t 2
—Fta) s ((ﬁ + 40) mL? hmin) /0 e (76)
R 2
g2 —q (5 — k) (w +ke? —oq? (£ —¢)
-2 <§ —2a> (z —2)*

)]

Inequality (76) in conjunction with the facts that g > 4o,
—k>0,g— 2 = 0 (recall (36)) shows that the following
implication holds:

hmax

(75)

< Lzhmax

- 2 .
772 himin

2

2un’ - himax(t)
(B+40)mL2 ~ hyin(t)
The fact that h € C!([0, +00) x [0, L]; (0, +00)) implies that
both mappings t — hnax(t), t — hmin(t) > 0, defined by
(74) are continuous (see Proposition 2.9 on page 21 in Freeman
& Kokotovic, 1996). Consequently, the mapping t — % > 1
is continuous with ”m“’x((g)) < cclz
consequence of the fact that (recall deﬁnltlon (37))

V(£(0), w(0), h[0], v[0])

< ®(£(0), w(0), h[0], v[0], £(0), ¥(0), 2(0)) < T

“If t > 0 and then @ < 0" (77)

. The latter inequality is a

: 2;u-rz G (cr) .
and (29). Slnce2 FraomZ ~ (recall (36)) it follows that
hmax(0) 2/1.771 . . .
Fo(®) < oyl Therefore, by cont1nu1ty there exists T > 0
such that mmsx(®© 20w g5 g1 ¢ ¢ [0,T)

hmin(t) (B+40)mlL? >

Fp hmax(t) 2ur?
We next prove by contradiction that Fon(©) < (rdo)mi2 for all

t > 0. Assume the contrary, i.e. that there exists t > 0 such that

hmax(t) 2#-772 — . hmax(t)

(D) > (7 doym2” Therefore, the set A = {tz 0 : gy >
2;u'r2 : _

idoymiZ | 1S MON empty and bounded from below. Thus we can

define t* = inf(A). By definition, it holds that t* > T > 0 and

hmax(t) % % c. .
Fo(©) < (Fro)mi2 forallt € [0, t*). By contlznmty of the mapping
hmax(f ) 2um

hmax(t)
t— we obtain that (&) = (B2

himin(t)
Amax(t) 2’ for all t € [O, t*), it follows from implication

hmin(t) (/.3+4U)ml.2
(77) that @ < 0 for all t € (0, t*). By continuity of the mapping
t—> @ (S(t), w(t), ht], vlt], &(t), w(t), z(t)), we obtain that

Moreover, since

@ (&), we*), hie"), ol ] E(E), (), 2()
= @ (£(0), w(0), hl0l, vl0]. £(0), ¥(0), 2(0)) < r
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On the other hand, the above inequality and (37), (29) imply

—1 2 . .

that h"‘“(([t*)) < & ((63) G jﬁla”)mz which corzltracllcts the equa-
tion Z‘;?:((rt*)) = (ﬂfﬂ)mz Since ’;:j;‘((t)) < (ﬂjf::)mLz forallt > 0, we
conclude from implication (77) that @ < 0 for all t > 0. By con-
tinuity of the mapping t — @ ( £(t), w(t), h[t], v[t], é(t), w(t),
z(t)) and definition (37), we obtain that

V (&(t), w(t), hlt], v[t])

< @ (&(0), w(o), hiel, vlel, E(0), (o). 2(0) (78)

= @ (£(0), w(0), hlo}, v[0], £(0), (0. 2(0)) < <R

for all t > 0. Hence, (&(t), w(t), h[t], v[t]) € X forall t > 0
(recall definitions (25), (27)). Moreover, (29) implies that hmax(f) <

min(t) —
—1
617(_52 for all t > 0. The previous inequality in conjunctlon with

o)

(768 gives for all t > 0O:

L L
ég—w(f hf(x)dx+/ h(x)v?(x)dx + £2 +
0 0

aq 2 2 2 512
+7(mw-v (E-g)) r ke +ie-2) ) (79)
where
Y R WLy

2 ’ 272 (B + 40) ml2

G~ (cr) 3
i) w50 )

It follows from Lemma 3 in Karafyllis and Krstic (2022b), defini-
tion (37) and (79) that the following estimate holds for all t > 0:

(80)

d A
= (&), w(o), hle), vle], £(0), (), 2(0))

dt
w® (0, w(e), el vlel, £(6), (), 2(0))
 max (1, I (V (0, w(o), it vlt))

