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The notion of “free-will arbitrary time stability” of (Pal et al. (2020), Definition 4) is ill-posed. The
proof of the paper’s central result (Pal et al. (2020), Theorem 2) is incomplete. The arbitrary time
stability concept (Pal et al. (2020), Definition 3) is implied by prescribed-time stabilization by Song
et al. (2017). Additionally, Theorem 1 by Pal et al. (2020) is obtained by a logarithmic change of the
Lyapunov function from (Song et al. (2017), Corollary 1).

© 2022 Elsevier Ltd. All rights reserved.

Recently, “prescribed-time stabilization” was pursued by Song
et al. (2017). In Pal et al. (2020), the (free-will) arbitrary time
stability and stabilizing synthesis are proposed. In the sequel, the
technical correctness and novelty of the latter work are examined.

1. On technical correctness

We examine first the meaning of the basic concepts, given
by Pal et al. (2020) for the underlying system

x = f(t,x; ¢), x(to) = Xo. (1

As in Pal et al. (2020), x € R" is the state of system (1), t; €
Rs( stands for the initial time, ¢ € RP represents the constant
parameters of the system, and f : R>o x R" — R" is a nonlinear
function such that f(t, 0; ¢) = 0.

Definition 3 of arbitrary time stability and Definition 4 of free-
will arbitrary time stability, introduced in Pal et al. (2020), rely
on the fixed-time stability concept of Polyakov (2011), which is
reproduced by Pal et al. (2020, Definition 2) by defining that the
origin of system (1) is fixed-time stable if it is globally finite-
time stable and the settling time function is bounded. Since by Pal
et al. (2020, Definition 1) global fixed-time stability implies global
asymptotic stability, both arbitrary time stability and free-will
arbitrary time stability, if established for a system, must imply
the system’s global asymptotic stability.

Comment #1. There is a logical error in Definition 4 of Pal et al.
(2020). According to item (ii) of Pal et al. (2020, Definition 4),
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T, > 0 may be arbitrary, chosen independently of any system
parameter ¢. Such a definition leads to a conclusion that no
desired nonzero convergence time Ty is possible because, if it
were possible, one could choose T, = %f equal to half of that
desired time. Unless Ty = 0, one gets a contradiction with T, >

Ty, required by item (iii) of Pal et al. (2020, Definition 4).

Comment #2. For a non-autonomous/time-varying system, the
classical definition of asymptotic stability in Definition 4.4 of
Khalil (2002) requires that, for an arbitrary initial condition, at
an arbitrary initial time (before or after t;), the solution converges
to zero as time t goes to infinity. Since, as we indicate just above
Comment #1, the property of free-will arbitrary time stability in
Definition 4 by Pal et al. (2020) must imply asymptotic stability
(over infinite horizon), the scalar closed-loop system (13), (14), in
which x(t) = 0 for t > t;, cannot meet Definition 4 and, therefore,
the conclusion that system (13), (14) is free-will arbitrary time
stable, made in the proof of Theorem 2 by Pal et al. (2020), in
the second paragraph of Section 4.1, is not correct. Likewise, the
closed-loop systems in Section 4.3 by Pal et al. (2020), given,
for t > ¢t in (25), (32), as X1(t) = 0O and, for general n, as
d"x4(t)/dt" = 0, are not asymptotically stable over infinite time,
and therefore also not free-will arbitrary time stable.

Comment #3. The convergence proof of Pal et al. (2020, Theorem
2) is not complete. At the second induction step of Section 4.2,
the second-order system (16), (21) is represented in the new
state variables x; and z,. Utilizing the correction by Pal et al.
(2020a) in response to the comment by Trinh et al. (2020), it
indeed holds that both x;(t) and z,(t) converge to zero as t —
tr. But then it is concluded in Pal et al. (2020, 2nd sentence of
1st paragraph on page 5) without a proof that limt_,[f Xxo(t) =
0. Pal et al. (2020) also leave unproven the boundedness of
the control signal u(t) in (21). For n > 3, in Section 4.3 of
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Pal et al. (2020), the boundedness and convergence to zero of
(x2, X3, ..., xp) and u are also left unproven. The only proofs that
we can produce for these convergence and boundedness prop-
erties are quite complicated, involving the explicit derivation of
the recursively defined functions ¥(t, x1), ..., ¥i(t, X1, ..., Xi),
the explicit derivation of their partial derivatives with respect
to all of their arguments, the substitution of the state equations
and the feedback law, a successive application of L'Hopital’s rule
as t — tf, and certain restrictions on the gains »;. A complete
proof of all such convergence and boundedness properties already
exists in Section 4.2 of Song et al. (2017), for a simpler design, for
arbitrary n.

2. On novelty

Comment #4. Definition 3 coins the term “arbitrary time stabil-
ity”, which is just a re-branding of the pre-existing concept of
“prescribed-time stabilization” in Song et al. (2017). Definition 3
trivially extends the prescribed-time stabilization concept to an
infinite horizon by requiring the state to remain zero after the
prescribed time.

Comment #5. Using the logarithmic transformation
Vi In(1+V)

in (8) of Song et al. (2017), Theorem 1 of Pal et al. (2020) is a

direct consequence of Corollary 1 of Song et al. (2017).
Additionally, in (1), Pal et al. (2020) consider the scalar non-

autonomous differential equation

—n(e*=1)

eX(t—t) 2

0, otherwise

ifto <t <t 2)

where n € R~ and t; denotes the finite time of convergence in-
dependent of any system parameters or initial conditions. System
(2) is readily obtained (as a special case of (5) below) from

kT
w=————w, kT > 1 (3)
TH+to—t
by setting n = kT,tf = T 4+ to and applying the inverse

logarithmic variable transformation
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w=¢€" —1. (4)

Moreover, recall that in Song et al. (2017, Section 3.2, item a), the
same prescribed-time convergence property was established for
a more general system

. T1+m
w = —ku(t — to)w, u(t —to) = (e (5)
with a positive integer m, leaving out the trivial case m = 0 for
which function (10) in Song et al. (2017) is ¢(t —tg) = %
Note that the asymmetric (2), which is bounded for x > 0
and grows exponentially for x < 0, is an unadvisable design
choice, which a practitioner would consider unuseful in most
applications. Such an asymmetry, and the resulting disadvantage,
are not present in the original design (19) by Song et al. (2017).
The prescribed-time (arbitrary time) stabilization of Section 4
in Pal et al. (2020) is already solved, as a special case, by Song
et al. (2017, Section 4.3). The difference is the backstepping and
induction process, applied unnecessarily in Pal et al. (2020) to a
chain of integrators, which is handled in a single shot in Song
etal. (2017, Section 4.2). Finally, the result in Section 5 of Pal et al.
(2020), if viewed for t € [0, tf] as an alternative to the robust
signum-free design in Song et al. (2017, Section 4.3), employs the
signum function unnecessarily.
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