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Prescribed-Time Output-Feedback Control
of Stochastic Nonlinear Systems

Wugquan Li

Abstract—We present prescribed-time output-feedback-
stabilizing designs for stochastic nonlinear strict-feedback
systems. We first propose a new nonscaling output-
feedback control scheme to solve the prescribed-time
mean-square stabilization problem for stochastic nonlin-
ear systems without sensor uncertainty. In this case, com-
pared with the existing results on stochastic nonlinear
prescribed-time stabilization, an appealing feature in our
design is that the order of the scaling function in the
controller is dramatically reduced, which yields a simpler
controller and with the control effort reduced. We then con-
sider prescribed-time output-feedback control for stochas-
tic nonlinear systems with sensor uncertainty. In this case,
the new design ingredient is that a time-varying controller
is designed to guarantee prescribed-time mean-square sta-
bilization, different from the existing results where an adap-
tive controller is designed to ensure almost sure regulation
(as time goes to infinity). Finally, two simulation examples
are given to illustrate the stochastic nonlinear prescribed-
time output-feedback designs.

Index Terms—Prescribed-time output-feedback, sensor
uncertainty, stochastic nonlinear systems.

[. INTRODUCTION

TOCHASTIC control has received much attention in the
S past two decades due to its wide applications in finance and
engineering [1], [2]. The pioneering works of full state-feedback
control design for stochastic nonlinear systems are [3]-[6],
where the integrator backstepping methodology is generalized to
stochastic systems. For the output-feedback design, [ 7] is the first
result on global stabilization (in probability) for stochastic non-
linear continuous-time systems; Deng and Krsti¢ [8] generalize
the result in [7] to systems driven by noise whose covariance
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is time-varying and bounded but the bound is not known
a priori; [9] addresses the output-feedback control design for
stochastic nonlinear systems with stable zero-dynamics under
a quadratic tracking risk-sensitive cost criterion; Liu et al. [10]
investigate the decentralized adaptive output-feedback stabiliza-
tion for large-scale stochastic nonlinear systems; Li ef al. [11]
propose a stochastic homogeneous domination approach to solve
the output-feedback stabilization problem for stochastic high-
order nonlinear systems with more general power orders and
relaxed nonlinear growth conditions; Cui ez al. [12] study output-
feedback-tracking problem for stochastic Lagrangian systems
with the unmeasurable velocity; and Li er al. [13] solve the
output tracking problem for stochastic nonlinear systems with
unstable linearization via output-feedback control.

A common feature of the stochastic output-feedback designs
in [7]-[13] is that only asymptotic behavior (as time goes to
infinity) of stochastic systems is obtained. Since finite-time
stability has a faster convergence rate and better disturbance
rejection properties, it is important to study stochastic finite-time
output-feedback control. Recently, with the Lyapunov theorem
on the finite-time stability for stochastic nonlinear systems es-
tablished in [14], authors in[15]-[17] study the output-feedback
finite-time stabilization problems for stochastic nonlinear sys-
tems whose drift and diffusion terms satisfy different growth
conditions; Sui and Philip Chen [18] solves the stochastic output-
feedback finite-time problem for a two-stage chemical reactor
with recycle streams. However, a drawback of [15]-[18] is that
their settling times are stochastic, unknown, and dependent on
initial conditions, which makes them difficult to use in real appli-
cations. In some applications [19], there exists a short amount of
time to achieve state estimation and control objectives, and that
time is known to within some small uncertainty. The finite-time
controls developed in [15]-[18] are inapplicable since their
settling times do not meet the requirements, which motivates
the study of prescribed-time control.

Different from the fixed-time control [20]-[22] where the
settling times are conservatively bounded by design param-
eters, prescribed-time control has a clear advantage that it
allows the user to prescribe the convergence times a priori
and irrespective of initial conditions. Additionally, while the
system solutions under nonsmooth fixed-time feedback are not
smooth at the terminal time, the solutions under smooth time-
varying prescribed-time feedback are smooth over the whole
time interval of operation, including the terminal time. Such
prescribed-time control designs are developed in [23]-[32] for
deterministic systems such as a chain of integrators with uncer-
tainties or reaction-diffusion equations. For stochastic nonlinear
prescribed-time control, to the best of our knowledge, [33] is

0018-9286 © 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.


https://orcid.org/0000-0001-7606-0403
https://orcid.org/0000-0002-5523-941X
mailto:sea81@126.com
mailto:krstic@ucsd.edu
https://doi.org/10.1109/TAC.2022.3151587

1432

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 68, NO. 3, MARCH 2023

the first attempt to solve the prescribed-time stabilization and
inverse optimality control problems for stochastic nonlinear
systems with linear growth conditions via full state-feedback
control. In addition, [33] requires the growth rates to be known.
For prescribed-time control of more general stochastic nonlinear
systems with unknown growth rates or unmeasurable states,
there are no published results. From the practical point of view,
it is important to study the stochastic prescribed-time control
designs with these constraints, which motives the study of
stochastic prescribed-time output-feedback control.

In many applications, systems do not merely suffer from
stochastic perturbations, but are often subject to unknown sensor
uncertainty [34]-[36]. For example, as shown in [37], for the
stochastic two-mass spring system, the displacement sensor
most commonly used is an inductive-type sensor with excellent
linearity and signal-to-noise ratio [38]. The sensor sensitivity
is practically the same in both X- and Y -directions, but may
differ from its assumed value because of manufacturing reasons,
which produces the sensor uncertainty. In addition, Li et al. [37]
proposed a stochastic adaptive dual-domination approach to
solve the adaptive output-feedback stabilization problem of
stochastic nonlinear systems with sensor uncertainty. However,
Liet al. [37] only achieved regulation in asymptotic sense. From
both practical and theoretical points of view, it is necessary to
study the prescribed-time output-feedback stabilization problem
for stochastic nonlinear systems with sensor uncertainty, which
is still open now.

Motivated by the above observations, we study the prescribed-
time output-feedback control problems for stochastic nonlinear
systems without/with sensor uncertainty, which is absent in the
previous literature. The contributions of this article are at least
fourfold.

1) We consider more general system models than the ex-
isting results on prescribed-time control [23]-[33]. Unlike the
deterministic systems [23]-[32], the systems studied in this
article are perturbed by stochastic noise. Different from the full
state-feedback stochastic prescribed-time control [33] where the
growth rates are required to be known, we consider stochastic
systems with unmeasurable states and unknown growth rates
simultaneously. In fact, even for full state-feedback stochastic
prescribed-time control with unknown growth rates, there are
no published results. In this article, the unmeasurable states,
the unknown growth rates, and the complexity of the stochastic
process involved make the controller design and the stability
analysis much more difficult.

2) We propose new observer design and new output-feedback
controller design methods to solve the prescribed-time control
problems of stochastic nonlinear systems. Although [33] and
this article both require the linear growth conditions, compared
with [33], our design can not only deal with the unknown
growth rates, but also have the merit that the order of the scaling
function in the controller is dramatically reduced, which yields
a simpler controller and thus the control effort is reduced. For
stochastic nonlinear systems with sensor uncertainty, unlike [37]
where adaptive output-feedback control is designed to achieve
asymptotic regulation, we propose a new nonscaling design to
guarantee prescribed-time mean-square stabilization.

