Control of Deep-Hysteresis
Aeroengine Compressors’

Frequencies of higher-order modes of fluid dynamic phenomena participating in
aeroengine compressor instabilities far exceed the bandwidth of available (affordable)
actuators. For this reason, most of the heretofore experimentally validated control de-

Hsin-Hsiung W:g]ng2 signs for aeroengine compressors have been via low-order models—specifically, via the
Department of Electronic Engineering, famous Moore-Greitzer cubic model (MG3). While MG3 provides a good qualitative
Oriental Inst. of Technology, description of open-loop dynamic behavior, it does not capture the main difficulties for
58, Sec. 2, Szu-Chuan Road, control design. In particular, it fails to exhibit the so-called “right-skew” property which
Panchiao, Taipei County, 220 Taiwan distinguishes the deep hysteresis observed on high-performance axial compressors from a
e-mail; swang@www.ee.oit.edu.tw small hysteresis present in the MG3 model. In this paper we study fundamental feedback

control problems associated with deep-hysteresis compressors. We first derive a param-
etrization of the MG3 model which exhibits the right skew property. Our approach is

Miroslav Krstic based on representing the compressor characteristic as a convex combination of a usual
Department of AMES, cubic polynomial and a nonpolynomial term carefully chosen so that an entire family of
University of California, San Diego, right-skew compressors can be spanned using a single parametéren we develop a
La Jolla, CA 92093-0411 family of controllers which are applicable not only to the particular parametrization, but
e-mail: krstic@ucsd.edu to general Moore-Greitzer type models with arbitrary compressor characteristics. For

each of our controllers we show that it achieves a supercritical (soft) bifurcation, that is,
instead of an abrupt drop into rotating stall, it guarantees a gentle descent with a small

Michael Larsen stall amplitude. Two of the controllers have novel, simple, sensing requirements: one
Department of ECE, employs only the measurement of pressure rise and rotating stall amplitude, while the

University of California, other uses only pressure rise and the mass flow rate (1D sensing). Some of the controllers

Santa Barbara, CA 93106 which show excellent results for the MG3 model fail on the deep-hysteresis compressor

e-mail: larsenm@seidel.ece.ucsb.edu model, thus justifying our focus on deep-hysteresis compressors. Our results also confirm

experimentally observed difficulties for control of compressors that have a high value of
Greitzer's B parameter. We address another key issue for control of rotating stall and
surge—the limited actuator bandwidth—which is critical because even the fastest control
valves are often too slow compared to the rates of compressor instabilities. Our condi-
tions show an interesting trade-off: as the actuator bandwidth decreases, the sensing
requirements become more demanding. Finally, we go on to disprove a general conjec-
ture in the compressor control community that the feedback of mass flow rate, known to
be beneficial for shallow-hysteresis compressors, is also beneficial for deep-hysteresis
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1 Introduction ena participating in rotating stall and surge far exceed the band-

. width of available actuators. At the same time, as observed ex-
In recent years, aeroengine compressor systems have become a ) ;
. s - erimentally, low order modes are encountered first. For this
subject of major interest to control engineers. There are two types

of instability in compressors+etating stall and surge While réason, a meaningfubor at least tractableapproach to control

. design is via low-order models. The simplest model that ad-
surge can lead to compressor damage, rotating stall can causg a

. eguately describes the basic dynamics of rotating stall and surge
sudden drop in performance. Feedback control can be helpful j i > .
o~ : - ! . and their interaction is the three-state nonlinear model of Moore
avoiding the two instability phenomena over a wide operati

M§hd Greitzef 1]—MG3—uwhich is a Galerkin approximation of a
envelope.

i . . higher-order PDE model. Even though this model represents a
A basic understanding of the effects of rotating stall can be”® @~ = . )
- S . Y . simplification of the dynamics of a real compressor, it has been
gained by considering the operating characteristic in Fig. 2. Singe

the optimal operation objectivi@t given speexlis to increase the e cornerstone of some of the_ most succes_sful feedba(_:k control
) . 2 . designs which have been validated experimentally. Liaw and
pressure risél, the operating point is moved along the axisym-

metric characteristic to lower values of flod. If the operating Abed [2] developed a local bifurcation-based controller that

oint is moved beyond the pedithe compressor drops into achanges the character of the bifurcation at the stall inception
P y P P P oint, from hard subcritical to soft supercritical, thus avoiding an

regime with drastically reduced pressure rise. Moreover, an C’g'rupt transition into rotating stall. Badmus et [] experimen-

tempt to immediately return to the regime of high pressure {ally validated this design on a low-speed compressor and Eveker
defeated by the presence of a hysteresis.

. : . . et al.developed an improved version of this design which prevents
Frequencies of higher-order modes of fluid dynamic phenom- X X
surge on high-speed compressors. A controller of Krstial.[5]
EThis work was supported in part by AFOSR, NS, and ONR achieves global stability and has more modest sensing require-
2This work was performed while this author was a doctoral student at Universigr/.'er]ts but is restricted tQ cubic compressor characteristics pro-
of Maryland. posed by Moore and Greitzgt].
*Which would be a violation of the stall margin. Many experimental compressoifglansoux et al[6], Behnken

Contributed by the Dynamic Systems and Control Division for publication in th%t al [7]) have non-cubic characteristics that create a deeper hys-
JOURNAL OF DYNAMIC SYSTEMS, MEASUREMENT, AND CONTROL. Manuscript :

received by the Dynamic Systems and Control Division July 15, 1996. Associdtgresis 'n. the rotating stall .d'agram- Figure 2 gives an example of
Technical Editor: R. S. Chandran. an experimental characteristiBehnken et al[7]) for a compres-
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sor in the laboratory of Richard Murray at California Institute of plenum

Technology. The deep hysteresis denoted by diamonds is not seet throttle
on a corresponding MG3 model. downstrem
It was first observed by Jankovi8] that the deeper hysteresis inlct duct  SOMPressar  duct v

. - ®
introduces a fundamental obstacle to control design. The source of (
this obstacle is anonlineaj nonminimum-phase property not < _____ H ]

present in the MG3 model. Sepulchre and Kokotd\@t devel-

oped a “two-sine” model that can describe deep-hysteresis com-

pressors in the region of nominal operation and explored condi- —
tions for feedback stabilization of these compressors. However,

the model in Sepulchre and Kokotov(®], involves hard-to- o0
handle Bessel functions, and does not maintain continuity with the

basic MG3 model for which a wealth of knowledge on bifurca- Fig. 1 Compression system
tions and nonlinear dynamics already exid#tcCaughar{ 10]).

