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of sensing signals from the seabed to the vessel on the ocean surface through a set of acoustics devices.

Keywords: After treating the time delay of arbitrary length as a transport PDE whose boundary connects with
Distributed parameter system the plant, a state observer is built to estimate the states of the overall system of heterodirectional
Delay coupled hyperbolic PDEs-ODE-transport PDE, only using the measurements at the right boundary of
Boundary control the last transport PDE. An observer-based output-feedback continuous-in-time controller is designed
Event-triggered control to stabilize the overall system using the backstepping method, followed by an observer-based

Deep-sea construction event-triggering mechanism, which is designed based on the evolution of the overall PDE-ODE-PDE

system, to determine the updating times of the actuation signal. The absence of a Zeno behavior
and exponential convergence in the event-based closed-loop system are proved. In the simulation,
the obtained theoretical result is verified in control of a deep-sea construction vessel to place the
equipment in the target area on the seabed. Performance deterioration under extreme and unmodeled
disturbances is also illustrated.
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1. Introduction Large oscillations often appear in the cable system, especially

under the external ocean disturbances (How et al., 2010). The

1.1. Motivation large oscillations would cause large deviation of the payload from
the designated location on the seabed.

The motivation of this work arises from the control problem Several boundary control schemes have been proposed for the

for a deep-sea construction vessel (DCV), which is used to place =~ PDE-modeled cable systems with the purpose of suppressing the
underwater parts of an off-shore oil drilling platform at the des- ~ cable oscillations (He & Ge, 2016; He, Meng, He, & Ge, 2018;
ignated locations on the seabed (Stensgaard, White, & Schiffer, ~ Wang, Koga, Pi and Krstic, 2018). In addition to the infinite-
2010), and is also used in the construction of artificial reefs for ~ dimension property introduced by the cable structure, there are
enabling the development and growth of marine life, in laying two challenges in the control design of DCV. The first one is the
communication cables on the seabed, which is often uneven  e€Xistence of sensor delays. As shown in Fig. 1, the sensor signal
and rife with obstacles, and in other undersea applications. A measured at the payload is transmitted over a large distance to
diagram of DCV is shown in Fig. 1, where the top of a cable the vessel on the ocean surface through a set of acoustics de-
is attached to a crane on a vessel at the ocean surface and the vices, because acoustic communication is the most versatile and
cable’s bottom is attached to an object to be installed/moved on ~ Widely used technique in underwater engineering applications

the seabed (How, Ge, & Choo, 2010, 2011; Wang & Krstic, 2021d). ~ considering low attenuation in water (Jiang, 2008; Manjula &
Manvi, 2011). The transmission speed of acoustic signals in salty
- water is around 1500 m/s, which is a difference of five orders
The materi;l (ij“fthis P;{{ert‘f"as not Pﬁesznthd at ;"ﬁconf,erte“;‘z'ghisApaPTf of magnitude lower than the speed of electromagnetic wave in
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* Corresponding author. underwater becomes significant (Jiang, 2008). Such sensor signal
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(M. Krstic). trol system lose stability, which motivates us to study the delay
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compensation in the control design of DCV. The second one is
that the massive actuator, i.e., the ship-mounted crane shown in
Fig. 1, is incapable of supporting the fast-changing control signal,
due to its low natural frequency, which motivates us to consider
applying sampling schemes into the continuous-in-time control
signals to reduce the changes in the actuation. Compared with the
periodic sampled-data control where unnecessary movements of
the massive actuator may appear, event-triggered control is more
feasible from the point of view of energy saving, because the
massive actuator is only animated at the necessary times which
are determined by an event-triggering mechanism of evaluating
the operation of the DCV.

In this paper, we pursue a delay-compensated event-triggered
control scheme, which compensates the sensor delay of arbitrary
length, and has a reduction of the changes in the actuator signal,
i.e., the control input employs piecewise-constant values. The
delay-compensated event-triggered control scheme is designed
for a 2 x 2 hyperbolic PDE-ODE system, which not only covers
the DCV dynamics, and can be suitable in some other applications,
such as road traffic (Goatin, 2006; Yu & Krstic, 2019), water
level dynamics (Diagne, Diagne, Tang, & Krstic, 2017; Prieur &
Winkin, 2018), and flow of fluids in transmission lines (Hasan,
Aama, & Krstic, 2016). The classical control results of the class of
coupled hyperbolic PDEs are presented in Coron, Vazquez, Krstic,
and Bastin (2013), Hu, Di Meglio, Vazquez, and Krstic (2016)
and Vazquez, Krstic, and Coron (2011), which are further devel-
oped for the case including couplings with ODEs in Deutscher,
Gehring, and Kern (2018), Meglio, Lamare, and Aarsnes (2020),
Saba, Bribiesca-Argomedo, Loreto, and Eberard (2019) and Wang,
Krstic and Pi (2018).

1.2. Event-triggered control of PDEs

Most of the current designs on event-triggering mechanisms
are for ODE systems, such as Girard (2015), Heemels, Johansson,
and Tabuada (2012), Marchand, Durand, and Castellanos (2013),
Seuret, Prieur, and Marchand (2014) and Tabuada (2007). There
exist some results on distributed (in-domain) control of PDEs,
such as Selivanov and Fridman (2016) and Yao and El-Farra
(2013). For boundary control, event-triggered control designs for
reaction-diffusion PDEs were proposed in Espitia, Karafyllis, and
Krstic (2021) and Karafyllis, Espitia, and Krstic (2021), and the
results for first-order hyperbolic PDEs were presented in Diagne
and Karafyllis (2021) and Espitia, Girard, Marchand, and Prieur
(20164, 2016b). Regarding the 2 x 2 first-order hyperbolic PDE,
the first attempt of event-based boundary control was Espitia, Gi-
rard, Marchand, and Prieur (2018), which is in the state-feedback
form. Based on the observer design, the output-feedback event-
triggered boundary controllers of the 2 x 2 first-order hyper-
bolic PDEs were proposed in Espitia (2020) and Wang and Krstic
(2022), and an adaptive event-triggered boundary controller is
further developed in Wang and Krstic (2021a). However, a large
delay is not allowed in the above event-triggered control designs.

1.3. Delay compensation/robustness in PDEs

Recently, regarding taking into consideration time delay,
boundary control designs for hyperbolic PDEs have been pro-
posed. For example, delay-robust stabilizing feedback control
designs for coupled first-order hyperbolic PDEs were introduced
in Auriol, Aarsnes, Martin and Di Meglio (2018) and Auriol,
Bribiesca-Argomedo, Saba, Di Loreto and Di Meglio (2018), achiev-
ing robustness to small delays in actuation. In order to compen-
sate arbitrarily long delays, a delay compensation technique was
developed in Krstic (2009b) and Krstic and Smyshlyaev (2008),
where the delay was captured as a transport PDE and the original
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Fig. 1. Diagram of a deep-sea construction vessel.

ODE plant with sensor delay was treated as an ODE-transport
PDE cascade in the controller and observer designs. Therein, the
observer was built of a “full-order” type, which estimates both
the plant states and the sensor states, compared with some clas-
sical results about delay-compensated observer designs (Ahmed-
Ali, Karafyllis, & Lamnabhi-Lagarrigue, 2013; Cacace, Germani, &
Manes, 2010; Germani, Manes, & Pepe, 2002), which only esti-
mate plant states, namely, observers of the “reduced-order” type.
While compensation of arbitrarily long delays by this technique is
commonly available for finite-dimensional systems, only very few
examples exist for PDEs, where the result for coupled first-order
hyperbolic PDEs was presented in Wang and Krstic (2020a), and
the results for parabolic (reaction-diffusion) PDEs were proposed
in Koga, Bresch-Pietri, and Krstic (2020) and Krstic (2009a). Delay
compensation for the wave PDEs with arbitrarily long delays
is more complex than the one for reaction-diffusion PDEs, for
which the primary reason is the second-order-in-time character
of the wave equation. In Krstic (2011), by treating the delay as a
transport PDE and applying the backstepping method, a boundary
controller was designed for a wave PDE with a compensation of
an arbitrarily long input delay and with a guarantee of expo-
nential stability in the closed-loop system. Through truncation of
the original infinite dimensional system and applying predictor
feedback, control designs for PDEs with long input delays were
also presented in Guzman, Marx, and Cerpa (2019), Lhachemi and
Prieur (2020), Lhachemi, Prieur, and Shorten (2019) and Prieur
and Trelat (2018). All the above delay compensation/robustness
results employ the continuous-in-time control input, instead of a
piecewise-constant fashion.

