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Low-Gain Compensation for PDE–ODE Cascade Systems With
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Abstract—This article proposes two low-gain controllers for
systems with distributed input dynamics, governed by diffusion
equations with counter convection. It is shown that the considered
PDE-ODE cascade system can be exponentially stabilized with the
proposed low-gain controllers as long as the open-loop plant is
not exponentially unstable. A key advantage of the proposed con-
trollers is their much simplified form in comparison with the ex-
isting backstepping-designed controllers developed for the same
systems. However at the same time, additional restrictions on the
eigenvalues of the open-loop plant have to be imposed for low-gain
controllers, which are not required in the backstepping design.
Moreover, the Robin boundary condition, which is more general
and also more difficult to deal with, is considered in this article.
Several simulation examples are provided to illustrate effective-
ness of our controllers.

Index Terms—Counter convection, distributed diffusion, low-
gain compensation, PDE-ODE cascade system.

I. INTRODUCTION

Predictor feedback has been a very successful approach to control
design for linear systems with input delays [1]–[4]. Predictor feed-
back controllers are obtained via the backstepping approach for linear
systems with input delays in a series of works [2]–[4]. This method
is further applied to linear systems with actuator and sensor dynamics
modeled by diffusion equations rather than pure delays in [5]. Diffusion
equation, as a classical parabolic partial differential equation (PDE),
can be used to model a variety of phenomena in different fields, see, for
example, [6]–[9]. In past decades, boundary control of diffusion equa-
tions has been extensively studied, see, for example, [5] and [10]–[15].
The system considered in [5] is modeled by an ordinary differential
equation (ODE) cascaded with a second-order diffusion PDE, which is
given as follows:

Ẋ = AX +Bu(0, t) (1)

ut(x, t) = uxx(x, t) (2)

ux(0, t) = 0 (3)
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Fig. 1. Cascade model of the diffusion equation actuator and the ODE
plant.

u(D, t) = U(t) (4)

where X is the plant state, U is the control signal, and u(x, t) is the
actuator state generated by a diffusion PDE. This cascade system, which
is compensated via a backstepping approach in [5], can be illustrated
by Fig. 1. The results are extended to the case of input dynamics
governed by diffusion with counter-convection in [15]. In [11], the
authors further apply the backstepping approach to a linear system
with distributed actuator dynamics modeled by diffusion equations with
counter convection. However, it is noted from these works [5], [11], [15]
that those controllers often have very complicated form when the input
dynamics are modeled by second-order diffusion PDEs, and thus, are
difficult to implement in practice.

On the other hand, low-gain feedback has also been a very successful
approach to control design for linear systems with various input de-
lays [16], [17]. Low-gain feedback was first proposed in [18] to establish
semiglobal stabilizability of linear systems subject to input saturation.
It is then widely applied to systems with various input nonlinearities
and/or input delays [16], [17], [19], [20]. More recently, low-gain
feedback is further applied to stabilization problems of linear systems
with unbounded input delays [21]–[23]. It is noted from these existing
works [2], [16], [17] that for stabilization problems of linear systems
with input delays, low-gain feedback can provide much more simplified
controllers than predictor feedback under additional assumptions on
open-loop systems. This inspires us to consider low-gain feedback
compensation for systems with input dynamics modeled by diffusion
PDEs.

In this article, we propose two low-gain controllers for systems
with distributed input dynamics governed by diffusion equations with
counter convection, which can be described by a PDE–ODE cascade
system. It is shown that the concerned system can be exponentially sta-
bilized with the proposed low-gain controllers as long as the open-loop
plant is not exponentially unstable. It is also shown that the proposed
low-gain controllers have much more simplified forms compared to
those developed via the backstepping approach. However, at the same
time, additional restrictions on the eigenvalues of the open-loop plant
have to be imposed for low-gain controllers, which are not required
in the backstepping design. In addition, a more general boundary
condition, i.e., the Robin boundary condition, is considered. Main
contributions of this work, compared with relevant existing works, can
be summarized as follows.
1) It is the first effort, to our best knowledge, on utilizing the low-

gain feedback approach for boundary control problems of PDEs.
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The low-gain feedback approach has been successful in control
problems of linear systems with input saturations and/or input
delays [16]–[18]. However, it has not been applied to PDEs yet.
This work reveals a new area where low-gain feedback can be
applied.

