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Event-Triggered Adaptive Control of Coupled
Hyperbolic PDEs With Piecewise-Constant
Inputs and Identification

Ji Wang

Abstract—In this article, we present an event-triggered
boundary control scheme with a, likewise, event-triggered
batch least-squares parameter identification for a 2 x 2 hy-
perbolic PDE-ODE system, where two coefficients of the
in-domain couplings between two transport PDEs, and the
system parameter of a scalar ODE, are unknown. The trig-
gering condition is designed based on evaluating both the
actuation deviation caused by the difference between the
plant states and their sampled values, and the growth of the
plant norm. When either condition is met, the piecewise-
constant control input and parameter estimates are up-
dated simultaneously. For the closed-loop system, the fol-
lowing results are proved: first, the absence of a Zeno
phenomenon; second, finite-time exact identification of the
unknown parameters in most situations; third, exponential
regulation of the plant states to zero. In the numerical simu-
lation, the design is verified in an application of axial vibra-
tion control of a mining cable elevator, where the damping
coefficients of the cable and the cage are unknown.

Index Terms—Adaptive control, backstepping, event-
triggered control, hyperbolic PDEs, least-squares identifier.

[. INTRODUCTION

A. Motivation

MINING cable elevator is a vital device used to transport
A the minerals and miners between thousands of metres
underground and the ground surface [37]. Cable plays an in-
dispensable role in the mining elevators due to its advantages
of resisting relatively large axial loads and low bending and
torsional stiffness, which are helpful to transporting heavy load
in large depth. However, the compliance property or stretch and
contract abilities of cables tend to cause mechanical vibrations,
which may lead to premature fatigue fracture. Active vibration
control is one economic way to suppress vibrations in the mining
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elevator because the mechanical structure of the elevator does
not need to be changed.

The vibration dynamics of the mining cable is originally
described by a second-order hyperbolic PDE [37], which can be
converted into a class of coupled transport PDEs [8], [10], [11],
[20], [36] in the Riemann coordinates [28]. Based on the cou-
pled transport PDE system with fully known plant parameters,
boundary control strategies were proposed for cable-actuated
mechanisms to suppress the axial vibrations in [43], and the
axial-lateral coupled vibrations in [38]. In practice, however,
there always exist some plant parameters not known exactly,
which create significant challenges for the control design and
analysis, creating a need for adaptive technology. Three tradi-
tional adaptive schemes are the Lyapunov design, the passivity-
based design, and the swapping design, which were initially
developed for ODEs in [25], and extended to parabolic PDEs
in [26], [32], and [33], and hyperbolic PDEs in [1], [5] and [7].

The adaptive control system for mining cable elevators in-
cludes the plant states, namely, the vibration states of the cable
and cage, and the adaptive estimates for unknown parameters.
Since both the undesired vibrations and the learning transient in
the adaptive estimates include high-frequency signals, difficul-
ties may arise in implementing the adaptive control laws in the
practical mining cable elevators because the massive actuator,
consisting of the hydraulic cylinder and head sheave (shown in
[39, Fig. 1]), is incapable of supporting the frequently and fast
changing control signal. Moreover, such a control input may in
turn become a vibration source for the cable, and cause reso-
nance. This motivates us to design a control law where both the
plant states and the parameter estimates are piecewise-constant.

B. Event-Triggered Control of PDEs

In comparison with using periodic sampled-data control [9],
[16], where unnecessary and energy-intensive movements of
the massive actuator may appear, the event-triggered control is
preferable for the mining cable elevator, where the massive actu-
ator only moves at the necessary times determined by evaluating
the operation of the elevator.

Most current designs of event-triggered control are for ODE
systems, such as in [17], [19], [30], and [34]. For PDE systems,
event-triggered control schemes were proposed for distributed
(in-domain) control of PDEs in [29] and [44]. For the boundary
control of PDEs, event-triggered boundary control of hyperbolic
PDEs and parabolic PDEs, was originally proposed in [13]
and [15], respectively. For a class of 2 x 2 coupled linear
hyperbolic PDEs considered in this article, the event-triggered
boundary control designs were presented in [12], [14], and [39].
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However, the abovementioned results only focused on a PDE
plant with completely known parameters.

C. Triggered Adaptive Control of PDEs

As in all conventional adaptive control, the previous adaptive
control designs for PDEs achieve only asymptotic convergence
of the plant states, without a guarantee of exact identification of
the unknown parameters. Recently, a new adaptive scheme, us-
ing a regulation-triggered batch least-square identifier (BaLSI),
was introduced in [21] and [22], which has at least two sig-
nificant advantages over the traditional adaptive approaches:
guaranteeing exponential regulation of the states to zero, as well
as finite-time convergence of the estimates to the true values.
An application of BaLSI to a two-link manipulator, which is
modeled by a highly nonlinear ODE system and subject to four
parametric uncertainties, was shown in [4]. Regarding PDEs,
this method has been applied in adaptive control of a parabolic
PDE [23], and of first-order hyperbolic PDEs in [2], [3], [40], and
[42]. However, in the abovementioned designs, the triggering
is employed for the parameter estimator (update law), rather
than the control law, where the plant states are not sampled.
As mentioned in Section I-A, the vibration states may lead to a
frequently and fast changing control signal, which is unsuitable
in the application of the mining cable elevator, and thus, the
vibration states in the control law are required to be sampled
as well. Conversely, in [41], an event-triggered adaptive control
design was proposed by employing triggering for the control
law instead of the parameter estimator, where only asymptotic
convergence is achieved. Since the parameter estimator is the
more delicate of the two components (the control law and the
parameter estimator) of an adaptive control, since it is generally
not endowed with convergence guarantees, it is considerably
more challenging to employ triggering in the parameter estima-
tor.

In this article, the triggering is employed for updating both
the parameter estimator and the plant states in the control law.
Both the parameter estimates and the control input thus employ
piecewise-constant values. The parameter estimates reach a limit
in a finite number of updates, i.e., in finite time and, as a
result, exponential regulation of the plant states is achieved.
Different from some work in event-triggered control with more
than one triggering condition, such as [18] and [35], where dis-
tinct triggers are proposed in the sensor-to-controller channels
and the controller-to-actuator channels for linear ODE systems,
i.e., the triggering times of the triggers are asynchronous, we
propose simultaneous triggering of adaptation and feedback in
this article.

D. Contributions

1) As compared to the previous results in [12], [14], and
[39] on event-triggered backstepping control for 2 x 2
hyperbolic PDEs with completely known plant param-
eters, uncertain plant parameters are considered in this
article.

2) For the event-triggered adaptive control design of 2 x 2
hyperbolic PDEs in [41], a continuous parameter update
law and event-triggered control inputs are employed, and
only asymptotic convergence to zero of the plant states is
achieved. This article’s event-triggered adaptive control
design employs triggering for both the parameter update

law and the control input, and achieves finite-time exact
identification of the unknown parameters from all but a
measure zero set of initial conditions and, as a result of
finite-time settling of the parameter estimates, exponen-
tial regulation of the plant states to zero.

3) Compared with the triggered-type adaptive control de-
signs for transport PDEs in [2], [3], [40], and [42], where
triggering is only employed for the parameter update law
rather than the control input, in this article, triggering is
employed for updating both the parameter estimator and
the plant states in the controller, and both of the param-
eter estimates and the control input employ piecewise-
constant values. Moreover, in-domain couplings between
transport PDEs are considered in this article.

4) To the best of authors’ knowledge, this is the first adaptive
control result, for either PDEs or ODEs, where both
the control input and the parameter estimates employ
piecewise-constant values.

E. Organization

The problem formulation is shown in Section II. The nominal
continuous-in-time control design is presented in Section III.
The design of event-triggered control with piecewise-constant
parameter identification is proposed in Section IV. The main
results including the absence of a Zeno phenomenon, parameter
convergence, and exponential regulation of the states are proved
in Section V. The effectiveness of the proposed design is illus-
trated with an application in axial vibration control of a mining
cable elevator in Section VI. Finally, Section VII concludes this
article.

F. Notation

We adopt the following notation.

1) The symbol Z™ denotes the set of all nonnegative inte-
gers, and R := [0, +00), and R_ := (—o0, 0].

2) Let U C R™ be a set with a nonempty interior, and let
Q C R be a set. By C°(U; ), we denote the class of
continuous mappings on U, which take values in 2. By
Ck(U;Q), where k > 1, we denote the class of contin-
uous functions on U, which have continuous derivatives
of order k£ on U and take values in 2.

3) We use the notation L?(0, 1) for the standard space of the
equivalence class of square-integrable, measurable func-
tions defined on (0, 1) and || f|| = (fol fx)%dz)? < +o0
for f € L*(0,1).

4) We use the notation N for the set {1,2,...}, i.e., the
natural numbers without 0.

5) Foran I C R, the space C°(I; L?(0, 1)) is the space of
continuous mappings I 3 t — ult] € L*(0,1).

6) Let u: Ry x [0,1] — R be given. We use the notation
u[t] to denote the profile of u at certain ¢ > 0, i.e.,
(u[t])(z) = u(x,t), forall z € [0, 1].

[I. PROBLEM FORMULATION

We conduct the control design based on the following 2 x 2
hyperbolic PDE-ODE system:

C(t) = ac(t) + bw(0,t) €]
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Zt(x,t) - *(Ilzx(xvt)+dlz(x’t)+d2w(xvt) ()
wi(x,t) = gwy(x,t) + dsz(x, t) + dyw(x, t) 3)

2(0,t) = c((t) — pw(0, 1) (4)
w(l,t) = coU(t) %)

for z € [0,1],¢ € [0, 00), where ((t) is a scalar ODE state and
scalar functions z(x, t) and w(x, t) are PDE states. The function
U (t) is the control input to be designed. The positive constants
q1,q2 are transport speeds, and p # 0, ¢o # 0 are arbitrary
constants. The ODE system parameter a and the coefficients
ds, d3 of the PDE in-domain couplings are unknown. To make
the problem as nontrivial as we can within this class, we only
consider the case where the in-domain instability exists, i.e.,
ds # 0. Other parameters are arbitrary and satisfy Assumptions
L, 2.