3) We propose two different prescribed-time output-feedback
control schemes for systems without/with sensor uncertainty

(Scheme A is for systems without sensor uncertainty and
Scheme B is for systems with sensor uncertainty). Although
Scheme B is also applicable to systems without sensor uncer-
tainty, compared with Scheme A, the controller in Scheme B
is more complex and requires larger control gains. For systems
without sensor uncertainty, Scheme A uses lower control effort.
This advantage is especially obvious when the system order is
high (see Remarks 5 and 7 for detailed comparisons between
Scheme A and Scheme B).

4) Compared with the stochastic finite-time output-feedback
designs in [15]-[18] where the settling times are stochastic,
unknown, and dependent on initial conditions, the merit of our
prescribed-time design is that it allows the user to prescribe
the convergence times a priori and irrespective of initial con-
ditions (the convergence times are deterministic, known, and
assignable).

The remainder of this article is organized as follows. Sec-
tion II deals with prescribed-time output-feedback stabilization
without sensor uncertainty. Section III is devoted to prescribed-
time output-feedback stabilization with sensor uncertainty. Sec-
tion IV gives two examples to illustrate the theoretical results.
Section V concludes this article. Appendices A—C collect the
notations and the proofs of Theorems 1 and 2, respectively.

Il. PRESCRIBED-TIME OUTPUT-FEEDBACK STABILIZATION
WITHOUT SENSOR UNCERTAINTY
A. Problem Formulation
Consider a class of stochastic nonlinear systems described by

dw; = (w1 + fi(t,2)dt + g (8, 2)dw,i=1,...,n =1

)
dry = (u+ fo(t,x))dt + gX (t,2)dw @)
Yy =1 3)

where z = (z1,...,7,)T € R",u € Rand y € R are the sys-
tem state, control input, and output, respectively. The functions
fi: Rt xR" — R and g; : R* x R™ — R™ are continuous
of their arguments and are locally Lipschitz in z, f;(¢,0) = 0,
gi(t,0) =0,7=1,...,n.w is an m-dimensional independent
standard Wiener process defined on the complete probability
space (9, F, Fy, P) with a filtration F; satisfying the usual
conditions (i.e., it is increasing and right continuous while F
contains all P-null sets).
For system (1)—(3), we need the following assumption.

Assumption 1: Fori = 1,..., n,thereexist unknown positive
constants ¢;; and ¢;o such that

|fi(t, )] < can(lza] + - + |z4]) 4)

19i(t, 2)| < cio(lza] + - - + [ai]). o)

Remark 1: For system (1)—(3) with Assumption 1, even for
the prescribed-time state-feedback stabilization, there is no pub-
lished results. To our knowledge, the only existing result on
prescribed-time stabilization of stochastic nonlinear systems
is [33], where full state-feedback controller is designed by
requiring that the growth rates c;; and ¢;o are completely known
in (4)—(5). The unknown growth rates c;; and c;» make the
method in [33] inapplicable since c;; and c;o are absorbed
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into the controller if using the design method in [33]. As a Choose the Lyapunov function
result, the unknown character of ¢;; and c¢;5 will make the T
designed controller unrealizable. Thus, new design methods Vo(e) = e’ Pe. (16)
should be; developed to deal with the unknown growth rates in (10), (11), (14), and (16), we obtain
Assumption 1.
Next, for system (1)—(3), we first construct an observer, then LVy(e) < — (n+ 1)ule* — @,ul/meT(DP + PD)e
design a prescribed-time output-feedback controller, and finally
analyze the stability of the closed-loop system. +2TPF + |P| |G|2
2 T 2
B. Observer Design < — (n+ 1)ple|” +2¢" PF + |P||G|”. (17)
We introduce the following scaling function: By (13), we get
m 1
wt) = (—L ) eeltoto+T) 6) e il S [l el (18)
to+T —t n 1
where m > 2 is a integer and 7" > 0 is the freely prescribed 5 12+2 xf < 22+2 Af + 2e =1,...,n. (19)
. I 71— € /’L €
time.
Obviously, x(t) is a monotonically increasing function on From Lemma A.1, we obtain
[to, to + T) with u(to) = 1 and limy 4,47 p(t) = +o0 (in this
article, lim; ., means ¢ approaches ¢ty + 1" “from the left” ler] + -+ len| < \/ﬁ\e\- (20)
or “from below”). Choosin
For system (1)—(3), we construct the following new observer: &
. n n
&1 = &2 + pai(z1 — 21) (7) 6, :max{2|P|ZCi1,2|PZSC§2} (2D
T =3+ pPaz (1 — &) €] = =t
and noting
1 1
. ———lell&i| < <le]* + 5227 (22)
Tp =u+ p"an(x; — 31) 9 pi b 4 p2imr2
where a; > 0, ¢+ = 1,...,n, are suitably chosen to make the it can be inferred from (4), (15) and (18)—(20) that
polynomial s™ + a1 '+ -+ ay_15 + a, Hurwitz. -
Thus, for any positive constant ¢, there exists P = P7 satis- 2¢" PF < 2lel|P| <| 1+ M1+€ (lz1] + [22]) + - -
fying
T Cnl
ATP4+PA< —(n+1)I, (10) = Z |zz|>
DP+PD >0 (11)
1
where D = diagle,1+¢€,...,n — 1+ €| and < O1le| <M6x1| + = Pz |2 + -
—a; 1 -+ 0 1
. . +,l_€|$n|)
A= : oo (12) pr
—ap1 0 -+ 1
—a, 0 - 0 <91|e< |21 + 1+6\x2|+
Introducing the following coordinate transformations 1
T 7'1%1 +Mn1+€|xn|+\/ﬁle>
ei*/ﬂ. T =1,...,n (13)
n 9 1 5
it follows from (1)=(3), (7)~(9), and (13) that <6 (‘/7‘ +7 ) le[* + ©n (Mgexl
m
de = (pde — Zp!/"De+ F)dt+ Gdw (14 1, L
H TH (14) +M2+25 ra+- 2242 n 23)
where e = (e1,...,e,)T and and that
1 1T
= fi <91 c? 2c2
: s PIIGP < |P|( Lot s 22 bad) 4
F— Fﬁ G = it 92 (15) K H
: nch
x;
ﬁfn ﬁgf p2n—2+2e Z )
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0
37(F§+ x5+ +

2n 2+4+2¢ ”)

M2+26

1 , 1 5
S@l(Fﬂfl+W1‘2+"'+u2n 2+2 +||>
1 1 1

_ 2 2 2 2
—91|€| +@1 (F!le‘i‘mﬁbﬁ- +m n) .
(24)

Substituting (23) and (24) into (17) yields
n
LVo(e) < = ((n+ Du—Ou(V+ 7 +1)) lef?
n 1 A2

+201) Gt 25)

i=1

C. Prescribed-Time Output-Feedback Controller Design

In this subsection, we design a prescribed-time output-
feedback controller for system (1)—(3) step by step.

Step 1: We first construct the virtual controller 5.

Define the novel scaling Lyapunov function

Vi=

51 ) €1 (26)

226

In Vj, the first part V is used to deal with the observer error
e and the scaling term o 5222 helps to design the first virtual
controller.

