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Delay-Compensated Distributed PDE Control of
Traffic With Connected/Automated Vehicles

Jie QiY, Member, IEEE, Shurong Mo

Abstracti—We develop an input delay-compensating de-
sign for stabilization of an Aw—Rascle-Zhang (ARZ) traffic
model in congested regime, which is governed by a 2 x 2
first-order hyperbolic nonlinear partial differential equation
(PDE). The traffic flow consists of both adaptive cruise
control-equipped (ACC-equipped) and manually driven ve-
hicles. The control input is the time gap of ACC-equipped
and connected vehicles, which is subject to delays result-
ing from communication lag. For the linearized system, a
novel three-branch bakcstepping transformation with ex-
plicit kernel functions is introduced to compensate the in-
put delay. The transformation is proved to be bounded, con-
tinuous, and invertible, with explicit inverse transformation
derived. Based on the transformation, we obtain the explicit
predictor-feedback controller. We prove exponential stabil-
ity of the closed-loop system with the delay compensator
in L, norm. The performance improvement of the closed-
loop system under the proposed controller is illustrated in
simulation.

Index Terms—Adaptive cruise control (ACC), delayed dis-
tributed input, first-order hyperbolic PDE, PDE backstep-
ping, predictor-feedback, traffic flow.

|. INTRODUCTION

RAFFIC congestion has become a severe worldwide social
T issue. Stop-and-go traffic is a common phenomenon in
congested highway traffic [30], which results from a small
perturbation, such as a delay in a driver’s response, propagating
backward in traffic flow [8], [20]. The stop-and-go oscillation
in traffic flow leads to poorer driving experience, higher fuel
consumption, and a high accident risk. One promising way to
reduce the oscillation in the congested regime is to develop
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control design tools that exploit the capabilities of automated
and connected vehicles, such as manipulation of the time gap
setting of ACC-equipped and connected vehicles [4], [12].

PDE-based models have established a realistic description
of the traffic dynamics [3], [10], [11], [17], [29] by captur-
ing the temporal and spatial dynamics of the traffic density
and the traffic speed along the considered highway stretch.
Boundary control [16], [33]-[35], [37], [38], and in-domain
manipulation [9], [31] are both developed to stabilize the traffic
flow. Traffic state estimations are also considered in different
situations [5], [13], [35]. Due to the information transmission or
(and) reaction time of drivers [7], there are usually time delays
in the traffic flow control process; see, e.g., [15] for delays in
feedback. Therefore, it is necessary to study the traffic flow
control involving delays. However, few papers on traffic control
consider delay compensation.

We consider an Aw—Rascle-Zhang (ARZ) traffic model in
congested regime comprising manually driven vehicles and
ACC vehicles, which are subject to input delays. The model
is composed of 2 x 2 first-order hyperbolic PDEs whose states
are traffic density and traffic speed. In order to eliminate the
stop-and-go waves, a distributed actuation using the time-gap
of the ACC vehicles is employed for control. If the actuator
delay is present and sufficiently large, the state feedback control
proposed in [4] may become destabilizing.

Relevant advances have been achieved toward the controlling
of diffusion-driven distributed parameter systems with delays.
Early predictor-based boundary controller is developed using
the PDE backstepping method in [18], which stabilizes an un-
stable reaction-diffusion PDE with arbitrarily long input delay.
The aforementioned method has been extended to a three-
dimensional (3-D) formation control problem to compensate
for the effect of potential input delays [25]. For state delays
in an unstable reaction-diffusion PDE, a boundary feedback has
been developed using backstepping in [14]. Recently, a delay
compensator was designed for an unstable reaction-diffusion
PDE via distributed actuation in [24]. Alternatively, series con-
trol design approaches based on Lyapunov—Krasovskii functions
have been proposed in [27] and [28], respectively. A boundary
feedback to compensate a constant input delay for an unsta-
ble reaction-diffusion PDE has been developed in [22], using
spectral reduced-order models, which approximate the infinite-
dimensional system by a finite-dimensional one. A similar
method is used for in-domain stabilization of reaction-diffusion
PDEs with time-and spatially varying delays in [19].

Most studies on delay-compensator design are for parabolic
PDE:s. There are fewer results on hyperbolic PDEs with delays.
An example of first-order hyperbolic PDE is given in [26], where
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a backstepping boundary control is designed for compensating
the input delay. State delay and measurement delay is addressed
in [23]. In the context of robustness analysis, a delay-robust
boundary feedback has been proposed for a 2 x 2 linear hyper-
bolic PDEs in [2]. Both in [6] and [32], the authors introduce
an equivalent delay system representation to first-order hyper-
bolic PDEs, which transforms the coupled partial differential
equation-ordinary differential equation (PDE-ODE) systems to
ordinary differential equation (ODE) systems with input delays.

The overall challenge addressed in this work is the design of
an in-domain delay compensator for a 2 x 2 hyperbolic PDE by
employing the PDE backstepping method while dealing with a
dynamic boundary condition which results ina 2 x 2 hyperbolic
PDE-ODE cascade system. The usual Volterra integral transfor-
mation cannot be applied directly to control design because the
resulting kernel equation is unsolvable. Therefore, we propose a
three-branch affine Volterra transformation which contains the
state of the ODE, namely, the traffic speed at the outlet boundary.
The transformation with explicit kernel functions has a different
form in each of the three intervals. Although there are three inter-
vals, the transformation is proved to be continuous in its domain.
Further, we derive the explicit inverse transformation which is
bounded and continuous too. Based on the transformation, we
obtain an explicit delay compensator, composed of the feedback
of the states and the historical actuator state. The compensator
stabilizes the traffic flow with input delay via manipulation of the
time gap of the ACC-equipped vehicles in-domain. We prove the
closed-loop system is Lo exponentially stable, by establishing
the Lo stability of the target system and the norm equivalence
between the target system and the original system based on the
fact that the transformation is invertible.

The rest of this article is structured as follows. In Section II, we
introduce the model. In Section III, we design the delay com-
pensator using the backstepping method. Section IV presents
the proof of the L, norm exponential stability of the close-loop
system. The effectiveness of the proposed delay-compensated
controller is illustrated with numerical simulations in Section V.
Finally, Section VI concludes this article.

Notation: Throughout the article, we adopt the follow-
ing notation to define Ly-norm for f(-) € Ly(0,L), g(-,-) €
L((0,L) x (0, D))

L L D
112, = / (@) Pde, |g]12, = / / l9(z, 5)|2dsdz.

[I. MODEL DESCRIPTION

A. ARZ Traffic Model With Mixed Vehicles

We consider the ARZ traffic model of highway introduced
in [4] but an input delay which acts on ACC-equipped vehicles
is addressed. The state variables of the model are the traffic
density p(x,t) and the traffic speed ¥(z,t), both defined in
domain (z,t) € [0, L] x RT, where ¢ is time and z is the spa-
tial variable denoting the position on the concerned highway.
Constant L > 0 denotes the length of the concerned highway
stretch. Define 0(z,t) € (0, v¢] with v¢ being free-flow speed.
We consider a mixed traffic, consisting of both manual and
ACC-equipped vehicles with the percentage of ACC-equipped
vehicles with respect to total vehicles being «. Let ﬁaoc(sc, t)

Tmix

Tm

Tace

0 1T g

Fig. 1. mmix varies with a.

denote the time-gap of the ACC-equipped vehicle at x from its
leading vehicle, which is the control input because a vehicle with
ACC can automatically adjust its speed to maintain a desired
distance (or, say, a time-gap) from vehicles ahead. Due to the
lag of information transmission from the control center to each
individual ACC vehicle, there often exists input delay. Expressed
with equations, the traffic flow control system we consider is

pr(x,t) = — pe(x, t)o(x, t) — p(x, t) 0, (x, 1) (1
’ljt(.’l),t) _ ﬁ(.’l),t) 8Vmix(ﬁ(x7t)aah;a66(xat - D))ﬁi(l‘, t)
D
— 0(,t) 0y (2, t)
+ Vmix(ﬁ(xu t)7 hacc(xa t— D)) - ’lj(l‘, t) (2)
7-mix(Ol)
ﬁ(07t) = qin/i}(oat)v (3)
B(L, 1) = Vinix(P(L, 1), hace (L, t — D)) — 9(L, t) @)

Tmix(a)
where D is the delay on the domain-wide actuated time gap
input, and

Tmix(a) = a !

