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of Stochastic Nonlinear Systems

Wuquan Li , Senior Member, IEEE, and Miroslav Krstic , Fellow, IEEE

Abstract—We present prescribed-time output-feedback-
stabilizing designs for stochastic nonlinear strict-feedback
systems. We first propose a new nonscaling output-
feedback control scheme to solve the prescribed-time
mean-square stabilization problem for stochastic nonlin-
ear systems without sensor uncertainty. In this case, com-
pared with the existing results on stochastic nonlinear
prescribed-time stabilization, an appealing feature in our
design is that the order of the scaling function in the
controller is dramatically reduced, which yields a simpler
controller and with the control effort reduced. We then con-
sider prescribed-time output-feedback control for stochas-
tic nonlinear systems with sensor uncertainty. In this case,
the new design ingredient is that a time-varying controller
is designed to guarantee prescribed-time mean-square sta-
bilization, different from the existing results where an adap-
tive controller is designed to ensure almost sure regulation
(as time goes to infinity). Finally, two simulation examples
are given to illustrate the stochastic nonlinear prescribed-
time output-feedback designs.

Index Terms—Prescribed-time output-feedback, sensor
uncertainty, stochastic nonlinear systems.

I. INTRODUCTION

S TOCHASTIC control has received much attention in the
past two decades due to its wide applications in finance and

engineering [1], [2]. The pioneering works of full state-feedback
control design for stochastic nonlinear systems are [3]–[6],
where the integrator backstepping methodology is generalized to
stochastic systems. For the output-feedback design, [7] is the first
result on global stabilization (in probability) for stochastic non-
linear continuous-time systems; Deng and Krstić [8] generalize
the result in [7] to systems driven by noise whose covariance
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is time-varying and bounded but the bound is not known
a priori; [9] addresses the output-feedback control design for
stochastic nonlinear systems with stable zero-dynamics under
a quadratic tracking risk-sensitive cost criterion; Liu et al. [10]
investigate the decentralized adaptive output-feedback stabiliza-
tion for large-scale stochastic nonlinear systems; Li et al. [11]
propose a stochastic homogeneous domination approach to solve
the output-feedback stabilization problem for stochastic high-
order nonlinear systems with more general power orders and
relaxed nonlinear growth conditions; Cui et al. [12] study output-
feedback-tracking problem for stochastic Lagrangian systems
with the unmeasurable velocity; and Li et al. [13] solve the
output tracking problem for stochastic nonlinear systems with
unstable linearization via output-feedback control.

A common feature of the stochastic output-feedback designs
in [7]–[13] is that only asymptotic behavior (as time goes to
infinity) of stochastic systems is obtained. Since finite-time
stability has a faster convergence rate and better disturbance
rejection properties, it is important to study stochastic finite-time
output-feedback control. Recently, with the Lyapunov theorem
on the finite-time stability for stochastic nonlinear systems es-
tablished in [14], authors in[15]–[17] study the output-feedback
finite-time stabilization problems for stochastic nonlinear sys-
tems whose drift and diffusion terms satisfy different growth
conditions; Sui and Philip Chen [18] solves the stochastic output-
feedback finite-time problem for a two-stage chemical reactor
with recycle streams. However, a drawback of [15]–[18] is that
their settling times are stochastic, unknown, and dependent on
initial conditions, which makes them difficult to use in real appli-
cations. In some applications [19], there exists a short amount of
time to achieve state estimation and control objectives, and that
time is known to within some small uncertainty. The finite-time
controls developed in [15]–[18] are inapplicable since their
settling times do not meet the requirements, which motivates
the study of prescribed-time control.

Different from the fixed-time control [20]–[22] where the
settling times are conservatively bounded by design param-
eters, prescribed-time control has a clear advantage that it
allows the user to prescribe the convergence times a priori
and irrespective of initial conditions. Additionally, while the
system solutions under nonsmooth fixed-time feedback are not
smooth at the terminal time, the solutions under smooth time-
varying prescribed-time feedback are smooth over the whole
time interval of operation, including the terminal time. Such
prescribed-time control designs are developed in [23]–[32] for
deterministic systems such as a chain of integrators with uncer-
tainties or reaction-diffusion equations. For stochastic nonlinear
prescribed-time control, to the best of our knowledge, [33] is
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the first attempt to solve the prescribed-time stabilization and
inverse optimality control problems for stochastic nonlinear
systems with linear growth conditions via full state-feedback
control. In addition, [33] requires the growth rates to be known.
For prescribed-time control of more general stochastic nonlinear
systems with unknown growth rates or unmeasurable states,
there are no published results. From the practical point of view,
it is important to study the stochastic prescribed-time control
designs with these constraints, which motives the study of
stochastic prescribed-time output-feedback control.

In many applications, systems do not merely suffer from
stochastic perturbations, but are often subject to unknown sensor
uncertainty [34]–[36]. For example, as shown in [37], for the
stochastic two-mass spring system, the displacement sensor
most commonly used is an inductive-type sensor with excellent
linearity and signal-to-noise ratio [38]. The sensor sensitivity
is practically the same in both X- and Y -directions, but may
differ from its assumed value because of manufacturing reasons,
which produces the sensor uncertainty. In addition, Li et al. [37]
proposed a stochastic adaptive dual-domination approach to
solve the adaptive output-feedback stabilization problem of
stochastic nonlinear systems with sensor uncertainty. However,
Li et al. [37] only achieved regulation in asymptotic sense. From
both practical and theoretical points of view, it is necessary to
study the prescribed-time output-feedback stabilization problem
for stochastic nonlinear systems with sensor uncertainty, which
is still open now.

Motivated by the above observations, we study the prescribed-
time output-feedback control problems for stochastic nonlinear
systems without/with sensor uncertainty, which is absent in the
previous literature. The contributions of this article are at least
fourfold.

1) We consider more general system models than the ex-
isting results on prescribed-time control [23]–[33]. Unlike the
deterministic systems [23]–[32], the systems studied in this
article are perturbed by stochastic noise. Different from the full
state-feedback stochastic prescribed-time control [33] where the
growth rates are required to be known, we consider stochastic
systems with unmeasurable states and unknown growth rates
simultaneously. In fact, even for full state-feedback stochastic
prescribed-time control with unknown growth rates, there are
no published results. In this article, the unmeasurable states,
the unknown growth rates, and the complexity of the stochastic
process involved make the controller design and the stability
analysis much more difficult.

2) We propose new observer design and new output-feedback
controller design methods to solve the prescribed-time control
problems of stochastic nonlinear systems. Although [33] and
this article both require the linear growth conditions, compared
with [33], our design can not only deal with the unknown
growth rates, but also have the merit that the order of the scaling
function in the controller is dramatically reduced, which yields
a simpler controller and thus the control effort is reduced. For
stochastic nonlinear systems with sensor uncertainty, unlike [37]
where adaptive output-feedback control is designed to achieve
asymptotic regulation, we propose a new nonscaling design to
guarantee prescribed-time mean-square stabilization.

3) We propose two different prescribed-time output-feedback
control schemes for systems without/with sensor uncertainty

(Scheme A is for systems without sensor uncertainty and
Scheme B is for systems with sensor uncertainty). Although
Scheme B is also applicable to systems without sensor uncer-
tainty, compared with Scheme A, the controller in Scheme B
is more complex and requires larger control gains. For systems
without sensor uncertainty, Scheme A uses lower control effort.
This advantage is especially obvious when the system order is
high (see Remarks 5 and 7 for detailed comparisons between
Scheme A and Scheme B).

4) Compared with the stochastic finite-time output-feedback
designs in [15]–[18] where the settling times are stochastic,
unknown, and dependent on initial conditions, the merit of our
prescribed-time design is that it allows the user to prescribe
the convergence times a priori and irrespective of initial con-
ditions (the convergence times are deterministic, known, and
assignable).

The remainder of this article is organized as follows. Sec-
tion II deals with prescribed-time output-feedback stabilization
without sensor uncertainty. Section III is devoted to prescribed-
time output-feedback stabilization with sensor uncertainty. Sec-
tion IV gives two examples to illustrate the theoretical results.
Section V concludes this article. Appendices A–C collect the
notations and the proofs of Theorems 1 and 2, respectively.

