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A B S T R A C T

The Stefan PDE system is a representative model for thermal phase change phenomena, such as melting and
solidification, arising in numerous science and engineering processes. The mathematical description is given
by a Partial Differential Equation (PDE) of the temperature distribution defined on a spatial interval with a
moving boundary, where the boundary represents the liquid–solid interface and its dynamics are governed by
an Ordinary Differential Equation (ODE). The PDE–ODE coupling at the boundary is nonlinear and creates a
significant challenge for state estimation with provable convergence and robustness.

This tutorial article presents a state estimation method based on PDE backstepping for the Stefan system,
using measurements only at the moving boundary. PDE backstepping observer design generates an observer
gain by employing a Volterra transformation of the observer error state into a desirable target system, solving
a Goursat-form PDE for the transformation’s kernel, and performing a Lyapunov analysis of the target observer
error system.

The observer is applied to models of problems motivated by climate change and the need for renewable
energy storage: a model of polar ice dynamics and a model of charging and discharging in lithium-ion batteries.
The numerical results for polar ice demonstrate a robust performance of the designed estimator with respect to
the unmodeled salinity effect in sea ice. The results for an electrochemical PDE model of a lithium-ion battery
with a phase transition material show the elimination of more than 15 % error in State-of-Charge estimate
within 5 min even in the presence of sensor noise.
. Introduction

.1. Phase transitions

Ice melts into water in a hot environment. Conversely, water freezes
nto ice in a cold environment. These liquid–solid change phenomena
re called ‘‘phase changes’’. In addition to various quotidian settings,
hey also arise, for example, in sea ice in the polar regions (Maykut

Untersteiner, 1971), solidification of molten metal in casting (Meng
Thomas, 2003), extrusion in polymer 3D-printing (Valkenaers et al.,

013), laser sintering for metal 3D-printing (Agarwala et al., 1995),
ryosurgery for cancer treatment (Rabin & Shitzer, 1998), thermal
nergy storage in buildings (Sharma et al., 2009), etc.

The phase change can be regarded as a growth of the domain of one
hase, accompanied with a reduction of the domain of the other phase.
part from the thermal phase change, a growth of a domain, and the
onsequent movement of the domain’s boundary, can be seen in some

∗ Corresponding author.
E-mail addresses: skoga@ucsd.edu (S. Koga), krstic@ucsd.edu (M. Krstic).

non-thermal chemical, biological, and social dynamics such as tumor
growth in a patient’s body (Spangler et al., 2016), axonal elongation
for neurons’ signal transmission (Demir et al., 2021; Diehl et al., 2014),
lithiated region in electrodes of lithium-ion batteries (Thomas et al.,
2002), crystallization process (Braatz, 2002; Fujiwara et al., 2005; Nagy
& Braatz, 2012), domain walls in ferroelectric nanomaterials (McGilly
et al., 2015), spreading of invasive species to a new environment (Du
& Lin, 2010), etc.

1.2. Stefan model

A representative mathematical dynamic model that contains moving
boundaries is the ‘‘Stefan system’’, which is a physical model of thermal
phase changes. The associated problem of analyzing and finding the
solutions to the Stefan model is referred to as the ‘‘Stefan problem’’.
Since the phase changes are caused by the temperature dynamics,
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367-5788/© 2022 Elsevier Ltd. All rights reserved.

ttps://doi.org/10.1016/j.arcontrol.2022.02.001
eceived 5 November 2021; Received in revised form 1 February 2022; Accepted 2
 February 2022

http://www.elsevier.com/locate/arcontrol
http://www.elsevier.com/locate/arcontrol
mailto:skoga@ucsd.edu
mailto:krstic@ucsd.edu
https://doi.org/10.1016/j.arcontrol.2022.02.001
https://doi.org/10.1016/j.arcontrol.2022.02.001
http://crossmark.crossref.org/dialog/?doi=10.1016/j.arcontrol.2022.02.001&domain=pdf


Annual Reviews in Control 53 (2022) 199–223S. Koga and M. Krstic

L
p
t
o
e
c
B
a
W
o
w
b
r

b
t
S
(
(
s
a
t
m
f
K
m

1

d
s
s
e
(
a
(
m
M
(
e
b
b
(
b
c
d
t
t
c
2

the physical model involves the temperature of each phase which is
distributed in space and changes in time. Hence, the mathematical for-
mulation incorporates partial differential equations (PDEs) defined on
a time-varying spatial domain, whereas the dynamics of the position of
the moving boundary is governed by an ordinary differential equation
(ODE) whose input depends on the PDE state. This configuration gives
rise to nonlinear coupling of the PDE and ODE dynamics. As a result,
though seemingly consisting of just a linear PDE and a linear scalar
ODE, the Stefan problem is mathematically peculiar and not amendable
to conventional analysis for PDEs and ODEs.

The Stefan problem is named after the Slovenian–Austrian physi-
cist Josef (Jožef) Stefan, who was one of the most distinguished and
influential physicists of the 19th century, celebrated for his numerous
contributions to thermodynamics and heat transfer from the exper-
imental perspective. Perhaps Stefan’s name is more recognized for
the Stefan–Boltzmann law, which revealed that a material with tem-
perature 𝑇 in absolute unit emits a radiative heat transfer which is
proportional to 𝑇 4, through Stefan’s experimental work and his student
udwig Boltzmann’s work on the theoretical foundation. After the
ublication of the thermal radiation law, Stefan started to focus of
he thickness evolution of polar ice caps motivated by observed data
f ice growth and air temperature acquired by British and German
xplorers during their expeditions. A long time before that, the phase
hange model by moving boundaries had been studied by Joseph
lack in 1762. Franz Neumann developed the solution in his lectures
round 1860. However, Neumann’s result had not been published until
eber’s paper in 1901. Stefan developed his analysis of the solution

f ice growth and studied the correspondence with the empirical data,
hich was published in 1891 (Stefan, 1891). Since then, the model has
een known as the ‘‘Stefan problem’’, and has been studied widely by
esearchers from the middle 1900s (Crepeau, 2007).

The mathematical and numerical analysis of the Stefan problem has
een widely covered in the literature. The existence, uniqueness, mono-
one dependence, stability, and the differentiability of the one-phase
tefan problem have been studied by several references, see Cannon
1984), Fasano and Primicerio (1977), Friedman (1959), Kolodner
1956), Rubinšteı̆n (2000). The existence and uniqueness of the clas-
ical solution of the two-phase Stefan problem were proven in Cannon
nd Primicerio (1971a, 1971b) with the temperature boundary condi-
ions and the flux boundary conditions, respectively. Several numerical
ethods to solve the Stefan problem were investigated by finite dif-

erence and finite element methods, see Bonnerot and Jamet (1977),
utluay et al. (1997) for instance. The comparison of the numerical
ethods was studied in Javierre et al. (2006).

.3. Control of Stefan system

The work on control of the Stefan system begun in the last two
ecades of the 1900s. For instance, feedback control of the Stefan
ystem is developed in Hoffmann and Sprekels (1982) by an ‘‘on-off’’
witching design, and an inverse Stefan problem is studied in Zabaras
t al. (1988) by using an integral method and in Kang and Zabaras
1995), Pawlow (1987, 1990), Zabaras et al. (1992) by an optimization
pproach. An optimal feedback control is developed in Barbu et al.
1996) by convex analysis, and a feedback control for a thermostats
odeled by a hyperbolic Stefan problem is given in Colli et al. (1999).
otion planning by boundary control has been solved in Dunbar et al.

2003a, 2003b), Petit (2010), overcoming the challenges of the nonlin-
arity in the Stefan model. Optimal control for the Stefan problem has
een developed in Hinze and Ziegenbalg (2007a, 2007b) using a graph-
ased approach and in Alessandri et al. (2018), Bernauer and Herzog
2011) using a level-set formulation. Boundary geometric control has
een proposed in Maidi and Corriou (2014), and trajectory tracking
ontrol for the Vertical Gradient Freeze crystal growth process has been
eveloped in Ecklebe et al. (2021a, 2021b, 2020). Numerous contribu-
ions on the feedback control of the Stefan problem with applications
o continuous casting of steels have been achieved by Bentsman and
oauthors, see Chen et al. (2018, 2019, 2020), Petrus et al. (2010, 2012,
200

014, 2017).
1.4. Backstepping designs for Stefan system

Recently, boundary feedback controllers for the Stefan system have
been designed via a ‘‘backstepping transformation’’ which has been
used for many other classes of infinite-dimensional systems. The initial
article (Koga et al., 2018) introduces the designs of a state feedback
control law, an observer, and an output feedback law for the one-phase
Stefan system by proposing a nonlinear backstepping transformation for
the moving-boundary Stefan PDE, and proves the exponential stability
of the closed-loop system without imposing a priori assumption that
the temperature state respects the phase constraints, but by proving
that such constraints are actually maintained under proposed feedback.
Extensions have been provided in the following articles: Koga et al.
(2020) develops a control design with time-delay in the actuator and
proved delay-robustness, Koga and Krstic (2020c) develops a control
design for the two-phase Stefan problem, and Koga et al. (2021b)
shows stability of the closed-loop system under sampled-data con-
trol. The backstepping controller and estimator for the Stefan system
have been successfully applied to the screw extruder-based polymer
3-D printing (Koga et al., 2020b), the laser sintering-based metal 3-
D printing (Koga et al., 2020), polar ice in the Arctic (Koga & Krstic,
2020b), lithium-ion batteries (Koga et al., 2021a), and energy storage
by paraffin with providing the experimental validation (Koga et al.,
2020a). The comprehensive materials can be found in our book (Koga
& Krstic, 2020a).

The state feedback control presented in aforementioned literature,
reviewed in Koga and Krstic (2021), requires the entire profile of the
temperature in the liquid phase as a given information. Some imaging-
based sensors such as thermographic camera (a.k.a. infrared camera
or IR camera) enables to capture the temperature profile, however,
they include relatively high noise as compared to single point thermal
sensors, such as thermocouples. Thus, estimating the entire temperature
profile given a boundary measurement is a significant task for the
implementation of the control algorithm.

1.5. State estimators for Stefan model

The problem of estimating variables of interest given some mea-
sured value is widely known as ‘‘state estimation’’. One of the most
popular state estimation methods is the ‘‘Kalman filter’’ (Kalman, 1960)
which is an optimal filter for linear dynamical systems with white
Gaussian noise in the model and measurements. Another well known
concept is the ‘‘Luenberger observer’’ (Luenberger, 1971), which sta-
bilizes the estimation error at zero in linear deterministic systems. In
finite dimensional systems, the observer gain is designed by means of
pole placement or a linear matrix inequality (Boyd et al., 1994).

While the control problem for the Stefan system has been developed
as mentioned above, a state estimation for the Stefan system has been
focused relatively few. In Petrus et al. (2017), an online recalibra-
tion method has been proposed for the state estimation of the Stefan
problem, where the unknown parameters in the model are calibrated
with the discrete-time measurements. In Pernsteiner et al. (2021), a
state estimation for the latent heat storage system modeled by the
Stefan system is developed by the Extended Kalman Filter (EKF) for
the reduced-order model of the Stefan system through truncation.

In this tutorial article, we review state estimation of the Stefan sys-
tem for the purpose of estimating unknown variables through available
measurements. The design is employed by a backstepping observer,
which is one type of Luenberger observer for the Stefan PDE system,
where the observer gain is derived by a PDE backstepping method.
The PDE backstepping method has been utilized for observer design
in numerous class of PDE systems (Baccoli & Pisano, 2015; Chen
et al., 2021; Krstic, 2009a, 2009b; Krstic & Smyshlyaev, 2008a, 2008b;
Smyshlyaev & Krstic, 2005) and in applications to oil drilling (Hasan
et al., 2016; Sagert et al., 2013), multi-agent systems (Freudenthaler

& Meurer, 2020; Frihauf & Krstic, 2010; Qi et al., 2014), turbulent
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Fig. 1. Schematic of one-dimensional one-phase Stefan problem. The temperature profile in the solid phase is assumed to be a uniform melting temperature.
𝑠

flows (Vazquez & Krstic, 2008), thermoacoustic instability (De Andrade
et al., 2020), transportation system (Burkhardt et al., 2021; Yu et al.,
2022, 2020a, 2020b; Yu & Krstic, 2019), battery management (Moura
et al., 2016, 2014; Tang et al., 2017; Zhang et al., 2021), mining
cables (Wang et al., 2018a; Wang & Krstic, 2020, 2021; Wang et al.,
2019, 2018b), and hypersonic vehicles (Zhao et al., 2021) etc. In this
article, after several design methods are introduced, we focus on their
applications to polar ice and lithium-ion batteries.

2. Stefan system

We begin with a consideration of a pure one-component (liquid
only) material in one dimension as depicted in Fig. 1, namely, with
the assumption that the solid phase happens to be at the freezing
temperature (and not cooler than freezing). This assumption is made
for simplicity, so that our presentation can focus on controlling just
the position of the liquid–solid boundary, and not also the temperature
in the ‘‘distal’’ solid compartment.

The essence of the dynamics of the Stefan system is the evolution in
time of the moving liquid–solid interface, which we denote by 𝑠(𝑡). The
[0, 𝑠(𝑡)] portion of the domain is liquid, at a varying temperature 𝑇 (𝑥, 𝑡),
whereas the remainder of the domain [0, 𝐿], namely, the subdomain
[𝑠(𝑡), 𝐿] is solid, at the melting/freezing temperature 𝑇𝑚, i.e., on the
verge of becoming liquid.

Considering a material which, in its liquid phase, has density 𝜌 and
heat capacity 𝐶p, the local energy conservation law is given by

𝜌𝐶p𝑇𝑡(𝑥, 𝑡) = − 𝑞𝑥(𝑥, 𝑡), 𝑥 ∈ (0, 𝑠(𝑡)) (1)

where 𝑞(𝑥, 𝑡) is a heat flux profile and 𝑇 (𝑥, 𝑡) is a temperature profile.
Moreover, the local energy balance at the position of the liquid–solid
interface 𝑥 = 𝑠(𝑡) involved with the latent heat leads to the dynamics
of the moving boundary

𝜌𝛥𝐻∗𝑠̇(𝑡) = 𝑞(𝑠(𝑡), 𝑡). (2)

The thermal conduction for a melting component obeys the well known
Fourier’s Law

𝑞(𝑥, 𝑡) = −𝑘𝑇 (𝑥, 𝑡), 𝑥 ∈ [0, 𝑠(𝑡)] (3)
201

𝑥

where 𝑘 is the thermal conductivity.
At the boundary 𝑥 = 0, heat flux enters as an external source

which can be manipulated as a controlled variable, denoted as 𝑞𝑐 (𝑡). The
boundary condition at 𝑥 = 𝑠(𝑡) must maintain the melting temperature
𝑇m, which is the constant threshold level to cause the phase change
from the solid to liquid under a static pressure.

By combining the energy conservation (1) and the thermal condi-
tion (3) with these two boundary conditions, the time evolution of the
temperature profile in the material’s domain can be obtained by

𝑇𝑡(𝑥, 𝑡) =𝛼𝑇𝑥𝑥(𝑥, 𝑡), 𝑥 ∈ (0, 𝑠(𝑡)), (4)

− 𝑘𝑇𝑥(0, 𝑡) =𝑞c(𝑡), (5)

𝑇 (𝑠(𝑡), 𝑡) =𝑇m, (6)

where 𝛼 ∶= 𝑘
𝜌𝐶p

. The initial condition is defined as an arbitrary spatial
function for the temperature profile 𝑇 (𝑥, 0) = 𝑇0(𝑥) > 𝑇m, along with a
positive valued interface position 𝑠(0) = 𝑠0.

