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Abstract

The so-called Stefan system describes the dynamical model of the liquid–
solid phase change in materials ranging from water and ice in the polar caps
to metal casting and additive manufacturing (3D printing). The mathemat-
ical structure is given by a partial differential equation (PDE) with a mov-
ing boundary governed by a scalar ordinary differential equation. Because
of the system’s moving-boundary nature, control of the Stefan model is un-
conventional even within the class of otherwise challenging PDE control
problems. The second decade of the twenty-first century has witnessed re-
markable advances in control design for the Stefan system. Such advances
carry significant potential in several areas of technology. In this article, we
briefly review the principal literature on control of the Stefan model, along
with the associated basics of the PDE analysis of the model and select appli-
cations. Principal ideas from our work on control design, stability analysis,
and the maintenance of physical phase constraints are given sufficient atten-
tion and tutorial treatment so that the article can serve as a self-contained
point of entry into the growing subject of boundary control of the Stefan
system using the method of PDE backstepping.
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1. PHASE CHANGE MODEL BY THE STEFAN SYSTEM

1.1. Introduction and Brief History

Icemelts into water in a hot environment.Conversely,water freezes into ice in a cold environment.
These liquid–solid change phenomena are called phase changes. In addition to various quotidian
settings, they also arise, for example, in sea ice in the polar regions (1), solidification of molten
metal in casting (2), extrusion in polymer 3D printing (3), laser sintering for metal 3D printing
(4), cryosurgery for cancer treatment (5), and thermal energy storage in buildings (6).

A phase change can be regarded as a growth of the domain of one phase accompanied by a
reduction of the domain of the other phase. Apart from the thermal phase change, the growth of
a domain, along with the consequent movement of the domain’s boundary, can be seen in some
nonthermal chemical, biological, and social dynamics, such as tumor growth in a patient’s body (7),
axonal elongation for neurons’ signal transmission (8), the lithiated region in electrodes of lithium-
ion batteries (9), domain walls in ferroelectric nanomaterials (10), and the spread of invasive species
to a new environment (11).

A representative mathematical dynamic model that contains moving boundaries is the Stefan
system, which is a physical model of thermal phase changes. The associated problem of analyz-
ing and finding the solutions to the Stefan model is referred to as the Stefan problem. Since the
phase changes are caused by the temperature dynamics, the physical model involves the temper-
ature of each phase, which is distributed in space and changes in time. Hence, the mathematical
formulation incorporates partial differential equations (PDEs) defined on a time-varying spatial
domain, whereas the dynamics of the position of the moving boundary is governed by an ordinary
differential equation (ODE) whose input depends on the PDE state. This configuration gives rise
to nonlinear coupling of the PDE and ODE dynamics. As a result, although the Stefan problem
seemingly consists of just a linear PDE and a linear scalar ODE, it is mathematically peculiar and
not amenable to conventional analysis for PDEs and ODEs.

The Stefan problem is named after the Slovenian–Austrian physicist Josef ( Jožef ) Stefan, who
was one of the most distinguished and influential physicists of the nineteenth century, celebrated
for his numerous contributions to thermodynamics and heat transfer from an experimental per-
spective. Stefan’s name is perhaps more recognized for the Stefan–Boltzmann law, which came
from Stefan’s experimental work and his student Ludwig Boltzmann’s work on the theoretical
foundations, and revealed that a material with temperature T in absolute units emits a radiative
heat transfer that is proportional to T 4.

After the publication of the thermal radiation law, Stefan started to focus on the evolution of
the thickness of polar ice caps, motivated by observational data of ice growth and air temperature
acquired by British and German explorers during their expeditions. The phase change model with
moving boundaries had been studied by Joseph Black much earlier, in 1762, and Franz Neumann
developed the solution in his lectures around 1860; however, Neumann’s result was not published
until it was included in a 1901 work by Heinrich Weber (12). Stefan developed his analysis of
the solution of ice growth, studied the correspondence with the empirical data, and published the
results in 1891 (13). Since then, the model has been known as the Stefan problem, and it has been
studied widely by researchers since the mid-twentieth century (14).

The mathematical and numerical analysis of the Stefan problem has been widely covered
in the literature. Several works have studied the existence, uniqueness, monotone dependence,
stability, and differentiability of the one-phase Stefan problem (15–19). Cannon & Primicerio
(20, 21) proved the existence and uniqueness of the classical solution of the two-phase Stefan
problem for the temperature boundary conditions and flux boundary conditions. Several nu-
merical methods to solve the Stefan problem have been investigated using finite-difference and
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finite-element methods (e.g., 22, 23), and Javierre et al. (24) published a comparison of the nu-
merical methods.

Work on control of the Stefan system began in the last two decades of the twentieth cen-
tury. For instance, studies have developed feedback control of the Stefan system using an on–off
switching design (25) and examined inverse Stefan problems by using an integral method (26)
or an optimization approach (27–30). Barbu et al. (31) developed an optimal feedback control by
convex analysis, and Colli et al. (32) developed a feedback control for thermostats modeled by a
hyperbolic Stefan problem. Petit (33) solved motion planning by boundary control, overcoming
the challenges of the nonlinearity in the Stefan model. Hinze & Ziegenbalg (34, 35) developed
optimal control for the Stefan problem using a graph-based approach, and Bernauer & Herzog
(36) and Alessandri et al. (37) did so using a level-set formulation.Maidi & Corriou (38) proposed
boundary geometric control, and Ecklebe et al. (39, 40) developed trajectory tracking control for
the vertical gradient freeze crystal growth process. Bentsman and coauthors (41–47) have made
numerous contributions on feedback control of the Stefan problem, which has applications to the
continuous casting of steel.

Recently, boundary feedback controllers for the Stefan system have been designed via a back-
stepping transformation, which has been used for many other classes of infinite-dimensional sys-
tems. The initial article (48) introduced the designs of a state feedback control law, an observer,
and an output feedback law for the one-phase Stefan system by proposing a nonlinear backstep-
ping transformation for the moving-boundary Stefan PDE; it proved the exponential stability of
the closed-loop system without imposing the a priori assumption that the temperature state re-
spects the phase constraints, instead showing that such constraints are actually maintained under
proposed feedback. Extensions have been provided in articles that developed a control design with
time delay in the actuator and proved delay robustness (49), developed a control design for the two-
phase Stefan problem (50), and showed the stability of the closed-loop system under sampled-data
control (51). The backstepping controller and estimator for the Stefan system have been success-
fully applied to screw extruder–based polymer 3D printing (52), laser sintering–based metal 3D
printing (53), polar ice in the Arctic (54), lithium-ion batteries (55), and energy storage by paraffin
with experimental validation (56).

In this tutorial article, we review control of the Stefan system for the purpose of regulating the
boundary between the phases to a setpoint position.We focus on regulation by full state feedback.
In our book (57), we present observer-based versions of the full-state designs presented here.