(81)

where I’ [0,R) — (0,4o00) is a non-decreasing function.
Since I’ [0,R) — (0,+00) is non-decreasing and since
V (&(t), w(t), h[t], v[t]) < r for all t > 0 (recall (78)), we obtain

from (81) the following estimate for all t > 0O:
d

=0 (&0, w(e). e, vle). £, (0. 2(0))

w 2 ~
—mq) (S(t), w(t), h(t], v[t], &(t), w(t), Z(t))
(82)

w(t), hit), vle, &(t),
w(t), z(t)), the differential inequality (82) implies the following
estimate for all t > O:

@ (&(0), w(o), hLel, el &(0), (o), 20))

- wt
=P\ Thax . r ()
x ® (£(0), w(0), (0], v[01, £(0), i(0), 2(0))

Estimate (83) in conjunction with Lemma 4 in Karafyllis and
Krstic (2022b) and the inequalities

: ((§< )~ &) + (e

By continuity of the mapping t — @ (é(t),

(83)

oq
y max (4, 4y2 + 1)
< ﬂ

=2y

E >
I
S
-
=
N
N—
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1 N 2
oq’ (; +1+ y) ((sm —£(0)) + (@) - w(t))z)

implies the following estimate for all t > 0:

< B(0)ex p<
(o
s

<

B(t) < wt
max (1, F(r)))

1 1
2 (V (§(0), w(0), h[0], v[0])) , oq (; +1+ V) ; 5)

qu 1
) hit], vlt]) " y max (4,4y% + 1) 2
(84)

where G; : [0,R) — (0,400), i = 1,2, are non-decreasing
functions and

B(t) = ||(£(6), w(t), hit] — h* xpo., vLeD)]
. 2
+ (o - sm) + (@(6) = w(e))’
( z(t) = fo
Since G; : [0,R) — (0, +00), i = 1, 2, are non-decreasing func-

tions and since V (£(t), w(t), h[t], v[t]) < r for all t > O (recall
(78)), we obtain from (84) the following estimate for all t > 0:

Gr (V (5(t

(85)

o{t. 0 — . (h(E. 1) — (2. 0)))

y _ wt
®(t) < d(0)exp <_m>

, (1 1
max|{ G (r),oq° [ —+1+y 'S
x Y (86)

. 1 oq? 1
min , =
Gi(r)” ymax (4,4y2+1) 2
Estimate (39) is a direct consequence of estimate (86) and defi-
nition (85). The proof is complete. «

Proof of Theorem 2. Let r € [0, R) be given (arbitrary) and let
constants o,q,k,y > 0, 2 € [0, 1] for which (36) holds (but
otherwise arbitrary) be given. Consider a classical solution of the
PDE-ODE system (7)-(10), (12) with (31), (34), (41) that satisfies
w(£(0), w(0), h[0], v[0], £(0), z(0)) < r. We define

C=w—yé (87)

It follows from (7) and definition (87) that the following differ-
ential equation holds forall t > 0 :
dg

T =—yl—y¥*%—f

A direct consequence of (31) and (88) is the following differential
equation for all t > 0:

(88)

- =r(-0) (59)
Using Lemma 2 in Karafyllis and Krstic (2022b), (7), (35), (89) and
definitions (32), (40), (87) we obtain for all t > 0:
U= —pug fo 2(x)dx — Mfo (x)dx — qk3g?
+ak(S + (v + K)EY +f (22 - (h(L) —~ h(0)) (E +(y + k)
—20¢* (¢ —¢) —Br(z—2° — Br(z—2) fo x)dx.

(90)
Eq. (41) and definitions (32) and (87) imply that
f =0 (22— p(h(L) ~h(0) — q (¢ +(y + k%))
200 (2 —2) +0q (¢ — ) +20 (1= 2) [y h(x)u(x)dx ®1)
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for all t > 0. Combining Egs. (9

Vo= —pug fo x)dx — ,ufo X)v2(x)dx — qk3&?
+ak(Z + (y +k>§) —2oq (-2 -priz-27?
—ﬁx(z—z)fo v(X)dx +oq (¢ —¢) (22 — u(h(L) —
—q(¢ + (v + lc)é)) —2)0 (z — 2) (22 — u(h(L) — h(0))
—q(Z + (v +K)&)) + 20 (1— ) ( I h(x)v(x)dx)

x (22 — u(h(L) = h(0)) — q(¢ + (¥ + k)E))

~6 (22 — i (h(L) — h(0) — q (£ + (¥ +K)§))”.