2) Compared with the backstepping-designed controller proposed
in [11] for linear systems with distributed input dynamics governed
by diffusion equations, our controllers have more simplified forms
and are thus easier to be implemented as the full information of
the actuator is not needed in our proposed controllers. However
at the same time, additional restrictions on the eigenvalues of the
open-loop plant have to be imposed for low-gain controllers, while
they are not required in the backstepping design. It is also shown
that the form of the low-gain feedback controllers can be further
simplified if the open-loop plant reduces to the case of integrators.

3) Last but not least, this work considers a more general boundary
condition, that is, the Robin boundary condition, for diffusion
equations. The Robin boundary condition include both the Dirichlet
boundary condition and Neumann boundary condition as its special
cases. As a byproduct in our proof, we apply the backstepping
approach in [11], with some modifications, to the case of the Robin
boundary condition. This is an additional contribution of this work.

The rest of this article is organized as follows. In Section II,
preliminaries are provided, including the problem formulation and a
technical lemma on low-gain feedback. In Section III, two low-gain
controllers are proposed for the concerned system under two scenarios.
The first one is proposed for the case where the open-loop plant is not
exponentially stable and the second one is proposed for the case where
the open-loop plant has only zero eigenvalue. Simulation examples are
given in Section IV. Finally, Section V concludes this article.

Notations: Throughout this article, the following notations are used.
The notation | · | represents the absolute value of real numbers, the
module of complex numbers, the l2 norm of vectors or the induced
2-norm of matrices. Let P ∈ Rn×n be a positive definite matrix, then
P

1
2 denotes the unique positive definite square root ofP . The notations

I and 0 represent identity matrix and zero matrix with compatible
dimensions, respectively. Let u(x, t) : R2 → R be a differentiable
function with respect to (x, t). Then, ux and uxx denote the first- and
second-order partial derivatives of uwith respect to x, respectively, and
ut is the first-order partial derivative of u with respect to t.

II. PRELIMINARIES

A. Problem Formulation

In this article, we consider the following PDE–ODE cascade system:

Ẋ(t) = AX(t) +

∫ D

0

B(x)u(x, t)dx (5)

ut(x, t) = uxx(x, t)− bux(x, t) (6)

with boundary condition given as follows:

h1u(0, t)− h2ux(0, t) = 0 (7)

u(D, t) = U(t) (8)

where X(t) ∈ Rn is the plant state, U(t) ∈ R is the control signal,
u(x, t) : [0,D]× [0,+∞) → R is the actuator state, B(x) is a matrix
function satisfying

∫ D

0
|B(x)|dx < +∞, A is a constant matrix, b ≥

0 is a nonnegative constant, and h1 and h2 are constants satisfying
h2
1 + h2

2 > 0 and h1h2 ≥ 0.
When b > 0, the term −bux has the effect of counter convection

that opposes the propagation of the control signal [15]. When b = 0, the
input dynamics (6) reduces to a pure heat PDE. The boundary condition
(7) is of Robin type. Whenh1 = 0, it reduces to the Neumann boundary

condition discussed in [11] and when h2 = 0, it reduces to the Dirichlet
boundary condition.

B. Technical Lemma on Low-Gain Feedback

In this subsection, we introduce the following lemma on low-gain
feedback, which is adopted from [17] and [24].

Lemma 2.1: [17], [24] Assume a matrix pair (A,B) is controllable
and all the eigenvalues of A ∈ Rn×n are on the imaginary axis, then
the following parametric ARE:

ATP + PA− PBBTP = −εP (9)

has a unique positive definite solution P = Pε, where P can be solved
by the following Lyapunov equation:

P−1
(
A+

ε

2
In

)T
+
(
A+

ε

2
In

)
P−1 = BBT . (10)

Moreover, the following properties hold:
1) limε→0+ Pε = 0 and dPε

dε
> 0 ∀ε > 0;

2) there exists ϑ > 0 such that limε→0+ |ε−1Pε| = ϑ; and
3) if all eigenvalues of A are at the origin, then ATPεA ≤ 3n2ε2Pε.

III. MAIN RESULTS

In this section, we propose two low-gain controllers for the concerned
system under two different scenarios.

Define the matrix B as follows:

B = E−1[h2I (bh2 − h1)I ]

∫ D

0

e−Āy

[
B(y)
0

]
dy (11)

where

E =
[
h2I (bh2 − h1)I

]
e−ĀD

[
I
0

]
(12)

Ā =

[−bI A
I 0

]
. (13)

The matrix E is assumed to be invertible, and thus, B exists. And we
make the following assumption.