1.2. Physical Modeling

We begin with a consideration of a pure one-component (liquid-only) material in one dimension,
as depicted in Figure 1, with the assumption that the solid phase happens to be at the freezing
temperature (and not cooler than freezing). This assumption is made for simplicity, so that our
presentation can focus on controlling only the position of the liquid–solid boundary, and not also
the temperature in the distal solid compartment. In Section 3.3, we extend the consideration from
a single-phase Stefan system to a two-phase Stefan system.

The essence of the dynamics of the Stefan system is the evolution in time of the moving liquid–
solid interface, which we denote by s(t). The [0, s(t)] portion of the domain is liquid, at a vary-
ing temperature T(x, t), whereas the remainder of the domain [0, L]—namely, the subdomain
[s(t), L]—is solid, at the melting/freezing temperature Tm, i.e., on the verge of becoming liquid.

For a material that, in its liquid phase, has density ρ and heat capacity Cp, the local energy
conservation law is given by

ρCpTt (x, t ) = −qx(x, t ), x ∈ (0, s(t )), 1.
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0 s(t) L

T(x, t)

Liquid Solid

qc(t)

x

0 s(t) L

T(x, t)

xTm

Figure 1

Schematic of a one-dimensional, one-phase Stefan problem. The temperature profile in the solid phase is
assumed to be a uniform melting temperature.

where q(x, t) is a heat flux profile and T(x, t) is a temperature profile. Moreover, the local energy
balance at the position of the liquid–solid interface x = s(t) involved with the latent heat leads to
the dynamics of the moving boundary:

ρ�H∗ ṡ(t ) = q(s(t ), t ). 2.

The thermal conduction for a melting component obeys the well-known Fourier’s law:

q(x, t ) = −kTx(x, t ), x ∈ [0, s(t )], 3.

where k is the thermal conductivity.
At the boundary x = 0, heat flux enters as an external source that can be manipulated as a

controlled variable, denoted as qc(t). The boundary condition at x= s(t) must maintain the melting
temperature Tm, which is the constant threshold level to cause the phase change from solid to
liquid under a static pressure.

By combining the energy conservation in Equation 1 and the thermal condition in Equation 3
with these two boundary conditions, one can obtain the time evolution of the temperature profile
in the material’s domain

Tt (x, t ) = αTxx(x, t ), x ∈ (0, s(t )), 4.

−kTx(0, t ) = qc(t ), 5.

T (s(t ), t ) = Tm, 6.

where α := k
ρCp

.The initial condition is defined as an arbitrary spatial function for the temperature
profile T(x, 0) = T0(x) > Tm, along with a positive-valued interface position s(0) = s0.

If we disregard the dynamics of the moving boundary s(t), the linear PDE model in
Equations 4–6 may deceive us into thinking that the Stefan model is linear. However, by com-
bining the latent heat energy balance in Equation 2 and the thermal conduction in Equation 3,
we arrive at the so-called Stefan condition, given by the following nonlinear ODE:

ṡ(t ) = −βTx(s(t ), t ), 7.

where β := k
ρ�H∗ .
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The temperature dynamics in a liquid are correctly modeled by the heat PDE in Equation 4
only as long as they produce temperatures above the melting point. If the heat PDE generates
temperatures below melting, islands of solid should arise, and the PDEmodel for liquid would no
longer be valid.Hence, the Stefanmodel is required to satisfy the following conditions everywhere
in the liquid phase, for all times:

T (x, t ) ≥ Tm, ∀x ∈ [0, s(t )], ∀t ≥ 0, 8.

0 < s(t ) < L, ∀t ≥ 0. 9.

The following lemma is a keymathematical result that sets a condition for the control input, under
which islands of solid will not arise within the liquid segment of the domain.

Lemma 1. If the boundary heat input remains nonnegative, i.e., qc(t) ≥ 0 for all t ≥ 0, then
the model validity condition in Equation 8 holds, and the moving interface is monotonically
nondecreasing, i.e.,

ṡ(t ) ≥ 0 for all t ≥ 0. 10.

Lemma 1 is established using the maximum principle and Hopf’s lemma, and a detailed proof
can be found in Reference 58. To satisfy the conditions in Equations 8 and 9, we impose the
following assumption on the initial values.

Assumption 1. The initial interface position satisfies s0 > 0 and, for some H > 0,

0 ≤ T0(x) − Tm ≤ H (s0 − x). 11.

The condition on the initial temperature is physically and mathematically meaningful: The
temperature starts with a spatial profile that is above melting and in a linear sector relative to
the initial interface location. The definition of the solution to the Stefan system and the results
of the existence and uniqueness can be found elsewhere in the literature (e.g., 15, 16, 19).

We provide a thermodynamic perspective of the system. For the Stefan model, the first law is
obtained by taking the integration of the local energy balance on the whole domain as

ρCp

∫ s(t )

0
Tt (x, t )dx = −(q(s(t ), t ) − q(0, t )). 12.

Combining the specific heat with the latent heat, we can define the internal energy as

E(t ) = ρCp

∫ s(t )

0
(T (x, t ) − Tm)dx+ ρ�H∗s(t ). 13.

Taking the time derivative of Equation 13 along the solution of Equations 4–7, we see that

dE
dt

(t ) = qc(t ). 14.

Taking the time integration of Equation 14 yields the following description of the macroscopic
energy conservation law:

E(t ) − E(0) =
∫ t

0
qc(τ )dτ. 15.

The left-hand side of Equation 15 denotes the growth of internal energy, and the right-hand
side denotes the external work provided by the injected heat flux. This form directly captures the
classical first law of thermodynamics without heat dissipation.
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0 s(t) L

T(x, t)

Liquid Solid

qc(t)

x
0 sr L

Tm

Liquid Solid

x

Figure 2

Control objective of the Stefan problem.We aim to design a heat flux input qc(t) such that the interface position s(t) is driven to the
setpoint position sr.

2. STATE FEEDBACK CONTROL DESIGN FOR A ONE-PHASE
STEFAN SYSTEM

2.1. Control Objective

We reiterate the PDE–ODE model

Tt (x, t ) = αTxx(x, t ), x ∈ (0, s(t )), 16.

−kTx(0, t ) = qc(t ), 17.

T (s(t ), t ) = Tm, 18.

ṡ(t ) = −βTx(s(t ), t ), 19.

and set out to define the design task for the control signal qc. The goal in some engineering
processes, including manufacturing, is to achieve a desired shape of solidified material. In the one-
dimensional, one-phase Stefan model, such a desired shape is equivalent to the desired length of
the liquid material. Therefore, the goal is to make the boundary heat flux drive the liquid–solid
interface position s(t) to a setpoint sr. The equilibrium (Teq(x), seq) of the system in Equations 16–
19 is obtained by setting Tt = 0 and ṡ(t ) = 0 in Equations 16 and 19 and imposing the boundary
condition in Equation 18. Thus, the steady-state solution satisfies T ′′

eq(x) = 0, Teq(seq) = Tm, and
T ′
eq(seq) = 0, which yields the steady-state temperature profile as a uniform melting temperature,

i.e., Teq(x) = Tm for any given sr. Thus, the objective of the control design is to achieve the fol-
lowing asymptotic convergence (see Figure 2):

lim
t→∞

s(t ) = sr, 20.

lim
t→∞

T (x, t ) = Tm, ∀x ∈ [0,L]. 21.