If we disregard the dynamics of the moving boundary 𝑠(𝑡), the linear
PDE model (4)–(6) may deceive us into thinking that the Stefan model
is linear. However, by combining the latent heat energy balance (2)
and the thermal conduction (3), we arrive at the so called ‘‘Stefan
condition’’, given by the following nonlinear ODE

̇ (𝑡) = −𝛽𝑇𝑥(𝑠(𝑡), 𝑡), (7)

where 𝛽 ∶= 𝑘
𝜌𝛥𝐻∗ .

There are two requirements for the validity of the model (4)–(7):

𝑇 (𝑥, 𝑡) ≥𝑇m, ∀𝑥 ∈ (0, 𝑠(𝑡)), ∀𝑡 > 0, (8)

0 < 𝑠(𝑡) <𝐿, ∀𝑡 > 0. (9)

First, the trivial: the liquid phase is not frozen, i.e., the liquid tempera-
ture 𝑇 (𝑥, 𝑡) is greater than the melting temperature 𝑇m. Second, equally
trivially, the material is not entirely in one phase, i.e., the interface
remains inside the material’s domain. These physical conditions are
also required for the existence and uniqueness of solutions (Alexiades
& Solomon, 2018). Hence, we assume the following for the initial data.

Assumption 1. 0 < 𝑠0 < 𝐿, 𝑇0(𝑥) ∈ 𝐶1([0, 𝑠0]; [𝑇m,+∞)) with 𝑇0(𝑠0) =
𝑇 .
m
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𝑠

Fig. 2. The estimation problem measuring a boundary temperature and the interface position.
Lemma 1. With Assumption 1, if 𝑞c(𝑡) is a bounded piecewise continuous
non-negative heat function, i.e.,

𝑞c(𝑡) ≥ 0, ∀𝑡 ≥ 0, (10)

then there exists a unique classical solution for the Stefan problem (4)–(7),
which satisfies (8). Moreover, the condition (8) yields

̇ (𝑡) ≥ 0, ∀𝑡 ≥ 0. (11)

The definition of the classical solution of the Stefan problem is given
in Appendix A of Koga et al. (2018). The proof of Lemma 1 is by
maximum principle for parabolic PDEs and Hopf’s lemma, as shown
in Gupta (2017).

3. State estimator design by PDE backstepping

In this section, we focus on the state estimation of the Stefan system
by a Luenberger-type observer approach with designing the observer
gain via the backstepping method.

3.1. Estimation of temperature profile by measuring boundary temperature
and interface position

First, we develop the temperature profile estimation design under
the available measurements of a boundary temperature and the in-
terface position. This setup is practical, as the boundary temperature
can be measured by a thermocouple and the interface position can be
measured by a camera or some optical sensor. Namely, we consider the
Stefan system (4)–(7) and the measurement output (see Fig. 2)

𝑌1(𝑡) = 𝑠(𝑡), 𝑌2(𝑡) = 𝑇 (0, 𝑡). (12)

3.1.1. Benchmark estimator design structure owning limited convergence
speed

Owing to the neutral stability property of the Stefan system (4)–
(7), Petrus et al. (2010) suggests a structure of the estimator design
formulated as (see Corollary 1 and Conjecture 2 in Petrus et al., 2010)

𝑇̂𝑡(𝑥, 𝑡) =𝛼𝑇̂𝑥𝑥(𝑥, 𝑡), (13)

𝑇̂ (0, 𝑡) =𝑌2(𝑡), (14)

𝑇̂ (𝑌1(𝑡), 𝑡) =𝑇m. (15)

Let 𝑇̃ ∶= 𝑇 − 𝑇̂ . Then, subtracting the observer (13)–(15) from the plant
(4)–(7) yields the observer error system as

𝑇̃ (𝑥, 𝑡) = 𝛼𝑇̃𝑥𝑥(𝑥, 𝑡), 𝑥 ∈ (0, 𝑠(𝑡)), (16)

𝑇̃ (0, 𝑡) = 0, (17)

𝑇̃ (𝑠(𝑡), 𝑡) = 0. (18)

The performance of the estimator (13)–(15) is presented in the
following lemma.

Lemma 2. Consider the observer error system (16)–(18). Assume that
the model validity conditions (8) and (9) are satisfied. Then, the norm
𝛹̃ (𝑡) ∶= ‖𝑇̃ ‖2 ∶= ∫ 𝑠(𝑡)0 𝑇̃ (𝑥, 𝑡)2𝑑𝑥 satisfies

𝛹̃ (𝑡) ≤ 𝛹̃ (0)𝑒−
𝛼

2𝐿2
𝑡, (19)

i.e., the observer error system is globally exponentially stable with the decay
rate 𝛼 .
202

2𝐿2
Proof of Lemma 2. The time derivative of the norm 𝛹̃ along with
(16)–(18) becomes

̇̃𝛹 (𝑡) = d
d𝑡

(

∫

𝑠(𝑡)

0
𝑇̃ (𝑥, 𝑡)2𝑑𝑥

)

= 𝑠̇(𝑡)𝑇̃ (𝑠(𝑡), 𝑡)2 + 2∫

𝑠(𝑡)

0
𝑇̃ (𝑥, 𝑡)𝑇̃𝑡(𝑥, 𝑡)𝑑𝑥

= 2𝛼 ∫

𝑠(𝑡)

0
𝑇̃ (𝑥, 𝑡)𝑇̃𝑥𝑥(𝑥, 𝑡)𝑑𝑥 = 2𝛼

(

𝑇̃ (𝑥, 𝑡)𝑇̃𝑥(𝑥, 𝑡)
|

|

|

𝑠(𝑡)

𝑥=0
− ∫

𝑠(𝑡)

0
𝑇̃𝑥(𝑥, 𝑡)2𝑑𝑥

)

= −2𝛼 ∫

𝑠(𝑡)

0
𝑇̃𝑥(𝑥, 𝑡)2𝑑𝑥. (20)

Applying Poincare inequality with the help of the boundary condi-
tion (17) to Eq. (20) leads to the following differential inequality:

̇̃𝛹 (𝑡) ≤ − 𝛼
2𝐿2 ∫

𝑠(𝑡)

0
𝑇̃ (𝑥, 𝑡)2𝑑𝑥 = − 𝛼

2𝐿2
𝛹̃ (𝑡). (21)

Applying the comparison principle to (21) completes the proof of
Lemma 2.

One can see that since the decay rate of the observer structure
(13)–(15) is determined only by the given physical parameters which
cannot be varied by the user, the convergence speed is limited and the
performance can be insufficient in several scenarios. To overcome the
challenge, we provide different observer structure and design by PDE
backstepping method in the following sections.

3.1.2. PDE backstepping estimator design and main theorem
The structure of the PDE backstepping estimator is given by the copy

of the plant (4)–(7) plus the output error injection from measurements
(12), formulated as

𝑇̂𝑡(𝑥, 𝑡) =𝛼𝑇̂𝑥𝑥(𝑥, 𝑡) + 𝑝1(𝑥, 𝑌1(𝑡))
(

𝑌2(𝑡) − 𝑇̂ (0, 𝑡)
)

, (22)

𝑇̂𝑥(0, 𝑡) = −
𝑞c(𝑡)
𝑘

+ 𝑝2(𝑌1(𝑡))
(

𝑌2(𝑡) − 𝑇̂ (0, 𝑡)
)

, (23)

𝑇̂ (𝑌1(𝑡), 𝑡) =𝑇m, (24)

where 𝑝1(𝑥, 𝑌1(𝑡)) and 𝑝2(𝑌1(𝑡)) are the observer gains to be determined.
Then, letting 𝑇̃ (𝑥, 𝑡) = 𝑇 (𝑥, 𝑡) − 𝑇̂ (𝑥, 𝑡) be the observer error variable,
subtracting (22)–(24) from (4)–(7) leads to the observer error system
as

𝑇̃𝑡(𝑥, 𝑡) =𝛼𝑇̃𝑥𝑥(𝑥, 𝑡) − 𝑝1(𝑥, 𝑠(𝑡))𝑇̃ (0, 𝑡), 0 < 𝑥 < 𝑠(𝑡) (25)

𝑇̃𝑥(0, 𝑡) = − 𝑝2(𝑥, 𝑠(𝑡))𝑇̃ (0, 𝑡), (26)

𝑇̃ (𝑠(𝑡), 𝑡) =0. (27)

The theorem below presents the observer gains and the stability prop-
erty.

Theorem 1. Consider the observer error system (25)–(27) and the
observer gains

𝑝1(𝑥, 𝑌1(𝑡)) =𝜆𝑌1(𝑡)(𝑌1(𝑡) − 𝑥)
𝐼2

(

√

𝜆
𝛼

{

𝑌1(𝑡)2 − (𝑥 − 𝑌1(𝑡))2
}

)

𝑌1(𝑡)2 − (𝑥 − 𝑌1(𝑡))2
, (28)

𝑝2(𝑌1(𝑡)) = − 𝜆
2𝛼
𝑌1(𝑡) (29)

where 𝐼2(⋅) is a modified Bessel function of the second kind, with an arbi-
trary gain parameter 𝜆 > 0. Assume that the model validity conditions (8)
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and (9) are satisfied. Then, there exists a positive constant 𝑀 > 0 such that
he norm 𝛷̃(𝑡) ∶= ‖𝑇̃ ‖21

∶= ∫ 𝑠(𝑡)0 𝑇̃ (𝑥, 𝑡)2𝑑𝑥 + ∫ 𝑠(𝑡)0 𝑇̃𝑥(𝑥, 𝑡)2𝑑𝑥 satisfies

𝛷̃(𝑡) ≤𝑀𝛷̃(0)𝑒−
(

𝛼
4𝐿2

+𝜆
)

𝑡, (30)

for all 𝜆 > 0, i.e., the observer error system is globally exponentially stable
with the decay rate 𝛼

4𝐿2 + 𝜆.

We show the derivation of the observer gains and the stability proof
n the following sections. Due to the moving boundary nature, it is
ifficult to develop a coordinate transformation which converts the
stimation error system into a stable target system, which is a standard
ackstepping procedure Krstic and Smyshlyaev (2008a). Instead, we
irst consider the observer design for the analogous system on the fixed
omain and develop the observer gain with the associated backstepping
ransformation. After that, we apply the analogous gain and transfor-
ation to the error system (25)–(27) with moving boundary, and prove

he stability of the associated target system with the moving boundary.

.1.3. Derivation of observer gain via fixed domain design
Consider the analogous estimation error system for an error state

𝑢̃(𝑥, 𝑡) on the fixed domain 𝑥 ∈ (0, 𝐷) given by

𝑢̃𝑡(𝑥, 𝑡) =𝛼𝑢̃𝑥𝑥(𝑥, 𝑡) − 𝑝1(𝑥,𝐷)𝑢̃(0, 𝑡), 0 < 𝑥 < 𝐷 (31)

𝑢̃𝑥(0, 𝑡) = − 𝑝2(𝐷)𝑢̃(0, 𝑡), (32)

𝑢̃(𝐷, 𝑡) =0, (33)

ntroduce the transformation

𝑢̃(𝑥, 𝑡) = 𝑤(𝑥, 𝑡) + ∫

𝑥

0
𝑃 (𝑥, 𝑦)𝑤(𝑦, 𝑡)𝑑𝑦, (34)

hich transforms into

𝑤𝑡(𝑥, 𝑡) =𝛼𝑤𝑥𝑥(𝑥, 𝑡) − 𝜆𝑤(𝑥, 𝑡), (35)

𝑥(0, 𝑡) =0, (36)

𝑤(𝐷, 𝑡) =0. (37)

aking time and spatial derivatives of (34) along the solution of (35)–
37) with the help of integration by parts, in order to match with the
ystem (31)–(33), the conditions for the gain kernel and the observer
ain are obtained by

𝑥𝑥(𝑥, 𝑦) − 𝑃𝑦𝑦(𝑥, 𝑦) = − 𝜆̄𝑃 (𝑥, 𝑦), (38)

𝑃 (𝑥, 𝑥) = − 𝜆̄
2
(𝑥 −𝐷), (39)

𝑃 (𝐷, 𝑦) =0, (40)

𝑝1(𝑥,𝐷) = − 𝛼𝑃𝑦(𝑥, 0), (41)

𝑝2(𝐷) = − 𝑃 (0, 0). (42)

where 𝜆̄ ∶= 𝜆
𝛼 . Let us introduce the change of variables

̄ = 𝐷 − 𝑦, 𝑦̄ = 𝐷 − 𝑥, 𝑃 (𝑥̄, 𝑦̄) = −𝑃 (𝑥, 𝑦). (43)

hen, the gain kernel PDE (38)–(40) can be rewritten with respect to
he variables in (43) as

̄𝑥̄𝑥̄(𝑥̄, 𝑦̄) − 𝑃𝑦̄𝑦̄(𝑥̄, 𝑦̄) = −𝜆̄𝑃 (𝑥̄, 𝑦̄), (44)

𝑃 (𝑥̄, 𝑥̄) = − 𝜆̄
2
𝑥̄, (45)

𝑃 (𝑥̄, 0) = 0. (46)

eferring to Eqs. (5.28)–(5.31) in Krstic and Smyshlyaev (2008a), the
olution to (44)–(46) is derived as

̄ (𝑥̄, 𝑦̄) = −𝜆̄𝑦̄
𝐼1

(
√

𝜆̄(𝑥̄2 − 𝑦̄2)
)

√
(47)
203

𝜆̄(𝑥̄2 − 𝑦̄2) n
oing back to the original variables from (43), the gain kernel function
(𝑥, 𝑦) is given by

(𝑥, 𝑦) = 𝜆̄(𝐷 − 𝑥)
𝐼1

(

√

𝜆̄
{

(𝐷 − 𝑦)2 − (𝐷 − 𝑥)2
}

)

√

𝜆̄
{

(𝐷 − 𝑦)2 − (𝐷 − 𝑥)2
}

. (48)

By the differentiation formula for the Bessel functions, we have
𝑑
𝑑𝑧

(

𝐼1(𝑧)
𝑧

)

= 𝐼2(𝑧)
𝑧 . Using this formula and some calculus, the observer

gains in (41) and (42) are described by

𝑝1(𝑥,𝐷) = 𝛼𝜆̄2𝐷(𝐷 − 𝑥)
𝐼2 (𝑧)
𝑧2

, 𝑧 =
√

𝜆̄
{

𝐷2 − (𝐷 − 𝑥)2
}

, (49)

𝑝2(𝐷) = − 𝜆̄
2
𝐷. (50)

he invertibility of the transformation (34) needs to be ensured so that
he stability property is equivalent between 𝑢̃-system and the target
-system. We introduce the following inverse transformation

(𝑥, 𝑡) = 𝑢̃(𝑥, 𝑡) + ∫

𝑥

0
𝑄(𝑥, 𝑦)𝑢̃(𝑦, 𝑡)𝑑𝑦. (51)

gain, taking the time and spatial derivatives of (51) along the 𝑢̃-system
n (31)–(33), to match with the 𝑤-system in (35)–(37), the conditions
f 𝑄(𝑥, 𝑦) are obtained as

𝑥𝑥(𝑥, 𝑦) −𝑄𝑦𝑦(𝑥, 𝑦) =𝜆′𝑄(𝑥, 𝑦), (52)

𝑄(𝑥, 𝑥) =𝜆
′

2
(𝑥 −𝐷), (53)

𝑄(𝐷, 𝑦) =0. (54)

One can see that the conditions above are equivalent to the conditions
in (38)–(40) once we switch 𝜆̄ by −𝜆̄. Also, as a formula, we have
𝐼1(−𝑧)
−𝑧 = 𝐽1(𝑧)

𝑧 , where 𝐽1(⋅) is a Bessel function of the first kind. Noting
hese two, the solution of 𝑄(𝑥, 𝑦) is obtained by

𝑄(𝑥, 𝑦) = −𝜆̄(𝐷 − 𝑥)
𝐽1

(

√

𝜆̄
{

(𝐷 − 𝑦)2 − (𝐷 − 𝑥)2
}

)

