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a b s t r a c t

The goal of this paper is to shed light on new opportunities for extremum seeking through extensions
to locally quadratic nonlinear maps with actuator dynamics modeled by cascades of partial differential
equations (PDEs). First, we deal with PDEs with input delays such as, for example, the notoriously
difficult problem of a wave PDE with input delay where, if the delay is left uncompensated, an
arbitrarily short delay destroys the closed-loop stability. Then, we move forward to an even more
challenging class of problems for parabolic–hyperbolic cascades of PDEs, coping with a heat equation at
the input of a wave PDE. The treatment of such systems with PDE–PDE cascades is performed by means
of boundary control. The proposed approach yields (small-gain) loops that make the control design
constructive and enables stability analysis with quantitative estimates. Local exponential stability and
convergence to a small neighborhood of the unknown extremum point are rigorously guaranteed. This
result is achieved by using backstepping transformation and averaging in infinite dimensions. Although
we keep the presentation using the classical Gradient extremum seeking, the generalization of the
results for the Newton-based approach is also indicated. A numerical example is given to illustrate
the effectiveness of the proposed extremum seeking boundary control for compensation of PDE–PDE
cascades.

© 2021 Elsevier B.V. All rights reserved.
1. Introduction

In the last years [1–8], we have been working on the at-
empt of expanding extremum seeking (ES) approach to a more
eneral class of dynamic systems, described not only by finite-
imensional Ordinary Differential Equations (ODEs) [9–25]. In
his direction, ES was studied for time-delay systems [1–3], diffu-
ion processes [4,5], general classes of parabolic reaction-
dvection–diffusion plants [6] and wave equations [7,8]. All of
hem [1–8] could be described by infinite-dimensional Partial
ifferential Equations (PDEs).
We have had to develop such an extension for PDE-based

ystems from scratch and the principal message is: if the infinite-
imensional system is not properly compensated in the ES feed-
ack, then the closed-loop system goes unstable [1] or, in some
articular cases, the dither frequencies must be severely sacri-
iced (decreased) in order to achieve sufficiently slow probing
ignals to perform the correct search of the extremum, but also
esulting in quite slow responses [4].

The general recipe for this real-time optimization problem
nvolving PDEs in the input of nonlinear convex maps is the re-
esign of the additive perturbations (dither signals) as a trajectory
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generation problem [26, Chapter 12] and the application of PDE
boundary control to the classical ES framework [26,27].

Unlike any of our previous publications, where a single PDE
was considered in the input of the nonlinear map to be optimized,
in this paper we face the more general setup with a cascade of
two PDEs rather than a single one. The control of PDE cascades or
interconnected PDEs is an exciting and challenging problem that
has become active over the last 10 to 15 years, see [27, Part V] and
references therein. An example of such an effort is the stability
and controllability analysis of a heat-wave system by [28]. The
effort in PDE cascades is motivated partly by problems in fluid–
structure interaction and other interactive physical processes [27,
Chapter 20]. Despite that and to the best of our knowledge, there
is no publication in the literature about ES for PDE–PDE cascades.
The current paper fills this gap. Fig. 1 illustrates the fundamental
block diagram of the problem we are solving here.

We start with a presentation of the control design for the
wave PDE with input delay [29]. For clarity and historical context,
we first specialize this design to the baseline problem without
input delay. Efforts in delay-PDE cascades are motivated by the
interest to address the lack of delay robustness identified by [30]
showed that standard feedback laws for wave equations have
a zero robustness margin to the introduction of a delay in the
feedback loop—an arbitrarily small measurement delay or in-

put delay results in closed-loop instability. Such a result does
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Fig. 1. Block diagram for implementation of ES control design for PDE–PDE cascades (in red) at the input of nonlinear convex maps Q (·). Although the multiplicative
perturbation signals M(t) and N(t) are the same of the classical ES designs [9], the additive dither S(t) (in blue) must be redesign using the trajectory generation
paradigm [26, Chapter 12] and the application of an adequate boundary control law (in blue) for PDE–PDE compensation is mandatory.
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neither arises with finite-dimensional plants, nor with parabolic
PDEs [31]. Thereafter, we deal with cascades of parabolic and
hyperbolic PDEs. The parabolic–hyperbolic cascade is represented
by a heat equation at the input of a wave equation. Both versions
of the extremum seeking algorithm (Gradient and Newton-based)
are considered [14].

Stability analysis for cascades of stable PDEs from different
classes, when interconnected through a boundary, virtually ex-
plodes in complexity despite the seemingly simple structure
where one PDE is autonomous and exponentially stable and feeds
into the other PDE. The difficulty arises for two reasons. One
is that the connectivity through the boundary gives rise to an
unbounded input operator in the interconnection. The second
reason is that the two subsystems are from different PDE classes,
with different numbers of derivatives in space or time (or both).
This requires delicate combinations of norms in the Lyapunov
functions for the overall systems [27], the use of PDE small-gain
results in various state norms or in the supremum norm [32].

In this sense, we rigorously conduct the stability analysis
for the average closed-loop system starting with a development
of the backstepping transformation and a proof of stability of
the target system [26,27] by means of the Input-to-State Sta-
bility (ISS) analysis for cascades of dynamical ODE- and PDE-
systems [32] (with and without small-gain loops), followed by
the corresponding equivalence in the original variables of the
system, and a derivation of the estimates on the transforma-
tion kernels, which complete the overall stability proof for the
average closed-loop system. Finally, the averaging theorem in
infinite dimensions [33] is invoked to conclude the local (practi-
cal) exponential stability of the original non-average system. We
derive explicit formulas for the control gains, and we also find
the explicit formulas for the solutions of the closed-loop system
showing that a small neighborhood of the extremum point is
ultimately achieved.

2. Preliminaries

We denote the partial derivatives of a function u(x, t) as
∂xu(x, t) = ∂u(x, t)/∂x, ∂tu(x, t) = ∂u(x, t)/∂t . We conveniently
use the compact form ux(x, t) and ut (x, t) for the former and the
latter, respectively.

The 2−norm of a finite-dimensional (ODE) state vector X(t)
is denoted by single bars, |X(t)|. In contrast, norms of functions
(of x) are denoted by double bars. By default, ∥ · ∥ denotes the
spatial L2[0,D] norm, i.e., ∥ · ∥ = ∥ · ∥L2[0,D]. Since the PDE
state variable u(x, t) is a function of two arguments, x and t ,
we should emphasize that taking a norm in one of the variables
makes the norm a function of the other variable, as adopted

in [27]. For example, the L2[0,D] norm of u(x, t) in x ∈ [0,D]

2

is ∥u(t)∥ =

(∫ D
0 u2(x, t)dx

)1/2
, whereas the L∞[0,D] norm is

defined by ∥u(t)∥L∞[0,D] = ∥u(t)∥∞ = supx∈[0,D] |u(x, t)|.
Now, consider a generic nonlinear system ẋ = f (t, x, ϵ),

where x ∈ Rn, f (t, x, ϵ) is periodic in t with period T , i.e.,
f (t + T , x, ϵ) = f (t, x, ϵ). Thus, for ϵ > 0 sufficiently small,
we can obtain its average model given by ẋav = fav(xav), with
fav(xav) = 1/T

∫ T
0 f (τ , xav, 0)dτ , where xav(t) denotes the average

version of the state x(t) [34].
As defined in [34], a vector function f (t, ϵ) ∈ Rn is said to

be of order O(ϵ) over an interval [t1 , t2] if there exist positive
constants k and ϵ∗ such that |f (t, ϵ)| ≤ kϵ, ∀ϵ ∈ [0, ϵ∗

] and
∀t ∈ [t1, t2]. In most cases we provide no precise estimates for
the constants k and ϵ∗, and we use O(ϵ) to be interpreted as an
order of magnitude relation for sufficiently small ϵ.

The definition of the Input-to-State Stability (ISS) for ODE-
based as well as for PDE-based systems are assumed to be as
provided in [34] and [32], respectively.

3. Static maps with actuation dynamics governed by wave
PDEs with input delays

In the simplest case of ES for static maps, the goal is to vary
in real-time the input Θ(t) of an unknown nonlinear static map

y(t) = Q (Θ(t)), (1)

in order to find and maintain the output y(t) at the unknown
xtremum y∗, where Θ∗ is the unknown optimizer.

.1. Plant and basic assumptions

Without loss of generality, we consider maximization prob-
ems. We further assume the map (1) satisfies the following
ssumption.

ssumption 1. The unknown nonlinear static map (1) is locally
uadratic, i.e.,

(Θ) = y∗
+

H
2
(Θ − Θ∗)2, (2)

in the neighborhood of the extremum, where besides Θ∗
∈ R and

y∗
∈ R being unknown, the scalar H < 0 is the unknown Hessian

of the static map.

Assumption 1 states that, if maps are at least locally quadratic,
our methodology can be applied, and provide guarantees, in some
neighborhood of the extremum. For maps that are not locally
quadratic, and may not yield exponential stability of the average
system, an approach by [35] might lead to asymptotic practical
stability, not exponential, but the form of averaging theory that
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hey use is not available for systems on Banach spaces (PDEs,
elays).
Hence, by plugging (2) into (1), the output of the static map

an be written as

(t) = y∗
+

H
2
(Θ(t) − Θ∗)2. (3)

Inspired by Ref. [29], we discuss the extension of our ES approach
for the case of wave PDEs with a delayed input, as a PDE–PDE
cascade. This is particularly an important problem since Datko
et al. [30] showed that standard feedback laws for wave equations
have a zero robustness margin to the introduction of a delay in
the feedback loop.