Clearly, the setpoint sr must be chosen to satisfy 0 < sr < L, as addressed in the condition in
Equation 9. In addition, the positivity of the manipulated heat flux imposes a restriction on the
setpoint, given that the system in Equations 16–19 satisfies the following energy conservation:

d
dt

(
k
α

∫ s(t )

0
(T (x, t ) − Tm)dx+ k

β
s(t )

)
= qc(t ). 22.

Integrating Equation 22 in t from 0 to ∞ and substituting Equations 20 and 21, one can deduce
that the heat flux qc(t) that drives the system in Equations 16–19 to the desired setpoint satisfies
the following relation:

k
β
(sr − s0) − k

α

∫ s0

0
(T0(x) − Tm)dx =

∫ ∞

0
qc(t )dt. 23.
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From Equation 23, one can deduce that for any positive heat flux control qc(t) > 0, the internal
energy for a given setpoint must be greater than the initial internal energy. Thus, the following
nonrestrictive assumption is imposed.

Assumption 2. The setpoint sr is chosen to satisfy

s0 + β

α

∫ s0

0
(T0(x) − Tm)dx < sr < L. 24.

2.2. Backstepping Control of a Stefan System

In this section, we introduce a well-known method of control design for systems described by
PDEs. The method is backstepping, which was first developed for nonlinear and adaptive systems
(59) and successfully extended to PDEs of parabolic type (60–62), hyperbolic type (63, 64), delays
(65–68), and adaptive systems (69–71). PDE backstepping design has been utilized for applications
to oil drilling (72, 73),multiagent systems (74–76), turbulent flows (77), thermoacoustic instability
(78), traffic control (79–81), battery management (82, 83), mining cables (84, 85), and so on. The
fundamental idea of backstepping is to introduce a state transformation to convert the original
system to an ideal stable system and then derive the control design to be consistent with the
transformation.

Results devoted to the backstepping stabilization of coupled systems described by a diffusion
PDE in cascade with a linear ODE have been presented primarily in Reference 86 with a Dirichlet
type of boundary interconnection and extended to Neumann boundary interconnection in Ref-
erences 87 and 88. For systems related to the Stefan problem, Izadi & Dubljevic (89) designed
a backstepping output feedback controller that ensures the exponential stability of an unstable
parabolic PDE on a priori known dynamics of a moving interface that is assumed to be an analytic
function in time. Moreover, for PDE–ODE cascaded systems under a state-dependent moving
boundary, Cai & Krstic (90) derived a local stability result for nonlinear ODEs with actuator dy-
namics governed by a wave PDE defined on a time- and state-dependent moving domain. Such
a technique is based on the input delay and wave compensation for nonlinear ODEs designed in
References 91 and 92, and its extension to state-dependent input delay compensation for nonlin-
ear ODEs is provided in Reference 93. While the results in References 90 and 93, which cover
state-dependent problems, do not ensure global stabilization due to a so-called feasibility condi-
tion that needs to be satisfied a priori, such a restriction was recently removed in Reference 94,
which provides a global stability result. However, this result is limited to the case of a hyperbolic
PDE in cascade with a nonlinear ODE.

We provide our control design and main theorem below.

Theorem 1. Consider the closed-loop system consisting of the plant in Equations 16–19 and
the control law

qc(t ) = −c
(
k
α

∫ s(t )

0
(T (x, t ) − Tm)dx+ k

β
(s(t ) − sr )

)
, 25.

where c > 0 is an arbitrary controller gain (see Figure 3). Let Assumptions 1 and 2 hold, and
assume that the initial conditions (T0(x), s0) are compatible with the control law. Then, the
closed-loop system has a unique classical solution that satisfies the model validity conditions in
Equations 8 and 9 and is exponentially stable in the sense of the norm

||T − Tm||2H1
+ (s(t ) − sr )2, 26.

where ||T − Tm||H1 :=
(∫ s(t )

0 (T (x, t ) − Tm)2dx+ ∫ s(t )
0 Tx(x, t )2dx

)1/2
.
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Controller
qc(t) PDE

Tt(x, t) = αTxx(x, t)
T(s(t), t) = Tm

Measurement
T(x, t)

Measurement
s(t)

ODE
s(t) = –βTx(s(t), t)
•

Figure 3

Block diagram of state feedback closed-loop control. Both the temperature profile and the interface position
are assumed to be available for the control input. Abbreviations: ODE, ordinary differential equation; PDE,
partial differential equation.

We give a sketch of the proof of Theorem 1. This proof includes the satisfaction of the liquid
phase constraint, a derivation of the control using backstepping, and closed-loop stability.

First we establish the positivity of the heat flux input. Even though the control law is of the
feedback type (rather than open loop) and designed via backstepping, its value remains positive.
Motivated by the energy conservation in Equation 22, we take the time derivative of Equation 25
along the solution of Equations 16–19, which yields, after computations,

q̇c(t ) = −cqc(t ). 27.

Solving Equation 27 leads to

qc(t ) = qc(0)e−ct . 28.

Since the setpoint restriction in Equation 24 implies qc(0) > 0, we have

qc(t ) > 0, ∀t ≥ 0. 29.

Hence, using Lemma 1, one can deduce that the closed-loop system satisfies

T (x, t ) ≥ Tm, ∀x ∈ [0, s(t )], t ≥ 0, 30.

ṡ(t ) ≥ 0, ∀t ≥ 0. 31.

By the control law in Equation 25, we have

k
β
(s(t ) − sr ) = −qc(t )

c
− k

α

∫ s(t )

0
(T (x, t ) − Tm)dx. 32.

Applying Equations 29 and 30 to Equation 32, we obtain s(t) < sr for all t > 0. In addition,
Equation 31 implies that s0 < s(t). Combining these two inequalities, it follows that

0 < s(t ) < sr, ∀t ≥ 0. 33.

Next, we define the reference error states (u, X) as

u(x, t ) = T (x, t ) − Tm, X (t ) = s(t ) − sr, 34.
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respectively.Then, the reference error system associated with the coupled system in Equations 16–
19 is written as

ut (x, t ) = αuxx(x, t ), 0 ≤ x ≤ s(t ), 35.

−kux(0, t ) = qc(t ), 36.

u(s(t ), t ) = 0, 37.

Ẋ (t ) = −βux(s(t ), t ). 38.

We introduce the following backstepping transformation:

w(x, t ) = u(x, t ) − c
α

∫ s(t )

x
(x− y)u(y, t )dy− c

β
(x− s(t ))X (t ). 39.

Along with this transformation, we consider the Lyapunov function

V = 1
2

∫ s(t )

0
w(x, t )2dx+ 1

2

∫ s(t )

0
wx(x, t )2dx+ p

2
X (t )2. 40.

Taking the time derivative of Equation 40, and applying the Young, Cauchy–Schwarz, Poincaré,
and Agmon inequalities with the help of Equations 31 and 33, one can derive, after lengthy and
complicated calculations, the following Lyapunov inequality:

V̇ ≤ −bV + aṡ(t )V , 41.

in which a = max
{
1, 8src

α

}
and b = min

{
α

4s2r
, c
}
. However, the second term on the right-hand side

of Equation 41 does not let us directly conclude exponential stability. To deal with it, we introduce
a new Lyapunov function,W, defined by

W = Ve−as(t ). 42.