Tacc Tm

is time constant for a mixture traffic which depends on both time
constant 7,.. of ACC vehicles and time constant 7,,, of manual
vehicles. Tix 18 also a function of «, the percentage of ACC
vehicles with respect to total vehicles. Fig. 1 shows the relations
of these two parameters. The equilibrium speed profile of the
mixed flow Vj,ix is expressed as

<a<l

l-a’™ —

&)

o 1 1
Vinix (9, 1 =——— |31 (6)
(p aCC) hmix<hacc) (p )
and the mixed time gap is defined as
.. o+ (1—a)le
hmix(hacc) = r% hacc~ (7)
o+ (1 — q)fpee Sace

In the above model, [ > 0 denotes the average effective vehicle
length, ¢i,, > 0 is a constant external inflow, and luzm > 0 is the
time gap of manual vehicles.

Equation (1) means that the traffic flow observe the mass
conservation law [16]. Equation (2) is a momentum equation
inspired by the speed dynamics of ARZ model [36] for ACC-
equipped and manual mixed flow, where « € [0, 1] is the per-
centage of ACC vehicles with respect to total vehicles. In (2),
Vinix (9, fuzacc) =Q(p, ;Lacc) /p is the equilibrium speed profile
of a mixed flow of ACC vehicles and manual vehicles, where
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Q Q. (%) hace (SL', t) = Flacc (xv t) - }_Laco
Q. (P Linearizing (1)—(4) around the equilibrium (11) and (12), we get
Q. (%) pt(xa t) = = @pm(xv t) - ﬁ’l)a;(l’, t) (13)
1
t) = = (T, ) — ——— , 1) — , T
! ! ! v (x7 ) mixv (1. ) pQTmithix p(x ) 7-mixv(x )
o Puax Pe Puin l ﬁ (1 o ZP)
! "‘;“7;;“’hqcc( ,t—D) (14)
. . . acc’vacc
Fig. 2. Fundamental diagrams for hmix € [Amin, Pmax]- b
,D(O,t) - = jU(O7t) (15)
v
Q(J, hace) is the traffic flow given by the fundamental diagram L4 — 1
’ t) = — ——p(L,t) — —o(L,t
shown in Fig. 2. Define p. as the lowest density value of the vllt) P2 Trnisc Pmix pLs1) Tmixv( 1)
mixed time gap hy,ix, for which the traffic is congested. Let by, a(l - 1p)
and hmax be the minimum and maximum possible time gap, - Whacc(l/ t—D). (16)
namely, Pnin < mm{haoc, m} and Apax > max{hacc, m} — hacc ac; -
Define puin and ppax as the lowest density values of congested ntroducing a change o “varla €
traffic that correspond to minimum and maximum possible 2(x,t) = eTmix (p(x, ) + hmixp v(z, 1)) (17)

time gaps fzmm and ﬁ,,lax, respectively. From Fig. 2. we find
Q. (Pmin) = VtpPmin is the maximal flow at given time gap

Rmix € [hm,n, hmax] If § > pPmin, implying that the traffic is in
congested state, we have

o Ut
1-1p)———
Qo (7) = (1= 1) 77— ®)
Combined with (6), we get
1
,h - ‘/Il’nx: 1—lv# (9)
Qi (P, hace) = p ( p) T (rce)
which gives
v v 1/p. —
hmix<hacc) = M (10)
Vs

In other words, for each input ﬁmix, there is a corre-

sponding p., such as ppin = m, which guarantees 0 <

Vinix (P, ﬁacc) < vg. Fig. 2 shows that possible flow Q; . (p)
for every Pomix € [fLmin, Emax] lies between @ . (p) and
Q7 min (P)- In congested regime, we define the feasible set of
the state and input variables: ® = {(9, p, Eaec) eR30<v<
t, Pmin < P < 1)1 hmin < Pace < hmax }> forall o € [0, 1]

Using an analysis method similar to the one employed in [36],
one can find that system (1)—(4) is anisotropic.

B. Linearization of the ARZ Model

Consider the same equilibria of system (1)—(4) as in [4],
dictated by a constant inflow ¢, and a constant, steady-state
time gap hace for ACC vehicles, which results in the following
steady-state traffic speed and density:

l 1
v = — s H — — 1]
! (1/q1n) - hmix r l + hmix’D ( )
with mixed time gap
_ a+ (1 —a)me _
i ST e (12)
o+ (1 — ) fase Sace

‘We define the error variables
p(x,t) = p(x,t) = p
v(z,t) = o(x, t) —

and denoting the input by u(z,t) = hacc(x,t), we obtaina2 x 2
first-order hyperbolic linear PDE system in a diagonal form

zi(x,t) = — crzz (2, t) — e?Pegu(z,t — D) (18)
ve(x,t) = cqvg(x,t) — cse” P z(x, t) — cou(x,t — D)

(19)

z(0,t) = — c7v(0,¢t) (20)

vi(L,t) = — ese 2P 2(L,t) — cqu(L,t — D) 21

z(2,0) = 20(x), v(2,0) = vo(x) (22)

u(z,s — D) = 9g(z,s),s € [0, D] (23)

where ¢1=7, ey = 1=, ey =22 ((1/p) — 1), e =71,

C5 = Z—g—> C6 = —5—((1/p) = 1), ez = g, and one
can easily find the equiVaféﬁce relation of the coefficients:
cacy = cser and cpcp = <22, The initial conditions is defined
in (22). The initial actuator state, i.e., the control memory in
[0, D], is denoted by J¢(z, s) € Lg([O7 L] x [0, D]) in (23).

Before we proceed, we make the following assumption on the
coefficients.

Assumption 1: Assume (c; + ¢4)D < L, which gives (¢; +
¢4)s < Lforall0 < s < D.

Remark 1: The assumption is reasonable for the traffic ap-
plication, because the length of the concerned highway stretch
L is usually far greater than the other parameters, such that
(¢1 + ¢4)D (delay D times the sum of steady speed c¢1 = v and
vehicle length [ over mixed time gap Bmixs ¢4 = +——) much less
than L.

Our goal is to find a control u(x,t) that exponentially sta-
bilizes the linearized system (18)—(23) with input delay. In the
next section, we present the control design.