II. PRESCRIBED-TIME OUTPUT-FEEDBACK STABILIZATION
WITHOUT SENSOR UNCERTAINTY

A. Problem Formulation

Consider a class of stochastic nonlinear systems described by

dxi = (xi+1 + fi(t, x))dt+ gTi (t, x)dω, i = 1, . . . , n− 1
(1)

dxn = (u+ fn(t, x))dt+ gTn (t, x)dω (2)

y = x1 (3)

where x = (x1, . . . , xn)T ∈ Rn, u ∈ R and y ∈ R are the sys-
tem state, control input, and output, respectively. The functions
fi : R+ ×Rn → R and gi : R+ ×Rn → Rm are continuous
of their arguments and are locally Lipschitz in x, fi(t, 0) = 0,
gi(t, 0) = 0, i = 1, . . . , n. ω is an m-dimensional independent
standard Wiener process defined on the complete probability
space (Ω,F ,Ft, P ) with a filtration Ft satisfying the usual
conditions (i.e., it is increasing and right continuous while F0

contains all P -null sets).
For system (1)–(3), we need the following assumption.
Assumption 1: For i = 1, . . . , n, there exist unknown positive

constants ci1 and ci2 such that

|fi(t, x)| ≤ ci1(|x1|+ · · ·+ |xi|) (4)

|gi(t, x)| ≤ ci2(|x1|+ · · ·+ |xi|). (5)

Remark 1: For system (1)–(3) with Assumption 1, even for
the prescribed-time state-feedback stabilization, there is no pub-
lished results. To our knowledge, the only existing result on
prescribed-time stabilization of stochastic nonlinear systems
is [33], where full state-feedback controller is designed by
requiring that the growth rates ci1 and ci2 are completely known
in (4)–(5). The unknown growth rates ci1 and ci2 make the
method in [33] inapplicable since ci1 and ci2 are absorbed
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into the controller if using the design method in [33]. As a
result, the unknown character of ci1 and ci2 will make the
designed controller unrealizable. Thus, new design methods
should be developed to deal with the unknown growth rates in
Assumption 1.

Next, for system (1)–(3), we first construct an observer, then
design a prescribed-time output-feedback controller, and finally
analyze the stability of the closed-loop system.

B. Observer Design

We introduce the following scaling function:

µ(t) =

(
T

t0 + T − t

)m

, ∀t ∈ [t0, t0 + T ) (6)

where m ≥ 2 is a integer and T > 0 is the freely prescribed
time.

Obviously, µ(t) is a monotonically increasing function on
[t0, t0 + T ) with µ(t0) = 1 and limt→t0+T µ(t) = +∞ (in this
article, limt→t0+T means t approaches t0 + T “from the left”
or “from below”).

For system (1)–(3), we construct the following new observer:

˙̂x1 = x̂2 + µa1(x1 − x̂1) (7)

˙̂x2 = x̂3 + µ2a2(x1 − x̂1) (8)

...

˙̂xn = u+ µnan(x1 − x̂1) (9)

where ai > 0, i = 1, . . . , n, are suitably chosen to make the
polynomial sn + a1sn−1 + · · ·+ an−1s+ an Hurwitz.

Thus, for any positive constant ε, there exists P = PT satis-
fying

ATP + PA ≤ −(n+ 1)In (10)

DP + PD ≥ 0 (11)

where D = diag[ε, 1 + ε, . . . , n− 1 + ε] and

A =





−a1 1 · · · 0
...

...
. . .

...
−an−1 0 · · · 1
−an 0 · · · 0



 . (12)

Introducing the following coordinate transformations

ei =
xi − x̂i

µi−1+ε
, i = 1, . . . , n (13)

it follows from (1)–(3), (7)–(9), and (13) that

de =
(
µAe− m

T
µ1/mDe+ F

)
dt+Gdω (14)

where e = (e1, . . . , en)T and

F =





1
µε f1
1

µ1+ε f2
...

1
µn−1+ε fn




, G =





1
µε gT1
1

µ1+ε gT2
...

1
µn−1+ε gTn




. (15)

Choose the Lyapunov function

V0(e) = eTPe. (16)

(10), (11), (14), and (16), we obtain

LV0(e) ≤ − (n+ 1)µ|e|2 − m

T
µ1/meT (DP + PD)e

+ 2eTPF + |P ||G|2

≤ − (n+ 1)µ|e|2 + 2eTPF + |P ||G|2. (17)

By (13), we get

1

µi−1+ε
|xi| ≤

1

µi−1+ε
|x̂i|+ |ei| (18)

1

µ2i−2+2ε
x2
i ≤ 2

µ2i−2+2ε
x̂2
i + 2e2i , i = 1, . . . , n. (19)

From Lemma A.1, we obtain

|e1|+ · · ·+ |en| ≤
√
n|e|. (20)

Choosing

Θ1 = max

{
2|P |

n∑

i=1

ci1, 2|P |
n∑

s=1

sc2s2

}
(21)

and noting

1

µi−1+ε
|e||x̂i| ≤

1

4
|e|2 + 1

µ2i−2+2ε
x̂2
i (22)

it can be inferred from (4), (15) and (18)–(20) that

2eTPF ≤ 2|e||P |
(
c11
µε

|x1|+
c21
µ1+ε

(|x1|+ |x2|) + · · ·

+
cn1

µn−1+ε

n∑

i=1

|xi|
)

≤ Θ1|e|
(

1

µε
|x1|+

1

µ1+ε
|x2|+ · · ·

+
1

µn−1+ε
|xn|

)

≤ Θ1|e|
(

1

µε
|x̂1|+

1

µ1+ε
|x̂2|+ · · ·

+
1

µn−1+ε
|x̂n|+

√
n|e|

)

≤ Θ1

(√
n+

n

4

)
|e|2 +Θ1

(
1

µ2ε
x̂2
1

+
1

µ2+2ε
x̂2
2 + · · ·+ 1

µ2n−2+2ε
x̂2
n

)
(23)

and that

|P ||G|2 ≤ |P |
(
c212
µ2ε

x2
1 +

2c222
µ2+2ε

(x2
1 + x2

2) + · · ·

+
nc2n2

µ2n−2+2ε

n∑

i=1

x2
i

)
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≤ Θ1

2

(
1

µ2ε
x2
1 +

1

µ2+2ε
x2
2 + · · · +

1

µ2n−2+2ε
x2
n

)

≤ Θ1

(
1

µ2ε
x̂2
1 +

1

µ2+2ε
x̂2
2 + · · · +

1

µ2n−2+2ε
x̂2
n + |e|2

)

= Θ1|e|2 +Θ1

(
1

µ2ε
x̂2
1 +

1

µ2+2ε
x̂2
2 + · · · +

1

µ2n−2+2ε
x̂2
n

)
.

(24)

Substituting (23) and (24) into (17) yields

LV0(e) ≤ −
(
(n+ 1)µ−Θ1(

√
n+

n

4
+ 1)

)
|e|2

+ 2Θ1

n∑

i=1

1

µ2i−2+2ε
x̂2
i . (25)

C. Prescribed-Time Output-Feedback Controller Design

In this subsection, we design a prescribed-time output-
feedback controller for system (1)–(3) step by step.

Step 1: We first construct the virtual controller x̂∗
2.

Define the novel scaling Lyapunov function

V1 = V0 +
1

2µ2ε
ξ21 , ξ1 = x̂1. (26)

In V1, the first part V0 is used to deal with the observer error
e and the scaling term 1

2µ2ε ξ21 helps to design the first virtual
controller.

From (7), (25), and (26), we have

LV1 ≤ −
(
(n+ 1)µ−Θ1(

√
n+

n

4
+ 1)

)
|e|2

+ 2Θ1

n∑

i=1

1

µ2i−2+2ε
x̂2
i −

m

T
εµ−2ε+1/mξ21

+
1

µ2ε
ξ1x̂2 + µ1−εa1ξ1e1

≤ −
(
(n+ 1)µ−Θ1(

√
n+

n

4
+ 1)

)
|e|2 + 1

µ2ε
ξ1x̂2

+ 2Θ1

n∑

i=1

1

µ2i−2+2ε
x̂2
i + µ1−εa1ξ1e1. (27)

Noting

µ1−εa1ξ1e1 ≤ µe21 +
1

4
µ1−2εa21ξ

2
1 (28)

which substituting into (27) yields

LV1(e) ≤ −
(
nµ−Θ1(

√
n+

n

4
+ 1)

)
|e|2

+ 2Θ1

n∑

i=1

1

µ2i−2+2ε
x̂2
i +

1

µ2ε
ξ1(x̂2 − x̂∗

2)

+
1

µ2ε
ξ1x̂

∗
2 +

1

4
µ1−2εa21ξ

2
1 . (29)

Choosing

x̂∗
2 = −µ

(
c1 +

1

4
a21

)
ξ1 ! −µξ1α1 (30)

then, (29) can be rewritten as

LV1 ≤ −
(
nµ−Θ1(

√
n+

n

4
+ 1)

)
|e|2 − c1µ

1−2εξ21

+ 2Θ1

n∑

i=1

1

µ2i−2+2ε
x̂2
i +

1

µ2ε
ξ1(x̂2 − x̂∗

2) (31)

where c1 > 0 is a design parameter and α1 = c1 +
1
4a

2
1.

Step 2: We now construct the virtual controller x̂∗
3.