Using Equation 41, one can show that the time derivative of Equation 42 satisfies

Ẇ ≤ −bW , 43.

which enables us to ensure the existence of a positive constant D > 0 satisfying

||u||2H1
+ X (t )2 ≤ D

(
||u0||2H1

+ X (0)2
)
e−bt , 44.

which completes the proof of Theorem 1.

2.3. Numerical Simulation

The simulation of the closed-loop system is performed by applying the feedback control law to
the boundary heat input time sequence.The initial values are set to s0 = 1 (cm) and T0(x) = T̄ (1 −
x/s0) + Tm with T̄ = 100 (°C), and the setpoint is chosen as sr = 30 (cm),which satisfies the setpoint
restriction in Equation 24. The control gain is set to c = 0.05 (1/s). Figure 4 depicts the closed-
loop response of the Stefan system under the designed backstepping control in Equation 25. We
observe that the interface position s(t) converges to the setpoint position monotonically, the heat
input qc(t) maintains positive value, and the boundary temperature T(0, t) is warmed up first and
decreases to the melting temperature Tm while satisfying the liquid phase constraint T(0, t) ≥
Tm. The comparison with an open-loop control (pulse input) has been studied in Reference 48,
which shows the superior performance of our proposed backstepping control law in terms of the
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Figure 4

The closed-loop response of the Stefan system with the proposed backstepping control.

convergence speed and robustness with respect to the model uncertainty. Several other results
and numerical analyses for practical implementation, such as the spatial discretization for control
input and the control gain restriction under an input constraint and the sampled-data design, are
included in Reference 57.

3. EXTENDED MODELS AND DESIGNS

3.1. Stefan System with Advection

The melting and solidification phenomena under the flow of each phase appear in several engi-
neering processes, such as screw extruder–based polymer 3D printing (3, 94, 95). In particular,
boundary controls for a moving-boundary model of screw extruders (94, 96) and a model for
the Stefan system (52) have been developed. In this section, we consider a Stefan system with
advection, whose configuration is shown in Figure 5. Moreover, the heat transfer through the
environment can be modeled by following Newton’s law of convective heat transfer. Here, we as-
sume that the ambient temperature is the same as the melting temperature. As a consequence, by
defining the reference error variables u(x, t) = T(x, t) − Tm and X(t) = s(t) − sr analogously to the
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0 s(t) L

b

Liquid Solid

qc(t)

x

Flow

Figure 5

Schematic of the one-phase Stefan problem with a flowing liquid. We consider both counter-convection
(b > 0) and forward convection (b < 0).

last section, we have the following Stefan model:

ut (x, t ) = αuxx(x, t ) + bux(x, t ) − hu(x, t ), 0 < x < s(t ), 45.

−kux(0, t ) = qc(t ), 46.

u(s(t ), t ) = 0, 47.

Ẋ (t ) = −βux(s(t ), t ), 48.

where b is an advection velocity, which can be either positive or negative, and h > 0 is the heat
transfer coefficient. The stability property of the Stefan PDE depends on the sign of the advection
velocity b. The control objective is the same as the one in Section 2—namely, u(x, t) → 0 and
X(t) → 0 as t → ∞. We design the control law and provide the following theorem.

Theorem 2. Consider the closed-loop system consisting of the plant in Equations 45–48 and
the control law

qc(t ) = −k
(

γ u(0, t ) + β

α

∫ s(t )

0
f (x)u(x, t )dx+ f (s(t ))X (t )

)
, 49.

where

f (x) = c
β(d1 − d2)

(
(d1 − γ )e−d1x − (d2 + γ )e−d2x

)
, 50.

d1 = −b+
√
b2 + 4αh
2α

, d2 = −b−
√
b2 + 4αh
2α

, 51.

and γ and c are arbitrary gain parameters satisfying γ > max{0,− b
2α } and c > 0. Suppose that

the setpoint is chosen to satisfy

sr > s0 + β

α

∫ s0

0

f (x)
f (s0)

u(x, 0)dx. 52.

Then, the closed-loop system satisfies the model validity conditions in Equations 8 and 10 and
is exponentially stable in the sense of the norm

||T (x, t ) − Tm||2H1(0,s(t ))
+ (s(t ) − sr )2. 53.

We apply the backstepping transformation given by

w(x, t ) = u(x, t ) − β

α

∫ s(t )

x
φ(x− y)u(y, t )dy− φ(x− s(t ))X (t ), 54.
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where

φ(x) = c
β (d1 − d2)

(
ed1x − ed2x

)
. 55.

Then, applying Equation 54 to Equations 45–48, we obtain the target system as

wt (x, t ) = αwxx(x, t ) + bwx(x, t ) − hw(x, t ) + ṡ(t )φ′(x− s(t ))X (t ), 0 < x < s(t ), 56.

wx(0, t ) = γw(0, t ), 57.

w(s(t ), t ) = 0, 58.

Ẋ (t ) = −cX (t ) − βwx(s(t ), t ). 59.

Moreover, the control design for the Stefan system is given by

qc(t ) = −k
(

γ u(0, t ) + β

α

∫ s(t )

0
f (x)u(x, t )dx+ f (s(t ))X (t )

)
. 60.

To prove the physical constraint under the closed-loop system,we introduce a variableZ(t) defined
by

Z(t ) = −β

α

∫ s(t )

0
f (x)u(x, t )dx− f (s(t ))X (t ). 61.

The time derivative

Ż(t ) = −cZ(t ) − ṡ(t ) f ′(s(t ))X (t ) 62.

leads to

Z(t ) > 0, ∀t ≥ 0. 63.

Then, by the maximum principle, it holds that

u(x, t ) > 0, ∀x ∈ (0, s(t )), ∀t ≥ 0, ux(s(t ), t ) < 0, ∀t ≥ 0, 64.

ṡ(t ) > 0, ∀t ≥ 0. 65.

Imposing Equations 63 and 64 on Equation 61, we obtain

X (t ) < 0, ∀t ≥ 0. 66.

Thus, the following holds:

0 < s(t ) < sr, ∀t ≥ 0. 67.

Finally, applying the Lyapunov analysis to the target (w, X) system in Equations 56–59, one can
conclude with Theorem 2.

3.2. n-Dimensional Ball Geometry with Symmetry

The Stefan system on other types of geometry has been proposed as a mathematical model arising
in several applications. For instance, an electrochemical model of lithium-ion batteries describes
a diffusion dynamics of the lithium-ion concentration in each particle with a spherical geometry
(82, 83, 97–100), and a crystallographic solid–solid phase transition inside the electrodes has been
modeled by the Stefan system (101–103). Motivated by such a model, we consider the one-phase
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0 l(t) R
r

0

l(t)

R
r

n = 2 n = 3

Figure 6

The Stefan problem with an n-dimensional ball geometry; n = 2 corresponds to a disk (left), and n = 3
corresponds to a sphere (right).

