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Source Seeking With a
Torque-Controlled Unicycle

Raik Suttner and Miroslav Krstić , Fellow, IEEE

Abstract—We propose a novel source seeking method
for a torque-controlled unicycle. Our control law leads
to a positive constant forward velocity and an oscilla-
tory rotational velocity with non-zero mean. Under suitable
assumptions, we prove that the unicycle tends to a circu-
lar motion around the source. An implementation of the
proposed method only requires real-time measurements
of the unknown scalar signal. The feedback law for the
torque involves a periodic large-amplitude high-frequency
perturbation signal. A suitable averaging argument for
mechanical systems under vibrational control reveals that
the closed-loop system approximates the behavior of a cer-
tain averaged system. The motion of the averaged system
is determined by a symmetric product of a vector field
from the approximating closed-loop system. This symmet-
ric product causes a torque which is given by the gradient
of the unknown scalar signal. The gradient-based torque
can lead to asymptotic stability for the averaged system,
which in turn implies practical asymptotic stability for the
approximating closed-loop system.

Index Terms—Averaging, practical stability, source seek-
ing, symmetric products, torque control, unicycle.

I. INTRODUCTION

IN THIS letter, we study the problem of locating the source
of a purely position-dependent unknown scalar signal in

the two-dimensional Euclidean space. For instance, the signal
could be given by the concentration of a chemical substance
or the strength of an electric field. It is assumed that the scalar
signal attains an extreme value at some unknown point, called
the source. For example, the source could be the point where
the magnitude of an electric field attains its maximum. If we
consider the scalar signal as a function that assigns to each
point a real number, then source seeking can be seen as an
optimization problem, where the signal function plays the role
of an objective function. We follow the usual convention in
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Miroslav Krstić is with the Department of Mechanical and Aerospace
Engineering, University of California at San Diego, San Diego, CA 92093
USA (e-mail: krstic@ucsd.edu).

Digital Object Identifier 10.1109/LCSYS.2022.3186837

optimization and focus on minimization. That is, the source is
the minimum point of the signal function.

The task to find the source is taken on by an autonomous
vehicle. To this end, we assume that the vehicle is equipped
with a suitable sensor so that it can measure the value of the
signal at the current position. On the other hand, we do not
assume that the vehicle can determine its own position or store
data to compare different measurement results at different time
instances. Only real-time measurements of the signal can be
utilized for a feedback law. Clearly, to design such a method,
we have to make certain assumptions about the motion of the
vehicle and how it is actuated.

The simplest vehicle model is that of a single-integrator
point, as, for example, in [1], [2], [3]. In this case, it is assumed
that the vehicle can be steered instantaneously into any desired
direction with a prescribed velocity. A more realistic vehicle
model is that of a kinematic unicycle. This first-order control
system has two inputs: one for the forward velocity and one
for the rotational velocity. Control laws with varying forward
velocity and constant rotational velocity can be found, e.g.,
in [2], [3], [4]. Control laws with constant forward velocity
and varying rotational velocity can be found, e.g., in [5], [6],
[7], [8]. A method with varying forward velocity and varying
rotational velocity is reported in [9].

In reality, a source seeking vehicle is a mechanical system.
For this reason, a second-order dynamic model might be more
appropriate than a first-order kinematic model. Source seeking
methods for fully-actuated double integrator points have been
proposed, e.g., in [1], [2], [10]. Control laws for second-order
slider models are reported in [11], [12]. In the present paper,
we focus on the dynamic unicycle model. This second-order
control system has two inputs: a force to induce a transla-
tional motion and a torque to induce a rotational motion. The
methods in [13], [14] solve the source seeking problem for
the dynamic unicycle model by inducing an oscillatory back-
and-forth motion and a uniform rotational motion. Here, we
propose a complementary approach, which leads to a uni-
form forward motion and an oscillatory rotational motion.
This is preferred in implementations with certain aerial vehi-
cles for which a back and forth motion cannot realistically
be applied. To the best of our knowledge, our control law is
the first source seeking method for a purely torque-actuated
second-order unicycle.