In this sense, we consider the following actuation dynam-
ics where the actuator θ (t) and the propagated actuator Θ(t)
are related according to the following delay-wave PDE cascade
system:

Θ(t) = α(0, t), (4)

∂ttα(x, t) = ∂xxα(x, t), x ∈ [0, 1], (5)

∂xα(0, t) = 0 , (6)

α(1, t) = θ (t − D), (7)

where α(x, t) is the infinite-dimensional state of the wave PDE
with spatial domain defined without loss of generality by x ∈

[0, 1]. The boundary delay is denoted by D > 0 being any
arbitrary known constant.

Combining the actuation dynamics (4)–(7) and the static map
(3), the closed-loop ES with actuation dynamics governed by a
delay-wave PDE system under boundary control is illustrated in
Fig. 2.

3.2. Estimation errors

As in the basic ES scheme, we define the unknown optimal
input θ∗ of θ (t) with respect to the static map and the wave
process, with the relation Θ∗

= θ∗. Since our goal is to find the
unknown optimal input θ∗, we define the estimation error

θ̃ (t) := θ̂ (t) − θ∗, (8)

where θ̂ (t) is the estimate of θ∗. To make (8) consistent with
the optimizer of the static map Θ∗, we introduce the propagated
estimation error

ϑ(t) := Θ̂(t) − Θ∗ (9)

through the delay-wave PDE cascade

ϑ(t) := ᾱ(0, t), (10)

∂tt ᾱ(x, t) = ∂xxᾱ(x, t), x ∈ [0, 1], (11)

ᾱx(0, t) = 0, (12)

ᾱ(1, t) = θ̃ (t − D). (13)

From the control loop in Fig. 2, we get
˙̂
θ (t) = U(t). (14)

Taking the time derivative of (10)–(13) and with the help of
(8) and (14), the propagated error dynamics is written as the
following cascade of a delay-wave PDE and ODE (integrator) with
Dirichlet interconnection:

ϑ̇(t) = u(0, t), (15)

∂ttu(x, t) = ∂xxu(x, t), x ∈ [0, 1], (16)

ux(0, t) = 0, (17)

u(1, t) = U(t − D), (18)
 i

3

where ˙̃
θ (t − D) =

˙̂
θ (t − D), since θ∗ is constant, and

u(x, t) = ∂t ᾱ(x, t) . (19)

3.3. Additive and multiplicative dither signals

As in ES approach without actuation through a delay-wave
PDE cascade, the perturbation signal S(t) should add a sin(ωt) to
the input Θ(t) of the map (1), thus compensating the effects of
the delay-wave process in the map’s input.

Hence, a sin(ωt) with perturbation amplitude a and frequency
ω is applied as follows:

β(0, t) = a sin(ωt), (20)

∂ttβ(x, t) = ∂xxβ(x, t), x ∈ [0, 1], (21)

βx(0, t) = 0, (22)

β(1, t) = β̄(1, t) = S(t − D), (23)

β̄t (x, t) = β̄x(x, t), x ∈ [1, 1 + D], (24)

β̄(1 + D, t) = S(t), (25)

where the delay term was represented by the transport PDEs
(24)–(25). Eqs. (20)–(25) describe a trajectory generation problem
as in [26, Chapter 12]. The explicit solution of (25) is given by

S(t) = a cos(ωD) sin(ω(t + D)), (26)

since β(x, t) = a cos(ωx) sin(ωt) and β̄(x, t) = S(t + x − 1 − D).
The relation between the propagated estimation error ϑ(t), the

propagated input Θ(t), and the optimizer of the static map Θ∗ is
given by

ϑ(t) + a sin(ωt) = Θ(t) − Θ∗, (27)

which can be easily proven for x = 1 since

ᾱ(x, t) = α(x, t) − β(x, t) − Θ∗ , (28)

and considering θ (t) = θ̂ (t)+S(t) along with the solutions of (4)–
(7), (10)–(13) and (20)–(25). It remains to define the dither signal
N(t) which is used to estimate the Hessian of the static map by
multiplying it with the output y(t) of the static map. In [14], the
Hessian estimate for locally quadratic maps (3) is derived as

Ĥ(t) = N(t)y(t) with N(t) = −
8
a2

cos(2ωt). (29)

Note that the dither signal M(t), to estimate the gradient, is the
same as in the basic ES (see [9]), such that

G(t) = M(t)y(t) with M(t) =
2
a
sin(ωt). (30)

Now, we introduce an important result of [14], where the
averaged version of the gradient (30) and Hessian (29) estimates
are

Gav(t) = Hϑav(t), Ĥav(t) = H, (31)

f a quadratic map as in (3) is considered. For the proof of (31),
ee [14].

. Baseline case (D = 0): Wave PDE as a feedback loop of two
ransport (delay) PDEs

Before we continue with the analysis of the delay-compen-
ating design for the formulation in the previous section, we
resent the feedback law that is obtained in the absence of delay
D = 0). This special case is of interest in its own right since it
chieves stabilization of the wave equation, as performed in [8].
The main idea is to convert the wave equation in (15)–(18)

nto a feedback loop of two first-order transport equations which
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Fig. 2. Basic block diagram of the extremum seeking control system with a delay-wave PDE cascade system.
onvect in opposite directions. To achieve this, we define the
ollowing Riemann transformations [36]:
¯ (x, t) = ᾱt (x, t) + ᾱx(x, t) (32)
ω̄(x, t) = ᾱt (x, t) − ᾱx(x, t) (33)

ith their corresponding inverses given by

ᾱt (x, t) =
ζ̄ (x, t) + ω̄(x, t)

2
, (34)

ᾱx(x, t) =
ζ̄ (x, t) − ω̄(x, t)

2
. (35)

Hence, (15)–(18) are reshaped as

ODE : ϑ̇(t) = ζ̄ (0, t) , (36)

PDE 1 :

{
ζ̄t (x, t) = ζ̄x(x, t), x ∈ [0, 1] ,

ζ̄ (1, t) = U(t) + ᾱx(1, t) ,
(37)

PDE 2 :

{
ω̄t (x, t) = −ω̄x(x, t), x ∈ [0, 1] ,

ω̄(0, t) = ζ̄ (0, t) .
(38)

Applying the backstepping transformations [36]

w(x, t) = ζ̄ (x, t) − KH
∫ x

0
ζ̄ (σ , t)dσ − KHϑ(t), (39)

ϖ (x, t) = ω̄(x, t) + KH
∫ x

0
ω̄(σ , t)dσ − KHϑ(t), (40)

the resulting average target system for (36)–(38) is

ϑ̇av(t) = KHϑav(t) + wav(0, t), (41)

∂twav(x, t) = ∂xwav(x, t), wav(0, t) = ϖav(0, t), (42)

∂tϖav(x, t) = −∂xϖav(x, t), (43)

wav(1, t) = −
1
c
∂tuav(1, t) , (44)

hich is exponentially stable for c > 0 sufficiently large. This
esult is not difficult of proving since (41) is exponentially ISS [32]
ith respect to wav(0, t). On the other hand, wav(x, t) is finite-

time stable with respect to ϖav(0, t) and ϖav(x, t) is asymptoti-
cally stable for c → +∞ (or wav(1, t) → 0) [36].

Since u(1, t) = U(t) for D = 0, plugging (39) with x = 1 into
(44), we can write U̇av(t) = −cwav(1, t) as

U̇av(t) = −cζ̄av(1, t) + cK
[
Hϑav(t) + H

∫ 1

0
ζ̄av(x, t)dx

]
. (45)

lugging the average version of (32) and (37) into (45), one has
˙av(t) = −c[Uav(t) + ∂xᾱav(1, t)]

+ cK
[
Hϑav(t) + H

∫ 1

0
[∂t ᾱav(x, t) + ∂xᾱav(x, t)]dx

]
, (46)

which can be rewritten as

U̇av(t) = −cUav(t) + c
{
−∂xᾱav(1, t) +
4

+K
[
Hϑav(t) + H

∫ 1

0
[∂t ᾱav(x, t) + ∂xᾱav(x, t)]dx

]}
. (47)

Reminding that Gav(t) = Hϑav(t) and Ĥav(t) = H from (31) and
(19), one can finally obtain the implementable control law

U̇(t) = −cU(t) + c
{
−ᾱx(1, t) +

+K
[
G(t) + Ĥ(t)

∫ 1

0
[u(x, t) + ᾱx(x, t)]dx

]}
, (48)

with Ĥ(t) and G(t) defined by (29) and (30), respectively.
Recalling (28), the control law (48) is indeed implementable

since ᾱx(x, t) can be written in terms of measurable signals

ᾱx(x, t) = αx(x, t) − βx(x, t) (49)

and the integral in (48) is given by∫ 1

0
ᾱx(x, t)dx = ᾱ(1, t) − ᾱ(0, t)

= α(1, t) − β(1, t) − Θ∗
− α(0, t) + β(0, t) + Θ∗

= θ (t) − β(1, t) − Θ(t) + a sin(ωt) . (50)

5. ES boundary control law and closed-loop system for wave
PDE with input delay

Taking the time derivative of (10)–(13), the delay-wave PDE
system is alternatively written as [29]:

ϑ̇(t) = u(0, t), (51)

∂ttu(x, t) = ∂xxu(x, t), x ∈ [0, 1], (52)

∂xu(0, t) = 0, (53)

u(1, t) = v(1, t) , (54)