Assumption 3.1: The matrix A has all its eigenvalues on imaginary
axis and the matrix pair (A,B) is controllable.

Assumption 3.1 is the main restriction of this work due to the
adoption of the low-gain approach. However, it implies neither stability
nor boundedness of the open-loop system. Moreover, Assumption 3.1
can include a large class of practical systems, such as oscillators and
nth-order integrators. We propose the following low-gain controller for
the system (5)–(8) under Assumption 3.1:

U(t) = −BTPX(t) (14)

where P = Pε is the unique solution to the following algebraic Riccati
equation:

ATP + PA− PBBTP = −εP. (15)

By applying the low-gain control, the knowledge of u(x, t) is no
longer needed, which is one of the main advantages of our controller
(14). In our problem formulation, the subsystem (6)–(8) is a stable
PDE system and the open-loop ODE system is assumed to not be
exponentially unstable, so we can apply a small amount of feedback
through the PDE to move the ODE’s eigenvalues into the left half plane,
without letting any of the PDE’s eigenvalues spill into the right-half
plane. The following theorem shows the exponential stability of the
closed-loop system.

Theorem 3.1: Consider the closed-loop system consisting of the dy-
namics (5)–(6), the boundary condition (7)–(8) and the controller (14)
under Assumption 3.1. Then, there exists ε∗ > 0 such that ∀ε ∈ (0, ε∗]
and for any initial condition (X(0), u(., 0)) ∈ Rn × L2([0,D]), the
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closed-loop system has a unique solution and is exponentially stable in
the sense that

Ω(t) ≤ αe−βtΩ(0) (16)

Ω(t) � |X(t)|2 +
∫ D

0

u2(x, t)dx (17)

for some positive constants α and β.
Proof: Let g : [0,D] → Rn be the solution to the following bound-

ary value problem:

g′′(x) + bg′(x) +B(x) = Ag(x) (18)

h2 (bg(0) + g′(0))− h1g(0) = 0 (19)

g(D) = 0 (20)

where g′(x) and g′′(x) are the first- and second-order derivatives of
g with respect to the variable x, respectively. It can be verified that
B = −g′(D). Define

Z(t) = X(t) +

∫ D

0

g(x)u(x, t)dx. (21)

Then, it follows from (18)–(20) and the boundary condition (7)–(8) that

Ż(t) = AX(t) +

∫ D

0

B(x)u(x, t)dx

+

∫ D

0

g(x)(uxx(x, t)− bux(x, t))dx

= AX(t) +

∫ D

0

(g′′(x) + bg′(x) +B(x))u(x, t)dx

+ g(x)(ux(x, t)− bu(x, t))
∣∣D
x=0

− g′u(x, t)
∣∣D
x=0

= AZ(t)− g′(D)u(D, t)

+ (bg(0) + g′(0))u(0, t)− g(0)ux(0, t)

= AZ(t) +BU(t)

= (A−BBTP )Z(t) +BBTPϕ(t) (22)

where

ϕ(t) = Z(t)−X(t). (23)

By further defining

ω(x, t) = u(x, t) +
x2

D2
BTPX(t) (24)

one obtains that

ωt(x, t) = ωxx(x, t)− bωx(x, t) + f(x, t) (25)

h1ω(0, t)− h2ωx(0, t) = 0 (26)

ω(D, t) = 0 (27)

where

f(x, t) =
2bx− 2

D2
BTPX(t) +

x2

D2
BTPẊ(t). (28)

Consider the Lyapunov candidates

V1(t) = ZT (t)PZ(t) (29)

V2(t) =
1

2

∫ D

0

e−bxω2(x, t)dx. (30)

In the rest of this proof, for notation convenience, we introduce the sym-
bol “∼.” Let γ1(ε) and γ2(ε) be two positive functions of ε > 0. Then,
γ1(ε) ∼ γ2(ε) means they are infinitesimal of the same order when
ε → 0+, i.e., there exists a constant ϑ > 0 such that limε→0+

γ1(ε)
γ2(ε)

=

ϑ. It follows from Lemma 2.1 that |P | ∼ ε.

