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a b s t r a c t

In this paper, we present delay-compensated event-triggered boundary control of heterodirectional
coupled hyperbolic PDE–ODE systems, with the purpose of employing a piecewise-constant control
input which makes the control law more user-friendly in deep-sea construction vessels where the
actuator, i.e., the ship-mounted crane, is massive, and compensating delays that exist in transmission
of sensing signals from the seabed to the vessel on the ocean surface through a set of acoustics devices.
After treating the time delay of arbitrary length as a transport PDE whose boundary connects with
the plant, a state observer is built to estimate the states of the overall system of heterodirectional
coupled hyperbolic PDEs–ODE–transport PDE, only using the measurements at the right boundary of
the last transport PDE. An observer-based output-feedback continuous-in-time controller is designed
to stabilize the overall system using the backstepping method, followed by an observer-based
event-triggering mechanism, which is designed based on the evolution of the overall PDE–ODE–PDE
system, to determine the updating times of the actuation signal. The absence of a Zeno behavior
and exponential convergence in the event-based closed-loop system are proved. In the simulation,
the obtained theoretical result is verified in control of a deep-sea construction vessel to place the
equipment in the target area on the seabed. Performance deterioration under extreme and unmodeled
disturbances is also illustrated.

© 2021 Elsevier Ltd. All rights reserved.
1. Introduction

1.1. Motivation

The motivation of this work arises from the control problem
or a deep-sea construction vessel (DCV), which is used to place
nderwater parts of an off-shore oil drilling platform at the des-
gnated locations on the seabed (Stensgaard, White, & Schiffer,
010), and is also used in the construction of artificial reefs for
nabling the development and growth of marine life, in laying
ommunication cables on the seabed, which is often uneven
nd rife with obstacles, and in other undersea applications. A
iagram of DCV is shown in Fig. 1, where the top of a cable
s attached to a crane on a vessel at the ocean surface and the
able’s bottom is attached to an object to be installed/moved on
he seabed (How, Ge, & Choo, 2010, 2011; Wang & Krstic, 2021d).

✩ The material in this paper was not presented at any conference. This paper
was recommended for publication in revised form by Associate Editor Angelo
Alessandri under the direction of Editor Thomas Parisini.
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Large oscillations often appear in the cable system, especially
under the external ocean disturbances (How et al., 2010). The
large oscillations would cause large deviation of the payload from
the designated location on the seabed.

Several boundary control schemes have been proposed for the
PDE-modeled cable systems with the purpose of suppressing the
cable oscillations (He & Ge, 2016; He, Meng, He, & Ge, 2018;
Wang, Koga, Pi and Krstic, 2018). In addition to the infinite-
dimension property introduced by the cable structure, there are
two challenges in the control design of DCV. The first one is the
existence of sensor delays. As shown in Fig. 1, the sensor signal
measured at the payload is transmitted over a large distance to
the vessel on the ocean surface through a set of acoustics de-
vices, because acoustic communication is the most versatile and
widely used technique in underwater engineering applications
considering low attenuation in water (Jiang, 2008; Manjula &
Manvi, 2011). The transmission speed of acoustic signals in salty
water is around 1500 m/s, which is a difference of five orders
of magnitude lower than the speed of electromagnetic wave in
free space (Jiang, 2008). As a result, signal propagation delay in
underwater becomes significant (Jiang, 2008). Such sensor signal
delay may result in information distortion or even make the con-

trol system lose stability, which motivates us to study the delay
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ompensation in the control design of DCV. The second one is
hat the massive actuator, i.e., the ship-mounted crane shown in
ig. 1, is incapable of supporting the fast-changing control signal,
ue to its low natural frequency, which motivates us to consider
pplying sampling schemes into the continuous-in-time control
ignals to reduce the changes in the actuation. Compared with the
eriodic sampled-data control where unnecessary movements of
he massive actuator may appear, event-triggered control is more
easible from the point of view of energy saving, because the
assive actuator is only animated at the necessary times which
re determined by an event-triggering mechanism of evaluating
he operation of the DCV.

In this paper, we pursue a delay-compensated event-triggered
ontrol scheme, which compensates the sensor delay of arbitrary
ength, and has a reduction of the changes in the actuator signal,
.e., the control input employs piecewise-constant values. The
elay-compensated event-triggered control scheme is designed
or a 2 × 2 hyperbolic PDE–ODE system, which not only covers
he DCV dynamics, and can be suitable in some other applications,
uch as road traffic (Goatin, 2006; Yu & Krstic, 2019), water
evel dynamics (Diagne, Diagne, Tang, & Krstic, 2017; Prieur &
inkin, 2018), and flow of fluids in transmission lines (Hasan,
ama, & Krstic, 2016). The classical control results of the class of
oupled hyperbolic PDEs are presented in Coron, Vazquez, Krstic,
nd Bastin (2013), Hu, Di Meglio, Vazquez, and Krstic (2016)
nd Vazquez, Krstic, and Coron (2011), which are further devel-
ped for the case including couplings with ODEs in Deutscher,
ehring, and Kern (2018), Meglio, Lamare, and Aarsnes (2020),
aba, Bribiesca-Argomedo, Loreto, and Eberard (2019) and Wang,
rstic and Pi (2018).

.2. Event-triggered control of PDEs

Most of the current designs on event-triggering mechanisms
re for ODE systems, such as Girard (2015), Heemels, Johansson,
nd Tabuada (2012), Marchand, Durand, and Castellanos (2013),
euret, Prieur, and Marchand (2014) and Tabuada (2007). There
xist some results on distributed (in-domain) control of PDEs,
uch as Selivanov and Fridman (2016) and Yao and El-Farra
2013). For boundary control, event-triggered control designs for
eaction–diffusion PDEs were proposed in Espitia, Karafyllis, and
rstic (2021) and Karafyllis, Espitia, and Krstic (2021), and the
esults for first-order hyperbolic PDEs were presented in Diagne
nd Karafyllis (2021) and Espitia, Girard, Marchand, and Prieur
2016a, 2016b). Regarding the 2 × 2 first-order hyperbolic PDE,
he first attempt of event-based boundary control was Espitia, Gi-
ard, Marchand, and Prieur (2018), which is in the state-feedback
orm. Based on the observer design, the output-feedback event-
riggered boundary controllers of the 2 × 2 first-order hyper-
olic PDEs were proposed in Espitia (2020) and Wang and Krstic
2022), and an adaptive event-triggered boundary controller is
urther developed in Wang and Krstic (2021a). However, a large
elay is not allowed in the above event-triggered control designs.

.3. Delay compensation/robustness in PDEs

Recently, regarding taking into consideration time delay,
oundary control designs for hyperbolic PDEs have been pro-
osed. For example, delay-robust stabilizing feedback control
esigns for coupled first-order hyperbolic PDEs were introduced
n Auriol, Aarsnes, Martin and Di Meglio (2018) and Auriol,
ribiesca-Argomedo, Saba, Di Loreto and Di Meglio (2018), achiev-
ng robustness to small delays in actuation. In order to compen-
ate arbitrarily long delays, a delay compensation technique was
eveloped in Krstic (2009b) and Krstic and Smyshlyaev (2008),

here the delay was captured as a transport PDE and the original

2

Fig. 1. Diagram of a deep-sea construction vessel.

ODE plant with sensor delay was treated as an ODE-transport
PDE cascade in the controller and observer designs. Therein, the
observer was built of a ‘‘full-order’’ type, which estimates both
the plant states and the sensor states, compared with some clas-
sical results about delay-compensated observer designs (Ahmed-
Ali, Karafyllis, & Lamnabhi-Lagarrigue, 2013; Cacace, Germani, &
Manes, 2010; Germani, Manes, & Pepe, 2002), which only esti-
mate plant states, namely, observers of the ‘‘reduced-order’’ type.
While compensation of arbitrarily long delays by this technique is
commonly available for finite-dimensional systems, only very few
examples exist for PDEs, where the result for coupled first-order
hyperbolic PDEs was presented in Wang and Krstic (2020a), and
the results for parabolic (reaction–diffusion) PDEs were proposed
in Koga, Bresch-Pietri, and Krstic (2020) and Krstic (2009a). Delay
compensation for the wave PDEs with arbitrarily long delays
is more complex than the one for reaction–diffusion PDEs, for
which the primary reason is the second-order-in-time character
of the wave equation. In Krstic (2011), by treating the delay as a
transport PDE and applying the backstepping method, a boundary
controller was designed for a wave PDE with a compensation of
an arbitrarily long input delay and with a guarantee of expo-
nential stability in the closed-loop system. Through truncation of
the original infinite dimensional system and applying predictor
feedback, control designs for PDEs with long input delays were
also presented in Guzman, Marx, and Cerpa (2019), Lhachemi and
Prieur (2020), Lhachemi, Prieur, and Shorten (2019) and Prieur
and Trelat (2018). All the above delay compensation/robustness
results employ the continuous-in-time control input, instead of a
piecewise-constant fashion.

1.4. Main contributions

• Compared with the results in Espitia (2020), Espitia et al.
(2018, 2021) and Wang and Krstic (2022) about event-
triggered control of PDEs without delay compensation, we
achieve compensation of arbitrarily long sensor delays in
event-triggered control of hyperbolic PDE–ODE systems.
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• The previous results (Koga et al., 2020; Krstic, 2009a, 2011;
Wang & Krstic, 2020a) on delay-compensated control of
PDEs use continuous-in-time control input signals, whereas
the control input in this paper is piecewise constant.

• In comparison to the previous continuous-in-time
controllers for DCVs without delay compensation
(How et al., 2010, 2011; Wang & Krstic, 2021d), this paper
develops a DCV control scheme, which compensates the
sensor delays arising from the long-distance transmission of
the sensing signal via acoustics devices, and employs a more
user-friendly piecewise-constant actuation for the massive
ship-mounted crane.