∂tv(x, t) = ∂xv(x, t), x ∈ [1, 1 + D], (55)

v(1 + D, t) = U(t) , (56)

where U(t) is the overall system (control) input and (ϑ, u, v)
is the state of the ODE–PDE–PDE cascade. From the transport
PDE representation form for the input delay, we know that [27,
Chapter 2]:

v(x, t) = U(t + x − 1 − D), x ∈ [1, 1 + D] . (57)

Reminding that (52)–(54) can be represented into (37)–(38) with
the help of (32) and (33), we can write

ODE : ϑ̇(t) = ζ̄ (0, t) , (58)

PDE 1 :

{
∂t ζ̄ (x, t) = ∂xζ̄ (x, t), x ∈ [0, 1] ,

ζ̄ (1, t) = v(1, t) + ᾱx(1, t) ,
(59)

PDE 2 :

{
ω̄t (x, t) = −ω̄x(x, t), x ∈ [0, 1] ,

¯
(60)
ω̄(0, t) = ζ (0, t) ,
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DE 3 :

{
vt (x, t) = vx(x, t), x ∈ [1, 1 + D] ,

v(1 + D, t) = U(t) .
(61)

Applying the following backstepping transformations

w(x, t) = ζ̄ (x, t) − KH
∫ x

0
ζ̄ (σ , t)dσ − KHϑ(t), x ∈ [0, 1], (62)

ϖ (x, t) = ω̄(x, t) + KH
∫ x

0
ω̄(σ , t)dσ − KHϑ(t), x ∈ [0, 1],

(63)

ζ (x, t) = v(x, t) − KH
∫ x

1
v(σ , t)dσ + ᾱx(1, t)+

− KH
∫ 1

0
ζ̄ (σ , t)dσ − KHϑ(t), x ∈ [1, 1 + D], (64)

into (58)–(61), the resulting average target system for (51)–(56)
is given by

ODE : ϑ̇av(t) = KHϑav(t) + wav(0, t) , (65)

PDE 1 :

{
∂twav(x, t) = ∂xwav(x, t), x ∈ [0, 1] ,

wav(1, t) = ζav(1, t) ,
(66)

PDE 2 :

{
∂tϖav(x, t) = −∂xϖav(x, t), x ∈ [0, 1] ,

ϖav(0, t) = wav(0, t) .
(67)

DE 3 :

{
∂tζav(x, t) = ∂xζav(x, t), x ∈ [1, 1 + D] ,

ζav(1 + D, t) = −
1
c ∂tvav(1 + D, t) .

(68)

rom the target systems (65)–(68), we can realize that ϑav(t) is
SS [32] with respect to wav(0, t); wav(x, t) is ISS with respect
to ζav(1, t); and ζav(x, t) is stabilized by the boundary control
Uav(t) = vav(1 + D, t), with U̇av(t) = ∂tvav(1 + D, t).

5.1. ES boundary control

From (64) and (68), one can obtain the expression for U̇av(t) =

−cζav(1 + D, t) such that

U̇av(t) = −cvav(1 + D, t) + cKH
∫ 1+D

1
vav(σ , t)dσ

− cᾱx(1, t) + cKH
∫ 1

0
ζ̄av(σ , t)dσ + cKHϑav(t). (69)

ecalling (32) and plugging (57) into (69), we can obtain the
ontrol law:

˙ (t) = −cU(t) + c
{
−ᾱx(1, t) + K

[
G(t) + Ĥ(t)

∫ t

t−D
U(τ )dτ

+ Ĥ(t)
∫ 1

0
[u(x, t) + ᾱx(x, t)] dx

]}
, (70)

or c > 0 sufficiently large, u(x, t) = ᾱt (x, t) and ᾱx(x, t) satisfying
(49)–(50). As in (48), the signals Ĥ(t) and G(t) are still calculated
by (29) and (30), respectively.

5.2. Closed-loop system

Substituting the control law (70) into (56), we can write the
closed-loop systems (51)–(56) as

ϑ̇(t) = u(0, t), (71)

∂ttu(x, t) = ∂xxu(x, t), x ∈ [0, 1], (72)

∂xu(0, t) = 0, (73)

u(1, t) = v(1, t), (74)

∂tv(x, t) = ∂xv(x, t), x ∈ [1, 1 + D], (75)
v (1 + D, t) = −cv(1 + D, t) − cᾱ (1, t)+
t x

5

+ cK
[
G(t) + Ĥ(t)

∫ 1+D

1
v(x, t)dx + Ĥ(t)

∫ 1

0
[u(x, t) + ᾱx(x, t)] dx

]
(76)

or, equivalently, from (32)–(35) and (58)–(61) as

ϑ̇(t) = ζ̄ (0, t) , (77)

∂t ζ̄ (x, t) = ∂xζ̄ (x, t), x ∈ [0, 1] , (78)

ζ̄ (1, t) = 2v(1, t) − ω̄(1, t) , (79)

ω̄t (x, t) = −ω̄x(x, t), x ∈ [0, 1] , (80)

ω̄(0, t) = ζ̄ (0, t) , (81)

vt (x, t) = vx(x, t), x ∈ [1, 1 + D] , (82)

vt (1 + D, t) = −cv(1 + D, t) −
c
2

[
ζ̄ (1, t) − ω̄(1, t)

]
+ cK

[
G(t) + Ĥ(t)

∫ 1+D

1
v(x, t)dx + Ĥ(t)

∫ 1

0
ζ̄ (x, t)dx

]
. (83)

n the next section, the availability of a small parameter in the hy-
erbolic PDEs-ODE loop of the target systems (65)–(68), obtained
ia backstepping transformation [26,27] for (77)–(83), permits
he stability analysis of the complete ES feedback system through
DE small-gain results for ISS cascades [32].

. Stability analysis

The L∞ space is to be regarded as the state–space of the PDE
n the closed-loop system, as this is the norm in which stability
s studied in the next theorem.

heorem 1 (Delay-wave Cascade). Consider the system in Fig. 2
ith the dynamic system being represented by the nonlinear
uadratic map (3), satisfying Assumption 1, in cascade with the
ctuation dynamics governed by the delay-wave PDE in (4)–(7).
or a sufficiently large c > 0, there exists some ω∗(c) > 0,
uch that ∀ω > ω∗, the closed-loop systems (77)–(83) with states
(t), ζ̄ (x, t), ω̄(x, t), v(x, t) have a unique locally exponentially
table periodic solution in t of period Π := 2π/ω, denoted by
Π (t), ζ̄Π (x, t), ω̄Π (x, t), vΠ (x, t), satisfying ∀t ≥ 0:

ϑΠ (t)
⏐⏐ +

ζ̄Π (t)


∞
+

ω̄Π (t)


∞
+

vΠ (t)


∞
≤ O (1/ω) . (84)

urthermore,

lim sup
t→∞

|θ (t) − θ∗
| = O (a + 1/ω) , (85)

lim sup
t→∞

|Θ(t) − Θ∗
| = O (a + 1/ω) , (86)

lim sup
t→∞

|y(t) − y∗
| = O

(
a2 + 1/ω2) . (87)

roof. See Appendix A. □

. Other PDE–PDE cascades: Wave model with heat equation
t its input

In this section, we deal with a distinct cascade of parabolic/
yperbolic PDEs represented by a diffusion equation at the input
f a wave PDE. This combination is representative and distinct
rom that considered in Section 5, leading to a potentially chal-
enging problem. For instance, the heat-wave cascade was con-
idered intractable in [27, Section 20.1] since the resulting target
ystem obtained there was not even solvable.
Additionally, in contrast to [28], where the heat and wave

quations are coupled through two boundary conditions, our two
DEs are in a cascade connection—one feeding into the other.
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Fig. 3. Cascade of heat-wave PDEs followed by the nonlinear map y = Q (Θ).

7.1. Plant with infinite-dimensional actuator

We consider the same locally quadratic map studied in (3)

y(t) = Q (Θ(t)) = y∗
+

H
2
(Θ(t) − Θ∗)2, (88)

but with a different actuation dynamics in the form of a heat-
wave PDE cascade, as depicted in Fig. 3. The infinite-dimensional
actuator dynamics can be written as:

Θ(t) := α(0, t), (89)

∂ttα(x, t) = ∂xxα(x, t), x ∈ [0, 1], (90)

αx(0, t) = 0, (91)

α(1, t) = ρ(1, t), (92)

ρt (x, t) = ρxx(x, t), x ∈ [1, 1 + D] , (93)

x(1, t) = 0 , (94)

(1 + D, t) = θ (t) , (95)

here α(x, t) is the state of the wave PDE with spatial domain
defined without loss of generality by x ∈ [0, 1] and ρ(x, t) the
corresponding state of the heat equation within the domain x ∈

[1, 1 + D], with D > 0.