Pmix

[ll. PREDICTOR-FEEDBACK CONTROL DESIGN

Before we apply the PDE backstepping approach to the lin-
earized model (18)—(23) with input delay, we first introduce
a 2-D transport PDE representation of the delay on the 1-D
distributed input:

zi(x,t) = — 12z (2, t) — eFegth(2,0,1) (24)
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vi(m,t) = cqvg (2, t) — cse” " z(x,t) — cerp(z,0,t) (25) Since the additional ODEs are relatively simple, we directly
B o) Use the boundary values v(L,t) and v¢(L,t) in the follow-
#2(0,8) = —crv(0,1) (26) ing computation for notational brevity. Introduce the following
vi(L, 1) = “ese = 2(L,t) — caip(L, 0, 1) (27) transformation: B
Uil s.0) = (. 5.) 09 Blest) = v+ [ 2w )iy
0
Y(z, D,t) = u(z,t) (29) L
— +/ n(z,s,y)v(y, t)dy + v(x, s)v(L,t)
w(x,5,0) = Vo(, 5). (30) L Jul
From the last three equations, we have L s
Gz, s,y, ,r,t)drd 42
T (s, t + s) s+t<D’ where ~(-,-,), n(,--), G(x,s,y,r), and t(-,-) are ker-

A. Backstepping Transformation

To design a stabilizing controller for the PDE-ODE system
(24)—(29) one has to understand first both its open-loop structure
and its actuation structure. Physically speaking, there are three
transport processes. Two of the transport processes are in 1-D
and one is in 2-D. One 1-D transport is in the = direction at
speed ¢ in (24). The other 1-D transport is in the —z direction
at speed ¢4 in (25). The two 1-D transports create a (z,v) PDE
feedback loop, which may be unstable. The 2-D transport is in
the —s direction at unity speed (and stagnant in the = direction)
in (28).

The z(x,t) term in (25) creates a potentially destabilizing
feedback loop but is matched by the actuated term 1 (x, 0, t).
Likewise, the z(L, t) term in (27) creates a potentially destabiliz-
ing feedback loop but is matched by the actuated term ¢ (L, 0, t).
These two observations motivate the choice of a target system
as

zi(x,t) = — crz(x,t) + creaz(x, t) — 37 B(x, 0, 1)

- @ 2Ty(x,t) 32)
C6

ve(x,t) = eqvg(x,t) — c6B(x,0,t) — kv(x, t) (33)
2(0,t) = — c7v(0,1) (34)
v (L,t) = — kv(L,t) — cgB(L,0,1) (35)
Bi(x,8,t) = Bs(x, s, 1) (36)
Bz, D,t) =0, 37

where k > 0 is a free parameter which can be used to set the
desired rate of stability.

Remark 2: The dynamic (27) and (35) on the boundary
are not standard boundary conditions, which implies that the
hyperbolic PDE (24)—(29) and (32)—(37) are both preceded by
an ODE whose state is v(L,t). Introducing an additional 1-D
state X (t) € R and Y (¢) € R for (27) and (35), respectively,
one can rewrite (27) as

X = —cse 2Ly(L,t) — (L, 0,1) (38)
o(L,t) = X(t). (39)
and (35) as
Y = —kY(L,t) — c63(L,0,1) (40)
o(L,t) = Y(t). (1)

nel functions defined on 77 = {[0, L] x [0, D] x [0, L]},
T2 = {(x, s,y,7)][0, L] x [0,D] x [0,L] x [0,s]} and T3 =
{[0, L] x [0, D]}, respectively. Mapping original system (24)—
(30) to target system (32)—(37) by transformation (42), one can
get the following equations of t:

Ts (LE, S) = C4n(xa S, L) (43)
t(x,0) =0 (44)
which gives
S
t(z,s) = / eqn(x, 0, L)do (45)
0
and equations of v and 7, respectively
Vs(,8,y) — avy(@,s,y) = —cse ?n(a,s,y)  (46)
Ns(@, 5,y) + cany(x,s,y) =0 (47)
v(z,s,L) = — C—Se_CQLt(x,s) (48)
C1
C5 _cox
Y(z,0,y) = — el 6z —y)  (49)
n(xasao) = - %’7(1‘3570) (50)
Cq
k
n(z,0,y) = %5(96—3/)- (51

Under Assumption 1, we solve kernel (-, -, ) and 7(,-,-) by
using the characteristic line method and the successive approx-
imations method (for more details please see Appendix A) and
get

’y(:c,s,y) :71(x,5,y)+')’2(x,3,y) (5221)

if0<y<cy <s—$)
C1

v(@, 8, y) = v2(x, 8, ) (52b)
fr+ces<y<L—-—csor0<y<ax—cs

v(@,8,y) = 13(2,8,9) (52¢)
. . c1+cq C1
1fL—cls<y§m1n{x+C4s, L—x—cls}

Cy Cyq
v(x, 8,y) = 12(z,8,9) + 73(2, 5,9) (52d)

. x
if max{04 (s— ) ,x—cls} <y
C1

< min{z + ¢48, L — ¢18}
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Yityvz —
0 s

L+cs L X

Fig. 3. Regions of kernel y(z, s, y).

Y(@, 8, y) = va(z,8,y) (52e)
ifcl—mL—C—lx—clsgygL
Cq Cq
~v(x, s,y) = 0, otherwise (52f)
with
es(k 4 cser) 2(s+)
=———— —“e @\ 53
’71(‘T757y) 66(61 ¥ C4) € ( )
C —CoX
12(,5,y) = = 260z —y = 1) (54)
(x s ) — _—kC5 e ci$024 T 0?4:214 (y+eis) (35)
v3\T,S8,Y) = CG(Cl i 64)
ke
(@, s,y) = —ﬁe*ﬂ- (56)

Fig. 3 shows all the regions that kernel (-, s, ) takes dif-
ferent value under a given s, in which the red line (y =
x — c15) displays where the pulse appears, v2 # 0. The ker-
nel function ~y(z, s, y) with s = 4 under parameters L = 100,
c1 = 3.1048, co = 0.0287, c3 =0.0023, ¢4 = 3.5981, c5 =
5.5671, cg = 0.1438, ¢7 = 0.0186, and k£ = 0.1, is shown in
Fig. 4, where we truncate unlimited pulse of Dirac Delta
function for clearly displaying the kernel function. Similarly,
we get

n(z,s,y) = m(w,s,y) +n2(v,s,y) (57a)
if0§y§C4s—c—4x
&1
77(%8,9) :772(55’3»3/) (57b)
if max {043 — 2—430,0} <y < cys
1
n(x,s,y) =ns(z,s,y) (57¢)
ifeus <y <L
n(x,s,y) = 0, otherwise (57d)
with
616507(1€ + 8507) —comw
99 -~ 58
m(;s,y) cace(cr + ¢q) ¢ (58)
Mol s,y) = T e S (”” — s+ C—ly) (59)
C4Cgq Cy4
k
n3(@, 8,y) = —6(x — y + cas). (60)

Ce

Fig. 4. (a) Kernel function ~(z,s,y) with s=4 and in domain
(z,y) € ([0,100] x [0,100]). (b) Partially zoomed (a) in domain (z,y) €
([0,50] x [0,50]). (c) Partially zoomed (a) in domain (z,y) € ([50,100]
x [50,100]).