Let

ξ2 = x̂2 − x̂∗
2 = x̂2 + µξ1α1. (32)

From (7), (8), and (32), we get

ξ̇2 = x̂3 + µ2+ε(a1α1 + a2)e1 +
m

T
µ1+1/mα1ξ1

+ µα1x̂2. (33)

Choosing the novel scaling Lyapunov function

V2 = V1 +
1

2µ2+2ε
ξ22 (34)

from (31)–(34), we have

LV2 ≤ −
(
nµ−Θ1(

√
n+

n

4
+ 1)

)
|e|2 − c1µ

1−2εξ21

+ 2Θ1

n∑

i=1

1

µ2i−2+2ε
x̂2
i +

1

µ2ε
ξ1(x̂2 − x̂∗

2)

− m

T
(1 + ε)µ−2−2ε+1/mξ22 +

1

µ2+2ε
ξ2

(
x̂3

+ µ2+ε(a1α1 + a2)e1 +
m

T
µ1+1/mα1ξ1

+ µα1(ξ2 − µξ1α1)

)

≤ −
(
nµ−Θ1(

√
n+

n

4
+ 1)

)
|e|2 − c1µ

1−2εξ21

+ 2Θ1

n∑

i=1

1

µ2i−2+2ε
x̂2
i +

1

µ2ε
ξ1ξ2 +

1

µ2+2ε
ξ2x̂3

+
1

µε
(a1α1 + a2)e1ξ2 +

1

µ2ε

m

T
α1|ξ1||ξ2|

+
1

µ1+2ε
α1ξ

2
2 − 1

µ2ε
α2
1ξ1ξ2. (35)
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We have
1

µ2ε
ξ1ξ2 +

1

µ2ε

m

T
α1|ξ1||ξ2|−

1

µ2ε
α2
1ξ1ξ2

≤ 1

µ2ε

(
1 +

m

T
α1 + α2

1

)
|ξ1||ξ2|

≤ µ1−2εβ21ξ
2
1 +

1

4β21µ1+2ε

(
1 +

m

T
α1 + α2

1

)2
ξ22 (36)

1

µε
(a1α1 + a2)e1ξ2 ≤ µ|e|2 + 1

4µ1+2ε
(a1α1 + a2)

2ξ22 (37)

where β21 is an arbitrary positive constant.
Substituting (36) and (37) into (35) yields

LV2 ≤ −
(
(n− 1)µ−Θ1(

√
n+

n

4
+ 1)

)
|e|2

− (c1 − β21)µ
1−2εξ21 + 2Θ1

n∑

i=1

1

µ2i−2+2ε
x̂2
i

+
1

µ2+2ε
ξ2x̂

∗
3 +

1

µ2+2ε
ξ2(x̂3 − x̂∗

3)

+
1

µ1+2ε

(
α1 +

1

4β21

(
1 +

m

T
α1 + α2

1

)2

+
1

4
(a1α1 + a2)

2

)
ξ22 . (38)

If we choose

x̂∗
3 = −µ

(
c2 + α1 +

1

4β21

(
1 +

m

T
α1 + α2

1

)2

+
1

4
(a1α1 + a2)

2

)
ξ2

! −µξ2α2 (39)

then, (38) can be rewritten as

LV2 ≤ −
(
(n− 1)µ−Θ1(

√
n+

n

4
+ 1)

)
|e|2

− (c1 − β21)µ
1−2εξ21 − c2µ

−1−2εξ22

+
1

µ2+2ε
ξ2(x̂3 − x̂∗

3) + 2Θ1

n∑

i=1

1

µ2i−2+2ε
x̂2
i (40)

where c2 > 0 is a design parameter and α2 = c2 + α1

+ 1
4β21

(1 + m
T α1 + α2

1)
2 + 1

4 (a1α1 + a2)2.
Deductive Step: At this step, we aim to construct the virtual

controller x̂∗
k+1.

Assume that at step k − 1, there are set of virtual controllers
x∗
2, . . . , x

∗
k defined by

x̂∗
2 = −µα1ξ1, ξ1 = x̂1 (41)

x̂∗
3 = −µα2ξ2, ξ2 = x̂2 − x̂∗

2 (42)

...
...

x̂∗
k = −µαk−1ξk−1, ξk−1 = x̂k−1 − x̂∗

k−1 (43)

such that

LVk−1 ≤ −
(
(n− k + 2)µ−Θ1(

√
n+

n

4
+ 1)

)
|e|2

−
k−1∑

i=1

ci − βk−1,i

µ2i−3+2ε
ξ2i + 2Θ1

n∑

i=1

1

µ2i−2+2ε
x̂2
i

+
1

µ2k−4+2ε
ξk−1(x̂k − x̂∗

k) (44)

where α1, . . . ,αk−1 are positive constants, ci > 0 is a design
parameter,βk−1,1, . . . ,βk−1,k−2 are arbitrary positive constants,
βk−1,k−1 = 0, ξ̄k−1 = (ξ1, . . . , ξk−1)T , and

Vk−1(ξ̄k−1) = V0 +
k−1∑

i=1

1

2µ2i−2+2ε
ξ2i . (45)

To complete the induction, at the kth step, we consider the
ξk-system.

Define ξk = x̂k − x̂∗
k, from (41) to (43), we obtain

ξk = x̂k +
k−1∑

j=1

µk−jαk−1 · · ·αj x̂j . (46)

By (7)–(9) and (46), we get

ξ̇k = x̂k+1 + µk+εake1 +
m

T

k−1∑

j=1

(k − j)µk−j+1/mx̂j

+
k−1∑

j=1

µk−jαk−1 · · ·αj(x̂j+1 + µj+εaje1). (47)

We choose the novel scaling Lyapunov function

Vk(ξ̄k) = Vk−1(ξ̄k−1) +
1

2µ2k−2+2ε
ξ2k. (48)

It follows from (44) and (47)–(48) that

LVk ≤ −
(
(n− k + 2)µ−Θ1(

√
n+

n

4
+ 1)

)
|e|2

−
k−1∑

i=1

ci − βk−1,i

µ2i−3+2ε
ξ2i + 2Θ1

n∑

i=1

1

µ2i−2+2ε
x̂2
i

+
1

µ2k−4+2ε
ξk−1ξk − m

T
(k − 1 + ε)

1

µ2k+2ε−2−1/m
ξ2k

+
1

µ2k−2+2ε
ξkx̂k+1 +

1

µk−2+ε
ake1ξk

+ ξk

k−1∑

j=1

1

µk+j−2+2ε
αk−1 · · ·αj(x̂j+1 + µj+εaje1)

+
m

T
ξk

k−1∑

j=1

k − j

µk+j−2−1/m+2ε
x̂j

≤ −
(
(n− k + 2)µ−Θ1(

√
n+

n

4
+ 1)

)
|e|2

−
k−1∑

i=1

ci − βk−1,i

µ2i−3+2ε
ξ2i + 2Θ1

n∑

i=1

1

µ2i−2+2ε
x̂2
i

+
1

µ2k−4+2ε
ξk−1ξk +

1

µ2k−2+2ε
ξkx̂k+1
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+
1

µk−2+ε
ake1ξk +

m

T
ξk

k−1∑

j=1

k − j

µk+j−2−1/m+2ε
x̂j

+ ξk

k−1∑

j=1

1

µk+j−2+2ε

k−1∏

s=j

αs(x̂j+1 + µj+εaje1). (49)

Noting

k−1∑

j=1

k − j

µk+j−2−1/m+2ε
x̂j

=
k − 1

µk−1−1/m+2ε
ξ1 +

k−1∑

j=2

k − j

µk+j−2−1/m+2ε
x̂j , (50)

k−1∑

j=1

1

µk+j−2+2ε
αk−1 · · ·αj x̂j+1

=
1

µ2k−3+2ε
αk−1x̂k +

k−1∑

j=2

1

µk+j−3+2ε
αk−1 · · ·αj−1x̂j

=
1

µ2k−3+2ε
αk−1ξk − 1

µ2k−4+2ε
α2
k−1ξk−1

+
k−1∑

j=2

1

µk+j−3+2ε
αk−1 · · ·αj−1x̂j (51)

by which and (49), we get

LVk ≤ −
(
(n− k + 2)µ−Θ1(

√
n+

n

4
+ 1)

)
|e|2

−
k−1∑

i=1

ci − βk−1,i

µ2i−3+2ε
ξ2i + 2Θ1

n∑

i=1

1

µ2i−2+2ε
x̂2
i

+
1

µ2k−2+2ε
ξkx̂k+1 +

1

µ2k−3+2ε
αk−1ξ

2
k

+
1

µ2k−4+2ε
(1− α2

k−1)ξk−1ξk

+
1

µk−2+ε



ak +
k−1∑

j=1

αk−1 · · ·αjaj



 e1ξk

+
m(k − 1)

Tµk−1−1/m+2ε
ξ1ξk + ξk

k−1∑

j=2

(
m(k − j)

Tµk+j−2−1/m+2ε

+
1

µk+j−3+2ε
αk−1 · · ·αj−1

)
x̂j . (52)

We have the following estimates:

m(k − 1)

Tµk−1−1/m+2ε
ξ1ξk

≤ m(k − 1)

Tµk−2+2ε
ξ1ξk

≤ µ1−2εβk,1,1ξ
2
1 +

1

4βk,1,1µ2k−3+2ε

m2(k − 1)2

T 2
ξ2k (53)