From (7), (25), and (26), we have

Vi <= ((n+ -1+ oo 1) lef?

n

1 72 M 2et1/m g2
+ 2@1 Z ‘LLQZ 2+42e¢ Ty — Te'u mgl
i=1

+

1 A —€
ez Sida + p'Caréren

<= ((n+ D= O+ T+ D) e + e

n

+ 201 Z m i + [L alflel. 27
1=1
Noting
—€ Lo €
ptmier < pef + opt iy (28)

which substituting into (27) yields

n
LV(e) <~ (m = O2(v + 7 + 1)) ef
1 5 S %
+ 261 Z 21 2—‘,—25 Ty ,U/QE fl(xQ - 1}'2)
26§1x2+ 4u1 Zeq2€2. (29)
Choosing
* 1
T2 = H (Cl + a1> & & —pbioen (30)

then, (29) can be rewritten as

n
LV < = (n/u - 61(\/54' 1 + 1)) |6|2 — CIN172E€%

n
1 ok
+2@1Zm i 2651( Ty — T3) (31)
i=1
where ¢; > 0 is a design parameter and oy = ¢; + %a%.
Step 2: We now construct the virtual controller Z3.
Let
§o = B2 — &5 = o + p&ra1. (32)
From (7), (8), and (32), we get
o = &3+ p* T (a10n + a)er + Tﬂlﬂ/mal&
+ ‘LLOélli'Q. (33)
Choosing the novel scaling Lyapunov function
1 2
Vo=Vi+ ng (34)

from (31)-(34), we have

n —2¢
Vo < = (np = O1(Vi+ 5+ 1) |ef — i 26

n 1 R 1 ) »
+26, Z 2242 77+ Fﬁl (&2 — T3)

i=1
m —2—2¢ m 1 -
_ 7(1 Fooypu e /me —M2+2€€2 (xg
24-¢ M 1+1/m
+ p T (ar0q + az)er + T,u o1&y
+ pa (& — u&al))

n —2€
—(m—erva+ T+ 1) lef - erpt g

1 52 4
+2@1ZM 272 i

+ ——&i& + 55603
2e€ 2+42¢
=1 H 1%

+

1
(CL1041 +az)eréy + —- ez 041|fl||f2|

1
e

1
—c i1 (35)

+ & -
‘ul—‘,—2£ 2
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We have ¢ — Bes n 1
T RAPS)) ~2
TR L R [ AL aY: _Z a0
2¢ 5162 2¢ T 1152 16162 i=1
0 I
e e Ge—a 44
+ /~L2k74+26 Ek*l(xk - Z‘k) (44)

< e (14 7o +ot) lalle|

_92¢ 1 m 2
<+ (1+ Tay +a3) & 66

1 1
E((hch +az)erbs < plef? + m(awﬂ +a2)%63 (37)

where (32 is an arbitrary positive constant.
Substituting (36) and (37) into (35) yields

~(n=Dp—er(i+ T+ 1) lef?
N

— (1 — Ba1)p' 2} + 204 Z 222 L

i=1

LV, <

Ak

s 1 .
+ =z &adh + pEEET & (L3 — 23)

1 1 2
+ ‘LL1+26 (al + 4691 (1 + Tal +a1)

1
—|—Z(a1a1 + (12)2) 53

(38)

If we choose

2
ok 1 )
Ty = <02+0z1+4ﬁ21( +Ta1+a1

+—(ajon + 02)2) &2

1=

£ —péan (39

then, (38) can be rewritten as
n
Vo < = ((n == O1(vi+ 5 +1)) fef

—(e1 = Ban) ' 7 —cap” TG

n

1 1
+ oz (s — 73) 426 > sz
=1

(40)

where >0 is a design parameter and oo = co + oy
+ 4621 (14 Zar +ad)? + L(a101 + a2)?

Deductive Step At this step, we aim to construct the virtual
controller 27 ;.

Assume that at step k — 1, there are set of virtual controllers
x5, ..., x}, defined by

&5 = —par &, §1=11 (41)
I3 = 7#0(262, 62 = .'iQ — JATE (42)
2 = —pog-18k-1, Sk1=Tp1 — T4 43)

such that
LV € = ((n=k+2p—O1(Va+ 7 +1)) le?

where a1, ..., a1 are positive constants, ¢; > 0 is a design
parameter, 811, . .., k1,2 are arbitrary positive constants,

Bre-1p-1=0,&-1=(&1,...,&-1)T, and
) k-1 .
Vi-1(§k-1) = Vo + Z me (45)
i=1

To complete the induction, at the kth step, we consider the
&p-system.

Define &, = 2, — &}, from (41) to (43), we obtain

k-1
& =Tk + Zﬂkﬂak—l o

j=1
By (7)—(9) and (46), we get

'OéjQASj. (46)

k—
: . k m k 1/m4
&k = Tpy1 + p"Tarer + TE —Fmg

k-1

+ Z gy -

j=1

o (41 + wWhea; je1). 47)

We choose the novel scaling Lyapunov function

_ _ 1
Vie(€k) = Viee1(Ep—1) + sz

It follows from (44) and (47)—(48) that

(48)

£V < = ((n— k42— 1V + 5 + 1)) Jef?

n
Cy — Bk 1,% 2 1 ~2
72 [ 2i-3+2 ~iaree i +2@1Z 2 212¢ Vi
im1 P
1 mo 9
+ (2Rt 2e k18 — T( —1+¢) (2R +2e2-1/m €k

1 . 1
+ ﬂ2k72+26 SkTry1 + /makelgk

k—1
1
+€ ) P R A n* aje)
j=1

k-1

+%§kz

Jj=1

k—3j N
pik+i—2-1/m+2e Lj

<—((n—k+2u—0(Va+T+1))lef

c; — B - 1
i k—1,i 2 ~9
o Z p2i—3+2¢ ~iarae i T 201 Z oot i
i=1 ©
1 1 .
+ —N2k74+26 fkflfk + mkak_,_l
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k-1 . 1
! m k=i e (1= 0o 1)€ 16
+ P arer§y + ?fk ey oy (2R t2e 1
j=1
1 2
R ' < Brp-11 R A
& Z Mz H as(@j41 + 1 Cazer). (49) 1
j=1 5=j + T === (1—a2 )%, (54)
Notin T
s 1 k—1
kz_f k—j 4 R ak‘i'zakfl"'ajaj e1&k
Mk+j—2—1/m+25 J j=1
j=1
2
k1 k-1 k- ) . , 1 k—1 , -
= el 3 — e (50) < plel” + =l +> o1 aga | & (59)
H = M j=1
i 1 . where (31, 1,1 and B ;—1,1 are arbitrary positive constants.
Z pkti-2+2e Q=1 QTj+1 From (41) to (43), we have
j=1
1 k-1 1 fﬁj = fj — ,uaj_lfj_l. (56)
= —r o k-1Tk T e k-1 1T
2k—3+2¢ pkFi—3+2¢ J=147 By (56), we obtain

1 =

1 1
B B 2
T p2h3t2e g1k (2R~ 4+2e g -18k-1

k-1
1 .
+Z rj—342c Yh—1 Q-1 (51)
=t
by which and (49), we get
n
LV, < — <(n7 B+ -0V + T + 1)) lef2
Ci — Br-1i .2 - L
- Z [ 2i-3+2 oAtz i +2@12 M2i—2+2emi
i=1
1 A 2
+ mkamﬂ + /makflfk
1 2
+ W(l — j—1)&k-18k
+ Mk—2+ a + Zak 1 ajaj | ey
N m(k—1) §€+£§ m(k —j)
Tk 1-1/m+2e S15k T 5k = Tpkti—2-1/m+2e
1 .
-l-mak—l QG | Ty (52)
We have the following estimates:
m(k —1)
Tk~ 1-1/mt2e &1
m(k—1)
< W&fk
_9e 1 m?(k —1)2
< Bl + Uikt SRNCS