The control law in this letter is based on a tar-
geted approximation of so-called symmetric products of
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vector fields. This approach was also recently investigated
in [12], [13], [14], [15] for the design of extremum seeking
control for various mechanical systems. However, none of
these methods have the ability to stabilize a torque-controlled
unicycle. The nonholonomic dynamics demand a different
strategy. The unicycle has to explore the unknown position-
dependent signal through suitable changes in the orientation.
To this end, we demand that the sensor is non-collocated
with the center of the vehicle. Such a displaced sensor is
also proposed in [5], [7], [9] for a rotation velocity-controlled
kinematic unicycle. This allows us to alter the position of the
sensor directly through changes in the unicycle’s orientation.
Our control law for the torque involves a single periodic pertur-
bation signal with sufficiently large amplitude and frequency.
The kinematic methods in [5], [7], [9] employ several phase-
shifted large-amplitude high-frequency signals. Moreover, in
contrast to the kinematic methods in [5], [7], [8], [9], our
approach has the advantage that the rotational velocity remains
bounded with increasing amplitude and frequency parame-
ter. Using the averaging theory from [16], we show that
the oscillatory closed-loop system approximates the behavior
of an averaged system. This averaged system is driven into
the direction of a symmetric product of vector fields from
the approximating closed-loop system. Our feedback law is
designed in such a way that the symmetric product in the
averaged system provides information about the gradient of
the unknown signal function. This allows us to steer the uni-
cycle towards the source and to induce stability. Under suitable
assumptions, we prove that the closed-loop system is locally
practically asymptotically stable.

II. PRACTICAL STABILITY

In this section, we recall some definitions from [17]. For
every positive real number ω, let fω be a time-dependent vector
field on R

n. We assume that, for every ω > 0, every t0 ∈ R,
and every x0 ∈ R

n, the ordinary differential equation

ẋ = fω(t, x) (1)

with initial condition x(t0) = x0 has a unique maximal solu-
tion. For every ω > 0 and every t ∈ R, let φωt : R

n → R
n

be a bijective map. For every ω > 0 and every t ∈ R, we
consider the change of variables

x̃ = φωt (x) (2)

for the solutions of (1). Let | · | denote the Euclidean norm
on R

n. In the subsequent sections, we will investigate the
following notion of stability for the closed-loop system.

Definition 1 ([17]): We say that x∗ ∈ R
n is locally practi-

cally uniformly asymptotically stable for (1) in the variables
(2) if the following two conditions are both satisfied.

1) Practical Uniform Stability. For every ε > 0, there exist
ω0, δ > 0 such that, for every ω ≥ ω0, every t0 ∈ R, and every
x̃0 ∈ R

n with |x̃0 −x∗| ≤ δ, the maximal solution x of (1) with
initial condition x(t0) = (φωt0)

−1(x̃0) satisfies |φωt (x(t))−x∗| ≤
ε for every t ≥ t0.

2) Local Practical Uniform Attraction. There exists δ > 0
such that, for every ε > 0, there exist ω0,� > 0 such that,
for every ω ≥ ω0, every t0 ∈ R, and every x̃0 ∈ R

n with |x̃0 −

x∗| ≤ δ, the maximal solution x of (1) with initial condition
x(t0) = (φωt0)

−1(x̃0) satisfies |φωt (x(t)) − x∗| ≤ ε for every
t ≥ t0 +�.

Remark 1: If there exists a vector field f on R
n such that

fω(t, x) = f (x) and if φωt (x) = x for every ω > 0, every t ∈ R,
and every x ∈ R

n, then Definition 1 reduces to the usual notion
of local asymptotic stability and, in this case, we omit the
words “practically,” “uniformly,” and “in the variables (2).”