For V1(t), we can calculate its derivative as follows:

V̇1(t) = 2ZT (t)P (A−BBTP )Z(t) + 2ZT (t)PBBTPϕ(t)

= − εZT (t)PZ(t)− ZT (t)PBBTPZ(t)

+ 2ZT (t)PBBTPϕ(t)

≤ − εZT (t)PZ(t) + ϕT (t)PBBTPϕ(t)

≤ −εZT (t)PZ(t) + |P |2|B|2
∫ D

0

|g(x)|2dx
∫ D

0

u2(x, t)dx

≤ − εZT (t)PZ(t) + |P |2|B|2
∫ D

0

|g(x)|2dx

× 2

(∫ D

0

ω2(x, t)dx+D|P ||B|2
∣∣∣P 1

2X(t)
∣∣∣2)

= − εZT (t)PZ(t) + σ1(ε)

∫ D

0

e−bxω2(x, t)dx

+ σ2(ε)
∣∣∣P 1

2X(t)
∣∣∣2 (31)

where

σ1(ε) = 2ebD|P |2|B|2
∫ D

0

|g(x)|2dx (32)

σ2(ε) = 2D|P |3|B|4
∫ D

0

|g(x)|2dx. (33)

It can be verified that σ1(ε) ∼ ε2 and σ2(ε) ∼ ε3.
For V2(t), we can calculate its derivative as follows:

V̇2(t) =

∫ D

0

e−bxω(x, t)ωt(x, t)dx

=

∫ D

0

e−bxω(x, t) (ωxx(x, t)− bωx(x, t) + f(x, t)) dx

= ω(x, t)e−bxωx(x, t)
∣∣D
x=0

−
∫ D

0

e−bxω2
x(x, t)dx

−
∫ D

0

e−bxω(x, t)f(x, t)dx

= − ω(0, t)ωx(0, t)−
∫ D

0

e−bxω2
x(x, t)dx

−
∫ D

0

e−bxω(x, t)f(x, t)dx. (34)

Since h1h2 ≥ 0 and h2
1 + h2

2 > 0, then it follows from the Robin
boundary condition (7)–(8) that

ω(0, t)ωx(0, t) =
h1h2

h2
1 + h2

2

(
ω2
x(0, t) + ω2(0, t)

) ≥ 0. (35)

Therefore, one can obtain that

V̇2(t) ≤ −
∫ D

0

e−bxω2
x(x, t)dx+

∫ D

0

e−bx|ω(x, t)||f(x, t)|dx.
(36)

Noting that

|ω(x, t)| =
∣∣∣∣ω(D, t)−

∫ D

x

ωy(y, t)dy

∣∣∣∣
=

∣∣∣∣
∫ D

x

ωy(y, t)dy

∣∣∣∣ ≤
∫ D

0

|ωy(y, t)|dy (37)

one has∣∣∣PẊ(t)
∣∣∣ =

∣∣∣∣P (AX(t) +

∫ D

0

B(x)u(x, t)dx)

∣∣∣∣
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=

∣∣∣∣
(
PAP− 1

2 − P

∫ D

0

B(x)
x2

D2
dxBTP

1
2

)
P

1
2X(t)

+P

∫ D

0

B(x)ω(x, t)dx)

∣∣∣∣
≤
(∣∣∣PAP− 1

2

∣∣∣+ |P | 32 |B|
∫ D

0

|B(x)|dx
) ∣∣∣P 1

2X(t)
∣∣∣

+ |P |
∫ D

0

|B(x)|dx
∫ D

0

|ωx(x, t)|dx (38)

where the low-gain property is utilized. Then, it follows from (28) and
(38) that

|f(x, t)| ≤ 2bD + 2

D2
|BTPX(t)|+ |BTPẊ(t)|

≤ ρ1(ε)
∣∣∣P 1

2X(t)
∣∣∣+ ρ2(ε)

∫ D

0

|ωx(x, t)|dx (39)

where

ρ1(ε) = |B|
∣∣∣PAP− 1

2

∣∣∣
+

∫ D

0

|B(x)|dx× |B|2|P | 32 +
2bD + 2

D2
|B|
∣∣∣P 1

2

∣∣∣ (40)

ρ2(ε) = |B||P |
∫ D

0

|B(x)|dx. (41)

In addition, noting that PAP− 1
2 = −ATP

1
2 + PBBTP

1
2 − εP

1
2 ,

one has ρ1(ε) ∼
√
ε and ρ2(ε) ∼ ε. Then, via the Cauchy–Schwarz

inequality, it follows from (36) that

V̇2(t) ≤ −
∫ D

0

e−bxω2
x(x, t)dx+

∫ D

0

e−bxdx

∫ D

0

|ωx(x, t)|dx

×
(
ρ1(ε)