1.4. Main contributions

e Compared with the results in Espitia (2020), Espitia et al.
(2018, 2021) and Wang and Krstic (2022) about event-
triggered control of PDEs without delay compensation, we
achieve compensation of arbitrarily long sensor delays in
event-triggered control of hyperbolic PDE-ODE systems.
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e The previous results (Koga et al., 2020; Krstic, 2009a, 2011;
Wang & Krstic, 2020a) on delay-compensated control of
PDEs use continuous-in-time control input signals, whereas
the control input in this paper is piecewise constant.

e In comparison to the previous continuous-in-time
controllers for DCVs without delay compensation
(How et al.,, 2010, 2011; Wang & Krstic, 2021d), this paper
develops a DCV control scheme, which compensates the
sensor delays arising from the long-distance transmission of
the sensing signal via acoustics devices, and employs a more
user-friendly piecewise-constant actuation for the massive
ship-mounted crane.

1.5. Organization

The DCV model, and the general model used in control de-
sign are presented in Section 2. Observer design is proposed in
Section 3, where the observer gains are determined in two trans-
formations which convert the observer error system to a target
observer error system whose exponential stability is straightfor-
ward to obtain. An observer-based output-feedback continuous-
in-time controller with delay compensation is designed in
Section 4 by using the backstepping method. In Section 5, a
dynamic event-triggering mechanism is designed, and the exis-
tence of a minimal dwell-time between two successive triggering
times is proved. The absence of a Zeno behavior and exponential
convergence in the event-based closed-loop system are proved
in Section 6. The obtained theoretical result is verified in the
application of DCV control for seabed installation by simulation
in Section 7. The conclusions and future work are provided in
Section 8.

1.6. Notation

We adopt the following notation.

e The symbol R_ denotes the set of negative real numbers,
whose complement of the real axis is R, := [0, +o0). The
symbol Z, denotes the set of all non-negative integers.

e Let U C R" be a set with non-empty interior and let 2 C R
be a set. By CO(U; £2), we denote the class of continuous
mappings on U, which take values in £2. By CK(U; £2), where
k > 1, we denote the class of continuous functions on U,
which have continuous derivatives of order k on U and take
values in £2.

e We use the notation L%(0, 1) for the standard space of the
equivalence class of square-integrable, measurable functions

defined on (0,1) and [If| = (/¢
f €120, 1).

e For an I C Ry, the space CO(I;L?(0,1)) is the space of
continuous mappings I > t — u[t] € [(0, 1).

e letu: R, x [0, 1] — R be given. We use the notation u[t]
to denote the profile of u at certain t > 0, i.e,, (u[t])(x) =
u(x, t), for all x € [0, 1].

1
2dx) < 400 for

2. Problem formulation
2.1. Model of DCV

We follow the modeling process in Section 2 in Wang and
Krstic (2021d) but make the following three simplifications: (1)
We take the cable length as constant, i.e., we set [(t) as L; (2) The
spatially-dependent static tension of the cable, which considers
the effect of the cable mass on the tension in the cable, is assumed
as a constant static tension resulting from the payload mass and
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Table 1

Physical parameters of the DCV.
Parameters (units) Values
Cable length L (m) 1000
Cable diameter Ry (m) 0.2
Cable linear density p (kg/m) 8.02
Payload mass M; (kg) 4.0 x 10°
Gravitational acceleration g (m/s?) 9.8
Cable material damping coefficient d. (N s/m) 0.5
Height of payload modeled as a cylinder h, (m) 10
Diameter of payload modeled as a cylinder D, (m) 5
Damping coefficient at payload d; (N s/m) 2.0 x 10°
Seawater density ps (kg m~3) 1024

buoyancy, i.e., we set T(x) as Tp; (3) We only focus on lateral
vibrations instead of longitudinal-lateral coupled vibrations, and
model the dynamics of a deep sea construction vessel as

Touz(0, £) = U(t), (1
pun(x, t) = Touw(x, t) — deue(x, t), (2)
u(L, t) = by(t), (3)
Myby(t) = —dby(t) + Toug(L, t), (4)

V(x, t) € [0, L] x [0, o0). Eq. (2) describes the oscillation dynamics
of the cable, where u(x, t) denotes the distributed transverse
displacement along the cable. Eq. (4) models the dynamics of the
payload, and the function b;(t) denotes its transverse displace-
ment. Eq. (3) represents the connection between the bottom of
the cable and the payload, and Eq. (1) describes the force input
at the top of the cable, i.e., at the ship-mounted crane, where
the control force U(t) is to be designed in this paper. The static
tension Ty is defined as To = Mg — Fyuoyant,» Where the buoyancy
Fouoyant 1S Fouoyant = %anhc,osg. The physical parameters of the
deep-sea construction vessel are given in Table 1, whose values
are taken from How et al. (2011).

An accelerometer is placed at the object at the bottom of the
cable, referred to as payload, to measure the lateral acceleration
b,(t) of the payload. However, as shown in Fig. 1, there exists a
sensor delay 7 due to the fact that the sensor signal is transmitted
over a large distance from the seabed to the vessel on the ocean
surface through a set of acoustics devices, i.e., the acquisition of
the wireless receiver at the vessel is the delayed measurement of
the lateral acceleration of the payload, denoted as

yout(t) = C(t - ‘C)»
where a new variable is introduced as
¢(t) = by(o). (6)

In practice, the lateral velocity ¢ of the payload is obtained by
integrating the delayed acceleration sensing you(t), i.e.,

t €[, 00), (5)

(e —1)= / Youlhdh 4 £(0), € € [r. 00) )

which is a delayed signal of the lateral velocity, where the initial
value ¢(0) of the lateral velocity at the payload can be calculated
via (4), i.e, £(0) = ZLbi(0) + Pus(L, 0) = Zhyoulr) + 2¥s(v)
where Yo is given in (5), and ys( )= ux(L, t — t) is the delayed
signal obtained by a strain sensor placed at the connection point
between the payload and the cable. Eq. (7) only explains an
acquisition method for ¢ in practical DCVs, and no restrictions
are imposed on any initial conditions in the design and theory in
this paper.

In the practical DCV, caused by ocean current, there always
exist a distributed oscillating drag force f(x, t) along the cable
and a drag force fi(t) at the payload, i.e., disturbances f(x, t), fi(t)
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would exist in (2), (4). Although we do not deal with the dis-
turbances f(x, t), fi(t) in the control design in this paper, they
are considered in the simulation model for testing robust of the
proposed controller.

2.2. Representing the model in Riemann coordinate

Applying the Riemann transformations (Wang & Krstic, 2021d)

Z(x, t) = ue(x, t) — \/TEU&(R, t), (8)
o _ To _
w(x, t) = u(X, t) + \/:ux(x, t), (9)

introducing a space normalization variable
X
=-€[0,1], 10
L [0, 1] (10)
and defining
zZ(x, t) = z(x, t), w(x, t) = w(x,t), (11)

Eqgs. (1)-(4) are rewritten as the plant (14)-(18) shown shortly,
with the coefficients

iz [t qi=q ! /To S =m=8=8 de
=2 /—, (1i=Q=—-— 81=8=8=8=5",
Top LY p 2p

(12)
«/T «/T

gq=-1,p=1,¢c=2, a, = 0P 2. (13)
ML M, M,

where Zx(x, t) = 1zx(x, t), w(X, t) = Jwx(x, t) have been used.
2.3. General model

The plant considered in this paper is a general form of the
model obtained from applying Riemann transformations (8), (9)

into (1)-(4), and employing (10), (11), given by

z(0, t) = pw(0, t) + cU(t), (14)

z(x, t) = —q1zx(x t) — gaw(x, t) — giz(x, 1), (15)

we(X, t) = awx(X, t) — gaw(x, t) — gsz(x, t), (16)

w(1,t) =qz(1,t)+ cg(t), (17)
£(t) = aig(t) — byz(1, 1), (18)

V(x,t) € [0, 1] x [0, 00), and the output measurement is

Youl(t) = [¢(t = 1), {(t = )", t €[, 00) (19)

according to the obtained signals shown in (5)-(7). The scalar
£(t) is an ODE state. The scalars z(x, t), w(x, t) are states of the
2 x 2 coupled hyperbolic PDEs. The positive parameter 7 is an
arbitrary constant denoting the time delay in the measurement.
The control input U(t) in (14) is to be designed. The parameters
21,82, 83, 84, € € R are arbitrary. The positive constants q; and ¢,
are transport speeds. The constants a; and by # 0 are arbitrary.
The parameters q, p € R (q # 0) satisfy Assumption 1.