0), (91), we obtain for all t > 0:

h(0))

(92)
Using inequality (63), inequalities (64), (66) with w = ¢ + 23
(recall (87)), and the following inequality
(¢ —¢) (22 — w(h(L) — h(0)) — q( + (¥ + k)§)) < (83)

- 2
h(0)) - q(¢ + (v + k)
) the following differential inequality that

q(c—2)"+ £ (22 — ulh(L) -

we obtain from (92
holds for all t > 0:

U< —pug fo x)dx — ,ufo X)v2(x)dx —
+qk(¢ + (v + k)s) —oq* (¢ —w+yE)®

3 (§ = 20) @ =2 + (§ +20 (1= 0) (fy hxw(od
—2 (22 — p(h(L) — h(0)) — q(Z + (¥ + k)E))’

Using inequality (68) with w = ¢ + y& (recall (87)) along with
definitions (87), (32), we obtain from (94) for all t > 0:

¥ < —pg [y R2(x)dx — p [y h(x)v2(x)dx — qk3&>

—q (G — k) (w+kEP —0q? (¢ —w+y§)?

1 (8 =20) =22+ (% +20 (1= 1) (fy hxpix)dx)
+< (2 JE Rxw(x)dx + p(h(L) — h(O))) 2

Usmg 1nequallty (70) and the facts that 8 > 40, A € [0, 1],

qk*&?

X)z (94)

(95)

h(L fo (x)dx, we obtain from (95) for all t > 0:

U< —ug fo x)dx — ,u/o X2 (x)dx — qk3&?

—q(f - )(w+k$) -0’ (¢ —w+w§)2
(fo (X)dx) 2 =2 (5 —20) (2~ 2)2 (96)
£ 420) (fE hixw(x )

Inequalities (72) combined with (96) give for all t > 0:

W< —p(g— 2t fo (x)dx — /Lfo (x)dx — qk3£2

—q (% —k) (w+kE)? —og? (C—w+)/§) (97)

(£ -20)z -2+ (£ +20) mfo v2(x)dx

Using definition (74) and the inequalities (75) and (97), we get
forall t > 0O:

q.’f_'““( _M)fo (x)dx
(B+40)mL> 2 Rmax
- 27(1r2 ((ﬁ+Za;4mL2 - mm) fO h(X (x)dx (98)
—qk3&? — q (%L — k) (w + k& )?
—0q* (¢ —w+yE)> =1 (5 —20) (22
Exploiting Lemma 3 in Karafyllis and Krstic (2022b), (98) and

definition (40) and using similar arguments as in the proof of
Theorem 1, we are in a position to get the following estimates

12
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forall t > 0:

V(E(t), w(t), h(t], v[t]) = ¥(&(t), w(t), hlt], v[t], £(¢),
= ¥(£(0), w(0), h[0], v[0], £(0), z(0)) =T <R

lp(é(t)v W(t), h[t]v U[t], ;(t)v Z(t)) =< exp (_
x¥(§(0), w(0), h[0], v[0], £(0), z(0))

z(t))

wt
max (1, I" (r))

(99)

where w is given by (80) and I : [0,R) — (0, 4+00) is a non-
decreasing function. Estimate (99) in conjunction with Lemma 4
in Karafyllis and Krstic (2022b) and definition (40) implies the
following estimate for all t > 0:

y _ wt
w(t) < w(0)exp (‘maxur(r)))

max | Gz (V (§(0), w(0), h[0], v[0])), (100)

X

oq® 1

)

S ——
G1 (V (&(t), w(t), hIt], v[e])” v "2

where G; : [0,R) — (0,400), i
functions and

+yE(t ))2 +1 (

1, 2, are non-decreasing

) hlt] — h* X013, vIt]) “x + (5(t) — w(t)
— [ h(t, X)u(e, x)dx — p (h(E, L) — h(t, 0)))2
(101)

Since G; : [0,R) — (0,4o00), i = 1,2, are non-decreasing
functions and since V (&(t), w(t), h[t], v[t]) < r forallt > 0
(recall (78)), we obtain from (100) the following estimate for all

t>0:
oq® 1
max | Gy (r), —, =
y 2

( 1 o 1)
in s T
Gi(r) v 2

(102)

y _ wt
Y(t) < w(0)exp (_max(l r (r)))

Estimate (42) is a direct consequence of estimate (102) and defi-
nition (101). The proof is complete. <

Proof of Theorem 3. Let constants o, q,k,y,8 > 0, A € [0, 1]
be given. Let T > 0 be a given constant and let (&(¢), w(t),
h[t], v[t], 5( ), W(t), z(t)) € X x R® with t € [0, T] be a classical
smooth solution of the PDE-ODE system (7)-(10), (12), (30), (34),
(38)withL = g = h* = 1. Let n > 2 be an integer and define §x =
1/n. Let 6t € (0, T) be a given constant and consider h, v for
i=0,...,n,wh &, zt ET {T given by the difference scheme
(47)-(52), (55) w1th h; = h(0, 18x) v; = v(0,i8x), fori =0, ...,n,
w = w(0), & = £(0), 5 5(0) w = w(0) and z = z(0). Define:

u(t,x) = In (h(t, x)), fort € [0,T], x € [0, 1] (103)
=u(0,iéx), fori=0,...,n (104)
Using (47), (104), the following relations fori=1,...,n— 1
1,0, i8%) = Uip1 — Ui
286x
1 (i4+1)5x
Uyx(0, n)dndlds
25)( i8x i5x ]l;x XXX
1 i8x i5x i8x
- — / / Uxxx(0, n)dndlds (105)
28% Ji—ex Js i
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Vit1 — Vi1
26x