∣∣∣P 1
2X(t)

∣∣∣+ ρ2(ε)

∫ D

0

|ωx(x, t)|dx
)

≤ −
(
1

2
− ρ̂2(ε)

)∫ D

0

e−bxω2
x(x, t)dx+ ρ̂1(ε)

∣∣∣P 1
2X(t)

∣∣∣2
(42)

where

ρ̂1(ε) =
1

2

(∫ D

0

e−bxdx

)2 ∫ D

0

ebxdxρ21(ε) (43)

ρ̂2(ε) =

∫ D

0

e−bxdx

∫ D

0

ebxdxρ2(ε). (44)

Furthermore, it follows from the Poincaré’s inequality that∫ D

0

e−bxω2(x, t)dx ≤
∫ D

0

ω2(x, t)dx ≤ 4D2

∫ D

0

ω2
x(x, t)dx

≤ 4D2ebD
∫ D

0

e−bxω2
x(x, t)dx. (45)

Then, by choosing ε∗1 such that

1

2
− ρ̂2(ε) > 0 ∀ε ∈ (0, ε∗1] (46)

we have that

V̇2(t) ≤ −
(

1

8D2ebD
− ρ̄2(ε)

)

×
∫ D

0

e−bxω2(x, t)dx+ ρ̄1(ε)
∣∣∣P 1

2X(t)
∣∣∣2 (47)

where

ρ̄1(ε) = ρ̂1(ε) (48)

ρ̄2(ε) =
ρ̂2(ε)

4D2ebD
. (49)

It can be obtained that ρ̄1(ε) ∼ ρ̄2(ε) ∼ ε. Next, we choose the follow-
ing Lyapunov function:

V (t) = V1(t) + εV2(t). (50)

It follows from the aforementioned discussions that

V̇ (t) ≤ − εZT (t)PZ(t)−
( ε

8D2ebD
− ερ̄2(ε)− σ1(ε)

)

×
∫ D

0

e−bxω2(x, t)dx+ (ερ̄1(ε) + σ2(ε))
∣∣∣P 1

2X(t)
∣∣∣2

≤ − ε

2
ZT (t)PZ(t)−

( ε

8D2ebD
− l1(ε)

)

×
∫ D

0

e−bxω2(x, t)dx−
( ε
4
− l2(ε)

) ∣∣∣P 1
2X(t)

∣∣∣2 (51)

where

l1(ε) = ερ̄2(ε) + σ1(ε) + εebD|P |
∫ D

0

|g(x)|2dx (52)

l2(ε) = ερ̄1(ε) + σ2(ε) + εD

∫ D

0

|g(x)|2dx|B|2|P |2. (53)

It can be verified that l1(ε) ∼ l2(ε) ∼ ε2. Hence, there exists ε∗2 > 0
such that ∀ε ∈ (0, ε∗2]

l1(ε) ≤ ε

16D2ebD
(54)

l2(ε) ≤ ε

4
(55)

which implies

V̇ (t) ≤ − ε

2
V1(t)− ε

8D2ebD
V2(t) ≤ −βV (t) (56)

where β = min{ ε
2
, 1
8D2ebD

}. Next, we will show that there exist

constants M > 0 and M > 0 such that

MΩ(t) ≤ V ≤ MΩ(t) (57)

which leads to

Ω(t) ≤ αe−βtΩ(0) (58)

with α = M/M . It can be directly calculated that

M = 2|P |+ 2|P |
∫ D

0

|g(x)|2dx+ ε+ εD|B|2|P |2. (59)

Furthermore, we have that

|X(t)|2 ≤ 3

(
|Z(t)|2 +

∫ D

0

|g(x)|2dx

×
∫ D

0

ω2(x, t)dx+ χ1(ε)|X(t)|2
)

(60)

∫ D

0

u2(x, t)dx ≤ 2

(∫ D

0

ω2(x, t)dx+ χ2(ε)|X(t)|2
)

(61)

where

χ1(ε) = D|B|2|P |2
∫ D

0

|g(x)|2dx (62)

χ2(ε) = D|B|2|P |2. (63)

Define χ(ε) = χ1(ε) + χ2(ε). Then, we have that

Ω(t) ≤ 3|Z(t)|2 +
(
2 + 3

∫ D

0

|g(x)|2dx
)