84 31
Assumption 1. The plant parameters p, q satisfy |pq| < e *q

One can readily check that Assumption 1, which will be used
in Section 5, is satisfied in the DCV model with the parameters
(12), (13), whose values are given in Table 1.
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2.4. Rewrite delay as a transport PDE

By defining v(x, t) =
transport PDE

¢(t — r(x — 1)), we obtain from (19) a

v(1,t) = ¢(t), (20)
ve(X, t) = —%vx(x,t), x€e[1,2] (21)
Your(t) = [v(2. 1), (2. 0)] (22)
for all (x,t) € [1,2] x [0, 00), to describe the time delay in

the measurement (19). Replacing (19) by (20)-(22), we obtain
a hyperbolic PDE-ODE system connecting with another trans-
port PDE, i.e., the coupled hyperbolic PDEs-ODE-transport PDE
system (14)-(18), (20)—(22). The time delay is “removed” at a
cost of adding a transport PDE into the plant (14)-(18). The
continuous-in-time boundary control design for a PDE-ODE-PDE
configuration was also studied in Aarsnes, Vazquez, Di Meglio,
and Krstic (2019).

Now, the task is equivalent to exponentially stabilizing the
overall system (14)-(18), (20)-(22), i.e., (z, w, v)-PDEs and ¢-ODE
by employing an event-triggered output-feedback control input
U(t) applying at the left boundary of z-PDE, only using the right
boundary state of v-PDE.

3. Observer design

In order to build the observer-based event-triggered output-
feedback controller of the plant (14)-(19), in this section, we de-
sign a state-observer to track the overall system (14)-(19) using
only the delayed measurement yo(t). Through the reformulation
in Section 2, the estimation task is equivalent to designing a state-
observer to recover the overall system (14)-(18), (20)-(22) only
using the measurements at the right boundary x = 2 of the v-PDE.
The observer is built as a copy of the plant (14)-(18), (20)-(22)
plus some output error injection terms, as follows:

2(0, t) =pw(0, t) + cU(t), (23)

Ze(x, t) = — q1Zx(x, t) — Z2W(x, t) — g12(x, t),
+ Hy(X)(Your(t) — Your(t)), x € [0, 1] (24)
ﬁ)f(xv t) =q2ﬁ)X(X7 t) - g412)(x, t) - g32(x7 t)
+ Ha(X)(Your(t) — Your(t)), x € [0, 1] (25)
W(1, ) =q2(1, t) + cZ(t) + Ha(Your(t) — Your(t)), (26)
£(t) =a1£(6) — bi2(1, £) + Hi(Your(t) — Tou()). (27)
B(1, t) =2 (t), (28)
B, £) = — 28,00, 1)
T A
+ Hs(x)(Your(t) — Your(t)), x €[1,2] (29)
where
Your(t) = [0(2, £), 0e(2, )], (30)

and the row vectors Hy = [Hig, Hip] € R? Hy(x) = [Hoa(x),
Hop(x)] € R?, Hs(x) = [H3a(x), H3(x)] € R? Hy = [Haq, Hap] €

R?, H5(x) = [Hsq(x), Hsp(x)] € R? are observer gains to be
determined. Defining the observer error states as

(20x, 1), Blx, ), E(8), Dx, 1)) = (2(x, £), wlx, £), £ (0), v(x, 1))

— (2(x, t), W(x, t), £ (¢), O(, 1)), (31)

according to (14)-(18), (20)-(22
error system is obtained as

Z(0, t) = pw(0, t), (32)

) and (23)-(29), the observer
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Zt(x7 t) = _QIEX(Xa t) - gZﬁ)(x7 t) - glz(xa t)
— H,(X)[(2, t), 52, )]7, x€[0,1] (33)
We(X, t) = qaibx(X, t) — g4w(x, t) — g3Z(x, t)

— H3(X)[D(2, 1), 7:(2, )]T, x€[0,1] (34)

(1, t) = qZ(1, t) + cC(t) — Ha[D(2, t), D:(2, )17, (35)
E(0) = () — byz(1, £) — Ha[8(2, £), 52, )1, (36)
(1, 1) = £(t), (37)

De(x, t) = —%f)x(x, t) — Hs[0(2, t), 5:(2, O, x € [1,2]. (38)

The determination of the observer gains H;, Hy(x), H3(x), Ha,
Hs(x)in (23)-(29) will be completed through two transformations
presented next, which convert the observer error system (32)-
(38) to a target observer error system whose exponential stability
is straightforward to obtain.

3.1. First transformation

Introduce the transformation

v(x, t) = 7(x, t) + p(x)¢ (1), (39)
where
o(x) = e TNy e (1, 2], (40)

with the purpose of converting (36)-(38) to

£(6) = —anZ(t) — biZ(1, ) — e L(2, 1), (41)
n(1,t) =0, (42)
1
;]f(xs t) = _;ﬁx(xv t)’ Xe []7 2] (43)
where
(_1] = Ll —ap > O, (44)

by choosing the design parameter L. Matching (36) and (41) via
(39), by virtue of (44), we obtain that H; should satisfy

Hy = [e"1Ly, 0]. (45)
Taking the time and spatial derivatives of (39) and submitting the
result into (38), applying (36), (43), and (45), we obtain
De(x, t) + %T)X(x, t) + Hs(x)[D(2, t), T¢(2, 01"
= 7e(x, 1) + o) £ (t) — @()b1Z(1, t) — p(x)e™ L1 (2, 1)
+ 0 + @ 0RO + (OB 0, 32, 0T
= —p(0)b1Z(1, t) — p(x)e" L13(2, t) + Hs(Q)[D(2, 1), B:(2, £)]"

1 ~
+ |:§0(X)a1 + tfﬁ'(x)] ¢(t) =0, (46)

where ¢'(x)+ ta,¢(x) = 0 obtained from (40) has been used. The
row vector Hs(x) are determined to ensure

— p(x)b1Z(1, t) — p(x)e™ 1 L13(2, t)
+ Hs(x)[9(2, t), 5:(2, )] = 0. (47)

We solve the observer gains by using the Laplace transformations,
considering the convenience from the algebraic relationships be-
tween the output error injections and other observer error states
in the frequency domain.

First, we derive the algebraic relationships between z(1, s) and
¥(2, s). Taking the Laplace transform of (41), we get

(s+a)c(s) = —b1z(1,s) — e L1e""*n(1, s). (48)
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For brevity, we consider all initial conditions to be zero when we
take the Laplace transform. (Arbitrary initial conditions could be
incorporated into the stability statement through an expanded
analysis which is routine but heavy on additional notation.) Re-
calling (42), and a; > 0 which ensures the fact that (s + a;) does
not have any zeros in the closed right-half plane, we obtain from
(48) that

£(s) = —(s+ @) 'bi2(1,5). (49)
According to (39), (42), (43), applying (40), (49), we have that
0(2,5) = e (1, 5) + @(2)¢(s) = —r(s)2(1, 5), (50)
where

r(s)=e (s +a;) 'b;. (51)

The function r(s) is an asymptotically stable and strictly proper
transfer function, according to a; > 0 and Definition 1 taken
from Curtain and Morris (2009).

Definition 1. The function G is said to be proper if for, suffi-
ciently large p, SUPRe(s)=0 ) Is|>p |G(s)] < oo. If the limit of G(s) at
infinity exists and is 0, we say that G is strictly proper.