The equation of G(-,-,-,-) depends on kernel ~(-,-,-) and
n(-,-,-) as follows:

G5<$,S,y,7') = —Gr(l‘,&yﬂ") =0 (61)
G(.’IJ, S5, Y, 0) = - 036_021/’7(:1"7 S, y) - 6677(35, S, y)
— (L —y)r(z, s) (62)
which is solved
G($7 S5, Y, T) = - csechy,y(:L,7 s—=T, y) - 0677(357 s—=T, y)
—cg0(L —y)e(x,s —1). (63)

Substitute the kernel functions (52), (57), (45), and (63) into
the transformation (42), which gives an explicit backstepping
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transformation as follows:

Ty (t)]

(z,8)+ Z1[2(t)](z, )
+Y1[v(?)

l(z,s), if 0 <a<cs
Bl 5.t) = Loy ®)](z, s) + ?2[Z(t)]($,5)
+Ya[v(t)|(z,8), ifc1s <x < L —¢ys
Ty (O)|(z, s) + Zs[2(t)](z, 5)
év(L,t), ifL—cs<x<L

(64)
where the operators on state ¢(-, -, t) are
T ())(z, s) = Y(x, 8,)
— /Cl creoe” YT (x — ey, 8 — T, t)dT
0
s _ T
+/ csere 2T (cy <T — ) s — 1, t)dr
x Cl
x+cqaT
/ / 9@y, )Y (y, s — 7 t)dydr
max{w c17, 04 E)}
+ / ky(x + ey, s — T, t)dT (635)
0
Llp)(z,s) = ¢z, ,1)
— / creoe” T Y(x — o7, s — T, t)dT
0
+ / kEy(x + eqr, s — T, t)dT
w+04‘r
/ / (z,y, T)U(y,s — 7,t)dydr (66)
Ta[p())(z, s) = ¢(z, 8,1)
- / crege Y (x — Ty 8 — T )T
0
L.—rc
+ / ! k(x + caT, s — 7, t)dr
0
+ / ky(L,s — 1, t)dr
chlz
min{z+cy7,c(7)}
- 8(2, 5, 7)b(y, 5 — 7 t)dydr
S
— / / kcze_CQLw(y, s — T, t)dydr (67)
LC;; o(7)
with
k0102 ,ﬁ(xfy_’_cﬂ)
Yy T) = A2 68
o, 7) = e (68)
c1+ ¢y Cc1
o(r)=2"%p Yy or (69)
Cy Cy

The operators on state z(+, ) are

0 s (k + cser)
Z t = S\ T T —ca(xty) d
) = [ 250 st g, )y
x+cqs
s [ a0y a0
04(5—%)
05 —C2X
Zolz(t))(z, 5) = %e 22(x — 18, t)
x+cys
+/ t(z,5)2(y, t)dy (71)
Zyla(O), ) = 2o x(w = ers,t)
L
+/ R sl oy, t)dy
o(s) C1C6
c(s)
+/ t(z, s)2(y,t)dy (72)

cjco _cocq(yters)

with€(x, s) = ﬁ( c1tes cites — The operators on
state v(-, ¢) are
cser x
Hlol(e9) = — Ze ey (eats - 2),t)
K es(s-%)
— —uv(x +cas,t) —
Cg 0

016507(1{3 + C5C7)

e—CQJJ
cacg(c1 + ca) (

v(y,t)dy  (73)

k
— —v(x + cys,t).

Ce

Lemma 1: If Assumption 1 holds, the transformation (64)
is bounded and continuous in = € [0, L], which transforms the
original system (24)—(29) into the target system (32)—(37).

The proof of Lemma 1 is given in Appendix B.

Remark 3: The transformation of the plant (24)—(29) to the
target system (32)—(37) clearly has to be a 2-D backstepping
transformation due to the 2-D nature of the -system and the
[B-system. But it is not just the dimensionality that shall make
this 2-D backstepping transformation complex. The reason for
its complexity is that the 1-D PDE dynamics of (z,v) evolve
perpendicular to the direction of the 2-D transport dynamics of ¢
through which backstepping is performed. The transverse nature
of the (z,v)-transport relative to the S-transport, in both the
downstream and upstream direction, will make the backstepping
transformation v — [ very complex.

Yalo(t))(x, 5) = (74)

B. Delay-Compensated Control

The control is obtained by substituting s = D into transfor-
mation (64), applying the boundary conditions (29) and (37),
and using the relation (31), we have if ¢ > D

u(x,t) = Uhu](x,t) — Z1[2(¢)](x, D)
= Yi[v(t)|(z, D)
if0o<x<c D

(75a)
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u(z,t) = Uslul(2,t) — Zo[2(t)|(z, D)
= Ya[v(t)|(z, D)
ifeirD <x<L—cyD

Uslu](x,t) — Z3[z(t)](x, DL, T)dT

- Ev(Lnﬁ)

C6

ifL—ciD<xz<L

(75b)

u(z,t) =

(75¢)

where

t
Uilul(e. )= / crege” 2 Ny(z — ¢y (t — 7),7)dr
oz

c1

x

t77
c1 _ X
— / cscre” 2y (04 (t -7 — ) ,T) dr
t—D C1

— /i ku(z + ca(t — ), 7)dT

/ /a:+04 (t—7) k:0102
nnx{T cq(t— 7'),04(1‘ T—f)} 1+ ¢y
__c1c

X e c1tea

(z—y+eca(t-T)) (

u(y, 7)dydr (76)

t
Ualul(r.1) = / cree Ny — ey (t = 7), 7)dr
t—D
t
—/ ku(z + cs(t — 7), 7)dT
/ /gr-&-m;(f T) keicg 6762134 (z—y+ca(t—7))
z—c1(t—7) c1+cq
x u(y, 7)dydT 77
t
Uslul(x.1) = / creae Ny — ey (t = 7), 7)dr
t—D

¢
f/ ku(x + ca(t — 1), 7)dT
t L x

m1n{z+C4 (t—7) C1+C4L7—a: cq (t— T)}
/ \/a; ¢y (t—7)

kJClCQ __c1¢c2
e cifea

61+C4

t—L=z .
[
* +
c c, c
t—D 1T4“L—im—c1(t—7')

kcoe 2Ly, 7)dydr.

(mnyrC“(t*T))u(y, 7)dydr

(78)

It is because of the aforementioned transverse motion of the
(z,v)-transport relative to the -transport that the control law
in (75) is given in three distinct forms: from the inlet to
c1 D, from L — ¢4 D to the outlet, and in between. The control
(75) is for the linearized and diagonalized system (24)—(29),
and the control law for system (1)—(4) around the equilibrium
(11) is also required, so we rewrite it as follows: in the case

oft > D
}ulacc(x,t) = }_’L cc + Ul[ilacc - Eacc] - efmzl [ﬁ - ﬁ](ﬂ?, D)
= hmixp” Z1 [0 = (2, D) = Y1 [0 — 0] (2, D)
(79a)

ifo<x<cD

Baoc(-ra t) = Bacc + UQ[Bacc - Bacc] - e%xZ2 [ﬁ - ﬁ](ﬂ?, D)
— hnixp” Zo[0 — 9] (2, D) — Ya[0 — 0] (x, D)
(79b)

ifeiD <ax < L—c4D

;Lacc(fﬂ,t) = E ce T US[;Lacc - Eacc] - 6%123[ﬁ - ﬁ](xv D)
_ k
- hmixﬁ2ZB['lv} - 1_)](1‘, D) - 7({)([’7 t) - 17)
Ce
t_ L=z
- / " k(hace(L, 7) = hace)dT
t—D

if L—cyD<x<L (79¢)

Since the transformation (64) is continuous in x, both the control
(75) for the linearized error system (24)—(29) and the control (79)
for the original system (1)—(4) around the equilibrium (11) are
continuous in z. The control (79) is composed of the feedback
of the states and the historical actuator state, which is divided
into three parts upon the spatial variable x. It implies the ACC
vehicles at different position of the highway will apply different
time gap strategies. Due to the length of the concerned highway
stretch L being far greater than other parameters (Assumption 1),
one can find that the first and the last sections are much shorter
than the second section. Hence, most ACC vehicles on the
highway adopt the second part of control law when they enter
the middle interval ¢1D < x < L — ¢4 D. In order to control
the traffic flow in the interval near the exit of the highway, the
feedback of the flow speed ¥(L,t) at the exit is also required
due to the dynamic boundary condition.