4ﬁk71,lﬂ2k_3+26 T2

~ [  mlk—Jj) 1
gkz T pk+i—2-1/m+2 + i3tz A~

N ( mlk—j) 1
= sz (Tukﬂ 1/mi2e T [FFi—3+2e Ok~
Jj=2

(&5 — o 1&5-1)

m 1
T p2k—3-1/m+2¢ + (1Zh—4+2¢ ag-10g-2 | {18k

m(k —2) 1
B (Wm + R M1 042@?) 18k
k-2 . .
LT (k=g =~ Day)
‘ T/j/k+j—2—1/m+26
Jj=2
g1 ooy — )
+ Iuk+j 342¢ )gjf
1 m
< PEEn (7 + akflak72) k1] 1€k |
1 m(k —2) 9
+ pk—2+2¢ ( T a1+ a1 azaq | |€[8k]
k-2 ) )
+Z 1 mk—j—(k—j—1)a)
pkti—3+2e T
j=2
+ k-1 ajaj — O‘j)‘|£j||fk|
52 k—2 fg
< B 285 + Brk-1.2 lei;rQe + Zﬂkvﬂﬂ 2j—J3+26
p =
1 1 m(k — 2) 2\
+ p2k=3+2¢ \ 46, 5 T M + g1 oo
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) . s k2
(M)
4Bk k12 \T e ; 4k,

| (m(k—j—(k—j—l)aj)
T

a1 ooy — ))2>£,% (57)

where (1, 1,2, Bk, k—1,2,and By, ; 1 are arbitrary positive constants.
Substituting (53)—(55) and (57) into (52) yields

LV, < — ((n—k—i—l)u—@l(\/ﬁ—i-%—i—l)) le?

n

ﬂk 7 1 ~2
- Z 2= 3+2e£’ +26, Z (2242 T

i=1
1 . " 1 .
e Sk — Fh) e G
1 2
+ m/’kfk (58)
where
Br = Br—1,1+ Br,11 + Bri2 (59)
Bryi = Br—1,i + Brji,j =2,..., k=2 (60)
Brek—1 = Be—1,k-1 + Brk—1,1 + Brk—1,2, (61)
1 m?(k—1)2 1 9 9
=01+ + I—aj
Ph= k-t 4811 T2 451@1@71,1( k1)
2
1 1
‘|‘Z ak"‘zak—l"'aja:j "rm
L(mE=2) s\
T ! ol 2T 4Bk k—1,2
(T + o100k 2) +Z4Bk,],
m(k—j—(k—7j—1)a; 2
X( ( J (T J ) J)"‘Oékfl"'aj(ajfl_aj) )
(62)
If we choose
Ty = —plck + pr)ée & —pérou (63)
then, (58) can be rewritten as
n
LV, < — ((nf k+Dp—O1(vVa+ g + 1)) le]?
ﬁk:z 2 = 1 ~2
- Z —iaracsi T 261 Z [ 2i-2+2e Z
i—1
1 . .
+ mfk(flwrl — &py) (64)

where ¢, > 0 is a design parameter, 3, = 0, and o, = ¢, +
Pk-

Step n: We are now in a position to design the actual controller
U.

Motivated by the virtual controllers (30), (39), and (63), we
design the actual output-feedback controller as

u = —p(cn + pn)én £ —p€n .- (65)
Similar to (64), we get
n 2
LV <= (n=Ouvn+ 7 +1)) e
— Bri 2 - 1
- Z el 4201 il (66)

i=1
where ¢, > 0 is a design parameter, p,, > 0 is a constant,
Qp = Cp + Pns ﬁn 1,---,Bn,n—1 are positive constants, 3, , =
0,&, =2y — 2 and

ne

n
- 1
Vo(€) =€e"Pe+ Wff (67)
i=1

Remark 2: In this subsection, we propose a new design
method for the prescribed-time output-feedback control of
stochastic nonlinear systems. Compared with [33], our design
can not only deal with the unknown growth rates, but also has
the merit that the order of the scaling function p in the controller
is dramatically reduced, which yields a simpler controller and
thus the control effort is reduced. Specifically, it follows from
(30), (39), (41)—(43), and (65) that

n
- Z piiag
i=1
where A\, =n+1—14,1<i<n.
From the prescribed-time state-feedback control design with
linear growth conditions in [33], we get

u = T (68)

- ZMA'LOQ‘ S0 (69)
i=1
where
13 -1
- 7 +5-5" 1=1
Ae=go t o (70)
2" =5 2 <i<n.
Noting
3 n—1 i—2 3 n—1 n—2
e _ > = _
10 577) 2 4(5 5"77)
=3.5"2
>3n—3 (71)

wegetA; < A,;.InTable I, we give the values of A\; and A, with
n = 4 from which the advantage of our design is demonstrated.
In fact, the gap between A; and A\; will grow rapidly with the
increase of n.

D. Stability Analysis

Based on (66)—-(67), we give the stability results of the plant
(1H—-@3).
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TABLE |
ORDER OF u WITH n = 4
i Y A;
i=1 4 94
7 3 93
1= 2 90
1 =4 1 75

Theorem 1: Consider the plant consisting of (1)—(3), (7)—(9),
and the controller (65). If Assumption 1 holds and the parameter
¢; in (65) are selected as

¢i=PBri+1li=1,...,n (72)

then, the following conclusions hold.

1) The planthas an almost surely unique solution on [tg, to +
T).

2) The equilibrium at the origin of the plant is prescribed-
time mean-square stable with lim; ;47 Elx]? =
limy 4,1 E|2]? = limy_4, 7 Fu? = 0. Moreover, for
Vt € [to, to + T), the following estimates hold:

2 2n—2+2¢

eT™ 1 1 Ot—
=" ((f0+T e 1*Tm71)+0(t to)

Elaf? < (8(1 T+

e (73)
B2 <A1+ ap®)u* 22V, (to)
. 6—%(W—ﬁ)+@(t—to) (74)
E|u|2 <2(cn + pn)2N2n+26Vn(t0)
. e‘% (W_Trn T )+@(t to) (75)
where @ = maxj<j<,,_1{a?}.
Proof: The proof of this theorem includes three steps.
Step 1: We first prove
LV, < (e — OV, (76)
where
i {2 ! } a7)
c=min{ 2, ————
)‘-max{P}
_ 2 2
© = max {4@1(1 +2a7),801(1 + [ Jmax o 7)
x — e (vt T (78)
—_ n+ — .
min{ P} 4

Step 2: We then prove that the plant (1)-(3), (7) (9), (65), and
(72) has an almost surely unique solution (z7'(¢), 27(¢))” on
[to,to + T), where & = (&1,...,43,)T

Step 3: We finally prove the prescribed-time convergence
property (73)—(75).

The detailed proofs of Steps /-3 are given in Appendix B.

Remark 3: In the control design procedure, different
from [33] where a time-invariant quadratic Lyapunov function
is used, we propose a novel scaling time-varying quadratic

Lyapunov function > . ; m{ which plays a positive
role in the following three aspects First, it keeps the order of
as one in the positive term |e|? in every step [see (28), (37), (55)].
In this way, these positive terms can be damped by the negative
term —(n + 1)ule|? in (25). Second, it is crucial for designing
the virtual controllers 23, - - -, 27 and the controller u with a
linear p [see (30), (39), (41)—(43), (63), and (65)], rather than
1 with nonlinear and high orders [33]. Third, it is important to
deal with the positive term 20 ZZ 1 le in (66)) (see
the proof of Theorem 1 in Appendix B).

