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The goal of this paper is to shed light on new opportunities for extremum seeking through extensions
to locally quadratic nonlinear maps with actuator dynamics modeled by cascades of partial differential
equations (PDEs). First, we deal with PDEs with input delays such as, for example, the notoriously
difficult problem of a wave PDE with input delay where, if the delay is left uncompensated, an
arbitrarily short delay destroys the closed-loop stability. Then, we move forward to an even more
challenging class of problems for parabolic-hyperbolic cascades of PDEs, coping with a heat equation at
the input of a wave PDE. The treatment of such systems with PDE-PDE cascades is performed by means
of boundary control. The proposed approach yields (small-gain) loops that make the control design
constructive and enables stability analysis with quantitative estimates. Local exponential stability and
convergence to a small neighborhood of the unknown extremum point are rigorously guaranteed. This
result is achieved by using backstepping transformation and averaging in infinite dimensions. Although
we keep the presentation using the classical Gradient extremum seeking, the generalization of the
results for the Newton-based approach is also indicated. A numerical example is given to illustrate
the effectiveness of the proposed extremum seeking boundary control for compensation of PDE-PDE
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1. Introduction

In the last years [1-8], we have been working on the at-
tempt of expanding extremum seeking (ES) approach to a more
general class of dynamic systems, described not only by finite-
dimensional Ordinary Differential Equations (ODEs) [9-25]. In
this direction, ES was studied for time-delay systems [ 1-3], diffu-
sion processes [4,5], general classes of parabolic reaction-
advection-diffusion plants [6] and wave equations [7,8]. All of
them [1-8] could be described by infinite-dimensional Partial
Differential Equations (PDEs).

We have had to develop such an extension for PDE-based
systems from scratch and the principal message is: if the infinite-
dimensional system is not properly compensated in the ES feed-
back, then the closed-loop system goes unstable [1] or, in some
particular cases, the dither frequencies must be severely sacri-
ficed (decreased) in order to achieve sufficiently slow probing
signals to perform the correct search of the extremum, but also
resulting in quite slow responses [4].

The general recipe for this real-time optimization problem
involving PDEs in the input of nonlinear convex maps is the re-
design of the additive perturbations (dither signals) as a trajectory
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generation problem [26, Chapter 12] and the application of PDE
boundary control to the classical ES framework [26,27].

Unlike any of our previous publications, where a single PDE
was considered in the input of the nonlinear map to be optimized,
in this paper we face the more general setup with a cascade of
two PDEs rather than a single one. The control of PDE cascades or
interconnected PDEs is an exciting and challenging problem that
has become active over the last 10 to 15 years, see [27, Part V] and
references therein. An example of such an effort is the stability
and controllability analysis of a heat-wave system by [28]. The
effort in PDE cascades is motivated partly by problems in fluid-
structure interaction and other interactive physical processes [27,
Chapter 20]. Despite that and to the best of our knowledge, there
is no publication in the literature about ES for PDE-PDE cascades.
The current paper fills this gap. Fig. 1 illustrates the fundamental
block diagram of the problem we are solving here.

We start with a presentation of the control design for the
wave PDE with input delay [29]. For clarity and historical context,
we first specialize this design to the baseline problem without
input delay. Efforts in delay-PDE cascades are motivated by the
interest to address the lack of delay robustness identified by [30]
showed that standard feedback laws for wave equations have
a zero robustness margin to the introduction of a delay in the
feedback loop—an arbitrarily small measurement delay or in-
put delay results in closed-loop instability. Such a result does
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Fig. 1. Block diagram for implementation of ES control design for PDE-PDE cascades (in red) at the input of nonlinear convex maps Q(-). Although the multiplicative
perturbation signals M(t) and N(t) are the same of the classical ES designs [9], the additive dither S(t) (in blue) must be redesign using the trajectory generation
paradigm [26, Chapter 12] and the application of an adequate boundary control law (in blue) for PDE-PDE compensation is mandatory.

neither arises with finite-dimensional plants, nor with parabolic
PDEs [31]. Thereafter, we deal with cascades of parabolic and
hyperbolic PDEs. The parabolic-hyperbolic cascade is represented
by a heat equation at the input of a wave equation. Both versions
of the extremum seeking algorithm (Gradient and Newton-based)
are considered [14].

Stability analysis for cascades of stable PDEs from different
classes, when interconnected through a boundary, virtually ex-
plodes in complexity despite the seemingly simple structure
where one PDE is autonomous and exponentially stable and feeds
into the other PDE. The difficulty arises for two reasons. One
is that the connectivity through the boundary gives rise to an
unbounded input operator in the interconnection. The second
reason is that the two subsystems are from different PDE classes,
with different numbers of derivatives in space or time (or both).
This requires delicate combinations of norms in the Lyapunov
functions for the overall systems [27], the use of PDE small-gain
results in various state norms or in the supremum norm [32].

In this sense, we rigorously conduct the stability analysis
for the average closed-loop system starting with a development
of the backstepping transformation and a proof of stability of
the target system [26,27] by means of the Input-to-State Sta-
bility (ISS) analysis for cascades of dynamical ODE- and PDE-
systems [32] (with and without small-gain loops), followed by
the corresponding equivalence in the original variables of the
system, and a derivation of the estimates on the transforma-
tion kernels, which complete the overall stability proof for the
average closed-loop system. Finally, the averaging theorem in
infinite dimensions [33] is invoked to conclude the local (practi-
cal) exponential stability of the original non-average system. We
derive explicit formulas for the control gains, and we also find
the explicit formulas for the solutions of the closed-loop system
showing that a small neighborhood of the extremum point is
ultimately achieved.

2. Preliminaries

We denote the partial derivatives of a function u(x,t) as
oyu(x, t) = du(x, t)/0x, oru(x,t) = du(x, t)/dt. We conveniently
use the compact form uy(x, t) and u.(x, t) for the former and the
latter, respectively.

The 2—norm of a finite-dimensional (ODE) state vector X(t)
is denoted by single bars, |X(t)|. In contrast, norms of functions
(of x) are denoted by double bars. By default, || - | denotes the
spatial L,[0, D] norm, ie., || - || = | - ll5,[0,01. Since the PDE
state variable u(x, t) is a function of two arguments, x and t,
we should emphasize that taking a norm in one of the variables
makes the norm a function of the other variable, as adopted
in [27]. For example, the L,;[0, D] norm of u(x, t) in x € [0, D]

12
is Jlu(t)] = <f0D uz(x,t)dx> , whereas the L,[0, D] norm is

defined by [[u(t)ll1o0,01 = lU(t)llco = SUPxejo.py IU(X, ).