(i+1)8
Uxxx(0, n)dndlds
28 /5 /5 ol

16x i5x i6x
Vax(0, n)dndlds
25X (i— 1)3x/s~ / xxx 77 1

and the fact that u(t, x) = —v(t, x)u,(t, x) — vi(t, x) for t € [0, T],
x € [0, 1] (a consequence of (8) and definition (103)), we get for
In(hf) + ——

i=1,...,n—1
(i4+1)5x s 1
Vuxx(0, 1)dndlds
(L L,
i5x
+ / / f vxxx(O,n)dndld5>
(i 1)8x Js
(i+1)8x  ps 1
( [ [ st manaas
i5x i6x Ji5x

i8x idx i8x
4 / / f U O, n)dndld5>
(i—1)5x Js 1

8t s
- / / (Ve (1, i8x) + e (1, i8x)ux(l, i8x)
0 0

(0, i8%) =

(106)

u(st, idx) =

+u(l, i8x)uy (1, i6x)) dlds (107)
Consequently, we get from (103) and (107) foralli =1, ..., n—1:
|In (h(8t, i8x)) — In ()| < S (8t) ((6%)* + (81)) (108)

where
1
S = [[v[0]ll s luxxx[O]lloo + NVxxx[O]ll oo + Eorgi)%(”vxt[s]”oo)

1
+5 max (llve [slux[s] + vIsTuxe[s]llo0) (109)

Using (47), (104), the fact that §x = 1/n (which in conjunction
with (10) imply that vg = v, = 0), the following relations

4 85X
v o / / Vew(0, n)dndlds
25x
28x / / Vuxx(0, )dndlds
o —4 e 1 1
2 2 / [ [ et nxtnctas
26x ox 1-6x Js l
wx(0, n)dndld
25X/125x[ / Va0, m)dndids

and the facts that u.(t,0) = —vx(t 0), ue(t, 1) = —uy(t, 1) for
t [0, T] (consequence of (8), (10) and definition (10 )) we get
In(hf) — ——

28x
Tox (/ f / Vux(0, n)dndlds
8x St
—4 / / f vm(O,n)dndlds>— / / vy (1, 0)dlds
0 0
In (") +—< / / / (0, 7)dndlds
26x 1-6x Js
8t
/ / / vux(0, 1 dndlds) / / vye(1, 1)dlds
1-26x Js

(108), (109), (110), (111) and

x(0,0) =

(0, 1) =

u(ét,0) =
(110)

u(st, 1) =
(111)

Consequently, we get from (103), (
the fact that §x = 1/n:
|In (h(8t, i8x)) — In ()| < S (8t) ((8%)* + (81)) ,

) (112)
fori=0,1,...,n

13
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Using the inequality |exp(x) —exp(y)] < exp(x)exp (]x —y|)
X |x — y| that holds for all x, y € R and the fact that |In (h(§t, i5x))
—In (k)| < ST(1+T) (a consequence of (112) and the facts
that 6t € (0, T) and 8x = 1/n), we get from (112):

_max (;n+ — h(8t, i8x)|) < max (||h[s]ll.,)
0<s<T

..... (113)
x exp (ST(1+ T)) S (81) ((8%)* + (81))
Using (30) and (7), we obtain the following formulas:
. . st
5t) — £(8t) = exp(—y & 0)—&(0 —
§(50) — £(50) = exp(—y 81) ((s( ) £(0)) cos <ﬁ) -
. [ 8t
2 ((w(O —w(0)) — y (5(0) - 5(0))) sin (ﬁ))
W(st) — w(st) = exp(—y 8t) ((ﬁ)(O) — w(0)) cos (%)
. 1 . (8t
+yv2 (w(O) —w(0)— (5 + )/) (5(0) - g(O))) sin (72))
(115)
Consequently, we get from (51) and (114), (115):
6+ —&n)| = [&™ — ge0)] |0 — w(50)| = [w* — w(so)
(116)

Using (1) we obtain the following formulas:

(5[‘)2 8t s 1 .
£(60) = £(0) -+ wiopt + )+ [ [ [ onnatas
5t s 0 0 Jo
w(8t) = w(0) — f(0)st —/ / f(hdids (117)
0 0
Exploiting (117), (51) and the fact that §t € (0, T) we get:
o0 —¢°| = g pas (7191 =7 " . (79
(118)
lw(58) — w| < Qmax ()
0<s<T
Therefore, we get from (116), (118):
|67 —£(80)| + |w™ — w(st)| + ‘s+ E(sr) ‘ + [T — (st
=2[67 —£(80)| + 2 |w* — w(sr)|
< (5t)? < + 1) max (|f )|)
(119)

Using (48), (103), (104), (105), (106), the fact that vi 1 — vi_q =
f(gijll);ix (0, s)ds fori = 1,...,n — 1, the following relations for
i=1...,n—1

hi_

26x

(i+1)8x
(0, n)dndlds
28)( /;x Ax wx(0, 1)dn

hi
hy(0, isx) = ——L 1

18x i8x i5x
/ / h.xx(0, n)dndids (120)
28)‘ —1)8x Js
v 2v; + v;
(0, le) i (8)()12 o (M P, (121)
where

(i4+1)s.
P = / / / / Vxxx(0, T)drdndlds
i6x iox Jidx Jidx
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i8x s 1 n
_ f / / / Vo0, F)dFdpdllds
(i—1)8x Jidx Jisx Jisx

and the fact that foralli=1,...,n—1:

st
(ve(s, i8x) — v¢(0, i8x)) ds

(122)

(St i8%) = vi + 8t vy (0, ix) +

= v; + 8t (uux(0, i8x) + puy(0, idx)vy(0, i8x) + f
st
(0, le)—i—f / vee (1, i6x)dlds
(123)

(as a consequence of (8), (9) and (103)), we obtain the following

—;vx(0, i6X) —

estimate fori=1,...,n—1:

|v(st, isx) — v;"| < S5t ((8x)% + 5t) (124)
where

Si=3 (OrgaXT (lve[1llo0) + V[0V llse l[vex O]l

+ [l [0l o ) (125)
+5 lox[01ll oo uxxx[01llo + 1ux[0]llog [1Vrxx[0]ll o

+ ”Uxxxx[o]”oo)

By virtue of (10), (49) and (125) we conclude that

max (Jvi™ = v(8t, i8x)|) < S8t (8t + (8%)°) (126)
1=0,...,n

Using (34) (with m = L = g = 1), the fact that §x = 1/n and (54)
we get:

st
z2(8t) —zT = / / (hdlds (127)
Consequently, (127) implies that
|z(8t) — 27| < Qmax HOD) (128)
2 0<s<T

Combmmg (113) (119), (126) and (128) we obtain estimgte (55)
with M = S + dmaxo<,<r (Z(s)) + (5 + 1) maxo<s=r ([f(5)]) +
maXo<s<t (|[h[s]lls) €Xp (ST(1+ T)) S. The proof is complete. <«

Proof of Theorem 4. Let constants o, q, k, y, 8 > 0, A € [0, 1] be
given. Let T > 0 be a given constant and let (&(t), w(t), h[t], v[t],
Z(t), z(t)) € X x R?> with t € [0,T] be a classical smooth
solution of the PDE-ODE system (7)-(10), (12), (31), (34), (41)
with L = g = h* = 1. Let n > 2 be an integer and define
8x = 1/n. Let 6t € (0,T) be a given constant and consider
hi, v fori = 0,....,n, w*, &%,z ¢+ given by the difference
scheme (47)-(49), (52)-(54) with h; = h(0, i§x), v; = v(0, i8x),
fori =0,...,n w w(0), & = £(0), ¢ = ¢(0), and z = z(0).
Using (7) and (31), we obtain the following formula:

¢(8t) = w(dt) — y&(St) + exp (—y 8t) (¢ —w + y§)
Consequently, we get from (53) and (129):

|£(88) — ¢*| = [w(8t) — w* + ¥ (67 = §(80))]

< |w(st) —w*| +y [gF = &(50)|

Using (1) we obtain the formulas (117), (118). Therefore, we get
from (130), (118):

6% — £(80)| + |w™ — w(st)| + [¢T — ¢ (50)|
<+ [EF —&60)|+2|w — w(st)|
< O (v + 1 g+ 1) max ([f(s)])

The rest of proof of Theorem 4 is exactly the same with the proof
of Theorem 3. The proof is complete.

(129)

(130)
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8. Concluding remarks

By applying the CLF methodology we have managed to achieve
output feedback stabilization results for the viscous Saint-Venant
liquid-tank system. As far as we know, this is the first paper in
the literature that achieves output feedback stabilization of the
nonlinear viscous Saint-Venant system.

The obtained results leave some open problems which will be
the topic of future research:

(1) The results were applied to classical solutions and it is of
interest to relax this to weak solutions. It is also an open problem
to show existence/uniqueness of (weak) solutions for the closed-
loop system. To this purpose, ideas utilized in Sundbye (1996) can
be employed.