√

𝜆̄
{

(𝐷 − 𝑦)2 − (𝐷 − 𝑥)2
}

. (55)

3.1.4. Proof of Theorem 1
The previous section shows the derivation of the observer gains 𝑝1,

2 and the associated gain kernel functions for the invertible transfor-
ation. Namely, we replace 𝐷 in (49) and (50) by 𝑌1(𝑡), which leads to

he gains in (28) and (29). However, when we apply the backstepping
ransformation with the same gain kernel functions to the estimation
rror system with the moving boundary, the associated target system
hould be revisited from (35)–(37) due to the presence of the time-
arying domain. Using the gain kernel functions in (48) and (55),
onsider the invertible transformation

̃ (𝑥, 𝑡) =𝑇̃ (𝑥, 𝑡) + ∫

𝑥

0
𝑄(𝑥 − 𝑠(𝑡), 𝑦 − 𝑠(𝑡))𝑇̃ (𝑦, 𝑡)𝑑𝑦, (56)

𝑇̃ (𝑥, 𝑡) =𝑤̃(𝑥, 𝑡) + ∫

𝑥

0
𝑃 (𝑥 − 𝑠(𝑡), 𝑦 − 𝑠(𝑡))𝑤̃(𝑦, 𝑡)𝑑𝑦. (57)

hen, the associated target system accompanies additional terms orig-
nated from the time-derivative of the moving boundary, as the form
f

𝑤̃𝑡(𝑥, 𝑡) =𝛼𝑤̃𝑥𝑥(𝑥, 𝑡) − 𝜆𝑤̃(𝑥, 𝑡)

− 𝑠̇(𝑡)∫

𝑥

0
𝑞(𝑥̄, 𝑦̄)

(

𝑤̃(𝑦, 𝑡) + ∫

𝑦

0
𝑃 (𝑦̄, 𝑧̄)𝑤̃(𝑧, 𝑡)𝑑𝑧

)

𝑑𝑦, (58)

̃ (𝑠(𝑡), 𝑡) =0, (59)

𝑤̃𝑥(0, 𝑡) =0, (60)

here 𝑥̄ = 𝑥 − 𝑠(𝑡), 𝑦̄ = 𝑦 − 𝑠(𝑡), and 𝑞(𝑥̄, 𝑦̄) = 𝑄𝑥(𝑥, 𝑦) +𝑄𝑦(𝑥, 𝑦).
We prove that the target 𝑤̃-system in (58)–(60) is globally expo-
entially stable under the conditions of (8) and (9), which also ensures
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T

𝑉

W

U

𝛷

̇ (𝑡) ≥ 0 by Lemma 1. Consider the Lyapunov function

𝑉1 =
1
2
‖𝑤̃‖2 ∶= 1

2 ∫

𝑠(𝑡)

0
𝑤̃(𝑥, 𝑡)2𝑑𝑥 (61)

Taking the time derivative of (61) along with the solution of (58)–(60)
with the help of integration by parts leads to

̇̃𝑉1 = − 𝛼 ∫

𝑠(𝑡)

0
𝑤̃𝑥(𝑥, 𝑡)2𝑑𝑥 − 𝜆∫

𝑠(𝑡)

0
𝑤̃(𝑥, 𝑡)2𝑑𝑥

− 𝑠̇(𝑡)∫

𝑠(𝑡)

0
𝑤̃(𝑥, 𝑡)

(

∫

𝑥

0
𝑞(𝑥̄, 𝑦̄)

(

𝑤̃(𝑦, 𝑡) + ∫

𝑦

0
𝑃 (𝑦̄, 𝑧̄)𝑤̃(𝑧, 𝑡)𝑑𝑧

)

𝑑𝑦
)

𝑑𝑥.

(62)

Define

̄ = max
(𝑥,𝑦)∈[0,𝐿]

𝑞(𝑥̄, 𝑦̄)2, (63)

𝑝̄ = max
(𝑦,𝑧)∈[0,𝐿]

𝑃 (𝑦̄, 𝑧̄). (64)

Applying Young’s Cauchy Schwarz inequalities to the second line of
(62) with the help of 𝑠̇(𝑡) > 0 and 𝑠(𝑡) ≤ 𝐿, the following inequality is
derived

̇̃𝑉1 ≤ −𝛼‖𝑤̃𝑥‖2 − 𝜆‖𝑤̃‖2 +
𝑠̇(𝑡)
2

(

1 + 2𝑞𝐿2(1 + 𝑝̄2𝐿2)
)

‖𝑤̃‖2. (65)

Consider

𝑉2 =
1
2 ∫

𝑠(𝑡)

0
𝑤̃𝑥(𝑥, 𝑡)2𝑑𝑥. (66)

he time derivative is obtained by

̇̃
2 = −𝛼‖𝑤̃𝑥𝑥‖2 − 𝜆‖𝑤̃𝑥‖2 −

𝑠̇(𝑡)
2
𝑤̃𝑥(𝑠(𝑡), 𝑡)2 + 𝑠̇(𝑡)𝐹 (𝑤, 𝑠(𝑡)), (67)

where

𝐹 (𝑤, 𝑠(𝑡)) ∶= ∫

𝑠(𝑡)

0
𝑤̃𝑥𝑥(𝑥, 𝑡)

(

∫

𝑥

0
𝑞(𝑥̄, 𝑦̄)

(

𝑤̃(𝑦, 𝑡) + ∫

𝑦

0
𝑃 (𝑦̄, 𝑧̄)𝑤̃(𝑧, 𝑡)𝑑𝑧

)

𝑑𝑦
)

𝑑𝑥.

(68)

Doing integration by parts twice leads to

𝐹 =𝑤̃𝑥(𝑠(𝑡), 𝑡)
(

∫

𝑠(𝑡)

0
𝑞(0, 𝑦̄)

(

𝑤̃(𝑦, 𝑡) + ∫

𝑦

0
𝑃 (𝑦̄, 𝑧̄)𝑤̃(𝑧, 𝑡)𝑑𝑧

)

𝑑𝑦
)

+ 𝑤̃(0, 𝑡)
(

𝑑
𝑑𝑥

(

∫

𝑥

0
𝑞(𝑥̄, 𝑦̄)

(

𝑤̃(𝑦, 𝑡) + ∫

𝑦

0
𝑃 (𝑦̄, 𝑧̄)𝑤̃(𝑧, 𝑡)𝑑𝑧

)

𝑑𝑦
))

|𝑥=0

+ ∫

𝑠(𝑡)

0
𝑤̃(𝑥, 𝑡)

(

𝑑2

𝑑𝑥2

(

∫

𝑥

0
𝑞(𝑥̄, 𝑦̄)

(

𝑤̃(𝑦, 𝑡) + ∫

𝑦

0
𝑃 (𝑦̄, 𝑧̄)𝑤̃(𝑧, 𝑡)𝑑𝑧

)

𝑑𝑦
)

𝑑𝑥
)

.

(69)

e calculate

𝑑
𝑑𝑥 ∫

𝑥

0
𝑞(𝑥̄, 𝑦̄)

(

𝑤̃(𝑦, 𝑡) + ∫

𝑦

0
𝑃 (𝑦̄, 𝑧̄)𝑤̃(𝑧, 𝑡)𝑑𝑧

)

𝑑𝑦|𝑥=0 = 𝑞(𝑠(𝑡), 𝑠(𝑡))𝑤̃(0, 𝑡)

(70)

Here, we see that 𝑞(𝑠(𝑡), 𝑠(𝑡)) = 𝑄𝑥(0, 0) + 𝑄𝑦(0, 0) =
(

𝑑
𝑑𝑥𝑄(𝑥, 𝑥)

)

|𝑥=0 =
𝜆
2𝛼 . Moreover,

𝑑2

𝑑𝑥2

(

∫

𝑥

0
𝑞(𝑥̄, 𝑦̄)

(

𝑤̃(𝑦, 𝑡) + ∫

𝑦

0
𝑃 (𝑦̄, 𝑧̄)𝑤̃(𝑧, 𝑡)𝑑𝑧

)

𝑑𝑦
)

=𝑞(𝑥̄, 𝑥̄)𝑤̃𝑥(𝑥, 𝑡) + (𝑞(𝑥̄, 𝑥̄)𝑃 (𝑥̄, 𝑥̄) − 2𝑞𝑥̄(𝑥̄, 𝑥̄) − 𝑞𝑦̄(𝑥̄, 𝑥̄))𝑤̃(𝑥, 𝑡)

− ∫

𝑥

0

(

(2𝑞𝑥̄(𝑥̄, 𝑥̄) + 𝑞𝑦̄(𝑥̄, 𝑥̄))𝑃 (𝑥̄, 𝑧̄) + 𝑞(𝑥̄, 𝑥̄)𝑃𝑥̄(𝑥̄, 𝑧̄) + 𝑞𝑥̄(𝑥̄, 𝑧̄)
)

𝑤̃(𝑧, 𝑡)𝑑𝑧

− ∫

𝑥

0
𝑞𝑥̄(𝑥̄, 𝑦̄)

(

∫

𝑦

0
𝑃 (𝑦̄, 𝑧̄)𝑤̃(𝑧, 𝑡)𝑑𝑧

)

𝑑𝑦. (71)

In addition, we have

∫

𝑠(𝑡)

0
𝑞(𝑥̄, 𝑥̄)𝑤̃(𝑥, 𝑡)𝑤̃𝑥(𝑥, 𝑡)𝑑𝑥 = − 𝜆

4𝛼
𝑤̃(0, 𝑡)2 + 1

2
(𝑞𝑥̄(𝑥̄, 𝑥̄) + 𝑞𝑦̄(𝑥̄, 𝑥̄))𝑤̃(𝑥, 𝑡)2𝑑𝑥.

(72)
204
Thus,

𝐹 =𝑤̃𝑥(𝑠(𝑡), 𝑡)
(

∫

𝑠(𝑡)

0
𝑞(0, 𝑦̄)

(

𝑤̃(𝑦, 𝑡) + ∫

𝑦

0
𝑃 (𝑦̄, 𝑧̄)𝑤̃(𝑧, 𝑡)𝑑𝑧

)

𝑑𝑦
)

+ 𝜆
4𝛼
𝑤̃(0, 𝑡)2

+ ∫

𝑠(𝑡)

0
(𝑞(𝑥̄, 𝑥̄)𝑃 (𝑥̄, 𝑥̄) − 3

2
𝑞𝑥̄(𝑥̄, 𝑥̄) −

1
2
𝑞𝑦̄(𝑥̄, 𝑥̄))𝑤̃(𝑥, 𝑡)2𝑑𝑥

+ ∫

𝑠(𝑡)

0
𝑤̃(𝑥, 𝑡)𝐼(𝑤̃(𝑥, 𝑡), 𝑥, 𝑠(𝑡))𝑑𝑥, (73)

where

𝐼(𝑤(𝑥, 𝑡), 𝑥, 𝑠(𝑡))

= − ∫

𝑥

0

(

(2𝑞𝑥̄(𝑥̄, 𝑥̄) + 𝑞𝑦̄(𝑥̄, 𝑥̄))𝑃 (𝑥̄, 𝑧̄) + 𝑞(𝑥̄, 𝑥̄)𝑃𝑥̄(𝑥̄, 𝑧̄) + 𝑞𝑥̄(𝑥̄, 𝑧̄)
)

𝑤̃(𝑧, 𝑡)𝑑𝑧

− ∫

𝑥

0
𝑞𝑥̄(𝑥̄, 𝑦̄)

(

∫

𝑦

0
𝑃 (𝑦̄, 𝑧̄)𝑤̃(𝑧, 𝑡)𝑑𝑧

)

𝑑𝑦. (74)

Applying Young’s and Cauchy–Schwarz inequality, we can show that
there exist positive constants 𝑀1, 𝑀2, 𝑀3 such that

𝑤̃𝑥(𝑠(𝑡), 𝑡)

(

∫

𝑠(𝑡)

0
𝑞(0, 𝑦̄)

(

𝑤̃(𝑦, 𝑡) + ∫

𝑦

0
𝑃 (𝑦̄, 𝑧̄)𝑤̃(𝑧, 𝑡)𝑑𝑧

)

𝑑𝑦

)

≤ 1
2
𝑤̃𝑥(𝑠(𝑡), 𝑡)2 +𝑀1‖𝑤̃‖

2, (75)

∫

𝑠(𝑡)

0
(𝑞(𝑥̄, 𝑥̄)𝑃 (𝑥̄, 𝑥̄) − 3

2
𝑞𝑥̄(𝑥̄, 𝑥̄) −

1
2
𝑞𝑦̄(𝑥̄, 𝑥̄))𝑤̃(𝑥, 𝑡)2𝑑𝑥 ≤𝑀2‖𝑤̃‖

2,

(76)

∫

𝑠(𝑡)

0
𝑤̃(𝑥, 𝑡)𝐼(𝑤̃(𝑥, 𝑡), 𝑥, 𝑠(𝑡))𝑑𝑥 ≤𝑀3‖𝑤̃‖

2

(77)

Furthermore, by Agmon’s inequality, it holds 𝑤(0, 𝑡)2 ≤ 4𝐿‖𝑤̃‖2. There-
fore, applying all these inequalities to (73) leads to

𝐹 ≤ 1
2
𝑤̃𝑥(𝑠(𝑡), 𝑡)2 +

𝜆𝐿
𝛼

‖𝑤̃𝑥‖
2 + (𝑀1 +𝑀2 +𝑀3)‖𝑤̃‖2. (78)

Applying (78) to (67), we arrive at

̇̃𝑉2 ≤ −𝛼‖𝑤̃𝑥𝑥‖2−𝜆‖𝑤̃𝑥‖2+𝑠̇(𝑡)
(𝜆𝐿
𝛼

‖𝑤̃𝑥‖
2 + (𝑀1 +𝑀2 +𝑀3)‖𝑤̃‖2

)

(79)

Thus, defining 𝑉 = 𝑉1 +𝑉2 and 𝑏 = 𝛼
4𝐿2 +𝜆, we can see that there exists

a positive constant 𝑎 > 0 such that the following inequality holds

̇̃𝑉 ≤ −𝑏𝑉 + 𝑎𝑠̇(𝑡)𝑉 . (80)

Let 𝑊 be the new Lyapunov function defined by

𝑊 = 𝑉 𝑒−𝑎𝑠(𝑡). (81)

Taking the time derivative of (81) and applying (80), one can get

𝑊̇ =
(

̇̃𝑉 − 𝑎𝑠̇(𝑡)𝑉
)

𝑒−𝑎𝑠(𝑡)

≤ −𝑏𝑉 𝑒−𝑎𝑠(𝑡) = −𝑏𝑊 . (82)

Applying the comparison principle to (82) and taking back to 𝑉 by (81),
we obtain

𝑉 (𝑡) ≤ 𝑒𝑎(𝑠(𝑡)−𝑠(0))𝑉 (0)𝑒−𝑏𝑡 ≤ 𝑒𝑎𝐿𝑉 (0)𝑒−𝑏𝑡. (83)

Owing to the norm equivalence between 𝑇̃ -system and 𝑤-system
through the invertible transformation (56) and (57), there exist positive
constants 𝑀̄ > 0 and 𝑀 > 0 such that the following relation holds

𝑀𝛷̃(𝑡) ≤ 𝑉 (𝑡) ≤𝑀𝛷̃(𝑡). (84)

sing (83) and (84) leads to

̃ (𝑡) ≤ 𝑀
𝑀
𝑒𝑎𝐿𝛷̃(0)𝑒−𝑏𝑡, (85)

from which we conclude Theorem 1.
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𝑠

Fig. 3. The estimation problem measuring only the boundary temperature at heat inlet. The problem is challenging due to the requirement to estimate the interface position.
3.2. Estimation of both temperature profile and moving interface by mea-
suring only a boundary temperature

The most challenging setup for the state estimation of 1D one-phase
Stefan problem is to estimate both temperature profile and moving
interface position given a measured value of single boundary tempera-
ture. This is not only mathematically challenging, but also practically
important in some industrial processes such as steel casting as devel-
oped in Petrus et al. (2012). We have not established a mathematically
rigorous result for this problem, however, we suggest an observer
design and investigate the performance in numerical simulation. We
consider the plant (4)–(7) with the measurement

𝑌 (𝑡) = 𝑇 (0, 𝑡), (86)

and the following PDE observer

𝑇̂𝑡(𝑥, 𝑡) =𝛼𝑇̂𝑥𝑥(𝑥, 𝑡) + 𝑝1(𝑥, 𝑠̂(𝑡))
(

𝑌 (𝑡) − 𝑇̂ (0, 𝑡)
)

, (87)

𝑇̂𝑥(0, 𝑡) = −
𝑞c(𝑡)
𝑘

+ 𝑝2(𝑠̂(𝑡))
(

𝑌 (𝑡) − 𝑇̂ (0, 𝑡)
)

, (88)

𝑇̂ (𝑠̂(𝑡), 𝑡) =𝑇m, (89)

with the ODE observer

̇̂𝑠(𝑡) = −𝛽𝑇̂𝑥(𝑠̂(𝑡), 𝑡) + 𝑙(𝑌 (𝑡) − 𝑇̂ (0, 𝑡)) (90)

where 𝑥 ∈ [0, 𝑌1(𝑡)], the observer gains 𝑝1, 𝑝2 are given in (28),
(29) with a gain parameter 𝜆 > 0, and 𝑙 > 0 is a gain parameter.
The structure of (90) is inspired by the design proposed in Eq. (17)
in Petrus et al. (2012), while the structure of (87)–(89) is developed
by PDE backstepping method. The estimator (87)–(90) enables the
estimation of enthalpy, which is an internal energy of the physical
system consisting of the sensible heat by the temperature change and
the latent heat by the phase transition (see Fig. 3).