7.2. Estimation error dynamics

Analogously to (10)–(13), the propagated estimation error ϑ(t)
defined in (9) through the heat-wave PDE cascade is simply

ϑ(t) := ᾱ(0, t), (96)

∂tt ᾱ(x, t) = ∂xxᾱ(x, t), x ∈ [0, 1], (97)

ᾱx(0, t) = 0, (98)

ᾱ(1, t) = α̃(1, t), (99)

α̃t (x, t) = α̃xx(x, t), x ∈ [1, 1 + D] , (100)

α̃x(1, t) = 0 , (101)

α̃(1 + D, t) = θ̃ (t) := θ̂ (t) − θ∗ , (102)

where θ̃ in (102) is the estimation error such as defined in (8).
Taking the time derivative of (96)–(102), we obtain

ϑ̇(t) = u(0, t), (103)

utt (x, t) = uxx(x, t), x ∈ [0, 1] , (104)

ux(0, t) = 0 , (105)

u(1, t) = v(1, t) , (106)

vt (x, t) = vxx(x, t), x ∈ [1, 1 + D] , (107)

x(1, t) = 0 , (108)

(1 + D, t) = U(t) , (109)

here U(t) is the control input signal, (u, ut , v) is the infinite-
imensional state,

(x, t) = α̃t (x, t) and v(1, t) = α̃t (1, t) = ᾱt (1, t) . (110)
 β
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7.3. Auxiliary target system

Again, with the help of the Riemann transformations [36]
(32)–(33), we consider the following backstepping transforma-
tions analogously to those used in (62)–(64):

w(x, t) = ζ̄ (x, t) − KH
∫ x

0
ζ̄ (σ , t)dσ − KHϑ(t), x ∈ [0, 1],

(111)

ϖ (x, t) = ω̄(x, t) + KH
∫ x

0
ω̄(σ , t)dσ − KHϑ(t), x ∈ [0, 1],

(112)

z(x, t) = v(x, t) − KH
∫ x

1
(x − σ )v(σ , t)dσ+

+ ᾱx(1, t) − KH
∫ 1

0
ζ̄ (σ , t)dσ − KHϑ(t), x ∈ [1, 1 + D], (113)

which transform the cascade PDE systems (103)–(109) into the
average target system

ϑ̇av(t) = KHϑav + wav(0, t), (114)

∂twav(x, t) = ∂xwav(x, t) , x ∈ [0, 1] , (115)

wav(1, t) = zav(1, t) , (116)

∂tϖav(x, t) = −∂xϖav(x, t) , x ∈ [0, 1] , (117)

ϖav(0, t) = wav(0, t) , (118)

∂tzav(x, t) = ∂xxzav(x, t), x ∈ [1, 1 + D] , (119)

∂xzav(1, t) = 0 , (120)

zav(1 + D, t) = −
1
c
∂tvav(1 + D, t) . (121)

7.4. ES boundary control and additive dither

The target systems (114)–(121) are exponentially stable with
the average version U̇av(t) = −czav(1 + D, t) of the control law
obtained from (113) and (121) with Uav = vav(1 + D, t) in (109),
which results in

U̇(t) = −cU(t) + c
{

− ᾱx(1, t) +

+ K
[
G(t) + Ĥ(t)

∫ 1+D

1
(1 + D − σ )v(σ , t)dσ+

+ Ĥ(t)
∫ 1

0
[u(x, t) + ᾱx(x, t)] dx

]}
, (122)

or c > 0 and K > 0, recalling the averaging-based estimates in
31). The signals Ĥ(t) and G(t) are defined according to (29) and
30), respectively.

The term ᾱx(x, t) which appears in (122) can be written in
erms of measurable signals as

¯ x(x, t) = αx(x, t) − βx(x, t) , (123)

imilarly to (49). On the other hand, the term βx(x, t) comes from
he trajectory generation problem of the heat-wave PDE cascade
ystem [26, Chapter 12]:

(0, t) = a sin(ωt), (124)

tt (x, t) = βxx(x, t), x ∈ [0, 1] , (125)

x(0, t) = 0 , (126)

(1, t) = β̄(1, t) = a cos(ω) sin(ωt) , (127)
¯ t (x, t) = β̄xx(x, t), x ∈ [1, 1 + D] , (128)
¯ (1, t) = 0 , (129)
x
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β̄(1 + D, t) = S(t) , (130)

where the explicit solution S(t) is given by [4]

S(t) =
1
2
a cos(ω)e

√
ω
2 D sin

(
ωt +

√
ω

2
D
)

+

+
1
2
a cos(ω)e−

√
ω
2 D sin

(
ωt −

√
ω

2
D
)

. (131)

7.5. Stability analysis

In order to conduct the stability analysis with the help of (32)–
(35), we first provide the following equivalent PDE representation
of the closed-loop systems (103)–(109) under the control law
(122):

ϑ̇(t) = ζ̄ (0, t) , (132)

∂t ζ̄ (x, t) = ∂xζ̄ (x, t), x ∈ [0, 1] , (133)

ζ̄ (1, t) = 2v(1, t) − ω̄(1, t) , (134)

ω̄t (x, t) = −ω̄x(x, t), x ∈ [0, 1] , (135)

ω̄(0, t) = ζ̄ (0, t) , (136)

vt (x, t) = vxx(x, t), x ∈ [1, 1 + D] , (137)

vx(1, t) = 0, (138)

vt (1 + D, t) = −cv(1 + D, t) −
c
2

[
ζ̄ (1, t) − ω̄(1, t)

]
+ cK

[
G(t) + Ĥ(t)

∫ 1+D

1
(1 + D − x)v(x, t)dx + Ĥ(t)

∫ 1

0
ζ̄ (x, t)dx

]
.

(139)

n this representation, the state vector is composed of the finite-
imensional components ϑ(t), U(t) := v(1 + D, t) and the

infinite-dimensional ones ζ̄ (x, t), ω̄(x, t), v(x, t).
Let the state–space be H := R×L∞[0,1]×L∞[0,1]×L∞[1,1+D]×R.

The induced norm is denoted by ∥ · ∥H. Define a linear operator
A : D(A) ⊂ H → H by

A

⎡⎢⎢⎢⎣
X1
X2
X3
X4
X5

⎤⎥⎥⎥⎦ =

[
X2(0)

dX2

dx
−

dX3

dx
−

d2X4

dx2
− cX5

]T

, (140)

ith the domain

(A) =

{
[X1 , X2 , X3 , X4 , X5] ∈ H |

X2(1) = 2X5(1) − X3(1) , X3(0) = X2(0) ,
dX5(1)
dx

= 0
}

. (141)

The time-varying nonlinear perturbation term is given by

F (ωt, X) = [0 0 0 0 F5(ωt, X)]T , (142)

where F5 : R × H → R is defined by

F5(ωt, X) = −
c
2
[X2(1) − X3(1)] + cK

2
a
sin(ωt)y

− cK
8
a2

cos(ωt)y
[∫ 1+D

1
(1 + D − σ )X5(σ )dσ +

∫ 1

0
X2(σ )dσ

]
(143)

since Ĥ(t) and G(t) are given by (29) and (30). The output y in
(88) can be written as

y = Q (X + a sin(ωt) + Θ∗), (144)
1
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according to (27). Hence, we arrive at the next evolution equation
corresponding to the closed-loop systems (132)–(139):
dX
dt

= AX + F (ωt, X) , (145)

here X(t) = [ϑ(t) , ζ̄ (·, t) , ω̄(·, t) , v(·, t) ,U(t)]T .
Clearly, F (ω(t + Π ), X) = F (ωt, X), for Π = 2π/ω, for any
∈ H. In this case, if 1/ω is considered as a small parameter

, we can apply the method of averaging for infinite-dimensional
ystems developed in [33, Section 2] to conclude the results of
he next theorem.

heorem 2 (Heat-wave Cascade). Consider the dynamic system be-
ng represented by the nonlinear quadratic map (88) with actuation
ynamics governed by the heat-wave cascade of PDEs in (89)–(95).
or c > 0 and for each ε > 0, there exist constants ω∗ > 0 and
0 ∈ (0 , ε) such that, for any ω > ω∗, any solution to (145) for

an initial value X0 = [ϑ(0) , ζ̄ (·, 0) , ω̄(·, 0) , v(·, 0) ,U(0)]T ∈ D(A)
ith ∥X0∥H ≤ ε0 converges to an O(1/ω)-neighborhood of the
rigin. In addition, the following estimates hold:

lim sup
t→∞

|θ (t) − θ∗
| = O

(
ae

√
ω
2 D

+ 1/ω
)

, (146)

lim sup
t→∞

|Θ(t) − Θ∗
| = O (a + 1/ω) , (147)

lim sup
t→∞

|y(t) − y∗
| = O

(
a2 + 1/ω2) . (148)

Proof. See Appendix B. □

8. Newton-based approach for PDE–PDE cascades

The advantages of Newton-based over Gradient ES in the ab-
sence of PDEs were deeply studied in [14] and the discussion can
be summarized in the fact that the former removes the depen-
dence of the convergence rate on the unknown second derivative
(Hessian) of the nonlinear map to be optimized. The guarantee
of this property even in the presence of a class of parabolic
PDEs (not cascade of PDEs) was recently proved in two com-
panion papers [37,38], where we estimate the Hessian’s inverse
rather than only the Hessian. In this boundary control design, the
PDE compensation can be achieved with an arbitrarily assigned
convergence rate, thus, improving the controller performance.

As discussed in [14], generating an estimate of the Hessian
matrix in non-model based optimization is not the only challenge.
The other challenge is that the Newton algorithm requires an
inverse of the Hessian matrix H−1. The estimate of this matrix,
as it evolves in continuous time, need not necessarily remain
invertible. We tackle this challenge as in [14] by employing a
dynamic system for generating the inverse asymptotically. This
dynamic system is a filter in the form of a Riccati differential
equation [14]:

Γ̇ = ωrΓ − ωr ĤΓ 2 , (149)

ith ωr > 0 being a design constant and Ĥ(t) given in (29).
The estimation error of the Hessian’s inverse is defined as

˜ (t) = Γ (t) − H−1 , (150)

nd its dynamic equation is written from (149) and (150) by
˙̃

= ωr (Γ̃ + H−1)[1 − Ĥ(Γ̃ + H−1)] . (151)

sing (149), we are able to define the following signal

(t) = Γ (t)G(t) , (152)

ith G(t) given in (30), which will be employed in the next to
erive the proposed control laws.
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able 1
ewton-based ES boundary control for PDE–PDE cascades.