[ll. PRESCRIBED-TIME OUTPUT-FEEDBACK CONTROL WITH
SENSOR UNCERTAINTY

Consider a class of stochastic nonlinear systems described by

d{IJi = ($i+1 + (Pi(t»x))dt + ’LbZ-T(t,x)dUJ, 1 < i <n-— 1

(79)
dx, = (u+ @u(t,z))dt + 1#5(15, x)dw (80)
y=0(t)r (81)

where z = (21,...,2,)7 € R",u € Rand y € R are the sys-
tem state, control input, and output, respectively. The functions
@it RT x R® — Rand v¢; : R¥ x R"® — R™ are continuous
of their arguments and are locally Lipschitz in x, ¢;(¢,0) = 0,
¥;(t,0) =0, ¢ =1,...,n. The sensor sensitivity 6(¢) is an
unknown continuous function of ¢ € R™.w is an m-dimensional
independent standard Wiener process defined on the complete
probability space (2, F, F;, P) with a filtration F; satisfying
the usual conditions (i.e., it is increasing and right continuous
while F contains all P-null sets).

For system (79)—(81), we need the following assumptions.

Assumption2: Fori =1, ..., n,thereexist unknown positive
constants ¢;; and ¢;2 such that

z)| < cin(Jog| 4
z)| < cip|ze] + -+

+ |zi])
+ |24]).

(82)
(83)

|la(t,
[i(t,

Assumption 3: The sensor sensitivity
continuous function satisfying 6(t) € [1
6 < 1 is the allowable sensitivity error.

Next, for system (79)—(81) with Assumptions 2 and 3, we first
construct an observer and then design a prescribed-time output-
feedback controller to solve the prescribed-time mean-square
stabilization problem.

Remark 4: For system (79)—(81) with Assumptions 3 and
4, [37] designs an adaptive observer and an output-feedback
controller with adaptive gain to deal with the unknown sensor
sensitivity and unknown growth rate. In this section, we propose
a new design method and a new stability analysis technique to
deal with these two uncertainties. Specifically, we design a p-
scaled observer and a time-varying controller, which can ensure
that the equilibrium at the origin of the plant is prescribed-time
mean-square stable. This convergence performance is better than
almost sure regulation (as time goes to infinity) achieved in [37].

O(t) is an unknown

— 0,1+ 0], where 0 <
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Define L LT
e ©1 e wl
1 1T
—a; 1---0 0 1 --- 0 —Tre P2 3
‘ : o= | " U= | FT (96)
A= o ‘| ,B= : : o
_ . .. 1 1 T
ap-10 1 0 0 1 T P e ¥n
—a, 0---0 by, —by_q - —b;

(84)

We choose suitable design parameters a; > O and b; > 0,7 =
1,...,n, such that the matrices A and B are Hurwitz. For any
positive constant e, there exist R = R” and Q = Q7 satisfying

ATR+ RA < —2I,,DR+ RD >0
BT"Q+QB < -21,,DQ+QD >0

(85)
(86)

where D = diag[e,1+¢€,...,n —1+¢€].
For system (79)—(81), we construct the following new ob-
server:

&y = &z — pardy 87)

&y = i3 — plazdy (88)

Ty =u— pandy. (89)

Introducing the following coordinate transformations
T — Xy

ei:#,z:l,...,n 90)
T i’l u .

Z1 = Ew’«'i = ’u,‘_1+eL6—1’U = Mn+eL6;,aZ =2,...,n 9D

and choosing the output-feedback controller as
U= — bn/’b_ey —bp 120 = —bazp 1 —b12, (92)

then, we get
de = (uAe — %,ul/mDe + ptCaxy + <I>> dt + Vdw (93)
dz = (Lo/J,BZ + Lo,lLszn(l — Q(t))zl + ,UDQGQ

—|—£D1(61 —2z) — Tul/sz dt + F.dt + G .dw
Lo T
94

where Lo > 1 is a constant gain to be designed, z =

(21,5 z0)T, e=(e1,...,en)T, a=(ay,...,a,)T, Dy =
(1,0,...,0)", B. = (0,...,0,1)7, F. = (1,0,...,0)7,
and

0 1T

a fl/)l

1 0

D= | Z;® | ,G. = . 95)
: 0
n20n

Theorem 2: Consider the plant (79)—(81), (87)—(89), and
(91)—(92). If the allowable sensitivity error satisfies 0 < 6 <
min{1, m} and Assumptions 2 and 3 hold, using the gains

L defined by

2(lal? 2 RI2|al? 1
L0>maux{1,|Q7 (la]* + Q|7 + |R|*|al® + |a]) + }

21
o7

then, the following conclusions hold.

1) The plant has an almost surely unique solution on [tg, to +
T).

2) The equilibrium at the origin of the plant is prescribed-
time mean-square stable with lim; . 47 F |;13|2 =
limy s, 17 E|2|? = limy_4, -7 Eu? = 0. Moreover, for
Yt € [to, to + T), the following estimates hold:

E‘.’L‘|2 < 2)\]wu2n72+26L(2)n72U(t0)

Tm
7021—1 ((flo_*_Tif/)m/*l 7T"1*1 )+@0(t7t0) (98)

€

E‘.’i|2 § QAMM2n72+2eLgn72U(tO)

Tm
. 6_ cgm—l ((t0+T1t)7”’1 _T"%'*l )+®O(t_t0) (99)

Ap
Ful < n 20, 2nt2e) (4
= )\min{Q} 0o M (0)
. 6_ LSIT ((10+Tif,)m*1 _TwlL—l )+®0(t_t0) (100)
where U (to) = e (to) Re(to) + 2T (t9)Qz(to) and
r=1-10,0Q (101)
1 1
AM - e { )"min{Q}7 )\min{R} } (102)
Ay = max{bZ (1 +6%),b2_,,...,b7} (103)
. 1 1
cp = min { )"max{R}’ PR To)] } (104)
o @1 n
O0 = max { ey A A
1
—((2 2 40,022 b .
PR a)! (211 + ¢12)|Q] + 461 Lg )}

(105)

Remark 5: Since system (1)—(3) in Section Il is a special case
of system (79)—(81) in Section I11, the control scheme developed
in Section III is also applicable to systems in Section II. Specif-
ically, setting 6(¢) = 1 in Section III, we slightly revise (97)
as

1
o 2 max {1, QL lof + QF + [FPlaf +Jal +  }
(106)



1440 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 68, NO. 3, MARCH 2023
k(t) € (kg — 0.6, ko + 0.6). Let A(t) = k(t) — ko. A(¢) is the
Py Fy Gaussian white noise process with zero mean and E(A(t))? =
~ 2. We can then choose the value of parameter o such that k(t)
- u obeys the bound —0.6 < k(t) — ko < 0.6 with a sufficiently
R . aqe
R Y high probability. For example, for o = 0.06, by Chebyshev’s
WW inequality in [41], we can get
2 o
Fig. 1. Mass-spring mechanical system. P(|k(t) = kol > 0.36) < 0.36 =001 (108)

then, Theorem 2 still holds. However, in this case, the control
scheme developed in Section IT has an advantage over the control
scheme developed in Section III, as we explain next.

For system (1)—(3), the observer (7)—(9) in Section II uses the
information of y, but the observer (87)—(89) in Section III does
not use y. Although the observer in Section III has a simpler
form, its control scheme becomes more complex. It introduces
an additional gain L to achieve stabilization. The restriction of
(106) on Ly leads to large control gains Ly, . . ., Lg, which makes
the control effortin Section Il much larger than that in Section II.
In other words, compared with the control scheme developed
in Section III, the control scheme developed in Section II has
smaller gains and smaller control effort. Considering L{; grows
fast with the increase of n, this advantage is especially obvious
when the system order is high. In Remark 7, we give a specific
example to further compare these two control schemes.