Let f be a vector field on R
n. We assume that, for every

x̄0 ∈ R
n, the ordinary differential equation

˙̄x = f (x̄) (3)

with initial condition x̄(0) = x̄0 has a unique maximal solution.
Definition 2 ([17]): We say that the solutions of (1) in the

variables (2) approximate the solutions of (3) if, for every
compact subset K of Rn and all ε,� > 0, there exists ω0 > 0
such that, for every t0 ∈ R and every x̄0 ∈ K, the following
implication holds: If the maximal solution x̄ of (3) with initial
condition x̄(t0) = x̄0 satisfies x̄(t) ∈ K for every t ∈ [t0, t0 +
�], then, for every ω ≥ ω0, the maximal solution x of (1)
with initial condition x(t0) = (φωt0)

−1(x̄0) satisfies |φωt (x(t))−
x̄(t)| ≤ ε for every t ∈ [t0, t0 +�].

For every point x∗ of Rn the following implication holds:
Proposition 1 ([17]): If x∗ is locally asymptotically sta-

ble for (3) and if the solutions of (1) in the variables (2)
approximate the solutions of (3), then x∗ is locally practically
uniformly asymptotically stable for (1) in the variables (2).

III. PROBLEM STATEMENT AND CONTROL LAW

We consider the following dynamic (second-order) unicycle
model. The unicycle is considered as a mechanical system with
mass m > 0 and moment of inertia J > 0. The configuration
manifold Q is the product R

2 × S
1, where S

1 denotes the
circle in R

2 with radius 1 centered at the origin. Every pair
(p, o) ∈ Q represents a position p of the center of rotation and
an orientation o. The translational velocity is described by a
variable v ∈ R, where v > 0 means that the unicycle moves
forward. To induce a forward motion, we apply a constant
forward force, which is described by a constant a > 0. The
rotational velocity is described by a variable � ∈ R, where
� > 0 means that the unicycle rotates counter-clockwise. In
this context, we use the letter R to denote the (2 × 2)-rotation
matrix for counter-clockwise rotations by angle π/2. Velocity-
dependent dissipation is described by two dissipation constants
k > 0 and κ > 0. The positive constants m, J, a, k, and κ are
not assumed to be known. We consider the control system

ṗ = v o, ȯ = �Ro, m v̇ = a − k v, (4a)

J �̇ = τ − κ � (4b)

with a real-valued input τ for a torque. The situation is
sketched in Figure 1. In some texts, such as [18], the second-
order unicycle model is referred to as rolling disk model.

The task of the unicycle is to seek the source (i.e., a
minimum point) of an unknown scalar signal. The signal is
described by a smooth real-valued function ψ on R

2. We
assume that the unicycle is equipped with a suitable sensor so
that it can measure the value of the signal. Following [5], [7],
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Fig. 1. Unicycle at position p ∈ R
2 and with orientation o ∈ S

1. The
sensor is positioned at p + ρ o to measure an unknown scalar signal
with source at p∗ ∈ R

2. We focus on minimizing the value of the signal
function ψ ; i.e., p∗ is assumed to be a minimum point of ψ .

the sensor is mounted at the point p + ρ o with constant dis-
tance ρ > 0 from the center of rotation. This displacement
allows us to change the position of the sensor through changes
in the orientation. A measurement of ψ in the configuration
(p, o) ∈ Q results in the value

y = ψ(p + ρ o). (5)

The measured signal (5) can be seen as the output of the
unicycle system. Measurements of the state variables p, o, v,
or � are not available. We are interested in an output-feedback
law that asymptotically stabilizes the closed-loop system at
positions where ψ attains minimum value.