After obtaining the algebraic relationship (50), we determine
Hs to make (47) hold. Taking the Laplace transform of (47),
inserting (40), and (50), we obtain

— p(x)b1Z(1, 5) — p(x)e* 1 L1D(2, 5) + Hs(x)[D(2, 5), s0(2, 5)]”
=—@(x)b1Z(1, ) + (x)e" " L11(s)z(1, s)

—Hsa(s; X)r(s)Z(1, s) — Hsp(s; x)(e”""by — aqr(s))z(1, s)
= — (@(x)by + Hsp(s; x)e™*"1b1)Z(1, s)

+ (@(x)e™ Ly + Hsp(s; x)ay — Hsqa(s; X))r(s)z(1, s)
=0, (52)
where
sr(s) = (s + ay — a1)e (s + 1)~ by = e "Mby — ayr(s) (53)

by recalling (51), has been used. For (52) to hold, the transfer
function Hs(x) is then defined as

HS(X) — [e—ml(x—Z)Ll _ e—ral(x—z)a17 _e—ral(x—Z)]. (54)

In the above derivation, we have completed the conversion be-
tween (36)-(38) and (41)-(43) through (39), under the designed
Hi, Hs(x). In what follows, Hy is determined to make w(1, t) in
the boundary condition (35) be zero, i.e., to render
W(1,t) = gZ(1, t) + cg(t) — Ha[0(2, ), 5(2, £)]" = 0. (55)
Taking the Laplace transform of (55), inserting (49), and (50), we
obtain
)+ €£(s) — Haa(x)0(2, 5) — HapsD(2, 5)
=qz(1,5) — c(s + @1)"'b1Z(1, 5) + Haar(s)2(1, 5)

+Haypsr(s)z(1, s)
=qz(1,s) — ce*r(s)z(1, s)

+ Haar(s)2(1, 5) + Hap(e™ " by — aur(s))z(1, )
= (q 4 Hape ""b1)Z(1, s) + (Haq — Hapay — ce™™)

x 1(5)z(1, s)
=0, (56)

where (51), (53) have been used. For (56) to hold, the row vector
H, is chosen as

H4=[— a4 | e 1 } (57)

w(1,s)=qz(1,s

e—Ta1 b1 _€7T01b1
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Through applying the first transformation (39), with Hy4, Hs(x),
and Hi, then (32)-(38) is converted to the intermediate system
as

Z(0, t) = pw(0, t), (58)
zt(xv t) = —Chzx(xs t) - gzﬂ)(xv t) - g]z(xs t)
- Hz(x)[f)(zv t)! f)t(zs t)]T! (59)

We(X, t) = qix(X, t) — g4W(x, t) — g3Z(x, t)

- H3(X)[‘D(27 t)a i}[(27 t)]Ta (60)

w(1,t)=0, (61)

r(t) = =@ (t) — biz(1, t) — e" 1 Ly7(2, ), (62)

n(1,t)=0, (63)
1

ne(x,t) = —;ﬁx(X, t). (64)

Next, we introduce the second transformation to decouple the
couplings in (59), (60).

3.2. Second transformation

We now apply the second transformation (Bin & Di Meglio,
2016)

1
e 1) = Blx. t) — / YY)y, Oy, (65)

1
Z(x, t) = a(x, t) — / o(x, y)a(y, t)dy, (66)
with the kernels ¥ (x, y), ¢(x, y) satisfying

83
LX) = , 67

Y(x, X) P (67)
#(0,y) = py(0,y), (68)
DY, ¥) — q1¥y(x, y) — S3P(x, y)
+ (81 —84)¥(x,y) =0, (69)
Q19x(%, ¥) + Q1dy(x, ¥) + &2¥(x,y) = 0, (70)

whose well-posedness is proved in Vazquez et al. (2011). The
purpose of the transformations (65), (66) is to convert the in-
termediate system (58)—(64) to the target system (the subsystem
7(-, t), given in (63), (64), is removed for brevity because 7(-, t) =
0, t > 1), as follows,

&@(0, t) =pB(0. 1), (71)
Gl 1) = =~ e, )+ [ i By, tdy

— G1a(x, t) — ngB(x, ), (72)

Bilx, ©) =q2Br(x, O) + / N y)Bly. Oy — 8Bl ) (73)

B(1.t) =0, X (74)

£(t) = — @(t) — bi(1, 1) (75)

for t > 1, where the integral operator kernels M and N are
defined as

_ y _
WM(x.y) = / o(x, SIWI(S, y)d5 — £6(x, ), (76)

_ y _
Nx.y) = f W M. )5 — g (x.y). (77)

In what follows, Ho(x), H3(x) are determined by matching the in-
termediate system (58)-(62) and the target observer error system
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(71)~(75) via (65

), (66). Inserting (65), (66) into (60) along (72),
(73), and applying (67

)-(69), (77), we get
We(X, t) — Qwx(X, t) + &32Z(x, t) + aW(x, t)
+ H3(x)[0(2, 1), 0(2, )]
= g1y (x, Da(1, t) + H3(x)[9(2, 1), 0:(2, 1)]" =0, (78)

where the detailed calculation is omitted here due to space limit.
We thus know that the following equation needs to be satisfied

@ (x, DZ(1,6) + Ha(0)[0(2, £), 22, )] =0, (79)

where @(1, t) = Z(1, t) according to (66) has been used. Rewriting
(79) in the frequency domain and applying (50), (53), we obtain

@y (x, DZ(1,s) + H3(X)[0(2, 5), s9(2, 9)I"
= Q1Y (x, 1)Z(1,5) — H3o(X)r(s)z(1, s)

—Hsp(x)(e™""1by — a1r(s))2(1, s)

= (q1¥(x, 1) — H3p(x)e"""1b1)z(1, 5)

+ (H3p(x)a1 — H3qo(x))r(s)z(1,s) = 0. (80)
The transfer function Hs(x) is chosen as
Ha(x) = [alqll/f(xa 1)’ ‘hi/f(X’ 1)] .

e~ Tlp, e~Tdp,

Inserting (65), (66) into (59) along (72), (73), applying (70), (76),
we get

Zi(x, t) + qiZx(x, t) + SW(X, t) + g12(x, 1)
+ Hy(x)[0(2, 1), Te(2, )]
= q1¢(X! ])&(1’ t) + H2(X)[ﬁ(27 t)7 61’(2’ t)]T =0 (82)

where the detailed calculation is omitted here due to space limit.
Therefore, Hy(x)[0(2, t), ¥:(2, t)]T should satisfy

qi(x, DZ(1, £) + Hy()[0(2, £), 2e(2, £)]" = 0 (83)

where &(1,t) = Z(1, t) according to (66) has been used. Taking
the Laplace transform of (83), and recalling (50), (53), we obtain

qip(x, 1DZ(1, 5) + Hy(X)[0(2, 5), s0(2, )]
= q1p(x, 1)2(1, s) — Haa(x)r(s)z(1, 5)

—Hap(x)(e™™"1by — air(s))z(1, s)
= (q19(x, 1) — Hap(x)e""'b1)z(1, 5)

+ (Hap(X)ar — Haqo(x))r(s)z(1,s) = 0. (84)
The transfer function H,(x) is determined as

Hy(x) = [&1Q1¢(X, 1) qiox, 1)] |

(81)

efrmb1 ’ efra1b1 (85)
The boundary condition (71), follows directly from inserting x =
0 into (65), (66) and applying (58), (68). The second conversion
is thus completed and two PDEs (59), (60) are decoupled now,
which can be seen in (72), (73).

After the above two transformations, we have converted the
original observer error system (32)-(38) to the target observer
error system (71)-(75) (for t € [t, 00), 5(x, t) = 0 according to
(63), (64) is removed for brevity). The well-posedness and expo-
nential convergence of the observer error system are shown in
the next subsection, which guarantees the output error injections
in the observer (23)-(29) are well-defined and exponentially
convergent to zero.

3.3. Stability analysis of the observer error system

Lemma 1. For all initial conditions (Z[0], w[0])" € C°([0, 1]; R?),
9[0] € CY([1,2];R), and ¢(0) € R, there exists a unique solution
ZIt], w[e])T e CORT; R?), v[t] € CY(RF; R), 2(t) € C{RT; R) to
the system (32)-(38).
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Proof. Because of 7[0] € C!([1,2];R), we have that 7#[0] €
C!([1, 2]; R) recalling (39), (40). We then obtain that 7[t] €
C'([1, 2]; R) according to (42), (43). The target observer error
system on t € [0, 00) is (71)-(75) plus 7 dynamics in (42), (43),
where 7(2,t) € C! goes into (75). Recalling the initial condi-
tion in this lemma and the inverse backstepping transformation
(65), (66), we have that (&[0], B[O])" e C°([0, 1]; R?), 7[0] €
C!([1, 2]; R). Therefore, according to Theorem 2.6 in Karafyllis
and Krstic (2019), we obtain that there exists a unique solution
(@[t], BIENT e COURT; R?), ¢(t) € C(RT; R) to the system: (71)-
(75) with an external input #(2,t) € C!Y(R*;R) entering (75).
Recalling the backstepping transformation (65), (66), and (39), the
proof of this lemma is complete. O

Theorem 1. For all initial data ((Z[0], @[0])", ©[0], £(0)) €
C°([0,1]; R?) x CY([1,2];R) x R, and m(0) € R~, the expo-
nential convergence of the observer error system (32)-(38) holds
in the sense of the norm ||Z(-, t)llec + IlW(-, E)lloo + I10(:, O)lloc +
15¢(-, Olloe + 12(8)] + 1Z(t)|, where the decay rate is adjustable by
Ly through (44).