Delay-Wave cascade

PDE–PDE cascade: Eqs. (4) to (7)

Boundary control : U̇(t) = −cU(t) + c
{
−ᾱx(1, t) − K

[
z(t) +

∫ t
t−D U(τ )dτ +

∫ 1
0 [u(x, t) + ᾱx(x, t)] dx

]}
,

with c > 0, u(x, t), ᾱ(x, t) and z(t) given in (19), (28) and (152), respectively.

Trajectory generation : S(t) = a cos(ωD) sin(ω(t + D))

Multiplicative perturbations: M(t) =
2
a sin(ωt), N(t) = −

8
a2

cos(2ωt)

Riccati filter: Γ̇ (t) = ωrΓ (t) − ωr Ĥ(t)Γ 2(t), with Ĥ(t) = N(t)y(t)

Heat-Wave cascade

PDE–PDE cascade : Eqs. (89) to (95)

Boundary control : U̇(t) = −cU(t) + c
{
−ᾱx(1, t) − K

[
z(t) +

∫ 1+D
1 (1 + D − σ )v(σ , t)dσ +

∫ 1
0 [u(x, t) + ᾱx(x, t)] dx

]}
,

with c > 0, u(x, t), v(x, t), ᾱx(x, t) and z(t) given in (103)–(106), (110), (123) and (152), respectively.

Trajectory generation : S(t) =
1
2 a cos(ω)e

√
ω
2 D sin

(
ωt +

√
ω
2 D

)
+

1
2 a cos(ω)e−

√
ω
2 D sin

(
ωt −

√
ω
2 D

)
Multiplicative perturbations: M(t) =

2
a sin(ωt), N(t) = −

8
a2

cos(2ωt)

Riccati filter: Γ̇ (t) = ωrΓ (t) − ωr Ĥ(t)Γ 2(t), with Ĥ(t) = N(t)y(t)
Analogously to the developments of [37,38], we are able to
ropose Newton-based ES controllers for the delay-wave and
eat-wave cascades following the same backstepping transforma-
ion in (62)–(64) and (111)–(113), respectively, but replacing KH
by −K , with K > 0.

Remind that the averaged versions of the Hessian and gradient
estimates in (29) and (30) are (31) if at least a locally quadratic
map as in (2) is considered [14]. Hence, from (31) and z(t) in
(152), we can verify that

zav(t) =
1
Π

∫ Π

0
Γ M(λ)ydλ = Γav(t)Hϑav(t) , (153)

where Π := 2π/ω, with Γav(t) and ϑav(t) denoting the average
versions of Γ (t) and ϑ(t), respectively. Then, Eq. (153) can be
written in terms of Γ̃av(t) = Γav(t) − H−1 as

zav(t) = ϑav(t) + Γ̃av(t)Hϑav(t) . (154)

The second term on the right side of (154) is bilinear in (Γ̃av, ϑav),
thus, the linearization of Γav(t) at H−1 results in the linearized
version of (153) given by

zav(t) = ϑav(t) . (155)

Regarding (155) and recalling again (31), we average (70) and
(122), replacing KH by −K with K > 0, such that the following
average control laws for the delay-wave cascade

U̇av(t) = −cUav(t) + c
{
−∂xᾱav(1, t) − K

[
zav(t) +

∫ t

t−D
Uav(τ )dτ

+

∫ 1

[uav(x, t) + ∂xᾱav(x, t)] dx
]}

, (156)

0

s
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and for the heat-wave cascade

U̇av(t) = −cUav(t) + c
{

− ∂xᾱav(1, t)+

− K
[
zav(t) +

∫ 1+D

1
(1 + D − σ )vav(σ , t)dσ

+

∫ 1

0
[uav(x, t) + ∂xᾱav(x, t)] dx

]}
, (157)

can be obtained for an appropriate constant c > 0.
Table 1 shows the stabilizing boundary control laws U(t) and

gives explicit solutions to the equivalent trajectory generation
problem of S(t) [in (20)–(25) and (124)–(130)] for the two cases
of delay-wave and heat-wave cascades of PDEs using the Newton-
based ES approach. Fig. 4 shows an illustrative block diagram
of the closed-loop system for the proposed Newton-based ES
controllers with PDE–PDE cascades.

In the next theorem, we present the stability/convergence
results for the delay-wave [heat-wave] compensation by means
of Newton-based extremum seeking.

Theorem 3 (Delay-wave and Heat-wave Cascades). Consider the
generic Newton-based diagram of Fig. 4, where y(t) = Q (Θ(t)) =

y∗
+

H
2 (Θ(t) − Θ∗)2, H < 0, and the block ‘‘PDE-PDEcascade’’ can

represent Delay-Wave or Heat-Wave cascades of PDEs. Hence, for ω

sufficiently large, we can conclude:
(a) For the Delay-Wave Cascade (4)–(7), the state variables Γ̃ (t),

ϑ(t), ζ̄ (x, t), ω̄(x, t), v(x, t) have an unique locally exponentially
table periodic solution in t of period Π := 2π/ω, denoted by
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Fig. 5. Evolution of the infinite-dimensional state α(x, t) of the wave PDE model with delayed input (D = 1) from α(1, t) = θ (t − D) to α(0, t) = Θ(t), with
∗

= θ∗
= 2. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
˜ Π (t), ϑΠ (t), ζ̄Π (x, t), ω̄Π (x, t), vΠ (x, t), satisfying ∀t ≥ 0:

Γ̃ Π (t)
⏐⏐ +

⏐⏐ϑΠ (t)
⏐⏐ +

ζ̄Π (t)


∞
+

ω̄Π (t)


∞
+

vΠ (t)


∞

≤ O (1/ω) . (158)

(b) For the Heat-Wave Cascades (89)–(95), for each ε > 0,
there exists a constant ε0 ∈ (0 , ε) such that, any solution for an
initial value X0 = [ϑ(0) , ζ̄ (·, 0) , ω̄(·, 0) , v(·, 0) ,U(0) , Γ̃ (0)]T with
∥X0∥H ≤ ε0 converges to an O(1/ω)-neighborhood of the origin in
the state–space H := R × L∞[0,1] × L∞[0,1] × L∞[1,1+D] × R × R.

Moreover, the same set of ultimate error bounds given in (85)–
(87) and (146)–(148) can still be guaranteed for the Newton-based
ES control algorithm of Table 1 according to the results of Theorems 1
and 2, respectively. For both cases, we can also write:

lim sup
t→∞

|Γ (t) − H−1
| = O (1/ω) . (159)

Proof. See Appendix C. □

9. Simulation example

Due to space constraints, we will focus on showing the nu-
merical simulations only for the extremum seeking feedback for
wave PDEs with input delay of Section 5 (Fig. 2).

In this context, we consider a quadratic static map as in (2),
with Hessian H = −2, optimizer Θ∗

= θ∗
= 2, and optimal

value y∗
= 5. The input delay is set to D = 1. As discussed

in [30], this small delay is enough to produce instability of the
open-loop system composed by the cascade of delay-wave PDEs.
The parameters of the proposed ES are chosen as ω = 10, a = 0.2,
c = 10, and K = 0.4. In particular, we have used low-pass and
washout filters with corner frequencies ωh = 1 and ωl = 1 in
order to improve the numerical estimates of the gradient G(t) and
Hessian Ĥ(t), as suggested in Figures 1 and 4 of Refs. [9] and [14],
respectively. The simulation results of the closed-loop system are
illustrated in Figs. 5(a), 5(b), 6(a), 6(b), 7(a) and 7(b).

The evolution of the PDE state α(x, t) modeled by the wave
PDE models (4)–(7) with input delay is shown in Figs. 5(a) and
5(b). The values of the boundary input θ (t −D) and the boundary
output Θ(t) are highlighted with colors black/red and the initial
condition is highlighted with color blue. One can observe in
Fig. 6(a) that after a delay of D = 1 second, the variables Θ and θ

converge to a neighborhood of the optimum θ∗ and Θ∗, respec-
tively. Figs. 6(b) and 7(a)–7(b) also present relevant variables for
ES. It is clear the remarkable evolution of the output signal y(t)
as well as the Hessian’s estimates Ĥ(t) ultimately achieving the
extremum y∗

= 5 and the correct Hessian value H = −2, even
in the presence of the delay-wave cascade of PDEs. As expected,
9

the gradient’s estimate is driven to zero as the output of the map
y(t) approximates the extremum point.

When the nonlinear map y = Q (Θ) in (1) and (2) is flat
with the Hessian matrix satisfying the inequality |H| < 1, the
convergence rate with the Gradient ES in the neighborhood of the
extremum is expected to become slow. While the convergence
rate of the Gradient method is dictated by the unknown Hessian,
the Newton-based scheme is independent of that and thus the
PDE–PDE compensation can be achieved with an arbitrarily as-
signed convergence rate, improving the controller performance.
Such a property can be verified in Fig. 8(a), where we have per-
formed the simulation test with a different value for the Hessian,
given by H = −0.2. This is possible due to the exact estimation of
the Hessian’s inverse H−1 provided by the Riccati filter (149) with
ωr = 2 (see Fig. 8(b)), which cancels the effects of the Hessian in
the convergence rate of the Newton-based ES.

10. Conclusion

In this paper, we developed a novel ES boundary control
approach (Gradient and Newton-based versions) in order to com-
pensate cascades of PDEs in the input of locally quadratic static
maps with unknown parameters.