The proposed control law consists of the following com-
ponents. Choose a positive constant T and a T-periodic,
integrable, zero-mean function u : R → R such that its
zero-mean anti-derivative U : R → R satisfies

1

T

∫ T

0
U(σ )2 dσ = 1

2
. (6)

For instance, we can choose T = 2π and u = cos. Select
an arbitrary positive constant λ. The function u will act as an
oscillatory perturbation signal with amplitude factor λ. Next,
for every positive real number h, choose a smooth function
αh : R → R. A suitable choice of these functions will provide
approximate access to a scaled gradient of the unknown sig-
nal function ψ . The gradient approximation will be revealed
in Section IV by means of a suitable averaging analysis. A
precise guideline on how to choose the design functions αh is
given later in Assumption 2. We propose the control law

τ = λω u(ωt) αh(h (y − η)) (7a)

for the unicycle (4) with the measured signal value y as in (5),
where h and ω are (sufficiently large) positive real parameters
and η is the real-valued state of a differentiator

η̇ = h (y − η) (7b)

with input y and output h(y − η). As indicated earlier, the
design functions αh give approximate access to a suitably
scaled gradient of ψ . To be more precise, we will see in
Section IV that the closed-loop system approximates the
behavior of an averaged system, which involves the gradi-
ent of ψ scaled by a factor of the form (αhα

′
h)(h(y − η)),

where αhα
′
h denotes the product of αh and its derivative α′

h.
Information about the gradient direction of ψ is used to steer

Fig. 2. Clockwise (left) and counter-clockwise (right) circular motion
of the torque-actuated unicycle around the source at the origin. The
numerical simulations are generated for the same choice of functions
and parameters as in Section VI, except for the following changes: The
family of design functions αh is given by αh(z) = 1 + 2

h z + 2 z2 and the
initial conditions are changed to p(0) = (−0.3,±0.3) and η(0) = ψ(p(0)).

the unicycle towards a minimum of ψ . The additional fac-
tor (αhα

′
h)(h(y − η)) regulates the magnitude of the gradient

force. We will choose the design functions αh in such a way
that αhα

′
h attains only positive values and such that αhα

′
h is

strictly increasing in a neighborhood of 0; see Assumption 2
in Section V. If the value of ψ is increasing, then the output of
the differentiator is positive and the gradient force is amplified.
Conversely, if the value of ψ is decreasing, then the output of
the differentiator is negative and the gradient force is reduced.
Moreover, if the unicycle runs along a level set of ψ , then the
output of the differentiator is zero and the gradient force is
neither amplified nor reduced. This regulation of the gradient
force leads to the effect that the position of the averaged uni-
cycle system converges to a certain level set of ψ . Moreover,
the forward velocity converges to the constant a/k. In case of
a radially symmetric signal, we will prove that the proposed
method leads to a circular motion of the unicycle around the
source. To give the reader a first impression, Figure 2 shows
typical motions induced by the algorithm.

Before we start with the analysis, let us summarize the
closed-loop system. To describe the difference y−η, we define
a real-valued function ξ on R

2 × S
1 × R by

ξ(p, o, η) := ψ(p + ρ o)− η. (8)

By applying control law (7) to the torque-actuated unicycle
(4), we obtain the closed-loop system

ṗ = v o, ȯ = �Ro, m v̇ = a − k v, (9a)

J �̇ = λω u(ωt) αh(h ξ(p, o, η))− κ �, (9b)

η̇ = h ξ(p, o, η) (9c)

on R
2 × S

1 × R × R × R.

IV. SYMMETRIC PRODUCT APPROXIMATIONS AND

AVERAGED SYSTEM

In the first step of the analysis, we extract the averaged
system of the closed-loop system (9) and we provide a differ-
ential geometric interpretation in terms of so-called symmetric
products. Here, we use the same terminology as in the text-
book [18]. Recall that the configuration manifold Q of the
unicycle is the set R2 × S

1 of all possible positions and ori-
entations. Let ∂

∂p1 ,
∂

∂p2 ,
∂
∂θ

denote the standard vector fields

on Q. Define a trivial affine connection1 ∇ on Q by asking

1We refer the reader to Definition 3.99 in [18].
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that ∇ ∂
∂γ