In this paper, we first develop a new parametrization of the
MG3 model(we refer to it ase-MG3) which is based on a convex
combination of the cubic compressor characteristic and another
simple but nonpolynomial function. With this combination, we - -
can achieve compressor characteristics which can be usedptod/w—1-d,, P—annulus-averaged flow coefficient
model compressors with the deep-hysteresis property. Like Sep- W-—compressor characteristic semi-width

Table 1 Notation in the Moore-Greitzer model

ulchre and Kokotovi¢9], our model uses a single parameten W=P/H W—plenum pressure rise

describe an entire family of compressors. H—compressor characteristic semi-height
Then we develop a family of controllers which are applicabla=A/w A—rotating stall amplitude

not only to the particulae-MG3 parametrization, but also to gen-g, mass flow through the throtti&/— 1

eral Moore-Greitzer type one-mode models with arbitrary comy
pressor characteristics. For each of our controllers we show that it
achieves a supercriticaboft) bifurcation, that is, instead of an g——_g
abrupt drop into rotating stall, it guarantees a gentle descent with W
a small stall amplitude. ] ) )
Our designs require minimal modeling knowledge—only the 3|, |c—effective length of inlet duct normalized by
angles of arrival of the stall characteristic at the stall inceptiofi~ ;- %oin&r()e()srseo;)r(adlus_
h . . . . . pansion parameter
point—which are easy to determine from experimental bifurcation Ji—compressor inertia within blade passage
diagrams. Our objective is to relax the sensing requirements of the
controller of Eveker et a[4], and we accomplish this objective in, _ H
two ways: one of our designs does not require the measurement ofwi,
the mass flow rat&, while the other does not require the mea:
surement of the rotating stall amplitud® Our results confirm
experimentally observed difficulties for control of compressors
that have a high value of Greitzer's B parameter. 06 ' ; y ;
We also address another key issue for control of rotating stall
and surge—the limited actuator bandwidth—which is critical be- I N
cause even the fastest control valves are often too slow compared
to the rates of compressor instabilities. Our conditions show an
interesting trade-off: as the actuator bandwidth decreases, the
sensing requirements become more demanding.
Finally, we address a general conjecture in the compressor con-
trol community(based on the dramatic results of Eveker e{4j).

that, since feedback ob is beneficial for a shallow-hysteresis o2t
compressor, it may be also beneficial for a deep-hysteresis com-
pressor. We investigate this conjecture by studying the stability

interval under the stall inception point on the stall branch, and

show that the conjecture is not true.
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2 A General Moore-Greitzer Three-State Model

The simplest model that adequately describes the dynamicsFif. 2 Axisymmetric and rotating stall characteristics of an
rotating stall and surge in axial-flow compression systems shoiPerimental compressor at Caltech. The stall characteristic
in Fig. 1 is the three-state Moore-Greit4di model: exhibits deep hysteresis.

R=0RAR,®) @
— 1 2m
O=-V¥+G(R,P) @ g(R,cp):Ef W(d+2\Rsing)de. (5)
. 1 0
V= ?(qn—cDT), ®3)  The guantities appearing in this model are listed in Table 1, with

R=(A/2)2.
Equation(3) is mass conservation in the plenum: the time rate
of change in plenum pressure is proportional to the difference

27
LJ Vo(®+2\Rsing)sinodeo (4) between mass flow entering and exiting the plenum. Equapn
3mVR Jo is a momentum balance: the acceleration of the fluid in the up-

where the functionsF(R,®) andG(R,®) are given by

FR,®)=
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stream and downstream ducts is proportional to the difference i B T
the pressure rise across the compressor and the pressure rise in
plenum. The steady-state, annulus-averaged pressure rise acr
the compressor is given via tt&shaped compressor characteris-
tic ®(-) shown as the solid curve in Fig. 2. Equatiéb is
obtained from the same momentum balance PDEgby apply- 4k
ing the Galerkin approximation.

The throttle flowd+ is related to the pressure ride through
the throttle characteristic ¥ o2t

1
«P:7(1+®CO+¢T)2, (6) of
wherey is the throttle opening. We will be applying control action
by varying the opening.

-2+

4 L A ‘

axisym. char: Yo ()

stall char.

-4 -3 -2
3 The e-MG3 Model Parametrization

In this section we introduce a special parametrization of the _
MG3 model that allows an elegant characterization of deep- Fig. 3

hysteresis compressors and will be used for simulation tests. Note
that our future control design will not be restricted to this param-
etrization but will be applicable to general MG3 models.

A standard compressor characteristic introduced by Moore and N

Greitzer is the cubic characteristic

3 1
Vo(P)=Weot+ 1+ ECI)—ECIJ?’. (7)
This characteristic is adequate only for shallow-hysteresis co
pressors. We replace it by a convex combination of a cubic chdfiG3 model
acteristic(7) and the function ®/(1+ ®?):

1
= = (d—Pr).

Equilibria of the €-MG3 model with €=0

B (11)

We refer to this model as theeMG3 model. Note that, even
though (10) contains sgnib), this equation is not discontinuous
because the term multiplied by sgr(vanishes atb=0 for all
¥alues ofR. For e=0, the model9)—(11) reduces to the standard

R=0R(1-®2-R) (12)
3 1, 20 _ 3 1
Vo(V)=Veot+l+(1—¢) E(I)_Eq) +EW (8) (D:_\I,+qfco+l+§q)_§(b3_3(DR (13)
whereee[0,1]. The function 2b/(1+ ®?) is carefully chosen so o1
that: V= [?(‘1)—‘1%)- (14)

1 the integrals in1) and(2) have a closed-form solution,

2 it exhibits the qualitative properties of deep-hysteresis Com- tall equilibria are

pressors,
3 it retains a connection with the familiar cubic characteristic. R
In particular, both3 ® — 3 ®3 and 2b/(1+®?) achieve ex- d| =
trema*+lat®==*1. )
e

After extensive calculations, employingrTHEMATICA to solve

. : The stall equilibria are
integrals in closed forrfl the compressor model becomes q