Stefan problem with an n-dimensional ball geometry (see Figure 6). For instance, n = 2 corre-
sponds to a disk, and n = 3 corresponds to a sphere, as in the battery model. The outer annulus of
the ball is occupied by the liquid phase, and the inner ball is in the solid phase. A heat flux input
is located all along the outer surface of the liquid phase. We consider spatial nonuniformity only
in the radial coordinate r ≥ 0 and assume a uniform temperature in other spherical coordinates.
Likewise, we assume that the liquid–solid interface is spherical.

Let T(r, t) be the temperature profile in the radial coordinate, l(t) be the interface radius posi-
tion, and qc(t) be the input power (in watts) of the heat flux along the outer surface. Then, using
the Stefan model on the disk and sphere from Reference 104 and the parabolic PDE of an n-
dimensional ball from References 105 and 106, we obtain the following governing equation:

∂tT (r, t ) = α

rn−1
∂r
(
rn−1∂rT (r, t )

)
, l (t ) < r < R, 68.

Rn−1k∂rT (R, t ) = qc(t ), 69.

T (l (t ), t ) = Tm, 70.

l̇ (t ) = −β∂rT (l (t ), t ). 71.

We define the internal energy of the system as

E(t ) = k
α

∫ R

l (t )
rn−1(T (r, t ) − Tm)dr + k

nβ
(Rn − l (t )n ), 72.

where the first term is the specific energy related to the temperature and the last term is a latent
heat related to the volume of the liquid phase. Then, taking the time derivative of the energy
yields

Ė(t ) = qc(t ), 73.

which serves as the energy conservation law. The energy corresponding to the setpoint is given
by

Er = k
nβ

(Rn − l nr ). 74.
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Due to the constraint qc(t) ≥ 0, to achieve the control objective, the setpoint energy Er must
be greater than the initial internal energy E(0), which leads to the requirement of the following
assumption on the choice of the setpoint position.

Assumption 3. The setpoint lr is chosen to satisfy

0 < l nr < l (0)n − nβ
α

∫ R

l (0)
rn−1(T (r, 0) − Tm)dr. 75.

Since Er is a constant, we have
d
dt

(E(t ) − Er ) = qc(t ). 76.

Here, we provide an energy-shaping control that was originally developed for underactuated me-
chanical systems, such as robot manipulators (107, 108). The energy-shaping control law can be
designed so that the internal energy E(t) is driven to the setpoint energy Er, formulated by

qc(t ) = −c(E(t ) − Er ) 77.

= −c
(
k
α

∫ R

l (t )
rn−1(T (r, t ) − Tm)dr + k

nβ
(l nr − l (t )n )

)
, 78.

where c> 0 is a control gain. Owing to the energy conservation law, the energy-shaping design in
Equation 78 satisfies the input constraint

qc(t ) > 0, 79.

by which we can also guarantee

T (r, t ) > Tm, l̇ (t ) < 0. 80.

Moreover, using these properties and the control law in Equation 78, we additionally have the
following property:

l (t ) > lr. 81.

While the energy shaping guarantees the desired properties given above, the closed-loop stability
has not yet been ensured.Next, we show that the energy-shaping control in Equation 78 is actually
equivalent to the backstepping control we derive for the spherical coordinate and prove the closed-
loop stability.

We define the reference error states as

u(r, t ) := T (r, t ) − Tm, 82.

X (t ) := −1
n
(l (t )n − l nr ). 83.

Then, we obtain the following reference error system:

∂tu(r, t ) = α

rn−1
∂r
(
rn−1∂ru(r, t )

)
, l (t ) < r < R, 84.

∂ru(R, t ) = qc(t )
Rn−1k

, 85.

u(l (t ), t ) = 0, 86.

Ẋ (t ) = βl (t )n−1∂ru(l (t ), t ). 87.
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We introduce the backstepping transformation defined by

w(r, t ) = u(r, t ) −
∫ r

l (t )
k(r, p)u(p, t )dp− φ(r, l (t ))X (t ), 88.

which transforms the plant (u, X) into

∂tw(r, t ) = α

rn−1
∂r
(
rn−1∂rw(r, t )

)− l̇ (t )∂l (t )φ(r, l (t ))X (t ), l (t ) < r < R, 89.

∂rw(R, t ) = 0, 90.

w(l (t ), t ) = 0, 91.

Ẋ (t ) = −cX (t ) + βl (t )n−1∂rw(l (t ), t ), 92.

with the gain kernels given by

φ(r, l (t )) =

⎧⎪⎨
⎪⎩

c
β (n−2)

(
1

rn−2 − 1
l (t )n−2

)
if n ≥ 3,

− c
β
(ln(r) − ln(l (t ))) if n = 2,

− c
β
(r − l (t )) if n = 1,

93.

and

k(r, p) = β

α
pn−1φ(r, p). 94.

One thus gets the backstepping control law

qc(t ) = −c
(
k
α

∫ R

l (t )
rn−1(T (r, t ) − Tm)dr + k

nβ
(l nr − l (t )n )

)
, 95.

which coincides with the energy-shaping control law in Equation 78. Finally, considering

V (t ) = 1
2

∫ R

l (t )
rn−1w(r, t )2dr + 1

2

∫ R

l (t )
rn−1∂rw(r, t )2dr + p

2
X (t )2, 96.


(t ) =
∫ R

l (t )
rn−1u(r, t )2dr +

∫ R

l (t )
rn−1∂ru(r, t )2dr + X (t )2, 97.

for some p > 0, and applying the Lyapunov analysis to Equation 96 similarly to the derivation
from Equations 40–44, one can derive that there exist positive constants D > 0 and b > 0 such
that 
(t) ≤ D
(0)e−bt holds, which proves the exponential stability of the closed-loop system.

3.3. Two-Phase Stefan System

Under a nonequilibrium state of the solid-phase temperature, a heat loss at the interface should
be included by modeling a PDE for the solid-phase temperature along with the effect of the heat
flux from the solid phase on the interface ODE.The control design to asymptotically stabilize the
resulting PDE–ODE–PDE system is quite challenging and is presented in this section.

As depicted in Figure 7, two complementary time-varying subdomains, x � [0, s(t)] and x �

[s(t), L], are occupied by the liquid phase and the solid phase, respectively. Let Tl(x, t) and Ts(x, t)
be the temperature profiles of liquid and solid, respectively, and s(t) be the position of the interface
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Tl(x, t) Ts(x, t)

Liquid Solid

qc(t)

0 s(t) L
xTm

Figure 7

Schematic of the two-phase Stefan problem. The temperature profiles of both the liquid phase and the solid
phase are dynamic.

between liquid and solid. Then, the energy conservation and heat transfer laws give the following
PDE–ODE–PDE model of the temperature profile:

∂Tl

∂t
(x, t ) = αl

∂2Tl

∂x2
(x, t ), 0 < x < s(t ), 98.

∂Ts

∂t
(x, t ) = αs

∂2Ts

∂x2
(x, t ), s(t ) < x < L, 99.