(2) The construction of CLFs which can allow the derivation of
stability estimates in stronger spatial norms for the liquid level
and velocity profiles.

Another more demanding problem that will be studied in the
future is the spill-free, slosh-free and smash-free movement of a
glass of water. This problem arises when we want to move the
glass of water to a position which is close to a wall. In this case,
we need to control the overshoot of the glass position error in
order to avoid smashing the glass on the wall.

Acknowledgment

The authors would like to thank Dr. Dionysios Theodosis for
his valuable contribution to the simulation results.

References

Barré, A., & de Saint-Venant, J. (1871). Théorie du mouvement non perma-
nent des eaux, avec application aux crues des rivieres et a l'introduction
de marées dans leurs lits. Comptes Rendus de L’Académie Des Sciences,
73(147-154), 237-240.

Bastin, G., & Coron, J.-M. (2016). Stability and boundary stabilization of 1-d
hyperbolic systems. Birkhduser.

Bastin, G., Coron, J.-M., & Hayat, A. (2021). Feedforward boundary control of
2x2 nonlinear hyperbolic systems with application to saint-venant equations.
European Journal of Control, 57, 41-53.

Bastin, G., Coron, J.-M., & d’Andréa Novel, B. (2009). On Lyapunov stability
of linearised saint-venant equations for a sloping channel. Networks and
Heterogeneous Media, 4, 177-187.

Bresch, D., & Noble, P. (2007). Mathematical justification of a shallow water
model. Methods and Applications of Analysis, 14, 87-118.

Chin-Bing, S., Jordan, P., & Warn-Varnas, A. (2011). A note on the viscous, 1D
shallow water equations: Traveling wave phenomena. Mechanics Research
Communications, 38, 382-387.

Coron, J.-M. (2002). Local controllability of a 1-D tank containing a fluid modeled
by the shallow water equations. ESAIM: Control Optimisation and Calculus of
Variations, 8, 513-554.

Coron, J.-M. (2007). Control and nonlinearity. AMS.

Coron, J.-M., d’Andréa Novel, B., & Bastin, G. (2007). A strict Lyapunov function
for boundary control of hyperbolic systems of conservation laws. IEEE
Transactions on Automatic Control, 52, 2-11.

de Halleux, J., & Bastin, G. (2002). Stabilization of Saint-Venant Equations using
Riemann invariants: Application to waterways with mobile spillways. IFAC
Proceedings, 35, 131-136.

Delestre, O., & Marche, F. (2011). A numerical scheme for a viscous shallow
water model with friction. Journal of Scientific Computing, 48, 41-51.

Diagne, A., Diagne, M., Tang, S., & Krstic, M. (2017). Backstepping stabilization
of the linearized Saint-Venant-Exner Model. Automatica, 76, 345-354.

Diagne, M., Tang, S.-X., Diagne, A., & Krstic, M. (2017). Control of shallow
waves of two unmixed fluids by backstepping. Annual Reviews in Control,
44, 211-225.

Freeman, A., & Kokotovic, P. (1996). Robust nonlinear control design. Birkhduser.

Fridman, E. (2013). Observers and initial state recovering for a class of hyperbolic
systems via Lyapunov method. Automatica, 49, 2250-2260.

Gerbeau, J.-F., & Perthame, B. (2001). Derivation of viscous saint-venant system
for laminar shallow-water: Numerical validation. Discrete and Continuous
Dynamical Systems, Series B, 1, 89-102.

Gunawan, P. (2014). Numerical study of staggered scheme for viscous
Saint-Venant Equations. Applied Mathematical Sciences, 8, 5349-5359.


http://refhub.elsevier.com/S0005-1098(22)00693-8/sb1
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb1
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb1
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb1
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb1
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb1
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb1
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb2
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb2
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb2
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb3
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb3
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb3
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb3
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb3
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb4
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb4
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb4
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb4
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb4
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb5
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb5
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb5
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb6
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb6
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb6
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb6
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb6
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb7
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb7
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb7
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb7
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb7
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb8
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb9
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb9
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb9
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb9
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb9
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb10
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb10
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb10
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb10
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb10
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb11
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb11
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb11
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb12
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb12
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb12
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb13
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb13
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb13
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb13
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb13
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb14
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb15
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb15
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb15
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb16
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb16
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb16
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb16
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb16
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb17
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb17
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb17

I. Karafyllis, F. Vokos and M. Krstic

Karafyllis, 1. (2021). Lyapunov-based boundary feedback design for parabolic
PDEs. International Journal of Control, 94, 1247-1260.