There are two sets of equilibria of the mod@&—(11). The

0
o
V(o)

, (I)o S R (15)

R=o[<1—e)R(1—<b2—R> 8
26 1 6
3|1 va[(P?-4R-1)2+40%] M2

X (((D%=1)(P%—4R—1) +4D?)?+ 64D?R?) 12

+(D2-1)(P2-4R—-1)+ 40?12

] @ ¢

3 1
cp=—~1f+\1rco+1+(1—e)(§q>— Edﬁ—sqm)

V2 sgrn(®)
(D2—4R—1)%+4D

Tl 2]1/2{[(<I>2—4R— 1)2+ 4p2] 12

+(P2-4R-1)}2 (10) <% 2

“The details are omitted here because of the journal page constraints; see Wang
et al.[11] for an outline of the main steps.
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Fig. 6 R vs W relationship with varying

R Ro
®| =| Pr+(Ro) [, Roe[OR]. (16)
W], [Vre(Ry)

The functions®g, (R) and®g_(R) are obtained as solutions of
(9) with R=oRF(R,®) =0 andR#0. Note that sinceF(R,®) in
(9) is a function of ®?, we get two solutions®r_(R)
=—®g(R). The functions¥ . (R) and¥_(R) are obtained
as solutions 0f10) with ®=—-V¥+G(R,®) =0, that is, by sub-
stituting® = ® . (R) into ¥ =G(R, ). The plots of equilibria of
the eMG3 model are given in Fig. 3¢=0) and Fig. 4 €
=0.9). The correspondin@R(®) curves andR(P) curves are
shown in Fig. 5 and Fig. 6, respectively.

4 Critical Slopes and “Skewness”

A critical parameter for the control of a compressor model i
the “direction” of the stall characteristic at the stall inception
point. We now determine the slope of the projection of the sta
characteristic to each of the three coordinate planes:

_ddg(R)

R=0

Journal of Dynamic Systems, Measurement, and Control

Table 2 Critical slopes as functions of

€

e=0 e=1
e—0.5
S ~15_—1g -0.5 15
S, 2(e—1.5) -3 -1
4 (e—1.57
d¥i. (R
_ r+(R) (18)
dR -
d¥g(P
SLLi Ll (19)
dd |, S

where WV ¢(®) is the stall characteristic shown in Figs. 3 and 4.
After lengthy calculations, for the-MG3 parametrization we ob-
tain the critical slopes as functions ef listed in Table 2.

A key property affecting the ability to design feedback control-
lers for compressor models is the slopg which we refer to as
“skewness” of the compressor characteristics. A compressor with
S;<0 is said to be “left-skew,” while a compressor wits, >0

is referred to as ‘“right-skew.”
For a general compressor characteristicot necessarily
eMG3), the critical slopes would be defined as

IF(R,D)

S]_:

S

JR

"~ 9FR,®)

P

IG(R,D)
T 4R

(=)

R=0

(20)

0ol
—o

(21)

P=1

Routine calculations show that in caseeG3 one obtains the
expressions in Table 2.

5 Open-Loop Bifurcation Diagrams for

Opening y as Parameter

We consider a three-stage compressor studied in Meyers et al.
[12] whose parameters ade,=0.72 ando=4. We study both a
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Fig. 7 Bifurcation diagrams for the open-loop system with
=0 and B=0.71. The throttle opening
parameter.

Throttle

-,

~

(]

0
-2

1 2

/ sy
1 / i
i
t )
L
/
-1 0
&

€
v is the bifurcation

MARCH 2000, Vol. 122 / 143



3 8 6 Control Design
2 A full-state feedback controller for the modé&l)—(3) would
2 employ the measurements of all three staiRs®, and WV, for
R feedback. In addition, the experiments(Eveker et al[4]) show
1 J that® can be measured successfully and used for feedback.
,/ However, we are motivated to look for partial-state feedback
Ob == oo m o o AN - controllers to reduce the sensing requirements. For example, for
o 05 1 15 2 ¢ 05 i 15 2 |eft-skew compressors, we showed in Krstic et[&].that stabili-
Y 4 zation is possible using a controller of the form
3 3 —
Lo - I+ B%(cy ¥ —ce®)
/ \ /, \\ Y= , (22)
» g . 2 ; \l Jo
¥ A ¥ . . . : . .
/ ' / i.e., without usingR and ®. As we shall see in this paper, con-
oo L AN trolling a right-skew compressor will require a measurement of
eitherR or ®. Thus, we postulate that the controller will be of the
%%  os 1 15 2 S form
it L 3 — .
) . i : ) '+ B(cyW —cep®+crgR—dg®P)
Fig. 8 Bifurcation diagrams for the open-loop system with € y= . (23)
=0.9 and =0.71 N

The controller development in this section is independent of the
4r form of compressor characteristic. We only require tigf(1)
=0 and¥{(1)<0, i.e., that¥ (P) has a maximum ab=1.

6.1 Enforcing a Supercritical Bifurcation. With the con-
troller (23), the systen{1)—(3) becomes

R=0RAR,D) (24)
d=—V¥+G(R,D) (25)
B N 1+®g-T
W:%(_CRR'*C*@_CW\P‘quDCD)"‘%,
(26)
where
1
Cy,=Cp+—. 27)

BZ
Let us consider an equilibrium on the stall characteristic. The
equilibrium is determined by the value bf which is given as

Fig. 9 Transient responses for throttle opening y=1.15,
slightly below the value for the stall inception point. A low
value of B (B=0.71) results in rotating stall, while a high value

of B (B=1.6) results in surge. (28)

at an equilibrium withR=R;. In order for the bifurcation at the
stall inception point to have a supercritical character with respect

I'(Ro) =1+ ® o+ B — CrRo+ C, Py (Ro) — € ¥r- (Ro)]

to I', we need to achieve

low-speed cas@=0.71 and a high-speed cage- 1.42, and both lim dI'(R) (29)
a left-skew casee=0 and a right-skew case=0.9. Figure 7 R_0* d

shows the diagrams far=0, 8=0.71. The solid thick line rep- .