Assumption 1: The parameter b is nonzero. For ¢ # 0, bis not
equal to —£2

Assumption 2: For a # 0, the parameters dy, ds, d3, d4 sat-
isfy

d3(% +p)? — (dy — dy) (% +p) —
(& +p)(a1 + a2)
b
—ds (:+p) +dy #0.
For a = 0 and ¢ = 0, the parameters dy, do, d3, d4 satisfy
d3p2 - (d4 - dl)p —da

p(q1 + q2)

For the cases not mentioned in Assumptions 1 and 2, no
restrictions are imposed for the corresponding parameters. The
generically satisfied Assumptions 1 and 2 act as sufficient (but
not necessary) conditions for the parameter convergence of the
estimates.

Assumption 3: The bounds of the unknown parameters
d3,ds,a are known and arbitrary, ie., |d3| <ds, |da| <
ds, |a| < @, where ds,do,a are arbitrary positive constants
whose values are known.

This work is motivated from the practical issues in the control
of mining cable elevators, as mentioned in Section I-A, but the
control design and analysis are based on the general model
(1)—(5), which covers broader systems, not only the mining
cable elevators, but also open-loop unstable systems (both the
PDE and ODE subsystems can be open-loop unstable). For
example, the control design in this article is also applicable
in suppression of vibrations of airplane wings with aeroelastic
instability at high Mach numbers [31], [45], which are de-
scribed by a wave PDE with in-domain fluid pressure repre-
sented by positive stiffness and antidamping, i.e., wy (2, t) =
€2 U (2, 1) + pus (2, 1) + vy (z,t), where u(x, t) denotes
the membrane displacements and the physical meanings of the
positive coefficients ¢, ftw, vy are given in [31]. Applying
the Riemann transformations z(z,t) = us(xz,t) — cpu.(x,t),
w(x,t) = ug(x,t) + cpuz(z,t), the airplane wing vibration
dynamics are transformed to a 2 x 2 hyperbolic PDE system,
covered by the considered plant (1)—(5), where the ODE (5) can
describe a mass at the wingtip.

do

q2

q2 —d3p+d47é0.

We introduce the following backstepping transformation [11]:

a(et) = 2(z ) - / " o, )=y t)dy

NOMINAL CONTROL DESIGN

- /OL oz, y)w(y, t)dy —y(x)C(t)  (6)

Bl t) = wia, ) — / "W y)2(y. )y

- [CeGatom-recn @
and its inverse N
at) =ale.t) ~ [ dew)aly. Oy
0
- [ etasd - s@en  ®
wlat) = ) = [ Wyl dy
0
- [ s na - o
to convert the plant (1)—(5) to the target system
C(t) = — amC(H) +5(0,1) (10)
a(0,t) = —pB(0,7) (11
ar(@,t) = = qrag (1) + dia(e, 1) (12)
Bi(x,t) = QQﬂz(x t) + duB(z,1) (13)
B(1,t) = (14)

where ay, = bk —a > O is ensured by a design parameter s
satisfying

a
K> —

=z Vb > 0, n<%, Vb < 0. (15)
The conditions on the kernels ¢(z,y), ¢(x,v), v(z), ¥(z,y),
®(z,y). 1(x) and d(x. ). @ ). 7(x). V(. ), (z y) A(x)

in the backstepping transformat1ons (6)—(9), which are obtained
by matching the original system (1)—(5) and the target system
(10)—(14), are shown in Appendix A, and the well-posedness has
been proved in [11, Th. 4.1]. The nominal continuous-in-time
control is obtained from the right boundary condition (14) in the
target system as follows:

1 1
f/ U(1,y;0)z2(y,t)dy
Co Jo

1
44 / (L, y; 0)w(y, t)dy + —1(L;0)C(1). (16)
Co Jo Co

Writing 6 = [ds3, do, a]T after “;” in U(z,y; ), ®(z,y; ), and
A(x; 0) emphasizes the fact that ¥(x,y), ®(z,y), A(x) depend
on the unknown parameters ds, ds, a, due to the fact that U, &, A
is the solution of the kernel PDE set, shown in Appendix A, with
the unknown coefficients ds, do, a.

U(t)

IV. EVENT-TRIGGERED CONTROL DESIGN WITH
PIECEWISE-CONSTANT PARAMETER IDENTIFICATION

Based on the nominal continuous-in-time feedback (16), we
give the form of an adaptive event-triggered control law Uy, as
follows:

alt) = — [ W(1,3:00)2(0.1)dy
Co Jo
1
JF% ; (I)(lay§é(ti))w(y7ti)dy+é)‘(IQé(ti))C(ti) (17)
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for t € [t;,t;11), where 0= [d3,622,&]T is an estimate, gen-
erated with a triggered batch least-squares identifier, of the
three unknown parameters ds, ds, a. The identifier is presented
shortly, and {t; > 0}:°,, i € Z™T, is the sequence of time in-
stants, which, along with the parameter estimates and sampled
states in (17), is defined in the following section.

When we mention the continuous-in-state control input U,
we refer to the control input consisting of triggered parameter
estimates and continuous states, i.e.,

1
Uit) = / (L, y:0(t:)) (v, £)dy

+1 / (L, y: 0(t))w(y, )dy + 2 (1:6(t:))C(2)
Co 0 Cp

fort € [t;,t;11). Define the difference between the continuous-
in-state control input U, in (18) and the event-triggered control
input Uy in (17) as d(t), given by

(18)

d(t) = Ua(t) — Ua(t)
- i [0 (0.0) = =01y
+% [ 0100wl 1) = (o)

+%x<1;é<ti>><4<t>—<<m>, teltnti) (19)

which reflects the deviation of the plant states from their sampled
values. Define the difference between the continuous-in-state
control input U,(t) in (18) and the nominal continuous-in-time
control input U (¢) in (16) as £(t), given by

§(t) =U(t) — Ue(t)

1
:% : (U(L,:0) — W(1,y:0(t:))=(y, )dy
o [ (@(1,5:0) = 21,y 06wy, Dy

+%<x<1;e>—A(l;éuimc(t), LE ltntinn) (20)

which reflects the deviation of the estimates from the actual
unknown parameters. The deviations d(¢) and £(t) will be used
in the following design and analysis.

A. Triggering Mechanism

Before showing the triggering mechanism that determines the
sequence of time instants {¢; > 0}5°, i € Z™, we introduce
the two sets S; and S;, which will be used in the triggering
mechanism to judge whether the exact identification of the
unknown parameters has been achieved. The set .S; is defined as

S = {_: (&,@)TG O1: Zp(pis1stiv1) =Gn(tis1, tiv1)L,

n:1,2,...,}, ieZ* (21)
where ©; = {£ € R? : |(1| < d3, |l2| < d5},and Z,,, G,, asso-
ciated with the plant states over a time interval [p; 1, ;11] (the
time instant y; 1 is defined shortly) are

Zo(piv1rtivr) = [Hpa(pis1, tiv1), Hoo(piv1, tiv1)]” (22)

1571
* Qn,1 (g1, tiv1) Qnoo(this1, tiv1)
G (i1 tipr) = | grorbiis 24t 23
(i1 tit) |:Qn,2(/14i+1vti+1) Qn.3(fiv1,tiy1) (23)
with
tit1
Hn,l(/‘i+lati+1):/ In1(t, piv1) fu(t, pipr)dt  (24)
Hit1
tita
Hn,2(ui+1,tz'+1):/ Gn2(t, piv1) fu(t, pipr)dt  (25)
Hit1
tiy1 )
Qn1(Hit1,tiv1) :/ Gn1 (b, prig1)"dt (26)
Hit1
tit1
Qn 2(Nz+17 z+1 / In, 1 t ,uz+1)gn Q(t /fferl)dt (27)
Hit1
tit
Qn3(tit1,tiv1) / Gn2(t, piy1)?dt (28)
Hit1
where
1 1
fn(t,ui_,_l):/ sin(an)z(z,t)dz+/ sin(zmn)w(z, t)dx
0 0

1 1
—/ sin(an)z(x,ui+1)dx—/ sin(xmn)w(x, ;41 )dz
0 0

t 1
- 7m/ / cos(xmn)(q1z(x, 7) — gew(x, 7))dadr
Hit1 40

t 1
—/ / sin(zmn)(diz(z, 7) + dyw(x, 7))dxdr (29)
Hit1 40
t 1
gna(t, piv1) = / / sin(zmn)z(z, 7)dxdr (30)
Hit1
t 1
Gn2(t, piv1) = / / sin(zmn)w(x, 7)dxdr 31
Mit1
forn = 1,2,.... The set S; is defined as
Si = {63 € [7(_1,5,] :HS(Ni+1ati+1)
= Qa(piy1,tiv1)ls, },i ez* (32)
where the function Hj is defined as
tita
Hs(pig1,tiv) Z/ 9a(t; priv1) fa(ts piv1)dt — (33)
Hit1
and the function @4 is defined as
tit1
Qa(ftit1,tivr) :/ Ga(t, prip1)?dt (34)
Hit1
fori € Z*, with
t
fa(t piv1) = () — C(pit1) — b/ w(0,7)dr  (35)
i1
t
9a(ts ptiv1) = C(r)dr (36)
Hi41

Based on the abovementioned definitions, we introduce the

triggering mechanism next. The sequence of time instants {¢; >
0}, (to = 0) is defined as

= min{7;,r;}

tiy1 = (37
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where 7; is given by
=inf{t > t; : d(t)*> > IV (t) — m(t)} (38)
and the functions V'(t), m(t) will be defined later, and where
r; is defined next. If ¢ > 1 and there exists a singleton S fora
certain j (j € ZT, j < i — 1) and a singleton S}, for a certain k
(ke Z*t,k<i—1),thenr;is set as
7 1= 400 39)

or else, r; is set as

r; = max {t; + r,min{inf{t > ¢, : Q(¢) = (1 + 6)Q(t;)},
t;+T}}, Q) #0 (40)
ri=t;+1T, Q(tl) =0 “41)

where the design parameters ¢, 1" are positive and free, and r is
a positive constant satisfying

0<r<T (42)
and where the function Q(t) is defined as
Q(t) = ll=[t1 + lwlel* + (1) (43)
The Lyapunov function V' (¢) in (38) is given as
1 I
V(t) = 5¢t)° + ’r‘l/ % B(x, 1) de
2 2,
1 ! —dsx 2
+ 5/ € oz, t)dx (44)
0

where the positive constants r,, 1, 2, which are design param-
eters, are chosen to satisfy
2 2
M752>2|d1|’%> b _ +IDQ1
92 ¢ @bk —a) ¢

which depend only on the design parameter x in (15), the
known plant parameters and the known bounds of the unknown
parameters in Assumption 3.