Now, consider a generic nonlinear system x = f(t,x,€),
where x € R", f(t,x,€) is periodic in t with period T, ie.,
flt + T,x,e) = f(t,x,€). Thus, for ¢ > 0 sufficiently small,
we can obtain its average model given by X, = fi(Xay), With
fav(Xay) = 1/T fOTf(r, Xav, 0)dT, where x,,(t) denotes the average
version of the state x(t) [34].

As defined in [34], a vector function f(t,e) € R" is said to
be of order O(¢) over an interval [ty, t;] if there exist positive
constants k and €* such that |f(t,€)] < ke, Ve € [0,€*] and
Vt € [ty, t2]. In most cases we provide no precise estimates for
the constants k and €*, and we use O(¢) to be interpreted as an
order of magnitude relation for sufficiently small €.

The definition of the Input-to-State Stability (ISS) for ODE-
based as well as for PDE-based systems are assumed to be as
provided in [34] and [32], respectively.

3. Static maps with actuation dynamics governed by wave
PDEs with input delays

In the simplest case of ES for static maps, the goal is to vary
in real-time the input @(t) of an unknown nonlinear static map

y(t) = Q(O(t)), (1)

in order to find and maintain the output y(t) at the unknown
extremum y*, where ®* is the unknown optimizer.

3.1. Plant and basic assumptions

Without loss of generality, we consider maximization prob-
lems. We further assume the map (1) satisfies the following
assumption.

Assumption 1. The unknown nonlinear static map (1) is locally
quadratic, i.e.,

* H *\2
QUO)=y" + (@ -67), (2)

in the neighborhood of the extremum, where besides ®* € R and
y* € R being unknown, the scalar H < 0 is the unknown Hessian
of the static map.

Assumption 1 states that, if maps are at least locally quadratic,
our methodology can be applied, and provide guarantees, in some
neighborhood of the extremum. For maps that are not locally
quadratic, and may not yield exponential stability of the average
system, an approach by [35] might lead to asymptotic practical
stability, not exponential, but the form of averaging theory that
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they use is not available for systems on Banach spaces (PDEs,
delays).

Hence, by plugging (2) into (1), the output of the static map
can be written as

H

S(0(6) = 077, (3)
Inspired by Ref. [29], we discuss the extension of our ES approach
for the case of wave PDEs with a delayed input, as a PDE-PDE
cascade. This is particularly an important problem since Datko
et al. [30] showed that standard feedback laws for wave equations
have a zero robustness margin to the introduction of a delay in
the feedback loop.

In this sense, we consider the following actuation dynam-
ics where the actuator 6(t) and the propagated actuator O(t)
are related according to the following delay-wave PDE cascade
system:

yO)y =y +

o(t) = «(0, t), (4)
Oa(x, t) = dpa(x, t), x€[0,1], (5)
0,(0,t) =0, (6)

)

a(1,t) = 6(t — D), (7

where «(x, t) is the infinite-dimensional state of the wave PDE
with spatial domain defined without loss of generality by x €
[0, 1]. The boundary delay is denoted by D > 0 being any
arbitrary known constant.

Combining the actuation dynamics (4)—(7) and the static map
(3), the closed-loop ES with actuation dynamics governed by a
delay-wave PDE system under boundary control is illustrated in
Fig. 2.

3.2. Estimation errors

As in the basic ES scheme, we define the unknown optimal
input 6* of 6(t) with respect to the static map and the wave
process, with the relation ®* = 6*. Since our goal is to find the
unknown optimal input 6*, we define the estimation error

a(t) = O(t) — o*, (8)

where é(t) is the estimate of 6*. To make (8) consistent with
the optimizer of the static map @*, we introduce the propagated
estimation error

9(t) = O(t) — O (9)
through the delay-wave PDE cascade

9(t) == «(0, t), (10)
oo (x, t) = ona(x, t), xe[0,1], (11)
ax(0,t) =0, (12)
a(1,t)=6(t — D). (13)
From the control loop in Fig. 2, we get

b(t) = U(t). (14)

Taking the time derivative of (10)-(13) and with the help of
(8) and (14), the propagated error dynamics is written as the
following cascade of a delay-wave PDE and ODE (integrator) with
Dirichlet interconnection:

D(t) = u(0, t), (15)
O u(x, t) = ou(x, t), xe€[0,1], (16)
uy(0,t) =0, (17)
u(1,t) = U(t — D), (18)
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where §(t — D) = é(t — D), since 6* is constant, and

u(x, t) = da(x, t). (19)
3.3. Additive and multiplicative dither signals

As in ES approach without actuation through a delay-wave
PDE cascade, the perturbation signal S(t) should add asin(wt) to
the input ©(t) of the map (1), thus compensating the effects of
the delay-wave process in the map’s input.

Hence, a sin(wt) with perturbation amplitude a and frequency
w is applied as follows:

B(0, t) = asin(wt), (20)

A B(x, t) = duB(x,t), x€10,1], (21)
Bx(0,t) =0, (22)
B(1,t) = B(1,t) = S(t — D), (23)
Be(x,t) = Bx(x,t), x€[1,1+D], (24)
B(1+D,t) = S(t), (25)

where the delay term was represented by the transport PDEs
(24)-(25). Egs. (20)-(25) describe a trajectory generation problem
as in [26, Chapter 12]. The explicit solution of (25) is given by

S(t) = acos(wD) sin(w(t + D)), (26)

since B(x, t) = acos(wx)sin(wt) and B(x, t) = S(t +x — 1 — D).

The relation between the propagated estimation error (t), the
propagated input @(t), and the optimizer of the static map ®* is
given by

9(t) + asin(wt) = O(t) — OF, (27)

which can be easily proven for x = 1 since

a(x, t) =a(x, t)— B(x, t)— OF, (28)

and considering 6(t) = é(t)—i—S(t) along with the solutions of (4)-
(7),(10)-(13) and (20)-(25). It remains to define the dither signal
N(t) which is used to estimate the Hessian of the static map by
multiplying it with the output y(t) of the static map. In [14], the
Hessian estimate for locally quadratic maps (3) is derived as

with N(t) = —E cos(2wt). (29)

A(t) = N(Oy(D) >

Note that the dither signal M(t), to estimate the gradient, is the
same as in the basic ES (see [9]), such that

G(t) = M(t)y(t) with M(t) = % sin(wt). (30)

Now, we introduce an important result of [14], where the
averaged version of the gradient (30) and Hessian (29) estimates
are

Gav(t) = Hﬁav(t)»

if a quadratic map as in (3) is considered. For the proof of (31),
see [14].

Ao (t) =H, (31)

4. Baseline case (D = 0): Wave PDE as a feedback loop of two
transport (delay) PDEs

Before we continue with the analysis of the delay-compen-
sating design for the formulation in the previous section, we
present the feedback law that is obtained in the absence of delay
(D = 0). This special case is of interest in its own right since it
achieves stabilization of the wave equation, as performed in [8].