Karafyllis, 1., & Krstic, M. (2019). Global stabilization of a class of nonlinear
reaction-diffusion PDEs by boundary feedback. SIAM Journal on Control and
Optimization, 57, 3723-3748.

Karafyllis, 1., & Krstic, M. (2022a). Global stabilization of compressible flow
between two moving pistons. SIAM Journal on Control and Optimization, 60,
1117-1142.

Karafyllis, L., & Krstic, M. (2022b). Spill-free transfer and stabilization of viscous
liquid. IEEE Transactions on Automatic Control, 67, 4585-4597.

Katsaounis, T., & Simeoni, C. (2002). Second order approximation of the viscous
saint-venant system and comparison with experiments. In Proceedings of the
ninth international conference on hyperbolic problems (pp. 633-644).

Katz, R, & Fridman, E. (2020). Constructive method for finite-dimensional
observer-based control of 1-D parabolic PDEs. Automatica, 122, Article
109285.

Katz, R., & Fridman, E. (2021). Delayed finite-dimensional observer-based control
of 1-D parabolic PDEs. Automatica, 123, Article 109364.

Kravaris, C., & Venkateswaran, S. (2021). Functional observers with linear error
dynamics for nonlinear systems. Systems & Control Letters, 157, Article
105021.

Krstic, M. (1999). On global stabilization of Burgers’ equation by boundary
control. Systems & Control Letters, 37, 123-142.

Krstic, M., Guo, B.-Z, Balogh, A, & Smyshlyaev, A. (2008). Output-feedback
stabilization of an unstable wave eequation. Automatica, 44, 63-74.

Krstic, M., Guo, B.-Z, & Smyshlyaev, A. (2011). Boundary controllers and
observers for the linearized Schrodinger equation. SIAM Journal on Control
and Optimization, 49, 1479-1497.

Krstic, M., & Smyshlyaev, A. (2008). A course on backstepping designs, Boundary
control of pdes. SIAM.

Lannes, D. (2013). Mathematical analysis and asymptotics, The water waves
problem. AMS.

Litrico, X., & Fromion, V. (2006). Boundary control of linearized Saint-Venant
equations oscillating modes. Automatica, 42, 967-972.

Luenberger, D. (1966). Observers for multivariable systems. IEEE Transactions on
Automatic Control, 11, 190-197.

Luenberger, D. (1971). An introduction to observers. IEEE Transactions on
Automatic Control, 16, 596-602.

Mascia, C., & Rousset, F. (2006). Asymptotic stability of steady-states for Saint-
Venant equations with real viscosity. In Analysis and simulation of fluid
dynamics (pp. 155-162).

Petit, N., & Rouchon, P. (2002). Dynamics and solutions to some control problems
for water-tank systems. IEEE Transactions on Automatic Control, 47, 594-609.

Prieur, C., & de Halleux, J. (2004). Stabilization of a 1-D tank containing a
fluid modeled by the shallow water equations. Systems & Control Letters,
52, 167-178.

Selivanov, A. & Fridman, E. (2019). Boundary observers for a reaction-
diffusion system under time-delayed and sampled-data measurements. I[EEE
Transactions on Automatic Control, 64, 3385-3390.

Smyshlyaev, A., & Krstic, M. (2005). Backstepping observers for a class of
parabolic PDEs. Systems & Control Letters, 54, 613-625.

Sontag, E. (1998). Mathematical control theory. In Texts in applied mathematics,
Deterministic finite dimensional systems (2nd ed.). Springer.

Sontag, E. (2022). Remarks on input to state stability of perturbed gradient flows,
motivated by model-free feedback control learning. Systems & Control Letters,
161, Article 105138.

Sundbye, L. (1996). Global existence for the Dirichlet problem for the viscous
shallow water equations. Journal of Mathematical Analysis and Applications,
202, 236-258.

Thomas, J. (1995). Numerical partial differential equations. In Texts in applied
mathematics, Finite difference methods. Springer.

Trinh, H., & Fernando, T. (2012). Lecture notes in control and information sciences,
Functional observers for dynamical systems. Springer.

Wang, J., & Krstic, M. (2019). Output-feedback boundary control of a heat PDE
sandwiched between two ODEs. IEEE Transactions on Automatic Control, 64,
4653-4660.

15

Automatica 149 (2023) 110827

Wang, J., & Krstic, M. (2021). Output-feedback control of an extended class
of sandwiched hyperbolic PDE-ODE systems. IEEE Transactions on Automatic
Control, 66, 2588-2603.