1.5. Organization

The DCV model, and the general model used in control de-
sign are presented in Section 2. Observer design is proposed in
Section 3, where the observer gains are determined in two trans-
formations which convert the observer error system to a target
observer error system whose exponential stability is straightfor-
ward to obtain. An observer-based output-feedback continuous-
in-time controller with delay compensation is designed in
Section 4 by using the backstepping method. In Section 5, a
dynamic event-triggering mechanism is designed, and the exis-
tence of a minimal dwell-time between two successive triggering
times is proved. The absence of a Zeno behavior and exponential
convergence in the event-based closed-loop system are proved
in Section 6. The obtained theoretical result is verified in the
application of DCV control for seabed installation by simulation
in Section 7. The conclusions and future work are provided in
Section 8.

1.6. Notation

We adopt the following notation.

• The symbol R− denotes the set of negative real numbers,
whose complement of the real axis is R+ := [0,+∞). The
symbol Z+ denotes the set of all non-negative integers.

• Let U ⊆ Rn be a set with non-empty interior and let Ω ⊆ R
be a set. By C0(U;Ω), we denote the class of continuous
mappings on U , which take values inΩ . By Ck(U;Ω), where
k ≥ 1, we denote the class of continuous functions on U ,
which have continuous derivatives of order k on U and take
values in Ω .

• We use the notation L2(0, 1) for the standard space of the
equivalence class of square-integrable, measurable functions

defined on (0, 1) and ∥f ∥ =

(∫ 1
0 f (x)2dx

) 1
2
< +∞ for

f ∈ L2(0, 1).
• For an I ⊆ R+, the space C0(I; L2(0, 1)) is the space of

continuous mappings I ∋ t ↦→ u[t] ∈ L2(0, 1).
• Let u : R+ × [0, 1] → R be given. We use the notation u[t]

to denote the profile of u at certain t ≥ 0, i.e., (u[t])(x) =

u(x, t), for all x ∈ [0, 1].

2. Problem formulation

2.1. Model of DCV

We follow the modeling process in Section 2 in Wang and
Krstic (2021d) but make the following three simplifications: (1)
We take the cable length as constant, i.e., we set l(t) as L; (2) The
spatially-dependent static tension of the cable, which considers
the effect of the cable mass on the tension in the cable, is assumed
as a constant static tension resulting from the payload mass and
3

Table 1
Physical parameters of the DCV.
Parameters (units) Values

Cable length L (m) 1000
Cable diameter Rd (m) 0.2
Cable linear density ρ (kg/m) 8.02
Payload mass ML (kg) 4.0 × 105

Gravitational acceleration g (m/s2) 9.8
Cable material damping coefficient dc (N s/m) 0.5
Height of payload modeled as a cylinder hc (m) 10
Diameter of payload modeled as a cylinder Dc (m) 5
Damping coefficient at payload dL (N s/m) 2.0 × 105

Seawater density ρs (kg m−3) 1024

buoyancy, i.e., we set T (x) as T0; (3) We only focus on lateral
ibrations instead of longitudinal–lateral coupled vibrations, and
odel the dynamics of a deep sea construction vessel as

0ux̄(0, t) = U(t), (1)

ρutt (x̄, t) = T0ux̄x̄(x̄, t) − dcut (x̄, t), (2)

u(L, t) = bL(t), (3)

MLb̈L(t) = −dLḃL(t) + T0ux̄(L, t), (4)

(x̄, t) ∈ [0, L]×[0,∞). Eq. (2) describes the oscillation dynamics
f the cable, where u(x̄, t) denotes the distributed transverse
isplacement along the cable. Eq. (4) models the dynamics of the
ayload, and the function bL(t) denotes its transverse displace-
ent. Eq. (3) represents the connection between the bottom of

he cable and the payload, and Eq. (1) describes the force input
t the top of the cable, i.e., at the ship-mounted crane, where
he control force U(t) is to be designed in this paper. The static
ension T0 is defined as T0 = MLg − Fbuoyant , where the buoyancy
buoyant is Fbuoyant =

1
4πD

2
chcρsg . The physical parameters of the

deep-sea construction vessel are given in Table 1, whose values
are taken from How et al. (2011).

An accelerometer is placed at the object at the bottom of the
cable, referred to as payload, to measure the lateral acceleration
b̈L(t) of the payload. However, as shown in Fig. 1, there exists a
sensor delay τ due to the fact that the sensor signal is transmitted
ver a large distance from the seabed to the vessel on the ocean
urface through a set of acoustics devices, i.e., the acquisition of
he wireless receiver at the vessel is the delayed measurement of
he lateral acceleration of the payload, denoted as

out(t) = ζ̇ (t − τ ), t ∈ [τ ,∞), (5)

here a new variable is introduced as

(t) = ḃL(t). (6)

n practice, the lateral velocity ζ of the payload is obtained by
ntegrating the delayed acceleration sensing yout(t), i.e.,

(t − τ ) =

∫ t

τ

yout(h)dh + ζ (0), t ∈ [τ ,∞), (7)

hich is a delayed signal of the lateral velocity, where the initial
alue ζ (0) of the lateral velocity at the payload can be calculated
ia (4), i.e., ζ (0) =

−ML
dL

b̈L(0) +
T0
dL
ux̄(L, 0) =

−ML
dL

yout(τ ) +
T0
dL
ys(τ ),

where yout is given in (5), and ys(t) = ux̄(L, t − τ ) is the delayed
signal obtained by a strain sensor placed at the connection point
between the payload and the cable. Eq. (7) only explains an
acquisition method for ζ in practical DCVs, and no restrictions
are imposed on any initial conditions in the design and theory in
this paper.

In the practical DCV, caused by ocean current, there always
exist a distributed oscillating drag force f (x̄, t) along the cable
and a drag force f (t) at the payload, i.e., disturbances f (x̄, t), f (t)
L L
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ould exist in (2), (4). Although we do not deal with the dis-
urbances f (x̄, t), fL(t) in the control design in this paper, they
re considered in the simulation model for testing robust of the
roposed controller.

.2. Representing the model in Riemann coordinate

Applying the Riemann transformations (Wang & Krstic, 2021d)

z̄(x̄, t) = ut (x̄, t) −

√
T0
ρ
ux̄(x̄, t), (8)

w̄(x̄, t) = ut (x̄, t) +

√
T0
ρ
ux̄(x̄, t), (9)

introducing a space normalization variable

x =
x̄
L

∈ [0, 1], (10)

nd defining

¯(x̄, t) = z(x, t), w̄(x̄, t) = w(x, t), (11)

Eqs. (1)–(4) are rewritten as the plant (14)–(18) shown shortly,
with the coefficients

c̄ = 2

√
1

T0ρ
, q1 = q2 =

1
L

√
T0
ρ
, g1 = g2 = g3 = g4 =

dc
2ρ
,

(12)

= −1, p = 1, c = 2, a1 =
−dL
ML

+

√
T0ρ
ML

, b1 =

√
T0ρ
ML

, (13)

here z̄x̄(x̄, t) =
1
L zx(x, t), w̄x̄(x̄, t) =

1
Lwx(x, t) have been used.

2.3. General model

The plant considered in this paper is a general form of the
model obtained from applying Riemann transformations (8), (9)
into (1)–(4), and employing (10), (11), given by

z(0, t) = pw(0, t) + c̄U(t), (14)

zt (x, t) = −q1zx(x, t) − g2w(x, t) − g1z(x, t), (15)

t (x, t) = q2wx(x, t) − g4w(x, t) − g3z(x, t), (16)

w(1, t) = qz(1, t) + cζ (t), (17)

ζ̇ (t) = a1ζ (t) − b1z(1, t), (18)

∀(x, t) ∈ [0, 1] × [0,∞), and the output measurement is

Yout(t) = [ζ (t − τ ), ζ̇ (t − τ )]T , t ∈ [τ ,∞) (19)

according to the obtained signals shown in (5)–(7). The scalar
ζ (t) is an ODE state. The scalars z(x, t), w(x, t) are states of the
2 × 2 coupled hyperbolic PDEs. The positive parameter τ is an
arbitrary constant denoting the time delay in the measurement.
The control input U(t) in (14) is to be designed. The parameters
g1, g2, g3, g4, c ∈ R are arbitrary. The positive constants q1 and q2
are transport speeds. The constants a1 and b1 ̸= 0 are arbitrary.
The parameters q, p ∈ R (q ̸= 0) satisfy Assumption 1.

Assumption 1. The plant parameters p, q satisfy |pq| < e
g4
q2

+
g1
q1 .

One can readily check that Assumption 1, which will be used
n Section 5, is satisfied in the DCV model with the parameters
12), (13), whose values are given in Table 1.
4

2.4. Rewrite delay as a transport PDE

By defining v(x, t) = ζ (t − τ (x − 1)), we obtain from (19) a
ransport PDE

v(1, t) = ζ (t), (20)

t (x, t) = −
1
τ
vx(x, t), x ∈ [1, 2] (21)

Yout(t) = [v(2, t), vt (2, t)]T (22)

for all (x, t) ∈ [1, 2] × [0,∞), to describe the time delay in
the measurement (19). Replacing (19) by (20)–(22), we obtain
a hyperbolic PDE–ODE system connecting with another trans-
port PDE, i.e., the coupled hyperbolic PDEs–ODE–transport PDE
system (14)–(18), (20)–(22). The time delay is ‘‘removed’’ at a
cost of adding a transport PDE into the plant (14)–(18). The
continuous-in-time boundary control design for a PDE–ODE–PDE
configuration was also studied in Aarsnes, Vazquez, Di Meglio,
and Krstic (2019).