Remark 6: In Sections II and III, the prescribed-time output-
feedback stabilization problems are solved for stochastic nonlin-
ear systems without/with sensor uncertainty. Compared with the
stochastic finite-time output-feedback design [15]-[18] where
the settling time is stochastic, unknown, and dependent on initial
conditions, the merit of our prescribed-time output-feedback
design is that it allows the user to prescribe the convergence
times a priori and irrespective of initial conditions. From (73)
to (75) in Theorem 1 and (98)—(100) in Theorem 2, we obtain
that the convergence time ¢ + 7' is deterministic, known, and
free.

IV. TWO SIMULATION EXAMPLES

In this section, we give two simulation examples to show
the effectiveness of the prescribed-time output-feedback control
schemes developed in this article.

Example 1: Consider the mass-spring mechanical system
shown in Fig. 1 , where a mass m is attached to a wall through
a spring and sliding on a horizontal surface. The mass is driven
by an external force which serves as a control variable. Let y be
the displacement from a reference position.

By Newton’s law of motion, the system is described as [39]

mij+ Ff + Fop = u (107)

where Iy is a resistive force due to friction and F, is the
restoring force of the spring. We assume that the displacement is
relatively small and thus F,, can be written as Fi,, = ky, where
k is the spring parameter. Meantime, we assume the resistive
force is linear viscous friction and write Fy as Iy = cy, where
c is an unknown friction parameter.

Motivated by [40], we consider a more practical spring. The
spring coefficient k(t) has an unknown nominal value &y and

which means that
P(Jk(t) — ko| <0.6) =1 — P(|k(t) — ko| > 0.6)
=1— P(|k(t) — ko|® > 0.36)
> 0.99. (109)

Obviously, P(|k(t) — ko| < 0.6) is increasing as o2 | 0.

To obtain a state model for the mass-spring mechanical sys-
tem, take the state variables as x1 = y and x5 = y. Then, from
(107), we get the state-space form as

d(El = .’Egdt (110)
u k‘o

dro = | — — —x1 — —x9 | dt — —x1dw (111)
m

It is obvious that Assumption 1 is satisfied.

By following the design procedure developed in Section IT and
choosingm = 1,a1 = as = 1, ¢ = 0.1, we get the observer and
controller as

&y = &g + plzy — 21) (113)

Bg = u—+ p?(xy — #1) (114)

u= —p(ca+ap +2.5(1+ay)? +0.25(1 + ap)?)

. (Ci'z + ualrﬁl) (115)

where oy = ¢ + 0.25.
In the practical simulation, we use the scaling function

vt e [0,1) (116)

1
choose kg = 0.2, c = 0.5, ¢c; = 1.1, ¢ = 1, and randomly set
the initial conditions as x1(0) = 2, 22(0) = =3, ;(0) = —2,
%2(0) = 1. The response of the closed-loop system (110)—(116)
is given in Fig. 2. From Fig. 2, we find that lim; .; F|z|? =
limy ,; E|2|? = limy_,; Eu? = 0, whichmeans that prescribed-
time output-feedback stabilization is achieved. Therefore, the
effectiveness of the controller design developed in Section II is
demonstrated.

Example 2: Consider the following system:

dxy = xodt + sin? z1dw (117)
dro = (u + 1 sinxe)dt + wodw (118)
y=0(t)z: (119)

where 6(t) = 1 + 0.25sin(¢).
It is obvious that Assumption 2 is satisfied. Choosing the pa-
rameters a; = 1.8,a2 = 0.8,y = 4,b2 = 1, ¢ = 0.8, by (85)—

(86), we obtain bz‘lQ‘ = 0.577. From the definition of 6 in
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Fig. 2. Response of the closed-loop system (110)—(116).
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Fig. 3. Response of the closed-loop system (117)—(122).

Theorem 2, we have 0 < § < min{1,0.577} = 0.577. By As-
sumption 3, we get 0(t) € (0.423,1.577), which means that
0(t) = 1+ 0.25sin(t) satisfies Assumption 3.

By following the design procedure developed in Section III,
we get the observer and controller as

Zo =u — 0.84%% (121)
u= — Lipy — 4Lopis. (122)

In the practical simulation, we use the scaling function (116),
choose Lo = 92, and randomly set the initial conditions as
21(0) = 0.1, 22(0) = 0.9, #1(0) = 1.5, and %5(0) = 2. The
response of the closed-loop system (117)—(122)is givenin Fig. 3.
From Fig. 3, we find that lim; ,; El|z|* = lim;_,; E|2|* =
lim;_,; Bu? = 0, which means that prescribed-time output-
feedback stabilization is achieved. Therefore, the effectiveness
of the controller design developed in Section III is demonstrated.

Remark 7: We now compare the control schemes developed
in Sections II and III by applying them to system (110)—(112)
without sensor uncertainty.

L) EI N Rl E
- § [
5-111 “; -1
E-zn E k.
{ i
o -4 0 -
0 4]
0 ﬂ‘{ ﬂ‘Z II‘X ﬂ‘l ﬂ‘i ﬂ‘ﬁ 0‘7 ﬂ‘l “3 1 L} ﬂ‘\ H‘Z ﬂ‘! II‘A II‘S ﬂ‘! ﬂ‘! ﬂ‘l D‘l 1
Tine{See) Time{See)
= =
4 1o
E 2
H i
E-Z g 00
54 2000
4 R
L} ﬂ‘\ Il‘l Il‘l II‘I ﬂ‘i ﬂ‘ﬁ D‘Y \l‘l ﬂ‘! 1 L} ﬂ‘\ ﬂ‘l ﬂ‘! Il‘l II‘E II‘E ﬂ‘Y D‘H \)‘! 1
Time{See) TimefSec)
Fig. 4. Response of the closed-loop system (110)-(112) and

(126)—(128).

From Example 1, with the control schemes developed in
Section II, we obtain the observer and controller as

Iy = &g + p(xy — 21) (123)
To = u+ p?(xy — &) (124)
up = — 10822 — 80puids. (125)

From Fig. 2, we have u; € [—220,130].

Next, by using the control scheme in Section III, we restudy
(110)—(112). By choosing the same parameters and the same
scaling function g as those in Example 1, with b; = by =1,
from (106), we get Ly > 42.

We choose Ly = 42 and get the observer and controller as

i1 = &y — pdy (126)
B0 =u— P’ (127)
Uy = — 1764p°x) — 420, (128)

By choosing the same initial conditions as those in Ex-
ample 1, the response of the closed-loop system (110)—(112)
and (126)—(128) is given in Fig. 4, from which we get uy €
[—3400, 1200].

From the above discussions, we conclude that the control
scheme in Section II has smaller control effort than the control
scheme developed in Section III. This is because a sufficiently
large control gain L is necessary to guarantee the stabilization
in Section III.

V. CONCLUSION

In this article, we have addressed the prescribed-time output-
feedback control problems for stochastic nonlinear systems
without/with sensor uncertainty. In contrast to the previous work,
the system model studied in this article is more general since
it considers unmeasurable states, unknown growth rate, and
stochastic noise simultaneously. In fact, even when all the states
are measurable, the results in this article are new and more
general than the existing results since this article considers an
unknown growth rate. We have proposed two new prescribed-
time output-feedback control schemes in Sections II and III.
Specifically, the merit of our design in Section Il is that the order
of the scaling function in the controller is dramatically reduced,
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which yields a simpler controller and thus the control effort is
reduced. The control scheme developed in Section III guarantees
prescribed-time mean-square stability, a better performance than
the existing results with only asymptotic regulation.