Iasson Karafyllis is an Associate Professor in the
Department of Mathematics, NTUA, Greece. He is a
coauthor (with Z.-P. Jiang) of the book Stability and
Stabilization of Nonlinear Systems, Springer-Verlag Lon-
don, 2011 and a coauthor (with M. Krstic) of the
books Predictor Feedback for Delay Systems: Implementa-
tions and Approximations, Birkhduser, Boston 2017 and
Input-to-State Stability for PDEs, Springer-Verlag London,
2019. Since 2013 he is an Associate Editor for the
International Journal of Control and for the IMA Journal
of Mathematical Control and Information. Since 2019
he is an Associate Editor for Systems & Control Letters and Mathematics of
Control, Signals and Systems. His research interests include mathematical control
theory and nonlinear systems theory.

Filippos Vokos received the Integrated Master degree
in mathematics from the School of Applied Mathemat-
ical and Physical Sciences of the National Technical
University of Athens, Greece, and the M.Sc. degree
in Automatic Control Systems and Robotics from the
School of Mechanical Engineering of the National Tech-
nical University of Athens, Greece, in 2018 and 2021
respectively. He is currently a Ph.D. student in the
Department of Mathematics of the National Technical
University of Athens.

Miroslav Krstic is Distinguished Professor of Mechan-
ical and Aerospace Engineering, holds the Alspach
endowed chair, and is the founding director of the
Cymer Center for Control Systems and Dynamics at
UC San Diego. He also serves as Senior Associate Vice
Chancellor for Research at UCSD. As a graduate student,
Krstic won the UC Santa Barbara best dissertation
award and student best paper awards at CDC and
ACC. Krstic has been elected Fellow of seven scientific
societies - IEEE, IFAC, ASME, SIAM, AAAS, IET (UK), and
AIAA (Assoc. Fellow) - and as a foreign member of the
Serbian Academy of Sciences and Arts and of the Academy of Engineering of
Serbia. He has received the Richard E. Bellman Control Heritage Award, SIAM
Reid Prize, ASME Oldenburger Medal, Nyquist Lecture Prize, Paynter Outstanding
Investigator Award, Ragazzini Education Award, IFAC Nonlinear Control Systems
Award, Chestnut textbook prize, Control Systems Society Distinguished Member
Award, the PECASE, NSF Career, and ONR Young Investigator awards, the
Schuck ("96 and ’'19) and Axelby paper prizes, and the first UCSD Research
Award given to an engineer. Krstic has also been awarded the Springer Visiting
Professorship at UC Berkeley, the Distinguished Visiting Fellowship of the Royal
Academy of Engineering, the Invitation Fellowship of the Japan Society for
the Promotion of Science, and four honorary professorships outside of the
United States. He serves as Editor-in-Chief of Systems & Control Letters and
has been serving as Senior Editor in Automatica and IEEE Transactions on
Automatic Control, as editor of two Springer book series, and has served
as Vice President for Technical Activities of the IEEE Control Systems Soci-
ety and as chair of the IEEE CSS Fellow Committee. Krstic has coauthored
fifteen books on adaptive, nonlinear, and stochastic control, extremum seek-
ing, control of PDE systems including turbulent flows, and control of delay
systems.


http://refhub.elsevier.com/S0005-1098(22)00693-8/sb18
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb18
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb18
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb19
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb19
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb19
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb19
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb19
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb20
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb20
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb20
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb20
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb20
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb21
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb21
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb21
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb22
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb22
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb22
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb22
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb22
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb23
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb23
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb23
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb23
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb23
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb24
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb24
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb24
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb25
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb25
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb25
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb25
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb25
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb26
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb26
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb26
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb27
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb27
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb27
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb28
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb28
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb28
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb28
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb28
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb29
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb29
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb29
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb30
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb30
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb30
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb31
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb31
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb31
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb32
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb32
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb32
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb33
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb33
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb33
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb34
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb34
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb34
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb34
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb34
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb35
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb35
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb35
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb36
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb36
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb36
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb36
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb36
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb37
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb37
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb37
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb37
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb37
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb38
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb38
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb38
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb39
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb39
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb39
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb40
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb40
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb40
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb40
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb40
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb41
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb41
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb41
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb41
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb41
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb42
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb42
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb42
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb43
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb43
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb43
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb44
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb44
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb44
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb44
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb44
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb45
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb45
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb45
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb45
http://refhub.elsevier.com/S0005-1098(22)00693-8/sb45

	Output-feedback control of viscous liquid–tank system and its numerical approximation
	Introduction
	Description of the Problem 
	Construction of the Dynamic Output Feedback Law
	A Nonlinear State Feedback Law
	Ideas for the Construction of Dynamic Output Feedback Law

	Main Results
	Can a Robot Move a Glass of Water Without Spilling Out Water and Without Measuring the Water Momentum?
	A Novel Numerical Scheme and Examples
	Proofs
	Concluding Remarks
	Acknowledgment
	References