∂
∂μ

= 0 for all γ, μ ∈ {p1, p2, θ}. For every twice

differentiable curve q on Q, we let ∇q̇q̇ denote the geomet-
ric acceleration2 of q with respect to ∇. If we suppress the
dependence on the parameter h and the differentiator state η in
the notation, then the first-order differential equations in (9a)
and (9b) can be summarized as the second-order differential
equation

∇q̇q̇ = Y0(q)− R(q̇)+ λω u(ωt)Y1(q) (10)

on Q, where the drift vector field Y0 describes the impact of
the forward force constant a, the bundle map −R describes the
impact of the dissipation constants k and κ , and the control
vector field Y1 is defined by

Y1(q) := 1
J αh(h ξ(p, o, η)) ∂

∂θ
(q) (11)

for every q = (p, o) ∈ Q. For every pair X,Y of smooth vector
fields on Q, the symmetric product3 of X and Y with respect
to ∇ is the vector field

〈X : Y〉 := ∇XY + ∇YX (12)

on Q. We consider the change of variables

˙̃q = q̇ − λU(ωt)Y(q) (13)

for the velocity of (10), where U is the zero-mean anti-
derivative of u, which is assumed to satisfy (6). It is known
from [16]4 that the solutions of (10) in the variables (13)
approximate the solutions of

∇˙̄q ˙̄q = Y0(q̄)− R( ˙̄q)− λ2

4 〈Y1 : Y1〉(q̄). (14)

Here, the symmetric product 〈Y1 : Y1〉 originates from an iter-
ated Lie bracket on the tangent bundle of the configuration
manifold.5 A direct computation shows that

〈Y1 : Y1〉(q) = 2 ρ

J2 h (αhα
′
h)(h ξ(p, o, η)) (15a)

× 〈gradψ(p + ρ o),Ro〉 ∂
∂θ
(q), (15b)

where αhα
′
h denotes the product of αh and its derivative α′

h, and
gradψ denotes the gradient of ψ with respect to the Euclidean
inner product 〈·, ·〉 on R

2. We conclude that the solutions of
the closed-loop system (9) in the variables

p̃ = p, õ = o, ṽ = v, (16a)

�̃ = �− λ
J U(ωt) αh(h ξ(p, o, η)), (16b)

η̃ = η (16c)

approximate the solutions of the averaged system

˙̄p = v̄ ō, ˙̄o = �̄Rō, m ˙̄v = a − k v̄, (17a)

J ˙̄� = λ2

2
ρ
J h (αhα

′
h)(h ξ(p̄, ō, η̄)) 〈gradψ(p̄ + ρ̄ ō),−Rō〉

− κ �̄, (17b)
˙̄η = h ξ(p̄, ō, η̄). (17c)

Note that the torque in the averaged unicycle system depends
on the gradient of ψ and the orientation of the unicycle. For

2We refer the reader to Lemma 3.100 in [18].
3We refer the reader to Definition 3.106 in [18] and also to [19].
4We also refer the reader to Theorem 9.32 in [18].
5We refer the reader to Remark 9.30-3 in [18] and also to [20].

instance, if the configuration (p̄, ō) ∈ Q is as in Figure 1,
then the inner product of gradψ(p̄+ ρ̄ ō) and −Rō is positive.
In Figure 1, a counter-clockwise motion around the minimum
point p∗ requires that the torque is positive. This indicates that
we have to choose each of the design functions αh in such a
way that the product of αh and α′

h attains positive values. We
will make this more precise in the next section.

V. STABILITY ANALYSIS FOR A RADIALLY SYMMETRIC

SIGNAL

In general, it is difficult to provide sufficient conditions for
stability of the closed-loop system (9) and its averaged system
(17). However, the situation becomes much easier under the
following assumption.

Assumption 1: The signal function ψ is radially symmetric;
i.e., there exists a point p∗ of R

2 and a smooth real-valued
function ϕ on the half-open interval from 0 to ∞ such that

ψ(p) = ϕ(|p − p∗|2) (18)

for every p ∈ R
2.