[V. STABILITY ANALYSIS

In this section, we analyze the stability of the closed-loop
system. First, we state the main result concerning exponential
stability.

Theorem 1: Consider the closed-loop system consisting of
plant (24)—(30) with control law (75), if the initial condi-
tions z(-,0) € H1[0, L], v(-,0) € H1[0,L], and ¥(-,-,0)) €
Ly(0,L) x Hq[0,D] are compatible, then the equilibrium
(z(+,"),v(, "), ¥ (-, ) =0 is exponentially stable in the Lo
sense, i.e., there exist positive constants ¢ and M such that the
following holds for all ¢ > 0:

12012, + IvllZ, + (L) + [V, + lv (L, I,
< Me " (|l2(, 017, + (-, 0)* + [[o(L,0)],
HIPC - 0)IZ, + 1L, 0)]1Z,) (80)
The proof of the theorem consists of two steps. The first
step is to prove the exponential stability of the target system

in Ly sense, and the second step is to prove the transformation
is invertible by obtaining the explicit inverse transformation,
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which will establish the norm equivalence between the original
system and the target system.

A. Stability of the Target System

Before proceeding, we first define two Lyapunov functions for
the original system (24)—(29) and the target system (32)-(37),
respectively
Vi(t) = 22, + oI, + (L ) + I l1E, + (L. 1),

1)

Va(t) = 2|, +llollZ, +lo(L, ) + 18112, + 18(L, - 1)1,
(82)
Lemma 2: Consider system (32)—(37). If the initial con-
ditions z(-,0) € H1[0, L], v(-,0) € H1[0, L], and 3(-,-,0)) €
L2(0,L) x H{[0,D] are compatibles, then the equilibrium
(z(+,+),v(+, ), B(,+, ) = 00f (32)-(37) is exponentially stable
in the Lo sense, i.e., there exist positive constants ¢ and N such
that the following holds for all ¢ > 0:

1212, + llvll7, + (L) * + 18112, + IB(L, - )l
< Me % (||2(-, 0)[1Z, + [lo(, 0)[I7, + [v(L,0)[>
+ 18,0z, +I1B(L, - O)IIZ,). (83)
Proof: First, define a Lyapunov function for target system

(32)-37)

L L
Vol(t) = / e 722 (x, t)dx + kg/ 7" (x, t)dx
0 0

L /D
+ k3v*(L, t) + ky / / e?CH D) 82 (4 s t)dsda
o Jo

D
+ ks / e”*B%(L, s,t)ds

0
where k;, 0 > 0,1 = 2, 3,4, 5, whose ranges will be determined
later.

Differentiating (84) with respect to time, we get

Vo(t) = I(t) 4+ II(t) + IT1(t)

/ (2, )20 (z, t)da
/

(84)

(85)
where

L

X 2 c1cae (x,t)dx

—ox 2
0
L
2/ c3e(2 )2 (1 1) B(, 0, t)da
0
L
k
2/ TG glea=a)z 2(x, t)v(x, t)dx (86)
0
L
I11(t) = 2k2/ cae”v(x, t)v,(z, t)dx
0
L
72k2/ ke?®v? (x, t)dx
0

L
—2k2/ cge” v(x,t)f(x,0,t)dx
0

— kscgv(L,t)B(L,0,t) — 2kskv?(L,t) (87)

I11I(t) =

—k4a/ / @) 82z, 5, )

—k4/ e 3% (x,0,t)dx
0

D
— kSU/ e”*B%(L, s,t)ds — ksB*(L,0,t). (88)
0

By using Cauchy—Schwarz inequality, Young’s inequality, and
letting F' = sup,¢[o,j{€“" }, we get

2Ekes [*
e / 7" vdx + c1¢2v2(0, 1)
¢ Jo

E Ek L
_ (cla — 2cy1c9 — % — 2003) / e 7% 2 dx
6 0

L
—|—2EC3/ e”*B%(x,0,t)dx
0

I(t) <

(89)
Ce t 2 2
I1(t) < — ko (040 Y + 2k:) / e7 v dx — kocqv®(0,t)
0

L
n QkQCG/ 7232 (z, 0, t)dx + gkgcw?(go,t)
0

) v*(L,t)

where fOL e 7%3%(z,0,t)dz < fOL e?*3%(z,0,t)dx is used for
getting (89) and p > 0 is a free parameter of Young’s Inequality.

Thus, we get
2Ek L
63] / e’ vdx
Cg 0
ECS

Ek o
_ (cla — 20102 — 7 — 2663) / eingzdiﬂ
6 0

L D
- k:40/ / ea(x+‘s)52(at,s,t)dx
0

k
<2k3k g—; — kycye® >v2(L,t)

L
— (k4 — 2E03 — 2/€206)/ ﬂ2($707t)
0

ksce

(2](53]4; - — k204e (90)
2p

Vo(t) <

— [kg (040— %6 +2k) —

D
— (kacy — c1¢2)0%(0,t) — k5cr/ e”*B%(L, s,t)ds
0

p
= (ks = Ekscs) B(L,0,1). oD
Choose the parameters as
E Ek
> 202+ 5ot 2oy
P>
2Bk cic
kQ > max { 66(640'—3;@3-‘1-2]6) ’ 247 } (92)
ks > i
ks > 2Fc3 + 2koce
2ksc
ks > =
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such that o 8 y
) VEk L —|—/ cicof(x — T, 8 — 7,t)dT
Vo(t) < — {kz (640 _ % +2k> - 63} / " v da 0
2 Cg 0 K} i
— ke "7 T, t)d 95
Ees Ekes L o / e "TB(r + eyt 8 — ) T 95)
— | cpo—2c100 — —= — e 7z%dx
2 286 0 TteaT kclcz k(z—y—cy7)
Lo QlsO)(s) = placs.t) - [ [ A S
_ k‘40’/ / ea(z+s)62(x’ s, t)dl‘ T—C1T
0 0 X ﬂ(ya S T, t)dydT
Co oL|, 2 s
- [k3 (% - 2_p> — kacge ] v (L) —I—/ cicoB(x — ey, s — 7, t)dT
0
D s
— k:5a/ e”*B%(L, s,t)ds < -9V (t) — / ke " B(x 4 cyr,5 — T, t)dT (96)
0 0
where
min{L,z+c47} keie
2Fk _ 1C2
5 min{kz (i S 2p) - 2Bk Qa1B(1))(w, 5) = Blz, 5,1) / / —
Ce
k(z—y—c17)
Ecs  FEkes X e et B(y,s — 7,t)dydr
kyo, | c1o0 — 2c1c9 — - T3
Ce

kig (Qk‘ — %) — k‘204egL, k50’} .
Therefore, we get
Vo(t) < Vp(0)e 7, (93)

Itis obvious that Vj () defined by (84) is equivalent to V5 defined
by (82), i.e., there exist positive constants o1 and o2, such that
01Va < Vi < p2Vs. Hence, (83) is proved. O

B. Inverse Transformation

Lemma 3: The transformation (64) is invertible, and whose
inverse transformation is