∂Tl

∂x
(0, t ) = −qc(t )

kl
,

∂Ts

∂x
(L, t ) = 0, 100.

Tl (s(t ), t ) = Tm, Ts(s(t ), t ) = Tm, 101.

γ ṡ(t ) = −kl ∂Tl

∂x
(s(t ), t ) + ks

∂Ts

∂x
(s(t ), t ), 102.

with the initial dataTl, 0(x) :=Tl(x, 0),Ts, 0(x) :=Ts(x, 0), and s0 := s(0),where qc(t)> 0 is a boundary
heat input. Here, αi is equal to ki

ρi ci
, where ρ i, ci, and ki for i � {l, s} are the density, heat capacity,

and thermal conductivity, respectively, and the subscripts “l” and “s” denote the liquid and solid
phases, respectively. Also, γ is equal to ρ l�H∗, where �H∗ denotes the latent heat of fusion.

Assumption 4. For the initial interface position 0 < s0 < L, the initial temperature profiles
Tl, 0(x) and Ts, 0(x) are piecewise continuous functions with linear sector coefficientsHl > 0 and
Hs > 0 such that

Tm ≤ Tl,0(x) ≤ Tm +Hl (s0 − x), ∀x ∈ [0, s0], 103.

Tm + Hs(s0 − x) ≤ Ts,0(x) ≤ Tm, ∀x ∈ [s0,L]. 104.

The existence and uniqueness of the two-phase Stefan problem, proven by Cannon &
Primicerio (21, theorem 1 on p. 196 and theorem 4 on p. 200) by employing the maximum prin-
ciple, is stated in the following lemma.

Lemma 2. Under Assumption 4, and provided that qc(t) is a piecewise continuous function that
satisfies

qc(t ) ≥ 0, ∀t ∈ [0, t∗ ), 105.
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there exists a finite time t := supt∈(0,t∗ ){t|s(t ) ∈ (0,L)} > 0 such that a classical solution to
Equations 98–102 exists, is unique, and satisfies the model validity condition

Tl (x, t ) ≥ Tm, ∀x ∈ (0, s(t )), Ts(x, t ) ≤ Tm, ∀x ∈ (s(t ),L), 0 < s(t ) < L, 106.

for all t ∈ (0, t ). Moreover, if t∗ = ∞ and it holds that

0 < γ s∞ +
∫ t

0
qc(s)ds < γL 107.

for all t ≥ 0, where

s∞ := s0 + kl
αlγ

∫ s0

0
(Tl,0(x) − Tm)dx+ ks

αsγ

∫ L

s0
(Ts,0(x) − Tm)dx, 108.

then t is equal to ∞—that is, the well-posedness and the model validity conditions are satisfied
for all t ≥ 0.

The variable s∞ defined in Equation 108 is s∞ = limt → ∞s(t) under the zero input qc(t) � 0 for
all t ≥ 0. For Equation 107 to hold for all t ≥ 0, we at least require it to hold at t = 0, which leads
to the following assumption.

Assumption 5. The initial conditions that appear in s∞ in Equation 108 satisfy

0 < s∞ < L. 109.

As in the previous section, the control objective is to stabilize the temperature profile and the
interface position (Tl,Ts, s) at a reference setpoint (Tm,Tm, sr).We approach this problem bymeans
of energy-shaping control. The thermal internal energy of the overall system in Equations 98–102
is given by

E(t ) = kl
αl

∫ s(t )

0
(Tl (x, t ) − Tm)dx+ ks

αs

∫ L

s(t )
(Ts(x, t ) − Tm)dx+ γ s(t ), 110.

which includes the specific heat of both liquid and solid phases and the latent heat.Taking the time
derivative of Equation 110 along the solution of Equations 98–102, one can obtain the energy
conservation law formulated as

d
dt
E(t ) = qc(t ). 111.

To achieve the control objective, the internal energy in Equation 110 must converge to the fol-
lowing setpoint energy:

lim
t→∞

E(t ) = γ sr. 112.

Taking the time integration of Equation 111 from t = 0 to ∞ and imposing the input con-
straint in Equation 105 required for the model validity, as stated in Lemma 2, in order to achieve
Equation 112, we deduce that the following restriction on the setpoint is necessary.

Assumption 6. With s∞ defined in Equation 108, the setpoint sr is chosen to satisfy

s∞ < sr < L. 113.
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Tl,0(x) Ts,0(x)
qc(t)

Under q c(t
) ≡ 0

Design q
c (t) > 0

0 s(t) L
xTm

Tm Tm

0 s∞ L
x

Tm Tm

0 sr L
x

Figure 8

Illustration of Assumptions 4–6 and the control objective.

Figure 8 provides an illustration of Assumptions 4–6 and the control objective.With Assump-
tion 6, due to the energy conservation in Equation 111, the control law

qc(t ) = −c(E(t ) − Er ), 114.

= −c
(
kl
αl

∫ s(t )

0
(Tl (x, t ) − Tm)dx+ ks

αs

∫ L

s(t )
(Ts(x, t ) − Tm)dx+ γ (s(t ) − sr )

)
, 115.

drives the internal energy E(t) to the reference energy Er. We state the following theorem, which
established that Equation 115 achieves much more than E(t) → Er.

Theorem 3. Under Assumptions 4–6, the closed-loop system consisting of the plant in
Equations 98–102 and the control law in Equation 115, where c > 0 is an arbitrary controller
gain, maintains the condition in Equation 106, and there exists a positive constantM > 0 such
that the following exponential stability estimate holds:

�(t ) ≤ M�(0)e−dt 116.

for all t ≥ 0, where d = 1
2 min{ αl

2L2
, αs
L2
, c}, in the L2-norm

�(t ) =
∫ s(t )

0
(Tl (x, t ) − Tm)2dx+

∫ L

s(t )
(Ts(x, t ) − Tm)2dx+ (s(t ) − sr )2. 117.

The full proof of this theorem is given in Reference 50. Next, we provide only a sketch of the
main steps in the analysis of a two-phase Stefan model under backstepping feedback. Let u(x, t)
and v(x, t) be reference error temperature profiles of the liquid and the solid phase, respectively,
defined as

u(x, t ) = Tl (x, t ) − Tm, v(x, t ) = Ts(x, t ) − Tm. 118.

Then, the system in Equations 98–102 is rewritten as

ut (x, t ) = αluxx(x, t ), 0 < x < s(t ), 119.

ux(0, t ) = −qc(t )
kl

, u(s(t ), t ) = 0, 120.

vt (x, t ) = αsvxx(x, t ), s(t ) < x < L, 121.
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vx(L, t ) = 0, v(s(t ), t ) = 0, 122.

ṡ(t ) = −βlux(s(t ), t ) + βsvx(s(t ), t ). 123.

The system in Equations 119–123 shows the two PDEs coupled with the ODE that governs the
moving boundary. The stabilization of states (u, v, s) at (0, 0, sr) is approached by designing the
control law of qc(t) in Equation 120; however, the multiple PDEs are difficult to deal with using
only one input.