Remark 2: The assumption of a radially symmetric signal
is justified if the source emits the signal uniformly into every
direction and if the signal is not altered by objects between
the source and sensor. Note that the point p∗ and the function
ϕ are not assumed to be known to the user. An even stronger
assumption on the signal function can be found in [5], [7] for a
kinematic unicycle: In [5], [7], it is assumed that the function
ϕ in Assumption 1 is of the form ϕ(σ) = ψ∗ +qr σ , where ψ∗
is the unknown minimum value of ψ and qr is an unknown
positive constant.

From now on, we suppose that Assumption 1 is satisfied
with unknown p∗ and ϕ as therein. Because of the radial sym-
metry, the value of the signal function ψ at the position p+ρ o
of the sensor is uniquely determined by the scalar variables

r = 〈p − p∗,−Ro〉 and s = 〈p − p∗, o〉, (19)

where 〈·, ·〉 denotes the Euclidean inner product on R
2. To be

more precise, we have

ψ(p + ρ o) = ϕ
(

r2 + (s + ρ)2
)
. (20)

By a slight abuse of notation, we use the Greek letter ξ again
to denote the real-valued function on R

3 defined by

ξ(r, s, η) := ϕ
(

r2 + (s + ρ)2
)

− η. (21)

If we use the variables r and s in (19) instead of the vari-
able p and o, then we can write the closed-loop system (9)
equivalently as the system

ṙ = s�, ṡ = v − r�, m v̇ = a − k v, (22a)

J �̇ = λU(ωt) αh(h ξ(r, s, η))− κ �, (22b)

η̇ = h ξ(r, s, η) (22c)

on R
5. Moreover, the change of variables (16) becomes

r̃ = r, s̃ = s, ṽ = v, (23a)

�̃ = �− λ
J U(ωt) αh(h ξ(r, s, η)), (23b)

η̃ = η (23c)
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and the averaged system (17) can be written as the system

˙̄r = s̄ �̄, ˙̄s = v̄ − r̄ �̄, m ˙̄v = a − k v̄, (24a)

J ˙̄� = λ2 ρ
J h (αhα

′
h)(h ξ(r̄, s̄, η̄)) r̄ ϕ′(r̄2 + (s̄ + ρ)2)

− κ �̄, (24b)
˙̄η = h ξ(r̄, s̄, η̄) (24c)

on R
5. Since the solutions of (22) in the variables (23)

approximate the solutions of (24), we can state the following
consequence of Proposition 1.

Proposition 2: Suppose that Assumption 1 is satisfied. Let
x∗ be a point of R5. If x∗ is locally asymptotically stable for the
averaged system (24), then x∗ is locally practically uniformly
asymptotically stable for the closed-loop system (22) in the
variables (23).
Because of Proposition 2, it suffices to investigate stability
properties of the averaged system (24). In the present paper,
we only investigate local stability properties of (24); i.e., local
asymptotic stability with a possibly small domain of attraction.
To this end, we will employ a standard linearization argument.
That is, we conclude local asymptotic stability for (24) from
asymptotic stability for the linearization of (24) about an equi-
librium point. Thus, in the first step, we have to determine
equilibria of (24).

Suppose that x∗ = (r∗, s∗, v∗,�∗, η∗) ∈ R
5 is an equilib-

rium of (24). Then, the equations in (24a) and the assumption
that the constant a is positive imply that s∗ = 0, r∗ 
= 0,
and �∗ = a/(k r∗). Moreover, because of (24c), we have
ξ(r∗, s∗, η∗) = 0. Thus, equation (24b) leads to the condition

J a κ
λ2 ρ k

= h (αhα
′
h)(0) r2∗ ϕ′(r2∗ + ρ2) (25)

for r∗. The left-hand side of (25) is a constant. The right-
hand side of (25) depends on the choice of the parameter
h > 0. Thus, in general, the equilibrium value r∗ depends on
the choice of h. To simplify the subsequent analysis, we choose
the design functions αh in such a way that r∗ is independent
of h. This is not necessary, but it will allow us to formulate a
simple stability result at the end. For this reason, we demand
that the factor h (αhα