Now, the task is equivalent to exponentially stabilizing the
overall system (14)–(18), (20)–(22), i.e., (z, w, v)-PDEs and ζ -ODE
by employing an event-triggered output-feedback control input
U(t) applying at the left boundary of z-PDE, only using the right
boundary state of v-PDE.

3. Observer design

In order to build the observer-based event-triggered output-
feedback controller of the plant (14)–(19), in this section, we de-
sign a state-observer to track the overall system (14)–(19) using
only the delayed measurement yout(t). Through the reformulation
in Section 2, the estimation task is equivalent to designing a state-
observer to recover the overall system (14)–(18), (20)–(22) only
using the measurements at the right boundary x = 2 of the v-PDE.
The observer is built as a copy of the plant (14)–(18), (20)–(22)
plus some output error injection terms, as follows:

ẑ(0, t) =pŵ(0, t) + c̄U(t), (23)
ẑt (x, t) = − q1ẑx(x, t) − g2ŵ(x, t) − g1ẑ(x, t),

+ H2(x)(Yout(t) − Ŷout(t)), x ∈ [0, 1] (24)
ŵt (x, t) =q2ŵx(x, t) − g4ŵ(x, t) − g3ẑ(x, t)

+ H3(x)(Yout(t) − Ŷout(t)), x ∈ [0, 1] (25)

ŵ(1, t) =qẑ(1, t) + cζ̂ (t) + H4(Yout(t) − Ŷout(t)), (26)
˙̂
ζ (t) =a1ζ̂ (t) − b1ẑ(1, t) + H1(Yout(t) − Ŷout(t)), (27)

v̂(1, t) =ζ̂ (t), (28)

v̂t (x, t) = −
1
τ
v̂x(x, t)

+ H5(x)(Yout(t) − Ŷout(t)), x ∈ [1, 2] (29)

where

Ŷout(t) = [v̂(2, t), v̂t (2, t)]T , (30)

and the row vectors H1 = [H1a,H1b] ∈ R2, H2(x) = [H2a(x),
H2b(x)] ∈ R2, H3(x) = [H3a(x),H3b(x)] ∈ R2, H4 = [H4a,H4b] ∈

R2, H5(x) = [H5a(x),H5b(x)] ∈ R2 are observer gains to be
determined. Defining the observer error states as

(z̃(x, t), w̃(x, t), ζ̃ (t), ṽ(x, t)) = (z(x, t), w(x, t), ζ (t), v(x, t))

− (ẑ(x, t), ŵ(x, t), ζ̂ (t), v̂(x, t)), (31)

according to (14)–(18), (20)–(22) and (23)–(29), the observer
error system is obtained as

z̃(0, t) = pw̃(0, t), (32)



J. Wang and M. Krstic Automatica 138 (2022) 110137

w

η

w
r

=

z̃t (x, t) = −q1z̃x(x, t) − g2w̃(x, t) − g1z̃(x, t)

− H2(x)[ṽ(2, t), ṽt (2, t)]T , x ∈ [0, 1] (33)
w̃t (x, t) = q2w̃x(x, t) − g4w̃(x, t) − g3z̃(x, t)

− H3(x)[ṽ(2, t), ṽt (2, t)]T , x ∈ [0, 1] (34)

w̃(1, t) = qz̃(1, t) + cζ̃ (t) − H4[ṽ(2, t), ṽt (2, t)]T , (35)
˙̃
ζ (t) = a1ζ̃ (t) − b1z̃(1, t) − H1[ṽ(2, t), ṽt (2, t)]T , (36)

ṽ(1, t) = ζ̃ (t), (37)

ṽt (x, t) = −
1
τ
ṽx(x, t) − H5[ṽ(2, t), ṽt (2, t)]T , x ∈ [1, 2]. (38)

The determination of the observer gains H1, H2(x), H3(x), H4,
H5(x) in (23)–(29) will be completed through two transformations
presented next, which convert the observer error system (32)–
(38) to a target observer error system whose exponential stability
is straightforward to obtain.

3.1. First transformation

Introduce the transformation

ṽ(x, t) = η̃(x, t) + ϕ(x)ζ̃ (t), (39)

where

ϕ(x) = e−τa1(x−1), x ∈ [1, 2], (40)

ith the purpose of converting (36)–(38) to
˙̃
ζ (t) = −ā1ζ̃ (t) − b1z̃(1, t) − eτa1L1η̃(2, t), (41)

η̃(1, t) = 0, (42)

˜ t (x, t) = −
1
τ
η̃x(x, t), x ∈ [1, 2] (43)

where

ā1 = L1 − a1 > 0, (44)

by choosing the design parameter L1. Matching (36) and (41) via
(39), by virtue of (44), we obtain that H1 should satisfy

H1 = [eτa1L1, 0]. (45)

Taking the time and spatial derivatives of (39) and submitting the
result into (38), applying (36), (43), and (45), we obtain

ṽt (x, t) +
1
τ
ṽx(x, t) + H5(x)[ṽ(2, t), ṽt (2, t)]T

= η̃t (x, t) + ϕ(x)a1ζ̃ (t) − ϕ(x)b1z̃(1, t) − ϕ(x)eτa1L1ṽ(2, t)

+
1
τ
η̃x(x, t) +

1
τ
ϕ′(x)ζ̃ (t) + H5(x)[ṽ(2, t), ṽt (2, t)]T

= −ϕ(x)b1z̃(1, t) − ϕ(x)eτa1L1ṽ(2, t) + H5(x)[ṽ(2, t), ṽt (2, t)]T

+

[
ϕ(x)a1 +

1
τ
ϕ′(x)

]
ζ̃ (t) = 0, (46)

here ϕ′(x)+τa1ϕ(x) = 0 obtained from (40) has been used. The
ow vector H5(x) are determined to ensure

− ϕ(x)b1z̃(1, t) − ϕ(x)eτa1L1ṽ(2, t)

+ H5(x)[ṽ(2, t), ṽt (2, t)]T = 0. (47)

We solve the observer gains by using the Laplace transformations,
considering the convenience from the algebraic relationships be-
tween the output error injections and other observer error states
in the frequency domain.

First, we derive the algebraic relationships between z̃(1, s) and
ṽ(2, s). Taking the Laplace transform of (41), we get

(s + ā )ζ̃ (s) = −b z̃(1, s) − eτa1L e−τ sη̃(1, s). (48)
1 1 1

5

For brevity, we consider all initial conditions to be zero when we
take the Laplace transform. (Arbitrary initial conditions could be
incorporated into the stability statement through an expanded
analysis which is routine but heavy on additional notation.) Re-
calling (42), and ā1 > 0 which ensures the fact that (s + ā1) does
not have any zeros in the closed right-half plane, we obtain from
(48) that

ζ̃ (s) = −(s + ā1)−1b1z̃(1, s). (49)

According to (39), (42), (43), applying (40), (49), we have that

ṽ(2, s) = e−τ sη̃(1, s) + ϕ(2)ζ̃ (s) = −r(s)z̃(1, s), (50)

where

r(s) = e−τa1 (s + ā1)−1b1. (51)

The function r(s) is an asymptotically stable and strictly proper
transfer function, according to ā1 > 0 and Definition 1 taken
from Curtain and Morris (2009).

Definition 1. The function G is said to be proper if for, suffi-
ciently large ρ, supRe(s)≥0

⋂
|s|>ρ |G(s)| < ∞. If the limit of G(s) at

infinity exists and is 0, we say that G is strictly proper.

After obtaining the algebraic relationship (50), we determine
H5 to make (47) hold. Taking the Laplace transform of (47),
inserting (40), and (50), we obtain

− ϕ(x)b1z̃(1, s) − ϕ(x)eτa1L1ṽ(2, s) + H5(x)[ṽ(2, s), sṽ(2, s)]T

=−ϕ(x)b1z̃(1, s) + ϕ(x)eτa1L1r(s)z̃(1, s)
−H5a(s; x)r(s)z̃(1, s) − H5b(s; x)(e−τa1b1 − ā1r(s))z̃(1, s)
− (ϕ(x)b1 + H5b(s; x)e−τa1b1)z̃(1, s)
+ (ϕ(x)eτa1L1 + H5b(s; x)ā1 − H5a(s; x))r(s)z̃(1, s)

=0, (52)

where

sr(s) = (s + ā1 − ā1)e−τa1 (s + ā1)−1b1 = e−τa1b1 − ā1r(s) (53)

by recalling (51), has been used. For (52) to hold, the transfer
function H5(x) is then defined as

H5(x) = [e−τa1(x−2)L1 − e−τa1(x−2)ā1,−e−τa1(x−2)
]. (54)

In the above derivation, we have completed the conversion be-
tween (36)–(38) and (41)–(43) through (39), under the designed
H1,H5(x). In what follows, H4 is determined to make w̃(1, t) in
the boundary condition (35) be zero, i.e., to render

w̃(1, t) = qz̃(1, t) + cζ̃ (t) − H4[ṽ(2, t), ṽt (2, t)]T = 0. (55)

Taking the Laplace transform of (55), inserting (49), and (50), we
obtain

w̃(1, s) = qz̃(1, s) + cζ̃ (s) − H4a(x)ṽ(2, s) − H4bsṽ(2, s)

= qz̃(1, s) − c(s + ā1)−1b1z̃(1, s) + H4ar(s)z̃(1, s)
+H4bsr(s)z̃(1, s)

= qz̃(1, s) − ceτa1 r(s)z̃(1, s)
+ H4ar(s)z̃(1, s) + H4b(e−τa1b1 − ā1r(s))z̃(1, s)

= (q + H4be−τa1b1)z̃(1, s) + (H4a − H4bā1 − ceτa1 )
× r(s)z̃(1, s)

= 0, (56)

where (51), (53) have been used. For (56) to hold, the row vector
H4 is chosen as

H4 =

[
−

qā1
−τa + ceτa1 ,−

q
−τa

]
. (57)
e 1b1 e 1b1
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hrough applying the first transformation (39), with H4, H5(x),
nd H1, then (32)–(38) is converted to the intermediate system
s

z̃(0, t) = pw̃(0, t), (58)
z̃t (x, t) = −q1z̃x(x, t) − g2w̃(x, t) − g1z̃(x, t)

− H2(x)[ṽ(2, t), ṽt (2, t)]T , (59)
˜ t (x, t) = q2w̃x(x, t) − g4w̃(x, t) − g3z̃(x, t)

− H3(x)[ṽ(2, t), ṽt (2, t)]T , (60)

w̃(1, t) = 0, (61)
˙̃
ζ (t) = −ā1ζ̃ (t) − b1z̃(1, t) − eτa1L1η̃(2, t), (62)

η̃(1, t) = 0, (63)

η̃t (x, t) = −
1
τ
η̃x(x, t). (64)

ext, we introduce the second transformation to decouple the
ouplings in (59), (60).