1

µ2k−4+2ε
(1− α2

k−1)ξk−1ξk

≤ βk,k−1,1
1

µ2k−5+2ε
ξ2k−1

+
1

4βk,k−1,1µ2k−3+2ε
(1− α2

k−1)
2ξ2k, (54)

1

µk−2+ε



ak +
k−1∑

j=1

αk−1 · · ·αjaj



 e1ξk

≤ µ|e|2 + 1

4µ2k−3+2ε



ak +
k−1∑

j=1

αk−1 · · ·αjaj




2

ξ2k (55)

where βk,1,1 and βk,k−1,1 are arbitrary positive constants.
From (41) to (43), we have

x̂j = ξj − µαj−1ξj−1. (56)

By (56), we obtain

ξk

k−1∑

j=2

(
m(k − j)

Tµk+j−2−1/m+2ε
+

1

µk+j−3+2ε
αk−1 · · ·αj−1

)
x̂j

= ξk

k−1∑

j=2

(
m(k − j)

Tµk+j−2−1/m+2ε
+

1

µk+j−3+2ε
αk−1 · · ·αj−1

)

· (ξj − µαj−1ξj−1)

=

(
m

Tµ2k−3−1/m+2ε
+

1

µ2k−4+2ε
αk−1αk−2

)
ξk−1ξk

−
(

m(k − 2)

Tµk−1−1/m+2ε
α1 +

1

µk−2+2ε
αk−1 · · ·α2α

2
1

)
ξ1ξk

+
k−2∑

j=2

(
m(k − j − (k − j − 1)αj)

Tµk+j−2−1/m+2ε

+
αk−1 · · ·αj(αj−1 − αj)

µk+j−3+2ε

)
ξjξk

≤ 1

µ2k−4+2ε

(m
T

+ αk−1αk−2

)
|ξk−1||ξk|

+
1

µk−2+2ε

(
m(k − 2)

T
α1 + αk−1 · · ·α2α

2
1

)
|ξ1||ξk|

+
k−2∑

j=2

1

µk+j−3+2ε

∣∣∣
m(k − j − (k − j − 1)αj)

T

+ αk−1 · · ·αj(αj−1 − αj)
∣∣∣|ξj ||ξk|

≤ µβk,1,2ξ
2
1 + βk,k−1,2

ξ2k−1

µ2k−5+2ε
+

k−2∑

j=2

βk,j,1
ξ2j

µ2j−3+2ε

+
1

µ2k−3+2ε

(
1

4βk,1,2

(
m(k − 2)

T
α1 + αk−1 · · ·α2α

2
1

)2
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+
1

4βk,k−1,2

(m
T

+ αk−1αk−2

)2
+

k−2∑

j=2

1

4βk,j,1

·
(
m(k − j − (k − j − 1)αj)

T

+αk−1 · · ·αj(αj−1 − αj))
2

)
ξ2k (57)

whereβk,1,2,βk,k−1,2, andβk,j,1 are arbitrary positive constants.
Substituting (53)–(55) and (57) into (52) yields

LVk ≤ −
(
(n− k + 1)µ−Θ1(

√
n+

n

4
+ 1)

)
|e|2

−
k−1∑

i=1

ci − βk,i
µ2i−3+2ε

ξ2i + 2Θ1

n∑

i=1

1

µ2i−2+2ε
x̂2
i

+
1

µ2k−2+2ε
ξk(x̂k+1 − x̂∗

k+1) +
1

µ2k−2+2ε
ξkx̂

∗
k+1

+
1

µ2k−3+2ε
ρkξ

2
k (58)

where

βk,1 = βk−1,1 + βk,1,1 + βk,1,2 (59)

βk,i = βk−1,i + βk,j,1, j = 2, . . . , k − 2 (60)

βk,k−1 = βk−1,k−1 + βk,k−1,1 + βk,k−1,2, (61)

ρk=αk−1+
1

4βk,1,1

m2(k−1)2

T 2
+

1

4βk,k−1,1
(1−α2

k−1)
2

+
1

4



ak +
k−1∑

j=1

αk−1 · · ·αjaj




2

+
1

4βk,1,2

×
(
m(k − 2)

T
α1 + αk−1 · · ·α2α

2
1

)2

+
1

4βk,k−1,2

×
(m
T

+ αk−1αk−2

)2
+

k−2∑

j=2

1

4βk,j,1

×
(
m(k−j−(k−j−1)αj)

T
+αk−1· · ·αj(αj−1−αj)

)2

.

(62)

If we choose

x̂∗
k+1 = −µ(ck + ρk)ξk ! −µξkαk (63)

then, (58) can be rewritten as

LVk ≤ −
(
(n− k + 1)µ−Θ1(

√
n+

n

4
+ 1)

)
|e|2

−
k∑

i=1

ci − βk,i
µ2i−3+2ε

ξ2i + 2Θ1

n∑

i=1

1

µ2i−2+2ε
x̂2
i

+
1

µ2k−2+2ε
ξk(x̂k+1 − x̂∗

k+1) (64)

where ck > 0 is a design parameter, βk,k = 0, and αk = ck +
ρk.

Step n: We are now in a position to design the actual controller
u.

Motivated by the virtual controllers (30), (39), and (63), we
design the actual output-feedback controller as

u = −µ(cn + ρn)ξn ! −µξnαn. (65)

Similar to (64), we get

LVn ≤ −
(
µ−Θ1(

√
n+

n

4
+ 1)

)
|e|2

−
n∑

i=1

ci − βn,i
µ2i−3+2ε

ξ2i + 2Θ1

n∑

i=1

1

µ2i−2+2ε
x̂2
i (66)

where cn > 0 is a design parameter, ρn > 0 is a constant,
αn = cn + ρn, βn,1, . . . ,βn,n−1 are positive constants, βn,n =
0, ξn = x̂n − x̂∗

n, and

Vn(ξ̄n) = eTPe+
n∑

i=1

1

2µ2i−2+2ε
ξ2i . (67)

Remark 2: In this subsection, we propose a new design
method for the prescribed-time output-feedback control of
stochastic nonlinear systems. Compared with [33], our design
can not only deal with the unknown growth rates, but also has
the merit that the order of the scaling function µ in the controller
is dramatically reduced, which yields a simpler controller and
thus the control effort is reduced. Specifically, it follows from
(30), (39), (41)–(43), and (65) that

u = −
n∑

i=1

µ+iαi · · ·αnx̂i (68)

where +i = n+ 1− i, 1 ≤ i ≤ n.
From the prescribed-time state-feedback control design with

linear growth conditions in [33], we get

u = −
n∑

i=1

µ+̃iαi · · ·αnxi (69)

where

+̃i =

{
1
4 + 3

4 · 5n−1 i = 1

3
4 (5

n−1 − 5i−2) 2 ≤ i ≤ n.
(70)

Noting

3

4
(5n−1 − 5i−2) ≥ 3

4
(5n−1 − 5n−2)

= 3 · 5n−2

≥ 3n− 3 (71)

we get+i ≤ +̃i. In Table I, we give the values of+i and +̃i with
n = 4 from which the advantage of our design is demonstrated.
In fact, the gap between +i and +̃i will grow rapidly with the
increase of n.

D. Stability Analysis

Based on (66)–(67), we give the stability results of the plant
(1)–(3).
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TABLE I
ORDER OF µ WITH n = 4

Theorem 1: Consider the plant consisting of (1)–(3), (7)–(9),
and the controller (65). If Assumption 1 holds and the parameter
ci in (65) are selected as

ci = βk,i + 1, i = 1, . . . , n (72)

then, the following conclusions hold.
1) The plant has an almost surely unique solution on [t0, t0 +

T ).
2) The equilibrium at the origin of the plant is prescribed-

time mean-square stable with limt→t0+T E|x|2 =
limt→t0+T E|x̂|2 = limt→t0+T Eu2 = 0. Moreover, for
∀t ∈ [t0, t0 + T ), the following estimates hold:

E|x|2 ≤
(
8(1 + αµ2) +

2

λmin{P}

)
µ2n−2+2εVn(t0)

· e−
cTm

m−1

(
1

(t0+T−t)m−1 − 1
Tm−1

)
+Θ(t−t0) (73)

E|x̂|2 ≤ 4(1 + αµ2)µ2n−2+2εVn(t0)

· e−
cTm

m−1

(
1

(t0+T−t)m−1 − 1
Tm−1

)
+Θ(t−t0) (74)

E|u|2 ≤ 2(cn + ρn)
2µ2n+2εVn(t0)

· e−
cTm

m−1

(
1

(t0+T−t)m−1 − 1
Tm−1

)
+Θ(t−t0) (75)

where α = max1≤i≤n−1{α2
i }.