The topic of ES for PDE–PDE cascades is in its infancy. Its first
comprehensive coverage was the aim of this paper. We started
with the representation of a wave PDE as a feedback loop of
two transport delay equations. We achieved stabilization for such
a wave equation plant. The result of this delay-delay feedback
loop helped us to resolve the Datko problem [30] for ES in the
sense that the proposed ES boundary control stabilized the wave
equation system in the presence of an arbitrarily long delay, not
only in the presence of a small delay.

We did derive the feedback laws and made statements of
closed-loop stability through an input-to-state stability analysis
of coupled PDEs (with and without small-gains in the loops),
averaging in infinite dimensions and the associated estimates
for the backstepping transformations between the plant and the
target system. Local exponential convergence to a small neigh-
borhood of the extremumwas guaranteed. Consistent simulations
were provided to support the theoretical developments.

While in Section 7 we hint at the opportunities that exist
in extending the results from Sections 4 and 5 of the paper to
other classes of PDE–PDE cascades involving heat-wave PDEs,
much still remains to be done in terms of the implementability
of the control laws and analysis of the closed-loop systems on
the topic of control of cascades of PDEs from different families
(parabolic–hyperbolic in either order) that are interconnected
through boundary conditions.
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θ

t

Fig. 6. Compensation of a wave PDE with input delays in ES using boundary Dirichlet actuation: time responses of θ (t − D), Θ(t) converging to the maximizers
∗

= Θ∗
= 2 and y(t) converging to the extremum y∗

= 5.
Fig. 7. Compensation of a wave PDE with input delay in ES using boundary Dirichlet actuation: time response of the gradient estimate G(t) converging to zero and
he Hessian’s estimate Ĥ(t) converging to H = −2.
Fig. 8. Newton-based ES versus Gradient ES: time responses of the output y(t) and the Hessian’s inverse estimate Γ (t), both subject to a delay-wave cascade.
We can apply our approach adaptively to unknown constant
wave coefficients or heat parameters that vary sufficiently slowly,
as in [39], but we have to be careful with this. Basically, all
the parameters of a reaction–advection–diffusion equation can be
unknown—if the full PDE state is measured. If the PDE state is not
measured, then, we cannot adaptively handle unknown diffusion,
for instance.

However, because the wave/diffusion parameter enters non-
linearly into the additive dithers, the result would necessarily be
local (the initial estimate of the wave/diffusion parameter would
have to be close to the actual wave/diffusion coefficient). This is
10
similar to the delay-adaptive work in early papers by [40–42],
where one gets only a local result, with no advantage relative
to relying on delay-robustness. In the same sense, this would
offer little advantage over the existing robustness of the diffusion
compensator feedback to small perturbations in the diffusion
parameter, which is proved in [27, Section 15.3].

It is likely possible to develop results, for extremum seeking,
on: (a) delay-robustness, (b) diffusion robustness, and (c) perhaps
Young modulus-robustness—this is the least predictable due to
the Datko counterexamples for wave PDES [30] but the approach
by Auriol and Di Meglio [43] is encouraging.
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As for adaptation for unknown delay, diffusion, or Young mod-
ulus, even if we can do it outside of the extremum seeking (ES)
context, doing it under ES is problematic. Adaptive control sys-
tems are never exponentially stable, unless there is persistency
of excitation. In ES we have persistency of excitation to estimate
the input parameter θ , but we generally do not have a persistency
of excitation for estimating unknown delays or diffusions. So, we
would get an average system that has neutral stability plus the
regulation of θ̂ to the true θ . Then, we would not be able to
apply an averaging theorem to establish the regulation of θ̂ to θ

in the non-average system. Guay, Dochain and co-authors [44–
47] have made important advances in the general direction of
combining model-free ES with model-based adaptive control, for
systems governed by ordinary differential equations (ODE’s), but
PDEs and nonlinear parametrizations bring a whole additional set
of challenges.

CRediT authorship contribution statement

Tiago Roux Oliveira: Conceptualization, Formal analysis, In-
vestigation, Software, Validation, Visualization, Writing – original
draft, Writing – review & editing. Miroslav Krstic: Formal anal-
ysis, Investigation, Methodology, Supervision, Validation, Writing
– original draft, Writing – review & editing.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Appendix A. Proof of Theorem 1

The proof of Theorem 1 follows analogous steps employed to
prove [1, Theorem 1] and [4, Theorem 1]. In this sense, we will
focus our attention in order to show the main different parts of
the demonstration.

The first step of the proof is to write the average version of
the closed-loop systems (77)–(83):

ϑ̇av(t) = ζ̄av(0, t) , (A.1)

t ζ̄av(x, t) = ∂xζ̄av(x, t), x ∈ [0, 1] , (A.2)

ζ̄av(1, t) = 2vav(1, t) − ω̄av(1, t) , (A.3)

t ω̄av(x, t) = −∂xω̄av(x, t), x ∈ [0, 1] , (A.4)

ω̄av(0, t) = ζ̄av(0, t) , (A.5)

∂tvav(x, t) = ∂xvav(x, t), x ∈ [1, 1 + D] , (A.6)

∂tvav(1 + D, t) = −cvav(1 + D, t) −
c
2

[
ζ̄av(1, t) − ω̄av(1, t)

]
+ cKH

[
ϑav(t) +

∫ 1+D

1
v(x, t)dx +

∫ 1

0
ζ̄ (x, t)dx

]
. (A.7)

he main idea is to apply the backstepping transformation (62)–
64) into (A.1)–(A.7) in order to obtain the average target system
65)–(68).

While in [1, Theorem 1] and [4, Theorem 1] it was possible to
rove the local exponential stability of the average closed-loop
ystem using a Lyapunov functional [27], a different approach
s adopted here. We will show that it is possible to guarantee
he local exponential stability for the average closed-loop system
65)–(68) by a small-gain analysis.

Note that each sub-system (ODE, PDE1, PDE2, PDE3) in (65)–
68) is ISS with respect to its corresponding input signal or
11
boundary input [32]. Moreover, the last ISS-loop in PDE3 has a
small parameter

µ = 1/c (A.8)

in the boundary condition (68), if c is chosen sufficiently large.
In this case, by applying successively the Small-Gain Theo-

rem [32, Theorem 8.1, p. 198] for hyperbolic PDE–ODE loops, we
can conclude the exponential stability of the average target sys-
tem since the small-gain condition (8.2.20) in [32, Theorem 8.1,
p. 198] holds provided 0 < µ < 1 is sufficiently small. There-
fore, if such a small-gain condition holds, then [32, Theorem 8.1,
p. 198] allows us to conclude that there exist constants δ , ∆ > 0
such that for every ϑav

0 ∈ R, wav
0 ∈ C0([0 , 1]), ϖ av

0 ∈ C0([0 , 1]),
ζ av
0 ∈ C0([1 , 1 + D]), the unique generalized solution of this
nitial–boundary value problem, with ϑav(0) = ϑav

0 , wav(x, 0) =

wav
0 , ϖav(x, 0) = ϖ av

0 and ζav(x, 0) = ζ av
0 satisfies the following

estimate:

|ϑav(t)| + ∥wav(t)∥∞ + ∥ϖav(t)∥∞ + ∥ζav(t)∥∞

≤ ∆(|ϑav
0 | + ∥wav

0 ∥∞ + ∥ϖ av
0 ∥∞ + ∥ζ av

0 ∥∞) exp(−δt) ,

∀t ≥ 0 . (A.9)

Therefore, we conclude the origin of the average target system
(65)–(68) is exponentially stable under the assumption of 0 <

< 1 in (68) and (A.8) being sufficiently small. Then, from
he inverse of the backstepping transformations (62)–(64), we
an conclude the same result for the closed-loop average system
A.1)–(A.7) for the variables (ϑav(t), ζ̄av(x, t), ω̄av(x, t), vav(x, t))
such that Ω(t) ≤ MΩ(0)e−λt , for M , λ > 0, in the norm

Ω(t) := |ϑav(t)| + ∥ζ̄av(t)∥∞ + ∥ω̄av(t)∥∞ + ∥vav(t)∥∞ . (A.10)

As developed in the demonstrations of [1, Theorem 1] and [4,
Theorem 1], the next step is the application of the local averag-
ing theory for infinite dimensions systems in [33] showing the
periodic solutions indeed satisfy inequality (84).

When we use the Riemann transformation [36] given in (32)–
(33) to convert the wave equations (72)–(74) in the closed-loop
systems (71)–(76) to a feedback loop of two first-order trans-
port equations which convect in opposite directions, as described
in PDE 1 and PDE 2 sub-systems of the representation (58)–
(61), the complete ODE–PDE 1-PDE 2-PDE 3 cascade can also
be interpreted as an input-state delayed1 ordinary differential
equation [36], delayed by 1+D units of time. Hence, the complete
closed-loop system (58)–(61) with U(t) in (70), represented in the
forms (77)–(83), can be rewritten as:

ż(t) = f (ωt, zt ) , (A.11)

where z(t) = [ϑ̃(t) , ξ (t) ,U(t)]T is the state vector, with ξ (t)
representing the equivalent delayed state [36] of the PDE 1 in
(59) and PDE 2 in (60) of the functional differential equation.
Defining ξ (t) = ᾱ(0, t) and noting that ζ̄ (0, t) = ξ̇ (t) + ᾱx(0, t)
from (32), one can write ξ̇ (t) =

ζ̄ (0,t)+ω̄(0,t)
2 , according to (35). The

distributed terms of U̇(t) = vt (1 + D, t) in (83) are encompassed
by zt (r) = z(t + r) for −(1 + D) ≤ r ≤ 0, with f being
an appropriate continuous functional, such that the averaging
theorem by Hale & Lunel [33, Section 5] (see Appendix of [1] for
a compact version) can be directly applied, considering ω = 1/ϵ.