.2. Second transformation

We now apply the second transformation (Bin & Di Meglio,
016)

˜ (x, t) = β̃(x, t) −

∫ 1

x
ψ(x, y)α̃(y, t)dy, (65)

z̃(x, t) = α̃(x, t) −

∫ 1

x
φ(x, y)α̃(y, t)dy, (66)

with the kernels ψ(x, y), φ(x, y) satisfying

ψ(x, x) =
g3

q1 + q2
, (67)

(0, y) = pψ(0, y), (68)

2ψx(x, y) − q1ψy(x, y) − g3φ(x, y)

+ (g1 − g4)ψ(x, y) = 0, (69)

q1φx(x, y) + q1φy(x, y) + g2ψ(x, y) = 0, (70)

whose well-posedness is proved in Vazquez et al. (2011). The
purpose of the transformations (65), (66) is to convert the in-
termediate system (58)–(64) to the target system (the subsystem
η̃(·, t), given in (63), (64), is removed for brevity because η̃(·, t) ≡

0, t ≥ τ ), as follows,

α̃(0, t) =pβ̃(0, t), (71)

α̃t (x, t) = − q1α̃x(x, t) +

∫ 1

x
M̄(x, y)β̃(y, t)dy

− g1α̃(x, t) − g2β̃(x, t), (72)

β̃t (x, t) =q2β̃x(x, t) +

∫ 1

x
N̄(x, y)β̃(y, t)dy − g4β̃(x, t), (73)

β̃(1, t) =0, (74)
˙̃
ζ (t) = − ā1ζ̃ (t) − b1α̃(1, t), (75)

for t ≥ τ , where the integral operator kernels M̄ and N̄ are
defined as

M̄(x, y) =

∫ y

x
φ(x, δ)M̄(δ, y)dδ − g2φ(x, y), (76)

N̄(x, y) =

∫ y

x
ψ(x, δ)M̄(δ, y)dδ − g2ψ(x, y). (77)

In what follows, H2(x), H3(x) are determined by matching the in-
termediate system (58)–(62) and the target observer error system
6

(71)–(75) via (65), (66). Inserting (65), (66) into (60) along (72),
(73), and applying (67)–(69), (77), we get

w̃t (x, t) − q2w̃x(x, t) + g3z̃(x, t) + g4w̃(x, t)

+ H3(x)[ṽ(2, t), ṽt (2, t)]T

= q1ψ(x, 1)α̃(1, t) + H3(x)[ṽ(2, t), ṽt (2, t)]T = 0, (78)

where the detailed calculation is omitted here due to space limit.
We thus know that the following equation needs to be satisfied

q1ψ(x, 1)z̃(1, t) + H3(x)[ṽ(2, t), ṽt (2, t)]T = 0, (79)

where α̃(1, t) = z̃(1, t) according to (66) has been used. Rewriting
(79) in the frequency domain and applying (50), (53), we obtain

q1ψ(x, 1)z̃(1, s) + H3(x)[ṽ(2, s), sṽ(2, s)]T

= q1ψ(x, 1)z̃(1, s) − H3a(x)r(s)z̃(1, s)
−H3b(x)(e−τa1b1 − ā1r(s))z̃(1, s)

= (q1ψ(x, 1) − H3b(x)e−τa1b1)z̃(1, s)

+ (H3b(x)ā1 − H3a(x))r(s)z̃(1, s) = 0. (80)

The transfer function H3(x) is chosen as

H3(x) =

[
ā1q1ψ(x, 1)
e−τa1b1

,
q1ψ(x, 1)
e−τa1b1

]
. (81)

nserting (65), (66) into (59) along (72), (73), applying (70), (76),
e get

˜t (x, t) + q1z̃x(x, t) + g2w̃(x, t) + g1z̃(x, t)

+ H2(x)[ṽ(2, t), ṽt (2, t)]T

= q1φ(x, 1)α̃(1, t) + H2(x)[ṽ(2, t), ṽt (2, t)]T = 0 (82)

where the detailed calculation is omitted here due to space limit.
Therefore, H2(x)[ṽ(2, t), ṽt (2, t)]T should satisfy

q1φ(x, 1)z̃(1, t) + H2(x)[ṽ(2, t), ṽt (2, t)]T = 0 (83)

where α̃(1, t) = z̃(1, t) according to (66) has been used. Taking
the Laplace transform of (83), and recalling (50), (53), we obtain

q1φ(x, 1)z̃(1, s) + H2(x)[ṽ(2, s), sṽ(2, s)]T

= q1φ(x, 1)z̃(1, s) − H2a(x)r(s)z̃(1, s)
−H2b(x)(e−τa1b1 − ā1r(s))z̃(1, s)

= (q1φ(x, 1) − H2b(x)e−τa1b1)z̃(1, s)

+ (H2b(x)ā1 − H2a(x))r(s)z̃(1, s) = 0. (84)

The transfer function H2(x) is determined as

H2(x) =

[
ā1q1φ(x, 1)
e−τa1b1

,
q1φ(x, 1)
e−τa1b1

]
. (85)

The boundary condition (71), follows directly from inserting x =

0 into (65), (66) and applying (58), (68). The second conversion
is thus completed and two PDEs (59), (60) are decoupled now,
which can be seen in (72), (73).

After the above two transformations, we have converted the
original observer error system (32)–(38) to the target observer
error system (71)–(75) (for t ∈ [τ ,∞), η̃(x, t) ≡ 0 according to
(63), (64) is removed for brevity). The well-posedness and expo-
nential convergence of the observer error system are shown in
the next subsection, which guarantees the output error injections
in the observer (23)–(29) are well-defined and exponentially
convergent to zero.

3.3. Stability analysis of the observer error system

Lemma 1. For all initial conditions (z̃[0], w̃[0])T ∈ C0([0, 1]; R2),
ṽ[0] ∈ C1([1, 2];R), and ζ̃ (0) ∈ R, there exists a unique solution
(z̃[t], w̃[t])T ∈ C0(R+

;R2), ṽ[t] ∈ C1(R+
;R), ζ̃ (t) ∈ C1(R+

;R) to

the system (32)–(38).
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roof. Because of ṽ[0] ∈ C1([1, 2];R), we have that η̃[0] ∈

C1([1, 2];R) recalling (39), (40). We then obtain that η̃[t] ∈

C1([1, 2];R) according to (42), (43). The target observer error
system on t ∈ [0,∞) is (71)–(75) plus η̃ dynamics in (42), (43),
where η̃(2, t) ∈ C1 goes into (75). Recalling the initial condi-
tion in this lemma and the inverse backstepping transformation
(65), (66), we have that (α̃[0], β̃[0])T ∈ C0([0, 1]; R2), η̃[0] ∈

C1([1, 2];R). Therefore, according to Theorem 2.6 in Karafyllis
and Krstic (2019), we obtain that there exists a unique solution
(α̃[t], β̃[t])T ∈ C0(R+

;R2), ζ̃ (t) ∈ C1(R+
;R) to the system: (71)–

(75) with an external input η̃(2, t) ∈ C1(R+
;R) entering (75).

Recalling the backstepping transformation (65), (66), and (39), the
proof of this lemma is complete. □

Theorem 1. For all initial data ((z̃[0], w̃[0])T , ṽ[0], ζ̃ (0)) ∈

C0([0, 1];R2) × C1([1, 2];R) × R, and m(0) ∈ R−, the expo-
nential convergence of the observer error system (32)–(38) holds
in the sense of the norm ∥z̃(·, t)∥∞ + ∥w̃(·, t)∥∞ + ∥ṽ(·, t)∥∞ +

∥ṽt (·, t)∥∞ + |ζ̃ (t)| + |
˙̃
ζ (t)|, where the decay rate is adjustable by

L1 through (44).

Proof. The stability of the original observer error system is
obtained by analyzing the stability of the target observer error
system (71)–(75) with (63), (64), and using the transformations
(39), and (65), (66).