Y(z,s,t) = Q[B)](z, s) + Rilv(t)](z, ) (94a)
0<z<cys
U(z,s,1) = Q2[B()](x, ) + Ra[v(t)](, )
+ B[z(t)](x, s) (94b)
as<x<L—cys
V(z,s,t) = Qs[B()](x,s) + Rslv(t)](, s)
+ Blz(t)](z, 5)
L—cs<ax<L (940)
where
T+CcaT k0102
O A Y-
X ek(z1y+cc4lr) By, s — 7,t)dydr
]{0102 k(ﬂ;?ﬁ;;ﬂ)

C1 xr+ecyT
—€
z—cit C1 +cq

T,t)dydr—/ cocge® i)

2

x B(y,s

c1

x B(cy <’T — £> s — 1, t)dr
C1

+ / creaf(x — ey, s — 7, t)dr
0

s k(@-L-cy7) kr ke
— cicpe citea  — cicge + ke
L—x

€4

x B(L,s —T,t)dr

L
—/ - ke ™ B(x 4 cy7, s — 7, t)dT
0
CH)
c2¢a k(Z-s) T
Rifv(®)|(x,s) = ——e \t uleg|s——),t
C6 C1
k
+ —e P u(z + ey, 1)
C6
zTtcas kClCQ k(z—y—cys)
+ ————=——e¢ ata o(y,t)d
/C4(s) ce(c1 + ca) (o, E)dy
(98)
k
Ryv(t)](x,s) = c—efksv(x + c48,t)
6
THeys keies k(z—y—cys)
+ — A2 T oy, t)d
/x—cls ce(c1 + ca) .ty
99)
L
kclcg k(z—y—cys)
R3lv(t x,s:/ —————e¢ ata y(y,t)d
s = [ (v, 0)dy
n c1C2 e’“(’;lill‘“ —e’ks +£
Co Ce
x e ") o(L,1), (100)
Blz(t)|(z,s) = — Ze2(1570) (3 — ¢15,1). (101)

C6

The inverse transformation is bounded and continuous in x €

[0, L].
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Fig. 5. Evolution of the traffic states and the actuator. (a) g(z, t) without delay compensation. (b) ©(z, t) without delay compensation. (c) Control

effort hacc (z, t) with no delay compensation. (d) j(z, t) with delay compensator. (e) State #(z, t) with delay-compensator. (f) Control effort fu, .. (x, t)
with delay compensator. (g) L2 norm of state p(z, t) for delay matched and delay mismatched cases. (h) L2 norm of state ©(z, ¢) for delay matched

and delay mismatched cases. (i) L2 norm of control ﬁacc(x, t) for delay matched and delay mismatched cases.

The proof of Lemma 3 is similar to the proof of Lemma 1, so
we will omit the proof due to limited space.

Lemma 4: The Lyapunov functions V; defined in (81) and V>
defined in (82) are equivalent in the sense of the Ly norm, i.e.,
there exist positive constants oy and s, such that

a1Va(t) < Vi(t) < aVa(t). (102)

Since the transformation (64) and the inverse transformation
(94) are presented in explicit form and they are bounded, the Lo
norm equivalence between the Lyapunov functions V; and Vs
is easily established from [1, Th. 1.2]. Combining Lemma 24,
we reach Theorem 1.

V. SIMULATION

In this section, we illustrate our results with an numerical
example. We apply the control law (79) directly on the nonlinear
model (1)—(4). The parameters utilized in the simulation are
shown in Table I, for which we choose the same values as those
in [4].

TABLE |
PARAMETERS OF SYSTEM

L=1000m | [=5m Gin = 1200 veh/h
facczgs T™m = 60 s hm=1s
hace = 1.58 | Pmin = 37veh/km

From (12), we get the value of the mixed steady-state time gap
huix = 1.35 s. The steady-state values for density and speed
derived from (11) are p = 107.36 veh/km, v = 11.18 km/h.
The system is discretized with time step At = 0.5 s and spatial
step Az = 5 m. The initial conditions are chosen as p(z,0) =
10 cos(8mx/L) and v(x,0) = ¢in/p(x,0), which imitates the
stop-and-go wave in congested regime. Considering the time
delay D = 4 s and the coefficient k = 0.1(1/s) of the target sys-
tem, we first investigate the numerical solution of the nonlinear
system (1)—(4) with the nondelay-compensation state-feedback
control proposed in [4], whose results are shown in Fig. 5(a)—(c).
It is evident that the response of the system without delay

Authorized licensed use limited to: Miroslav Krstic. Downloaded on May 27,2023 at 21:54:35 UTC from IEEE Xplore. Restrictions apply.



Ql et al.: DELAY-COMPENSATED DISTRIBUTED PDE CONTROL OF TRAFFIC WITH CONNECTED/AUTOMATED VEHICLES

2239

TABLE Il
PERFORMANCE INDICES

Performance indices Percentage with improvement
JrrT 3.91%
Jtuel 3.76%
Jcomforl 92.1%

compensation exhibits an unstable and oscillatory behavior and
the stop-and-go wave propagates backward without being atten-
uated. In contrast, as it is shown in Fig. 5(d) and (e), the traffic
system (1)—(4) is stabilized under the delay compensator and the
oscillations in the speed response are suppressed first and then
the oscillations in density response converges to the equilibrium
as well. The control effort (79) is shown in Fig. 5(f), which
indicates the resulting values for the time gap of ACC vehicles lie
within the interval [0.8,2.2] s, which is typically implemented
in ACC vehicles settings, see, e.g., [21]. In order to illustrate the
converging evolution of the states and the actuator more clearly,
we plot the states and the control effort in Lo norm in solid
line, respectively, shown in Fig. 5(g)—(i), where the dashed line
represents the steady-state value.

To examine the robustness of the proposed delay-
compensated control law, we conducted some additional sim-
ulations with mismatched delays. First, we consider the over-
compensation case where the actual delay is less than the delay
used in control. The numerical result is shown in Fig. 5(g)—(1)
in dotted line when the actual delay is 3s, while the delay used
in control is 4s. Then, we consider the undercompensation case
where the actual delay is larger than the delay used in control.
The numerical result is also shown in Fig. 5(g)—(i), where the
dash-dotted line represents Lo norm of the states p, v and the
control effort, respectively, when the actual delay is 5s, while
the delay used in control is 4s. From the simulation results, we
find the closed-loop system remains stable in delay mismatched
conditions. The performance improvement of the closed-loop
system under the proposed controller (79) is also illustrated in
simulation by employing three metrics, namely, total travel time
(TTT), fuel consumption and comfort, where we use the same
definition as in [30]

T AL
Jrrr = / / p(z,t)dzdt
o Jo

T L
que1:/0 /0 &(x,t) - p(x, t)dxdt

(103)
(104)

T L
Jeomfort = / / (a(ar:,t)2 + at(x,t)Q) p(z, t)dzdt (105)
o Jo

where we also select the same functions and parameters as those
in [30]: a(z,t) = vi(z,t) + vz, t)ve(z,t), by =25-1073,
by =24.5-107° b3 =32.5-107%, by = 125-1079, (o, t) =
max{0,by + byv(z,t) + bsv(x,t) + byv(z,t)a(z,t)},  and
T = 300 s.

As shown in the Table II, three indicators are improved
compared to the open-loop system. Since the open-loop system
is unstable, we only consider the first 300 s in the simulation. In
particular, the driving comfort is significantly improved due to
the homogenization of speed which alleviates the phenomenon
of stop-and-go oscillation.