resents stable equilibria, while the dashed thin line represents DRiNG that

stable equilibria. Figure 8 is for the right-skew case0.9 with dI'(R) _

the same lowg=0.71. The right-skew case results in a much lim 4R =—ﬂ2(cR—Slc*+Szc¢,), (30)

deeper hysteresis; while far=0 the interval ofy participating in R—0*
the hysteresis is 0.17, far=0.9 it is 0.66, which indicates that a
recovery from rotating stall foe=0.9 would be much more dif-
ficult. For a right-skew é=0.9) high-speedf=1.42) case, there Cr—SiC, +S,Cy>0. (31)
is only a slight difference in the bifurcation diagramot shown

we conclude that the bifurcation will be supercritical if and only if

Since largd” means lower stall amplitud®, we also require that

relative to Fig. 8. ; X . ) .
However, the transient behavior for the low-spegd=(0.71) in no-_stall operanoryb increases witl’ (accompa_mled by a de-
! creasing pressure risg). In other words, we consider an axisym-

and high-speedg=1.6) cases is quite different, with the former i ilibri ith
resulting in rotating stall while the latter results in surge, as shovfHE!c equilibrium wi

in Fig. 9. Note that the trajectory fg8=0.71 is strongly influ- 14 132 _
enced by the presence of a saddle point on the axisymmetric char- T(®o)=1+Peot B7(C, Do~ CyWo(Po)) (32)
acteristic, just left from the peak. and require that
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li aree) 0 33
m —5p 0 (33)
-1
Noting that
dr _
lim (4)_ B%c, (34)
., do
b1
we conclude with the requirement
c,>0. (35)

6.2 Linearization at a Stall Equilibrium. We consider an
equilibriumR=Ry, =¥, (Ry), Y=V, (Ry) and define the
error coordinates

r=R-Ry (36)
O=d—Dg. (Ry) (37)
y=V—-Vg,(Ry). (38)
The linearization of the systeii24)—(26) is readily shown to be
F=—2a1(Ro)(—21(Ro)r + ¢) (39)
¢=(35(Ro) +22(Ro)X1(Ro))r —ax(R) o= (40)
§=k(—Crl +Cy p—Cy iyt dy ), (41)
wherex=(B/8)? and
a,(R)= —UR% 42)
O=Pp, (R)
ay(R) = 7% - (43)
IARD)
2(R) === - 4PR) (44)
IF(R,®) dRrR
I P=0g (R)
IG(R,D) IG(R, D) ddg. (R)
R R 0y IR
_ d‘lf;;( R (45)

Before we derive our stabilization criteria, we establish some fun-

damental properties of the functioas(R), a,(R), ~;(R), and

3.,(R). As everything else in this paper, these properties are in-
dependent of a specific form of the compressor characteristic.
Lemma 6.1 For a compressor characteristic that has a maxi-

mum at® =1, that is, withW(1)=0 andV{(1)<0, we have
the following properties for the functiors,; (R), a,(R), >1(R),
andX,(R) at the stall inception point:

a;(0)= (46)
ay(0)= (47)
21(0)—51——%% (48)
25(0)=S,=¥¢(1) (49)
aj(0)=— 2?032>o (50)
23(0)=5S,S, (51)

Journal of Dynamic Systems, Measurement, and Control

31(0)=— sifi(3sl\1f<4>(1)+ v (1) (52)

4S,
’ 2 1 (4)
25(0)=—38iS;+ S WE(1) (53)
Proof: We start by rewriting4) and(5) as

1 2 2m
FA%4D)= 3. Af V(D+Asing)singdd  (54)

1 2w
g(A2/4,¢):§f T o(D+Asin6)d. (55)
0

Then, the partial derivatives necessary 42)—(45) are

IF(A?4D) 1 2 Zﬁ\p' O Ainorsinads (56
—%  "3-a ; o sind)sin (56)
JF(A?AD) 2 1 [2 B (LA s Bhsirted
TR A3AIA . (P+Asing)si
2 2m
_FL V(P+Asing)singdg|  (57)
IGA’IAD) 1 Z”q,r O Ao »
b 24 . c(®+Asing)do (58)

IGAPIAD) 1 (Dt Asing)si q 59
a—Rf ﬁ . C( +Asin#)sinAdé. (59)
When substituted int¢42)—(45), all these expressions have to be
evaluated atb=®, (R)=dg, (A%/4). The second term i(57)
will become zero by definition of the functiofrr, . Hence, we
only need the function ¥ (Pg,(A%4)+Asing). Since
the Taylor expansion ofbg, is ®r,(A%4)=1+3,(0)A%4
+331(0)(A%4)?+ O(A®), the function¥ . can be approximated
by

A2

1 2\ 2
LA 1+Asin6+SlT+ 521(0)(7) +O(A6))

2
=Wy

Az 1 2
Asing+ SITJr 521(0)(7 +O(A6)}
2

2
+= \If’c”(l) +0(A6)}

AZ 1 2
Asin 9+Sl—+ 21(0)(

2 3
+O(A6)}

+1w(4>1A'9+sA2+12'0 i
g V' (D]AsiIng+S,— -+ 5%1(0)|

1
+—PvE(1)

A2 1 2\2 4
. , A 6
- Asin g+ +—221(0)(—4) +O(A )}

)

2

+0 +0O(A®)

A% 1 2
Asinf+ SlT+ 521(0)(7

1
=WL(1)sindA+| - TL1)S,+ = \If’”(l)smza)Az

1
+ Z\Ifg(l)sl sinf+ 6‘1/(04>(1)sin3 9)A3

P(1)35(0)+ —\1/’”(1)52 \If“”(l)sl sir? 6

1
+ Zl\Irg")(l)s,in“ 6| A*+O(AS). (60)
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By substituting(60) into (56)—(59), we get Now we turn our attention to the stability conditions for the
linearized mode(39)—(41). Substituting(40) into (41), we get the