We study the performance of the observer in numerical simulation
using parameters of zinc and tuning the gain parameters 𝜆 and 𝑙. Also,
we compare with the observer design suggested in Petrus et al. (2012),
which is given by a benchmark PDE observer in (16)–(18) and the
same structure in (90) for ODE observer. Fig. 4 depicts the simulation
results and its comparison, as stated in its caption, which illustrates the
better performance of the proposed estimation compared to the method
in Petrus et al. (2012). One potential concern of the proposed estimator
(87)–(89) is that the well-posedness of the observer is not rigorously
ensured. The well-posedness is violated when the estimated interface
̂(𝑡) reaches zero since it is given as a domain of the PDE estimator. Such
scenario might happen if the user chooses significantly large value for
the gain parameters 𝜆 > 0 and 𝑙 > 0. A sufficient condition for the gain
parameters to ensure the well-posedness of the observer is an important
task, which we leave as an open problem.

4. Sea ice

4.1. Importance of the Arctic sea ice for global climate modeling

The Arctic sea ice has been studied intensively in the field of climate
and geoscience. One of the main reasons is due to ice-albedo feedback
which influences climate dynamics through the high reflectivity of
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sea ice (Curry et al., 1995; Vihma, 2014). The other reason is the
rapid decline of the Arctic sea ice extent in the recent decade shown
in several observations (Comiso et al., 2008; Stroeve et al., 2007).
These observations motivate the investigation of future sea ice amount.
One recent study reports that the Arctic will see ice-free summer by
2050 (Notz & Community, 2020). Several studies have developed a
computational model of the Arctic sea ice and performed numerical
simulations of the model with initial sea ice temperature profile. How-
ever, the spatially distributed temperature in sea ice is difficult to
recover in realtime using a limited number of thermal sensors. Hence,
the online estimation of the sea ice temperature profile based on some
available measurements is crucial for the prediction of the sea ice
thickness.

A thermodynamic model for the Arctic sea ice was firstly developed
in Maykut and Untersteiner (1971) (hereafter MU71), in which the
authors investigated the correspondence between the annual cycle
pattern acquired from the simulation and empirical data of Untersteiner
(1961). The model involves a temperature diffusion equation evolving
on a spatial domain defined as the sea ice thickness. Due to melting
or freezing phenomena, the aforementioned spatial domain is time-
varying. Such a model is of the Stefan type (Gupta, 2017) and involves
a PDE with a state-dependent moving boundary driven by a Neumann
boundary value.

Refined models of MU71 have been suggested in literature. For
instance, Semtner (1976) proposed a numerical model to achieve faster
and accurate computation of MU71 by discretizing the temperature
profile into some layers and neglecting the salinity effect. An energy-
conserving model of MU71 was introduced in Bitz and Lipscomb (1999)
by taking into account an internal brine pocket melting on surface ab-
lation and the vertically varying salinity profile. Their thermodynamic
model was demonstrated by Bitz et al. (2001) using a global climate
model with a Lagrangian ice thickness distribution. Combining these
two models, Winton (2000) developed an energy-conserving three-layer
model of sea ice by treating the upper half of the ice as a variable heat
capacity layer.

Remote sensing techniques have been employed to obtain the Arctic
sea ice data in several studies. In Hall et al. (2004), the authors
suggested an algorithm to calculate sea ice surface temperature using
the satellite measured brightness temperatures, which provided an
excellent measurement of the actual surface temperature of the sea ice
during the Arctic cold period. The Arctic sea ice thickness data were
acquired in Kwok and Rothrock (2009) through a satellite called ‘‘ICE-
Sat’’ during 2003–2008 and compared with the data in Rothrock et al.
(2008) observed by a submarine during 1958–2000. More recent data
describing the evolution of the sea ice thickness have been collected
between 2010 and 2014 from the satellite called ‘‘CryoSat −2’’ (Kwok,
2015). The data have been utilized to estimate the volume of the sea
ice in Tilling et al. (2018).

On the other hand, state estimation has been studied as a specific
type of data assimilation which utilizes the numerical model along
with the measured value. For finite dimensional systems associated
with noisy measurements, a well-known approach is the Kalman Filter.
Another well-known method is the Luenberger type state observer,
which reconstructs the state variable from partially measured variables.

For the application to sea ice, Fenty and Heimbach (2013) developed
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Fig. 4. Dynamics of the true states (black solid), proposed estimation method (red dash), and estimation using the method in Petrus et al. (2012) (blue dash), respectively. The
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n adjoint-based method as an iterative state and parameter estimation
or the coupled sea ice-ocean in the Labrador Sea and Baffin Bay to min-
mize an uncertainty-weighted model-data misfit in a least-square sense
s suggested in Wunsch and Heimbach (2007), using Massachusetts
nstitute of Technology general circulation model (MITgcm) developed
n Marshall et al. (1997). In Fenty et al. (2017), the same methodology
as applied to reconstruct the global ocean and ice concentration. Their

ea ice model is based on the zero-layer approximation of the numerical
odel in Semtner (1976), which is a crude model lacking internal heat

torage and promoting fast melting.

.2. Thermodynamic model of Arctic sea ice

The thermodynamic model of MU71 describes the time evolution
f the sea ice temperature profile in the vertical axis along with its
hickness, which also evolves in time due to accumulation or ablation
aused by energy balance.
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Fig. 5 provides a schematic of the Arctic sea ice model. During the
easons other than summer (July and August), the sea ice is covered
y snow, and the surface position of the snow also evolves in time.
et 𝑇s(𝑥, 𝑡), 𝑇i(𝑥, 𝑡) denote the temperature profile of snow and sea ice,
nd ℎ(𝑡) and 𝐻(𝑡) denote the thickness of snow and sea ice. The total
ncoming heat flux from the atmosphere is denoted by 𝐹a, and the
eat flux from the ocean is denoted by 𝐹w. The Arctic sea ice model
uggested by MU71 gives governing equations of a Stefan-type free
oundary problem formulated as

a − 𝐼0 − 𝜎(𝑇s(−ℎ(𝑡), 𝑡) + 273)4 + 𝑘s
𝜕𝑇s
𝜕𝑥

(−ℎ(𝑡), 𝑡)

=
{

0, if 𝑇s(−ℎ(𝑡), 𝑡) < 𝑇m1,
−𝑞ℎ̇(𝑡), if 𝑇s(−ℎ(𝑡), 𝑡) = 𝑇m1,

(91)

𝜌s𝑐0
𝜕𝑇s
𝜕𝑡

(𝑥, 𝑡) =𝑘s
𝜕2𝑇s
𝜕𝑥2

(𝑥, 𝑡), ∀𝑥 ∈ (−ℎ(𝑡), 0), (92)

𝑇 (0, 𝑡) =𝑇 (0, 𝑡), (93)
s i
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Fig. 5. Schematic of the vertical one-dimensional model of the Arctic sea ice.
𝑘s
𝜕𝑇s
𝜕𝑥

(0, 𝑡) =𝑘0
𝜕𝑇i
𝜕𝑥

(0, 𝑡), (94)

𝜌𝑐i(𝑇i, 𝑆)
𝜕𝑇i
𝜕𝑡

(𝑥, 𝑡) =𝑘i(𝑇i, 𝑆)
𝜕2𝑇i
𝜕𝑥2

(𝑥, 𝑡) + 𝐼0𝜅i𝑒−𝜅i𝑥, ∀𝑥 ∈ (0,𝐻(𝑡)), (95)

𝑇i(𝐻(𝑡), 𝑡) =𝑇m2, (96)

𝑞𝐻̇(𝑡) =𝑘i
𝜕𝑇i
𝜕𝑥

(𝐻(𝑡), 𝑡) − 𝐹w, (97)

where 𝐼0, 𝜎, 𝑘s, 𝜌s, 𝑐0, 𝑘0, 𝜌, 𝑇m1, 𝑇m2, and 𝑞 are solar radiation
penetrating the ice, Stefan–Boltzmann constant, thermal conductivity of
snow, density of snow, heat capacity of pure ice, thermal conductivity
of pure ice, density of pure ice, melting point of surface snow, melting
point of bottom sea ice, and latent heat of fusion, respectively. The total
heat flux from the air is given by

𝐹a = (1 − 𝛼)𝐹r + 𝐹L + 𝐹s + 𝐹l, (98)

where 𝐹r , 𝐹L, 𝐹s, 𝐹l, and 𝛼 denote the incoming solar short-wave
radiation, the long-wave radiation from the atmosphere and clouds, the
flux of sensible heat, the latent heat in the adjacent air, and the surface
albedo, respectively. The heat capacity and thermal conductivity of the
sea ice are affected by the salinity as

𝑐i(𝑇i, 𝑆(𝑥)) = 𝑐0 +
𝛾1𝑆(𝑥)
𝑇i(𝑥, 𝑡)2

, 𝑘i(𝑇i, 𝑆(𝑥)) = 𝑘0 +
𝛾2𝑆(𝑥)
𝑇i(𝑥, 𝑡)

, (99)

where 𝑆(𝑥) denotes the salinity in the sea ice. 𝛾1 and 𝛾2 represent
the weight parameters. The thermodynamic model (91)–(97) allows us
to predict the future thickness (ℎ(𝑡),𝐻(𝑡)) and the temperature profile
(𝑇s, 𝑇i) given the accurate initial data. However, from a practical point
of view, it is not feasible to obtain a complete temperature profile due
to a limited number of thermal sensors. To deal with the problem, the
estimation algorithm is designed so that the state estimation converges
to the actual state starting from an initial estimate.

4.3. Annual cycle simulation of sea ice thickness

For the computation, we use boundary immobilization method and
finite difference semi-discretization (Kutluay et al., 1997) with 100-
point mesh in space, and the resulting approximated ODEs are calcu-
lated by using MATLAB ode15 solver.
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Table 1
Average monthly values for the energy fluxes.

Symbol 𝐹r 𝐹L 𝐹s 𝐹l 𝛼

Unit W/m2 W/m2 W/m2 W/m2

Jan. 0 168 19.0 0 ⋯
Feb. 0 166 12.3 −0.323 ⋯
Mar. 30.7 166 11.6 −0.484 0.83
Apr. 160 187 4.68 −1.45 0.81
May. 286 244 −7.26 −7.43 0.82
Jun. 310 291 −6.30 −11.3 0.78
Jul. 220 308 −4.84 −10.3 0.64
Aug. 145 302 −6.46 −10.7 0.69
Sep. 59.7 266 −2.74 −6.30 0.84
Oct. 6.46 224 1.61 −3.07 0.85
Nov. 0 181 9.04 −0.161 ⋯
Dec. 0 176 12.8 −0.161 ⋯

Input parameters
The input parameters are taken from Maykut and Untersteiner

(1971) in SI units and Table 1 shows the monthly averaged values
of heat fluxes coming from the atmosphere for each month. Table 2
shows the physical parameters of snow and sea ice. Following Bitz and
Lipscomb (1999), the salinity profile is described by

𝑆(𝑥) = 𝐴

[

1 − cos

{

𝜋
(

𝑥
𝐻(𝑡)

)
𝑛

𝑚+ 𝑥
𝐻(𝑡)

}]

, (100)

where 𝐴 = 1.6, 𝑛 = 0.407, and 𝑚 = 0.573.

Simulation test of MU71
Using the given data, firstly the simulation of (91)–(97) is performed

and showed in Fig. 6 to recover the evolution of ℎ(𝑡) and 𝐻(𝑡) in the
annual season as in Maykut and Untersteiner (1971). The dynamic
behavior of the snow surface and the bottom of sea ice are shown in
Fig. 6(a), and the time evolution of the temperature profile in sea ice
is illustrated in Fig. 6(b). We can see that both of Fig. 6(a) and (b)
have a good agreement with the simulation results shown in Maykut
and Untersteiner (1971).
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Fig. 6. Simulation tests of the plant (91)–(97) on annual cycle. Both (a) and (b) are in good agreement with the simulation results in Maykut and Untersteiner (1971).
Table 2
Physical parameters of snow and sea ice.

Symbol Meaning Unit Value

𝜌s Density (snow) kg/m3 330
𝑘𝑠 Conductivity (snow) W/m/◦C 0.31
𝜌 Density (ice) kg/m3 917
𝑐0 Heat capacity (ice) J/kg/◦C 2110
𝑘0 Conductivity (ice) W/m/◦C 2.034
𝛾1 Weight of heat capacity kJ ◦C/kg 18.0
𝛾2 Weight of conductivity W/m 0.117
𝐼0 Solar radiation W/m2 1.59
𝜅i Penetration rate /m 1.5
𝑇m1 Melting temperature of sea ice at surface ◦C −0.1
𝑇m2 Melting temperature of sea ice at bottom ◦C −1.8
208
4.4. Temperature profile estimation

In this section, we derive the estimation algorithm utilizing some
available measurements and show the exponential convergence of the
designed estimation to a simplified sea ice model. The ice thickness and
surface temperature are measured in several studies (Hall et al., 2004;
Kwok & Rothrock, 2009; Rothrock et al., 2008). It is indeed typical to
check observability before observer design, at least for systems on a
constant domain (see Moura et al., 2014 for instance). Here, we start
with the observer design that is accompanied by a proof of exponential
stability, which ensures the states’ detectability.

Simplification of the model
For the sake of the design and stability proof, we give a simplifica-

tion on the system (91)–(97). The effect of the salinity profile on the
physical parameters is assumed to be sufficiently small so that it can
be negligible, i.e. 𝑆(𝑥) = 0. Therefore, the heat equation of the sea ice
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temperature (95) is rewritten as

𝜕𝑇i
𝜕𝑡

(𝑥, 𝑡) = 𝐷i
𝜕2𝑇i
𝜕𝑥2

(𝑥, 𝑡) + 𝐼0𝜅i𝑒−𝜅i𝑥, ∀𝑥 ∈ (0,𝐻(𝑡)), (101)

here the diffusion coefficient is defined as 𝐷i = 𝑘0∕𝜌𝑐0. Next, we
mpose the following assumptions.

ssumption 2. The thickness 𝐻(𝑡) is positive and upper bounded,
.e. there exists 𝐻̄ > 0 such that 0 < 𝐻(𝑡) < 𝐻̄ , for all 𝑡 ≥ 0.