The main idea is to convert the wave equation in (15)-(18)
into a feedback loop of two first-order transport equations which
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Fig. 2. Basic block diagram of the extremum seeking control system with a delay-wave PDE cascade system.

convect in opposite directions. To achieve this, we define the
following Riemann transformations [36]:

C(x, t) = ap(x, t) + ax(x, t) (32)
(X, t) = (X, t) — ax(x, t) (33)
with their corresponding inverses given by

C(x, t) + o(x, t)

a(x, t) = — (34)
Gn(x. £) = M (35)
Hence, (15)-(18) are reshaped as
ODE : 3(t) = (0, 1), (36)
G, t) =&x, 1),  xel0,1],
PDE 1: 2 37
{ (1,8) =U(t) + ax(1,t), (37)
) (X, t) = —ax(x,t), x€][0,1],
PDEZ.{ (0. 1) = £(0. 1), (38)
Applying the backstepping transformations [36]
w(x, t) = (x, t) — KH/ Z(o, t)do — KHO(t), (39)
0
w(x, t) = w(x, t) +KH/ (o, t)do — KHV(t), (40)
0
the resulting average target system for (36)-(38) is
léav(t) = KHﬁav(t) + an(07 t), (41)
Oway(X, £) = dyway(X, t),  way(0, t) = wa(0, 1), (42)
Orwav(X, t) = —xmav(X, ), (43)
wal1,6) =~ 31,0, (44)

which is exponentially stable for ¢ > 0 sufficiently large. This
result is not difficult of proving since (41) is exponentially ISS [32]
with respect to w,y(0, t). On the other hand, way(x, t) is finite-
time stable with respect to @w,,(0, t) and @,y (x, t) is asymptoti-
cally stable for ¢ — 400 (or w,y(1,t) — 0) [36].

Since u(1, t) = U(t) for D = 0, plugging (39) with x = 1 into
(44), we can write U,y (t) = —cway(1,t) as

1
Un(t) = —Zau(1, ) + cK [Hmv(t)w / Eav(x,t)dx]. (45)
0

Plugging the average version of (32) and (37) into (45), one has
Uai(t) = —cUa(t) + 0:@a(1, 1)]

1

+ cK |:H79av(t) + H/ [at&av(xv t) + ax&av(xa t)]dX] s (46)
0

which can be rewritten as

Uav(t) = —cUy(t)+c {_8x&av(17 t)+

1
+K [Hﬁav(t) + H/ [Oraav(X, t) + Oxotav(x, t)]dx] } . (47)
0

Reminding that G, (t) = H.(t) and Hy(t) = H from (31
(19), one can finally obtain the implementable control law

) and

U(t) = —cU(t) + ¢ {—&X(L t)+

1
+K [G(t) +1:I(t)[ [u(x, t) + ax(x, t)]dx]} ; (48)
0

with I:I(t) and G(t) defined by (29) and (30), respectively.
Recalling (28), the control law (48) is indeed implementable
since @y(x, t) can be written in terms of measurable signals

Bulx, t) (49)
and the integral in (48) is given by

(X, £) = ay(X, ) —

1
/ ax(x, t)dx = a(1,t) — a(0, t)
0
a(l,t)— B(1,t) — @ — a0, t) + B(0, t) + OF
=0(t) — B(1,t) — O(t) + asin(wt). (50)

5. ES boundary control law and closed-loop system for wave
PDE with input delay

Taking the time derivative of (10)-(1
system is alternatively written as [29]:

3), the delay-wave PDE

() = u(0, t), (51)
8nu( t)= Bxxu(x t), xe[0,1], (52)

(0, t) = (53)
u(l,t):v(],t), (54)
orv(x, t) = oyv(x, t), x€[1,1+ D], (55)
v(1+D,t)=1U(t), (56

)
where U(t) is the overall system (control) input and (¥, u, v)
is the state of the ODE-PDE-PDE cascade. From the transport
PDE representation form for the input delay, we know that [27,
Chapter 2]:

Ut+x—1-D), xe[l,1+D]. (57)

Reminding that (52)-(54) can be represented into (37)-(38) with
the help of (32) and (33), we can write

ODE : d(t)=(0,1), (58)

v(x, t) =

| a0y =8¢ (x.t), xel0,1],

PoET { C(1,t) = v(1,t) + ax(1,t), (59)
) we(X, t) = —ay(x, t), x€][0,1],

PDE 2 { @(0, ) = £(0, 1), (60)
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) ve(x, t) = vy(x,t), xe€[1,1+D],
PDE3.{ o(1£D. ) = U(t). (61)

Applying the following backstepping transformations

w(x, t) = {(x,t)—KH/ Z(o, t)do — KHO(t), x€[0,1], (62)
0
w(x, t) = o(x, t) +KH/ (o, t)do — KHO(t), x € [0,1],
0
(63)
C(x, t)=v(x, t) — KH/ v(o, t)do + ax(1, t)+
1
1
- KH/ f(o, t)do —KHO(t), xe[1,1+D], (64)
0

into (58)-(61), the resulting average target system for (51)-(56)

is given by

ODE : Day(t) = KHOay(t) + way(0, t), (65)

PDE 1: O way(X, t) = dyway(X, ), xe[0,1], (66)
way(1,t) = ;av(l, t),

PDE 2 : 0 may(X, t) = —Oyway(x, t), x€[0,1], (67)
(0, t) = way(0, ).

PDE 3 : 0 Cav(x, t) = 8x§av(]xy t), xe[1,1+D], (68)
gav(1 +D,t)= _Eatvav(l +D,t).

From the target systems (65)-(68), we can realize that ¥,,(t) is
ISS [32] with respect to way(0, t); way(x, t) is ISS with respect
to ¢av(1,t); and &a(x, t) is stabilized by the boundary control
Ua(t) = vay(1 + D, t), with Uav( ) = 0vay(1+ D, t).

5.1. ES boundary control

From (64) and (68), one can obtain the expression for Uav(t) =
—c&ay(1+ D, t) such that

14D
Uy (t) = —cvay(1+ D, t)—i—cKH/ va(o, t)do
1

1
— cay(1,t)+ cKH / Cav(0, t)do + cKHD,(t). (69)
0

Recalling (32) and plugging (57) into (69), we can obtain the
control law:

U(t) = —cU(t)+c {—&x(l, t)+K |:G(t) + I:I(t)/ U(t)dt
t-D

1
: t)/ [U(x,t)+6zx(x,t)]d>c]}, (70)
0

for ¢ > O sufficiently large, u(x, t) = &
(49)-(50). As in (48), the signals H(t) an
by (29) and (30), respectively.