With the method of characteristics, it is easy to show that
β̃[t] ≡ 0 after t = τ+

1
q2

considering (73), (74). According to (71),
72), we have that α̃[t] ≡ 0 after t0 = τ +

1
q1

+
1
q2
. Because of

ā1 > 0, we then have that ζ̃ (t) is exponentially convergent to zero
after t0. Recalling η̃[t] ≡ 0 after t = τ , we obtain that η̃t (x, t) ≡ 0
for t ≥ τ . According to α̃(1, t) ≡ 0 and the fact that ζ̃ (t) is
exponentially convergent to zero, after t0, we obtain that ˙̃

ζ (t)
is exponentially convergent to zero after t0 via (75). Therefore,
we have that Ω̄(t) = ∥α̃(·, t)∥∞ + ∥β̃(·, t)∥∞ + ∥η̃(·, t)∥∞ +

∥η̃t (·, t)∥∞ + |ζ̃ (t)| + |
˙̃
ζ (t)| is bounded by an exponential decay

with the decay rate λe for t ≥ t0. The decay rate λe depends on
the decay rate of the ODE ζ̃ (t). In other words, the decay rate λe
depends on the choice of L1 according to (44). It should be noted
that the transient in the finite time [0, t0) can be bounded by
an arbitrarily fast decay rate considering a trade off between the
decay rate and the overshoot coefficient, i.e., the higher the decay
rate, the higher the overshoot coefficient. Therefore, we conclude
the exponential stability in the sense that Ω̄(t) is bounded by
an exponential decay rate λe with some overshoot coefficients
for t ≥ 0. Applying the transformations (39), and (65), (66),
we respectively have that ∥ṽ(·, t)∥∞ ≤ Υ1a(∥η̃(·, t)∥∞ + |ζ̃ (t)|),
∥ṽt (·, t)∥∞ ≤ Υ1b(∥η̃t (·, t)∥∞ + |

˙̃
ζ (t)|), ∥z̃(·, t)∥∞ + ∥w̃(·, t)∥∞ ≤

Υ1c(∥α̃(·, t)∥∞ + ∥β̃(·, t)∥∞), for some positive Υ1a,Υ1b,Υ1c . The
proof is complete. □

4. Output-feedback control design

In the last section, we have obtained the observer which
compensates the time-delay in the output measurements of the
distal ODE, to track the states of the overall system (14)–(19).
In this section, we design an output-feedback control law U(t)
based on the observer (23)–(29) with output estimation error
injection terms assumed absent for reducing notation burden, in
accordance to the result on their convergence to zero in Theo-
rem 1. The separation principle is then verified in the resulting
output-feedback closed-loop system.

With the purpose of removing the coupling terms in (24),
(25), and making the system parameter in the distal ODE (27) to
7

be negative, a PDE backstepping transformation in the following
form (Meglio, Bribiesca, Hu, & Krstic, 2018)

α(x, t) =ẑ(x, t) −

∫ 1

x
K3(x, y)ẑ(y, t)dy

−

∫ 1

x
J3(x, y)ŵ(y, t)dy − γ (x)ζ̂ (t), (86)

β(x, t) =ŵ(x, t) −

∫ 1

x
K2(x, y)ẑ(y, t)dy

−

∫ 1

x
J2(x, y)ŵ(y, t)dy − λ(x)ζ̂ (t) (87)

is introduced, where the kernels K3(x, y), J3(x, y), γ (x), K2(x, y),
J2(x, y), λ(x) satisfy

K3(x, 1) =
q2q
q1

J3(x, 1) −
b1
q1
γ (x), (88)

J3(x, x) =
g2

q2 + q1
, (89)

− q1J3x(x, y) + q2J3y(x, y)

+ g2K3(x, y) − (g1 − g4)J3(x, y) = 0, (90)

− q1K3x(x, y) − q1K3y(x, y) + g3J3(x, y) = 0, (91)

(1) = F1, (92)

− q1γ ′(x) − γ (x)(a1 + g1) − q2J3(x, 1)c = 0, (93)

2(x, 1) =
q1
q2q

K2(x, 1) +
b1
q2q

λ(x), (94)

2(x, x) =
−g3

q1 + q2
, (95)

2J2x(x, y) + q2J2y(x, y) + g2K2(x, y) = 0, (96)

2K2x(x, y) − q1K2y(x, y)

+ g3J2(x, y) + (g1 − g4)K2(x, y) = 0, (97)

2λ
′(x) − λ(x)(a1 + g4) − q2J2(x, 1)c = 0, (98)

(1) = qγ (1) + c (99)

o convert (23)–(29) (without output estimation error injections)
nto the target system:

α(0, t) =pβ(0, t), (100)

t (x, t) = − q1αx(x, t) − g1α(x, t), (101)

βt (x, t) =q2βx(x, t) − g4β(x, t), (102)

β(1, t) =qα(1, t), (103)
˙̂
ζ (t) = − amζ̂ (t) − b1α(1, t), (104)

v̂(1, t) =ζ̂ (t), (105)

v̂t (x, t) = −
1
τ
v̂x(x, t), (106)

here

m = b1F1 − a1 > 0 (107)

is made by choosing the design parameter F1, with choosing the
control input as

U(t) =
1
c̄

∫ 1

0
K̄1(x)ẑ(x, t)dx

+
1
c̄

∫ 1

0
K̄2(x)ŵ(x, t)dx +

1
c̄
K̄3ζ̂ (t) (108)

here K̄1(x) = K3(0, x) − pK2(0, x), K̄2(x) = J3(0, x) − pJ2(0, x),
¯ = γ (0) − pλ(0).
3
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The conditions of the kernels (88)–(99) are obtained by match-
ing (101)–(104) and (24)–(27). The equation sets (88)–(93) and
(94)–(99) have the analogous structure with (19)–(24) in Wang,
Krstic et al. (2018). Following the proof of Lemma 1 in Wang,
Krstic et al. (2018), we obtain the well-posedness of (88)–(99).
Following Section 2.4 in Wang, Krstic et al. (2018), we have that
the inverse transformation of (86), (87) exists, and the well-
posedness of the kernels in the inverse transformation can be
obtained from the well-posedness of (88)–(99).

5. Event-triggering mechanism

In this section we introduce an event-triggered control scheme
for stabilization of the overall PDE–ODE–PDE system (14)–(18),
(20)–(22). This scheme relies on both the delay-compensated
observer-based output-feedback continuous-in-time controller
designed in the last section, and a dynamic event-triggering
mechanism (ETM) which is realized using the states from the
delay-compensated observer. The event-triggered control signal
Ud(t) is the value of the continuous-in-time control signal U(t) at
the time instants tk but applied until time tk+1, i.e.,

Ud(t) = U(tk) =
1
c̄

∫ 1

0
K̄1(x)ẑ(x, tk)dx

+
1
c̄

∫ 1

0
K̄2(x)ŵ(x, tk)dx +

1
c̄
K̄3ζ̂ (tk), t ∈ [tk, tk+1). (109)

deviation d(t) between the continuous-in-time control signal
nd the event-based one is given as

(t) = U(t) − Ud(t). (110)

nserting (109), the left boundary of the target system (100)–
106) becomes

(0, t) = pβ(0, t) − c̄d(t). (111)

Taking the Laplace transform of (101)–(106), according to Section
3.2 in Meglio et al. (2020), we obtain the following algebraic
relationship between α(0, s) and β(0, s) as

β(0, s) = qe−
(g4+s)

q2
−

(g1+s)
q1 α(0, s), (112)

Inserting (112) into (111) in the frequency domain, we have that

α(0, s) = −
c̄

(1 − h(s))
d(s), (113)

where

h(s) = pqe−

(
g4
q2

+
g1
q1

)
e−

(
1
q2

+
1
q1

)
s
. (114)

From (113), (114), Assumption 1 guarantees

|α(0, t)| ≤ |h(0)| sup
0≤ξ≤t

|α(0, ξ )| + |c̄| sup
0≤ξ≤t

|d(ξ )|,

here the constant |h(0)| is strictly smaller than 1. By the small
ain theorem, we obtain

(0, t)2 ≤ λd sup
0≤ξ≤t

d(ξ )2 (115)

where

λd =
c̄2

(1 − |h(0)|)2
.

Please note that we obtain (115), which will be used in the
Lyapunov analysis, based on (101)–(106) (state-feedback loop),
i.e., assuming the observer error injections absent, with the pur-
pose of avoiding heavy additional notation. Incorporating these
 i

8

observer error injections will not change the stability result ob-
tained in the Lyapunov analysis, which will be shown latter,
by virtue of exponential convergence of the observer errors in
Theorem 1.

Similar to Espitia et al. (2018), the ETM to determine the
triggering times is designed to be governed by the following
dynamic triggering condition:

tk+1 = inf{t ∈ R+
|t > tk|d(t)2 ≥ θV (t) − µm(t)}. (116)

he internal dynamic variable m(t) satisfies the ordinary differ-
ntial equation

˙ (t) = − ηm(t)− κ1α(1, t)2 − κ2α(0, t)2 − κ3v̂(2, t)2 − κ4

⏐⏐⏐Ỹ (t)⏐⏐⏐2
(117)

where

Ỹ (t) = Yout(t) − Ŷout(t),

and where the initial condition of m is m(0) < 0, which guaran-
tees that

m(t) < 0 (118)

or t ∈ [0,∞). Inequality (118) follows from the ODE in (117),
the nonpositivity of the non-homogeneous terms on its right-
hand side, the strict negativity of m(0), the variation-of-constants
formula, and the comparison principle. Introducing the internal
dynamic variable m(t) defined by (117) is used in proving the
xistence of a minimal dwell time, which will be seen clearly
n the proof of Lemma 3. The Lyapunov function V (t) in (116)
is defined as

V (t) =
1
2
ζ̂ (t)2 +

1
2

∫ 1

0
eδ1xβ(x, t)2dx

+
1
2
rb

∫ 1

0
e−δ2xα(x, t)2dx +

1
2
rc

∫ 2

1
e−xv̂(x, t)2dx. (119)

The event-triggering condition, including (116), (117), (119), only
uses the output measurement and the observer states, recalling
the transformations (86), (87). The positive design parameters θ ,
µ, η, κ1, κ2, κ3, κ4, δ1, δ2, rc , rb satisfy

κ1 > 2λ1, (120)

κ2 > 2λ1, (121)

κ4 > 2λ1, (122)

δ1 >
2|g4|
q2

, (123)

δ2 >
2|g1|
q1

, (124)

rc < ameτ , (125)

rb >
1
q1

q2q2eδ1+δ2 +
b21

q1am
eδ2 +

2
q1
κ1eδ2 , (126)

3 <
1
2τ

rce−2, (127)

µ <
σa

1
2q1rbλd + κ2λd

, (128)

θ < min
{

σa
1
2q1rbλd + κ2λd

,
µτ

rc
κ3e2,

µ

2λα1
κ1,

µ

2λα0
κ2,

µ

2
κ4

}
,

(129)

here η is free and associated with the dwell-time, which can
e seen later, and λ1 is a positive constant, which will be given
n Lemma 2, only depending on the plant parameters and the
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esign parameters L1, F1 in the continuous-in-time control law,
nd where

σa =min
{
λa, η,

2κ4
Re

}
> 0, (130)

λa =
1
ξ̄2

min
{
1
2

(
am −

1
τ
rce−1

)
,
1
2
δ1q2 − |g4|,

1
2
δ2q1rbe−δ2 − rb|g1|e−δ2 ,

e−2

2τ
rc

}
, (131)

Re >
2κ4
λe
, (132)

λα1 =
1
2
|b1| +

1
2
q1rbe−δ2 , (133)

λα0 =
1
q2

q2 max{1, c̄2}, (134)

where λe is a positive constant depending on the design param-
eters L1, as shown in proof of Theorem 1.