Proof. The stability of the original observer error system is
obtained by analyzing the stability of the target observer error
system (71)-(75) with (63), (64), and using the transformations
(39), and (65), (66).

With the method of characteristics, it is easy to show that
ﬁ[t] =0aftert =t+ é considering (73), (74). According to (71),
(72), we have that @[t] = 0 after to = t + % + é Because of

@; > 0, we then have that Z(t) is exponentially convergent to zero
after to. Recalling 7[t] = 0 after t = 7, we obtain that 7;(x,t) =0
for t > 7. According to @(1,t) = 0 and the fact that Z(t) is
exponentially convergent to zero, after tp, we obtain that Z(t)
is exponentially convergent to zero after tp via (75). Therefore,
we have that 2(t) = [la(-, )l + 1B Olles + 7, Olloe +
177:C, Ollos + 1Z(8)] + |2(t)] is bounded by an exponential decay
with the decay rate A, for t > to. The decay rate A, depends on
the decay rate of the ODE ¢(t). In other words, the decay rate A,
depends on the choice of L; according to (44). It should be noted
that the transient in the finite time [0, ty) can be bounded by
an arbitrarily fast decay rate considering a trade off between the
decay rate and the overshoot coefficient, i.e., the higher the decay
rate, the higher the overshoot coefficient. Therefore, we conclude
the exponential stability in the sense that £2(t) is bounded by
an exponential decay rate A, with some overshoot coefficients
for t > 0. Applying the transformations (39), and (65), (66),
we respectively have that [[0(-, )l < T1a(lI7(, O)lleo + (L)1),
10eC, Olloo < Yap(llie(, Olloo + 1S, NZC, Olloo + W, Olloo <
Tic(lla(:, )lloo + I1BC, )lloo), for some positive Tq, T1p, Yic. The
proof is complete. O

4. Output-feedback control design

In the last section, we have obtained the observer which
compensates the time-delay in the output measurements of the
distal ODE, to track the states of the overall system (14)-(19).
In this section, we design an output-feedback control law U(t)
based on the observer (23)-(29) with output estimation error
injection terms assumed absent for reducing notation burden, in
accordance to the result on their convergence to zero in Theo-
rem 1. The separation principle is then verified in the resulting
output-feedback closed-loop system.

With the purpose of removing the coupling terms in (24),
(25), and making the system parameter in the distal ODE (27) to
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be negative, a PDE backstepping transformation in the following
form (Meglio, Bribiesca, Hu, & Krstic, 2018)

1
- / J5(x, Y)Y )y — y (03(E), (86)
1
Blx. t) =ix, ) — / Ki(x, Y209, £)dy

1
- / Jo(x ), t)dy — AXE(E) (87)

is introduced, where the kernels Ks(x,y), J3(x,y), y(x), Ka(x,y),
(%, y), M(x) satisfy

Kot 1) = 25500 1) — 2y, (88)
ngz a1
J5(x, x) = PR (89)
— QX ¥) + q2J3y(x, y)
+ £K3(x,y) — (81 — 84)3(x,y) = 0, (90)
— Q1Ks(%, ¥) — q1K3y(x, ¥) + g3J3(x, ¥) = 0, (91)
y(1)=Fy, (92)
= q1y'(x) — y(x)(a1 + &1) — q2J3(x, 1)c = 0, (93)
Jale 1) = Tk, 1) + o), (94)
429 a29
—&83
Ky(x, x) = PR (95)
Q2Jax(X, ¥) + Q2J2y(X, ¥) + 82K3(x, y) = 0, (96)
02Kou(x, ¥) — q1Koy(x, y)
+ g3f2(x, y) + (81 — 84)Ka(x, y) = O, (97)
Q22 (x) — M(x)(a1 + 84) — qaJa(x, 1)c = 0, (98)
M) =qy(1)+c (99)
to convert (23)-(29) (without output estimation error injections)

into the target system:

(0, t) =ppB(0, t), (100)
Ol[(X, t) = - qw‘x(X’ t) - g]O[(X, t)’ (101)
Be(x, t) =q2 Bu(x, t) — gaB(x, t), (102)
B(1,t) =qa(1, t), (103)
£(t) = — aml(t) — bra(1, 1), (104)
(1, £) =¢(t), (105)
e(x, t) = — %f;x(x, t), (106)
where
ayn = b]F] —a > 0 (107)

is made by choosing the design parameter F;, with choosing the
control input as
1 ('
U(t) :ff Ki(x)z(x, t)dx
0

1
+ % / Ka(x)(x, t)dx + %1%32&) (108)
0

where Ki(x) = K3(0,x) — pKa(0, x), Ka(x) = J3(0,x) — p2(0, x),
K3 = y(0) — pA(0).
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The conditions of the kernels (88)-(99) are obtained by match-
ing (101)-(104) and (24)-(27). The equation sets (88)-(93) and
(94)-(99) have the analogous structure with (19)-(24) in Wang,
Krstic et al. (2018). Following the proof of Lemma 1 in Wang,
Krstic et al. (2018), we obtain the well-posedness of (88)-(99).
Following Section 2.4 in Wang, Krstic et al. (2018), we have that
the inverse transformation of (86), (87) exists, and the well-
posedness of the kernels in the inverse transformation can be
obtained from the well-posedness of (88)-(99).

5. Event-triggering mechanism

In this section we introduce an event-triggered control scheme
for stabilization of the overall PDE-ODE-PDE system (14)-(18),
(20)-(22). This scheme relies on both the delay-compensated
observer-based output-feedback continuous-in-time controller
designed in the last section, and a dynamic event-triggering
mechanism (ETM) which is realized using the states from the
delay-compensated observer. The event-triggered control signal
Uy(t) is the value of the continuous-in-time control signal U(t) at
the time instants t; but applied until time ¢, i.e.,

1 (1.
Ui(t) = Ut = 1 / Ry(x)2(x, t)dx
0

1 (1. 1- »
+ E/ Ka()io(x, tiddx + =K3¢ (i), ¢ € [t bien)- (109)
0

A deviation d(t) between the continuous-in-time control signal

and the event-based one is given as
d(t) = U(t) — Ug(t). (110)

Inserting (109), the left boundary of the target system (100)-
(106) becomes

a(0, t) = pp(0, t) — cd(t).

Taking the Laplace transform of (101)-(106), according to Section
3.2 in Meglio et al. (2020), we obtain the following algebraic
relationship between «(0, s) and B(0, s) as

(111)

_ (84+s) _ (g1+s)

B(0,s)=qe %2 U «0,s),

Inserting (112) into (111) in the frequency domain, we have that

(112)

c
(X(O, S) = _m(j(s), (113)
where
h(S) — pqe_(%+%>e_(%+ﬁ>s_ (]]4)

From (113), (114), Assumption 1 guarantees
(0, )] < Ih(O)IOSl;P (0, &) + IEIOSUD [d(&)I,
<<t

<<t

where the constant |h(0)| is strictly smaller than 1. By the small
gain theorem, we obtain

a(0, t)? < Aq sup d(&)? (115)
0<é<t
where
(1 —1h(0)])?

Please note that we obtain (115), which will be used in the
Lyapunov analysis, based on (101)-(106) (state-feedback loop),
i.e., assuming the observer error injections absent, with the pur-
pose of avoiding heavy additional notation. Incorporating these
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observer error injections will not change the stability result ob-
tained in the Lyapunov analysis, which will be shown latter,
by virtue of exponential convergence of the observer errors in
Theorem 1.