¢(x, t) and ax(x, t) satisfying
and G(t) are still calculated
5.2. Closed-loop system

Substituting the control law (70) into (56), we can write the
closed-loop systems (51)-(56) as

H(t) = u(0, t), (71)
Bnu( t)= Bxxu(x t), xel0,1], (72)

(0, ) = (73)
u(l,t) = v(l, t), (74)
orv(x, t) = dyv(x, t), xe[l1,1+ D], (75)

v(1+D,t) = —co(1+D, t) — cax(1, t)+

Systems & Control Letters 155 (2021) 105004

1+D 1
+cK |:G(t)—|—H(t)/ v(x,t)dx—}—l:l(t)/ [u(x, t) + ax(x, t)]dxi|
1 0

(76)
or, equivalently, from (32)-(35) and (58)-(61) as
d(t) = Z(0, ) (77)
hl(x, 1) =0l (x, 1), x€[0,1], (78)
Z(1,t)=2v(1,t)—w(1,t), (79)
we(x,t) = —ax(x,t), x€[0,1], (80)
(0,t) =¢(0,t), (81)
ve(x, t) = vy(x, t), xe[1,1+ D], (82)

w(1+D,6) = —cu(1+D.6) - = [£(1, )~ (1, )]

1+D 1
K [G(t)+ﬁ(r)/ u(x,t)dx+ﬁ1(t)/ Z(x, t)dx] . (83)
1 0

In the next section, the availability of a small parameter in the hy-
perbolic PDEs-ODE loop of the target systems (65)-(68), obtained
via backstepping transformation [26,27] for (77)-(83), permits
the stability analysis of the complete ES feedback system through
PDE small-gain results for ISS cascades [32].

6. Stability analysis

The L., space is to be regarded as the state-space of the PDE
in the closed-loop system, as this is the norm in which stability
is studied in the next theorem.

Theorem 1 (Delay-wave Cascade). Consider the system in Fig. 2
with the dynamic system being represented by the nonlinear
quadratic map (3), satisfying Assumption 1, in cascade with the
actuation dynamics governed by the delay-wave PDE in (4)—(7).
For a sufficiently large ¢ > 0, there exists some w*(c) > 0,
such that Yo > w*, the closed-loop systems (77)-(83) with states
B(t), Z(x,t), @x, t), v(x,t) have a unique locally exponentially
stable periodic solution in t of period IT = 2m/w, denoted by
?(t), ¢ (x, ), @7 (x, t), v (x, t), satisfying Vt > O:

[0 + "), + @7 O]+ [V, <0 /w). (84)

Furthermore,
limsup |6(t) — 0*| = O (a + 1/w), (85)
t—0o0
limsup |©(t) — O | =0 (a+ 1/w), (86)
t—o00
limsup |y(t) — y*| = 0 (> + 1/0?) . (87)
t—o00
Proof. See Appendix A. O

7. Other PDE-PDE cascades: Wave model with heat equation
at its input

In this section, we deal with a distinct cascade of parabolic/
hyperbolic PDEs represented by a diffusion equation at the input
of a wave PDE. This combination is representative and distinct
from that considered in Section 5, leading to a potentially chal-
lenging problem. For instance, the heat-wave cascade was con-
sidered intractable in [27, Section 20.1] since the resulting target
system obtained there was not even solvable.

Additionally, in contrast to [28], where the heat and wave
equations are coupled through two boundary conditions, our two
PDEs are in a cascade connection—one feeding into the other.
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Fig. 3. Cascade of heat-wave PDEs followed by the nonlinear map y = Q(©®).

7.1. Plant with infinite-dimensional actuator

We consider the same locally quadratic map studied in (3)

H
YO =QO) =y + (O - %Y, (88)

but with a different actuation dynamics in the form of a heat-
wave PDE cascade, as depicted in Fig. 3. The infinite-dimensional
actuator dynamics can be written as:

O(t) = (0, t), (89)
oae(x, t) = oe(x,t), x€[0,1], (90)
ax(0,t) =0, (91)
a(l,t) = p(1,t), (92)
pe(X, t) = pul(x,t), x€[1,1+D], (93)
px(1,£) =0, (94)
p(1+D,t)=0(t), (95)

where «(x, t) is the state of the wave PDE with spatial domain
defined without loss of generality by x € [0, 1] and p(x, t) the
corresponding state of the heat equation within the domain x €
[1,1+ D], with D > 0.

7.2. Estimation error dynamics

Analogously to (10)-(13), the propagated estimation error ¥(t)
defined in (9) through the heat-wave PDE cascade is simply

B(t) == a(0, t), (96)
ora(x, t) = oa(x, t), xe€[0,1], (97)
a,(0,t) =0, (98)
a(l,t)=a(1,t), (99)
ar(x, t) = ax(x,t), xe€[1,1+D], (100)
ay(1,6)=0, (101)
a@(1+D,t)=6(t) == 6(t) — 6", (102)

where 6 in (102) is the estimation error such as defined in (8).
Taking the time derivative of (96)-(102), we obtain

B(t) = u(0, t), (103)
ug(x, t) = uw(x,t), x€[0,1], (104)
uy(0,t) =0, (105)
u(1,t) =v(1,t), (106)
ve(X, t) = ve(x, t), x€[1,1+D], (107)
v(1,t) =0, (108)
v(1+D,t)=U(t), (109)

where U(t) is the control input signal, (u, u;, v) is the infinite-
dimensional state,

v(x, t) = @(x, t) and v(1,t) = &1, t) = @&(1,t). (110)
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7.3. Auxiliary target system
Again, with the help of the Riemann transformations [36]
(32)-(33), we consider the following backstepping transforma-
tions analogously to those used in (62)-(64):
X
w(x, t) = (x, t) — I(Hf Z(o, t)do — KHO(t), xe€[0,1],
0
(111)
X
w(x, t) = w(x,t) —I—KH/ o(o, t)do — KHo(t), xe€]0,1],
0
(112)

z(x,t) = v(x, t) — KH /X(x —o)(o, t)do+
1

1
+ &x(l,t)—KH/ ¢(o, t)do — KHO(t), xe[1,1+D], (113)
0

which transform the cascade PDE systems (103)-(109) into the
average target system

Dav(t) = KHOay + wa(0, 1), (114)
Orway(X, t) = dyway(x, t), x € [0, 1], (115)
way(1, t) = zay(1, t), (116)
Orway(X, t) = —oywa(x,t), x€[0,1], (117)
(0, t) = way(0, t), (118)
OrZay(X, t) = Ozav(x, t), x€[1,1+D], (119)
OxZay(1,t) =0, (120)

1
Zav(‘l + D, t) = _Eatvav(l + D, t)~
7.4. ES boundary control and additive dither

The target systems (114)-(121) are exponentially stable with
the average version U,y (t) = —czay(1 + D, t) of the control law
obtained from (113) and (121) with U,y = vay(1 + D, t) in (109),
which results in

U(t) = —cU(t) +c | —ax(1,t) +

R 1+D
+K |:G(t)+H(t)/ (14D — o )(o, t)do+
1

1
+ Ifl(t)/ [u(x, t) + Gx(x, t)]dx:“ : (122)
0

for ¢ > 0 and K > 0, recalling the averaging-based estimates in
(31). The signals H(t) and G(t) are defined according to (29) and
(30), respectively.