VI. CONCLUSION

In this article, we present a control design methodology for
compensation of unstable traffic flow with input delay. The
delay is resulting from the time required for the transmission
of the control command from the control to the ACC vehicles.
Applying the PDE backstepping method, we develop an explicit
feedback delay compensator, composed of the feedback of the
traffic speed, the traffic density, and the historical actuator states,
which is divided into three parts upon the spatial domain along
the highway. The closed-loop system, under the developed com-
pensator, was shown to be exponentially stable in the Ly sense.
Although the control design is based on a linearized system, the
numerical simulation shows the effectiveness of the proposed
controller on the original nonlinear system. Further research
would include delay robustness and the output feedback control
based on observer design.

APPENDIX A
SOLVING KERNEL EQUATIONS

Under Assumption 1, we get the integral equations from (46)—
(51) by using the characteristic line method

Yz, s,y) = — Zfze’”%(z —y —c15)

+
yrcis cs ey Y — 9
- —e n\z,
y C1 C1

ify<L-—cs

+ s,9> do
(106)

s— =4
—/ ' %e":‘"Ln(x,O?L)dQ
0 C1
L
—0
_ / §8762677 <.CC, Y
Yy Cc1 &1
C1C7

ify>L—cs
7<x,s—y,0>
Cyq Cq

Yz, s,y) =

+ 570) dg (107)

n(x,s,y) = — — (108)

ify <eys

5.9) = 5000~ (y = 1))

if y > ¢ys. (109)

Substitute (108) and (109) into (106) and (107), which gives
three-branch expression of y(z, s, y)

y+cis kC5
( ) 0 co(

ciea cacy
e citea *m(yﬁ-qs)

c1+cq)
x 8(x — 0)do
S_Ci cocC,
+ / P anT ec12+:;14 (Claiyicls),y(xa 0} O)dg
0 c1+cy
~ Btz —y — ¢15) (110)
C6
if0 <y <cys
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erClS e e
PY(x7 57 y) = / _— cll+g4 0— C12+§4 (y+018)
y—cas Co(c1 + 04)
x 0(x — 0)do
5 762w5(x7y7015) (111)
Ce
ifeas <y <L—cys
( ) /c1+C4Ly cus kCS
,-y J?,S,y - - - v
y—cas ce(c1 + ca)
X e7% 7%@*515)5(% — 0)do
_ kc5 e_CQL
C1Cq
ifL—cs<y<L. (112)

We use successive approximations method for (110) and get the
following iterations:

__c1¢2
e c1tceq

__c2¢4
c1+tey

]{365
C@(Cl + 04)

- Cje’”“”é(z —y—c18)
6

o
0

v (x,0,0)do

if0<z<y+cs, forn=0,1,2,...
(113)

n+1( (y+ci1s)

Y x757y): -

c€2¢4
e c1+ecy

Y
¢4 C1CsC7
c1+cq

(c10—y—cis)

Let

Ay (z,5,y) =" (z,8,y) — 7" (z,5,y) (114)

then

k
A’Yo(x757y): - o

06(61 + 04)

__c1¢c2
e c1tea

_ _c2¢4
c1+teyg

(y+ec1s)

C5 _
— —e

2T5(x —y —18)
Ce

(115)

Y
57 C1C5C7  _c2¢4

ect +cy

Ay (z, 5,y) = / (c160—y—cis)

e c1+cy
1

x Ay (z,6,0)db. (116)

After a series of iterations of v", we have

5 __c1¢c2 __©2¢4
— —e 61+C4x c1+cy

C6

y n—1
T
C5C7 (016587 (S e a))

(n—1ler + ca)”

k <C1C5C7 (s — % — %))n

nl(c; + cq)ntl

A" = (y+c1s)

X

. c
1f0§y§64s——4x
C1

(117)

then
—+o00
Y@, s,y) = > A" (x,5,9) + A (x,5,y)
n=1
_ C5(k‘ + C5C7) efQQ(x_‘_y)

66(01 =+ 04)

- C—Se’c2w5(x —y—c19)
C6

0 <y<egs— 2o (118)

a1
After a direct computing from (111) and (112), we reach (52).

APPENDIX B
PROOF OF LEMMA 1

First, we prove that the transformation is continuous. Substi-
tute x = ¢y s into the first and the second case of the transfor-
mation (64), which gives

Ty ())(crs, s) + Zi[z(8)](crs) + Ya[v(B)] (crs)

S
=1(c18,8,t) — / creoe V2T Y(cr1s — 7,8 — T, t)dT
0

S
/ k(cys + cqr, s — 7, t)dr
k0102

c18+caT
cis—cir C1 +cq

X 1/)(2/7 — 7, t)dydr

c158+cys kC5
s
0 c(c1 + ca)

k
. C5C7 6—01028,0(07 t) — —’U(Cls + ¢y, t)
Cg 6

“152

(51 s—y—+caT)

_clcQs—%yz(y, t)dy

(119)
and

Doy (t))(crs, s) + Za[z(t)](crs) + Yalv(t)] (crs)

S
=(c18,8,t) — / creae” 2T Y(e1s — ey, s — T, t)dT
0

/k:w(cls—i—cy's T, t)dT

kClcg

c18+caT
cis—eir C1 +cq

x (y, s

c15+cas ]{/’C5
4 / ke
0 co(c1 + ca)

— —v(e18 4 ¢ygs,t).
Co

It shows that (119) equals to (120) by using the the boundary
condition (26). In a similar way, one can get

Tlp())(L — cas, s) = To[b(O)(L — eas, s)
Zol=(O)(L — e18) = Zs[2(8))(L — cus)

:114_?4 (c1s—y+car)

T, t)dydr + —56_010232(0, t)
Co

—C1C28—

2y, t)dy

(120)

Yo[v(t) (L — eys,5) = —v(L,t)

C6
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which implies the transformation (64) in the second and third kcyces -
_ _— z(x — cy8,t)
case has a same value at x = L — c4s. clc1 + ca)
Second, it is obvious that the transformation is bounded from otcas ‘
the explicit form of each kernel function. _ / Me— v e (yters)
Third, differentiating the transformation (64) with respect to v-ers Co(c1 +ca)?
t and s, respectively, and then substituting them into (36) and key
(37), one can prove the system (24)—(29) can be transformed x 2(y, t)dy — E“z(x + cus,t)
into (32)—(37) via (64) after a lengthy computation. The details s
are shown as follows: In the case of 0 < = < ¢y, — / crepe 12 (x — eyry s — 1, t)dr
0
B cpocq
Bs(x,s,t) = s(x,s,t) + %e c2 (C4s+ = x) — 1o (x — 15,0, 1)
s <C4 (s B £> ,t> n kcycs o—ca(a-eas) +/ ks(x + cqr, s — 1, t)dr
c1 ce(c1 + ca) 0

+ kp(x + c48,0,t)

keycs colea—er)
X z(x + cq48,t) — e~ o1 T2

co(c1 + ca) / /z+C4r kcycs 67661134 (z—y+ear)
( ( x ) ) /x+c4s kcycacacs z—cyr Cl1TC4
Xz leals—— ), t)] — —
c1 ca(s—Z) co(c1 + ca) X sy, s — r,t)dydr
X e cilfci T— 022:214 (y+cls)2(y,t)dy B /z+c4s kcieo o C°1'1+CC24 (z—y+cas)
z—c1s €1 +cq
— —646507e_c"'xv cy | s— z t
co z | €4 A x U(y,0,t)dy (122)
kecy and in the case of L — cys < x < L,
_ Evm(x + cys, t) /85(13 S,t)
ce
_ 610567(k + 0507) e %y ey (s— x Jt = d)s(xv S, t) - ieicQIZx(x — (1S, t)
co(er + ca) C1 €6
= keics eoL [C1tCa C1
E - ?z [——L — —x—18,t
— / ' creoe 2T (x — eqry s — 1y t)dr ce(c1 + ¢q) Cy4 Cy4 !
0
k‘0165
s T — e ?"z(x — 18,1
+ /I csere” Ty <C4 (r — c_1> ,8—T, t) dr + ce(er + C4) ( 15:1)
T c C,
l-tl Ll z €18 k618204C5
+csere” MY <C4 <5 - c_) 0 t) z—cys ce(c1 + cq)?
1

c1c2 c2¢4

x e Tt WYy ) dy

k
L Kes eor, (m L% s t)
+ k(x + c45,0,1) Co C4 Cyq

S
+ _
/ /* car kcica _/ creae” M2 Y (x — eyry s — ryt)dr
{z c17,cq r7—>} c1+cq 0

max
— cre0e %Y(xz — ¢18,0,)