1 From (61), recall that any delayed signal U(t−D) with constant delay D > 0
can be modeled by the following first-order hyperbolic PDE, also referred to
‘‘transport PDE’’: vt (x, t) = vx(x, t), x ∈ [1, 1+D], with v(x, t) = U(t + x− 1−D)
such that v(1, t) = U(t −D) and v(1+D, t) = U(t). On the other hand, from the
transport equations (59) and (60), we have that ζ̄ (x, t) = ζ̄ (σ , t + x − σ ) and
ω̄(x, t) = ω̄(σ , t − x+ σ ) = ζ̄ (x, t − 2x) for any 0 ≤ σ ≤ x ≤ 1 and any t ≥ 0. In
particular, ζ̄ (x, t) = W (t − 1 + x) and ω̄(x, t) = W (t − 1 − x) for any x ∈ [0, 1]
and t ≥ 0, where W (t) = ζ̄ (1, t). For more details, see [48, Remark 1].
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Since we have already proved the origin of the average closed-
loop systems (A.1)–(A.7) is exponentially stable in the first part
of the proof, by applying the averaging theorem for infinite-
dimensional systems developed in [33, Section 5], for ω suf-
iciently large, we conclude (77)–(83) has a unique exponen-
ially stable periodic solution around its equilibrium satisfying
nequality (84).

The final step to complete the proof is the conclusion of the
ttractiveness of the extremum point (θ∗, Θ∗, y∗) according to
85)–(87). Applying Agmon’s, Poincare’s and Young’s inequality
n the LHS of (10), along with (10)–(13), we have

˜2(t − D) ≤ (1 + 2D)ϑ(t)2 + (4D2
+ 1)∥ᾱx(t)∥2. (A.12)

rom (35), we can rewrite (A.12) as

˜2(t −D) ≤ (1+ 2D)ϑ(t)2 + (4D2
+ 1)

1
2

[
ζ̄ (t) − ω̄(t)

]2

. (A.13)

Inequality (A.13) can be written in terms of the periodic solu-
tion ϑΠ (t), ζ̄Π (x, t) and ω̄Π (x, t) as follows

lim sup
t→∞

|θ̃ (t − D)|
2

=

lim sup
t→∞

{
(1 + 2D)|ϑ(t) + ϑΠ (t) − ϑΠ (t)|2

}
+

lim sup
t→∞

{
(4D2

+ 1)

×

1
2

[
ζ̄ (t) + ζ̄Π (t) − ζ̄Π (t) −

(
ω̄(t) + ω̄Π (t) − ω̄Π (t)

)]2
}

.

(A.14)

y applying Young’s inequality and some algebra it holds

ϑ(t) + ϑΠ (t) − ϑΠ (t)|2 ≤
√
2
(
|ϑ(t) − ϑΠ (t)|2 + |ϑΠ (t)|2

)
.

The same procedure can be applied to the second term on the RHS
of (A.14). From the averaging theorem [33, Section 5], we know
that ϑ(t)− ϑΠ (t) → 0, ζ̄ (t)− ζ̄Π (t) → 0 and ω̄(t)− ω̄Π (t) → 0,
exponentially as t → +∞. Hence,

lim sup
t→∞

|θ̃ (t − D)|
2

= lim sup
t→∞

{√
2(1 + 2D)|ϑΠ (t)|2

}
+ lim sup

t→∞

{
√
2(4D2

+ 1)
1
2

[
ζ̄Π (t) − ω̄Π (t)

]2
}

. (A.15)

Along with (84), we can conclude

lim sup
t→∞

|θ̃ (t − D)| = lim sup
t→∞

|θ̃ (t)| = O (1/ω) . (A.16)

From (8) and Fig. 2, we can write θ (t) − θ∗
= θ̃ (t) + S(t), and

recalling S(t) in (26) is of order O (a), we finally get with (85).
The convergence of the propagated actuator Θ(t) to the optimizer
Θ∗ is now discussed. Using (27) and taking its absolute value, one
has

|Θ(t) − Θ∗
| = |ϑ(t) + a sin(ω(t))| . (A.17)

As in the convergence proof of the parameter θ (t) to the optimal
input θ∗ above, we write (A.17) in terms of the periodic solution
ϑΠ (t) and follow the same steps by applying Young’s inequality
and reminding that ϑ(t) − ϑΠ (t) → 0 exponentially according
to the averaging theorem [33, Section 5]. Hence, along with (84),
we finally get (86). To show the convergence of the output y(t)
of the static map to the optimal value y∗, we replace Θ(t) − Θ∗

in (3) by (27) and take the absolute value:

|y(t) − y∗
| =

⏐⏐⏐⏐H [ϑ(t) + a sin(ω(t))]2
⏐⏐⏐⏐ . (A.18)
2
12
Expanding the quadratic term in (A.18) and applying Young’s in-
equality to the resulted equation, one has |y(t) − y∗

| =⏐⏐H [
ϑ(t)2 + a2 sin2(ωt)

]⏐⏐. As before, we add and subtract the peri-
odic solution ϑΠ (t) and use the convergence of ϑ(t)−ϑΠ (t) → 0
ia averaging theorem [33, Section 5]. Hence, again with (84), we
et (87).

ppendix B. Proof of Theorem 2

Let us obtain the average system associated with the closed-
oops (132)–(139). The expression (144) of the output y has the
ame form as the one in common PDE-free ES problems. Hence,
verage computation done in the literature, specially in [14], also
orks for our problem.
If Q (·) is the quadratic map (88), then the average of (143) can

e explicitly computed as

ω

2π

∫ 2π/ω

0
F5(ωτ, Xav)dτ = −

c
2

[
Xav
2 (1) − Xav

3 (1)
]
+ cKHXav

1

− cKH
[∫ 1+D

1
(1 + D − σ )Xav

5 (σ )dσ +

∫ 1

0
Xav
2 (σ )dσ

]
, (B.1)

or each Xav
= [Xav

1 , Xav
2 , Xav

3 , Xav
4 , Xav

5 ]
T

∈ H. From the argu-
ment above, the average system associated with the closed-loop
systems (132)–(139) is given by

ϑ̇av(t) = ζ̄av(0, t) , (B.2)

∂t ζ̄av(x, t) = ∂xζ̄av(x, t), x ∈ [0, 1] , (B.3)

ζ̄av(1, t) = 2vav(1, t) − ω̄av(1, t) , (B.4)

∂t ω̄av(x, t) = −∂xω̄av(x, t), x ∈ [0, 1] , (B.5)

ω̄av(0, t) = ζ̄av(0, t) , (B.6)

∂tvav(x, t) = ∂xxvav(x, t), x ∈ [1, 1 + D] , (B.7)

∂xvav(1, t) = 0, (B.8)

∂tvav(1 + D, t) = −cvav(1 + D, t) −
c
2

[
ζ̄av(1, t) − ω̄av(1, t)

]
+ cKH

[
ϑav(t) +

∫ 1+D

1
(1 + D − x)vav(x, t)dx +

∫ 1

0
ζ̄av(x, t)dx

]
.

(B.9)

Applying the backstepping transformations (111)–(113) into
(B.2)–(B.9), we obtain the average target systems (114)–(121).

Now, from the ISS properties [32] of each sub-system of (114)–
(121), we can write the following ISS-inequalities:

|ϑav(t)| ≤ M1|ϑav(0)|e−λ1t + γ1 max
0≤s≤t

(|wav(0, s)|), (B.10)

ϖav(t)∥∞ ≤ M2∥ϖav(0)∥∞e−λ2t + γ2 max
0≤s≤t

(|wav(0, s)|), (B.11)

wav(t)∥∞ ≤ M3∥wav(0)∥∞e−λ3t + γ3 max
0≤s≤t

(|zav(1, s)|), (B.12)

zav(t)∥∞ ≤ M4∥zav(0)∥∞e−λ4t + γ4 max
0≤s≤t

(|vav(1 + D, s)|), (B.13)

or λ1 = −KH > 0 in (B.10) and the remaining constants Mi,
i and γi being appropriate positive constants. To obtain (B.13),
e first need to compute ∂tzav(1 + D, t). Recalling (110) and

¯av(1, t) = v(1, t)+ ᾱx(1, t), by means of the integration by parts
e can write

tzav(1 + D, t) = −czav(1 + D, t) − KHvav(1 + D, t)

+ KHvav(1, t) − ∂tvav(1, t) − KH ζ̄av(1, t) + ∂t ζ̄av(1, t) . (B.14)

n the other hand, Eqs. (111) and (113) can be used to obtain
t ζ̄av(1, t) and ∂tvav(1, t), such that

Hv (1, t) − ∂ v (1, t) − KH ζ̄ (1, t) + ∂ ζ̄ (1, t)
av t av av t av
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= KHzav(1, t) − ∂tzav(1, t) − KHwav(1, t) + ∂twav(1, t) = 0 ,

(B.15)

according to (116). Then, in the time scale τ = µt (with µ = 1/c),
the system (121) and (B.14) is rewritten as