The term ay(x, t) which appears in (122) can be written in
terms of measurable signals as

ax(x, t) = ax(x, t) — Bu(x, t),

similarly to (49). On the other hand, the term B,(x, t) comes from
the trajectory generation problem of the heat-wave PDE cascade
system [26, Chapter 12]:

(123)

B(0, t) = asin(wt), (124)
Bee(x,t) = Bu(x,t), x€[0,1], (125)
B:(0,t) =0, (126)
B(1,t) = B(1,t) = acos(w) sin(wt), (127)
Be(x, t) = Bu(x,t), x€[1,1+D], (128)
B(1,6)=0, (129)
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B(1+D,t)=S(t), (130)
where the explicit solution S(t) is given by [4]
1 w
S(t) = 5 cos(w)e 22 sin (wt + \/§D> +
1 @
+ Ea cos(w)e_\/;D sin (a)t — \/§D> . (131)

7.5. Stability analysis

In order to conduct the stability analysis with the help of (32)-
(35), we first provide the following equivalent PDE representation
of the closed-loop systems (103)-(109) under the control law
(122):

D(t) =1Z(0,1), (132)
B C(x, t) = d¢C(x,t), xel0,1], (133)
t(1,t) =2vu(1,t) — (1, 1), (134)
(X, t) = —ax(x,t), x€]0,1], (135)
@(0,1)=1¢(0,1), (136)
ve(x, t) = vw(x, t),  x€[1,1+D], (137)
v(1,t) =0, (138)

w(14D,t) = —co(1+D, ) — % [2(1,0) = &(1, 0)]

14D 1

+ K [G(t)ﬂft(t)/ (14D — x)v(x, t)dx—H:I(t)/ Z(x, t)dx] .
1 0

(139)

In this representation, the state vector is composed of the finite-
dimensional components #(t), U(t) := wv(1 + D,t) and the
infinite-dimensional ones ¢(x, t), w(x, t), v(x, t).

Let the state-space be H := R X Log[0,1] X Loo[0,1] X Loo[1,14+0] X R.
The induced norm is denoted by | - ||. Define a linear operator
A:DA)CH— Hby

X

X X,  dX; X !
AlXs | = %0 =2 -2 224 x| (140)

X dx dx dx?

4

Xs
with the domain
D(A) = {[Xl X2, X3, X4, X5] €H |

dXs(1)

Xa(1) = 2X5(1) — X3(1), X3(0) = X»(0), (;x 20}- (141)
The time-varying nonlinear perturbation term is given by
F(wt,X)=1[0 0 0 0 Fs(wt,X)]", (142)

where F5 : R x # — R is defined by

Fs(ot, X) = —% [X.(1) — Xs(1)] + cK% sin(wt)y

8 1+D 1
— cKa—2 cos(wt)y [/ (1+D —0)Xs5(0)do + f Xz(o)do}
1 0
(143)

since I:I(t) and G(t) are given by (29) and (30). The output y in
(88) can be written as

¥y = Q(X; + asin(wt) + ©%), (144)

Systems & Control Letters 155 (2021) 105004

according to (27). Hence, we arrive at the next evolution equation

corresponding to the closed-loop systems (132)-(139):

dx AX + F(wt, X)

-V = wt, s

dt

where X(t) = [9(t), ¢(-, t), @(-, £), v(-, t), U],
Clearly, F(w(t + IT),X) = F(wt, X), for IT = 27 /w, for any

X € H. In this case, if 1/w is considered as a small parameter

€, we can apply the method of averaging for infinite-dimensional

systems developed in [33, Section 2] to conclude the results of

the next theorem.

(145)

Theorem 2 (Heat-wave Cascade). Consider the dynamic system be-
ing represented by the nonlinear quadratic map (88) with actuation
dynamics governed by the heat-wave cascade of PDEs in (89)-(95).
For ¢ > 0 and for each ¢ > O, there exist constants w* > 0 and
g0 € (0, ¢) such that, for any w > w*, any solution to (145) for
an initial value X, = [9(0), (-, 0), &(-, 0), v(-, 0), U(0)]" € D(A)
with | Xoll3 < &0 converges to an O(1/w)-neighborhood of the
origin. In addition, the following estimates hold:

lim sup [6(t) — 6% = © (aex@’ n l/w) , (146)
t—o00
limsup |©@(t) — OF| =0 (a+ 1/w), (147)
t—o00
limsup |y(t) — y*| = O (> + 1/0?) . (148)
t—00
Proof. See Appendix B. O

8. Newton-based approach for PDE-PDE cascades

The advantages of Newton-based over Gradient ES in the ab-
sence of PDEs were deeply studied in [14] and the discussion can
be summarized in the fact that the former removes the depen-
dence of the convergence rate on the unknown second derivative
(Hessian) of the nonlinear map to be optimized. The guarantee
of this property even in the presence of a class of parabolic
PDEs (not cascade of PDEs) was recently proved in two com-
panion papers [37,38], where we estimate the Hessian’s inverse
rather than only the Hessian. In this boundary control design, the
PDE compensation can be achieved with an arbitrarily assigned
convergence rate, thus, improving the controller performance.

As discussed in [14], generating an estimate of the Hessian
matrix in non-model based optimization is not the only challenge.
The other challenge is that the Newton algorithm requires an
inverse of the Hessian matrix H~!. The estimate of this matrix,
as it evolves in continuous time, need not necessarily remain
invertible. We tackle this challenge as in [14] by employing a
dynamic system for generating the inverse asymptotically. This
dynamic system is a filter in the form of a Riccati differential
equation [14]:
I'=wTl —wHI?, (149)

with @, > 0 being a design constant and I:I(t) given in (29).
The estimation error of the Hessian’s inverse is defined as

rty=r@)—H1, (150)

and its dynamic equation is written from (149) and (150) by

F=wo(+H Y1 —HT +H ). (151)
Using (149), we are able to define the following signal
z(t) = I'(t)G(t), (152)

with G(t) given in (30), which will be employed in the next to
derive the proposed control laws.
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Fig. 4. Basic block diagram of the Newton-based extremum seeking control system with a generic PDE-PDE cascade system. In green we highlight the inclusion of
a Riccati filter (149) responsible to estimate de Hessian’s inverse and to make the convergence rate of the algorithm user-assignable.