Similar to Espitia et al. (2018), the ETM to determine the
triggering times is designed to be governed by the following
dynamic triggering condition:

tip1 = inf{t € RY|t > t|d(t)? = OV(t) — wm(t)}. (116)

The internal dynamic variable m(t) satisfies the ordinary differ-
ential equation

(t) = — pm(t) — kra(1, £ — 20(0, £) — 3D(2, £ — ks ’?(r)r
(117)

where

Y(t) = You(t) — You(t).

and where the initial condition of m is m(0) < 0, which guaran-
tees that

m(t) <0 (118)

for t € [0, co). Inequality (118) follows from the ODE in (117),
the nonpositivity of the non-homogeneous terms on its right-
hand side, the strict negativity of m(0), the variation-of-constants
formula, and the comparison principle. Introducing the internal
dynamic variable m(t) defined by (117) is used in proving the
existence of a minimal dwell time, which will be seen clearly
in the proof of Lemma 3. The Lyapunov function V(t) in (116)
is defined as

1
V(t) = %E(r)z + %/ eI B(x, t)2dx
0

1 2
+ 1rb/ e~ 2%y (x, t)Pdx + er/ e*D(x, t)’dx. (119)
2 0 2 1
The event-triggering condition, including (116), (117), (119), only
uses the output measurement and the observer states, recalling
the transformations (86), (87). The positive design parameters 0,
M, 1, K1, K2, K3, K4, 51, 82, Tey Tp satisfy

K1 > 2Aq, (120)
Ky > 2}»1, (]2])
K4 > 2)»1, (122)
2
8 > |qg4|, (123)
2
2
8 > |qu|, (124)
1
Te < amerT, (125)
1 o o1t bt s 5
Ty > —(q°qe°12 + ——e”2 4+ — ke, (126)
q1 q10m q1
1
K3 < z—rrce‘z, (127)
o
W< ————, (128)
5q1TpAa + K2Ad
0 < min{1 9a , E/<3ez, o K1, i K2, MK4},
5q1TbAd + K2ka  Tc 2he1 200 2
(129)

where 1 is free and associated with the dwell-time, which can
be seen later, and A; is a positive constant, which will be given
in Lemma 2, only depending on the plant parameters and the
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design parameters Ly, F; in the continuous-in-time control law,
and where

. 2K
0g =min{Aqg, n, — ¢ > 0, (130)
R,
k—lmin ! a 1re’1 15 g4l
a _52 2 m T c s 2 192 84l,
1 s s, €72
=8aqirpe” " —1plg1leT2, ——rc t, (131)
2 2T
2
R, >4 (132)
Ae
A —1|b | + ! rpe~%2 (133)
ol =5 1 2‘11 b s
1
Aq quz(h max({1, ¢}, (134)

where A, is a positive constant depending on the design param-
eters Ly, as shown in proof of Theorem 1.

The conditions of all the parameters Li, Fy, x1, k2, ks, 81,
82, Te, Th, K3, U, B, are given in (44), (107), (120)—(129), which
are cascaded rather than coupled. An order of selecting these
parameters is along (44), (107), (120)-(129). As will be seen
later, these design parameters are associated with the dwell-time,
convergence rate, and overshoot in the event-based closed-loop
system. The optimal choices of these parameters are not studied
in this paper, but in the future work the trade off between the
convergence rate and the lower bound of the minimal dwell time
is worth studying.

Proposition 1.  For given (z(-, ty), w(-, t))T € [*((0, 1); R?),
v(- te) € LAH(1,2:R), ¢(t) € R and (2(-, ti), (-, ) €
[*((0,1); R?), O(-, ) € L*((1,2);R), ¢(t) € R m(ty) € R,
there exist a unique (weak) solution ((z, w), v, ¢) € CO([ty, tig1];
20, 1:R?)  x  C[te, tia]: L3(1,2)) % C[te  tig1)s R),
(2, W), 0, ¢) € CO[tx, trgn]; L2(0, 1); R?) x CO([ty, tes]; L(1,2))
x CO[ty, ter1]; R), m € CO([ty, typ1]; R™) to the system (14)-(19),
(23)-(29), (117) with the piecewise-constant control input Uy(t) in
(109).

Proof. For given (z(-, t), w(-, &)} € L[%((0, 1); R?), v(-, &) €
L*((1,2);R), ¢(ty) € R, following the proof in Proposition 1
of Wang and Krstic (2021c), we have that there exists a unique
(weak) solution ((z, w)",v,¢) € CO[ty, tip1]; L2(0, 1); R?) x
CO([tw, tir1]s L2(1, 2)) x CO([ty, tir1]; R) to the system (14)-(19)
under the piecewise-constant control input Uy(t). Recalling
Lemma 1, (31), and m(t,) € R7, it follows that there exists a
unique (weak) solution ((Z, )", 9, ¢) € CO([ty, tes1]1; L2(0, 1); R?)
X CO[te, ten); L2(1,2)) x C[ty, terr;R) and m e C°
([tk, tke1]; R™) to the system (23)-(29) and (117) under the
piecewise-constant control input Uy(t). Proposition 1 is thus
obtained. O

Lemma 2. For d(t) defined in (110), there exists a positive constant
M1 such that

deP < 1 <Q(t) a1, 0 + (0, £ + d(t)? + ‘?(t)r) (135)

for t € (ty, tys1), where
2(t) = lla-, O + 118G, Ol + £(£)?,

and where A1 only depends on parameters of the plant, and the
design parameters Ly, Fy in the continuous-in-time control law.

(136)

Proof. Taking the time derivative of (110), we have d(t)* = U(t)?,
because of Uy(t) = O for t € (t, ty+1). Recalling (23)-(27), (108),

Automatica 138 (2022) 110137

we have

dity? = Uty = ;2[121(0)q12(0, t) — q2K(0)i(0, t)

- <I_<1(1)q1 — qKy(1)qy + 1%31;1)2(1, t) 4 (Kzaq + cKa(1)g2)Z(t)
+ /0 L<I_<1/(X)Ql — Ki(x)g1 — I?z(X)gs)é(x, t)dx

— /0 L<1'<2(x)g4 — K(x)q2 + I?l(x)gz)ﬁ;(x, t)dx

1 1
+ ( / Kq(x)Ha(x)dx + f Ko (%)H3(x)dx

0 0

2
+ K3Hi + Rz(l)Q2H4) ?(t)il

< ko [2(1, t) + (0, £ +2(0, £)* + 12, O + [|d(-, )]

for some positive A¢ only depending on parameters of the plant,
and the design parameters Lq, F; in the continuous-in-time con-
trol law. Recalling the inverse transformation and (111), we ob-
tain (135). The proof of Lemma 2 is complete. O

Remark 1. The target system corresponding to the output-
feedback loop is obtained by applying the backstepping transfor-
mation (86), (87) into the observer (23)-(29), and replacing U in
(23) by Uy defined in (109). The resulting system is (111), (101)-
(106)_with output estimation error injection terms Gy(x)Y(t),
G3(x)Y(t), HaY(t), H1Y(t), Hs(x)Y(t) in (101), (102), (103), (104),
(106), respectively, where the bounded functions G,, G3 depend
on the observer gains obtained in Section 3 and the kernels in the
backstepping transformation (86), (87). In the following analysis,
we denote this system as S-system, whose full expression is not
displayed here due to the space limit.

The following lemma proves the existence of a minimal dwell-
time independent of initial conditions.

Lemma 3. For some k1, k3, k4, 0, there exists a minimal dwell-
time, independent of initial conditions, between any two successive
triggering times, i.e., ty.1 —ty > T > 0 for all k > 0.

Proof. Let us introduce the function
d(t)? + Lm(r)
T oV(t)— Em(r)

which is proposed in Espitia et al. (2018). We have that v (ty1) =
1 because the event is triggered, and ¥ (t;) < 0 because of m(t) <
0 and d(ty) = 0. The function v (t) is continuous on [ty, ty+1]
due to Proposition 1. By the intermediate value theorem, there
exists t* > t; such that ¢(t) € [0, 1] when t € [t*, t;41]. The
lower bound of the minimal dwell-time T can be defined as the
minimal time it takes for ¥ (t) from 0 to 1, i.e., the reciprocal of
the absolute value of the maximum 1/}(t).

For all t € [t*, ti;1], taking the time derivative of V(t) (119)
along the S-system defined in Remark 1, the following inequality
can be obtained

V(t) > — 10921(t) — Aare(1, £)* — Agola(0, £)* + d(t)?)
‘2

Y(t) (137)

- erce—zf)(z, £y — ‘f’(t) (138)

T
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where

21(6) = llaC, O + IBC, OIF + 19C, DI + £(t), (139)

and po = maX{;51Q2€81+|g4|981+9281 Maxye(o,1{G3(X)*}, 282q1rp+

1 _
|g11rp+75* MaXyepo,11{Ga(X)*), 5-Tce ™ +7c* MaXyerr 21 {Hs (%)%}, am+

%|b1 | +Hf}, and where the positive constants A1, Ay are shown

in (133), (134).
Taking the derivative of (137), applying Young's inequality,
using (135) in Lemma 2, and inserting (138), we have

. (d(t)d(t) + Sri(e))  (BV(t) — %m(t))w
Cov(t) — Em(r) oV(t) — Lm(t)
1 2 2
< m ur82(t)° + pria(l, t)

+ (0, t) + (% + MM) () + s ‘?(t)‘z N ’;rh(t)]
: 2
B gv(t)_’;m(t)[e(_ﬂogl(f)—kma(l,t)

— Aao(e(0, £ + d(t) — %rce”a(z, (7 — \?(t)f) -£ '(t)]w.