The internal dynamic variable m(t) in (38) satisfies the ordi-
nary differential equation

m(t) = —nm(t) + rad(t)? — oV ()
— r1of1,1)? — ke B(0,1)2 (46)

with the initial condition m(0) < 0. Choose the positive design
parameters k1, ko in (46) to satisfy

01 > (45)

K1 > 2max{Ag, Ao}, Ko > 2max{i,, Az} (47)
where the positive constants A, Ag, A, are
1 1 1
ko= 5@e ", kg = gaora+ 5l (48)
6
Ao = M .0,,0 2 |\ 6,.0 7
3ye[01] 9166026 {IMi(y, 61, 602) 7, |Ma(y, 61, 65) |

|M3(017 92)|27 |M4(017 92)|27 |M5(017 92)|27 |M6(017 92)|2} .
(49)
The functions My, ..., Mg are given in Appendix B, and A,
depends only on the design parameter x, the known plant pa-
rameters, and the known bounds of the unknown parameters in
Assumption 3. Choose the design parameters A4, 0,7 in (46)
such that they satisfy

1
Ad > —qarac®ch (50)
i

0<0<%,n>1/a7u0 (&2))]

where the positive constants p, v/, are

. [ @ra b? Pa 1
< — - — 2 52
p< mm{ ows  Dralbn =) 2m O qe (52)
1 1 1
Vo = — min { (bk — @), =01q2rq — 7ald4l,
&2 2
1 s
562(]1 — |d1‘ e (53)
with
1
&y = 5 min{1,7,e%} > 0. (54)

The final design parameter ¥ in (38) is chosen in accordance
with the following condition:

0<ﬂgmax{1,”}. (55)
Ad
The time instant 1,41 used in (21) and (32) is defined as

pivy i=min{t; : f € {0,... i}, t; > tiss — NT}  (56)

according to [22], where the positive integer N>1lisa design
parameter, and the positive constant 7" is the maximum dwell
time according to (37)—(41). The flowchart of implementing the
designed triggering mechanism (37)—(41) is shown in Fig. 1, and
the proof of the fact that the triggering mechanism (37)-(41) is
well-defined and produces an increasing sequence of events will
be shown in Lemma 3.

Design rationale of the triggering mechanism (37)—(41): Ac-
cording to (19) and (20), i.e., two deviation signals affecting the
stability obtained under the nominal continuous-in-time control,
we know the size of d(t) is associated with the deviation of the
plant states from their sampled values, and the size of £(¢) is
associated with the deviation of the parameter estimates from
the actual unknown parameters. According to the form of the
event trigger presented in [14], the triggering condition (38)
is designed, based on the evolution of the square of d(t), to
guarantee that d(t)? is bounded by the plant norm, and an internal
dynamic variable m(t) defined in (46) (the introduction of m(¢)
is to ensure that no Zeno phenomenon occurs, as will be seen
in Claim 2 in Lemma 3). Even if d(t) is ensured to be small
enough in the closed-loop system, a large growth of the plant
norm still may appear under a large £(¢) (as the analysis in the
proof of property 3) of Theorem 1). Therefore, in addition to
the triggering condition (38) designed to bound d(t), another
triggering condition in (40) is designed based on evaluating the
growth of the plant norm [22], where the updates are triggered
if the plant norm has grown by a certain factor, to avoid a large
overshoot. Introducing the design parameters r, 1" in (40) and
(41), which set the lower and upper bounds of the interval
between 7;, enables the user to adjust the number of r;. As
will be seen latter, the condition below (38), that there exist
the singletons sets .S;, Sy, implies that the exact identification
of 0 has been achieved at t;, for ¢ > 1. Therefore, in this case,
we set 7; := 400 in (39), in order to avoid unnecessary updates
of the control signal after the exact parameter identification has
been achieved (when initial estimates are not the true values).

The first triggering condition (38) is for resampling the states
z[t], w[t], ((t), and the second triggering condition (40), (41)

is for recomputing the estimate é(t) The synchronous trig-
gering is ensured by the fact that, if either condition is met,

both recomputing of 6(t) and resampling of z[t], w]t], C(t)
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Measurements at the current
time 7>, and data in [0.7]
and there exist singletons
S,.8. ke, jk<i-1
Uc(é(t,,l).z[t],u'[r],_c(t)) L 4{ Update estimates 6(.,) . and states z[t,.,],#{,.,],5(t,.,) in the control signal
:
Ug(0(t.). 2t ] 1), 6(010)) Initial 7,:=+%
Fig. 1. Flowchart of implementing the triggering mechanism (37)—(41).
are done simultaneously, due to (37). All design parameters where
are K, 1,01, 02, Tq, K1, K2, Ad, 0,1, ¥, whose conditions are cas-
caded rather than mutually dependent, and defined only b T @ni Qno 0
y P > y by Zn = [Hn,laHn,ZaH?)] 5 Gn = Qn,2 Qn,3 0 (62)
known parameters. They can be solved in the sequence (15), 0 0 Qi

(42), (45), (47), (50), (51), (55). The motivation for defining
these conditions of the design parameters will become clear in
the rest of this article.

B. Least-Squares Identifier

According to (2) and (3), we getfor7 > 0and n = 1,2, ...
that

% ( /0 ' sin(amm)=(a, 7)dz 1 /0 1 sin(mn)w(x,f)dx)

1
= —qQﬂ'n/ cos(zmn)w(x, T)dx
0
1 1
—|—d1/ sin(:mm)z(x,T)da:—l—dz/ sin(zmn)w(x, 7)dx
0 0
1
+q17m/ cos(zmn)z(x, T)dx
0

1 1
+ds / sin(zmn)z(z, 7)dx + d4/ sin(zmn)w(z, 7)dx.
0 0

(57)

Integrating (57), (1) from p;41 to ¢, yields
fa(ts piv1) = dagna(t, pip1) + dagn 2t piv1) (58)
fa(t, pit1) = aga(t, piv1) (59)

where f,, gn,1, gn,2 are givenin (29)—(31),and f,, g, are defined
in (35) and (36).
Define the function h; ,, : R> — R by the formula

hi,n(g) = /H—1 [(fn(tvﬂi-l-l)

Hit1
— UG (t, piv1) — Cagna(t, piv1))”

+ (falt, pis1) — la3ga(t, pivr))?]dt, i € ZF
(60)

forn = 1, 2, ceey = [gl,gg,gg]T.

According to (58) and (59), the function h; ,,(¢) in (60) has
a global minimum h; ,,(#) = 0. We get from the Fermat’s the-
orem (vanishing gradient at extrema) that the following matrix
equation holds forevery i € Z* andn = 1,2, ...

Zn(piv1stivr) = Gu(pivr, tiv)0 (61)

and  Hp1(pit1stivr), Hpa(piv1,tivn),  Hz(pivastiva),
Qna(fit1tiv1), Qn.2(tit1,tig1), Qn3(fit1,tivr)s
Qa(tit1,tiv1) are given in (24)—(28), (33), (34). Indeed,
(61), (62) are obtained by differentiating the functions h; ., (¢)
defined by (60) with respect to ¢1, {5, (3, respectively, and
evaluating the derivatives at the position of the global minimum
(01, £y, bs) = (d3, d2, ).
The parameter estimator (update law) is defined as

R L2
O(tiv1) = argmin{ ‘é —0(t;)| :L€0O,

Zn(pit1,tiv1) = Gu(prig1, tig1)l, n=1,2,... } (63)

where © = {g S RS : |€1| S Jg, |£2| S JQ, |£3| S C_l}.
Proposition 1: For every (z[t;],w[t;])T € L*((0,1);R?),
C(t;) € R, m(t;) € R_, and 0(t;) € ©, there exists a unique
(weak) solution ((2,w)”,¢) € CO([ti, tira]; L(0,1);R?) x
CO([ts, tiv1];R), m € C°([t;, tix1); R7) to the system (1)—(5),
(17), (46), andf € ©in (63), between two time instants ¢;, t;1.
Proof: The proof is similar to that of Proposition 1 in [40],
and thus, it is omitted. [ ]

V. MAIN RESuULT

Theorem 1: For all initial data (z[0],w[0]))T € C([0,1]),
¢(0) e R, 0(0) € ©, m(0) < 0, the closed-loop system (1)—(5)
under the controller (17), with the triggering mechanism (37)—
(41), and the least-squares identifier defined by (63) has the
following properties.

1) No Zeno phenomenon occurs, i.e., lim; ., t; = 400, and
the closed-loop system is well-posed.

2) If the finite-time convergence of parameter estimates to the
true values is not achieved, it implies (t) =0 on ¢ € [qil, 00)
and m(t) is exponentially convergent to zero. If the parameter
estimate 0(t) reaches the true value @ in finite time, i.e.,

0(t) =6
for certain e € Z7T, then t, < qll + qlz +T.
3) If the finite-time convergence of parameter estimates to the

true values is achieved, the exponential regulation of the closed-
loop system is obtained in the sense that there exist positive

Vit >t (64)
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constants M, A1 such that
Q(t) < MQ(0)e ™™t t>0 (65)
where
Q) = [|2[8]1* + [lwlt]lI* + ¢(2)* + [m(t)]

and where M is related to the initial estimate 6(0).

The proof of Theorem 1 is based on the following technical
lemmas. First, we present the two lemmas that will be used in
the analysis of minimal dwell time.

Lemma 1: For d(t) defined in (19), there exists a positive
constant A, such that

d(t)? < a, <d(t)2 + a(1,8)% + B(0,1)?