Table 1
Newton-based ES boundary control for PDE-PDE cascades.

PDE-PDE cascade:

Egs. (4) to (7)

Boundary control :  U(t) = —cU(t) + ¢ {7@(1, ) —K [z(r) + 1 UG + [ ulx, 0+ aylx, )] dx]} ,
with ¢ > 0, u(x, t), a(x, t) and z(t) given in (19), (28) and (152), respectively.

Delay-Wave cascade

Trajectory generation : S(t) = acos(wD)sin(w(t + D))

Multiplicative perturbations: M(t) = 2 sin(wt), N(t) = —% cos(2wt)

Riccati filter: I'(t) = w, I'(t) — w H()[2(0),

with H(t) = N(t)y(t)

PDE-PDE cascade :

Eqgs. (89) to (95)

Boundary control : U(t) = —cU(t) + ¢ {—&X(L f)—K [z(r) + [P+ D = o)lo, tdo + [ [u(x, £) + @lx, )] dx]] ,
with ¢ > 0, u(x, t), v(x, t), ax(x, t) and z(t) given in (103)-(106), (110), (123) and (152), respectively.

Heat-Wave cascade

Trajectory generation: S(t)= 1a cos(w)e' 3 sin (ot +/%D) + 3a cos(w)e~ v 3P sin (ot —/2D)

Multiplicative perturbations: M(t) = 2 sin(wt), N(t) = — % cos(2wt)

Riccati filter: I'(t) = o, I'(t) — w H(E)[2(0),

with  H(t) = N(t)y(t)

Analogously to the developments of [37,38], we are able to
propose Newton-based ES controllers for the delay-wave and
heat-wave cascades following the same backstepping transforma-
tion in (62)-(64) and (111)-(113), respectively, but replacing KH
by —K, with K > 0.

Remind that the averaged versions of the Hessian and gradient
estimates in (29) and (30) are (31) if at least a locally quadratic
map as in (2) is considered [14]. Hence, from (31) and z(t) in
(152), we can verify that

1 7
Zlt)= 7 [ PMOs = MO0 (153)
0
where [T := 27 /w, with I,,(t) and 9,,(t) denoting the average
versions of I'(t) and ¥(t), respectively. Then, Eq. (153) can be
written in terms of Iy (t) = I (t) — H ' as

Zav(t) = ﬁav(t) + fav(t)Hﬁav(t) .

The second term on the right side of (154) is bilinear in (I, %ay),
thus, the linearization of I'y(t) at H™! results in the linearized
version of (153) given by

Zay(t) = Dav(t).

Regarding (155) and recalling again (31), we average (70) and
(122), replacing KH by —K with K > 0, such that the following
average control laws for the delay-wave cascade

(154)

(155)

Uav(t) = _CUav(t) +c {_aX&aV(17 t) —K |:Zav(t) + / Uav(t)dr
t—D

1
+ / (X, £) + Sritn(x, 0)] dx” , (156)
0

and for the heat-wave cascade
Uav(t) = _CUav(t) +cC { - 8xélav(‘lv t)‘l’
14D
—K |:ZaV(t)+f (14D — o)vay(o, t)do
1

1
+ / [t (X, )+ (X, t)]dx“ , (157)
0

can be obtained for an appropriate constant ¢ > 0.

Table 1 shows the stabilizing boundary control laws U(t) and
gives explicit solutions to the equivalent trajectory generation
problem of S(t) [in (20)-(25) and (124)-(130)] for the two cases
of delay-wave and heat-wave cascades of PDEs using the Newton-
based ES approach. Fig. 4 shows an illustrative block diagram
of the closed-loop system for the proposed Newton-based ES
controllers with PDE-PDE cascades.

In the next theorem, we present the stability/convergence
results for the delay-wave [heat-wave| compensation by means
of Newton-based extremum seeking.

Theorem 3 (Delay-wave and Heat-wave Cascades). Consider the
generic Newton-based diagram of Fig. 4, where y(t) = Q(O(t)) =
v+ %((—)(t) — ©*), H < 0, and the block “PDE-PDEcascade” can
represent Delay-Wave or Heat-Wave cascades of PDEs. Hence, for w
sufficiently large, we can conclude: _

(a) For the Delay-Wave Cascade (4)-(7), the state variables I'(t),
9(t), ¢(x,t), w(x,t), v(x,t) have an unique locally exponentially
stable periodic solution in t of period I1 := 2m/w, denoted by
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(a) Parameter ©(z) (red) converging to ®* (dashed-green).
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(b) Parameter 6(t — D) (black) converging to 6 (dashed-green).

Fig. 5. Evolution of the infinite-dimensional state «(x, t) of the wave PDE model with delayed input (D = 1) from «(1,t) = 6(t — D) to «(0,t) = O(t), with
®* = 0* = 2. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

o), 97(), 7 (x, t), @7 (x, t), v (x, t), satisfying ¥Vt > O:
[P+ [0 + |27 0], + [e" O] . + [ O]
<0(l/w). (158)

(b) For the Heat-Wave Cascades (89)-(95), for each ¢ > 0,
there exists a constant ey € (0, €) such that, any solution for an
initial value Xy = [(0), ¢(-, 0), &(-, 0), v(-, 0), U(0), I"(0)]" with
IXoll#x < €0 converges to an O(1/w)-neighborhood of the origin in
the State-space H = R x Loo[O,]J X Loo[O,l] X Loo[1,1+DJ X R x R.

Moreover, the same set of ultimate error bounds given in (85)-
(87) and (146)-(148) can still be guaranteed for the Newton-based
ES control algorithm of Table 1 according to the results of Theorems 1
and 2, respectively. For both cases, we can also write:

limsup |[I'(t)—H =0 (1/w) . (159)
t—00
Proof. See Appendix C. O

9. Simulation example

Due to space constraints, we will focus on showing the nu-
merical simulations only for the extremum seeking feedback for
wave PDEs with input delay of Section 5 (Fig. 2).

In this context, we consider a quadratic static map as in (2),
with Hessian H = —2, optimizer ®* = 0* = 2, and optimal
value y* = 5. The input delay is set to D = 1. As discussed
in [30], this small delay is enough to produce instability of the
open-loop system composed by the cascade of delay-wave PDEs.
The parameters of the proposed ES are chosen as w = 10, a = 0.2,
¢ = 10, and K = 0.4. In particular, we have used low-pass and
washout filters with corner frequencies w, = 1 and w; = 1 in
order to improve the numerical estimates of the gradient G(t) and
Hessian H(t), as suggested in Figures 1 and 4 of Refs. [9] and [14],
respectively. The simulation results of the closed-loop system are
illustrated in Figs. 5(a), 5(b), 6(a), 6(b), 7(a) and 7(b).