Inserting (117) to replace m(t), recalling (119), (136), (139) and
the fact that &£2,(t) < V(t) < &£24(t) where the positive
constants &, & are & = min{3, 1r,e™, irce”?} and & =

max({3, 3¢, 31y, 3rce” '}, we have that

. 1 1 2 1 2
= W[(M +m1) (e + (i1 = Sr) a1 )
~ 2
+ (lUw - %Kz a0, 1) + (MM — glﬂ) ‘Y(f)‘
nm(t)]

3

N—"

A1
V() —
+u§l (t)

N

1 Mo " )
B QV([‘)—V'rn([‘)[_eslv(t) - (6)‘011 - EK])O[(L t)

2
- (exao - %Kz) (0, £ — OAgod(t)? — (9 - %m) ‘f/(t)‘z

0 5 Ku \. 1z
- (Z_[Tce 2 5"3) v(2, t)z + znm(t)]w,
where £2¢(t) > £2(t) has been used. Applying (120)-(122),

(129) (the last four terms), and the following inequalities

(140)

_ Gam(e) _ Gam v(t) vi) _ 1
ov(t)-5m(t) — —5m(t) Coov(-Gme) — oV T o’
d(e)? _dt+ 5 m(t)- G m(r) .

WO-Em® = evio—Em0) < ¥ (t) + 1, which hold because

of m(t) < 0, then (140) becomes
(& 4 uaa)d(e)? + gV (e) — Sam(e)

OV (t) — 5m(t)

+ ?w + Ohao? + Ohgol)
1

<my? +nayr + ns,

Y(t) < +ny

(141)
where ny = 6ie0, N2 = § + phi + 1 + o + Oheo, N3 =
g+ ’;—21‘ + n are positive constants. It follows that the time
needed by v to go from O to 1 is at least

1
1
o N1+ Ny5 + n3s?

which is independent of initial conditions. O

(142)
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6. Stability analysis

In this section we state the main result of this paper, after we
first establish an intermediate result.

Lemma 4. With arbitrary initial data (a(x,0), B(x,0)) €
C%([0, 1]; R?), d(x,0) € C'([1,2];R), Z(0) € R, m(0) € R~, for
(101)-(106), (111), (117), the exponential convergence is achieved
in the sense of the norm |¢(t)] + lla(-, O)Il + [IBC, O + 1o, )]l +
Im(t)].

Proof. Define
e(t) = Yye e,

for some positive 7y, A, such that

¥(0)] = e(o) (143)
recalling Theorem 1.
Let us consider the Lyapunov function
1
Va(t) = V(t) — m(t) + 5Ree(t)2 (144)

where m(t) is defined in (117) (m(t) < 0), and V(t) is given in
(119). By virtue of (139), we have that
d1(£21(6)+|m(6)|+e(t)?) < Vo(t) < da($21(6)+Im(t)|+-e(t)*) (145)

for some positive dy, d;. Taking the derivative of (144) along
(101)-(106), (111), recalling (117), we obtain that

Vo(t) = V — 1i(t) + Ree(t)e(t)

N ~ 1 1
= —am¢(t)* — C()bra(1,0) + queslﬂ(l, ty — 54280, t)y

1 1 1
- Eislqz/ e B(x, t)zdx—g4/ e B(x, t)’dx
0 0

_ 2 1 2
e a(l,t) +2£hrb01(07f)

] 1 1

- 552(11%/ e“sz"oz(x,t)zdx—glrb/ e %% (x, t)2dx
0 0

1

2
1
— —rC/ e~*D(x, t)Pdx — —r.e72D(2, t)?
2t )4 2t
l —1x 2 2 2
+ 7 rce” (1, t)° — Rehee(t) + nm(t) + k1(1, t)
)
+ 100(0, £ + k3D(2, £ + kg ‘Y(t)‘ (146)
Recalling (28), (115), (143), applying Young’s inequality and the
Cauchy-Schwarz inequality, we have

Va(t) =- 1 (am - ‘:1’58_1) E(t)z

1
+ (*erb)\d +K2)\d) sup d(£)?
2 0<é<t

1 1
<*31Q2 - |g4|) / e B(x, tYdx

2 0

1 1
<562q1rb—rblg1|> / e a(x, tYdx

0

1 2 2 1 A 2
- I e o(x, t)dx — | —rce™" — k3 ) U(2,1t)
2t 4 2t
— (Reke — Ka)e(t)’ 4 nm(t).

(147)
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Applying (123)-(127), and (132), we thus arrive at

Va(t) < — AqV(£) + nm(t) — kae(t)?

1
+ <*Q1Tb)»d +K2)»d> sup d(§) (148)
2 O<E<t
where 1, is given in (131). Recalling (144), we have that
. 1
Va(t) < —oqVu(t) + (Eerb)\d + KZ)Ld) sup d(E)Z (149)
0<é=<t

where o, is given in (130). Multiplying both sides of (149) by e,
then applying integration from O to t, we have

A 1
Va(t) < Va(0)e ™ 4 Z2(1 — e~out) (*qmz + Kz) sup d(£)
e 2 0<é<t
—oqt )‘d 1 2
< Va(0)e ™ + — | =qirp + k2 ) sup d(§)". (150)
0a \ 2 0<é<t
The triggering condition (116) guarantees
sup d(£)* <0 sup V(&)+ u sup [m(&)]. (151)

0<g<t

Inserting (151) into (150), and then recalling (144), yields

0<g<t 0<g<t

A 1
Va(t) <Va(0)e ot 4+ =2 (*erb + Kz)
oq \ 2

X sup (OV(&) + plm(§)l)

O0<é=t
<Va(0)e™™ + @ sup Vy(&), (152)
0<é=t

where
- A1
& = — | =qi1p + k2 | max{6, u}. (153)

oz \ 2
Recalling (128), (129) (the first term), we have that
d < 1. (154)
The following estimate then holds
sup (Va(§)e) < Vo(0)+ @ sup (Vq(£)e™)
0<é=t 0<é=t
as a consequence of (152). It follows that
sup Va(é}') =< TVVa(O)e_oat (155)
0<&<t
where the constant

1
Ty = - >0 156
V= (156)

by recalling (154). The choices of ETM parameters affect the
overshoot coefficient in the exponential result according to (153),
(156). Recalling (145), Lemma 4 is obtained. O

The block diagram of the output-feedback closed-loop system
is shown in Fig. 2, where an observer-based continuous-in-time
control signal U(t) defined in (108), is updated at time instants
ty determined by ETM (116), (117) realized based on the ob-
server (23)-(29), and between updates the control input signal
is held constant in a zero-order-hold (ZOH) fashion. The well-
posedness of the closed-loop system is ensured by Proposition 1
and Lemma 3.

The properties of the output-feedback closed-loop system are
shown in the following theorem.

Theorem 2. For all initial data (z(x, ) w(x, 0)) e CO([O 1], R?),
v(x,0) € CY[1,2],R), ¢(0) € , (2(x,0), Wk, 0) €
co([0, 11, B?), #(x,0) e C'([1,2],R), (0) R, m(0) € R,
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Transpon PDEs z,w Sensor delay

Ud1)

Transport |
PDE v
Continuous-in-time [ ———
controller U(?)

Fig. 2. Event-based closed-loop system.

choosing the design parameters to satisfy (44), (107), (120)-(129),
the output-feedback closed-loop system, i.e., the plant (14)-(19)
under the event-based control input Uy(t) in (109), which is realized
using the observer (23)-(29), and the event-triggering mechanism
(116), (117), has the following properties: (1) No Zeno phenomenon
occurs, i.e., lim;_ o t; = +4o00. (2) The exponential convergence in
the output-feedback event-based closed-loop system is achieved in
the sense of the norm [£(t)] + llz(-, Ol + llw(-, O + llv(-, Ol +
1O+ 12C, O + D¢, Ol + 100, Ol + [m(t)]. (3) The event-
triggered control input signal is convergent to zero in the sense of
lim;_, o Ug(t) = 0.

Proof. (1) Recalling Lemma 3, we have that t; > iT, i € Z,. The
property (1) is thus obtained.

(2) Through an additional analysis which is routine but heavy
on additional notation, we know that the stability result in
Lemma 4 still holds (by choosing a sufficiently large R.) for the
target system corresponding to the output-feedback loop, i.e.,
S-system defined in Remark 1. Thus separation principle holds.
Recalling the invertibility of the backstepping transformation
(86), (87), and applying Theorem 1 as well as (31), the property
(2) is thus obtained.