′
h)(0) on the right-hand side of (25) does

not depend on h. We already now from the discussion after
equation (17) that (αhα

′
h)(0) should be positive. Moreover, the

linearization of (24) about x∗ involves the term (αhα
′
h)

′(0). To
derive simple stability conditions for the linearization it turns
out to be convenient to demand that (αhα

′
h)

′(0) is bounded
by positive constants with increasing parameter value h. In
summary, we demand that the family of design functions αh

in control law (7) is chosen as follows.
Assumption 2: There exist positive real numbers h̄, β0, β1,

and β2 such that

h (αhα
′
h)(0) = β0 and β1 ≤ (αhα

′
h)

′(0) ≤ β2 (26)

for every h ≥ h̄.
For instance, we could define the design functions αh by

αh(z) :=
√

2
h

√
β0 h z + log(2 cosh(β0 h z)) (27)

to satisfy Assumption 2. Another admissible definition of the
functions αh is

αh(z) := β0 + 1
h z + z2. (28)

Clearly, there are infinitely many more ways to satisfy
Assumption 2 by a suitable choice of the αh.

If Assumption 1, 2 are satisfied with ϕ and β0 as therein,
then we can state the following necessary and sufficient con-
dition for a point x∗ = (r∗, s∗, v∗,�∗, η∗) ∈ R

5 to be an
equilibrium of the averaged system (24).

Assumption 3: The equalities

s∗ = 0, v∗ = r∗�∗, a = k v∗, (29a)

J κ �∗ = λ2 ρ β0 r∗ ϕ′(r2∗ + ρ2), (29b)

η∗ = ϕ(r2∗ + ρ2) (29c)

are satisfied.
An equilibrium point x∗ = (r∗, s∗, v∗,�∗, η∗) ∈ R

5 as in
Assumption 3 describes a motion with rotational velocity �∗
and forward velocity v∗ along a circle of radius |r∗|. If ϕ is of
the form ϕ(σ) = ψ∗ + qr σ as in [5], [7] with some constant
qr > 0, then (29) implies that

|r∗| =
√

J κ a
λ2 ρ k β0 qr

, (30)

where r∗ > 0 means a counter-clockwise motion and r∗ < 0
means a clockwise motion around the source.

Suppose that Assumption 1, 2, 3 are satisfied for a point
x∗ = (r∗, s∗, v∗,�∗, η∗) ∈ R

5. Then, in particular, the point
x∗ is an equilibrium point of (24). Let A denote the real (5×5)-
matrix that originates from a linearization of (24) about x∗. We
will employ the Routh-Hurwitz criterion to derive a sufficient
condition for asymptotic stability of the linearized system. A
lengthy computation reveals that the characteristic polynomial
p : C → C of A is of the form

p(z) = (z − (−k/m))
(

z4 + a3 z3 + a2 z2 + a1 z + a0

)
, (31)

where the real coefficients a0, a1, a2, a3 depend on the choice
of the parameter h. The Routh-Hurwitz criterion for the second
factor on the right-hand side of (31) is satisfied if and only if
a0, a1, a2, a3 as well as b1 := a2a3 − a1 and b2 := a1a2a3 −
a2

1 − a0a2
3 are positive. A direct computation shows that

a0 = 2 a hβ0 λ
2 ρ

J2 k
· ∂
∂σ

∣∣
σ=r2∗

σ ϕ′(σ + ρ2). (32)

Thus, the coefficient a0 is positive if the unknown function ϕ
from Assumption 1 satisfies the following additional growth
condition at the squared equilibrium distance r2∗ + ρ2 of the
sensor to the source:

Assumption 4: The inequality

∂
∂σ

∣∣
σ=r2∗

σ ϕ′(σ + ρ2) > 0 (33)

is satisfied.
Assumption 4 demands that the value of the unknown signal

functionψ grows sufficiently fast with increasing distance from
the source. For instance, Assumption 4 is always satisfied if ϕ is
of the form ϕ(σ) = ψ∗ +qr σ as in [5], [7] with some constant
qr > 0. Finally a direct computation shows that the remaining
coefficients a1, a2, a3, b1, b2 from the Routh-Hurwitz criterion
are positive if the parameter h is sufficiently large. Thus, in
the terminology of Definition 1, we can state the following
consequence of the Routh-Hurwitz criterion and Proposition 2.