(66)

+llat, Ol + I8¢, 0 +C(t)2) (67)

for ¢t € (¢;,t;+1), where the positive constant A, is given in
(49), which depends only on the design parameter « in (15),
the known plant parameters, and the known bounds a, d3, ds of
the unknown parameters.

Proof: Inserting Uy(t) into (5), we have

w(Lt) = C()Ud(t).
Applying (19), (20), it allows us to rewrite (68) as

w(1,t) = co(Ue(t) — d(t)) = coU(t) — co&(t) — cod(t).
(69)

(68)

Inserting (8), (9) into (20), we obtain
I I
() = c[/ Ki(y;0(t:),0)a(y, t)dy
0 0
1 ~ A~ ~ ~
+ [ Ralpsb(e).0)8( 01y + al6(0). 000 70)

for ¢ € [t;,t;+1), where the functions K, Ko, K3 are shown
in Appendix B. Applying the backstepping control design in
Section IIT into (1)—(4), (69), the right boundary condition of
the target system (10)—(14) becomes

B(1,t) = —co&(t) — cod(t). 1
Inserting the inverse backstepping transformations into U.(¢)
in (18) to replace the original states by the states in the target
system, we obtain

1
UL(t) = % /0 Ky (y, 0(t:), 0)aly, t)dy

+ 2 Koy, 060),0)8(y, t)dy + — K (8(t,), 0)C (1)
Co Jo Co (72)

fort € [t;, t;+1), where the functions K1, Ko, K3 are shown in
Appendix B. The event-triggered control input Uy is constant
ont € (ti,tis1), ie., Ug(t) = 0. Taking the time derivative of
(19), recalling (70), (71), (72), we obtain

dt) = Uut) = - [ | M0.000).0)a0. )
Co 0
- / Ma(y, 6(t),0)8(y, )dy — Ma(B(t,), 0)C (1)
+ M4(é(ti)v 9)5(& t) - M5(é(ti)a 0)0&(1, t)

— M (0(t;), 9)d(t>] (73)

where the functions Mj, ..., Mg are shown in Appendix B.
Applying the Cauchy—Schwarz inequality into (73), we obtain
67). |

Lemma 2: For the internal dynamic variable m(t) defined in
(46), it holds that m(t) < 0.

Proof: According to (38), events are triggered to guarantee
that d(t)? < 9V (t) — m(t). Recalling (46), we then have

() < = (n+ra)m(t) + (ratd — o)V (1)

IN

— r1a(1,1)? — ko B3(0,1)?

< —(+rg)m(t), t>0 (74)
where 9 < ﬁ obtained from (55) has been used. Together with

m(0) < 0, we conclude that m(t) < 0. |

Relying on Lemmas 1, 2, we present the following lemma,
which shows that the event trigger is well-defined and produces
an increasing sequence of events.

Lemma 3: Under the triggering mechanism defined by (37)—
(41), the minimal dwell time exists, in the sense of t;; — ¢; >
min{r,r} > 0, Vi € Z* for some positive 7.

Proof: At a time instant ¢;, the next time instant ¢;,; is
triggered by either r; in (40), (41) or 7; in (38). Next, we present
two claims regarding the minimal dwell time in the two situations
that ¢, is triggered by either r; or 7;, respectively.

Claim I: For an arbitrary time instant ¢;, if the next time
instant ¢, 1 is triggered by r; in (41) and (40), then ¢, — t; >
r>0.

Proof: Tf Q(t;) # 0, the interval ¢; 1 — ¢; is greater than r >
0 by virtue of (40). If Q(¢;) = 0, according to (41), the interval
ti+1 — t; is equal to the positive constant 7', which is larger than
r according to (42). [ |

Claim 2: For an arbitrary time instant ¢;, if the next time
instant ¢;4; is triggered by 7; in (38), there exists a minimal
dwell time 7 > O such that ¢, —¢; > 7.

Proof: We know from (38) that the events are triggered to
guarantee d(t)? <9V (t) —m(t) for all ¢t > 0. Introduce the
following function ) (t):

_ A’ + gm()
IV (t) — 3m(t)

which was proposed in [14]. We have that ¢)(¢;41) = 1 because
the event is triggered, and that v(¢;) < 0 because of m(t) < 0
proved in Lemma 2 and d(t;) = 0 according to (19). The
function 1 (t) is a continuous function on [t;,t;11] recalling
Proposition 1. By the intermediate value theorem, there exists
t* > t; such that ¢(t) € [0, 1] when ¢ € [t*,t;11]. The minimal
dwell time can be found as the minimal time it takes for ¢ (t)
from O to 1. Defining

¥(t) (75)

Qo(t) = llal )7 + 1BC, I + ¢ (1) (76)
recalling (44), the following inequality holds:
§1820(t) < V(F) < &80(1) 7

where the positive constant &; is §; = min{%, %ra, %6’52} and
the positive constant &5 is defined in (54). Taking the time deriva-
tive of V'(¢) in (44) and applying (10)—(13), using integration by
parts, we obtain

V(t) = ~anC(0)? + GBI, 1) + 3azrae B(1, 1)

1 1 1
- 5516127"(1 / eélxﬁ(‘rv t)de + rad4 / 661$ﬁ(1‘7 t)Qd(E
0 0
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- %41676204(1;”2 + %(ha(ovt)z - %QQraﬁ(Ovt)Q
1 1 1
- 552(]1/0 e 2%z, t) dx + dl/o e 2% (z,t)%dx.
(78)
We then have
V(t) > — oV — raa(l,t)?

where the positive constant p is

—AsB(0,1)>  (79)

1 1
fo = ) max {251q27“ae‘51 + 7q|da]e™
1

1 1
552(11 + |d1], am + 2|b|} (80)

and A, Ag are given in (48).

Taking the derivative of (75) for all ¢ € (t*,t;11), applying
Young’s inequality, using (67) in Lemma 1, inserting (46),
(79), and applying (76), (77) to rewrite || (-, t)H2 +118¢, 0)]1* +
¢(t)?, we have

2
+ (= g2 ) 00,07 + 2V = G
1
IV(E) — Tm(t) { oV (1)

— (ma — ;m) a(l,t)? — (mﬁ - ;@) B(0,1)?

~ L + %nm(t) + ;UV(U]W

: @81)

Applying k1 > max{2X,,20)0.}, Ko > max{2i,,20A3},

which are ensured by (47), (55), and applying the following

inequalities — zrm®) o gm®) n Vi) -
IV () —sm(t) — 72%7711(1&) 1’ IV () —gm(t) —

V() _ 1 A’ d®)*+im)-fm(t)

WO =9 Wogm@ —  wvi—Imn S vO+L

which hold because of m(t) < 0, then (81) becomes

B(0) < Grat(0) + (o + 14 2a 0+ o)1)

+1+1/\ ot 2% 4
d 679

The differential inequality (82) has the form w <m? +
n2 + ng, where ng = %Ad, ne =Aq+ 1+ g+ 10+ po,
nyg =1+ %kd + Ao + 21‘;9 + 1, are positive constants. It fol-
lows that the time needed by v to go from 0 to 1 is at least

(82)

ds > 0. (83)

! 1
T =
- /0 nz + nos + ny s2
The proof of this claim is complete. ]

According to Claims 1 and 2, the proof of Lemma 3 is
complete. |

Next, we present the following lemmas regarding parameter
convergence. In the rest of this article, when we say that z[t],
w(t] are equal to zero for x € [0,1],¢ € [ti+1,ti+1], or not
identically zero on the same domain, we mean “except possibly
for finitely many discontinuities of the functions wlt], z[t].”
These discontinuities are isolated curves in the rectangle
[0, 1] X [pis1, tigal.

Lemma 4: The sufficient and necessary conditions of
Qn1(ptiv1,tiv1) =0, Qua(piv1,tiy1) =0 for n=1,2,...
are z[t] =0, w[t] =0 on t € [pi11,ti+1], respectively. The
sufficient and necessary condition of Q4(git1,ti+1) =0 is
C(t) =0ont € [pit1,tis1].

Proof: The proof of that the sufficient and necessary con-
ditions of @y, 1 (it 1,ti11) =0, Qn3(piv1,tiy1) = 0forn =
1,2,...are z[t] = 0, w[t] = 0ont € [pit1,ti+1], respectively,
is the same as the proof of [40, Lem. 2], where the fact
that z € CO([ti,tiJrl]; L2(0, 1)), w e CO([ti,tiJrl]; L2(0, ].)),
and the set {v/2sin(nmz) : n = 1,2,...} being an orthonormal
basis of L?(0,1) have been used. By recalling (34), (36), it is
straightforward to see that the sufficient and necessary condition
of Qu(ptit1,tiy1) = 0is¢(t) = 0ont € [w;y1, ti+1]- The proof
of Lemma 4 is complete. ]

Lemma 5: For the adaptive estimates defined by (63) based on
the data in the interval ¢ € [p;41, t;11], the following statements
hold.

If z[t] (or w[t], or ((t)) is not identically zero for
te [/Li+1,ti+1], then dg(tiJrl) =dsz (or d2(ti+1) = dy, or
a(ti+1) = a, respectively).

If z[¢] (or wlt], or ((t)) is identically zero fort € [it1, tis1],
then d3( Z+1) ( z) (or d2(ti+1) = dg(ti), or &(ti+1) =
a(t;), respectively).

Proof: We prove the following five results, from which the
statements in this lemma are obtained.

1) Result 1:1f z[t] is not identically zero and w(t] is identically
zeroont € [fiq1, tis1],thends(ti1) = ds, do(tit1) = do(t;);
If wlt] is not identically zero and z[t] is identically zero on ¢ €
[,U,H_l, ti-‘rl]’ then dg(t“_l) = dg(ti), dg(ti+1) = d2. The pI'OOf
of Result 1 is very similar to the proof of cases 1 and 2 in [40,
Lem. 3], and thus, they are omitted.