IF(R,D) 20 ” 1 ; _(26)
i _Z \Ifc(1)+(\lfc(1)sl+ E\Pﬁf‘)(l))R} Jacobian of the systeii24)—(26):
D=0p, (R) a2, —ay 0
+0(R?) (61) Sotand; —a, -1
OF(R,D) 1 3 1 k[(Zpt+a2)dg—cCr] K(C,—adp) —«(dg+cCy)
—p =3 YUDS+ 3 WD) +| 5 VLDT(0)
&=, (R) The characteristic polynomial of the Jacobi@i) is
1 =53+ +Cy)+(ay— 2
N zwg(l)s§+qf§;‘>(1>sl p(s)=s"+[k(dp+cCy)+(az—a;2y)]s
ke, + k(A= a;3)Cy a1 (2~ k21dg)]s
5
+ 1—2\1f<C5)(1) R|+O(R?) (62) +ka(CR=21Cy +35Cy). (72)
By applying the Routh-Hurwitz method, the necessary and suffi-
IG(R, D) cient conditions for stability of the syste(89)—(41) are
— =(PH1)S;+WE(1)R+O(R?) (63)
(9(1) ¢:¢R+(R) K(d¢+C\p)+(a2_alEl)>O (73)
JG(R.®) 1 KC, +k(ay—a;2)Cy+a(2,— k21de)>0 (74)
! T m Tap4)
P D=, (R) Yelr{Feair Z\PC (DR KAy (Cr—21Cy +25Cy) >0 (75)
+

+O(R?). (64) [k(dp+cCy)+(az—as2)][kC, + k(az—a;21)Cy

By substituting(61) into (42), we get +au(Z2~ w21dy) ]~ [Ka1(Cr 210, +25C4)]>0

(76)
20 .
a;(R)y=— ?\Ifg(l)R+ O(R?). (65) Since, by Lemma 6.1,
a,(R)—a1(R)21(R)=0(R), 77
By substituting(63) into (43), we get " 2(R)~au(R)24(R) (R) (77)
en
— _ ”n + " + 2.

a,(R) =~ (VY(1)S;+ WE(1))R+O(R) (66) Cot g0 78)

By substituting(61) and (62) into (44), we get guarantees thd¥3) is satisfied near the stall inception point. Not-
S (R 1, 3V 1 3WY(1) ing that
=—|=S+-—-— +-— ,
1(R) 271 a vy 2w |\ T 2 w1 a;(R)=aj(0)R+O(R?), (79)
1 “ 1 and that
7 VDStV (DS + 75Wc (L) (RY). we conclude that the condition

(67) c, >0 (82)

Since3;(0)=S,= —(%Sﬁ %\Pm(l)/q,ﬁ(l)) we get guarantees that conditiqi74) is satisfied near the stall inception
¢ ¢ point. Furthermore, sinca;(0)>0, the condition
1 ’\If’” 1

S,=— 5 \Pf(l) ) (68) Cr—SiC, +S,Cy >0 (83)
c(b) guarantees that conditiqi5) is satisfied near the stall inception

In a similar fashion, we determir®;(0) and get point. Noting that the expression ifi76) is x?(dg+Cy)C,

+0O(R), we conclude that it is satisfied near the stall inception

1PE(D) 5§ 1 @ point whenever(78) and (82 are satisfied. We point out that

24(R)y=- 2 WY(1) a5 4s, V(1S condition (83) coincides with the bifurcation conditiof81), and

(82) coincides with(35). The stability conditions are summarized

in Table 3.

R|+O(R?). (69)

5
+ 1—2‘1’85)(1)

Finally, by substituting64), (66), and(69) into (45), we get
Y, by g64), (66 (69 49 9 Table 3 The stability conditions for the system (24)—(26)

3 m 1 (4)
E\Pc(l)sl"‘ E‘I’c (D

SH(R)=VL(1)+ R+O(R? 1
2(R)=Vg(1) (R?) I
&
1
£3,+ —3s§sz+—xp<c4>(1))R+0(R2). (70) 1
2 Cpt ?2>0
We conclude the proof by noting théd0) and (51) are obtained
by substitutingS; = — 3% #(1)/W4(1) andS,=W¥(1) into (65) Cy+de>0
and (66). |
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6.3 Stability at the Bifurcation Point. Our analysis
showed that we can stabilize stall equilibria near the stall ince
tion point but it did not include the stall inception point itself
becausea;(0)=0 implies that the characteristic polynomi@?2)
has one root as=0. For the stall inception point, the analysis
based on linearization is inconclusive. Therefore, at this point v
apply a center manifold technique.

The one-dimensional center manifold of the equilibrid®n
=0, ®=1, and V=V (1) of the system24)—(26) is readily
shown to belong to

CrtS,Cy '
d(R)=1+ R—SZIR+O(R2) (84) :
* i
P(R)=¥(1)+S,R+0O(R?). (85) -2r : »
Then its reduced system becomes E*r-——-Nw(\I')
.2 Cr—SiC, +S,C B o T s 4
R==0S, CR™ 5164 * 50w +O(R)|R2. (86)
3 C, &

SinceV{(1)=S,<0, the systeni(86) is asymptotically stable if Fig. 10 The functi W) Variations in T Iti

the stability conditions of Table 3 are satisfied. Therefore, by thﬁlg'n one staell :?,3 'gﬂe gﬁimr)ﬁetr?é'i&%ﬂisb'r?um_ restitin o more
reduction principle(Khalil [13], Theorem 4.2 the equilibrium

R=0,®=1,V=V(1) of (24)—(26) is asymptotically stable.

7 A Family of Controllers A qualitative sketch of\, (W) is given in Fig. 10. This function

In Section 6 we showed that the control 14@8) with gains is chosen as monotonically nonincreasing. In presence of varia-
satisfying the conditions in Table 3 enforces a supercritical bifuflonS in I', V(W) will ensure that there is never more than one
cation at the stall inception point and stabilizes an interval of staifa!l equilibrium and one axisymmetric equilibrium. Ay (V)
equilibria near this point. Our main objective is to extract partialVere linear in¥, this would allow a creation of a second axisym-
state feedback controllers from the family given t88). Our Metric equilibrium.

focus is on right-skew compressors for whigh>0 andS,<0. At this point it is not clear whetheb is harder to measure than
) . ®. With a ®-term in the control law
7.1 The(W,R)-Controller. The choice of gains .
Co=dp=0, Cg>0, Cy>0, C THNy (V)= B(ce®+de®)
Y= (92)
1 W
Cr™ Slﬁ +S,64>0, the condition(90) becomes
satisfies the conditions in Table 3. Thus, the control law , 1+C¢E2
- pr(2+‘1’co)T- (93)
I'+ B%(cy ¥ +cgR) 3
Y= v GRS Cy>— (87) 7.3 The (W, ®)-Controller for Left-Skew Compressors.
W B For left-skew compressors, for whic <0, we recover our ear-
is stabilizing. lier result(Krstic et al.[5])