Assumption 3. 𝐻̇(𝑡) is bounded, i.e., there exists 𝑀 > 0 such that
|𝐻̇(𝑡)| < 𝑀 , for all 𝑡 ≥ 0.

According to Kwok and Rothrock (2009), the observation data of
the sea ice’s thickness from the 1950s to 2008 show that the max-
imum value including the uncertainty is less than 5[m]. Moreover,
the largest variation of the thickness in a snow-covered season of a
year essentially happens from December to March as an accumulation,
and most of the literature shows at most 20 [cm] accumulation per
month. Hence, conservatively it is plausible to set 𝐻̄ = 10 [m], and
𝑀 = 50[cm/Month] = 1.9 × 10−7[m/s].

Mathematically, the existence of the classical solution of the simple
Stefan problem given by (96) and (101)–(97) has been established in
literature. We refer the readers to follow Gupta (2017) for the detailed
explanation. The solution of the original sea ice model (91)–(97) has
not been studied due to its high complexity.

Observer structure

Suppose that the sea ice thickness and the ice surface temperature
are obtained as measurements 1(𝑡) and 2(𝑡), i.e.

1(𝑡) = 𝐻(𝑡), 2(𝑡) = 𝑇i(0, 𝑡). (102)

The state estimate 𝑇̂i of the sea ice temperature is governed by a copy of
the plant (96) and (101)–(97) plus the error injection of 𝐻(𝑡), namely,
as follows:

𝜕𝑇̂i
𝜕𝑡

(𝑥, 𝑡) =𝐷i
𝜕2𝑇̂i
𝜕𝑥2

(𝑥, 𝑡) + 𝐼0𝜅i𝑒−𝜅i𝑥 − 𝑝1(𝑥, 𝑡)
(

1(𝑡) − 𝐻̂(𝑡)
)

, ∀𝑥 ∈ (0,𝐻(𝑡))

(103)

𝑇̂i(0, 𝑡) =2(𝑡) − 𝑝2(𝑡)
(

1(𝑡) − 𝐻̂(𝑡)
)

, (104)

𝑇̂i(𝐻(𝑡), 𝑡) =𝑇m2 − 𝑝3(𝑡)
(

1(𝑡) − 𝐻̂(𝑡)
)

, (105)

̇̂𝐻(𝑡) = 𝑝4(𝑡)
(

1(𝑡) − 𝐻̂(𝑡)
)

+ 𝛽
𝜕𝑇̂i
𝜕𝑥

(1(𝑡), 𝑡) −
𝐹w

𝑞
, (106)

where 𝛽 ∶= 𝑘i
𝑞 . Next, we define the estimation error states as

𝑇̃ (𝑥, 𝑡) ∶= −(𝑇i(𝑥, 𝑡) − 𝑇̂i(𝑥, 𝑡)), 𝐻̃(𝑡) ∶= 𝐻(𝑡) − 𝐻̂(𝑡), (107)

where the negative sign is added to be consistent with the description
developed in Section 3 for the liquid phase. Subtraction of the observer
system (103)–(106) from the system (96) and (101)–(97) yields the
estimation error system as

𝜕𝑇̃
𝜕𝑡

(𝑥, 𝑡) = 𝐷i
𝜕2𝑇̃
𝜕𝑥2

(𝑥, 𝑡) − 𝑝1(𝑥, 𝑡)𝐻̃(𝑡), ∀𝑥 ∈ (0,𝐻(𝑡)) (108)

𝑇̃ (0, 𝑡) = − 𝑝2(𝑡)𝐻̃(𝑡), (109)

𝑇̃ (𝐻(𝑡), 𝑡) = − 𝑝3(𝑡)𝐻̃(𝑡), (110)

̇̃𝐻(𝑡) = − 𝑝4(𝑡)𝐻̃(𝑡) − 𝛽 𝜕𝑇̃
𝜕𝑥

(𝐻(𝑡), 𝑡). (111)

Our goal is to design the observer gains 𝑝1(𝑥, 𝑡), 𝑝2(𝑡), 𝑝3(𝑡), 𝑝4(𝑡) so that
the temperature error 𝑇̃ converges to zero. The main theorem is stated
as follows.
209
Theorem 2. Let Assumptions 2 and 3 hold. Consider the estimation error
system (108)–(111) with the design of the observer gains

𝑝1(𝑥, 𝑡) =
𝑐𝜆𝑥
𝛽

𝐼1 (𝑧)
𝑧

+
(

𝜀𝐻(𝑡)
𝐷i

− 3
𝛽

)

𝜆2𝑥
𝐼2 (𝑧)
𝑧2

+ 𝜆3𝑥3

𝐷i𝛽
𝐼3 (𝑧)
𝑧3

, (112)

𝑝2(𝑡) =0, (113)

𝑝3(𝑡) = − 𝜆
2𝛽
𝐻(𝑡) − 𝜀, (114)

𝑝4(𝑡) =𝑐 −
𝜆
2

(

1 −
𝜆𝐻(𝑡)2

8𝐷i

)

+
𝛽𝜆
2𝐷i

𝜀𝐻(𝑡), (115)

here 𝜆 > 0, 𝑐 > 0, and 𝜀 > 0 are positive free parameters, 𝑧 is defined by

∶=
√

𝜆̄(𝐻(𝑡)2 − 𝑥2), (116)

where 𝜆̄ ∶= 𝜆
𝐷i

, and 𝐼𝑗 (⋅) denotes the modified Bessel function of the 𝑗th
kind. Then, there exist positive constants 𝑐∗ > 0 and 𝑀̃ > 0 such that, for
ll 𝑐 > 𝑐∗, the norm

𝛷(𝑡) ∶= ∫

𝐻(𝑡)

0
𝑇̃ (𝑥, 𝑡)2𝑑𝑥 + 𝐻̃(𝑡)2 (117)

atisfies the following exponential decay

(𝑡) ≤ 𝑀̃𝛷(0)𝑒−min{𝜆,𝑐}𝑡, (118)

amely, the origin of the estimation error system is exponentially stable in
he spatial 𝐿2 norm.

emark 1. The observer gains (112)–(115) include the thickness
(𝑡), so the gains are not precomputed offline, but are easily calculated

nline, along with the state estimation. Owing to the slow dynamics of
he sea ice model, the computation time is much less than the time step
ize, which enables the real-time computation of the proposed observer.

emark 2. The measurements (102) are assumed to be noiseless;
owever, in practice, the measured data accompany with some noise.
referably the observer needs pre-filtering to deal with the noisy mea-
urements.

To handle the discrete-time measurements in practice as in Petrus
t al. (2017), the designed observer should be discretized in time
uch as Euler or Runge–Kutta methods so that the estimation can be
omputed at every sampling of the discrete-time measurements. The
ree parameters 𝜆, 𝑐, and 𝜀 have their physical units [1/s], [1/s],
nd [◦C/m], respectively. Hence we can see the consistency of the
hysical units in the estimation error system (108)–(111) together with
112)–(115).

ain derivation via state transformation

For the estimation error system (108)–(111), we apply the following
nvertible transformations:

𝑇̃ (𝑥, 𝑡) =𝑤(𝑥, 𝑡) − ∫

𝐻(𝑡)

𝑥
𝑞(𝑥, 𝑦)𝑤(𝑦, 𝑡)𝑑𝑦 − 𝜓(𝑥,𝐻(𝑡))𝐻̃(𝑡), (119)

(𝑥, 𝑡) =𝑇̃ (𝑥, 𝑡) − ∫

𝐻(𝑡)

𝑥
𝑟(𝑥, 𝑦)𝑇̃ (𝑦, 𝑡)𝑑𝑦 − 𝜙(𝑥,𝐻(𝑡))𝐻̃(𝑡), (120)

hich map the estimation error system (108)–(111) into the following
arget system:

𝑤𝑡(𝑥, 𝑡) =𝐷i𝑤𝑥𝑥(𝑥, 𝑡) − 𝜆𝑤(𝑥, 𝑡) − 𝐻̇(𝑡)𝑓 (𝑥,𝐻(𝑡))𝐻̃(𝑡), ∀𝑥 ∈ (0,𝐻(𝑡))
(121)

𝑤(0, 𝑡) =0, (122)

(𝐻(𝑡), 𝑡) =𝜀𝐻̃(𝑡), (123)
̇̃𝐻(𝑡) = − 𝑐𝐻̃(𝑡) − 𝛽𝑤𝑥(𝐻(𝑡), 𝑡), (124)
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where 𝑓 (𝑥,𝐻(𝑡)) is to be determined. Taking the first and second spatial
erivatives of the transformation (119), we get

𝑇̃𝑥(𝑥, 𝑡) =𝑤𝑥(𝑥, 𝑡) + 𝑞(𝑥, 𝑥)𝑤(𝑥, 𝑡)

− ∫

𝐻(𝑡)

𝑥
𝑞𝑥(𝑥, 𝑦)𝑤(𝑦, 𝑡)𝑑𝑦 − 𝜓𝑥(𝑥,𝐻(𝑡))𝐻̃(𝑡), (125)

𝑇̃𝑥𝑥(𝑥, 𝑡) =𝑤𝑥𝑥(𝑥, 𝑡) + 𝑞(𝑥, 𝑥)𝑤𝑥(𝑥, 𝑡) +
(

𝑞𝑥(𝑥, 𝑥) +
𝑑
𝑑𝑥
𝑞(𝑥, 𝑥)

)

𝑤(𝑥, 𝑡)

− ∫

𝐻(𝑡)

𝑥
𝑞𝑥𝑥(𝑥, 𝑦)𝑤(𝑦, 𝑡)𝑑𝑦 − 𝜓𝑥𝑥(𝑥,𝐻(𝑡))𝐻̃(𝑡). (126)

Next, taking the time derivative of (119) along the solution of the target
system (121)–(124), using integration by parts, and substituting the
boundary condition (123), we get

𝑇̃𝑡(𝑥, 𝑡) =𝐷i𝑤𝑥𝑥(𝑥, 𝑡) +𝐷i𝑞(𝑥, 𝑥)𝑤𝑥(𝑥, 𝑡) − (𝜆 +𝐷i𝑞𝑦(𝑥, 𝑥))𝑤(𝑥, 𝑡)

+ (𝛽𝜓(𝑥,𝐻(𝑡)) −𝐷i𝑞(𝑥,𝐻(𝑡)))𝑤𝑥(𝐻(𝑡), 𝑡)

+ (𝐷i𝜀𝑞𝑦(𝑥,𝐻(𝑡)) + 𝑐𝜓(𝑥,𝐻(𝑡)))𝐻̃(𝑡)

+ ∫

𝐻(𝑡)

𝑥
(𝜆𝑞(𝑥, 𝑦) −𝐷i𝑞𝑦𝑦(𝑥, 𝑦))𝑤(𝑦, 𝑡)𝑑𝑦

− 𝐻̇(𝑡)𝐻̃(𝑡)
(

𝜀𝑞(𝑥,𝐻(𝑡)) + 𝜓𝐻 (𝑥,𝐻(𝑡))

+𝑓 (𝑥,𝐻(𝑡)) − ∫

𝐻(𝑡)

𝑥
𝑞(𝑥, 𝑦)𝑓 (𝑦,𝐻(𝑡))𝑑𝑦

)

. (127)

Thus, by (126) and (127), we have

𝑇̃𝑡(𝑥, 𝑡) −𝐷i𝑇̃𝑥𝑥(𝑥, 𝑡) + 𝑝1(𝑥, 𝑡)𝐻̃(𝑡)

= −
(

𝜆 + 2𝐷i
𝑑
𝑑𝑥
𝑞(𝑥, 𝑥)

)

𝑤(𝑥, 𝑡)

+ (𝛽𝜓(𝑥,𝐻(𝑡)) −𝐷i𝑞(𝑥,𝐻(𝑡)))𝑤𝑥(𝐻(𝑡), 𝑡)

+
(

𝐷i𝜀𝑞𝑦(𝑥,𝐻(𝑡)) +𝐷i𝜓𝑥𝑥(𝑥,𝐻(𝑡)) + 𝑐𝜓(𝑥,𝐻(𝑡)) + 𝑝1(𝑥, 𝑡)
)

𝐻̃(𝑡)

+ ∫

𝐻(𝑡)

𝑥
(𝜆𝑞(𝑥, 𝑦) +𝐷i𝑞𝑥𝑥(𝑥, 𝑦) −𝐷i𝑞𝑦𝑦(𝑥, 𝑦))𝑤(𝑦, 𝑡)𝑑𝑦

− 𝐻̇(𝑡)𝐻̃(𝑡)
(

𝜀𝑞(𝑥,𝐻(𝑡)) + 𝜓𝐻 (𝑥,𝐻(𝑡))

+𝑓 (𝑥,𝐻(𝑡)) − ∫

𝐻(𝑡)

𝑥
𝑞(𝑥, 𝑦)𝑓 (𝑦,𝐻(𝑡))𝑑𝑦

)

. (128)

Substituting 𝑥 = 0 and 𝑥 = 𝐻(𝑡) into (119), we get

𝑇̃ (0, 𝑡) + 𝑝2(𝑡)𝐻̃(𝑡) = − ∫

𝐻(𝑡)

0
𝑞(0, 𝑦)𝑤(𝑦, 𝑡)𝑑𝑦

+ (𝑝2(𝑡) − 𝜓(0,𝐻(𝑡)))𝐻̃(𝑡), (129)

𝑇̃ (𝐻(𝑡), 𝑡) + 𝑝3(𝑡)𝐻̃(𝑡) =(𝜀 − 𝜓(𝐻,𝐻) + 𝑝3(𝑡))𝐻̃(𝑡). (130)

Moreover, substituting 𝑥 = 𝐻(𝑡) into (125) yields
̇̃𝐻(𝑡) + 𝑝4(𝑡)𝐻̃(𝑡) + 𝛽𝑇̃𝑥(𝐻(𝑡), 𝑡)

=(𝑝4(𝑡) − 𝑐 + 𝛽(𝜀𝑞(𝐻(𝑡),𝐻(𝑡)) − 𝜓𝑥(𝐻(𝑡),𝐻(𝑡))))𝐻̃(𝑡). (131)

Therefore, for the Eqs. (108)–(111) to hold, the gain kernel functions
must satisfy the following conditions:

𝑞𝑥𝑥(𝑥, 𝑦) − 𝑞𝑦𝑦(𝑥, 𝑦) = − 𝜆̄𝑞(𝑥, 𝑦), (132)
𝑑
𝑑𝑥
𝑞(𝑥, 𝑥) = − 𝜆̄

2
, 𝑞(0, 𝑦) = 0, (133)

𝛽𝜓(𝑥,𝐻(𝑡)) =𝐷i𝑞(𝑥,𝐻(𝑡)), (134)

and the observer gains must satisfy

𝑝1(𝑥, 𝑡) = −𝐷i(𝜀𝑞𝑦(𝑥,𝐻(𝑡)) + 𝜓𝑥𝑥(𝑥,𝐻)) − 𝑐𝜓(𝑥,𝐻), (135)

𝑝2(𝑡) =𝜓(0,𝐻(𝑡)), (136)

𝑝3(𝑡) =𝜓(𝐻(𝑡),𝐻(𝑡)) − 𝜀, (137)