The conditions of all the parameters L1, F1, κ1, κ2, κ4, δ1,
δ2, rc , rb, κ3, µ, θ , are given in (44), (107), (120)–(129), which
are cascaded rather than coupled. An order of selecting these
parameters is along (44), (107), (120)–(129). As will be seen
later, these design parameters are associated with the dwell-time,
convergence rate, and overshoot in the event-based closed-loop
system. The optimal choices of these parameters are not studied
in this paper, but in the future work the trade off between the
convergence rate and the lower bound of the minimal dwell time
is worth studying.

Proposition 1. For given (z(·, tk), w(·, tk))T ∈ L2((0, 1);R2),
v(·, tk) ∈ L2((1, 2);R), ζ (tk) ∈ R and (ẑ(·, tk), ŵ(·, tk))T ∈

L2((0, 1);R2), v̂(·, tk) ∈ L2((1, 2);R), ζ̂ (tk) ∈ R, m(tk) ∈ R−,
there exist a unique (weak) solution ((z, w)T , v, ζ ) ∈ C0([tk, tk+1];

L2(0, 1);R2) × C0([tk, tk+1]; L2(1, 2)) × C0([tk, tk+1];R),
((ẑ, ŵ)T , v̂, ζ̂ ) ∈ C0([tk, tk+1]; L2(0, 1);R2)×C0([tk, tk+1]; L2(1, 2))
× C0([tk, tk+1];R), m ∈ C0([tk, tk+1];R−) to the system (14)–(19),
(23)–(29), (117) with the piecewise-constant control input Ud(t) in
(109).

Proof. For given (z(·, tk), w(·, tk))T ∈ L2((0, 1);R2), v(·, tk) ∈

L2((1, 2);R), ζ (tk) ∈ R, following the proof in Proposition 1
of Wang and Krstic (2021c), we have that there exists a unique
(weak) solution ((z, w)T , v, ζ ) ∈ C0([tk, tk+1]; L2(0, 1);R2) ×

C0([tk, tk+1]; L2(1, 2)) × C0([tk, tk+1];R) to the system (14)–(19)
under the piecewise-constant control input Ud(t). Recalling
Lemma 1, (31), and m(tk) ∈ R−, it follows that there exists a
unique (weak) solution ((ẑ, ŵ)T , v̂, ζ̂ ) ∈ C0([tk, tk+1]; L2(0, 1);R2)
× C0([tk, tk+1]; L2(1, 2)) × C0([tk, tk+1];R) and m ∈ C0

([tk, tk+1];R−) to the system (23)–(29) and (117) under the
piecewise-constant control input Ud(t). Proposition 1 is thus
obtained. □

Lemma 2. For d(t) defined in (110), there exists a positive constant
λ1 such that

ḋ(t)2 ≤ λ1

(
Ω(t) + α(1, t)2 + α(0, t)2 + d(t)2 +

⏐⏐⏐Ỹ (t)⏐⏐⏐2) (135)

for t ∈ (tk, tk+1), where

Ω(t) = ∥α(·, t)∥2
+ ∥β(·, t)∥2

+ ζ̂ (t)2, (136)

and where λ1 only depends on parameters of the plant, and the
design parameters L1, F1 in the continuous-in-time control law.

Proof. Taking the time derivative of (110), we have ḋ(t)2 = U̇(t)2,
because of U̇ (t) = 0 for t ∈ (t , t ). Recalling (23)–(27), (108),
d k k+1

9

we have

ḋ(t)2 = U̇(t)2 =
1
c̄2

[
K̄1(0)q1ẑ(0, t) − q2K̄2(0)ŵ(0, t)

−

(
K̄1(1)q1 − qK̄2(1)q2 + K̄3b1

)
ẑ(1, t) + (K̄3a1 + cK̄2(1)q2)ζ̂ (t)

+

∫ L

0

(
K̄ ′

1(x)q1 − K̄1(x)g1 − K̄2(x)g3

)
ẑ(x, t)dx

−

∫ L

0

(
K̄2(x)g4 − K̄ ′

2(x)q2 + K̄1(x)g2

)
ŵ(x, t)dx

+

(∫ 1

0
K̄1(x)H2(x)dx +

∫ 1

0
K̄2(x)H3(x)dx

+ K̄3H1 + K̄2(1)q2H4

)
Ỹ (t)

]2

≤ λ0

[
ẑ(1, t)2 + ŵ(0, t)2 + ẑ(0, t)2 + ∥ẑ(·, t)∥2

+ ∥ŵ(·, t)∥2

+ ζ̂ (t)2 +

⏐⏐⏐Ỹ (t)⏐⏐⏐2]
or some positive λ0 only depending on parameters of the plant,
nd the design parameters L1, F1 in the continuous-in-time con-
rol law. Recalling the inverse transformation and (111), we ob-
ain (135). The proof of Lemma 2 is complete. □

emark 1. The target system corresponding to the output-
eedback loop is obtained by applying the backstepping transfor-
ation (86), (87) into the observer (23)–(29), and replacing U in

23) by Ud defined in (109). The resulting system is (111), (101)–
106) with output estimation error injection terms G2(x)Ỹ (t),
3(x)Ỹ (t), H4Ỹ (t), H1Ỹ (t), H5(x)Ỹ (t) in (101), (102), (103), (104),
106), respectively, where the bounded functions G2,G3 depend
n the observer gains obtained in Section 3 and the kernels in the
ackstepping transformation (86), (87). In the following analysis,
e denote this system as S-system, whose full expression is not
isplayed here due to the space limit.
The following lemma proves the existence of a minimal dwell-

ime independent of initial conditions.

emma 3. For some κ1, κ2, κ4, θ , there exists a minimal dwell-
ime, independent of initial conditions, between any two successive
riggering times, i.e., tk+1 − tk ≥ T > 0 for all k ≥ 0.

roof. Let us introduce the function

(t) =
d(t)2 +

µ

2 m(t)
θV (t) −

µ

2 m(t)
(137)

hich is proposed in Espitia et al. (2018). We have that ψ(tk+1) =

because the event is triggered, and ψ(tk) < 0 because of m(t) <
and d(tk) = 0. The function ψ(t) is continuous on [tk, tk+1]

ue to Proposition 1. By the intermediate value theorem, there
xists t∗ > tk such that ψ(t) ∈ [0, 1] when t ∈ [t∗, tk+1]. The
ower bound of the minimal dwell-time T can be defined as the
inimal time it takes for ψ(t) from 0 to 1, i.e., the reciprocal of

he absolute value of the maximum ψ̇(t).
For all t ∈ [t∗, ti+1], taking the time derivative of V (t) (119)

long the S-system defined in Remark 1, the following inequality
an be obtained

˙ (t) ≥ − µ0Ω1(t) − λα1α(1, t)2 − λα0(α(0, t)2 + d(t)2)

−
1
2τ

rce−2v̂(2, t)2 −

⏐⏐⏐Ỹ (t)⏐⏐⏐2 (138)
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here

1(t) = ∥α(·, t)∥2
+ ∥β(·, t)∥2

+ ∥v̂(·, t)∥2
+ ζ̂ (t)2, (139)

and µ0 = max
{

1
2δ1q2e

δ1+|g4|eδ1+e2δ1 maxx∈[0,1]{G3(x)2}, 1
2δ2q1rb+

g1|rb+rb2 maxx∈[0,1]{G2(x)2}, 1
2τ rce

−1
+rc2 maxx∈[1,2]{H5(x)2}, am+

1
2 |b1|+H2

1

}
, and where the positive constants λα1, λα0 are shown

n (133), (134).
Taking the derivative of (137), applying Young’s inequality,

sing (135) in Lemma 2, and inserting (138), we have

˙ =
(2d(t)ḋ(t) +

µ

2 ṁ(t))
θV (t) −

µ

2 m(t)
−

(θ V̇ (t) −
µ

2 ṁ(t))
θV (t) −

µ

2 m(t)
ψ

≤
1

θV (t) −
µ

2 m(t)

[
µλ1Ω(t)2 + µλ1α(1, t)2

+ µλ1α(0, t)2 +

(
1
µ

+ µλ1

)
d(t)2 + µλ1

⏐⏐⏐Ỹ (t)⏐⏐⏐2 +
µ

2
ṁ(t)

]
−

1
θV (t) −

µ

2 m(t)

[
θ

(
−µ0Ω1(t) − λα1α(1, t)2

− λα0(α(0, t)2 + d(t)2) −
1
2τ

rce−2v̂(2, t)2 −

⏐⏐⏐Ỹ (t)⏐⏐⏐2) −
µ

2
ṁ(t)

]
ψ.