7.2 The(llf,ti))-ControIIer. The choice of gains

Cq,:CRZO, C\V<O, d¢.>0,

1
_81F+SZC\I,>O, Cq;+dq)>o
satisfies the conditions in Table 3. Thus, the control law
T+ BA(cy W —dy®)
Y \/E
is locally stabilizing. However, the linear dependence of the n¥

merator onV is undesirable because it creates undesirable ad
tional equilibria. For this reason, we repla@s) by

_ TNy (W)~ dy(P)
! 3

where Ny (W) is a nonlinear function which needs to satisfy

(88)

(89)

, S 1
N\I,(2+\I’CO)<§= g (90) @
N§(2+W o) + B2dg>0. (91) Fig. 11 The function N (®)
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[+ B2(Cy¥ —Cop®)

The PD controlle106) was proposed in Badmus et al5].

y= NG (94) o _
8 Control Design with Actuator Dynamics
where 8.1 Stability Conditions. In practical application, the actua-
c,>0, cy>0, c,>SsCy. (95) tor dynamics are the key factor that affects the ability to control
Again, (94) can be replaced b compressor instabilities. In this section, we consider the controller
gan, P - Y with a time lag®
T+ B2Cy (W — Ny(® — :
y= Acul o(®) (96) _ 1 N I'+ B%(cy ¥ —Cep® + CrRR—d g D)
W Y1 N7 :
whereNg(®) is sketched in Fig. 11 and satisfies (107)
With the controller(107), the systen{1)—(3) becomes
Ng(1)>S;— 97 .
2(1)>S5 By ®7 R=0oRAR,®) (108)
7.4 A Linear Implementation. Instead of(23), local stabil- b=V +G(R,P) (109)
ity can be achieved with a controller of the form 1
Y=o+ kgR—Ko(® — 1) + Ky (¥ —2—W o) —kpd  (98) V=2 (P14 Do W) (110)
where vy is a set point/disturbance parameter and the glains 1 1 .
Ko, ky , andkg are required to satisfy y=— "yt T(F-‘:—EZ(CRR—C(I,CD-‘qu,‘I’—dq,CD)).
T W
keS| Kot | 45, kg e B0 (111)
R 1 D 3/2
V2+We 2(2+¥co) Let us consider an equilibrium on the stall characteristic. Define
(99) the error coordinates a&36)—(38) and y=y— yo(Rg)=7y— (1
ot 1 -0 (100) + Pt Pri (Rg))/ VPRr:(Rg). The linearization of the system
P \/2+—% (108—(111) is readily shown to be
F=—a3(Ro)(=Z1(Ro)r + ¢) (112)
kp+k +ﬁ2+®°° 0 101
i >0. :
RIPER e oy ¢=<22<Ro>+az<Ro)21<Ro>>r—az<Ro>¢— g (113)
For a cubic characteristic, these conditions have already been re- 5 B?
vealed by Krenef14]. Since these conditions involve not only the Bz = V¥ri(Ro)y— o(Ro) & (114)
shape parametelS; and S, of the compressor characteristic but pLo
also the value of pressure at the peak; ¢y, we are of the B 1 _
opinion that controlleX23), in which I is the bifurcation param- 3= —(CRH- ( ———=—+tCy|p—Copp—dgp
eter, is preferable to the controllé98). TVUr(Ro) Kk 7p(Ro)
For right-skew compressors, for whic>0 and S,<0, the 1
conditions(99)—(102), in particular, allow controllers of the fol- ) (115)
lowing types: T
y= 7o+ keR— k¢ ® (102) “Vhere
Y= Yot KR+ Ky (¥ —2—-W¥co) (103) 7 (R)éM
. 2 1+ @+ Dr+(R)
The controller (102 is the familiar UTRC-controller(Eveker = 2+ Dy 2+ Wept ( S 2+q> Sl) R+O(R )}
et al.[4]). For left-skew compressors, the controller types can also (116)

be is referred to as the time constant of the plenum.

v=70—Ko(P—1) +Ky(V—2—P ) (105) With the linearized model112—(115), we investigate the sta-
. bility conditions for this system. The Jacobian of the system
Y= Yo~ Ko(P—1) —Kke® (106) (112—(115 is
|
a121 —a, 0 0 T
3 >+ azz 1 —ay -1 0
1 1 N
0 — _ - _ \I’R+(RO) ' (117)
B TP B2
1 1
flecr— (2t a21)de]  —é(Cop—ady) & ——+cy+dg - =
L KTp T i

5More realistic actuator models—involving nonlinear magnitude and rate saturation—although possible, would not be analytically tractable.
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Table 4 The stability conditions for the system (108)—(111) 2 cg=0. The first condition in Table 4 implies that,<0
needs to be sufficiently large. The third condition implies that
de>0 needs to be sufficiently large.

1
CR31<C<T>+ —)+Sch,>0
B The preceding analysis shows that

1 e If ¢4, =0 (for example, becausg is smal), then a larger
Cpt+=>0 value of  can be tolerated without having to increaggeor
P d
(I) .
1 e If c4>0 (for example, becausg is large, then a larger
r (1 2+ D, 1 : : :
Cytlpt —>[ -+ ———2 Co+ — value of 7 results in a requirement for larger values of either
B \T 2B 2+¥co) B Cr O dg .

The second point reveals a clear actuator/sensor trade-off: a low-
bandwidth valve can be employed only if a good sensdr of ¢
is available(and vice-versa

Finally, we point out that, in the presence gfthe controller
. from Section 7.3 for left-skew compressors no longer guarantees
where £(R)=8%/7V¥r.(R). The characteristic polynomial of stability. The first and third conditions in Table 4 yield the con-

the Jacobiar{117) is dition
1 1 K 1 2+ 2+ D) +2B%2+ ¥
p(s)=s*+|a,—a;3;+ -+ —|s+|a;3,+ —(Cy+dg) cq,<_+—2 o = T ™ fo) A co) >0,
T T T 2B%(2+VWg) S 2B82B2(2+ WV )
1 1 1 5 1 1 (121)
Nt (@~ ayXy)+ i aZg| -+ S in which c, is eliminated. Sincs, /S, is always a large positive

number for left-skew compressorsy, can be found to satisfy

S condition (121 only if 7is sufficiently small.