For the prescribed-time output-feedback control of stochas-
tic nonlinear systems, many important issues are still open
and worth investigating, such as the adaptive prescribed-time
output-feedback controls in the case when there are uncertain
parameters in the studied systems, using the self-triggered con-
trol [43] or hybrid controls [44], [45] to solve the stochastic
prescribed-time output-feedback control problems, using the
control scheme developed in this article to solve the prescribed-
time output-feedback control problems of stochastic underactu-
ated mechanical system [42], and generalizing the results in this
article to more general systems [47]-[49].

APPENDIX A
A. Notations

In this article, R, R™, Z, and Z1 denote the set of non-
negative real numbers, the real n-dimensional space, the set
of integers and the set of positive integers, respectively. For a
given vector or matrix X, X T denotes its transpose, Tr{X}
denotes its trace when X is square, and | X| is the Euclidean

1
norm of a vector X. Defining |A| = (Z?:l Py a?j) * for
a matrix A, .,. For any a,b € R, let a A b = min{a, b} and
aVb=max{a,b}. xa(-) denotes the indicator function of
A. Let CL2(R* x R™; R) denote all nonnegative functions
V(t,x) on Rt x R"™, which are C' int and C? in x.

Consider the following It stochastic nonlinear system:

dr = f(t,z)dt + g (t,z)dw, Y xo€ R" (A1)

where 2 € R™ is the system state. The functions f: RT x
R™ — R™and g : Rt x R™ — R™*"™ are continuous of their
arguments and are locally Lipschitz in x. w is an m-dimensional
independent standard Wiener process defined on the complete
probability space (2, F, F;, P) with a filtration F; satisfying
the usual conditions (i.e., it is increasing and right continuous
while Fq contains all P-null sets).

For any given W (¢, ) € C12 associated with Itd stochastic
system (A.2), the differential operator £ is defined as LW £
D+ TV f(t,2) + 3Tr{g(t, 2) ¥ g7 (t,7)}.

The following definition describes the prescribed-time mean-
square stability of system (A.1).

Definition A.1 [33]: For stochastic system (A.1) with
f(t,0) =0 and g(¢,0) =0, the equilibrium z(¢) =0 is
prescribed-time mean-square stable if there exist positive con-
stants k; (1 <4 < 4) such that

Ela(t)]? < ki|z(to) (1 + ph2(£))ehar™ O

A2
Vit € [to,to+T). (A-2)

The following Lemma is useful in the controller design.
Lemma A.1 [46]: Let xq, ..., x,, p be positive real numbers,
then

(X1 + -+ 2,)P <max{nP L 1}(a} + - +2P). (A.3)

B. Proof of Theorem 1

Step 1: We first prove that (76) holds.
Since P is positive definite, we have

)"IIliII{P}|€|2 S eTPe S )‘-InaX{P}|€|2 (Bl)

where Ayin{ P} and Amax{P} are the smallest and the largest
eigenvalues of P, respectively.
By (B.1), (66) can be rewritten as

n

1
LV, < — —— el Pe —
hmacd P} ;

ci — Bnyi .o
u2173+2e &
1

+ )\min{P}

O1(vn + g +1)el Pe

n
1 .2
+26; Z (2242 Li-
i=1
From (56), we obtain
- 1
)
20, Z (2242 T
i=1

2 - 1
< SO +401 ) €
u ~

n 2
Qi1

+46; Z M2i74+25§§_1

=2

2 1
= F(al(l + 20‘%)5? =+ 4(917#2”72_,_2€ 57%

n—1

1
+46, Zm(l +a7)E.

=2

It follows from (72), (77), (78), (B.2), and (B.3) that

(B.3)

n

1 T 1 2
V< e Pem L
1 n
Y ( n 1) Tp
+kmin{P} 1 \/ﬁ+4+ el Pe
2 2\ ¢2 1 2
+ Teel(l + 20&1)51 + 4@1m5n
I %
n—1 1
+4912W(1+0‘3)@2
=2
< —(cp— OV, (B.4)

Thus, (76) holds.

Step 2: We then prove that the plant (1)—(3), (7)—(9), (65), and
(72) has an almost surely unique solution on [t, to + T').

From (65), for every real number T} satisfying 0 < 71 < T
and integer k£ > 1, there exists a positive constant K, j such
that

u(t, x) —u(t,y)| < Kr, x|z -y (B.5)
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holds forall t € [tg,to + T1] and all x,y € R™ with |z| V |y| < n ) b1 2
k. Besides, f;(t,x) and g;(t, x) are locally Lipschitz in . Thus, + — = |ip+ k—j -
’ ’ — - 1% A1 ;T
the plant satisfies the local Lipschitz condition. ,; 2p2h2r2 ; o
By Theorem 3.15 in [41], system (1) has an almost surely (B.14)
unique strong solution (7' (¢), 27 (¢))T on [tg, pso ), Where po, =
(to +T) Alim, 4 inf{t > to : |2(t)] + |£(¢)] > 7}. Next, which shows that
we prove po, = to + 1" a.s. If this is not true, we can find positive lim by, = 4oo. (B.15)
constants € and 75 (0 < T5 < T') such that k—+o00
Plpe <to+To} > 2. (B.6) From (B.12) and (B.13), we obtain
T > <
For each integer k£ > 0, define Va(to)e 2 b {pr < to + T} > eby. (B.16)
Letting & — in both sides of (B.16), f B.19),
o= (to+ T) Ainf {t 1 1o <t < tg+T <?1ng 400 in both sides of ( ), from ( ), we
obtain
()] + [2(0)] > k) . (B.7)

Since pr — p~ a.S., there exists a sufficiently large integer
ko such that

P{pr <to+ T2} >¢e,Vk > k. (B.8)
From (B.4), we have
LV, <OV,. (B.9)

Fix k > kg. Forany tg <t <ty + T», by (B.4), we have

EVy,(t A pr,z(t A pr)), (A pr))

—Vi(to) + E {/Mpk LV (r, 2(7), i‘(T))dT}

to
t
< Vn(t0)+ @/ EVn(T/\pk,x(T/\pk),:i(T/\pk))dT
to
(B.10)

where V,, (to, z(to), Z(to)) is abbreviated as V,,(to).
By (B.10) and Gronwall’s inequality, we get

EVi(t A pryz(t A pr), E(EA pr))) < Vi(to)e® 10,

(B.11)
It follows from (B.11) that
Exp<to+, Valpr, (o), 2(pk))
< Vi(t0)e®T2 < 4o0. (B.12)

Define

b = inf{V,,(¢t, 2, &) : || + |&] > k,t € [to, to + T2]}.
(B.13)

By (13), (46), and (67), we have
Va(t, z(t), £(t))

n
1
_ T 2
=e P6+22 2k72+2e£k
=1 “H

I
M2e 33%

n (JCL — £1)2
> )‘min{P} Z M2i—2+26 * 2
i=1

Viu(to, 2(to), 2(t0))e®T2 = +o00 (B.17)

which is a contradiction with (B.12). Thus, we have p,, = to +
T.

Step 3: We finally prove the prescribed-time convergence
property (73)—(75).