Proof: The proof of this theorem includes three steps.
Step 1: We first prove

LVn ≤ −(cµ−Θ)Vn (76)

where

c = min

{
2,

1

λmax{P}

}
(77)

Θ = max

{
4Θ1(1 + 2α2

1), 8Θ1(1 + max
2≤i≤n−1

α2
i )

× 1

λmin{P}Θ1(
√
n+

n

4
+ 1)

}
. (78)

Step 2: We then prove that the plant (1)–(3), (7)–(9), (65), and
(72) has an almost surely unique solution (xT (t), x̂T (t))T on
[t0, t0 + T ), where x̂ = (x̂1, . . . , x̂n)T .

Step 3: We finally prove the prescribed-time convergence
property (73)–(75).

The detailed proofs of Steps 1–3 are given in Appendix B.
Remark 3: In the control design procedure, different

from [33] where a time-invariant quadratic Lyapunov function
is used, we propose a novel scaling time-varying quadratic

Lyapunov function
∑n

i=1
1

2µ2i−2+2ε ξ2i , which plays a positive
role in the following three aspects. First, it keeps the order of µ
as one in the positive term |e|2 in every step [see (28), (37), (55)].
In this way, these positive terms can be damped by the negative
term −(n+ 1)µ|e|2 in (25). Second, it is crucial for designing
the virtual controllers x̂∗

2, · · · , x̂∗
n and the controller u with a

linear µ [see (30), (39), (41)–(43), (63), and (65)], rather than
µ with nonlinear and high orders [33]. Third, it is important to
deal with the positive term 2Θ1

∑n
i=1

1
µ2i−2+2ε x̂2

i in (66)) (see
the proof of Theorem 1 in Appendix B).

III. PRESCRIBED-TIME OUTPUT-FEEDBACK CONTROL WITH
SENSOR UNCERTAINTY

Consider a class of stochastic nonlinear systems described by

dxi = (xi+1 + ϕi(t, x))dt+ ψT
i (t, x)dω, 1 ≤ i ≤ n− 1

(79)

dxn = (u+ ϕn(t, x))dt+ ψT
n (t, x)dω (80)

y = θ(t)x1 (81)

where x = (x1, . . . , xn)T ∈ Rn, u ∈ R and y ∈ R are the sys-
tem state, control input, and output, respectively. The functions
ϕi : R+ ×Rn → R and ψi : R+ ×Rn → Rm are continuous
of their arguments and are locally Lipschitz in x, ϕi(t, 0) = 0,
ψi(t, 0) = 0, i = 1, . . . , n. The sensor sensitivity θ(t) is an
unknown continuous function of t ∈ R+.ω is anm-dimensional
independent standard Wiener process defined on the complete
probability space (Ω,F ,Ft, P ) with a filtration Ft satisfying
the usual conditions (i.e., it is increasing and right continuous
while F0 contains all P -null sets).

For system (79)–(81), we need the following assumptions.
Assumption 2: For i = 1, . . . , n, there exist unknown positive

constants ci1 and ci2 such that

|ϕi(t, x)| ≤ ci1(|x1|+ · · ·+ |xi|) (82)

|ψi(t, x)| ≤ ci2(|x1|+ · · ·+ |xi|). (83)

Assumption 3: The sensor sensitivity θ(t) is an unknown
continuous function satisfying θ(t) ∈ [1− θ̄, 1 + θ̄], where 0 <
θ̄ < 1 is the allowable sensitivity error.

Next, for system (79)–(81) with Assumptions 2 and 3, we first
construct an observer and then design a prescribed-time output-
feedback controller to solve the prescribed-time mean-square
stabilization problem.

Remark 4: For system (79)–(81) with Assumptions 3 and
4, [37] designs an adaptive observer and an output-feedback
controller with adaptive gain to deal with the unknown sensor
sensitivity and unknown growth rate. In this section, we propose
a new design method and a new stability analysis technique to
deal with these two uncertainties. Specifically, we design a µ-
scaled observer and a time-varying controller, which can ensure
that the equilibrium at the origin of the plant is prescribed-time
mean-square stable. This convergence performance is better than
almost sure regulation (as time goes to infinity) achieved in [37].
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Define

A =





−a1 1 · · · 0
...

...
. . .

...
−an−1 0 · · · 1
−an 0 · · · 0



 , B =





0 1 · · · 0
...

...
. . .

...
0 0 · · · 1

−bn −bn−1 · · · −b1



 .

(84)

We choose suitable design parameters ai > 0 and bi > 0, i =
1, . . . , n, such that the matrices A and B are Hurwitz. For any
positive constant ε, there exist R = RT and Q = QT satisfying

ATR+RA ≤ −2In, DR+RD ≥ 0 (85)

BTQ+QB ≤ −2In, DQ+QD ≥ 0 (86)

where D = diag[ε, 1 + ε, . . . , n− 1 + ε].
For system (79)–(81), we construct the following new ob-

server:

˙̂x1 = x̂2 − µa1x̂1 (87)

˙̂x2 = x̂3 − µ2a2x̂1 (88)

...

˙̂xn = u− µnanx̂1. (89)

Introducing the following coordinate transformations

ei =
xi − x̂i

µi−1+ε
, i = 1, . . . , n (90)

z1 =
x1

µε
, zi =

x̂i

µi−1+εLi−1
0

, v =
u

µn+εLn
0

, i = 2, . . . , n (91)

and choosing the output-feedback controller as

v = − bnµ
−εy − bn−1z2 − · · ·− b2zn−1 − b1zn (92)

then, we get

de =
(
µAe− m

T
µ1/mDe+ µ1−εax1 + Φ

)
dt+Ψdω (93)

dz = (L0µBz + L0µBzbn(1− θ(t))z1 + µD2e2

+
µ

L0
D1(e1 − z1)−

m

T
µ1/mDz

)
dt+ Fzdt+Gzdω

(94)

where L0 ≥ 1 is a constant gain to be designed, z =
(z1, . . . , zn)T , e = (e1, . . . , en)T , a = (a1, . . . , an)T , D2 =
(1, 0, . . . , 0)T , Bz = (0, . . . , 0, 1)T , Fz = ( 1

µεϕ1, 0, . . . , 0)T ,
and

D1 =





0
a2
1
L0

a3
...

1
Ln−2

0
an




, Gz =





1
µεψT

1

0
...
0




(95)

Φ =





1
µεϕ1

1
µ1+εϕ2

...
1

µn−1+εϕn




,Ψ =





1
µεψT

1

1
µ1+εψT

2

...
1

µn−1+εψT
n




. (96)

Theorem 2: Consider the plant (79)–(81), (87)–(89), and
(91)–(92). If the allowable sensitivity error satisfies 0 < θ̄ <
min{1, 1

bn|Q| } and Assumptions 2 and 3 hold, using the gains
L0 defined by

L0 ≥ max

{
1, |Q|, 2(|a|

2 + |Q|2 + |R|2|a|2 + |a|) + 1

2λ

}

(97)

then, the following conclusions hold.
1) The plant has an almost surely unique solution on [t0, t0 +

T ).
2) The equilibrium at the origin of the plant is prescribed-

time mean-square stable with limt→t0+T E|x|2 =
limt→t0+T E|x̂|2 = limt→t0+T Eu2 = 0. Moreover, for
∀t ∈ [t0, t0 + T ), the following estimates hold:

E|x|2 ≤ 2λMµ2n−2+2εL2n−2
0 U(t0)

· e−
c0Tm

m−1

(
1

(t0+T−t)m−1 − 1
Tm−1

)
+Θ0(t−t0) (98)

E|x̂|2 ≤ 2λMµ2n−2+2εL2n−2
0 U(t0)

· e−
c0Tm

m−1

(
1

(t0+T−t)m−1 − 1
Tm−1

)
+Θ0(t−t0) (99)

Eu2 ≤ nλb

λmin{Q}L
2n
0 µ2n+2εU(t0)

· e−
c0Tm

m−1

(
1

(t0+T−t)m−1 − 1
Tm−1

)
+Θ0(t−t0) (100)

where U(t0) = eT (t0)Re(t0) + zT (t0)Qz(t0) and

λ = 1− bnθ̄|Q| (101)

λM = max

{
1

λmin{Q} ,
1

λmin{R}

}
(102)

λb = max{b2n(1 + θ̄2), b2n−1, . . . , b
2
1} (103)

c0 = min

{
1

λmax{R} ,
1

λmax{Q}

}
(104)

Θ0 = max

{
Θ1

λmin{R} (
√
n+

n

4
+ 5)

1

λmin{Q}
(
(2c11 + c212)|Q|+ 4Θ1L

2n−2
0

)}
.

(105)

Remark 5: Since system (1)–(3) in Section II is a special case
of system (79)–(81) in Section III, the control scheme developed
in Section III is also applicable to systems in Section II. Specif-
ically, setting θ(t) ≡ 1 in Section III, we slightly revise (97)
as

L0 ≥ max

{
1, |Q|, |a|2 + |Q|2 + |R|2|a|2 + |a|+ 1

2

}

(106)
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Fig. 1. Mass-spring mechanical system.

then, Theorem 2 still holds. However, in this case, the control
scheme developed in Section II has an advantage over the control
scheme developed in Section III, as we explain next.