×
∫ D

0

ω2(x, t)dx+ χ(ε)Ω(t). (64)
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Since χ(ε) ∼ ε2, then there exists ε∗3 > 0 such that ∀ε ∈ (0, ε∗3],
χ(ε) < 1. Then, one has that

Ω(t) ≤ 1

1− χ(ε)

(
3|Z(t)|2

+

(
2 + 3

∫ D

0

|g(x)|2dx
)
ebD

∫ D

0

e−bxω2dx

)
. (65)

Hence, one can obtain that

M = (1− χ(ε))/

(
3

λmin(P )
+

(2 + 3
∫ D

0
|g(x)|2dx)ebD
ε

)
. (66)

Choose ε∗ = min{ε∗1, ε∗2, ε∗3} and the proof is thus completed.
Remark 3.1: In the proof, we must avoid the term

∫ D

0
|B(x)|2dx as∫ D

0
|B(x)|2dx could be ill defined, for example, when B(x) = Bδ(x)

where δ is the Dirac function. To address the challenge, we have utilized
inequalities (37) and (38). However, this makes the proof more complex.
In addition, if B(x) is bounded on [0,D], then

∫D

0
|B(x)|2dx is well-

defined and a simpler proof could be adopted by applying the Cauchy-
Schwarz inequality to (36).

Remark 3.2: The solution g(x) to (18)–(20) can be directly calcu-
lated as follows:

g(x) =
[
0 I
]×

(
eĀ(x−D)

[−I
0

]
B

+

∫ D

x

eĀ(x−y)

[
B(y)
0

]
dy

)
, x ∈ [0,D]. (67)

By using g(x), we can also propose a backstepping-designed controller
for the system (5)–(6) under the Robin type boundary condition (7)–(8),
which is given as follows:

Z(t) = X(t) +

∫ D

0

g(x)u(x, t)dx (68)

U(t) = KZ(t) (69)

where K is chosen such that A+BK is Hurwitz. This controller is a
modification of that in [11] for the case of the Robin boundary condition.
It can be seen as an additional contribution of this article. To apply
the backstepping approach, the exact expression of g(x), x ∈ [0,D]
and full information of u(x, t) are needed. In contrary, our low-gain
controller only needs to know the value of −g′(D), which is given in
(11). Compared with the backstepping approach, our low-gain feedback
controller is much more simplified, and thus, easier to be implemented.
This is an advantage of our controller compared with that in [11].
However at the same time, Assumption 3.1 is additionally needed for
our controller.

Remark 3.3: In this article, Theorem 3.1 proves the existence of ε∗,
which implies that the system can be stabilized by our controller if ε
is sufficiently small. Based on our proof, an expression of ε∗ can be
given by the conditions (46), (54), (55), and χ(ε) < 1. However, this
would be much smaller than the allowable upper bound of ε∗, which
can be denoted as ε∗max. Moreover, in practice, the value of ε∗max can be
approximated by adopting a bisection method.

Next, we consider a special case where the open-loop plant has only
zero eigenvalues, i.e., the case of integrators. We will show that, in
this case, an even more simplified low-gain controller can be designed.
Define the matrix B̄ as follows:

B̄ =

∫ D

0

h2 + h1s(b, y)

h2 + h1s(b,D)
B(y)dy (70)

s(b, y) =

∫ y

0

ebzdz, y ∈ [0,D]. (71)

By noting the fact that h1h2 ≥ 0, h2
1 + h2

2 > 0 and s(b,D) > 0, one
can find that h2 + h1s(b,D) will never equal zero. Therefore, the
matrix B̄ is always well-defined.

Remark 3.4: Compared with B given in (11), the matrix B̄ has
simpler form and is easier to be calculated. When b > 0, the matrix B̄
can be also written as

B̄ =

∫ D

0

bh2 + h1(e
by − 1)

bh2 + h1(ebD − 1)
B(y)dy. (72)

When b = 0, the matrix B̄ can be written as

B̄ =

∫ D

0

h2 + h1y

h2 + h1D
B(y)dy. (73)

Moreover, when the boundary condition reduces to the Neumann
boundary condition considered in [11], namely, h1 = 0, the matrix B̄
reduces to

B̄ =

∫ D

0

B(y)dy. (74)

We consider the following assumption.
Assumption 3.2: The matrix A has all its eigenvalues at the origin

and the matrix pair (A, B̄) is controllable.
Then, we propose the following low-gain controller for the system