𝑝4(𝑡) =𝑐 − 𝛽(𝜀𝑞(𝐻(𝑡),𝐻(𝑡)) − 𝜓𝑥(𝐻(𝑡),𝐻(𝑡))), (138)

and the function 𝑓 (𝑥,𝐻(𝑡)) must satisfy

𝑓 (𝑥,𝐻) + 𝜀𝑞(𝑥,𝐻) + 𝜓𝐻 (𝑥,𝐻) =
𝐻
𝑞(𝑥, 𝑦)𝑓 (𝑦,𝐻)𝑑𝑦. (139)
210

∫𝑥
The solutions to (132)–(134) are uniquely given by

𝑞(𝑥, 𝑦) = − 𝜆̄𝑥
𝐼1

(
√

𝜆̄(𝑦2 − 𝑥2)
)

√

𝜆̄(𝑦2 − 𝑥2)
, (140)

𝜓(𝑥,𝐻(𝑡)) = − 𝜆
𝛽
𝑥
𝐼1 (𝑧)
𝑧

, (141)

where 𝑧 is defined by (116). Then, using (140)–(141), the condi-
tions (135)–(138) are led to the explicit formulations of the observer
gains given as (112)–(115). In the similar manner, the conditions for
the gain kernel functions of the inverse transformation (120) are given
by

𝑟𝑥𝑥(𝑥, 𝑦) − 𝑟𝑦𝑦(𝑥, 𝑦) =𝜆̄𝑟(𝑥, 𝑦), (142)
𝑑
𝑑𝑥
𝑟(𝑥, 𝑥) = 𝜆̄

2
, 𝑟(0, 𝑦) = 0, (143)

𝛽𝜙(𝑥,𝐻(𝑡)) =𝐷i𝑟(𝑥,𝐻(𝑡)), (144)

nd, the function 𝑓 (𝑥,𝐻(𝑡)) is obtained by

(𝑥,𝐻(𝑡)) = 𝑟(𝑥,𝐻(𝑡))𝑝3(𝐻(𝑡)) + 𝜙𝐻 (𝑥,𝐻(𝑡)). (145)

he solutions to (142)–(144) are given by

(𝑥, 𝑦) = 𝜆̄𝑥
𝐽1

(
√

𝜆̄(𝑦2 − 𝑥2)
)

√

𝜆̄(𝑦2 − 𝑥2)
, 𝜙(𝑥,𝐻) = 𝜆

𝛽
𝑥
𝐽1 (𝑧)
𝑧

, (146)

where 𝐽1 is Bessel function of the first kind. Using the solutions (146),
he function 𝑓 (𝑥,𝐻(𝑡)) is obtained explicitly by (145), which also
atisfies the condition (139). Hence, the transformation from (𝑇̃ , 𝐻̃) to
𝑤, 𝐻̃) is invertible.

tability analysis

We prove the exponential stability of the origin of the estimation
rror system (108)–(111) in the spatial 𝐿2 norm. First, we show the
xponential stability of the origin of the target system (121)–(124). We
onsider the following Lyapunov functional

= 1
2
‖𝑤‖2 + 𝜀

2𝛽
𝐻̃(𝑡)2. (147)

aking the time derivative of (147) together with the solution of
121)–(124) yields

̇ = −𝐷i‖𝑤𝑥‖
2 − 𝜆‖𝑤‖2 − 𝜀𝑐

𝛽
𝐻̃(𝑡)2 +

𝐻̇(𝑡)
2

𝜀2𝐻̃(𝑡)2

− 𝐻̇(𝑡)𝐻̃(𝑡)∫

𝐻(𝑡)

0
𝑤(𝑥, 𝑡)𝑓 (𝑥,𝐻(𝑡))𝑑𝑥. (148)

pplying Young’s and Cauchy–Schwarz inequalities to the last term in
148) with the help of Assumption 3, and choosing the gain parameter
to satisfy

>
𝛽𝑀2𝑓
𝜀𝜆

+ 𝛽𝑀𝜀, (149)

one can obtain the following inequality:

𝑉̇ ≤ −min{𝜆, 𝑐}𝑉 . (150)

Applying comparison principle to the differential inequality (150), we
get

𝑉 (𝑡) ≤ 𝑉 (0)𝑒−min{𝜆,𝑐}𝑡. (151)

Hence, the target system (121)–(124) is exponentially stable at the
origin. Due to the invertibility of the transformations (119) and (120),
there exist positive constants 𝑀 > 0 and 𝑀̄ > 0 such that for the norm
𝛷(𝑡) defined in (117) the inequalities hold 𝑀𝛷(𝑡) ≤ 𝑉 (𝑡) ≤ 𝑀̄𝛷(𝑡).
Hence, we obtain (118) by defining 𝑀̃ = 𝑀̄∕𝑀 , which completes
the proof of Theorem 2. Note that the designed backstepping observer
achieves faster convergence with a possibility of causing overshoot
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Fig. 7. Simulation results of the plant (91)–(97) and the estimator (103)–(106) using parameters in Table 1. The designed backstepping observer achieves faster convergence to
the actual state than the straightforward open-loop estimation.
w
t

since the overshoot coefficient 𝑀̄∕𝑀 is a monotonically increasing
unction in the observer gains’ parameters (𝜆, 𝑐).

While we have focused on the simplified PDE (101) to derive a
igorous proof of the proposed state estimation design (103)–(106) with
bserver gains given by (112)–(115), simulation studies are performed
y applying the estimation design to the original thermodynamic model
91)–(97) including salinity.

.5. Numerical tests of the sea ice estimation

nitial conditions
The simulation results of temperature estimation 𝑇̂i computed by

(103)–(106) along with the available measurements obtained by the
online calculation of (91)–(97) are shown in Fig. 7. Here the initial
211

a

temperature profiles are formulated as

𝑇s(𝑥, 0) =
𝑘0(𝑇m1 − 𝑇0)

𝑘𝑠𝐻0
𝑥 + 𝑇0, (152)

𝑇i(𝑥, 0) =
𝑇m1 − 𝑇0
𝐻0

𝑥 + 𝑇0 + 𝑎 sin
(

4𝜋𝑥
𝐻0

)

, (153)

where 𝑇0 = 𝑇i(0, 0) which is obtained by solving fourth order algebraic
equation from (91) and the input data, and 𝑎 is set as 𝑎 = 1 [C◦]. The
estimated initial temperature is chosen as

𝑇̂i(𝑥, 0) =
𝑇m1 − 𝑇0
𝐻2

0 (1 − 2𝑑)
(𝑥2 − 2𝑑𝐻0𝑥) + 𝑇0 (154)

ith setting 𝑑 = 1∕4. Hence, the initial temperature estimate is lower
han the actual temperature. This initial condition satisfies the bound-
ry conditions (104) and (105). The initial state of the estimated ice
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Fig. 8. Simulation results of the plant (91)–(97) and the backstepping estimator (103)–(106) with some chosen free parameters.
hickness 𝐻̂(0) is set as that of the true thickness, i.e., 𝐻̂(0) = 𝐻(0),
hich is feasible because the thickness is actually measured.

uning method for gain parameters
The design parameters (𝜆, 𝑐, 𝜀) are selected as follows:

i) Choose 𝜀 ≈ 𝛽 for the norm (147) to be similarly weighted.
ii) Select 𝜆 to be the inverse of a desired time constant (i.e., the time
t 63% decay of the estimation error is achieved): here we set as one
ay, leading to 𝜆 ≈ 1

24×3600 = 1.2 ⋅ 10−5.
iii) Select 𝑐 sufficiently larger than 𝜆 so that the decay rate min{𝜆, 𝑐}
s not reduced and (149) is satisfied.

Finally, these parameters are varied around these reference values
ntil we observe a smooth and sufficiently fast convergence. Through-
ut the simulation, we see that the minimum value of the time step
ize in ode solver is more than 1 min, while the computation time
f each time update is less than 0.1 s, which shows its real-time
mplementability as addressed in Remark 1.

umerical simulation of state estimation
The contour plot of the simulation results of 𝑇i(𝑥, 𝑡) and 𝑇̂i(𝑥, 𝑡) for

pen-loop estimation by setting all the observer gain to be zero is
212
depicted in Fig. 7(a), and those for the proposed estimation are depicted
in Fig. 7(b) and Fig. 8(a)–(b) with observer gains (112)–(115), respec-
tively, by using input data on January. For the proposed estimation,
we fix the parameters of 𝑐 = 3.0× 10−5 and 𝜀 = 1.0× 10−8, and use the
parameter of 𝜆 = 5.0× 10−6 in Fig. 7(b), 𝜆 = 1.0× 10−5 in Fig. 8(a),
and 𝜆 = 5.0× 10−7 in Fig. 8(b). The figures show that the backstepping
observer gain makes the convergence speed of the estimation to the
actual value approximately 5 to 10 times faster at every point in sea
ice. As seen in Fig. 8, while the larger value of 𝜆 makes the convergence
speed faster, it causes more overshoot beyond the actual temperature.
Hence, the tradeoff between the convergence speed and overshoot can
be handled by tuning the gain parameter 𝜆 appropriately, thereby the
parameters used in (b) achieve the desired performance. The overshoot
behavior is noted at the end of Remark 2 from a theoretical perspective.
Consequently, the stability properties stated in Theorem 2 for the
simplified model can be observed in numerical results of the proposed
estimation applied to the original model (91)–(97). To visualize the
convergence of the estimated temperature profile used in 7(b) more
clearly, Fig. 9 illustrates the profiles of both true temperature (black
solid) and estimated temperature (red dash) on January 1st to 3rd in
(a)–(c), respectively. We observe that the estimated temperature profile
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Fig. 9. Simulation result of the plant (91)–(97) and the estimator (103)–(106) with parameters used in Fig. 7(b). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)
becomes almost the same as the true temperature profile on January
3rd, which is two days after the estimation algorithm runs. Moreover,
Fig. 9(d) depicts the time evolution of 𝐻̃(𝑡), which is an estimation
error of the ice’s thickness. We observe that the error is ‘‘enlarged’’
from 𝐻̃(0) = 0 due to the error of temperature profile, and returns
to zero after the temperature profiles become almost indistinguishable
on January 3rd, from which the necessity of the estimator of the ice’s
thickness is ensured while the thickness is actually measured.

Finally, we have studied the robustness of the proposed observer
by varying the parameters 𝐷i, 𝛽, and 𝐹w in the observer (103)–(106)
and the gains (112)–(115) to 𝐷i(1 + 𝛿1), 𝛽(1 + 𝛿2), and 𝐹w(1 + 𝛿3) with
setting 𝛿1 = 0.3, 𝛿2 = −0.3, and 𝛿3 = 0.4. Fig. 10(a) shows the contour
plots of estimated and true temperature profiles and Fig. 10(b) shows
the evolution of 𝐻̃(𝑡). From both figures, we can see that the observer
states converge and stay around the true states with a modest error after
5 days, which illustrates robust performance of the proposed observer
under the parameters’ uncertainties.

5. Lithium-Ion batteries

5.1. Battery management systems

Battery management is crucial for safe and efficient use of nu-
merous kinds of electronics such as smartphones and laptops, and
electric vehicles. Among several chemical materials used for electrodes
of lithium-ion batteries, Lithium Iron Phosphate (LFP) has several
attractive features as an active material in lithium-ion batteries such
as thermal safety, high energy, and power density (Padhi et al., 1997).
LFP and other common active materials show unique charge–discharge
characteristics due to an underlying crystallographic solid–solid phase
transition. Electrochemical models for lithium-ion batteries with single
phase materials do not allow to capture these unique characteristics and
thus a mathematical description of phase transitions needs to be added
to these models. Electrochemical models are of interest for several tasks
in battery management systems, such as optimal charging (Couto et al.,
2021; Park et al., 2020, 2022; Perez et al., 2017a, 2017b), parameter
213
Fig. 10. Robustness of the proposed estimation with significant parametric errors:
30[%] in diffusion coefficient 𝐷i, 30[%] in latent heat parameter 𝛽, and 30[%] in
heat flux 𝐹w from the ocean.
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identification (Park et al., 2018), and the design of estimation algo-
rithms (Bizeray et al., 2015; Corno et al., 2014). Estimation algorithms
based on these models provide visibility into operating regimes that
induce degradation enabling a larger domain of operation, therefore,
increasing the performance of the battery in terms of energy capacity,
power capacity, and fast charge rates (Bartlett et al., 2015; Chaturvedi
et al., 2010; Perez et al., 2015). Electrochemical model-based estima-
tion is challenging for several reasons. First, measurements of lithium
concentrations outside specialized laboratory environments is imprac-
tical. Second, the concentration dynamics are governed by coupled
and nonlinear partial differential algebraic equations (PDAE) (Thomas
et al., 2002). Finally, the only measurable quantities (voltage and
current) are related to dynamic states through a nonlinear function.

Electrochemical models describe the relevant dynamic phenomena
in lithium-ion cells: diffusion, intercalation and electrochemical kine-
matics (see Fig. 11). These models predict accurately the internal states
of the battery, however, their complexity renders a challenging problem
for estimation algorithms. For this reason, most approaches develop
estimation algorithms based on simplified models. Among the various
simplified models, the single particle model (SPM) has been broadly
used in the observer design problem, see Dey et al. (2015), Di Domenico
et al. (2010), Li et al. (2020), Moura et al. (2016, 2014), Perez et al.
(2017a), Perez and Moura (2015), Tang et al. (2017), Wang et al.
(2014), Zhang et al. (2019). The main characteristic of the SPM is the
use of a single spherical particle to represent diffusion of lithium ions in
the intercalation sites of the porous active materials in the electrodes.

LFP has been extensibility used in lithium ion cells due to its
thermal stability, cost effectiveness, non-toxic nature, and long cycle
life (Padhi et al., 1997). An electrochemical model for LFP batteries
was proposed in Srinivasan and Newman (2004b) based on a core–shell
model, where the concentration at the core is assumed constant and
diffusion is allowed for the phase in the shell. The LFP model with
phase transition electrode was revisited in Zhang and White (2007)
with a more complete core–shell model, allowing diffusion in both
phases of an LiCoO2 cathode.

The estimation problem for batteries with LFP electrodes has been
relatively less studied; a particle filter was derived in Schwunk et al.
(2013) and a Sequential Monte Carlo filter was derived in Li et al.
(2014). The core–shell model proposed for phase transition electrodes is
described by a parabolic PDE with a state-dependent moving boundary.

5.2. Electrochemical model with phase change electrode

The electrochemical model for lithium-ion cells with a phase transi-
tion material in the positive electrode follows (Srinivasan & Newman,
2004b). We restrict the problem to particular initial conditions of the
concentration of lithium ions in the particles (i.e. intercalation sites)
of the positive electrode and consider only discharge processes. The
initial concentration of lithium ions in the particles of the positive
electrode follows a core–shell configuration where the core has a
constant distribution of lithium ions in a low concentration phase (the
𝛼 phase), and the shell has a constant distribution of lithium ions in a
high concentration phase (the 𝛽 phase). During discharge, the fluxes of
lithium ions at the surface of the particles in the positive electrode are
positive, thus, increasing the concentration of lithium ions in the shell
and the phase boundary is moving to the center, i.e., a shrinking core
process, as depicted in Fig. 12.