2) Result 2: If w[t], z[t] are identically zero on

t € (i1, tinr)s then ds(tiyr) = ds(ti), do(tipr) = da(t).
The proof of Result 2 is shown as follows. In this
case, Qni(ftit1,tit1) =0, Qno(titi,tit1) =0, Qngs

(pig1stivs) =0, Hp 1 (ptiv1, tivr) = 0, Hp 2(pig1, tig1) =0
forn =1,2,. accordmg to (30),(31),and (24) (28). It follows

that S; = O, and then (63) shows that ds(t;11) = ds(t;),
da(tipr) = da(ti).

3) Result 3: If both w[t] and z[t] are not identically zero on ¢ €
[/-‘Li-‘r17 ti-{-l], then 623 (ti+1) = ds, 622 (ti+1) = dy. The proof of
Result 3 is shown as follows. According to Lemma 4, there exists
n € N such that Qp, 3(ftiy1,tit1) 7# 0 (or Qu 1 (piv1,tiv1) 7#
0). Define the index set I; to be the set of all n € N with
Qn,1(fit1,tiy1) # 0 and define the index set I3 to be the set of
alln € N with @y 3(thi+1,ti+1) # 0. Denote the elements in /;
asny € N and those in I as no € N, ie., Q. 1(fit1, tiv1) #
0, Qny 3(ftig1,tiv1) # 0.

For the set S; defined in (21), by virtue of (61)—(63), if 5; is
a singleton then it is nothing else but the least-squares estimate
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of the unknown vector of parameters (ds,ds) on the interval
[tit1,tiv1], and S; = {(d3,d2)} according to (61), (62). From
(21)—(23), we have

Hyp, 1 (it tie)
S; € Sy = f,g €0O: 4 = L
{( nh)€O1:b Quny 1 (ig1s i)

, N 611}

Hp, o(fit1,tis1)
S C Sy =4 (U1,02) €O : Uy = 2>
’ {( 1f2) P Qns 3(Hit1,tiv1)
é Q’I’Lg, (Mz+1;tz+1)
1

an, (N7+1atl+1) 12 € IQ}
We next prove by contradiction that S; = {(ds, d2)}. Suppose
that on the contrary S; # {(ds,d2)}, i.e., S; defined by (21) is
not a singleton, which implies that the sets S,;, Sp; defined by
(84), (85) are not singletons (because either of S,;, Sp; being
a singleton implies that S; is a singleton). It follows that there
exist constants A € R, A; € R such that
Qm72(ﬂi+17ti+1) _ 5»17 Qn272(ﬂi+17ti+1) _ 5\, (86)
Qny 1 (Hit1s i) Qns 3(Hit1,tit1)
where ny € I; and ny € I5, because if there were two differ-
entindices ki, ko € I with Qki ZEZEAE; # gzz j(tiﬁtiﬂg,

then the set Sp; defined by (85) would be a singleton, and

the same would be the case with S,; defined by (84) if there

le o(Hit1,tigr) ?é
Qry 1 (Bit1stivn)

¢ Qny2(fit1,tiv1)
— Lo

(84)
Quny 1 (Hit1,titr)

(85)

were two different indices &y, ko € I; with

Qry2(Wit1,tiv1)
Qry 1 (it1,tit1)
nition (21) implies

Qn2(pit1stis1)? = Qua(pists tig1)Qna(pigr, tiva) (87)
for all n € I;Ul5 by recalling (23) (because if (87) does not
hold, it follows from (23) that there exists n € I; U I such that
det(Gp (phit1,tit1)) # 0, which implies that S; defined by (21)
is a singleton: a contradiction). According to (26)—(28), (87), and
the fact that the Cauchy—Schwarz inequality holds as an equality
only when two functions are linearly dependent, we obtain the
existence of the constants im € R, A, € R such that

Gnr2(ts pig1) = Xn1gm,1(ta,ui+l)>

. Moreover, since S; is not a singleton, the defi-

ny € I (88)

Gno 1 (ty 1it1) = AnyGnp 2(t, ftiv1), na € Io (89)

fort € [;U/i-‘r17 ti+1} (notice thatgm,l(t, ui+1) and gnQ,g(t, /Ji—i-l)
are not identically zero on ¢ € [u;t1,t;+1] because of
Qny 1 (fit1,tiv1) # 0 and Qn, 3(ftiv1,tiv1) 7 0). Recalling
(86), we obtain from (26)—(28) and (88), (89) that

Gy 2(ttiv1) = AMgny 1 (t pit), n1 €1 (90)

Gno 1 (b fit1) = Agny 2(t, piv1), no € Io On
fort € [p;41,ti+1]. Equations (90), (91) holding is a necessary
condition of the hypothesis that .S; is not a singleton. ~

Claim 3: 1f S; is not a singleton, then A # 0,11 # 0O and A =
£ in (90) and (91).

Proof: The proof is very similar to that of [40, Claim 1], and
thus, it is omitted. |

Claim 4: Equations (90), (91) (A # 0,A; # 0 and A = %)
hold if and only if z(x,t) — Aw(x,t) =0 (A #0) for t €
[iv1,tiv], ¢ € [0,1].

Proof: With using Claim 3, the proof is very similar to that
of [40, Claim 2], and thus it is omitted. [ |

Claim 5: If w(x,t) is not identically zero on z € [0, 1],
t € [Hit1,tip1], the function z(z,t) — Aw(z,t) (A # 0) is not
identically zero on = € [0,1], ¢ € [ti41, tit1]-

Proof: The proof is shown in Appendix C. |

Recalling Claims 3, 4, and 5, we know that the equation set
(90), (91), which is a necessary condition of the hypothesis that
S; is not a singleton, does not hold. Consequently, S; is a single-

tOIl,i.C., 51 = {(dg, dg)}.Therefore, dAg(ti_,_l) = d3, (Zig(ti+1) =

2.

4) Result 4: If {(t) is not identically zero for ¢ € [f;41, %41,
then G(t; 1) = a. The proof of Result 4 is shown as follows.
By virtue of (61)—(63), if .S; defined in (32) is a singleton, then
a(ti+1) = a. According to Lemma 4, Qq(pi+1,t41) # 0. It
follows that .S; is a singleton. Therefore, we obtain a(t;1+1) = a.

5) Result 5: If ((t) is identically zero for ¢ € [u;11,ti11],
then a(t;11) = a(t;). The proof of Result 5 is shown as follows.
According to (33), (34), (36), we have that Q4 (11, ti+1) =0,
Hs(piv1,tit1) = 0. We then obtain that the set S; = {|¢3] <
a}. Recalling (63), we have that a(t; 1) = a(t;).

From the above five results, we obtain Lemma 5. ||

Lemma 6: If d3 (tl) = d3 (or dg (ti) = d2, or (Al(tl) = a) for
certain i € Z*, then ds(t) = ds (or da(t) = da, or a(t) = a,
respectively) for all ¢ € [t;, limg_,00 (t1))

Proof: According to Lemma 5, we have that d3(tiy1)is equal
to either ds or ds(t; ). Therefore, if d3(t;) = ds, then d3(t) = ds

for all t € [t;, limg_00(t)). The same is true of ds and a. The
proof is complete. u

We are now ready to provide the proof of Theorem 1.

Proof: 1) We now prove the first of the three portions of the
theorem. Recalling Lemma 3, we have that ¢; > min{r, 7} (i —
1), ¢ > 1, which yields lim; ,,(¢;) = +00. Then the well-
posedness of the closed-loop system is obtained by recalling
Proposition 1. The property 1) is, thus, obtained. The fact that
lim; , (t;) = 400 allows the solution to be defined on R in
the following analysis.

2) We now prove the second of the three portions of the
theorem. First, we propose the following claim about the suf-
ficient and necessary condition of the finite-time convergence
of parameter estimates to the true values.

Claim 6: When d3(0) # ds (or da(0) # da, ora(0) # a), the
estimate dg( ) (or d2( ), or a(t)) reaches the actual value dj
(or dg, or a) in finite time if and only if z[t] (or w[t], or {(t),
respectively) is not identically zero on ¢ € [0, 00).

Proof: The proof is shown in the Appendix D. |

Claim 7: If any one of the three estimates ds(t), da(t), a(t)
does not reach the true value in finite time, it implies that Q(¢) =

Oonte [qil, oo) and that m(t) is exponentially convergent to
zero.
Proof: The proof is shown in the Appendix E. |

Next, we estimate the maximum convergence time of the
parameter estimates when they reach the true values.

Claim 8: If the parameter estimate é(t reaches the true value
0 in finite time, i.e., t., then ¢, < q% + - +T.

Proof: The proof is shown in the Appendix F.

According to Claims 7 and 8, the proof of the property 2) is
complete.

3) We now prove the last of the three portions of the theorem.
Define a Lyapunov function as

Va(t) = V(t) — pm(t) (92)
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where m(t) is defined in (46) (m(t) < 01is shown in Lemma 2),
the positive constant p is defined in (52), and V' (¢) is given
in (44). Recalling (76), (77), applying the Cauchy—Schwarz
inequality into the backstepping transformation (6), (7) and its
inverse (8), (9), we have

E3Q(t) < Va(t) < &40(t) (93)
for some positive &3, £4, where the definition of () is given
in (66). Taking the derivative of (92) along (10)—(13), recalling
the equalities (46), (78), inserting (71), and applying Young’s
inequality and the Cauchy—Schwarz inequality, we have

. 1 1

Valt) <~ 3anc(0? - (e - Ja(1, 0
b2 p2

q2Tq — E - 5(11

fiha) d(t)? + qorqae® cRE(t)?