(5)–(8) under Assumption 3.2:

U(t) = −B̄TPX(t) (75)

where P = Pε is the unique solution to the following algebraic Riccati
equation:

ATP + PA− P B̄B̄TP = −εP. (76)

Theorem 3.2: Consider the closed-loop system consisting of the dy-
namics (5)–(6), the boundary condition (7)–(8) and the controller (75)
under Assumption 3.2. Then, there exists ε∗ > 0 such that ∀ε ∈ (0, ε∗]
and for any initial condition (X(0), u(., 0)) ∈ Rn × L2([0,D]), the
closed-loop system has a unique solution and is exponentially stable in
the sense that

Ω(t) ≤ αe−βtΩ(0) (77)

Ω(t) � |X(t)|2 +
∫ D

0

u2(x, t)dx (78)

for some positive constants α and β.
Proof: Let g : [0,D] → Rn be a solution to the following boundary

value problem:

g′′(x) + bg′(x) +B(x) = 0 (79)

h2 (bg(0) + g′(0))− h1g(0) = 0 (80)

g(D) = 0 (81)

where g′(x) and g′′(x) are the first- and second-order derivatives of g
with respect to the variable x, respectively. Then, we have −g′(D) =
B̄. Define

Z(t) = X(t) +

∫ D

0

g(x)u(x, t)dx (82)

and one has that

Ż(t) = AX(t) + B̄U(t)

= (A− B̄B̄TP )Z(t)− (A− B̄B̄TP )ϕ(t) (83)

where

ϕ(t) = Z(t)−X(t) =

∫ D

0

g(x)u(x, t)dx. (84)

Define V1 = ZTPZ and we can further calculate that

V̇1(t) = 2ZT (t)P (A− B̄B̄TP )Z(t)−2ZT (t)P (A−B̄B̄TP )ϕ(t)

≤ − εZT (t)PZ(t)− ZT (t)P B̄B̄TPZ(t)

+ 2ZT (t)P B̄B̄TPϕ(t)− 2ZTPAϕ(t)
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Fig. 2. Responses for Example 1. (a) State response for the system (89)–(90) under the controller (14). (b) Response of u(x, t) for the system
(89)–(90) under the controller (14).

≤ − εZT (t)PZ(t) + ϕT (t)P B̄B̄TPϕ(t) +
ε

2
ZT (t)PZ(t)

+
2

ε
ϕT (t)ATPAϕ(t)

= − ε

2
ZT (t)PZ(t) +

(
|P |2|B̄|2 + 2

ε
|ATPA|

)
|ϕ(t)|2.

(85)

It follows from Lemma 2.1 that |ATPA| ≤ 3n2ε2|P |. Therefore, one
has that

V̇1(t) ≤ − ε

2
ZT (t)PZ(t) +

(|P |2|B̄|2 + 6n2ε|P |) |ϕ(t)|2. (86)

Next, we define

ω(x, t) = u(x, t) +
x2

D2
B̄TPX(t) (87)

and choose the Lyapunov function candidate as follows:

V (t) = ZT (t)PZ(t) +
ε

2

∫ D

0

e−bxω2(x, t)dx. (88)

The rest of the proof follows the similar arguments as in the proof of
Theorem 3.1 and is thus omitted.

IV. SIMULATION EXAMPLES

In this section, we provide three illustrative examples to show the
effectiveness of the proposed controllers.

A. Example 1

Consider the following system;

Ẋ(t) =

[
0 −1
1 0

]
X(t) +

∫ 1

0

[
2− x
0

]
u(x, t)dx (89)

ut(x, t) = uxx(x, t)− ux(x, t) (90)

with the initial condition given as

X(0) =

[
1
1

]
, u(x, 0) = x, x ∈ [0, 1]. (91)

Moreover, the constants for the Robin boundary condition are chosen
as h1 = h2 = 1. We can calculate that

B =

[
1.4014
−0.3579

]
. (92)

It can be then verified that Assumption 3.1 is satisfied. Choose ε = 1.
Fig. 2(a) and (b) shows the system state response and actuator response
of the system (89)–(90) under the controller (14), respectively. It can
be observed from these two figures that our controller (14) is effective.