Z ′

1 = −Z2 , Z ′

2 = −Z2 − µKHZ1 , (B.16)

where Z1(t) := vav(1 + D, t), Z2(t) := zav(1 + D, t), Z ′

1 :=
dZ1
dτ and

Z ′

2 :=
dZ2
dτ . Hence, for any µ = 1/c > 0, we can conclude

av(1 + D, t) → 0 , zav(1 + D, t) → 0 , (B.17)

exponentially as t → +∞. In particular, in this new analysis the
filter pole ‘‘c ’’ in (122) does not need to be made sufficiently large
to guarantee stability. Finally, from (B.17) and (B.10)–(B.13), we
can show (114)–(121) is exponentially stable by means of [32,
Theorem 11.5, p. 277]. Hence, there exist constants M > 0 and
λ > 0, which are independent of the initial data, such that,
∀t ≥ 0:[ϑ(t) , ζ̄ (·, t) , ω̄(·, t) , v(·, t) ,U(t)]


H ≤

M
[ϑ(0) , ζ̄ (·, 0) , ω̄(·, 0) , v(·, 0) ,U(0)]


H e−λt . (B.18)

It is worth mentioning that a similar result (for a slightly differ-
ent norm) could be obtained through the following Lyapunov-
Krasovskii functional:

V (t) =
ā
2
ϑ2
av(t) + b̄

∫ 1

0
eḡ(1+x)w2

av(x, t)dx + c̄
∫ 1

0
eh̄(1−x)ϖ 2

av(x, t)dx

+
d̄
2

∫ 1+D

1
z2av(x, t)dx +

ē
2

∫ 1+D

1
∂xz2av(x, t)dx +

f̄
2
z2av(1 + D, t) ,

(B.19)

or some ā , b̄ , c̄ , d̄ , ē , f̄ , ḡ , h̄ > 0. Following analogous deriva-
ions detailed in the proof of [4, Theorem 1, Step 3], we get
˙ (t) ≤ −λV (t), for λ > 0, if b̄ = 2c̄ , ḡ = h̄, and recalling KH < 0.

Since the closed-loop average system is exponentially stable,
t is time to invoke the averaging theorem for infinite dimen-
ions [33, Section 2] (see Appendix A of [4] for a compact version)
o conclude the existence of a periodic solution of order O(1/ω)
or which the state vector ultimately converges. To apply the
veraging theorem [33, Section 2], we need to check that the
perator A in (140) and (145) is a generator of strongly contin-
ous semigroup TA on H and the generated semigroup TA has a
moothing property. The required property is as follows: for any
: [0 , ∞) → H being norm continuous, the following relations
old:

i)
∫ t

0
TA(t − τ )h(τ )dτ ∈ D(A) , ∀t ≥ 0 , (B.20)

ii)
A ∫ t

0
TA(t − τ )h(τ )dτ

 ≤ Me−λ̄t max
0≤τ≤t

∥h(τ )∥H , (B.21)

here M > 0 and λ̄ ∈ R are independent of h. This is called
n [33]: the Property (H).

On the other hand, the operator A in (145) and defined by
140) is surely the generator of strongly continuous semigroup TA
n H [49]. However, TA does not fulfill the smoothing Property
H) in general. Fortunately, the perturbation F (ωt, X) defined in
142) merely has the finite-dimensional component F5(ωt, X).
ence, in our problem, TA only has to satisfy (B.20) and (B.21)
or h : [0 , ∞) → H of the form h(t) = [0 , 0 , 0 , 0 , h5(t)]T for
ny continuous h5 : [0 , ∞) → R. We can explicitly compute the
ntegral of TA(t − τ )h(τ ) with respect to τ from 0 to t for given
(t) = [0 , 0 , 0 , 0 , h5(t)]T . This can be inferred from the resulting
xpression that TA satisfies the Property (H). Then, the theorem
ollows from the exponential stability of the closed-loop average
ystem and the averaging theorem [33, Section 2].
13
The remaining steps of the proof are quite similar to those
employed in Theorem 1, reminding that the final residual set
for the error θ (t) − θ∗ in (146) depends on ae

√
ω
2 D due to the

amplitude of the additive dither S(t) in (131).

Appendix C. Proof of Theorem 3

From the second equation in (31), the average model for the
Hessian’s inverse estimation error in (151) is

dΓ̃av(t)
dt

= −ωr Γ̃av(t) − ωrHΓ̃ 2
av(t) . (C.1)

On the other hand, the linearized version of (C.1) at Γ̃av(t) = 0 is

dΓ̃av(t)
dt

= −ωr Γ̃av(t) , (C.2)

which is locally exponentially stable since ωr > 0. Once the
Γ̃av-subsystem (C.2) is completely decoupled from the other vari-
ables of the closed-loop feedback, the exponential stability of the
overall systems (in some appropriate norm) can be orchestrated
by following the same analysis carried out in Theorem 1 for the
Delay-Wave cascade and Theorem 2 for the Heat-Wave cascade.
The main differences are discussed in the following for the two
cases.

• Delay-Wave Cascade: By recalling (155) and applying the
following backstepping transformations

w(x, t) = ζ̄ (x, t) + K
∫ x

0
ζ̄ (σ , t)dσ + Kz(t), x ∈ [0, 1], (C.3)

ϖ (x, t) = ω̄(x, t) − K
∫ x

0
ω̄(σ , t)dσ + Kz(t), x ∈ [0, 1], (C.4)

ζ (x, t) = v(x, t) + K
∫ x

1
v(σ , t)dσ

+ ᾱx(1, t) + K
∫ 1

0
ζ̄ (σ , t)dσ + Kz(t), x ∈ [1, 1 + D],

(C.5)

into (58)–(61), the resulting average target system for (51)–(56)
is given by

ODE : ϑ̇av(t) = −Kϑav(t) + wav(0, t) , (C.6)

PDE 1 :

{
∂twav(x, t) = ∂xwav(x, t), x ∈ [0, 1] ,

wav(1, t) = ζav(1, t) ,
(C.7)

PDE 2 :

{
∂tϖav(x, t) = −∂xϖav(x, t), x ∈ [0, 1] ,

ϖav(0, t) = wav(0, t) .
(C.8)

PDE 3 :

{
∂tζav(x, t) = ∂xζav(x, t), x ∈ [1, 1 + D] ,

ζav(1 + D, t) = −
1
c ∂tvav(1 + D, t) .

(C.9)

• Heat-Wave Cascade: Analogously, by employing the next
backstepping transformations along with (155)

w(x, t) = ζ̄ (x, t) + K
∫ x

0
ζ̄ (σ , t)dσ + Kz(t), x ∈ [0, 1], (C.10)

ϖ (x, t) = ω̄(x, t) − K
∫ x

0
ω̄(σ , t)dσ + Kz(t), x ∈ [0, 1], (C.11)

z(x, t) = v(x, t) + K
∫ x

1
(x − σ )v(σ , t)dσ

+ ᾱx(1, t) + K
∫ 1

0
ζ̄ (σ , t)dσ + Kz(t), x ∈ [1, 1 + D], (C.12)
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nto (103)–(109), the resulting average target system is

˙av(t) = −Kϑav + wav(0, t), (C.13)

∂twav(x, t) = ∂xwav(x, t) , x ∈ [0, 1] , (C.14)

wav(1, t) = zav(1, t) , (C.15)

∂tϖav(x, t) = −∂xϖav(x, t) , x ∈ [0, 1] , (C.16)

ϖav(0, t) = wav(0, t) , (C.17)

∂tzav(x, t) = ∂xxzav(x, t), x ∈ [1, 1 + D] , (C.18)

∂xzav(1, t) = 0 , (C.19)

zav(1 + D, t) = −
1
c
∂tvav(1 + D, t) . (C.20)

Notice that (C.7)–(C.9) [and (C.14)–(C.20)] are exactly the same of
(66)–(68) [and (115)–(121)]. In addition, (C.6) [and (C.13)] differs
from (65) [and (114)] only by the convergence rate in the ISS
relation (−K rather than KH).

After that, we need to incorporate the dynamics of Γ̃ (t) given
in (151) to Eq. (A.11) such that the augmented state is redefined
by z(t) = [ϑ̃(t) , ξ (t) ,U(t) , Γ̃ (t)]T for the Delay-Wave case. Anal-
ogously, for the Heat-Wave cascade, we need to rewrite the evo-
lution equation (145) with X(t) = [ϑ(t) , ζ̄ (·, t) , ω̄(·, t) , v(·, t) ,
U(t) , Γ̃ (t)]T and the time-varying nonlinear perturbation term is
given by

F (ωt, X) = [0 0 0 0 F5(ωt, X) F6(ωt, X)]T , (C.21)

where F5(ωt, X) is the same as (143) and

F6(ωt, X) = ωr
(
X6 + H−1) [

1 +
8
a2

cos(2ωt)y
(
X6 + H−1)] .

(C.22)

The remaining steps of the proof are quite similar to those
employed in Theorem 1 for the Delay-Wave PDEs and Theorem 2
for the Heat-Wave cascades, reminding that the final residual
set for the error Γ̃ (t) in (159) is a direct consequence of the
exponential stability of the averaging system and the application
of the averaging theorem [33] for the closed-loop systems (C.2)
and (C.6)–(C.9) [or (C.13)–(C.20)]. In this sense, Γ̃ (t)−Γ̃ Π (t) → 0,
exponentially as t → +∞ and Γ̃ Π (t) is of order O(1/ω).

In particular, the convergence rate of both estimators of the
gradient ϑav(t) in (C.6) [and (C.13)] as well as the Hessian inverse
Γav(t) in (C.2) is independent of the unknown Hessian and can be
assigned arbitrarily by the user [14] by choosing K and ωr .
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