The evolution of the PDE state «(x, t) modeled by the wave
PDE models (4)-(7) with input delay is shown in Figs. 5(a) and
5(b). The values of the boundary input 6(t — D) and the boundary
output ®(t) are highlighted with colors black/red and the initial
condition is highlighted with color blue. One can observe in
Fig. 6(a) that after a delay of D = 1 second, the variables ® and 0
converge to a neighborhood of the optimum 6* and ®*, respec-
tively. Figs. 6(b) and 7(a)-7(b) also present relevant variables for
ES. It is clear the remarkable evolution of the output signal y(t)
as well as the Hessian’s estimates H(t) ultimately achieving the
extremum y* = 5 and the correct Hessian value H = —2, even
in the presence of the delay-wave cascade of PDEs. As expected,

the gradient’s estimate is driven to zero as the output of the map
y(t) approximates the extremum point.

When the nonlinear map y = Q(®) in (1) and (2) is flat
with the Hessian matrix satisfying the inequality |H| < 1, the
convergence rate with the Gradient ES in the neighborhood of the
extremum is expected to become slow. While the convergence
rate of the Gradient method is dictated by the unknown Hessian,
the Newton-based scheme is independent of that and thus the
PDE-PDE compensation can be achieved with an arbitrarily as-
signed convergence rate, improving the controller performance.
Such a property can be verified in Fig. 8(a), where we have per-
formed the simulation test with a different value for the Hessian,
given by H = —0.2. This is possible due to the exact estimation of
the Hessian’s inverse H~! provided by the Riccati filter (149) with
w; = 2 (see Fig. 8(b)), which cancels the effects of the Hessian in
the convergence rate of the Newton-based ES.

10. Conclusion

In this paper, we developed a novel ES boundary control
approach (Gradient and Newton-based versions) in order to com-
pensate cascades of PDEs in the input of locally quadratic static
maps with unknown parameters.

The topic of ES for PDE-PDE cascades is in its infancy. Its first
comprehensive coverage was the aim of this paper. We started
with the representation of a wave PDE as a feedback loop of
two transport delay equations. We achieved stabilization for such
a wave equation plant. The result of this delay-delay feedback
loop helped us to resolve the Datko problem [30] for ES in the
sense that the proposed ES boundary control stabilized the wave
equation system in the presence of an arbitrarily long delay, not
only in the presence of a small delay.

We did derive the feedback laws and made statements of
closed-loop stability through an input-to-state stability analysis
of coupled PDEs (with and without small-gains in the loops),
averaging in infinite dimensions and the associated estimates
for the backstepping transformations between the plant and the
target system. Local exponential convergence to a small neigh-
borhood of the extremum was guaranteed. Consistent simulations
were provided to support the theoretical developments.

While in Section 7 we hint at the opportunities that exist
in extending the results from Sections 4 and 5 of the paper to
other classes of PDE-PDE cascades involving heat-wave PDEs,
much still remains to be done in terms of the implementability
of the control laws and analysis of the closed-loop systems on
the topic of control of cascades of PDEs from different families
(parabolic-hyperbolic in either order) that are interconnected
through boundary conditions.
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(a) Input of the wave PDE 6(z — D) and input of the static map ©(r).
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(b) Output of the static map y(z).

Fig. 6. Compensation of a wave PDE with input delays in ES using boundary Dirichlet actuation: time responses of 6(t — D), ©(t) converging to the maximizers

6* = ©@* =2 and y(t) converging to the extremum y* = 5.
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(a) Gradient estimate G(f).
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(b) Hessian estimate H(r).

Fig. 7. Compensation of a wave PDE with input delay in ES using boundary Dirichlet actuation: time response of the gradient estimate G(t) converging to zero and

the Hessian’s estimate ﬁ(t) converging to H = —2.
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(a) Output y(f) (red and blue) converging to y* = 5 (dashed- (b) Estimate I'(f) (blue) converging to H~! = -5 (dashed-
green). green).

Fig. 8. Newton-based ES versus Gradient ES: time responses of the output y(t) and the Hessian’s inverse estimate I"(t), both subject to a delay-wave cascade.

We can apply our approach adaptively to unknown constant
wave coefficients or heat parameters that vary sufficiently slowly,
as in [39], but we have to be careful with this. Basically, all
the parameters of a reaction-advection-diffusion equation can be
unknown—if the full PDE state is measured. If the PDE state is not
measured, then, we cannot adaptively handle unknown diffusion,
for instance.

However, because the wave/diffusion parameter enters non-
linearly into the additive dithers, the result would necessarily be
local (the initial estimate of the wave/diffusion parameter would
have to be close to the actual wave/diffusion coefficient). This is

10

similar to the delay-adaptive work in early papers by [40-42],
where one gets only a local result, with no advantage relative
to relying on delay-robustness. In the same sense, this would
offer little advantage over the existing robustness of the diffusion
compensator feedback to small perturbations in the diffusion
parameter, which is proved in [27, Section 15.3].

It is likely possible to develop results, for extremum seeking,
on: (a) delay-robustness, (b) diffusion robustness, and (c) perhaps
Young modulus-robustness—this is the least predictable due to
the Datko counterexamples for wave PDES [30] but the approach
by Auriol and Di Meglio [43] is encouraging.
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As for adaptation for unknown delay, diffusion, or Young mod-
ulus, even if we can do it outside of the extremum seeking (ES)
context, doing it under ES is problematic. Adaptive control sys-
tems are never exponentially stable, unless there is persistency
of excitation. In ES we have persistency of excitation to estimate
the input parameter 6, but we generally do not have a persistency
of excitation for estimating unknown delays or diffusions. So, we
would get an average system that has neutral stability plus the
regulation of ¢ to the true ¢. Then, we would not be able to
apply an averaging theorem to establish the regulation of 6 to 6
in the non-average system. Guay, Dochain and co-authors [44-
47] have made important advances in the general direction of
combining model-free ES with model-based adaptive control, for
systems governed by ordinary differential equations (ODE’s), but
PDEs and nonlinear parametrizations bring a whole additional set
of challenges.
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Appendix A. Proof of Theorem 1

The proof of Theorem 1 follows analogous steps employed to
prove [1, Theorem 1] and [4, Theorem 1]. In this sense, we will
focus our attention in order to show the main different parts of
the demonstration.