B. Example 2

Consider the following system:

Ẋ(t) =

⎡
⎣ 0 1 0
0 0 1
0 0 0

⎤
⎦X(t) +

∫ 2

0

⎡
⎣ 0
0
x

⎤
⎦u(x, t)dx (93)

ut(x, t) = uxx(x, t)− ux(x, t) (94)

with the initial condition given as

X(0) =

⎡
⎣ 1

2
−3

⎤
⎦ , u(x, 0) = −x, x ∈ [0, 2]. (95)

We choose h1 = 0, and thus, the boundary condition reduces to the
Neumann type. We can calculate that

B̄ =

⎡
⎣ 0
0
2

⎤
⎦ . (96)

It can be then verified that Assumption 3.2 is satisfied. Choose ε = 1.
Fig. 3(a) and (b) shows the system state response and actuator response
of the system (93)–(94) under the controller (75), respectively. It can
be seen from these two figures that our controller (75) is effective.

C. Example 3

By using the low-gain design, simplified controllers can be obtained
but poor performance may arise. A common disadvantage of the low-
gain design is its slow convergence rate, though it is not evident in
Examples 1 and 2. In this subsection, we provide another example to
illustrate this issue. Consider the following system:

Ẋ(t) =

⎡
⎢⎢⎣

0 1 0 0
−1 0 1 0
0 0 0 1
0 0 0 0

⎤
⎥⎥⎦X(t) +

∫ 2

0

⎡
⎢⎢⎣

0
0
0

2− x

⎤
⎥⎥⎦u(x, t)dx (97)

ut(x, t) = uxx(x, t)− ux(x, t) (98)

with the initial condition given as

X(0) =

⎡
⎢⎢⎣
1
1
1
1

⎤
⎥⎥⎦ , u(x, 0) = x, x ∈ [0, 2]. (99)

The constants for the Robin boundary condition are chosen as h1 =
h2 = 1.

We first construct the low-gain controller in the form of (14) for
the system (97)–(98). Fig. 4(a) and (b) shows the state responses and
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Fig. 3. Responses for Example 2. (a) State response for the system (93)–(94) under the controller (75). (b) Response of u(x, t) for the system
(93)–(94) under the controller (75).

Fig. 4. Responses for Example 3. (a) State responses for the system (97)–(98) under the controller (14) when ε = 0.2, 0.5, and 0.9, respectively.
(b) Response of u(x, t) for the system (97)–(98) under the controller (14) when ε = 0.2, 0.5, and 0.9, respectively.

the corresponding actuator responses of the system (97)–(98) under
controller (14), respectively, under three different values of the param-
eter ε = 0.2, 0.5, and 0.9. It can be seen from Fig. 4(a) and (b) that
in general, larger ε leads to faster convergence. However, too large
ε will lead to divergence. The choice of the parameter ε is, thus, a
tradeoff between avoiding divergence and faster convergence rate. And

due to this fact, it can be hypothesized that the convergence rate of the
closed-loop system resulting from the low-gain controller has an upper
bound.

Next, we design the backstepping-designed controller in the form
of (68) and (69) for the system (97)–(98). Fig. 5(a) and (b) shows the
system state response and actuator response of the system (97)–(98)
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Fig. 5. Responses for Example 3. (a) State response for the system (97)–(98) under the controller (68)–(69). (b) Response of u(x, t) for the
system (97)–(98) under the controller (68)–(69).

under such a controller, respectively. It can be seen that the backstepping
approach leads to more complex controllers but also faster convergence
than the low-gain approach. Therefore, there is also a tradeoff between
simplicity of controllers and their convergence rates.

V. CONCLUSION

In this article, we have proposed low-gain compensation for linear
systems with distributed input dynamics modeled by second-order
diffusion equations. Two low-gain controllers are proposed for two
different cases. For the first case, it is assumed that the unstable or
marginally stable eigenvalues of the open-loop plant are on the imagi-
nary axis, while for the second case, it is assumed that the unstable or
marginally stable eigenvalues of the open-loop plant are at the origin.
It is shown that the systems can be exponentially stabilized by the
proposed low-gain compensation. Compared with existing works, one
distinctive advantage of our controllers is that they are much more
simplified. However at the same time, additional restrictions on the
eigenvalues of the open-loop plant have to be imposed for low-gain
controllers. A more general boundary condition, namely, the Robin
boundary condition, is considered. Several simulation examples are
provided to illustrate the effectiveness of our theorems. We will consider
input dynamics modeled by higher dimensional diffusion equations,
such as 2-D or 3-D diffusion equations in further study.
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