For system (1)–(3), the observer (7)–(9) in Section II uses the
information of y, but the observer (87)–(89) in Section III does
not use y. Although the observer in Section III has a simpler
form, its control scheme becomes more complex. It introduces
an additional gain L0 to achieve stabilization. The restriction of
(106) onL0 leads to large control gainsL0, . . .,Ln

0 , which makes
the control effort in Section III much larger than that in Section II.
In other words, compared with the control scheme developed
in Section III, the control scheme developed in Section II has
smaller gains and smaller control effort. Considering Ln

0 grows
fast with the increase of n, this advantage is especially obvious
when the system order is high. In Remark 7, we give a specific
example to further compare these two control schemes.

Remark 6: In Sections II and III, the prescribed-time output-
feedback stabilization problems are solved for stochastic nonlin-
ear systems without/with sensor uncertainty. Compared with the
stochastic finite-time output-feedback design [15]–[18] where
the settling time is stochastic, unknown, and dependent on initial
conditions, the merit of our prescribed-time output-feedback
design is that it allows the user to prescribe the convergence
times a priori and irrespective of initial conditions. From (73)
to (75) in Theorem 1 and (98)–(100) in Theorem 2, we obtain
that the convergence time t0 + T is deterministic, known, and
free.

IV. TWO SIMULATION EXAMPLES

In this section, we give two simulation examples to show
the effectiveness of the prescribed-time output-feedback control
schemes developed in this article.

Example 1: Consider the mass-spring mechanical system
shown in Fig. 1 , where a mass m is attached to a wall through
a spring and sliding on a horizontal surface. The mass is driven
by an external force which serves as a control variable. Let y be
the displacement from a reference position.

By Newton’s law of motion, the system is described as [39]

mÿ + Ff + Fsp = u (107)

where Ff is a resistive force due to friction and Fsp is the
restoring force of the spring. We assume that the displacement is
relatively small and thus Fsp can be written as Fsp = ky, where
k is the spring parameter. Meantime, we assume the resistive
force is linear viscous friction and write Ff as Ff = cẏ, where
c is an unknown friction parameter.

Motivated by [40], we consider a more practical spring. The
spring coefficient k(t) has an unknown nominal value k0 and

k(t) ∈ (k0 − 0.6, k0 + 0.6). Let ∆(t) = k(t)− k0. ∆(t) is the
Gaussian white noise process with zero mean and E(∆(t))2 =
σ2. We can then choose the value of parameter σ such that k(t)
obeys the bound −0.6 ≤ k(t)− k0 ≤ 0.6 with a sufficiently
high probability. For example, for σ = 0.06, by Chebyshev’s
inequality in [41], we can get

P (|k(t)− k0|2 > 0.36) ≤ σ2

0.36
= 0.01 (108)

which means that

P (|k(t)− k0| ≤ 0.6) = 1− P (|k(t)− k0| > 0.6)

= 1− P (|k(t)− k0|2 > 0.36)

≥ 0.99. (109)

Obviously, P (|k(t)− k0| ≤ 0.6) is increasing as σ2 ↓ 0.
To obtain a state model for the mass-spring mechanical sys-

tem, take the state variables as x1 = y and x2 = ẏ. Then, from
(107), we get the state-space form as

dx1 = x2dt (110)

dx2 =

(
u

m
− k0

m
x1 −

c

m
x2

)
dt− σ

m
x1dω (111)

y = x1. (112)

It is obvious that Assumption 1 is satisfied.
By following the design procedure developed in Section II and

choosing m = 1, a1 = a2 = 1, ε = 0.1, we get the observer and
controller as

˙̂x1 = x̂2 + µ(x1 − x̂1) (113)

˙̂x2 = u+ µ2(x1 − x̂1) (114)

u = − µ(c2 + α1 + 2.5(1 + α1)
4 + 0.25(1 + α1)

2)

· (x̂2 + µα1x̂1) (115)

where α1 = c1 + 0.25.
In the practical simulation, we use the scaling function

µ(t) =
1

(1− t)2
, ∀t ∈ [0, 1) (116)

choose k0 = 0.2, c = 0.5, c1 = 1.1, c2 = 1, and randomly set
the initial conditions as x1(0) = 2, x2(0) = −3, x̂1(0) = −2,
x̂2(0) = 1. The response of the closed-loop system (110)–(116)
is given in Fig. 2. From Fig. 2, we find that limt→1 E|x|2 =
limt→1 E|x̂|2 = limt→1 Eu2 = 0, which means that prescribed-
time output-feedback stabilization is achieved. Therefore, the
effectiveness of the controller design developed in Section II is
demonstrated.

Example 2: Consider the following system:

dx1 = x2dt+ sin2 x1dω (117)

dx2 = (u+ x1 sinx2)dt+ x2dω (118)

y = θ(t)x1 (119)

where θ(t) = 1 + 0.25 sin(t).
It is obvious that Assumption 2 is satisfied. Choosing the pa-

rameters a1 = 1.8, a2 = 0.8, b1 = 4, b2 = 1, ε = 0.8, by (85)–
(86), we obtain 1

b2|Q| = 0.577. From the definition of θ̄ in
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Fig. 2. Response of the closed-loop system (110)–(116).

Fig. 3. Response of the closed-loop system (117)–(122).

Theorem 2, we have 0 < θ̄ < min{1, 0.577} = 0.577. By As-
sumption 3, we get θ(t) ∈ (0.423, 1.577), which means that
θ(t) = 1 + 0.25 sin(t) satisfies Assumption 3.

By following the design procedure developed in Section III,
we get the observer and controller as

˙̂x1 = x̂2 − 1.8µx̂1 (120)

˙̂x2 = u− 0.8µ2x̂1 (121)

u = − L2
0µ

2y − 4L0µx̂2. (122)

In the practical simulation, we use the scaling function (116),
choose L0 = 92, and randomly set the initial conditions as
x1(0) = 0.1, x2(0) = 0.9, x̂1(0) = 1.5, and x̂2(0) = 2. The
response of the closed-loop system (117)–(122) is given in Fig. 3.
From Fig. 3, we find that limt→1 E|x|2 = limt→1 E|x̂|2 =
limt→1 Eu2 = 0, which means that prescribed-time output-
feedback stabilization is achieved. Therefore, the effectiveness
of the controller design developed in Section III is demonstrated.

Remark 7: We now compare the control schemes developed
in Sections II and III by applying them to system (110)–(112)
without sensor uncertainty.

Fig. 4. Response of the closed-loop system (110)–(112) and
(126)–(128).

From Example 1, with the control schemes developed in
Section II, we obtain the observer and controller as

˙̂x1 = x̂2 + µ(x1 − x̂1) (123)

˙̂x2 = u+ µ2(x1 − x̂1) (124)

u1 = − 108µ2x̂1 − 80µx̂2. (125)

From Fig. 2, we have u1 ∈ [−220, 130].
Next, by using the control scheme in Section III, we restudy

(110)–(112). By choosing the same parameters and the same
scaling function µ as those in Example 1, with b1 = b2 = 1,
from (106), we get L0 ≥ 42.

We choose L0 = 42 and get the observer and controller as
˙̂x1 = x̂2 − µx̂1 (126)

˙̂x2 = u− µ2x̂1 (127)

u2 = − 1764µ2x1 − 42µx̂2. (128)

By choosing the same initial conditions as those in Ex-
ample 1, the response of the closed-loop system (110)–(112)
and (126)–(128) is given in Fig. 4, from which we get u2 ∈
[−3400, 1200].

From the above discussions, we conclude that the control
scheme in Section II has smaller control effort than the control
scheme developed in Section III. This is because a sufficiently
large control gain L0 is necessary to guarantee the stabilization
in Section III.

V. CONCLUSION

In this article, we have addressed the prescribed-time output-
feedback control problems for stochastic nonlinear systems
without/with sensor uncertainty. In contrast to the previous work,
the system model studied in this article is more general since
it considers unmeasurable states, unknown growth rate, and
stochastic noise simultaneously. In fact, even when all the states
are measurable, the results in this article are new and more
general than the existing results since this article considers an
unknown growth rate. We have proposed two new prescribed-
time output-feedback control schemes in Sections II and III.
Specifically, the merit of our design in Section II is that the order
of the scaling function in the controller is dramatically reduced,
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which yields a simpler controller and thus the control effort is
reduced. The control scheme developed in Section III guarantees
prescribed-time mean-square stability, a better performance than
the existing results with only asymptotic regulation.

For the prescribed-time output-feedback control of stochas-
tic nonlinear systems, many important issues are still open
and worth investigating, such as the adaptive prescribed-time
output-feedback controls in the case when there are uncertain
parameters in the studied systems, using the self-triggered con-
trol [43] or hybrid controls [44], [45] to solve the stochastic
prescribed-time output-feedback control problems, using the
control scheme developed in this article to solve the prescribed-
time output-feedback control problems of stochastic underactu-
ated mechanical system [42], and generalizing the results in this
article to more general systems [47]–[49].