To reduce the complexity of the system’s structure in Equations 119–123,we introduce another
change of variable. Let X(t) be a state variable defined by

X (t ) = s(t ) − sr + βs

αs

∫ L

s(t )
v(x, t )dx. 124.

This state represents the (scaled) thermal energy of the solid phase and the interface. Taking
the time derivative of Equation 124 and with the help of Equations 121–123, we get Ẋ (t ) =
−βlux(s(t ), t ), which eliminates the v dependency in the ODE dynamics in Equation 123. Thus,
the (u, v, s) system in Equations 119–123 can be reduced to a (u, X) system as

ut (x, t ) = αluxx(x, t ), 0 < x < s(t ), 125.

ux(0, t ) = −qc(t )
kl

, u(s(t ), t ) = 0, 126.

Ẋ (t ) = −βlux(s(t ), t ). 127.

We introduce

w(x, t ) = u(x, t ) − βl

αl

∫ s(t )

x
φ(x− y)u(y, t )dy− φ(x− s(t ))X (t ), 128.

φ(x) = 1
βl
(cx− ε), 129.

where ε > 0 is a parameter to be determined in the stability analysis. Thus, the associated target
system is derived as

wt (x, t ) = αlwxx(x, t ) + c
βl
ṡ(t )X (t ), 130.

wx(0, t ) = − ε

αl
u(0, t ), 131.

w(s(t ), t ) = ε

βl
X (t ), 132.

Ẋ (t ) = −cX (t ) − βlwx(s(t ), t ). 133.

Let V and V1 be the norms defined as

V (t ) = 1
2αl

∫ s(t )

0
w(x, t )2dx+ ε

2β2
l

X (t )2, 134.

V1(t ) =
∫ s(t )

0
u(x, t )2dx. 135.
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Applying the Lyapunov analysis to Equation 134 similarly to the derivation from Equations 40–
44, one can derive that there exist positive constants D > 0 and b > 0 such that the following
inequality holds:

V1(t ) + X (t )2 ≤ D(V1(0) + X (0)2)e−bt . 136.

Let V2 and V3 be the norms defined by

V2(t ) =
∫ L

s(t )
v(x, t )2dx, 137.

V3(t ) = (s(t ) − sr )2. 138.

Applying the Lyapunov analysis to Equation 137 with the help of 0 < s(t) < L, we can see that

V2(t ) ≤ V2(0)e
− αs

2L2
t
. 139.

Applying the Young and Cauchy–Schwarz inequalities to the square of Equation 124 with the help
of 0 < s(t) < L, we get

X (t )2 ≤ 2V3(t ) + 2Lβ2
s α

−2
s V2(t ), 140.

V3(t ) ≤ 2X (t )2 + 2Lβ2
s α

−2
s V2(t ). 141.

Finally, considering the sum of the norms, V1 + V2 + V3, and applying Equations 136 and 139–
141, we conclude that there exists a positive constant M > 0 such that the following inequality
holds:

V1(t ) +V2(t ) +V3(t ) ≤ M(V1(0) +V2(0) +V3(0))e
−min{b, αs

2L2
}t , 142.

which completes the proof of Theorem 3 (see Figure 9).

4. METAL 3D PRINTING VIA SELECTIVE LASER SINTERING

Metal additive manufacturing (AM) is a state-of-the-art manufacturing technology that has
emerged rapidly in the last decade, as observed from the growth in its global market. Its impact
relies on products and supply chains in numerous industries, including automobiles, consumer
electronics, aerospace, and medical devices (109).While industrial AM systems for polymer mate-
rials can produce reasonable quality for customers, AM for metallic materials still has much room
for improvement.

Selective laser sintering (SLS) is the most common technique among the powder-bed fusion
AM processes that fabricate structurally sound three-dimensional products from computer-aided
design (CAD) models (4). It uses a high-power laser to fuse a thin layer of the metal powder at
the surface of the bed and produce a desired geometry. A melt pool created by the laser solidifies
to a solid metal component. Using such a layer-by-layer approach to fabricate the entire object
enables a relatively fast process and the creation of objects with complex geometries.

Because the phase transformation of the metal powder occurs on a short timescale during
the fast scanning of the laser, SLS yields an inhomogeneous temperature field that leads to a
complex computational prediction of the geometry of the melt pool (see, e.g., 110). The large
thermal gradient inside the metal can lead to brittle parts, and thus the temporal evolution of
the temperature field has a significant role in guaranteeing the quality of the fabrication. Using a
thermodynamicmodel for phase transformations, several studies have investigated the evolution of
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Figure 9

The closed-loop responses under the proposed two-phase design (solid line) and one-phase design (dashed
line). (a) Convergence of the interface to the setpoint sr is observed for both controls; however, the proposed
two-phase design achieves faster convergence. (b) Positivity of the heat input is satisfied for both control
designs. (c) The boundary temperature stays above the melting temperature, and hence there is no
appearance of a new solid phase from the controlled boundary x = 0 in the liquid phase.

the melt pool in SLS by means of the Stefan problem (58) and employed finite-element methods
to obtain computational models (111–114). As introduced in the previous sections, the Stefan
problem is governed by a parabolic PDE for the temperature field, defined on the time-varying
spatial domain of the melting front, whose evolution is given by the Neumann boundary value
of the PDE state at the front position. Zeng et al. (115) provided a comprehensive review of the
thermal modeling of melt-pool dynamics in SLS.

Process control for SLS has been developed to guarantee that the mechanical properties
of the fabricated three-dimensional object will be sufficient. For instance, Zhang et al. (116)
designed a control system to eliminate thermal gradients in the post-sintering temperature using
an infrared camera as a sensor and laser power density as an actuator. Wang and coauthors (117,
118) developed repetitive control methods for SLS-based AM by utilizing three-dimensional
finite-element simulation for the melt-pool evolution. For a powder deposition process, Cao
& Ayalew (119) proposed a control design for laser power and scanning speed to drive the
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Laser Laser mirrors

Melt pool

Part
Powder

0

x

s(t)

Figure 10

Schematic of powder-bed metal additive manufacturing via selective laser sintering. The melt pool is
generated due to the emission of the laser energy.

solid–liquid interface position in the melt pool to some predetermined setpoint geometry using
an adjoint-based optimization for the Stefan problem developed by Hinze & Ziegenbalg (34).

4.1. Physical Model

SLS is a common AM technique that uses a layer-by-layer process to fabricate three-dimensional
objects through repetitive melting and solidification. At each layer, first the solid object under the
process of fabrication is covered by a thin granular metal powder layer at the surface. Next, a laser
beam is injected through reflection by scanner mirrors to heat up and fuse the metal powder at
selective areas of the surface, creating a local melt pool in the powder. Through a phase change,
the domain of the melt pool is limited by the position of the melting front, which varies in time.
This configuration is depicted inFigure 10.The physical modeling of themelt-pool dynamics has
been developed in the literature by means of the Stefan problem. Following the work of Ahn et al.
(112) for a one-dimensional approximation of the Stefan problem in the vertical direction, and
incorporating the in-domain effect of the laser power to the temperature dynamics, we consider
the following governing equations:

∂T
∂t

(x, t ) = α
∂2T
∂x2

(x, t ) + g(x)qc(t ), x ∈ (0, s(t )), 143.