(3) Recalling (108) and the stability result proved in the prop-
erty 2), we have that the continuous-in-time control input signal
U(t) is convergent to zero. According to the definition (109), the
property (3) is obtained. O

7. Application in deep-sea construction

In the simulation, we consider the application of DCV to place
equipment to be installed on the seabed for off-shore oil drilling.
The equipment has to be installed accurately at the predeter-
mined location with a tight tolerance, such as the permissible
maximum tolerance of 2.5 m for a typical subsea installation,
according to How et al. (2011). Applying the design presented
above, an output-feedback control force employing piecewise-
constant values at the crane is obtained, to reduce oscillations
of the long cable and position the equipment in the target area,
while compensating the sensor delay.

The DCV model in simulation is (14)-(19) with coefficients in
(12), (13), whose values are shown in Table 1, and the obtained
simulation results are represented in the (z, w) and u models
which are on the spatial domain [0, L] via (8), (9), (10), (11). The
disturbances f, f;, which will be formulated in next subsection,
are included (with multiplying by 1 considering the conversion
from the wave PDE (1)-(4)) in the model (14)-(19). The initial
conditions are chosen as z(x,0) = 6sin (57x+ %), w(x,0) =
6 cos (Snx + %), which gives the ODE initial conditions £(0) =
3sin (57%) + 3cos (1%) by recalling (17), and the quantity is,
physically, the initial oscillation velocity of the payload. According
to the Riemann transformations (8), (9), and (10), (11), the initial
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conditions of Z, w and the initial oscillation velocity of the cable
are, hence, Z(X, 0) = 6sin (3% + Z) | w(X, 0) = 6cos (2 + %),
u(x, 0) = 3((x, 0) + w(X, 0)).

The initial distributed oscillation displacement of the cable is
defined as u(x, 0) = 0, which, recalling (1), (3), implies that the
initial displacement of the payload is b;(0) = 0. The initial values
of the observer are defined as zero, i.e., Z[0] = 0, w[0] = O,
£(0) = 0, [0] = 0. The initial value of the internal dynamic
variable m(t) in ETM is set as m(0) = —1.5 x 10°. The design
parameters are chosen as Ly = 1, F; = 50, k1 = 3000, k3 = k4 =
2000, §; = 0.017,68; = 0.01,r. = 0.2, 1, = 40, k3 = 0.025, u =
0.2,60 = 0.08 according to (44), (107), (120)-(129), and the free
design parameter 7 is picked as 8.

The oscillating drag forces f(x, t) and f;(t), which are caused
by ocean current disturbances, on the cable and the payload
respectively, are modeled as (224), (225) in Wang and Krstic
(2020D).

The numerical computation for the plant and observer is con-
ducted using the finite difference method with the step sizes of
t and x as 0.001, 0.05, respectively. The approximate solutions
of the kernel PDEs used in the observer gains (45), (54), (57),
(81), (85), and the control laws (108), (109), where the integral
operators are approximated by sums, are also solved by the
finite difference method based on discretization of the triangular
domain into an uniformly spaced grid with the interval of 0.05.
Notice that the derivatives in (70), (91), (96) are represented by a
finite difference scheme in the direction of the information flow,
i.e., along the line x = y, for the sake of avoiding using the points
outside the triangular domain.

We concentrate on the end phase (20 s) of the descending
process, i.e., when the payload is near the seabed and the cable
is at the fully extended total length L. Our task is to reduce the
oscillations of the cable and place the payload at the bottom
of the cable in the target area on the seabed, namely, within
the permissible tolerance of 2.5 m around the predetermined
location (How et al., 2011), by applying a piecewise-constant
control input at the onboard crane driving the top of the cable,
where the measurements are transmitted from the seabed and
subject to a 0.5 s delay, considering the transmission speed of
acoustic signals in salty water is around 1500 m/s (Jiang, 2008;
Manjula & Manvi, 2011).

The event-based control input defined in (109), and the
continuous-in-time control input defined in (108), are shown
in Fig. 3, where the number of triggering times is 15 and the
minimal dwell time is 0.097 s. The control input is zero at the
beginning due to the sensor delay and the zero initial conditions
of the observer based on which the control law is realized. With
the event-based control input, we know from Figs. 4, 5 that
the PDE states z(x, t) and w(x, t) are regulated to a small range
around zero, under the unknown ocean current disturbances f, f;
and the sensor delay T = 0.5 s. Similar results of the observer
errors Z(X, t) = z(x,t) — 2(},t), w(X, t) = w(k, t) — w(], t) are
observed in Figs. 6, 7. Fig. 8 shows the internal dynamic variable
m(t) in ETM is less than zero all the time.

By virtue of (3), (6), the lateral displacement of the payload
by(t) is obtained as by(t) = [; £(8)d8 + u(L, 0). From Fig. 9, we
know that the oscillation velocity of the payload, i.e., BL(t) = ¢(t),
is convergent to zero, and the position error of the payload is
—0.98 m from the desired location on the seabed, which satisfies
the requirement of being within permissible tolerance of 2.5 m
given in How et al. (2011). Moreover, compared with the delayed
PD controller Up(t) = 1(50¢(t — t) + 2¢(t — 7)) (the PD
parameters are chosen by trial and error), whose performance on
regulation of the payload is shown in Fig. 10 where the position
error of the payload is —2.05 m, the proposed controller achieves
the smaller position error, i.e., the equipment is installed at a
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U
—Uy

Control force [N]

10
Timel[s]

Fig. 3. Control forces.

Position[m] Timel[s]

Fig. 4. The evolution of z(x, t) under the control input Ug(t).

(1)

=1

Position[m] Time[s]

Fig. 5. The evolution of w(x, t) under the control input Uy(t).

Position[m] Time[s]

Fig. 6. The evolution of the observer error Z(x, t).

Position[m] Time][s]

Fig. 7. The evolution of the observer error w(x, t).

x10°

10
Time[s]

Fig. 8. The evolution of the internal dynamic variable m(t) in ETM.
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Fig. 9. The oscillation velocity and displacement of the payload under the
proposed control input Ug(t).
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Fig. 10. The oscillation velocity and displacement of the payload under the
traditional PD controller.
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Fig. 11. The cable oscillation energy.

position closer to the target position. Through (8), (9), the ca-
ble lateral oscillation energy, including oscillation kinetic energy
§||u[(~, t)]|?> and potential energy %llu,-(t, )|, is represented by
z[t], w[t] shown in Figs. 4, 5, as 2[uc(-, ) + 2 Jluc(-, £)]?
Slw(, 0)+2(, Ol + §llw(-, £) — (- D).

As shown in Fig. 11, the oscillation energy of the cable with
the proposed control law is reduced to a low level after t = 10 s,
under the external ocean current disturbances f, f;. This result,
the black line in Fig. 11, shows the robustness of the proposed
controller to small disturbances. However, as we continue to
increase the amplitude of the disturbance f, from the baseline
value, to its twice, and to its triple, the results on cable oscillation
energy are shown as the blue dash line and red dot dash line in
Fig. 11, where performance deterioration of the proposed con-
troller is observed with the increase of disturbance amplitudes,
and relatively large vibrations appear at the triple disturbance.

8. Conclusion

We present the design of delay-compensated event-triggered
boundary control for heterodirectional coupled hyperbolic PDE-
ODE systems, where arbitrarily long delays existing in sensing are
compensated and the control input employs piecewise-constant
values. To this end, we treat the time delay as a transport
PDE, followed by designing a “full-order” state observer for the
overall system of heterodirectional coupled hyperbolic PDEs—
ODE-transport PDE, only using the measurements at the right
boundary of the last transport PDE. Then the delay-compensated
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event-triggered boundary controller is derived through a two-
step design including an output-feedback continuous-in-time
boundary stabilization law and the subsequent design of a dy-
namic event-triggering mechanism based on the evolution of
the overall system. We prove the absence of a Zeno behavior
and exponential convergence in the resulting event-based closed-
loop system. In the simulation, the proposed design is applied
in control of a deep-sea construction vessel, with using the
piecewise-constant control input and compensating the sensor
delays in communication between the seabed and the vessel on
the ocean surface through a set of acoustics devices, to place the
equipment to the target area on the seabed.

In the future work, the unknown delay, and generalization
of the explicit design in Vazquez and Krstic (2014) by Marcum
functions to PDE-ODE cascades will be considered. Moreover,
disturbance rejection or adaptive cancellation methods will be
incorporated in the control design to deal with the uncertain
ocean current disturbances.
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