APPENDIX A

A. Notations

In this article, R+, Rn, Z, and Z+ denote the set of non-
negative real numbers, the real n-dimensional space, the set
of integers and the set of positive integers, respectively. For a
given vector or matrix X , XT denotes its transpose, Tr{X}
denotes its trace when X is square, and |X| is the Euclidean

norm of a vector X . Defining |A| =
(∑n

i=1

∑m
j=1 a

2
ij

) 1
2

for

a matrix An×m. For any a, b ∈ R, let a ∧ b = min{a, b} and
a ∨ b = max{a, b}. χA(·) denotes the indicator function of
A. Let C1,2(R+ ×Rn;R+) denote all nonnegative functions
V (t, x) on R+ ×Rn, which are C1 in t and C2 in x.

Consider the following Itô stochastic nonlinear system:

dx = f(t, x)dt+ gT (t, x)dω, ∀ x0 ∈ Rn (A.1)

where x ∈ Rn is the system state. The functions f : R+ ×
Rn → Rn and g : R+ ×Rn → Rm×n are continuous of their
arguments and are locally Lipschitz in x. ω is an m-dimensional
independent standard Wiener process defined on the complete
probability space (Ω,F ,Ft, P ) with a filtration Ft satisfying
the usual conditions (i.e., it is increasing and right continuous
while F0 contains all P -null sets).

For any given W (t, x) ∈ C1,2 associated with Itô stochastic
system (A.2), the differential operator L is defined as LW !
∂W
∂t + ∂W

∂x f(t, x) + 1
2Tr{g(t, x)

∂2W
∂x2 gT (t, x)}.

The following definition describes the prescribed-time mean-
square stability of system (A.1).

Definition A.1 [33]: For stochastic system (A.1) with
f(t, 0) = 0 and g(t, 0) = 0, the equilibrium x(t) = 0 is
prescribed-time mean-square stable if there exist positive con-
stants ki (1 ≤ i ≤ 4) such that

E|x(t)|2 ≤ k1|x(t0)|2(1 + µk2(t))e−k3µk4 (t)

∀t ∈ [t0, t0 + T ).
(A.2)

The following Lemma is useful in the controller design.
Lemma A.1 [46]: Let x1, . . . , xn, p be positive real numbers,

then

(x1 + · · ·+ xn)p ≤ max{np−1, 1}(xp
1 + · · ·+ xp

n). (A.3)

B. Proof of Theorem 1

Step 1: We first prove that (76) holds.
Since P is positive definite, we have

λmin{P}|e|2 ≤ eTPe ≤ λmax{P}|e|2 (B.1)

where λmin{P} and λmax{P} are the smallest and the largest
eigenvalues of P , respectively.

By (B.1), (66) can be rewritten as

LVn ≤ − 1

λmax{P}µe
TPe−

n∑

i=1

ci − βn,i
µ2i−3+2ε

ξ2i

+
1

λmin{P}Θ1(
√
n+

n

4
+ 1)eTPe

+ 2Θ1

n∑

i=1

1

µ2i−2+2ε
x̂2
i . (B.2)

From (56), we obtain

2Θ1

n∑

i=1

1

µ2i−2+2ε
x̂2
i

≤ 2

µ2ε
Θ1ξ

2
1 + 4Θ1

n∑

i=2

1

µ2i−2+2ε
ξ2i

+ 4Θ1

n∑

i=2

α2
i−1

µ2i−4+2ε
ξ2i−1

=
2

µ2ε
Θ1(1 + 2α2

1)ξ
2
1 + 4Θ1

1

µ2n−2+2ε
ξ2n

+ 4Θ1

n−1∑

i=2

1

µ2i−2+2ε
(1 + α2

i )ξ
2
i . (B.3)

It follows from (72), (77), (78), (B.2), and (B.3) that

LVn ≤ − 1

λmax{P}µe
TPe−

n∑

i=1

1

µ2i−3+2ε
ξ2i

+
1

λmin{P}Θ1

(√
n+

n

4
+ 1
)
eTPe

+
2

µ2ε
Θ1(1 + 2α2

1)ξ
2
1 + 4Θ1

1

µ2n−2+2ε
ξ2n

+ 4Θ1

n−1∑

i=2

1

µ2i−2+2ε
(1 + α2

i )ξ
2
i

≤ −(cµ−Θ)Vn. (B.4)

Thus, (76) holds.
Step 2: We then prove that the plant (1)–(3), (7)–(9), (65), and

(72) has an almost surely unique solution on [t0, t0 + T ).
From (65), for every real number T1 satisfying 0 < T1 < T

and integer k ≥ 1, there exists a positive constant KT1,k such
that

|u(t, x)− u(t, y)| ≤ KT1,k|x− y| (B.5)
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holds for all t ∈ [t0, t0 + T1] and all x, y ∈ Rn with |x| ∨ |y| ≤
k. Besides, fi(t, x) and gi(t, x) are locally Lipschitz in x. Thus,
the plant satisfies the local Lipschitz condition.

By Theorem 3.15 in [41], system (1) has an almost surely
unique strong solution (xT (t), x̂T (t))T on [t0, ρ∞), whereρ∞ =
(t0 + T ) ∧ limτ→+∞ inf{t ≥ t0 : |x(t)|+ |x̂(t)| ≥ τ}. Next,
we prove ρ∞ = t0 + T a.s. If this is not true, we can find positive
constants ε and T2 (0 < T2 < T ) such that

P {ρ∞ ≤ t0 + T2} > 2ε. (B.6)

For each integer k > 0, define

ρk = (t0 + T ) ∧ inf {t : t0 ≤ t < t0 + T

|x(t)|+ |x̂(t)| ≥ k} . (B.7)

Since ρk → ρ∞ a.s., there exists a sufficiently large integer
k0 such that

P {ρk ≤ t0 + T2} > ε, ∀k ≥ k0. (B.8)

From (B.4), we have

LVn ≤ ΘVn. (B.9)

Fix k ≥ k0. For any t0 ≤ t ≤ t0 + T2, by (B.4), we have

EVn(t ∧ ρk, x(t ∧ ρk)), x̂(t ∧ ρk))

= Vn(t0) + E

{∫ t∧ρk

t0

LVn(τ, x(τ), x̂(τ))dτ

}

≤ Vn(t0)+Θ

∫ t

t0

EVn(τ ∧ ρk, x(τ ∧ ρk), x̂(τ ∧ ρk))dτ

(B.10)

where Vn(t0, x(t0), x̂(t0)) is abbreviated as Vn(t0).
By (B.10) and Gronwall’s inequality, we get

EVn(t ∧ ρk, x(t ∧ ρk), x̂(t ∧ ρk))) ≤ Vn(t0)e
Θ(t−t0).

(B.11)

It follows from (B.11) that

Eχρk≤t0+T2Vn(ρk, x(ρk), x̂(ρk))

≤ Vn(t0)e
ΘT2 < +∞. (B.12)

Define

bk = inf {Vn(t, x, x̂) : |x|+ |x̂| ≥ k, t ∈ [t0, t0 + T2]} .
(B.13)

By (13), (46), and (67), we have

Vn(t, x(t), x̂(t))

= eTPe+
n∑

k=1

1

2µ2k−2+2ε
ξ2k

≥ λmin{P}
n∑

i=1

(xi − x̂i)2

µ2i−2+2ε
+

1

2µ2ε
x̂2
1

+
n∑

k=2

1

2µ2k−2+2ε



x̂k +
k−1∑

j=1

µk−jαk−1 · · ·αj x̂j




2

(B.14)

which shows that

lim
k→+∞

bk = +∞. (B.15)

From (B.12) and (B.13), we obtain

Vn(t0)eΘT2 ≥ bkP {ρk ≤ t0 + T2} > εbk. (B.16)

Letting k → +∞ in both sides of (B.16), from (B.15), we
obtain

Vn(t0, x(t0), x̂(t0))eΘT2 = +∞ (B.17)

which is a contradiction with (B.12). Thus, we have ρ∞ = t0 +
T .

Step 3: We finally prove the prescribed-time convergence
property (73)–(75).

Choosing

V = e
∫ t
t0

(cµ(s)−Θ)dsVn. (B.18)

From (B.4) and (B.18), we have

LV = e
∫ t
t0

(cµ(s)−Θ)ds(LVn + (cµ(t)−Θ)Vn) ≤ 0. (B.19)

Let k be a positive integer. Define the stopping time

σk = inf{t : t0 ≤ t < t0 + T, |x|+ |x̂| ≥ k}. (B.20)

From Step 2, system (1) has an almost surely unique solution
on [t0, t0 + T ). Thus, σk → +∞ almost surely as k → +∞.