K K 1 K
+ ;(az_alzl)c\p_ ;alzldq)_ Falzl"' 7 Cx
8.3 Challenge of High-Speed, Many Stage Compressor.
K As we explained above, for compressors with hjghwe need
+—a[Cr— 240, + 250y ]. (118)  ¢,>0. Then the third condition in Table 4 becomes very difficult
o N B _ to satisfy when bothr and B2(2(2+ W o)/ (2+ o)) are large.
ception point are readily deduced fro(®18) and are given in tg control using a low-bandwidth actuator. In fact, it is fair to say
Table 4. A center manifold argument similar to that in Section 6§t the control problem for this case becomes impossible be-

proves stability at the bifurcation point. . cause, even if we employ highy, +dg , the actuator saturation
We point out that in the case of a linear implementati®8), |l become a problem due to high gains.

the gainskg, kg , Ky, andkg are required to satisfy conditions

(99) and(101), whereas the conditiol00 is modified as 9 Bifurcation Diagrams With Control

Kt ket 2+ N T We now compute bifurcation diagrams for the controllers that

o T Ky 3 we derived in Sections 7 and 8. As a bifurcation parameter, we
2(2+Wv / p )

( co) 2+ ¥eo takeI'. This is based on the observation that the modeling infor-

1 2+ D )1( ) ma_tiqn about thﬁ exact s?s;z/;g())f thle chomprﬁlgsorh _arr1]d_ stqll charac-
—t ke + . 119) teristics enters the control la only throughl” which is given
T 2B 2+ W) ’ V2+ W 9 by (28). Thus, by treating” as the bifurcation parameter, we study
an operating scenario where the compressor curves are uncertain
and subject to change.

Since in our control design one of the main objectives is to
reduce the sensitivity to uncertainties, that is, the sensitivitly,to

8.2 Actuator/Sensor Trade-Off. The time constant ap-
pears only in the third condition in Table 4. Wheg =0, this
condition becomes

72 1 our bifurcation analysis will be primarily concerned with maxi-
Cy+dy+ ——— —>0, (120) mizing the interval of post-stall values &f for which the stall
22T Weo g2 equilibrium is stable.
+2p 2+ Dy We consider a compressor frofivker et al.[4]) with W,

=0.72,0=4, and a range of values ¢ Our numerical tests are
i.e., 7 does not appear to be harmful, at least near the stall incggerformed on the-MG3 model.
tion point.

However, wherg is Iarge,E has to be selected largbecause, 9.1 Left-Skew Case. If they satisfy conditions in Table 4,

if « is small, the range of stabilized stall equilibria may be infiniéll Of the controllers designed in Sections 7 and 8 achieve a su-
tesima). Then we neect,>0 to maintain a robustness marginP€critical bifurcation with respect to the paramelerHowever,

(for equilibria further away from the stall inception pojiib the W€ require not only that the bifurcation be supercritigalwhich
second condition in Table 4. Whex, is substantial, the effect of case the Sft‘?‘” inception point is gua_ranteed to be s)tabl& ‘?‘ISO

7 on the third condition in Table 4 becomes detrimental. In thiat & sufficiently large interval df with stable stall equilibria be
case,cy +dg has to be large enough. We now analyze two pc)gl_chleved. We plot all the bifurcation diagrams with-T" on the

sibilities for right-skew compressor${>0,S,<0) with large . gbscis_sa, Wher€0 is _the value ofl" corresponding to the stall
Our objective is to design controllers with eitheég=0 or c, NCePtion point for a given controller. Note thig depends on the
=0 in order to relax the sensing requirements. control gains. The purpose of the shift By is to position the stall

inception at zero for all the controllers, to allow an easy compatri-
1 d¢=0. Sincecq>0 and7>0, the third condition in Table 4 son of the sensitivity with respect 1o
implies thatcy, >0 needs to be sufficiently large, and the first Figure 12 shows a compressor with-0 (left-skew), B=1.42
condition implies thatz>0 needs to be sufficiently large. (high-speefl 7=0.44 (a value suggested by Meyers et 2],
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Fig. 12 Bifurcation diagrams for the case

e=0, =142, =

Fig. 14 Bifurcation diagrams for the case  €=0.9, 8=0.71, with

=0.44, v_vith the (W,R)-controller. The control gains are  czg=18 g‘rﬁj r;gzlllir:]izrr fu(':lét’ig)r?'c?/r\];;()(lllir)'_ The controls are gain  de=2
and cy=6.
3 2

converted to our coordinatesontrolled by the ¥,R)-controller 28 1
with gainscg=18, cy,=6. The interval of stabilized values bfis 2 /
large. 15 ® 0 '\\

Our extensive simulations show that both the full-state feer 4 /
back controller and the two partial-state feedback controller 45 -1 \\____,/
(¥,R) and (¥,®), can achieve satisfactory behavior even fo 4 >
high 8 and 7 (of course, at the expense of higher gairiEhe =200 -100 o
(¥, ®)-controller, however, fails in the presence obecause the I'-To
third condition in Table 4 is violated. 4 4

9.2 Right-Skew Case. This section shows that the right- 3 3
skew case is much harder. Even when we satisfy conditions frc ' 7
Table 4(which guarantee stability of the stall inception poinhe ¥  2p—~ _ L
interval of stabilized stall equilibria near the peak may be infini o~ ‘\ ! Y,
tesimally short, and may not be improved by selecting differel 1 Y 1\\__ -
gains. This illustrates our claim that controllers designed for lef
skew models are not applicable to actual compressors which : R— ~100 0 L a—— 0 1 2
right-skew. Throughout this section we us& 0.9. T-Ty ¢

9.2.1 (¥,R)-Controller. Our extensive simulations showgig 15 Bifurcation diagrams for the case
that, even for the “easy” casg=0.71 andr=0, the interval of

€=0.9, =142,
7=0.44, with the full-state controller. The control gains are
Ccr=43, cy=17, and c4=22.