+ / ks(x + cqr, s — 1, t)dr

X e e (@ y+°47)1/; (y,s — r,t)dydr s

cq
B /m+C4s kcycs o 2 (aytess) +/0 ks (x + carys — 7, t)dr
ca(s—Z) C1+Ca

+ / ks(L,s —r t)dr

x ¥ (y,0,t)dydr (121) =
inthe case of c18 < © < L — ¢ys, + ky(L,0,t)dr
Bs(x,8,t) = Vs(x, s, t) — %e’CQQJZI(x —18,1) / /mm{x+c4r, 1te 4L——x—c1r} keico
c Bkt
kegc 6 coer e
4Cs5

—ca(z4cys) cqco
ol o) Aot esri) x & EEE Ay (4 s 1 dydr
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c1tey c1
/ . Lrggrmas kecics
T—cys c1+cy

_€1¢2

x e Frres (YA 0. ) dy

s L
- / / kaejCQL
L-z c1tcq c
o lTLfiazfclr

X ws(ya S

L
B /ML_
[
(123)

Then, differentiating (64) with respect of ¢, substituting (24),
(25), (27), and (28) to the time derivative of (64), and using
integration by parts, we have f; in three cases as follows: In the
case of 0 < z < ¢,

Bie(x, s,t)
cics(k+cser) —ey (cas+
=Yi(x,8,t) — ———— e
vl ) ce(c1 + ca)

o e-2)

cres5(k + eser) s
06(61 + 04)

/64(8 =)
0
/C4(sczl)
0

r, t)dydr

kege 2Lap(y, 0, t)dy.

1
L ras

c1—cq
)

z(0,1)

c1caCs b + 501 cy(aty)

z(y, t)d
colcr T ca) (y,t)dy

6102(k+6507)8762z¢(y 0 t)dy

c1+Cq
k
— B _gmealetens) (g 4 gy, 1)
CG(CI + C4)
ce(c1 + ca) “
+
_ /z cas M67 06114:54 T '3612+C§4 (y+cls)
04(5**) 06(01 + 64)
X z(y, t)dy
B /m+045 %e,%(z y+cys)
cals—) c1tcq
X w(yv Oa t)dy

CqCrC7 X
— e %%y, (04 (s — —) ,t)
Ce C1
C§C7 —co (C4s+ f1-c4 x) x
+ ——e €1 zlea|s——),t
Ce C1
_ T
+ csere” 2 Y (04 (S — —) ,0,t>
C1

key
- —vz(x + ey8,1)
C6

k
4 ﬁe—cz(iﬂ'&;s)z(x + c45, 1)
Cé

+ k(x + ¢45,0,1)

cieser(k +cs5cr) o < < T ) )
- ey ey s — — ) ,t
06(01 + 04) cl

creser(k + eser) o—cae
co(c1 + ca)

ca(s—2r)
+
0

ca(s—2r)
‘)
0

x

v(0,1)

crcacs (b +¢507) cy(aty)

z(y, t)d
P P (y,t)dy

caeser(k + eser) e,
AT T geamap(yy 0, 1)d
(e 7 on) ¥(y,0,t)dy

er _
— creoe” 2 Yy (x — ey s
0

s T
+/ cscre” 2Ty <C4 (r — —) ,S—T, t) dr
=z C1

€1

/ ki (x + eqry s — 7, t)dr
/ /r+('47’ k‘clcg
max{w cir,cy 7‘7—)} c1+ ¢y

—rt)dr

x e Frter TV Y (0 s t)dydr (124)
inthe case of c;s < & < L — ¢y,
Ci1C5
Bz, s,t) = ty(x, 5,t) — 2622 (x — ¢15,1)
— cre0e” M%h(x — 18,0, 1)
k6165 —c
— I grea(wteas) (g 4 c48,t
co(c1 + ¢q) ( )
keie
—— 5 e%(x — ¢y8,t)
06(01 + 04)
kecicacacs c1°2 2% (yteqs)

citecq” citeq

xr+cys
J— —e_
/x—cls ce(c1 + ca)?

xr+cqs k
Z(y,t)dy*/ N
T

Ci1:524 (z—y+cas)

s €1t Ca
x P(y,0,t)dy
k
— ﬂvgg(gc + ¢45,t)
&}

k

+ ﬂefCQ(gHC“S)z(aU + g8, t)
Co

+ k(x4 c45,0,1)

S
— / creae” M Yy (x — ey s — 1y t)dr
0

S
+ / ke(x + eqry s — vy t)dr
k:clcg

x+cyr
/ /x ar C1 + C4

X ¢t (yv s—=T, t)dydT

- cilfci (z—y+car)

(125)
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inthecaseof L —cys <ax < L
Bt(xvsvt)

= Yy(x,5,t) — iﬁe—czxzx(x —18,t)
6

—creae” %Y (x — ¢18,0,1)

kecics B 1+ ¢y C1
- 7)6 el (20— =2 — ¢y,

ce(c1 + ca Cq C4

keycs _

—————e “z(x — ¢18,1)
CG(Cl + (34)

citeqay c1,.

/ c4 L R ]4161026405
xr—cy1 s Ce (Cl + 64)2
__c1c2 . cacq

X @ c1itea’ T eiFea (y+cls)z(y,t)dy
cateay 1.

/ cq L e 1 kClCQ

xr—C18 C1 + Cq

x e Frren YAy 0 1)y

k
- ﬁeCZLz(Lﬂf)

Ce
kes c1+ ey c1

4+ el [ L2 - Zp— st
Ce Cq C4

L
- / kese™ 24 (y, 0, t)dy
Clic‘l L-Sz—cys

c. cy

k
+ B eealy(L, 1)
cs
+ ky(L,0,t)dr
— / creoe” Yy (x — ey, s — 1, t)dr
0

L-x

+ / - kEe(x + cqry s — ryt)dr
0

L

+ k(L,s —r,t)dr

s min{x-&-a;r, 01:204 L—%ac—clr} kcyco
/0 ~/$(:17‘ c1+ ¢y

cieo

x e erres YAy (g t)dydr

s L

- / / kCQG_CZL
L-x c1tcq c1
o e Lgrar

X U (y, s — r,t)dydr.

For each case, one can reach S;(x,s,t) — Bs(z,s,t) = 0. In
order to get (32), (33), and (35) of the target system, we get the
relation between 1) and § at s = 0 via transformation (64) as

follows:

Y(x,0,t) = B(x,0,t) — C—Se’cﬂz(ﬂmt) + Cﬁv(a:,t). (127)
6

Ce

(126)

Substitute (127) into (24), (25), and (27), respectively, which
gives (32), (33), and (35). Hence, the transformation (64) can
transform the original system (24)—(29) into the target system
(32)-(37).
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