1 Lo
(251Q2Ta - Tad4|> / 65115(3:71;)2611; + /’”]m(t)

0

(3 -2 ) 50,0

+

—

QQTae Co

1 1
- (252(]1 - |d1> / e 2% (z,t)%dx + poV(t) (94)
0

for t > 0. Because of (64), according to (20), we have
() =0, tete,0). 95)
Recalling the conditions of &1, d2, 74, Ag, gt in (45), (50), and
(52), we arrive at
Va(t) < = (va — po)V + pnm(t)

= — (Vo — po)Vo + (—p(va — po) + pm) m(t) (96)
for t > t., where (76), (77), (92), (95) and the fact that a,, >
bk — a > 0 have been used, and where the positive constant v,
is given in (53). Recalling o, 7 in (51), we arrive at

Va(t) < —MVa(t), t>te 97)
where A1 = v, — po > 0. Multiplying both sides of (97) by e*1¢
and integrating both sides of (97) from ¢. to ¢, we obtain V,,(t) <
Va(te)e #1(=t) 't > t_ Recalling (93), we have

Q) < YoQ(t)e 1) ¢ > ¢, (98)
where the positive constant Yy is
Ty = 6—4. (99)
13

If t. = 0, the property 3), i.e., (65), is obtained directly. Next,
we conduct analysis for ¢ € [0, t.] with ¢. # 0. Recalling (45),
(50), (51), (52), (76), (77), (92), (94), we obtain

Va(t) < — 2 Va(t) + Q(0(0))Va(t), tel0,t:]  (100)
where the positive constant Q(A(0)) is obtained by bounding
&(t)? given by (70), and the value of Q(6(0)) depends on the
initial estimate 6(0). We, thus, obtain

Q(t) < ToQ(0)e> 0Ot ¢ [0, 1,] (101)

where )\.2( ( )) = |Q(6(0)) — 21| > 0, and the positive con-
stant Yy is given in (99). Therefore, we have

Q(t.) < Toe2 @O0 ). (102)
Inserting (102) into (98) and applying Claim 8, yields
Q(t) < 12020+ G 34T g )e 2t ¢ > 0.
(103)

TABLE |
PHYSICAL PARAMETERS OF THE MINING CABLE ELEVATOR

Parameters (units) values
Cable length L (m) 2000
Cable diameter R; (m) 0.2
Cable effective Young’s Modulus E (N/m?)  1.02x10°
Cable linear density p (kg/m) 8.1
Mass of cage M. (kg) 15000
Damping coefficient of cage ¢z, 0.4
Cable material damping coefficient d, 0.5
Gravitational acceleration g (m/s?) 9.8

Denoting M = YZe (r2(00)+h) (gr +35 +7T ), we obtain (65).
This completes the proof of the property 3) of the theorem. M

VI. APPLICATION TO MINING CABLE ELEVATOR
A. Model

The axial vibration model of the mining cable elevator is de-
scribed by the following wave PDE-ODE model with in-domain
damping [43]:

TrRZ
pug(x,t) = TEum(m,t) — deug(z,t) (104)
7TR[21
Mu(0,t) = —cpug(0,¢) + TEum(O,t) (105)
”fd Bug(L,t) = Uy(t) (106)

where the cable length is considered as constant. The PDE state
u(x,t) denotes the distributed axial vibration displacements
along the cable, and the boundary state «(0,¢) represents the
axial vibration displacement of the cage. The physical parame-
ters in (104)—(106) are shown in Table 1.

According to [28], we apply the Riemann transfor-

mations  z(x,t) = w(x,t) — 1/Ep7r Bay,(2,t), w(z,t)=
ug(w,t) + () EF RQ‘I ug(x,t), and define the new variable

¢(t) = ut(O,t), which allows us to rewrite (104)—(106) as
(1)—(5) with the coefficients

Eﬂ'R _dc
Q=q=\—=0 di=dy=d3=dys= (107)
p 2 2p
1 2 4 (108)
=1, C = s CcCHh = —m —
P 0 Rd\/Eﬂ'p
_ —cr RavEmp b— Ragv/ ETp (109)
“T L oM, VT T oM,

where a reflection term z(L,t) appearing at the controlled
boundary (5) is considered to be compensated by the control
input at the drum [37] independent of the head sheave control
input designed in this article. The unknown physical parameters
are damping coefficients of the cable and the cage, d.., ¢z, which
leads to the fact that ¢ is unknown and diy = ds = d3 = dy
are unknown in the 2 x 2 hyperbolic PDE-ODE system. The
designs in this article are directly applicable to this problem (with
only one slight modification: removing the last term in (29) and
multiplying (30), (31) by 2), and the outputs of the identifer are
the estimates of ds, d3. According to the values in Table I, to-
gether with (107)—(109), we know that Assumptions 1 and 2 are
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2000ry

Control forces [N]

-2000+ | ¢

—400

Timel[s]

Fig. 2. Continuous-in-state control signal U.(¢) in (18) and the
piecewise-constant control signal U, (t) in (17).

satisfied. The bounds @, d3, dy of the unknown parameters a =
1.07,ds = do = —0.025 are set as, 3, 0.4, 0.5, respectively. The
initial conditions of z(x, t) and w(z, t) are defined as z(z,0) =
0.5sin(2wz/L 4+ 7/6), w(z,0) = 0.5sin(3wz/L) and ¢(0) =
2(pw(0,0) + 2(0,0)) according to (4). We pick the initial value
of m(t) as m(0) = —10.

B. Determination of Design Parameters

The free design parameters §, 7"in (40) are selected as § = 1.8,
T = 3, and the positive integer n in the parameter estimator
(63) is defined as 7. According to (107)-(109), the parame-
ter values in Table I, and the known bounds @, d3, d> defined
earlier, recalling (15), (45), the design parameters k, d1, 02,7
are determined to be x = —10, 6y = 0.1, o = 0.1, r, = 1.5.
Choose the design parameter r as = 0.2 via (42). Next, choose
k1 = 2100, ko = 3000 according to (47), where A, = 899.6,
Ap = 1490.8 are obtained from (48), and a conservative esti-
mate A, = 1000 comes from (49). Then, the design parameters
Ad, o, n are selected as Ag = 0.005, 0 = 60,7 = 120 to satisfy
(50), (51), where . = 0.15, v, = 9.66 are obtained from (52),
(53). Finally, pick the design parameter ¥ = 12000 via (55).
Some notes on tuning the design parameters are given as follows.
The appropriate increase of k1, k1, 01, 7, can reduce the trigger-
ing times, however, accompanied by decrease of the convergence
rate of the plant norms. Even though the appropriate increase of
7, A4, 02 and decrease of ¥} will generate more triggering times
in the evolution, it will improve the convergence rate of the plant
norms. The increase of the gain « will fasten the convergence to
zero of the plant norms, however, which will also lead to more
frequent updates.

C. Simulation Results

We stimulate a mining cable elevator running in a short time
period of 10's, where the cable length is regarded as constant. The
simulation is conducted based on the finite difference method
with a time step of 0.0015 s and a space step of 0.5 m. By
employing the finite-difference method as well, with a step
length of 0.5 m for y running from O to z, the approximate solu-
tions of W(z, y; 0(;)), ®(z, y; 0(t;)), A(x; 6(t;)) in the control
law (17) are obtained from the conditions (A.7)—(A.12), whose
unknown coefficients are replaced by the piecewise-constant
estimates. The triggering mechanism (37)—(41) is implemented
as the flowchart in Fig. 1, with the design parameters selected
in Section VI-B.

The piecewise-constant control input Uy(t) defined in (17)
is shown in Fig. 2, where the estimate 0 is recomputed and the
states z, w,  are resampled simultaneously. The first update is
triggered at¢ = 0.51 s, the total number of triggering times is 33,
the maximum dwell time is 0.595 s, and the minimal dwell time

—> t=051s

4
Timels]

Fig. 3. Parameter estimates ds and ds.
1.2
<ogh | T t=051s
04 2 8 10
Time[s]
Fig. 4. Parameter estimate a.
. 10°
—d(t)?
— IV (t) — m(t)
4 * Execution times
2-\ M
o 2 s 8 10
Time[s]
Fig. 5. Evolution of d(t)? and 9V (t) — m(t) in (38).

is 0.105 s, which is much larger than the highly conservative
minimal dwell-time estimate of 5.75 x 10~ s obtained from
Lemma 3 and (83), where the analysis parameter py defined in
(80) is up = 331. The continuous-in-state control signal U..(¢)
(18) used in ETM is also shown in Fig. 2. There is a jump in the
continuous-in-state signal U, (¢) att = 0.51 s, because U, (t) de-
fined in (18) includes the piecewise-constant parameter estimate
6 whose evolution is shown in Figs. 3 and 4, where, under the
nonzero initial conditions defined at the beginning of this sec-

tion, the estimates d} , JQ, a are updated and reach the true values
of the unknown parameters ds = —0.025,ds = —0.025,a =
1.06 (black dash lines) at the first triggering time, t = 0.51 s, and
are kept constant in the subsequent re-computations. As shown
in Figs. 2—4, both components (the control input and param-
eter estimate) in the proposed adaptive control are piecewise-
constant. By contrast, in the existing adaptive methods, at most
one component in the adaptive control (either the control input
or the parameter estimate) employs piecewise-constant values,
such as [2], [3], [40]-[42]. This makes the proposed adaptive
method more suitable in control of mining cable elevators or
other industry plants with large actuator’s inertia, because the
frequent movement of the massive actuator can be avoided.
Because the estimates have reached the true values at the first
triggering time, according to the designed triggering mechanism
(37)—(41), the following execution times are determined by the
triggering condition (38), which can be seen in Fig. 5 showing
the time evolution of the functions in the triggering condition
(38) and the execution times. Fig. 5 shows that an event is
generated, the control value is updated and d(t) is reset to zero,

Authorized licensed use limited to: Miroslav Krstic. Downloaded on March 02,2023 at 00:03:31 UTC from IEEE Xplore. Restrictions apply.