3 2
—\/ stall equilibria that can be stabilized using thE,R)-controller is
! infinitesimal. Figure 13 shows the best diagrams achievable with
\ . i ; A ~
0 \\ this controller, obtained with gainszs=3, cy=1.
a0 - | 9.2.2 (\If,(iD)-ControIIer. With this controller it is possible to
S———— ’/ achieve slightly better results than with th& (R)-controller. Fig-
-2 ure 14 shows diagrams foB=0.71, 7=0 with gains cy
R =—1, dp=2, and Ny(¥)=—2(¥ —2.72)\1+4(¥ —2.72%
0 When B is increased t@8=1.42, the interval of stable equilibria
4 4 shrinks.
3 3 9.2.3 Full-State Controller. The full-state controller can suc-
v ,”\\ TN cessfully handle right-skew compressors. Figure 15 shows dia-
T T Tl T 3 B B ! rams for the casgg=1.42, 7=0.44, with gains,cg=43, c
\_/’*/\\ \ /7\_/ 9:17, C‘I):22' $ 9 R v
1 A 1IN -
0 0 10 Stability on the Stall Branch
-15 -10 -5 [ -2 -1 0 1 2 . . . .
[ —T, & It is a general belief in the compressor control community

(based on the dramatic results of Eveker et[dl) that, since

feedback ofd is beneficial for a left skew compressor, it may be
beneficial for a right skew compressor too. We investigate this

Fig. 13 Bifurcation diagrams for the case
the (W,R)-controller. The control gains are

€=0.9, =0.71, with
cp=3 and cy=1.
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conjecture by studying the stability interval under the stall incep-
tion point on the stall branch, and show that the conjecture is not
true.

We first discuss the impact of thé-term on the nonlinear Ni(0)
controller implementation

Table 6 h;(0) for nonlinear implementation

(1+ 2?0)5152

o ) 20 20 20
'+ B2(cy W — Co® + CrR— do D) h3(0) WSS |1+ jert o~ 5 S
Y= N , (122)
20
and then on the linear implementation h4(0) ~ 3 KS(CrR=SC +5.Cy)
7= Yo+ KeR—Kg (P — 1) + Ky (¥ —2— W p) — ko P, 2
(123)  hy(0) KSz[ kS1Cy(dp+Cy)+SiC, + 3 [«Su(dp+ey)*+cr—Sds |

whose special case is the UTRC controll&veker et al.[4]),

k,;D:k\I,:O.

10.1 Nonlinear Implementation. To make things easy, we
set =0 and consider the systef89)—(41). By Routh-Hurwitz
and using Lemma 6.1, the necessary and sufficient conditions forl0.2 Linear Implementation. Tables 7 and 8 are equiva-
stability are(73)—(76), which we respectively denote as lent to Tables 5 and 6, respectively. We use the notation

hy(Rg)>0 (124) L

hy(Ry) >0 (125) Kt =Ko+ Nor o (130)
ha(Rg)>0 (126)

ha(Ry)>0. (127) Kyx =Ky 2+ Peo (131)

+
ili it 2(2+ W)
They represent stability conditions on the stall branch, away from

the stall inception point. We expand the functidnsabout 0 and A giscussion similar to that in Section 10.1 shows that the
get increase okg, results in instability for the right-skew case. Let us

hi(Ro)=h;(0)+h/(0)Ry+O(R?), i=1,...,4. (128) NOW setky=ky=0 and concentrate on the UTRC controller.

B _ . Sinceh,(0) andR, are independent dfg,, for stability we re-
The quantitiesh;(0) andh/(0) are given in Tables 5 and 6, re-quire thath,(0)>0. It is obvious that, for largég, , the sign of

spectively.

For smallRy>0 (near the stall inception pointa necessary
condition for stability ish;(0)+h/(0)R,>0. Let us concentrate
on

h;(0) is determined by the sign &S,=—3W¥{(1). Thus, the

Table 7 h;(0) for linear implementation

h,(0)+h5(0)Ry= K( Cop+ i)
BZ

h,(0)
20 20 5
+ KS:]_SZ 1+_ Cq/*_sz RO
3 h,(0)
2
+§Kslsqu,Ro. (129) Ns(0)
h,(0)

Since Ry is independent ofly,, the sign ofh;(0)+h{(0)R, for

1
/?Vz'*‘\l’co(k(b'*‘kw*)

1
EZ\/Z"F‘I’COK(D*

0
1 .
F(2+‘I’co)(k¢+ Ky ) K

large d4, is determined by the sign (ﬁlsf—%\lf’c”(l). This
means that, for largd ,
>0, left-skew case

hi(0)+hi (0)Ry <0, right-skew case

Table 8 hj for linear implementation

Thus, high gain ord makes a right-skew compressor unstable.

Similar but more complicated argument appliehigR,). h;(0)
T i i i h3(0)
able 5 h;(0) for nonlinear implementation
h,(0) x(dg+Cy)
1 h3(0)
h,(0) Tz
h3(0) 0
1 h4(0
h4(0) K(dp+Cy) qu"? (0

20
1+ 3]s

20
kq,*+?k4, —

20

1
2 SS2F Vo 3

1420
3

20
T3 SV2+Vco(Kp— SiKpy + SoKyry )

1 1
?5\/2""1’00 [3781V2+q,cokxy*(ké>+ Ky )

|

20
how + 5

1
/?31\/2+\I’co(k<b+ K« )%+ Kr— Spkip
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: ) accuracy. Finally, we disproved the conjecture thafeedback
28 = may be beneficial beyond the class of shallow-hysteresis
ot T _ compressors.
surge 2sp e '\ Our main observation is that the task of controlling high-speed
Roasp termination v o2 PN many-stage compressors using a low-bandwidth valve is ex-
‘\,,0,,.1 surge . / \/ tremely challenging. Furthermore, our simulation study showed
inception | \ that the difficulties for control rapidly increase with the increase
i P“’}‘ ool - of right-skewness. This brings up a natural questjposed by an
of M. . insightful reviewey: are difficulties due to a poor control law or a
. = ° > - ° ’ ®  questionable actuation scheme. Since the control law is state feed-
T ol ¢ back whose parameter space was searched exhaustively in our
=1 L case study, it is obvious that the difficulties are due to the choice
af Jer of actuation via bleed valve. While we acknowledge that bleed
I ‘P =T o \ valve control has shown success for left-skew low-speed compres-
“ TN sors(Eveker et al[4]), we point out the following. Rather than
vs P searching for bleed valves of unreasonably high bandwidth, future
T L effort in compressor control should perhaps focus on exploring
osp ) opportunities for using close coupled valv&&mon et al.[16])
Y S—— - " . and air injection(Behnken et al[7]).
i &
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