−k∂T
∂x

(0, t ) = qc(t ), 144.

T (s(t ), t ) = Tm, 145.

ṡ(t ) = −β
∂T
∂x

(s(t ), t ), 146.

where T(x, t) denotes the temperature profile in the melt pool along the vertical coordinate
x � (0, s(t)); α is the diffusion coefficient, defined as k

ρcp
; k is the thermal conductivity; ρ is the

density; cp is the specific heat capacity; Tm is the constant melting temperature; β is defined as
k

ρHf
, with the latent heat of fusion Hf; and qc(t) is the controlled laser power. Using Beer’s law for
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optical penetration of the energy, Rostami & Raisi (111) gave the spatially varying function g(x)
as g(x) = 1

ρcpδ
exp

(− x
δ

)
, where δ is called the optical penetration rate. Here, we consider a broader

class of the spatial function g(x) satisfying the following assumption.

Assumption 7. The spatially varying function g(x) is positive, i.e., g(x) ≥ 0, �x ≥ 0.

The steady-state solution (Teq(x), seq) of the system in Equations 143–146 with a zero laser
power qc(t)= 0 yields a uniformmelting temperatureTeq(x)=Tm and a constant interface position
given by the initial data. As proposed by Cao & Ayalew (119), driving the depth of the melt pool
to the setpoint is desirable in AM, and thus we design qc(t) > 0 such that the interface position s(t)
converges to the setpoint sr. A restriction on the choice of the setpoint is given in the following
assumption.

Assumption 8. Given the initial conditions T0(x) and s0, the setpoint sr is chosen to satisfy the
following inequality:

sr > s0 + β

α

∫ s0

0
(T0(x) − Tm)dx. 147.

We design the control law and state our main result as follows.

Theorem 4. Under Assumptions 7 and 8, the closed-loop system consisting of the plant in
Equations 143–146 and the control law

qc(t ) = −c
(
k
α

∫ s(t )

0
(T (x, t ) − Tm)dx+ k

β
(s(t ) − sr )

)
, 148.

where c > 0 is a control gain, satisfies the model validity conditions T(x, t) ≥ Tm and 0 < s(t) <

L, and there exists a positive constantM > 0 such that the norm


(t ) := ||T (x, t ) − Tm||2H1
+ (s(t ) − sr )2 149.

satisfies the exponential decay


(t ) ≤ M
(0)e−bt , 150.

where b = min{ α

4s2r
, c}—that is, the origin of the closed-loop system is exponentially stable in

the spatial H1 norm.

4.2. Numerical Simulation

In numerical simulation, we implement an output feedback control of Equation 148 by construct-
ing an estimator of the temperature state as a copy of the plant in Equations 143–145, measuring
only the interface position s(t), and show that the controller is effective even when applied to a
considerably more complex and realistic two-phase Stefan model.

The setpoint is chosen as sr = 200 (µm), which is a reasonable value for the layer thickness of
the SLS-based AM. We incorporate the measurement uncertainty as the constant bias d; that is,
the measured value y(t) for the interface position s(t) is given by

y(t ) = s(t ) + d. 151.

We investigate the results with the noise-free d = 0, the positive bias d > 0, and the negative bias
d < 0.

The simulation results of the interface position, the laser power controller, and the surface
temperature are given in Figure 11a–c, respectively, for the cases of the measurements under the
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Figure 11

The responses of the system in Equations 143–146 under the proposed control law. The proposed method is
successful: The convergence of the interface, the positivity of the input, and the required condition for the
liquid temperature are all achieved for both positive and negative measurement biases—that is, for d = 0, 5,
and −5 (µm)—and in the presence of the solid phase. (a) In spite of the interface measurement bias d in
Equation 151, the regulation near the interface setpoint is achieved. (b) The positivity of the laser power
control is maintained. (c) The model validity of the boundary liquid temperature is maintained [i.e., T(0, t) ≥
Tm] despite the presence of the solid phase and of the interface measurement bias.

noise-free d= 0 (µm), the positive bias d= 5 (µm), and the negative bias d= −5 (µm).Figure 11a
shows that under the noise-free measurement, the interface position s(t) converges to the setpoint
sr without overshooting on a short timescale (10 ms), which illustrates a sufficiently fast process for
melting each layer. On the other hand, in the presence of the measurement bias, a modest error of
the converging position of the interface from the setpoint position is observed in both the positive
and negative bias. From Figure 11b, we observe that the implemented output feedback control
maintains a positive value under the noise-free measurement and even in the presence of the
measurement bias, which satisfies the constraint for the input laser power. Owing to the positive-
valued input, Figure 11c shows that the temperature at the surface position remains above the
melting temperature Tm, which ensures the condition for the liquid phase temperature under
both the noise-free measurement and the biased measurement. Therefore, the numerical results
illustrate that the proposed observer-based output feedback control law performs robustly even
in the presence of the measurement uncertainty. Such a robustness can be shown analytically in
the sense of input-to-state stability, following Karafyllis & Krstic (120).
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5. CONCLUSION AND OPEN PROBLEMS

This review has summarized recent results on backstepping control of the Stefan system and pro-
vided a tutorial introduction to the basic design ideas and representative applications. In addition
to the topics discussed in this article, we have also developed several other problems, such as the
state observer of the Stefan system (48) and its applications to polar ice (54) and lithium-ion batter-
ies (55), control design in the presence of actuator delay (49), robustness analysis by input-to-state
stability (121), stability analysis with sampled-data control (51), an output feedback control for the
Stefan problem with advection with applications to screw extruder–based 3D printing (52), and
experimental validation by melting paraffin (56).

This area is fertile ground for research, with many open problems and challenges. From the
control-theoretic point of view, these include adaptive control of the Stefan system (122–124),
accelerated convergence of the Stefan system (86, 125, 126), bilateral control of the two-phase
Stefan system (79, 127, 128), a sampled-data observer for the Stefan system (129, 130), event-
triggered control for the Stefan system (131), disturbance rejection for the Stefan system (132,
133), and extremum seeking of an unknownmap cascaded with the Stefan system (134, 135).While
these problems have all been considered for PDE and PDE–ODE systems on fixed domains,
virtually all of them are unexplored for PDEs with moving boundaries. Solving such problems
will require significant theoretical innovation in many methodologies—adaptive control, observer
design, sampled-data systems, event-triggered control, and extremum seeking.

In addition, there are several other applications in which the model is described by the
Stefan system: tumor growth (136–138), axon elongation via neurons’ signal transmissions (8,
139), cancer treatment via cryosurgery (5, 140, 141), spreading of invasive species in ecology (11),
information diffusion on online social networks (142), domain walls in ferroelectric thin films (10),
and the Black–Scholes model of American option pricing (143). Designing controllers and esti-
mators, guaranteeing stability and model validity, and investigating the performance in numerical
simulation are significant tasks for the applications of PDE control to these subjects.
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