Inserting (117) to replace ṁ(t), recalling (119), (136), (139) and
the fact that ξ1Ω1(t) ≤ V (t) ≤ ξ2Ω1(t) where the positive
constants ξ1, ξ2 are ξ1 = min{

1
2 ,

1
2 rbe

−δ2 , 1
2 rce

−2
} and ξ2 =

ax{ 1
2 ,

1
2 e
δ1 , 1

2 rb,
1
2 rce

−1
}, we have that

˙ ≤
1

θV (t) −
µ

2 m(t)

[(
1
µ

+ µλ1

)
d(t)2 +

(
µλ1 −

µ

2
κ1

)
α(1, t)2

+

(
µλ1 −

µ

2
κ2

)
α(0, t)2 +

(
µλ1 −

µ

2
κ4

) ⏐⏐⏐Ỹ (t)⏐⏐⏐2
+ µ

λ1

ξ1
V (t) −

µ

2
ηm(t)

]
−

1
θV (t) −

µ

2 m(t)

[
−θ

µ0

ξ1
V (t) −

(
θλα1 −

µ

2
κ1

)
α(1, t)2

−

(
θλα0 −

µ

2
κ2

)
α(0, t)2 − θλα0d(t)2 −

(
θ −

µ

2
κ4

) ⏐⏐⏐Ỹ (t)⏐⏐⏐2
−

(
θ

2τ
rce−2

−
µ

2
κ3

)
v̂(2, t)2 +

µ

2
ηm(t)

]
ψ, (140)

where Ω1(t) ≥ Ω(t) has been used. Applying (120)–(122),
(129) (the last four terms), and the following inequalities
−

µ
2 ηm(t)

θV (t)− µ
2 m(t) ≤ −

µ
2 ηm(t)

−
µ
2 m(t) = η, V (t)

θV (t)− µ
2 m(t) ≤

V (t)
θV (t) =

1
θ
,

d(t)2

θV (t)− µ
2 m(t) =

d(t)2+
µ
2 m(t)− µ

2 m(t)
θV (t)− µ

2 m(t) ≤ ψ(t) + 1, which hold because

f m(t) < 0, then (140) becomes

˙ (t) ≤

( 1
µ

+ µλ1)d(t)2 + µ
λ1
ξ1
V (t) −

µ

2 ηm(t)

θV (t) −
µ

2 m(t)
+ ηψ

+
µ0

ξ1
ψ + θλα0ψ

2
+ θλα0ψ

≤n1ψ
2
+ n2ψ + n3, (141)

here n1 = θλα0, n2 =
1
µ

+ µλ1 + η + µ0 + θλα0, n3 =

1
µ

+µλ1 +
µλ1
θξ1

+η are positive constants. It follows that the time
needed by ψ to go from 0 to 1 is at least

T =

∫ 1

0

1
n1 + n2s̄ + n3s̄2

ds̄ > 0 (142)

hich is independent of initial conditions. □
10
6. Stability analysis

In this section we state the main result of this paper, after we
first establish an intermediate result.

Lemma 4. With arbitrary initial data (α(x, 0), β(x, 0))T ∈
0([0, 1];R2), v̂(x, 0) ∈ C1([1, 2];R), ζ̂ (0) ∈ R, m(0) ∈ R−, for
101)–(106), (111), (117), the exponential convergence is achieved
n the sense of the norm |ζ̂ (t)| + ∥α(·, t)∥ + ∥β(·, t)∥ + ∥v̂(·, t)∥ +

|m(t)|.

Proof. Define

e(t) = Υde−λet ,

for some positive Υd, λe such that⏐⏐⏐Ỹ (t)⏐⏐⏐ ≤ e(t), (143)

recalling Theorem 1.
Let us consider the Lyapunov function

Va(t) = V (t) − m(t) +
1
2
Ree(t)2 (144)

here m(t) is defined in (117) (m(t) < 0), and V (t) is given in
119). By virtue of (139), we have that

1(Ω1(t)+|m(t)|+e(t)2) ≤ Va(t) ≤ d2(Ω1(t)+|m(t)|+e(t)2) (145)

or some positive d1, d2. Taking the derivative of (144) along
101)–(106), (111), recalling (117), we obtain that
˙a(t) = V̇ − ṁ(t) + Ree(t)ė(t)

= −amζ̂ (t)2 − ζ̂ (t)b1α(1, t) +
1
2
q2eδ1β(1, t)2 −

1
2
q2β(0, t)2

−
1
2
δ1q2

∫ 1

0
eδ1xβ(x, t)2dx − g4

∫ 1

0
eδ1xβ(x, t)2dx

−
1
2
rbq1e−δ2α(1, t)2 +

1
2
q1rbα(0, t)2

−
1
2
δ2q1rb

∫ 1

0
e−δ2xα(x, t)2dx − g1rb

∫ 1

0
e−δ2xα(x, t)2dx

−
1
2τ

rc

∫ 2

1
e−xv̂(x, t)2dx −

1
2τ

rce−2v̂(2, t)2

+
1
2τ

rce−1v̂(1, t)2 − Reλee(t)2 + ηm(t) + κ1α(1, t)2

+ κ2α(0, t)2 + κ3v̂(2, t)2 + κ4

⏐⏐⏐Ỹ (t)⏐⏐⏐2 . (146)

Recalling (28), (115), (143), applying Young’s inequality and the
Cauchy–Schwarz inequality, we have

V̇a(t) ≤ −
1
2

(
am −

1
τ
rce−1

)
ζ̂ (t)2

−

(
1
2
q1rbe−δ2 −

q2

2
q2eδ1 −

b21
2am

− κ1

)
α(1, t)2

+

(
1
2
q1rbλd + κ2λd

)
sup
0≤ξ≤t

d(ξ )2

−

(
1
2
δ1q2 − |g4|

)∫ 1

0
eδ1xβ(x, t)2dx

−

(
1
2
δ2q1rb − rb|g1|

)∫ 1

0
e−δ2xα(x, t)2dx

−
1
2τ

rc

∫ 2

1
e−xv̂(x, t)2dx −

(
1
2τ

rce−2
− κ3

)
v̂(2, t)2

− (Reλe − κ4)e(t)2 + ηm(t). (147)
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pplying (123)–(127), and (132), we thus arrive at

˙a(t) ≤ − λaV (t) + ηm(t) − κ4e(t)2

+

(
1
2
q1rbλd + κ2λd

)
sup
0≤ξ≤t

d(ξ )2 (148)

here λa is given in (131). Recalling (144), we have that

˙a(t) ≤ −σaVa(t) +

(
1
2
q1rbλd + κ2λd

)
sup
0≤ξ≤t

d(ξ )2 (149)

here σa is given in (130). Multiplying both sides of (149) by eσat ,
hen applying integration from 0 to t , we have

a(t) ≤ Va(0)e−σat +
λd

σa
(1 − e−σat )

(
1
2
q1rb + κ2

)
sup
0≤ξ≤t

d(ξ )2

≤ Va(0)e−σat +
λd

σa

(
1
2
q1rb + κ2

)
sup
0≤ξ≤t

d(ξ )2. (150)

he triggering condition (116) guarantees

sup
≤ξ≤t

d(ξ )2 ≤ θ sup
0≤ξ≤t

V (ξ ) + µ sup
0≤ξ≤t

|m(ξ )|. (151)

Inserting (151) into (150), and then recalling (144), yields

Va(t) ≤Va(0)e−σat +
λd

σa

(
1
2
q1rb + κ2

)
× sup

0≤ξ≤t
(θV (ξ ) + µ|m(ξ )|)

≤Va(0)e−σat + Φ̄ sup
0≤ξ≤t

Va(ξ ), (152)

where

Φ̄ =
λd

σa

(
1
2
q1rb + κ2

)
max{θ, µ}. (153)

Recalling (128), (129) (the first term), we have that

Φ̄ < 1. (154)

The following estimate then holds

sup
0≤ξ≤t

(
Va(ξ )eσaξ

)
≤ Va(0) + Φ̄ sup

0≤ξ≤t

(
Va(ξ )eσaξ

)
as a consequence of (152). It follows that

sup
0≤ξ≤t

Va(ξ ) ≤ ΥVVa(0)e−σat (155)

where the constant

ΥV =
1

1 − Φ̄
> 0 (156)

y recalling (154). The choices of ETM parameters affect the
vershoot coefficient in the exponential result according to (153),
156). Recalling (145), Lemma 4 is obtained. □

The block diagram of the output-feedback closed-loop system
s shown in Fig. 2, where an observer-based continuous-in-time
ontrol signal U(t) defined in (108), is updated at time instants
k determined by ETM (116), (117) realized based on the ob-
erver (23)–(29), and between updates the control input signal
s held constant in a zero-order-hold (ZOH) fashion. The well-
osedness of the closed-loop system is ensured by Proposition 1
nd Lemma 3.
The properties of the output-feedback closed-loop system are

hown in the following theorem.

heorem 2. For all initial data (z(x, 0), w(x, 0))T ∈ C0([0, 1],R2),
v(x, 0) ∈ C1([1, 2],R), ζ (0) ∈ R, (ẑ(x, 0), ŵ(x, 0))T ∈

C0([0, 1],R2), v̂(x, 0) ∈ C1([1, 2],R), ζ̂ (0) ∈ R, m(0) ∈ R−,
11
Fig. 2. Event-based closed-loop system.

hoosing the design parameters to satisfy (44), (107), (120)–(129),
the output-feedback closed-loop system, i.e., the plant (14)–(19)
under the event-based control input Ud(t) in (109), which is realized
using the observer (23)–(29), and the event-triggering mechanism
(116), (117), has the following properties: (1) No Zeno phenomenon
occurs, i.e., limi→∞ ti = +∞. (2) The exponential convergence in
he output-feedback event-based closed-loop system is achieved in
he sense of the norm |ζ (t)| + ∥z(·, t)∥ + ∥w(·, t)∥ + ∥v(·, t)∥ +

|ζ̂ (t)| + ∥ẑ(·, t)∥ + ∥ŵ(·, t)∥ + ∥v̂(·, t)∥ + |m(t)|. (3) The event-
riggered control input signal is convergent to zero in the sense of
imt→∞ Ud(t) = 0.

roof. (1) Recalling Lemma 3, we have that ti ≥ iT , i ∈ Z+. The
roperty (1) is thus obtained.
(2) Through an additional analysis which is routine but heavy

n additional notation, we know that the stability result in
emma 4 still holds (by choosing a sufficiently large Re) for the
arget system corresponding to the output-feedback loop, i.e.,
-system defined in Remark 1. Thus separation principle holds.
ecalling the invertibility of the backstepping transformation
86), (87), and applying Theorem 1 as well as (31), the property
2) is thus obtained.