Choosing

V= e/?o““(s)*@)ds‘/n, (B.18)
From (B.4) and (B.18), we have
LV = el )-Os oy 4 (ep(t) — ©)V,) < 0. (B.19)
Let k be a positive integer. Define the stopping time
op =nf{t : tg <t <to+T,|z|+ |2 > k}. (B.20)

From Step 2, system (1) has an almost surely unique solution
on [to,to + T). Thus, o, — 400 almost surely as k — +o0.

Let tp=o0rAt for any t¢€[tg,to+T). Noting
V(to, l'(to), (i‘(to)) = Vn(to, .’E(to), .’f(to)) = Vn(to), and
using It6’s formula on the interval [to, tx], we get

V(ty, x(tr), (tk))
123
= Vo(to) + LV (r,x(7),z(T))dT
to
S ) T
—9; . B.21
+3 [ Gl alrdetr). @20

With the definition of ¢, using (B.20), taking expectation on
both sides of (B.21), we obtain

EV (ty, x(te), &(tr))

=V, (to) + E { ttk LV (2(7), T)dT}
< V(o). (B.22)
By (B.18) and (B.22), we get
E {effo’“ (en()=O)dsyr (1 ot (1) )}
< Vi(to), V€ [to,to+T) (B.23)
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letting k — +00, using Fatou Lemma, (B.23) can be rewritten
as

E {effo““(s)*@)dsvn (t,2(t), #(6))}
< Vi(to), Vt€lto,to+T). (B.24)
By (B.24), we get

E{Va(t,2(t),2(t))}

S e fr,o (CH(S)—G)dSVn(tO)

<o (mrrmmr - m YOty (g5

From (65), (67), and (B.25), we get (75).
By (56) and (67), we obtain
|22 = 23 + .- + 32

n

G+ (& — poia&ia)?

1=2
< 2(1 + ap?)|¢?
<A1+ ) a2V, (1 a(t), (1))

where £ = (¢1,...,&,)T.
It follows from (18), (67), (B.1), and (B.26) that

(B.26)

|x‘2 S 2|‘,%|2 + 2M27’L*2+26|e‘2

2 n— €
o R v ) L

Vot z(t), 2(t))

By (B.25) and (B.27), we get (73). From (B.25) and (B.26),
we obtain (74).
This completes the proof of Theorem 1.

(B.27)

C. Proof of Theorem 2
Choose the Lyapunov function
rclUy(e) = e Re. (C.1)

Similar to (25), we have

LU(e) < = (21— OL(VI + 2 +1)) Jef?

1
+ 2M1—66TRG$1 + 2@1 (Z.f/'%
‘LL €

1, 1,
a2 Tt WQ?) (C2)

where ©1 is an unknown constant defined in (21).
From (90) and (91), we have

1
2u1’€eTRax1 < 5#\6\2 + 2,u|R\2|a|2|z|2

(C.3)

and

n

I
20, Z (2242 i

=1

<4027 +201 ) L3227 +404fe)’. (C4)
=2

Substituting (C.3) and (C.4) into (C.2) yields

3
LUp(e) < — <2l~t -01(vVn+ g + 5)) lef” + 40127

+ 2u|R?|al?|2]? + 20, ZLgi_2z§.

=2

(C.5)

Choose the Lyapunov function
Ui(z) = 27Qx.
From (86) and (94), we get

(C.6)

LU (z) < <L0MBZ + LopB,b, (1 —0(t))z1 + pDaes

T
+ LiODl(el —2z1) — T;l,ul/sz) Qxz

+ ZTQ (L()/JBZ + L()/Jszn(]. — H(t))zl

m
+ puDges — ful/mDZ + i1)1 (61 — 21)
T Lo
+2:"QF. + Q|G-
< —2Lop|2|* + 2Lopz" QB.byu (1 — 6(1)) 21
+2:7Q L Dyey + puDoes — LDz
L() LO

+2:7QF, + Q|G|

Noting |Dy| < (327", a2)2 = |a|, |D2| = 1 and from (97),
we have

2ZTQL£D161 + QuzTQDgeg
0

(C.7)

< 2p| Dy lea]|z] + 2| Q] 2|2

A\

1 1
< 5%? +2u|D1|?|2)* + §M€§ + 2u|Q?|2[?

< gulel + 2u(lal? + QPP ©8)
and
_QZTQL%Dlzl < 2u|Dy||2? < 2ual|z 2. (C.9)
From (82), (83), (91), and (95), we get
2:"QF. + Q|G| < 2c11|Ql|2[* + ¢1,1Q][[?
= (211 +¢1,)[Ql|2[*. (C.10)

Substituting (C.8)—(C.10) into (C.7) yields
LU (2) < —2Lop(1 — [Q[ball — O(1)])|2[

1
+Sulel” + (2ullal + lal* +1QI)

+(2c11 + ¢15)[Q)) |2[?
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1 d
< —2Lopu|z* + Splel* + (2p(Jal o .
2 _ 2 2
Hal? 4 1Q) + (2en +ER)IQD 2. @D ot =i+ ) i
Let U(e, z) = Up(e) + Uy (2), from (97), (C.5) and (C.11), "
we have < M2EZ% +2 Z N2172+26L3172(Zi2 + ef)
n i
LU <~ (= O1(va+ 2 +5)) |ef? = 2Lopia2I? =
. S 2M2n_2+26L8n_2(‘2|2+ |€|2)
+40127 +201 Y L§227 + (2u(lal + |af? < QP 2eL2 2y (C.18)

1=2
HQP + [al?[R2) + (2e11 + &)IQ1) |21
<= (n=—O1(Va+ 7 +5)) lel* — 2Lour|z*
+ (2u(lal + laf? + |QI” + [a*|RP?)
+(2c11 + €¢1,)|Q| + 401 L§"?) |2

<—(n-euvn+5+5) el - 2Lou<A
1
= (lal +af? + QP + laBP) |2
0
T (2en + ) Q] + 491L3"-2) 22

n
<~ (-1 + 5 +5)) el — il

+ ((2c11 + ¢3,)|Q] + 401 L™ %) |2 (C.12)

Since R and @ are positive definite, from (C.1) and (C.6), we
get
Amin{R}el? < " Re < Amax{R}|e[? (C.13)
and

kmin{Q}|Z|2 < zTQZ < kmax{Q}lz‘Q

where Apin{ R} and Amin{Q} are the smallest eigenvalues of R
and @, respectively; and Apax{ R} and Apax{Q} are the largest
eigenvalues of R and (), respectively.

Substituting (C.13) and (C.14) into (C.12) yields

LU < — (cop — ©p) U.

By (C.15), take a similar proof process as that in Theorem 1,
we get conclusion 1) and

(C.14)

(C.15)

_cT™

(G 77
EU < e m—1 (t0+T7t)m*1 Tm—1

O (40). (C.16)

It follows from (90), (91), (C.1), (C.6), (C.13), and (C.14) that
o = a1+ >4}
=2

n
< 2M26<Z% + 6%) 4 ZM2i72+26L(2Ji72Zi2
=2

S 2u2n72+26L(2)n72(|Z|2 + 6%)

S QA’M#2H72+26L31’172U (C17)

From (C.16)—(C.18), we get (98)—(99).
By (81), (91), (92), (C.14) and Assumption 3, we obtain

|’U4‘2 S nAbL%nM2n+26|Z|2

ni
< b

o )\min{Q}
By (C.16) and (C.19), we get (100).

LA p* 2y (C.19)
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