Single particle model
The single particle model is a simple electrochemical model that

accounts for some phenomena in lithium-ion cells. The main simplifi-
cation in this model comes from the assumption that a single diffusion
equation in an spherical particle can be used to model the diffusion of
lithium ions in all the intercalation sites of the active material of each
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electrode. In the SPM, the ionic molar fluxes 𝑗n,±(𝑡) on both electrodes
are proportional the current density 𝐼(𝑡) applied to the cell

𝑗n,±(𝑡) = ∓
𝐼(𝑡)

𝑎s,±𝐹𝐿±
, (155)

where 𝑎s,± = 3𝜖s,±∕𝑅p,± is the interfacial area (per unit volume), 𝜖s,±
is the volume fraction of active material in each electrode, 𝑅p,± is the
averaged radius of the intercalation sites (particles) in the electrodes,
𝐹 is the Faraday constant, and 𝐿± is the thickness of each electrode.
Throughout this section, the subscripts + and − indicate that the vari-
able corresponds to the positive or negative particle. The concentration
dynamics of lithium ions in the negative electrode (single phase) follow
the Fick’s law for diffusion
𝜕𝑐s,−
𝜕𝑡

(𝑟, 𝑡) =
𝐷s,−

𝑟2
𝜕
𝜕𝑟

[

𝑟2
𝜕𝑐s,−
𝜕𝑟

(𝑟, 𝑡)
]

, (156)

or 𝑟 ∈ (0, 𝑅p,−), 𝑡 > 0 with boundary conditions

𝜕𝑐s,−
𝜕𝑟

(0, 𝑡) = 0, (157)

𝐷s,−
𝜕𝑐s,−
𝜕𝑟

(𝑅p,−, 𝑡) = −𝑗n,−(𝑡), (158)

and initial condition 𝑐0,− ∈ (0, 𝑅p,−). Diffusion in the positive particle
ollows a core–shell model. In the core of the particle, i.e., for 𝑟 ∈
0, 𝑟p(𝑡)), lithium ions are in the 𝛼-phase. The concentration in the core
s assumed to be constant and equal to the equilibrium value of the 𝛼-
hase, i.e., 𝑐𝑠,+(𝑟) = 𝑐s,𝛼 for all 𝑟 ∈ (0, 𝑟p(𝑡)). In the shell of the spherical
article, i.e. for 𝑟 ∈ (𝑟p(𝑡), 𝑅𝑝,+), the concentration of lithium ions is in
-phase. The concentration dynamics of lithium-ions in the shell of the
ositive particle follows the Fick’s law for diffusion
𝜕𝑐s,+
𝜕𝑡

(𝑟, 𝑡) =
𝐷s,+

𝑟2
𝜕
𝜕𝑟

[

𝑟2
𝜕𝑐s,+
𝜕𝑟

(𝑟, 𝑡)
]

, (159)

or 𝑟 ∈ (𝑟p(𝑡), 𝑅p,+) with boundary conditions

𝑐s,+(𝑟p(𝑡), 𝑡) = 𝑐s,𝛽 , (160)

s,+
𝜕𝑐s,+
𝜕𝑟

(𝑅p,+, 𝑡) = −𝑗n,+(𝑡), (161)

and initial conditions 𝑐0,+ ∈ (𝑟p(0), 𝑅p,+). The time-evolution of the
oving interface 𝑟𝑝(𝑡) is not given explicitly. Instead, mass balance at

he moving interface yields the following state-dependent dynamics:

𝑐s,𝛽 − 𝑐s,𝛼)
𝑑𝑟p(𝑡)
𝑑𝑡

= −𝐷s,+
𝜕𝑐s,+
𝜕𝑟

(𝑟p(𝑡), 𝑡). (162)

verpotentials 𝜂±(𝑡) are found by solving the nonlinear algebraic equa-
ion

n,±(𝑡) =
𝑖0,±(𝑡)
𝐹

[

𝑒
𝛼a𝐹
𝑅𝑇 𝜂±(𝑡) − 𝑒−

𝛼c𝐹
𝑅𝑇 𝜂±(𝑡)

]

, (163)

𝑖0,±(𝑡) = 𝐹𝑘±
[

𝑐ss,±(𝑡)
]𝛼c [𝑐e,0

(

𝑐s,max,± − 𝑐ss,±(𝑡)
)]𝛼a , (164)

here 𝑐ss,±(𝑡) ∶= 𝑐s,±(𝑅p,±, 𝑡). The electric potential in each electrode is
iven by

s,±(𝑡) = 𝜂±(𝑡) + 𝑈±(𝑐ss,±(𝑡)) + 𝑅f ,±𝐹𝑗n,±(𝑡). (165)

inally, output voltage is computed as the difference between the
lectric potential in each electrode

(𝑡) = 𝜙s,+(𝑡) − 𝜙s,−(𝑡). (166)

qs. (159)–(166) form a complete description of the single particle
odel with a phase transition electrode, and it provides the following
roperty on the moving interface during the discharge process.

emark 3. During the single discharge process, the current density
(𝑡) maintains positive, i.e. 𝐼(𝑡) > 0 for ∀𝑡 > 0. This current positivity
nsures the moving interface being shrinking. Furthermore, the initial
nterface position is less than the cell radius. Hence,
𝑑𝑟p(𝑡) < 0, (167)

𝑑𝑡
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Fig. 11. Schematic of lithium-ion battery and the description of particles in electrochemical models. The concentration dynamics of lithium-ion is governed on the geometry of
each particle.
Fig. 12. Phase transition in the positive particle during discharge. The particle starts with a large core of low concentration phase 𝛼 and a small shell of high concentration phase
𝛽. During discharge there is a positive flux of lithium ion in the surface of the positive particle, increasing the concentration and increasing the size of the 𝛽-phase shell.
0 ≤ 𝑟p(𝑡) < 𝑅p,+. (168)

Mass conservation
In this model, the total amount of lithium ions is conserved. The

mathematical description of this property is given in the following
lemma.

Lemma 3. The total amount of lithium 𝑛Li in solid phase (moles per unit
area) defined as

𝑛Li(𝑡) = 𝜖s,−𝐿−𝑐s,−(𝑡) + 𝜖s,+𝐿+𝑐s,+(𝑡), (169)

where 𝑐s,−(𝑡) and 𝑐s,+(𝑡) are the volumetric averages of the concentrations

𝑐s,−(𝑡) =
3
3 ∫

𝑅p,−
𝑐s,−(𝑟, 𝑡)𝑟2d𝑟, (170)
215

𝑅p,− 0
𝑐s,+(𝑡) =
3

𝑅3
p,+

∫

𝑅p,+

0
𝑐s,+(𝑟, 𝑡)𝑟2d𝑟, (171)

is conserved, namely 𝑑𝑛Li(𝑡)∕𝑑𝑡 = 0.

Lemma 3 was derived in Klein et al. (2012) for electrodes with a
single phase, and we can show that this result extends to electrodes
with phase transition materials.

Proof. In our problem formulation there is a single phase in the
negative particle and there are two phases in the positive particle,
i.e., 𝛼-phase in the core and 𝛽-phase in the shell. The concentration in
𝛼-phase at the core is assumed to be constant (at its equilibrium value
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𝑐s,𝛼). Under these assumptions, the time derivative of (169) is given by

𝑑𝑛Li
𝑑𝑡

(𝑡) = − 𝑎s,−𝐿−𝑗n,−(𝑡) − 𝑎s,+𝐿+𝑗n,+(𝑡) −
3𝜖s,+𝐿+

𝑅3
p,+

𝑟2p(𝑡)

×
[𝑑𝑟p
𝑑𝑡

(𝑡)
[

𝑐s,𝛽 − 𝑐s,𝛼
]

+𝐷s,+
𝜕𝑐s,+
𝜕𝑟

(𝑟p(𝑡), 𝑡)
]

. (172)

Hence, the molar flux equations in (155) and the dynamics of the
moving interface in (162) lead to 𝑑𝑛Li(𝑡)∕𝑑𝑡 = 0. In a more general
formulation introduced in Khandelwal et al. (2015, 2014), i.e. when
both electrodes have multiple phase transitions not necessarily at the
equilibrium, mass conservation of lithium ions is guaranteed with the
following interface dynamics

𝑑𝑟[a,b]𝑖
𝑑𝑡

(𝑡) = 1
𝑐b − 𝑐a

[

𝐷a
𝜕𝑐
𝜕𝑟

(𝑟[a,b]𝑖 (𝑡)−, 𝑡) −𝐷b
𝜕𝑐
𝜕𝑟

(𝑟[a,b]𝑖 (𝑡)+, 𝑡)
]

, (173)

where 𝑟[a,b]𝑖 is the interface radius between any two phases (phase a and
phase b) in any electrode. Each phase has a distinct equilibrium 𝑐a, 𝑐b
and diffusion coefficient 𝐷𝑎, 𝐷𝑏.

5.3. State-of-charge estimation

Now, a state estimation algorithm for concentration of lithium ions,
in both negative and positive electrodes, is provided in this section from
the single particle model. The state observer for the positive electrode
is derived via the backstepping method for moving boundary PDEs,
and the observer for the negative electrode is derived from the mass
conservation property.

Observer for phase transition positive electrode
The state observer is a copy of the diffusion system (159)–(161) in

the positive electrode together with output error injection
𝜕𝑐s,+
𝜕𝑡

(𝑟, 𝑡) =
𝐷s,+

𝑟2
𝜕
𝜕𝑟

[

𝑟2
𝜕𝑐s,+
𝜕𝑟

(𝑟, 𝑡)
]

+ 𝑃 (𝑟̂p(𝑡), 𝑟)
[

𝑐ss,+(𝑡) − 𝑐s,+(𝑅p,+, 𝑡)
]

, (174)

for 𝑟 ∈ (𝑟̂p(𝑡), 𝑅p,+) with boundary conditions

𝑐s,+(𝑟p(𝑡), 𝑡) =𝑐𝛽 , (175)

𝐷s,+
𝜕𝑐s,+
𝜕𝑟

(𝑅p,+, 𝑡) = − 𝑗n,+(𝑡)

+ 𝑄(𝑟p(𝑡))
[

𝑐ss,+(𝑡) − 𝑐s,+(𝑅p,+, 𝑡)
]

, (176)

and initial conditions 𝑐0,+ ∈ 2(𝑟p(0), 𝑅p,+) and 𝑟p(0) ∈ (0, 𝑅p,+).
Observer gains are given by

𝑃 (𝑟p(𝑡), 𝑟) = 𝐷𝑠,+𝜆
2𝑅p,+

𝑟
𝑙(𝑡)𝑠(𝑡)

𝐼2 (𝑧(𝑡))
𝑧(𝑡)

, (177)

𝑄(𝑟p(𝑡)) =
𝐷𝑠,+

𝑅p,+

(

𝜆
2
𝑠(𝑡) + 1

)

, (178)

where 𝐼2(⋅) is a modified Bessel function of the second kind and

𝜆 = 𝜆
𝐷𝑠,+

, (179)

𝑠(𝑡) = 𝑅p,+ − 𝑟p(𝑡), 𝑙(𝑡) = 𝑟 − 𝑟p(𝑡), (180)

𝑧(𝑡) =
√

𝜆
[

𝑠(𝑡)2 − 𝑙(𝑡)2
]

. (181)

The parameter 𝜆 > 0 is designed to achieve faster convergence of the
estimated concentration to true concentration. Moreover, the estimator
for the moving interface position is given by the following dynamics:

(𝑐s,𝛽 − 𝑐s,𝛼)
𝑑𝑟p(𝑡)
𝑑𝑡

= − 𝜅
[

𝑐ss,+(𝑡) − 𝑐s,+(𝑅p,+, 𝑡)
]

−𝐷s,+
𝜕𝑐s,+
𝜕𝑟

(𝑟̂p(𝑡), 𝑡), (182)

where the parameter 𝜅 > 0 is designed to achieve fast convergence of
he estimated interface position to the true value.
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The stability of the estimation error system is theoretically proven
for the PDE observer (174)–(176) with gains (177), (178) under the
assumption 𝑟p(𝑡) ≡ 𝑟p(𝑡) for all 𝑡 ≥ 0 in the next section. As the
moving interface position 𝑟p(𝑡) is unknown in practice, we construct
the estimator (182), and use the estimated interface position 𝑟p(𝑡) in
the gains (177), (178) of PDE observer.

The sign of the observer gain in (182) (first term in the right hand
side) is determined based on the monotonic relation, namely, as the
surface concentration 𝑐ss,+(𝑡) is increased the moving interface position
𝑟p(𝑡) is decreased. Physically, as the battery is discharged, the domain
of the lithium rich 𝛽-phase in the positive electrode is expanded from
the outer region. Hence, the observer (182) is designed so that if the
measured surface concentration is larger than the estimated surface
concentration, the battery is discharged more than estimated, and the
domain of 𝛽-phase for the estimator is driven to be expanded.

Stability analysis of the estimation error system with known interface posi-
tion

Let 𝑐s,+(𝑟, 𝑡) be an estimation error defined by 𝑐s,+(𝑟, 𝑡) ∶= 𝑐s,+(𝑟, 𝑡) −
ŝ,+(𝑟, 𝑡). The stability analysis of the estimation error system is pre-
ented in the following theorem.

heorem 3. Consider the plant PDE (159)–(161) and the PDE observer
174)–(176) with observer gains (177) and (178) under the properties of
167), (168), and the assumption 𝑟p(𝑡) ≡ 𝑟p(𝑡) for all 𝑡 ≥ 0. Then, for any
nitial estimation error 𝑐s,+(𝑟, 0), the estimation error is exponentially stable
t the origin in the sense of the norm
𝑅p,+

𝑟p(𝑡)
𝑟2𝑐s,+(𝑟, 𝑡)2d𝑟. (183)

Note that subtracting (174)–(176) from (159)–(161) under 𝑟p(𝑡) ≡
p(𝑡) yields the estimation error dynamics

𝜕𝑐s,+
𝜕𝑡

(𝑟, 𝑡) =
𝐷s,+

𝑟2
𝜕
𝜕𝑟

[

𝑟2
𝜕𝑐s,+
𝜕𝑟

(𝑟, 𝑡)
]

− 𝑃 (𝑟p(𝑡), 𝑟)𝑐s,+(𝑅p,+, 𝑡), (184)

𝑐s,+(𝑟p(𝑡), 𝑡) =0, (185)

s,+
𝜕𝑐s,+
𝜕𝑟

(𝑅p,+, 𝑡) = −𝑄
(

𝑟p(𝑡)
)

𝑐s,+(𝑅p,+, 𝑡). (186)

Change of coordinate: First, we introduce the following change of
coordinate and state variable to simplify the structure of the estimation
error dynamics in a cartesian coordinate:

𝑥 = 𝑅p,+ − 𝑟, (187)

𝑢(𝑥, 𝑡) = 𝑟𝑐s,+(𝑟, 𝑡), (188)

𝑠(𝑡) = 𝑅p,+ − 𝑟p(𝑡). (189)

The estimation error dynamics (184)–(186) is rewritten by the new
coordinate and state as
𝜕𝑢̃
𝜕𝑡

(𝑥, 𝑡) = 𝐷s,+
𝜕2𝑢̃
𝜕𝑥2

(𝑥, 𝑡) − 𝑃 (𝑠(𝑡), 𝑥)𝑢̃(0, 𝑡), (190)

(𝑠(𝑡), 𝑡) = 0, (191)
𝜕𝑢̃
𝜕𝑥

(0, 𝑡) = −𝑄(𝑠(𝑡))𝑢̃(0, 𝑡), (192)

here

𝑃 (𝑠(𝑡), 𝑥) = 𝑟
𝑅p,+

𝑃 (𝑟p(𝑡), 𝑟), (193)

𝑄(𝑠(𝑡)) = 1
𝑅p,+

− 1
𝐷s,+

𝑄(𝑟p(𝑡)). (194)

With respect to the variable (189), the properties (167) and (168)
presented in Remark 3 are equivalent to

𝑠̇(𝑡) > 0, (195)

0 < 𝑠(𝑡) ≤ 𝑅p,+. (196)
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Derivation of observer gains: Consider the following invertible
transformation from the estimation error 𝑢̃(𝑥, 𝑡) to the transformed state
𝑤̃(𝑥, 𝑡):

𝑤̃(𝑥, 𝑡) = 𝑢̃(𝑥, 𝑡) + ∫

𝑥

0
𝑞(𝑥, 𝑦)𝑢̃(𝑦, 𝑡)d𝑦, (197)

𝑢̃(𝑥, 𝑡) = 𝑤̃(𝑥, 𝑡) + ∫

𝑥

0
𝑝(𝑥, 𝑦)𝑤̃(𝑦, 𝑡)d𝑦, (198)

where 𝑥 = 𝑠(𝑡) − 𝑥, 𝑦 = 𝑠(𝑡) − 𝑦. We can show that if the gain kernel
functions and the observer gains satisfy the following conditions:

𝜕2𝑝
𝜕𝑥̄2

(𝑥̄, 𝑦̄) −
𝜕2𝑝
𝜕𝑦̄2

(𝑥̄, 𝑦̄) = − 𝜆̄𝑝(𝑥̄, 𝑦̄), (199)

𝑝(𝑥̄, 𝑥̄) = 𝜆̄
2
𝑥̄, (200)

𝑝(0, 𝑦̄) =0, (201)
𝜕2𝑞
𝜕𝑥̄2

(𝑥̄, 𝑦̄) −
𝜕2𝑞
𝜕𝑦̄2

(𝑥̄, 𝑦̄) =𝜆̄𝑞(𝑥̄, 𝑦̄), (202)

𝑞(𝑥̄, 𝑥̄) = − 𝜆̄
2
𝑥̄, (203)

𝑞(0, 𝑦̄) =0, (204)

𝑃 (𝑠(𝑡), 𝑥) =𝐷s,+𝑝𝑦̄(𝑥̄, 𝑠(𝑡)), (205)

𝑄(𝑠(𝑡)) = − 𝑝(𝑠(𝑡), 𝑠(𝑡)), (206)

then, the following target 𝑤̃-system is obtained:

𝜕𝑤̃
𝜕𝑡

(𝑥, 𝑡) = 𝐷s,+
𝜕2𝑤̃
𝜕𝑥2

(𝑥, 𝑡) − 𝜆𝑤̃(𝑥, 𝑡) + 𝑠̇(𝑡)∫

𝑥

0
𝑞′(𝑥, 𝑦)

×
(

𝑤̃(𝑦, 𝑡) + ∫

𝑦

0
𝑝(𝑦, 𝑧)𝑤̃(𝑧, 𝑡)d𝑧

)

𝑑𝑦, (207)

𝑤̃(𝑠(𝑡), 𝑡) = 0, (208)
𝜕𝑤̃
𝜕𝑥

(0, 𝑡) = 0, (209)

here 𝑞′(𝑥, 𝑦) = 𝜕𝑞
𝜕𝑥 (𝑥, 𝑦) +

𝜕𝑞
𝜕𝑦 (𝑥, 𝑦). The Eqs. (199)–(204) lead to the

ollowing explicit solutions:

𝑝(𝑥, 𝑦) =𝜆𝑥

𝐼1

(

√

𝜆
[

𝑦2 − 𝑥2
]

)

√

𝜆
[

𝑦2 − 𝑥2
]

, (210)

(𝑥, 𝑦) = − 𝜆𝑥

𝐽1

(

√

𝜆
[

𝑦2 − 𝑥2
]

)

√

𝜆
[

𝑦2 − 𝑥2
]

, (211)

ith a modified Bessel function 𝐼1(⋅) and a Bessel function 𝐽1(⋅) of the
irst kind, respectively. Substituting the solution (210) to the condi-
ions (205), (206) (note that 𝑑𝐼1(𝑧)

d𝑧 = 𝐼2(𝑧)
𝑧 for all 𝑧), and taking back to

the original coordinate and variables, the observer gains are derived as
(177) and (178).

Stability proof: We consider the time evolution of the following
Lyapunov function:

𝑊 (𝑡) = 1
2 ∫

𝑠(𝑡)

0
𝑤̃(𝑥, 𝑡)2d𝑥. (212)

Taking the time derivative of (212) along with (207)–(209) yields

𝑊̇ (𝑡) = −𝐷s,+ ∫

𝑠(𝑡)

0

(

𝜕𝑤̃
𝜕𝑥

(𝑥, 𝑡)
)2

d𝑥 − 𝜆∫

𝑠(𝑡)

0
𝑤̃(𝑥, 𝑡)2d𝑥

+ 𝑠̇(𝑡)∫

𝑠(𝑡)

0
𝑤̃(𝑥, 𝑡)

[

∫

𝑥

0
𝑞′(𝑥, 𝑦)

(

𝑤̃(𝑦, 𝑡) + ∫

𝑦

0
𝑃 (𝑦, 𝑧)𝑤̃(𝑧, 𝑡)d𝑧

)

𝑑𝑦
]

d𝑥. (213)
217

q

Applying Young’s, Cauchy Schwartz, and Poincare’s inequalities with
the help of the properties (195) and (196), one can show that there
exists a constant 𝑎 > 0 such that the following inequality holds:

𝑊̇ (𝑡) ≤ −𝑏𝑊 (𝑡) + 𝑎𝑠̇(𝑡)𝑊 (𝑡), (214)

here 𝑏 = 𝐷s,+
4𝑅2

p,+
+ 𝜆. With the help of (195) and (196), it yields the

exponential decay of 𝑊 (𝑡) as

𝑊 (𝑡) ≤ 𝑒𝑎𝑅p,+𝑊 (0)𝑒−𝑏𝑡. (215)

Hence, the origin of 𝑤̃-system is shown to be exponentially stable, from
which we conclude Theorem 3.

Observer for negative electrode
The observer design for lithium ion concentration in the negative

electrode is constructed by the copy of the dynamics (156)–(158)
together with the output injection of the positive electrode
𝜕𝑐s,−
𝜕𝑡

(𝑟, 𝑡) =
𝐷s,−

𝑟2
𝜕
𝜕𝑟

[

𝑟2
𝜕𝑐s,−
𝜕𝑟

(𝑟, 𝑡)
]

+ 𝑃−(𝑟p(𝑡))𝑐s,+(𝑅p,+, 𝑡), (216)

or 𝑟 ∈ (0, 𝑅p,−), 𝑡 > 0 with boundary conditions

𝜕𝑐s,−
𝜕𝑟

(0, 𝑡) =0, (217)

𝐷s,−
𝜕𝑐s,−
𝜕𝑟

(𝑅p,−, 𝑡) = − 𝑗n,−(𝑡) +𝑄−
(

𝑟p(𝑡)
)

𝑐s,+(𝑅p,+, 𝑡). (218)

bserver gains in the negative electrode are computed to conserve the
otal amount of lithium ions in the state observer defined as

𝑛Li(𝑡) =
3𝜖s,+𝐿+

𝑅3
p,+

∫

𝑅p,+

0
𝑐s,+(𝑟, 𝑡)𝑟2d𝑟 +

3𝜖s,−𝐿−

𝑅3
p,−

∫

𝑅p,−

0
𝑐s,−(𝑟, 𝑡)𝑟2d𝑟. (219)

aking the time derivative of (219) along with the dynamics (174)–
182) and (216)–(218) leads to
𝑑𝑛Li,+
𝑑𝑡

= −𝑎s,+𝐿+𝑗n,+(𝑡) − 𝑎s,−𝐿−𝑗n,−(𝑡) + 𝐹𝑐s,+(𝑅p,+, 𝑡), (220)

here 𝐹 is defined by

= 𝑎s,+𝐿+

(

𝜅
𝑅2
p,+
𝑟̂p(𝑡)2 +𝑄(𝑟̂p(𝑡))

)

+ 𝑎s,−𝐿−𝑄−(𝑟̂p(𝑡))

+
3𝜖s,+𝐿+

𝑅3
p,+

∫

𝑅p,+

𝑟̂p(𝑡)
𝑟2𝑃 (𝑟̂p(𝑡), 𝑟)𝑑𝑟 + 𝜖s,−𝐿−𝑃−(𝑟̂p(𝑡)). (221)

y the balance of the ionic molar fluxes given in (155), the first line
n the right hand side of (220) is canceled. Therefore, by designing the
bserver gains as

−(𝑟p(𝑡)) = −
𝑎𝑠,+𝐿+

𝑎𝑠,−𝐿−

(

𝑄(𝑟p(𝑡)) +
𝜅
𝑅2
p,+
𝑟̂p(𝑡)2

)

, (222)

𝑃−(𝑟p(𝑡)) = −
𝜖s,+𝐿+

𝜖s,−𝐿−

3
𝑅3
p,+

[

∫

𝑅p,+

𝑟̂p(𝑡)
𝑃 (𝑟p(𝑡))𝑟2𝑑𝑟

]

, (223)

one can show that 𝑑𝑛Li,+
𝑑𝑡 = 0 from (220). Hence, the observer error in

the negative electrode approaches to zero uniformly in space with the
help of Theorem 3.

5.4. Numerical simulation

Test with constant discharge input
The electrochemical model considered in this section is validated

by depicting the voltage plot for different (constant) current discharge
inputs with parameters in Table 3, which shows the analogous behavior
to Srinivasan and Newman (2004b) (see Fig. 13). To test the observer
we run a numerical example with a constant discharge current of 5 [C-
ate]. We are assuming 𝑐ss,+ is available directly from measurements
o be used as output error injection in the observer. In practice, this
uantity could be estimated from measurements. Fig. 15 shows the
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Fig. 13. Voltage plot for different (constant) current discharge inputs, which shows the analogous behavior to Srinivasan and Newman (2004b).
Fig. 14. Normalized concentration of lithium ions in a growing 𝛽-phase region. The plot corresponds to a 5[min] simulation of constant 5[C − rate] discharge. The plot does not
show the 𝛼-phase portion of the concentration since it is assumed to be constant.
estimated concentration of lithium ions in 𝛽-phase in the positive par-
ticle; one can compare this to the true concentration in Fig. 14. Fig. 16
shows the averaged concentration in the positive particle, both true
value (black) and estimated value (blue). Convergence of the estimate
to the true value is achieved within 0.8 [min], a relatively short time.
Furthermore, Fig. 17 shows the time evolution of the moving interface
of the both true value (black) and estimated value (blue), which also
illustrates the convergence of the estimate to the true value. Note that
SoC is directly proportional to the averaged concentrations; then the
importance to evaluate the estimation of this quantity.
218
Comparison with the Extended Kalman Filter
Since the spatial discretization of the diffusion equations is per-

formed for computation of the electrochemical model, we can apply the
Extended Kalman Filter (EKF) to the reduced-order model as another
approach for SoC estimation. Here, we compare the performance of SoC
estimation between the proposed backstepping (BKS) observer and the
EKF with incorporating a measurement noise.

Fig. 18 shows a simulation result of SoC estimation via the BKS
observer (blue) and the EKF (red). The initial SoC in the model is
around 66%, while the initial SoC in the estimator is around 46% for
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Fig. 15. Estimate of the concentration of lithium ions in the positive particle. Starting from the initial error, the estimated profile converges to the true profile in Fig. 14.
Fig. 16. Averaged concentration of true value (black solid) and estimated averaged concentration (blue dashed) in the positive particle normalized by the maximum concentration.
both BKS and EKF. Fig. 18(a) depicts the result under the noise-free
measurement, which illustrates that the BKS estimate converges and
almost stays at the true value within 5 min, while the estimate by the
EKF converges quickly first but does not stay at the true value even after
10 minutes. Next, we incorporate the Gaussian noise in the measured
value of the surface concentration, and compare the performance in
Fig. 18(b). The result illustrates that the BKS estimate still converges to
the true value but it accompanies a noisy signal, while the EKF estimate
has less noisy signal. Hence, in this one sample simulation, we observe
that the BKS estimator is superior in convergence speed, while the EKF
estimator is superior in noise attenuation. However, by lowing the gain
parameters (𝜆, 𝜅) in the BKS estimator, we observe that the amplitude
of the noisy estimate can be reduced in exchange for the convergence
speed. Moreover, the EKF estimate also can be improved to accelerate
219
the convergence speed by appropriately tuning the free parameters.
Hence, there is an essential tradeoff between the convergence speed
and the noise attenuation for both methods, and it is not appropriate
to address which method is superior in general. Nevertheless, one of
the advantages of the proposed BKS estimator is to have only two
free parameters to tune for any given discretization number, while the
EKF algorithm requires a tuning of covariance matrices in which the
number of free parameters is increased as the discretization number is
increased.

6. Conclusion and open problems

In this tutorial article, we have presented the state estimation of the
Stefan PDE system modeling the dynamics of phase change phenomena
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Fig. 17. The estimated interface position becomes the same value as the true interface position after 0.5 [min].
Fig. 18. Comparison of SoC estimation between the proposed BKS observer and the EKF. This sample simulation illustrates that the proposed BKS is superior in convergence
peed, while the EKF is superior in noise attenuation. Note that each method can reduce the drawback by appropriately tuning the free parameters.
f a material, and its applications to polar ice and lithium-ion batteries.
he estimator is designed by an backstepping observer, which is given
y a copy of the plant plus output error injection, where the observer
ain is derived explicitly by solving a gain kernel equation of the
tate transformation. The convergence of the designed observer to the
lant state from the Stefan system is ensured by Lyapunov analysis.
he simulation results conducted for the thermodynamic model of
rctic sea ice illustrate the robust performance of the designed observer
ith respect to the neglected salinity effect and parameter uncertainty,
here the convergence of the estimated temperature distribution to

he true temperature is achieved within three days. The simulation
erformed for the electrochemical model of the lithium-ion batteries
ith phase transition materials has shown that the reduction of the
rror of more than 15% in the SoC estimate is achieved within five
inutes even in the presence of sensor noise.

There are various exciting open problems for the state estimation
f the Stefan system, both from control-theoretic and application-
riven perspectives. We summarize them in the following list for the
ontrol-theoretic problems:
220
• sensor-delay compensation in the observer for the Stefan system
(see Ahmed-Ali et al., 2019),

• adaptive observer design for the Stefan system (see Ahmed-Ali
et al., 2017a, 2015),

• observer for two-phase Stefan system under a single-boundary
measurement (see Liu et al., 2016),

• sampled-data observer for the Stefan system (see Ahmed-Ali et al.,
2017b; Karafyllis et al., 2019; Steeves & Krstic, 2021),

• prescribed-time observer design for the Stefan system (see Steeves
et al., 2019, 2020), and for the application-driven problems:

• cancer treatment via cryosurgery (see Kumar et al., 2017; Rabin
& Shitzer, 1998; Rabin & Stahovich, 2003),

• spreading of invasive species in ecology (see Du & Lin, 2010),
• information diffusion on online social networks (see Wang et al.,

2020),
• domain walls in ferroelectric thin films (see McGilly et al., 2015),
• Black–Scholes model of American option pricing (see Chen et al.,

2008).
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Table 3
Parameters of LFP used in the simulation.
Parameters

Negative Separator Positive

𝐿[𝑚]a 50 × 10−6 25 × 10−6 74 × 10−6

𝑐max
s [mol∕m3]a 27760 20950
𝑐s,𝛼 [mol∕m3]b 0.0480×𝑐max

s,+
𝑐s,𝛽 [mol∕m3]b 0.8920×𝑐max

s,+
𝑅p [m]a 11 × 10−6 52 × 10−9

𝐷s [m2∕s]a 9 × 10−14 8 × 10−18

𝜖s [−]a 0.33 0.27
𝑅f [Ωm2]b 1 × 10−5 0
𝑅c [Ωm2]b 0 6.5 × 10−3

𝑘 [m2.5∕mol0.5s]a 3 × 10−5 3 × 10−17

Other Parameters and Physical Constants

𝐴 [m]b 1
𝐹 [As∕mol] 96487
𝑅 [J∕Kmol] 8.314472
𝑇 [K]b 298
𝑐e [mol∕m3]a 1 × 103

𝛼a , 𝛼c [−]a 0.5

aborrowed from (Srinivasan & Newman, 2004a).
bassumed.

While the list of control-theoretic problems have all been considered
for PDE and PDE–ODE systems on fixed domains, virtually all of them
are unexplored for PDEs with moving boundaries. Moreover, the list
of application-driven topics owns a significant impact in the real-world
problems, by the utilization of the PDE-based estimation method. This
tutorial review provides supporting technical materials to tackle those
challenging topics.
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