Theorem 1: Suppose that the unknown scalar signal
satisfies Assumption 1. Choose the family of design
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Fig. 3. Source at the origin emits signal with circular level sets. Left: Trajectory of the vehicle center. Right: Rotational velocity as a function of time.

function αh such that Assumption 2 is satisfied. Suppose
that Assumption 3, 4 are satisfied for some x∗ =
(r∗, s∗, v∗,�∗, η∗) ∈ R

5. Then, there exists h0 > 0 such that,
for every h ≥ h0, the point x∗ is practically locally uniformly
asymptotically stable for (22) in the variables (23).

VI. NUMERICAL TEST

We test the proposed method numerically for the following
maps and parameters. The unknown real-valued signal func-
tion ψ on R

2 is given by ψ(p) = −6/(1 + |p|2/5). Then
Assumption 1 is satisfied with the source at p∗ = 0 and the
function ϕ given by ϕ(σ) = −6/(1 + σ/5). As in [5], we
suppose that the distance of the sensor to the center of rota-
tion is ρ = 0.1 and that the desired forward velocity is 0.1.
To this end, we set m = J = k = κ = 1 and a = 0.1.
We choose (27) as the defining equation for the design func-
tions αh with β0 = 2. Then Assumption 2 is satisfied with
(αhα

′
h)

′(0) = β2
0 = 4 for every h > 0. In (7a), we choose the

dither signal u = cos with amplitude factor λ = 4. Then, one
can check that the point x∗ = (r∗, s∗, v∗,�∗, η∗) in R

5 with
r∗ ≈ 0.16, s∗ = 0, v∗ = 0.1, �∗ ≈ 0.62, and η∗ ≈ −5.96
satisfies Assumption 3, 4. Finally, a direct computation reveals
that the linearization of (24) about the above point x∗ is
asymptotically stable for every h ≥ h0, where h0 ≈ 5.60.
Thus, the point x∗ is locally asymptotically stable for the aver-
aged system (24) for every h ≥ h0. It follows that, for every
h ≥ h0, the point x∗ is practically locally uniformly asymptot-
ically stable for the approximating closed-loop system (22) in
the variables (23), which is consistent with the statement of
Theorem 1. We choose h = 10 to satisfy h ≥ h0.

Note that Theorem 1 is only a local and practical stabil-
ity result. We cannot provide estimates for the domain of
attraction or a suitable choice of the amplitude and frequency
parameter ω. In the following, we choose the initial condi-
tions p(0) = (1/2, 0), o(0) = (1, 0), v(0) = v∗, �(0) = 0,
η(0) = 0, and the parameter ω = 10. One can observe
in Figure 3 that the unicycle tends to a circular motion around
the source with radius ≈ 0.23. This radius is larger than the
expected radius r∗ ≈ 0.16 for the averaged system because
the choice ω = 10 only leads to a weak approximation of the
averaged system. One can also see in Figure 3 that, once the
circular motion is reached, the mean value of the rotational
speed is ≈ 0.44, which is smaller than the rotational speed
�∗ ≈ 0.62 for the averaged system.

REFERENCES

[1] C. Zhang, A. Siranosian, and M. Krstić, “Extremum seeking for moder-
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[7] A. Raisch and M. Krstić, “Overshoot-free steering-based source seek-
ing,” IEEE Trans. Control Syst. Technol., vol. 25, no. 3, pp. 818–827,
May 2017.
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