Let tk = σk ∧ t for any t ∈ [t0, t0 + T ). Noting
V (t0, x(t0), x̂(t0)) = Vn(t0, x(t0), x̂(t0)) = Vn(t0), and
using Itô’s formula on the interval [t0, tk], we get

V (tk, x(tk), x̂(tk))

= Vn(t0) +

∫ tk

t0

LV (τ, x(τ), x̂(τ))dτ

+
n∑

i=1

∫ tk

t0

∂V

∂xi
gTi (τ, x(τ))dω(τ). (B.21)

With the definition of tk, using (B.20), taking expectation on
both sides of (B.21), we obtain

EV (tk, x(tk), x̂(tk))

= Vn(t0) + E

{∫ tk

t0

LV (x(τ), τ)dτ

}

≤ Vn(t0). (B.22)

By (B.18) and (B.22), we get

E
{
e
∫ tk
t0

(cµ(s)−Θ)dsVn(tk, x(tk), x̂(tk))
}

≤ Vn(t0), ∀t ∈ [t0, t0 + T ) (B.23)
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letting k → +∞, using Fatou Lemma, (B.23) can be rewritten
as

E
{
e
∫ t
t0

(cµ(s)−Θ)dsVn(t, x(t), x̂(t))
}

≤ Vn(t0), ∀t ∈ [t0, t0 + T ). (B.24)

By (B.24), we get

E {Vn(t, x(t), x̂(t))}

≤ e−
∫ t
t0

(cµ(s)−Θ)dsVn(t0)

≤ e
− cTm

m−1

(
1

(t0+T−t)m−1 − 1
Tm−1

)
+Θ(t−t0)Vn(t0). (B.25)

From (65), (67), and (B.25), we get (75).
By (56) and (67), we obtain

|x̂|2 = x̂2
1 + · · ·+ x̂2

n

= ξ21 +
n∑

i=2

(ξi − µαi−1ξi−1)
2

≤ 2(1 + αµ2)|ξ|2

≤ 4(1 + αµ2)µ2n−2+2εVn(t, x(t), x̂(t)) (B.26)

where ξ = (ξ1, . . . , ξn)T .
It follows from (18), (67), (B.1), and (B.26) that

|x|2 ≤ 2|x̂|2 + 2µ2n−2+2ε|e|2

≤
(
8(1 + αµ2) +

2

λmin{P}

)
µ2n−2+2ε

· Vn(t, x(t), x̂(t)) (B.27)

By (B.25) and (B.27), we get (73). From (B.25) and (B.26),
we obtain (74).

This completes the proof of Theorem 1.

C. Proof of Theorem 2

Choose the Lyapunov function

rclU0(e) = eTRe. (C.1)

Similar to (25), we have

LU0(e) ≤ −
(
2µ−Θ1(

√
n+

n

4
+ 1)

)
|e|2

+ 2µ1−εeTRax1 + 2Θ1

(
1

µ2ε
x̂2
1

+
1

µ2+2ε
x̂2
2 + · · ·+ 1

µ2n−2+2ε
x̂2
n

)
(C.2)

where Θ1 is an unknown constant defined in (21).
From (90) and (91), we have

2µ1−εeTRax1 ≤ 1

2
µ|e|2 + 2µ|R|2|a|2|z|2 (C.3)

and

2Θ1

n∑

i=1

1

µ2i−2+2ε
x̂2
i

≤ 4Θ1z
2
1 + 2Θ1

n∑

i=2

L2i−2
0 z2i + 4Θ1|e|2. (C.4)

Substituting (C.3) and (C.4) into (C.2) yields

LU0(e) ≤ −
(
3

2
µ−Θ1(

√
n+

n

4
+ 5)

)
|e|2 + 4Θ1z

2
1

+ 2µ|R|2|a|2|z|2 + 2Θ1

n∑

i=2

L2i−2
0 z2i . (C.5)

Choose the Lyapunov function

U1(z) = zTQz. (C.6)

From (86) and (94), we get

LU1(z) ≤
(
L0µBz + L0µBzbn(1− θ(t))z1 + µD2e2

+
µ

L0
D1(e1 − z1)−

m

T
µ1/mDz

)T

Qz

+ zTQ

(
L0µBz + L0µBzbn(1− θ(t))z1

+ µD2e2 −
m

T
µ1/mDz +

µ

L0
D1(e1 − z1)

)

+ 2zTQFz + |Q||Gz|2

≤ −2L0µ|z|2 + 2L0µz
TQBzbn(1− θ(t))z1

+ 2zTQ

(
µ

L0
D1e1 + µD2e2 −

µ

L0
D1z1

)

+ 2zTQFz + |Q||Gz|2. (C.7)

Noting |D1| ≤ (
∑n

i=1 a
2
i )

1
2 = |a|, |D2| = 1 and from (97),

we have

2zTQ
µ

L0
D1e1 + 2µzTQD2e2

≤ 2µ|D1||e1||z|+ 2µ|Q||z||e2|

≤ 1

2
µe21 + 2µ|D1|2|z|2 +

1

2
µe22 + 2µ|Q|2|z|2

≤ 1

2
µ|e|2 + 2µ(|a|2 + |Q|2)|z|2 (C.8)

and

−2zTQ
µ

L0
D1z1 ≤ 2µ|D1||z|2 ≤ 2µ|a||z|2. (C.9)

From (82), (83), (91), and (95), we get

2zTQFz + |Q||Gz|2 ≤ 2c11|Q||z|2 + c212|Q||z|2

= (2c11 + c212)|Q||z|2. (C.10)

Substituting (C.8)–(C.10) into (C.7) yields

LU1(z) ≤ −2L0µ(1− |Q|bn|1− θ(t)|)|z|2

+
1

2
µ|e|2 +

(
2µ(|a|+ |a|2 + |Q|2)

+(2c11 + c212)|Q|
)
|z|2
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≤ −2L0µλ|z|2 + 1

2
µ|e|2 + (2µ(|a|

+|a|2 + |Q|2) + (2c11 + c212)|Q|
)
|z|2. (C.11)

Let U(e, z) = U0(e) + U1(z), from (97), (C.5) and (C.11),
we have

LU ≤ −
(
µ−Θ1(

√
n+

n

4
+ 5)

)
|e|2 − 2L0µλ|z|2

+ 4Θ1z
2
1 + 2Θ1

n∑

i=2

L2i−2
0 z2i +

(
2µ(|a|+ |a|2

+|Q|2 + |a|2|R|2) + (2c11 + c212)|Q|
)
|z|2

≤ −
(
µ−Θ1(

√
n+

n

4
+ 5)

)
|e|2 − 2L0µλ|z|2

+
(
2µ(|a|+ |a|2 + |Q|2 + |a|2|R|2)

+(2c11 + c212)|Q|+ 4Θ1L
2n−2
0

)
|z|2

≤ −
(
µ−Θ1(

√
n+

n

4
+ 5)

)
|e|2 − 2L0µ

(
λ

− 1

L0

(
|a|+ |a|2 + |Q|2 + |a|2|R|2

)
|z|2

+
(
2c11 + c212

)
|Q|+ 4Θ1L

2n−2
0

)
|z|2

≤ −
(
µ−Θ1(

√
n+

n

4
+ 5)

)
|e|2 − µ|z|2

+
(
(2c11 + c212)|Q|+ 4Θ1L

2n−2
0

)
|z|2. (C.12)

Since R and Q are positive definite, from (C.1) and (C.6), we
get

λmin{R}|e|2 ≤ eTRe ≤ λmax{R}|e|2 (C.13)

and

λmin{Q}|z|2 ≤ zTQz ≤ λmax{Q}|z|2 (C.14)

where λmin{R} and λmin{Q} are the smallest eigenvalues of R
and Q, respectively; and λmax{R} and λmax{Q} are the largest
eigenvalues of R and Q, respectively.

Substituting (C.13) and (C.14) into (C.12) yields

LU ≤ − (c0µ−Θ0)U. (C.15)

By (C.15), take a similar proof process as that in Theorem 1,
we get conclusion 1) and

EU ≤ e
− c0Tm

m−1

(
1

(t0+T−t)m−1 − 1
Tm−1

)
+Θ0(t−t0)U(t0). (C.16)

It follows from (90), (91), (C.1), (C.6), (C.13), and (C.14) that

|x̂|2 = x̂2
1 +

n∑

i=2

x̂2
i

≤ 2µ2ε(z21 + e21) +
n∑

i=2

µ2i−2+2εL2i−2
0 z2i

≤ 2µ2n−2+2εL2n−2
0 (|z|2 + e21)

≤ 2λMµ2n−2+2εL2n−2
0 U (C.17)

and

|x|2 = x2
1 +

n∑

i=2

x2
i

≤ µ2εz21 + 2
n∑

i=2

µ2i−2+2εL2i−2
0 (z2i + e2i )

≤ 2µ2n−2+2εL2n−2
0 (|z|2 + |e|2)

≤ 2λMµ2n−2+2εL2n−2
0 U. (C.18)

From (C.16)–(C.18), we get (98)–(99).
By (81), (91), (92), (C.14) and Assumption 3, we obtain

|u|2 ≤ nλbL
2n
0 µ2n+2ε|z|2

≤ nλb

λmin{Q}L
2n
0 µ2n+2εU. (C.19)

By (C.16) and (C.19), we get (100).
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