(3) Recalling (108) and the stability result proved in the prop-
rty 2), we have that the continuous-in-time control input signal
(t) is convergent to zero. According to the definition (109), the
roperty (3) is obtained. □

. Application in deep-sea construction

In the simulation, we consider the application of DCV to place
quipment to be installed on the seabed for off-shore oil drilling.
he equipment has to be installed accurately at the predeter-
ined location with a tight tolerance, such as the permissible
aximum tolerance of 2.5 m for a typical subsea installation,
ccording to How et al. (2011). Applying the design presented
bove, an output-feedback control force employing piecewise-
onstant values at the crane is obtained, to reduce oscillations
f the long cable and position the equipment in the target area,
hile compensating the sensor delay.
The DCV model in simulation is (14)–(19) with coefficients in

12), (13), whose values are shown in Table 1, and the obtained
imulation results are represented in the (z̄, w̄) and u models
hich are on the spatial domain [0, L] via (8), (9), (10), (11). The
isturbances f , fL, which will be formulated in next subsection,
re included (with multiplying by 1

ρ
considering the conversion

from the wave PDE (1)–(4)) in the model (14)–(19). The initial
conditions are chosen as z(x, 0) = 6 sin

(
5πx +

π
4

)
, w(x, 0) =

6 cos
(
5πx +

π
3

)
, which gives the ODE initial conditions ζ (0) =

sin
( 21π

4

)
+ 3 cos

( 16π
3

)
by recalling (17), and the quantity is,

physically, the initial oscillation velocity of the payload. According
to the Riemann transformations (8), (9), and (10), (11), the initial
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onditions of z̄, w̄ and the initial oscillation velocity of the cable
re, hence, z̄(x̄, 0) = 6 sin

( 5π x̄
L +

π
4

)
, w̄(x̄, 0) = 6 cos

( 5π x̄
L +

π
3

)
,

ut (x̄, 0) =
1
2 (z̄(x̄, 0) + w̄(x̄, 0)).

The initial distributed oscillation displacement of the cable is
defined as u(x̄, 0) = 0, which, recalling (1), (3), implies that the
initial displacement of the payload is bL(0) = 0. The initial values
of the observer are defined as zero, i.e., ẑ[0] = 0, ŵ[0] = 0,
ζ̂ (0) = 0, v̂[0] = 0. The initial value of the internal dynamic
variable m(t) in ETM is set as m(0) = −1.5 × 105. The design
parameters are chosen as L1 = 1, F1 = 50, κ1 = 3000, κ2 = κ4 =

000, δ1 = 0.017, δ2 = 0.01, rc = 0.2, rb = 40, κ3 = 0.025, µ =

.2, θ = 0.08 according to (44), (107), (120)–(129), and the free
esign parameter η is picked as 8.
The oscillating drag forces f (x̄, t) and fL(t), which are caused

y ocean current disturbances, on the cable and the payload
espectively, are modeled as (224), (225) in Wang and Krstic
2020b).

The numerical computation for the plant and observer is con-
ucted using the finite difference method with the step sizes of
and x as 0.001, 0.05, respectively. The approximate solutions
f the kernel PDEs used in the observer gains (45), (54), (57),
81), (85), and the control laws (108), (109), where the integral
perators are approximated by sums, are also solved by the
inite difference method based on discretization of the triangular
omain into an uniformly spaced grid with the interval of 0.05.
otice that the derivatives in (70), (91), (96) are represented by a
inite difference scheme in the direction of the information flow,
.e., along the line x = y, for the sake of avoiding using the points
utside the triangular domain.
We concentrate on the end phase (20 s) of the descending

rocess, i.e., when the payload is near the seabed and the cable
s at the fully extended total length L. Our task is to reduce the
scillations of the cable and place the payload at the bottom
f the cable in the target area on the seabed, namely, within
he permissible tolerance of 2.5 m around the predetermined
ocation (How et al., 2011), by applying a piecewise-constant
ontrol input at the onboard crane driving the top of the cable,
here the measurements are transmitted from the seabed and
ubject to a 0.5 s delay, considering the transmission speed of
coustic signals in salty water is around 1500 m/s (Jiang, 2008;
anjula & Manvi, 2011).
The event-based control input defined in (109), and the

ontinuous-in-time control input defined in (108), are shown
n Fig. 3, where the number of triggering times is 15 and the
inimal dwell time is 0.097 s. The control input is zero at the
eginning due to the sensor delay and the zero initial conditions
f the observer based on which the control law is realized. With
he event-based control input, we know from Figs. 4, 5 that
he PDE states z̄(x̄, t) and w̄(x̄, t) are regulated to a small range
round zero, under the unknown ocean current disturbances f , fL
nd the sensor delay τ = 0.5 s. Similar results of the observer
rrors z̃(x̄, t) = z̄(x̄, t) − ẑ( x̄L , t), w̃(x̄, t) = w̄(x̄, t) − ŵ( x̄L , t) are

observed in Figs. 6, 7. Fig. 8 shows the internal dynamic variable
m(t) in ETM is less than zero all the time.

By virtue of (3), (6), the lateral displacement of the payload
bL(t) is obtained as bL(t) =

∫ t
0 ζ (δ)dδ + u(L, 0). From Fig. 9, we

know that the oscillation velocity of the payload, i.e., ḃL(t) = ζ (t),
is convergent to zero, and the position error of the payload is
−0.98 m from the desired location on the seabed, which satisfies
the requirement of being within permissible tolerance of 2.5 m
given in How et al. (2011). Moreover, compared with the delayed
PD controller Upd(t) =

1
c̄ (50ζ (t − τ ) + 2ζ̇ (t − τ )) (the PD

arameters are chosen by trial and error), whose performance on
egulation of the payload is shown in Fig. 10 where the position
rror of the payload is −2.05 m, the proposed controller achieves
he smaller position error, i.e., the equipment is installed at a
12
Fig. 3. Control forces.

Fig. 4. The evolution of z̄(x̄, t) under the control input Ud(t).

Fig. 5. The evolution of w̄(x̄, t) under the control input Ud(t).

Fig. 6. The evolution of the observer error z̃(x̄, t).

Fig. 7. The evolution of the observer error w̃(x̄, t).

Fig. 8. The evolution of the internal dynamic variable m(t) in ETM.
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Fig. 9. The oscillation velocity and displacement of the payload under the
roposed control input Ud(t).

Fig. 10. The oscillation velocity and displacement of the payload under the
raditional PD controller.

Fig. 11. The cable oscillation energy.

position closer to the target position. Through (8), (9), the ca-
ble lateral oscillation energy, including oscillation kinetic energy
ρ

2 ∥ut (·, t)∥2 and potential energy T0
2 ∥ux̄(·, t)∥2, is represented by

z[t], w[t] shown in Figs. 4, 5, as ρ

2 ∥ut (·, t)∥2
+

T0
2 ∥ux(·, t)∥2

=
ρ

8 ∥w(·, t) + z(·, t)∥2
+

ρ

8 ∥w(·, t) − z(·, t)∥2.
As shown in Fig. 11, the oscillation energy of the cable with

he proposed control law is reduced to a low level after t = 10 s,
nder the external ocean current disturbances f , fL. This result,
he black line in Fig. 11, shows the robustness of the proposed
ontroller to small disturbances. However, as we continue to
ncrease the amplitude of the disturbance f , from the baseline
alue, to its twice, and to its triple, the results on cable oscillation
nergy are shown as the blue dash line and red dot dash line in
ig. 11, where performance deterioration of the proposed con-
roller is observed with the increase of disturbance amplitudes,
nd relatively large vibrations appear at the triple disturbance.

. Conclusion

We present the design of delay-compensated event-triggered
oundary control for heterodirectional coupled hyperbolic PDE–
DE systems, where arbitrarily long delays existing in sensing are
ompensated and the control input employs piecewise-constant
alues. To this end, we treat the time delay as a transport
DE, followed by designing a ‘‘full-order’’ state observer for the
verall system of heterodirectional coupled hyperbolic PDEs–
DE–transport PDE, only using the measurements at the right
oundary of the last transport PDE. Then the delay-compensated
13
vent-triggered boundary controller is derived through a two-
tep design including an output-feedback continuous-in-time
oundary stabilization law and the subsequent design of a dy-
amic event-triggering mechanism based on the evolution of
he overall system. We prove the absence of a Zeno behavior
nd exponential convergence in the resulting event-based closed-
oop system. In the simulation, the proposed design is applied
n control of a deep-sea construction vessel, with using the
iecewise-constant control input and compensating the sensor
elays in communication between the seabed and the vessel on
he ocean surface through a set of acoustics devices, to place the
quipment to the target area on the seabed.
In the future work, the unknown delay, and generalization

f the explicit design in Vazquez and Krstic (2014) by Marcum
unctions to PDE–ODE cascades will be considered. Moreover,
isturbance rejection or adaptive cancellation methods will be
ncorporated in the control design to deal with the uncertain
cean current disturbances.
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