WANG AND KRSTIC: EVENT-TRIGGERED ADAPTIVE CONTROL OF COUPLED HYPERBOLIC PDEs WITH PIECEWISE-CONSTANT INPUTS

1579

,""‘.‘ ---Open loop
0.2] 'I' \ — With control

Time [s]

Fig. 6. Evolution of ¢(¢) in open loop and under the control input Uy ()
in (17).
x[m] ifs]
Fig. 7. Evolution of w(x, t) under the control input Uy(¢) in (17).
= 03
0
\)\;_
1000 " e
: 10
4 6 8
x[m] 00 : t[s]
Fig. 8.  Evolution of z(z, t) under the control input U, (t) in (17).

when the trajectory d(t)? reaches the trajectory 9V (t) — m(t).
Fig. 6 demonstrates that the state ((¢) of the ODE connected at
the uncontrolled boundary, whose physical meaning is the axial
vibration velocity of the cage, is convergent and reaches zero at
around 6 s under the proposed boundary control input, i.e., the
control forces at the head sheave, while it will take more than
10 s in open loop. That is, the proposed controller improves
the convergence rate in the open-loop dynamics. Figs. 7 and 8
show that the PDE states z(x,t), w(x,t) are regulated to zero
under the control input Uy(t) as well, whose convergence rate
is also larger than the ones in open loop (the results of z(x,t),
w(x,t) in open loop are omitted here due to the space limit).
Therefore, according to the Riemann transformation presented
in Section VI-A, we find that the vibration energy of the ca-

ble 1pllu(-,t)|]> + %Eﬂui(-, t)||? also decreases to zero.
Finally, we run simulations for 8 different initial conditions and
compute the inter-execution times between two triggering times.
The density of the inter-execution times is shown in Fig. 9, from
which we know that the prominent inter-execution times are in
the range from 0.1 s to 0.2 s.

VII. CONCLUSION

In this article, we have proposed an adaptive boundary control
scheme, where both of the parameter estimates and control input
employ piecewise-constant values, for a 2 x 2 hyperbolic PDE-
ODE system, where two coefficients of the in-domain couplings
between two transport PDEs, and the system parameter of a

0 0.1 02 03 04 05 06 07 08 09
Inter—execution times[s]

Fig. 9. Density of the inter-execution times computed for eight different
initial conditions given by z(z,0) = 0.5sin(2a7z/L + 7/6) + k(z/L)?,
w(z,0) = 0.5sin(3mrx/L) + k(z/L)2 forn = 1,2, m = 1,2,k =0, 1.

scalar ODE are unknown. The controller consists of a nominal
continuous-in-time control signal, a batch least-squares identi-
fier, and a triggering mechanism to determine the synchronous
update times of both the parameter identifier and plant states
in the control law. We have proved that the proposed control
guarantees the following:

1) no Zeno phenomenon occurs;

2) parameter estimates are convergent to the true values in

finite time in most situations;

3) the plant states are exponentially regulated to zero.

The effectiveness of the proposed design is verified by numer-
ical simulation in the application of axial vibration control of a
mining cable elevator with unknown cable and cage damping
coefficients.

The proposed adaptive scheme is limited to dealing with the
constant unknown parameters. In the future, an extension, where
the unknown parameters vary in the piecewise-constant fashion,
will be conducted. Also, the time delay, which often exists in
the reality of applications, will be considered as well.

APPENDIX

A. Conditions of Kernels in the Backstepping
Transformation (6), (7) and lIts Inverse (8), (9)

The conditions of kernels ¢, ¢, v, ¥, @, A in the backstepping
transformation (6), (7) are

do — (1 + q2)p(z,2) =0 (A.1)
= 7(@)b + g29(x,0) + q1p(2,0) = 0 (A2)
~19:(7,y) — q1¢y(2,y) — dzp(z,y) =0 (A.3)
a2y(®,y) — q1pa(@,y) — (da — d1)p(z,y)
—daop(2,y) =0 (A4)
@7 (x) + (a — di)y(x) + qied(z,0) = 0 (A.5)
v(0) = —pk + ¢ (A.6)
ds+ (q¢1 + ¢2)¥(z,2) =0 (A7)
—AM2)b+ g2P(x,0) + ¢1p¥(x,0) =0 (A.8)
—q1Vy(2,y) + Vo (2, y) + (da — d1)¥ (2, y)
—d3®(xz,y) =0 (A.9)
©Py(z,y) + @ (z,y) — d2¥(z,y) =0 (A.10)
— @M (z) + (a — dy)r(x) + q1c¥(2,0) =0 (A.11)
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A(0) = —k. (A.12)

The conditions of kernels @, ¢, 7, ¥, ®, A in the inverse back-
stepping transformation (8), (9) are

—ds+ (@1 + q2) ¥ (2, 2) =0 (A.13)
Az)b — 2@ (x,0) — q1p¥(x,0) =0 (A.14)
— Wy (2,y) + @ Va(2,y) + (dy — d1)¥(z,y)
+dzd(z,y) =0 (A.15)
2Py (z,y) + @4 (2, y) + dsp(x,y) = 0 (A.16)
— @M (z) — (bk —a+dy)r(z) —dsy(x) =0  (A.17)
A(0) =k (A.18)
—dy — (q1 + @2)P(x,2) =0 (A.19)
7(@)b — g26(2,0) — qipe(z,0) =0 (A.20)
@20y(T,Y) — @1¢2(2,y) — (da — d1)p(z, y)

+ do®(x,y) =0 (A.21)
— (2, y) — @y (2, y) + do2¥(x,y) =0 (A22)
@7 () — (b — a+ d1)y(x) — dor(z) =0 (A.23)
7(0) = —pr —c. (A.24)

The equation sets (A.1)—(A.12) and (A.13)—(A.24) are well-
known coupled linear heterodirectional hyperbolic PDE-ODE
systems, whose well-posedness has been provedin [11, Th. 4.1].

B. Expressions of the Functions M, ..., Mg,
K1 KQ Kg, andKl, K2 Kg
The expressions of the functions M, ..., Mg are

My(y,0(t:),0) = 1 K1y (y, 0(t:),0) + K1 (y, 0(t:), 0)dy

— 2 K>(1,0(t:),0) K1 (y,0(t:),0) (B.1)
My (y,6(t:),0) = 2 Koy (y,6(t:),0) — Ka(y, 0(t:),0)da

+ @2 Ko(1,0(t),0) K2 (y, 0(t:),0) (B.2)

Ms(0(t;),0) = Ks(0(t;), 0)am

+ Ko (1,0(t:),0)K3(0(t;),0)  (B.3)
M4(é(tl)7 9) = K3(é(tz)7 H)b - q2K2(07 é(tz)a 9)
— a1 K1(0,0(1:),0) (B.4)
Ms5(0(t:),0) = g1 K1 (1,0(t;),6) (B.5)
Mg(0(t:),0) = qacoK(1,0(t;), 0) (B.6)
where the expressions of the functions K, Ko, K3 are
1
- [ wssie)at vo)de
Y
1
- [ esbe)ieyod  ®)
Y

K (y,0(t:),0) = (1, y;0(t;))

/ylcp(L 0(t:)®(c,y;0)de  (B.8)
K3(0(t;),0) = A(1;0(t;))
Olw 1,;0(t:)7(y; 0)dy
_/0 O(1,y;0(t)A(y:0)dy  (B.9)

and where the expressions of the functions K 1, Ko, K5 are

K1y, 0(t:),0) = (1, y:0) — (1, y:0(t;))

—/[ML&@—wﬂﬁﬁWMﬂaw@%

—/y1 [@(1,5;0) — ®(1,;0(t;)]b(e,y;0)de  (B.10)
Ka(y, 0(t:),0) = ®(1,4;0) — S(L,y;0(t:))

- /y [(1,6:6) — 01, 0t ple. i 6)d:

- /yl [B(1,:0) — ®(1,e:0(t:))B(e, y:0)d=  (B.11)
Ks(6(t:),0) = A(1;0) — A(1;6(1:))

- /01 [9(1, 93 0) = (1, 43 0(t:)) |7 (v 0)dy

- /01 [®(1,y;60) — (1, y; 0(t:))]A(y; 0)dy. (B.12)

C. Proof of Claim 5

We prove this by contradiction. Suppose that there exists a
& # 0 such that

z(x,t)

Taking the time and spatial derivatives of (C.1) yields

—Xw(x,t) =0, x€ [0, 1], t e [Ni+17ti+1)~ (C.1)

zi(m,t) — Awy(w,t) = 0, 2p(2,t) — Awg(z,8) =0 (C.2)

forz € [0,1],¢ € [pit1,ti+1) (except possibly for finitely many
discontinuities of the functions w[t], z[¢]). Recalling (2), (3), we

have
_ dzA? + (dg — dy)h — da
wy(x,t) = Y w(z,t) (C.3)
_ dsi? + (d4 —dy)A —ds
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forx € [0,1],t € [i+1, ti+1). The solutions of (C.3), (C.4) are
obtained as
dgi?4(dg—dy)i-dy

w(z,t) = w(0,t)e” Fata) ° (C.5)
_ dgi?+(dg—dy)i-dy =
z2(x,t) = aw(0,t)e”  —Hartaz) (C.6)

for x € [0,1],¢ € [ii+1,ti+1), where 2(0,t) = Aw(0,t), ob-
tained from the hypothesis (C.1), has been used.

By virtue of (5), (17), we know that w(1,t) is constant
on t € [fti+1,t;+1). It implies that w(0,¢) is constant on ¢ €
[fi41,tip1) recalling (C.5), i.e.,

w(0,t) = w(0, pit1), t € [piv1,tit1) (C.7)
where w(0, f1;+1) # 0, which is obtained from the fact that

w(z,t) is not identically zero in the interval and (C.5), (C.7).
According to the hypothesis (C.1), we also have

2(0,t) = Aw(0, jti41), t € [fiv1,tiv1)-
By virtue of (3), (C.1), (C.3)—(C.8), we obtain
d3r? + (dy — di)A — do
—(q1 + g2)
which is a necessary condition for the hypothesis (C.1) to hold.

For the case that ¢ # 0, a # 0, inserting (C.7), (C.8) into
(4), yields that ((t) = @w((),mﬂ) is also constant on
t € [phit1,ti+1)- Recalling (1), and w(0, p;41) # 0, it follows

that

(C.8)

q2 +dsh+d,=0 (C.9)

- b
)L:—;C—p. (C.10)
For the cases that ¢ = 0, we have
A= —p (C.11)

according to (4), (C.7), (C.8), and w(0, i;+1) # 0.

By virtue of Assumption 2, (C.10), and (C.11), we know that
the necessary condition for the hypothesis (C.1) to hold, i.e.,
(C.9), does not hold for the cases that a # 0 and the case that
a = 0,c¢ = 0. For the case that a = 0, ¢ # 0, inserting (C.7),
(C.8) into (4), recalling (1), and w(0, p;+1) # 0, it follows that
A = 0: contradiction. Therefore, the hypothesis (C.1) does not
hold. The proof of this claim is complete.

D. Proof of Claim 6

We first prove sufficiency. If z[¢] (or w(t], or ()) is not identi-
cally zero for ¢ € [0, 00), there exists an interval [1;41,t;41] on
which z[t] (or wlt], or {(t), respectively) is not identically zero.
It follows that J;;(tiﬂ) = d3 (or JQ(ti+1) =dy,ora(1iy1) = a,
respectively), recalling Lemma 5.

Next, we prove necessity. When cig(O) = ds (or 622(0) # do,
or a(0) # a), if z[t] (or w[t], or {(t)) is identically zero for
t € [0,00), applying Lemma 5, we have ds(t) = d3(0) # ds (or
dy(t) = dy(0) # da, or a(t) = a(0) # a, respectively). There-
fore, if the estimate dAg (or CZQ, or a) reaches the true value, it
follows that z[t] (or wlt], or {(t), respectively) is not identically
zeroon t € [0, 00).

The proof of Claim 6 is complete.

E. Proof of Claim 7

The proof is divided into the following three cases.

Case 1: We suppose that the estimate do (t) does not reach ds
in finite time. It implies that w[t] = 0 on ¢ € [0, 00) according
to Claim 6. By virtue of (3) and d3 # 0, we have that z[t] =0
on t € [0,00). We then obtain from (4) that ((¢) =0 on t €
[0, 00). Therefore, Q2(¢) = 0. According to w[t] = 0, z[t] = 0,
and ¢(t) = 0ont € [0, 00), we have that d(¢) = 0 according to
(19), and m(t) is exponentially convergent to zero recalling (46)
and (6), (7), (44).

Case 2: We suppose that the estimate ds (t) does not reach d3
in finite time. It implies that z[t] = O on ¢ € [0, co) according to
Claim 6. Then, (1)—(5) become

¢(t) = e*F*7¢(0) (E.1)

wi(x,t) = gw,(x,t) + dyw(z,t) (E.2)
c

0.t) = = E.3

w(0,8) = 2¢(®) (E.3)

w(1,t) = coUa(t) (E4)

t € [0, 00), in the closed-loop system.

If ¢(0) = 0, then z[t], w[t], ((t) are identically zero on t €
[0, 00) according to (E.1)—~(E.3), i.e., (t) = 0.

Next we discuss the case when ((0) # 0. Equation (E.3)
holding for ¢ € [0, o) requires the initial condition of w to be

d c
w(z,0) = ¢ 1" St LT (0) (E.5)
p

for ensuring that (E.3) holds on ¢ € [0, q%], and w(1,t) to be

1

w(l, ) = e*%ge(””%)ae(“*b%)tg(()), t€[0,00) (E.6)
for ensuring that (E.3) holds on t € [q%, o0). If ¢ = 0, we obtain
from (E.2), (E.5), (E.6) that w[t] = 0 for t € [0, o). Together
with z[t] = 0fort € [0, 00), recalling (17), (E.4), ((0) # 0 with
(E.1), and A(1) # 0 (according to (15), (A.11) with ¢ = 0, and
(A.12)), it follows that w(1,t) is not identically zero on ¢ €
[0, 00): contradicts (E.6) under ¢ = 0. Next, we discuss the cases
with ¢ # 0. According to (17) and (E.4), w(1,t) is piecewise-
constant, which contradicts (E.6) that is an exponential function
(a+ b}% = 0 ensured by Assumption 1). Therefore, Case 2 only
happens when ¢(0) = 0, i.e., z[t], w[t], {(t) are identically zero
on t € [0,00). It implies that §(¢) is identically zero on t €
[0,00), and m(t) is exponentially convergent to zero recalling
(6), (7), (19), (44), (46).

Case 3: We suppose that the estimate a(t) does not reach
a in finite time. It implies that [t] = 0 on ¢ € [0, c0) accord-
ing to Claim 6. It means that 5(0,¢) is identically zero on
t € [0, 00) according to (10), and then «(0, ¢) is identically zero
ont € [0, 00) according to (11). It follows that 3[¢] is identically
zero on ¢ € [0,00), and «[t] is identically zero on ¢ € [q%’ 00),
recalling (12), (13). Therefore, for ¢ € [q%, o0), Bt], a[t], ¢(t)
are identically zero, i.e., w[t], z[t], {(¢) are identically zero
onte [q%,oo) recalling the inverse transformation (8), (9).
Therefore, §2(¢) is identically zero on ¢ € [%, o0), and m(t)
is exponentially convergent to zero, recalling (6), (7), (19), (44),
(46).

The proof of Claim 7 is complete.
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F. Proof of Claim 8.

We estimate the maximum value of ¢, in various situations of
initial conditions z[0], w[0], {(0)

Case 1: z[0] # 0,w[0] = 0,¢(0) = 0. According to (3), we
have that z[t], w][t] is not identically zero on ¢ € [0, t1] (if w][t]
is identically zero on t € [0,t1], by virtue of (3) and d3 # 0,
it implies that z[¢] is identically zero on ¢ € [0, ¢1]: contradic-
tion). Suppose that () is identically zero on t € [0, ¢¢], where
ty =minf{t;: f e ZT ty > q% + q%} It means that §5(0,¢)
is identically zero on t € [0,ty] according to (10), and then
a(0,t) is identically zero on t € [0,ts] according to (11). It
follows that 3[t] is identically zeroon t € [0,t; — q%], and a/t]
isidentically zeroont € [qil, tf], recalling (12), (13). Therefore,
for t € [qil,tf - q%], Blt], alt], ((t) are identically zero, i.e.,
wlt], z[t], (t) are identically zero, recalling the inverse trans-
formation (8), (9). According to (5), we have that Uy in (17) is
kept constant in a time interval. Therefore, Uy is identically zero
ont € [ty — -], which implies that Uy is identically zero
onte [q—ll,tf]. It follows that z(x,t),w(z,t),((t) are identi-
cally zero for ¢ € [qil,tf]. By virtue of (1)—(5), (17), through
iterative constructions between successive triggering times, we
have that Uy = 0 and z(x,t), w(x,t),((t) are identically zero
fort € [q%’ 00). This implies that ¢(¢) =0 on t € [0,00) and
that @ does not reach the true value in finite time: contradiction.
Therefore, the nonzero values of {(t) appear not later than ¢ .
Recalling Lemma 5, we have ds (t1) = ds, da(t1) = da, alty) =
a. Therefore, t. < T + q% + q%, where T is the maximum dwell
time between two triggering times.

Case 2: w[0] # 0,z[0] = 0,¢(0) = 0. The maximum time

taken by the nonzero values of w[0] propagate to z and {(t) is q%'

Therefore, the estimate ds (), a(t) would reach the true value
ds, anotlaterthanty = min{t; : f € Z ¢ty > q%} according
to Lemmas 5, 6. Because of w[0] # 0, we have da(t1) = dy. It
follows that t. < .- + 7.

Case 3: €(0) # 0, z[0] = 0,w[0] = 0. If w[t] is identically
zero on t € [0, 1], this implies that z[¢] is identically zero on
t € [0, t1] according to (3) with d3 # 0, which means that ¢ (¢)
isidentically zero on ¢ € [0, ¢1] by (4): contradiction. Therefore,
w(t] is not identically zero on t € [0, ¢1]. According to the proof
in Case 2 of Claim 7, we know that the necessary condition of
that z[t] is identically zero on ¢ € [0, %], where t; = min{t; :
f ezt ty > -}, is thatw satisfies (E.5), (E.6), which implies
w[0] # 0 (¢ #0) or w[t] =0 for ¢t € [0,¢1] (¢ =0): contra-
diction. Therefore, z[t] is not identically zero on ¢ € [0,¢f].
Therefore, dg(tl) =da, a(t1) = a, Cig(tf) = dj3. It follows that
Te < q% +T.

Case 4: ¢(0) # 0,w[0] # 0,2[0] = 0. Suppose that zt]
is identically zero on t € [0,t;], where t; = min{t;: f €
Z*t ty > qi?} According to the proof in Case 2 of Claim 7,
if ¢ = 0, a necessary condition of the above hypothesis is (E.5),
which means w[0] = 0: contradiction. If ¢ # 0, a necessary con-
dition of the above hypothesis is (E.6) that does not hold, because
the control input U, applied at (E.4) is piecewise-constant while
w(1,t) in (E.6) is an exponential function (a + b% # 0 ensured

by Assumption 1). Therefore, z[t] is not identically zero on
t € [0, ty]. This implies that d3(7,) = d3 according to Lemmas

5, 6. Because of w[0] # 0 and ¢(0) # 0, we have cfg(tl) =do,

a(t1) = a. Therefore, t. < q% +T.
Case 5: ((0) # 0, z[0] # 0,w[0] = 0. According to (3) with
ds # 0, and the fact that z[t] is not identically zeroon ¢ € [0, 1],

we have that w/[t] is not identically zero on t € [0, #1]. Recalling
Lemma 5, we have 9(751) = 0. Therefore, t. < T.

Case 6: ((0) = 0, z[0] # 0,w|[0] # 0. Following the analysis
in Case 1, we have that the nonzero values of ((t) appears
not later than ¢y, where ty = min{ty : f € Z*,t; > q% + q% .
Recalling Lemmas 5, 6, we have dg(tl) = ds, dg(tl) = da,
a(ts) = a. Therefore, t. < T + q% + q%'

Case 7: ¢(0) # 0, 2[0] # 0, w[0] # 0. According to Lemma
5,wehavet, <t; <T.

Case 8: z[0] = 0, w[0] = 0,¢(0) = 0. According to the plant
(1)—(5) with the control input (17), we know that z[t], w[t], {(¢)
are identically zero for ¢ € [0, 00). The estimates reach the true
values in finite time only when ¢;(0) = ¢1,G2(0) = ¢o, ie.,
7. = 0.

In summary, we have proved for all eight cases that t. <
q% + q% + T'. This completes the proof of Claim 8.
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