The first step of the proof is to write the average version of
the closed-loop systems (77)-(83):

Dau(t) = £au(0, 1), (A1)
B La(X, 1) = Belay(X, 1), xe[0,1], (A2)
Ca(1, ) = 20,(1, £) — au(1, 1), (A.3)
O way(X, t) = —0ywav(x, t), x€0,1], (A4)
Day(0, 1) = Zay(0, 1), (A5)
O vav(X, t) = Oyvav(X, t), xe[1,1+D], (A.6)
o1+ D, ) = —Cun(14 D, ) = = [Eal(1,6) = ni(1,)]
1+D 1 _
+ cKH [ﬁav(t)jt/]‘ v(x, t)dx—i—/o Z(x, t)dx:| . (A7)

The main idea is to apply the backstepping transformation (62)-
(64) into (A.1)-(A.7) in order to obtain the average target system
(65)-(68).

While in [1, Theorem 1] and [4, Theorem 1] it was possible to
prove the local exponential stability of the average closed-loop
system using a Lyapunov functional [27], a different approach
is adopted here. We will show that it is possible to guarantee
the local exponential stability for the average closed-loop system
(65)-(68) by a small-gain analysis.

Note that each sub-system (ODE, PDE1, PDE2, PDE3) in (65)-
(68) is ISS with respect to its corresponding input signal or
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boundary input [32]. Moreover, the last ISS-loop in PDE3 has a
small parameter

nw=1/c (A.8)

in the boundary condition (68), if ¢ is chosen sufficiently large.

In this case, by applying successively the Small-Gain Theo-
rem [32, Theorem 8.1, p. 198] for hyperbolic PDE-ODE loops, we
can conclude the exponential stability of the average target sys-
tem since the small-gain condition (8.2.20) in [32, Theorem 8.1,
p. 198] holds provided 0 < u < 1 is sufficiently small. There-
fore, if such a small-gain condition holds, then [32, Theorem 8.1,
p. 198] allows us to conclude that there exist constants §, A > 0
such that for every 93" € R, wi’ € C°([0, 1]), @’ € C°([0, 1]),
gy € C°([1,1 4 D), the unique generalized solution of this
initial-boundary value problem, with 9,,(0) = 9§", wa(x,0) =
w', wa(X,0) = w§" and (%, 0) = {5V satisfies the following
estimate:

[Fav(t)] + [[wav(D)lloo + lzav(t)lloe + l18av()lloo
< A(195"] + lwg'llee + 1" lloo + 115" loo) eXp(—6t)
vVt >0. (A.9)

Therefore, we conclude the origin of the average target system
(65)-(68) is exponentially stable under the assumption of 0 <
i < 1in (68) and (A.8) being sufficiently small. Then, from
the inverse of the backstepping transformations (62)-(64), we
can conclude the same result for the closed-loop average system
(A.1)-(A.7) for the variables (Day(t), Cav(X, t), @av(X, t), vay(X, t))
such that £2(t) < M£2(0)e™t, for M, A > 0, in the norm

2(6) = [Dau(O] + 1 av(Olloo + N@av(E)lloo + 1vav(E)lloo -

As developed in the demonstrations of [1, Theorem 1] and [4,
Theorem 1], the next step is the application of the local averag-
ing theory for infinite dimensions systems in [33] showing the
periodic solutions indeed satisfy inequality (84).

When we use the Riemann transformation [36] given in (32)-
(33) to convert the wave equations (72)-(74) in the closed-loop
systems (71)-(76) to a feedback loop of two first-order trans-
port equations which convect in opposite directions, as described
in PDE 1 and PDE 2 sub-systems of the representation (58)-
(61), the complete ODE-PDE 1-PDE 2-PDE 3 cascade can also
be interpreted as an input-state delayed! ordinary differential
equation [36], delayed by 14D units of time. Hence, the complete
closed-loop system (58)-(61) with U(t) in (70), represented in the
forms (77)-(83), can be rewritten as:

2(t) = f(wt, z;),

where z(t) = [D(t), £(t), U(t)]" is the state vector, with &(t)
representing the equivalent delayed state [36] of the PDE 1 in
(59) and PDE 2 in (60) of the functional differential equation.
Defining &£(t) = @(0, t) and noting that £(0, t) = &(t) + ax(0, t)
from (32), one can write £(t) = £“42%8 according to (35). The
distributed terms of U(t) = v(1+ D, t) in (83) are encompassed
by z(r) = z(t + r) for —(1 + D) < r < 0, with f being
an appropriate continuous functional, such that the averaging
theorem by Hale & Lunel [33, Section 5] (see Appendix of [1] for
a compact version) can be directly applied, considering w = 1/e.

(A.10)

(A11)

1 From (61), recall that any delayed signal U(t —D) with constant delay D > 0
can be modeled by the following first-order hyperbolic PDE, also referred to
“transport PDE”: v (x, t) = vx(x, t), x € [1, 1+ D], with v(x,t) =U(t+x—1—-D)
such that v(1,t) = U(t — D) and v(1+D, t) = U(t). On the other hand, from the
transport equations (59) and (60), we have that Z(x,t) = (o, t +x — o) and
X, t)=aw(o, t—x+0)= ;:(x, t—2x)forany0 <o <x<1landanyt>0.In
particular, ¢(x,t) = W(t — 1+ x) and &(x, t) = W(t — 1 — x) for any x € [0, 1]
and t > 0, where W(t) = £(1, t). For more details, see [48, Remark 1].
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Since we have already proved the origin of the average closed-
loop systems (A.1)-(A.7) is exponentially stable in the first part
of the proof, by applying the averaging theorem for infinite-
dimensional systems developed in [33, Section 5], for w suf-
ficiently large, we conclude (77)-(83) has a unique exponen-
tially stable periodic solution around its equilibrium satisfying
inequality (84).

The final step to complete the proof is the conclusion of the
attractiveness of the extremum point (6*, @*, y*) according to
(85)-(87). Applying Agmon’s, Poincare’s and Young’s inequality
on the LHS of (10), along with (10)-(13), we have

6%(t — D) < (14 2D)9(t)* + (4D* 4 1)[|@x(t)|*. (A12)
From (35), we can rewrite (A.12) as

2
6%(t —D) < (1+2D)9(t)* +(4D* + 1) H; [c(6)—a)]| . (A13)

Inequality (A.13) can be written in terms of the periodic solu-
tion 977(t), ¢ (x, t) and @"(x, t) as follows

lim sup |6(t — D)|2

lim sup {(1 +2D)[9(t) + 97(t) — z?"(t)|2} +
lim sup {(4D2 +1)
1 B 2
s Eo+ —M(t) = (@(t) + & (1) — &' (1)) ] }
(A.14)

By applying Young's inequality and some algebra it holds
"OF + 7o)

The same procedure can be applied to the second term on the RHS
of (A.14). From the averaging theorem [33, Section 5], we know

[9(t) + 07(t) — 97 (¢)] <f(|ﬁ(t

that 9(t) — 977 (t) - 0, 2(t) — £ (t) — 0 and &(t) — &' (t) — 0,
exponentially as t — +o0. Hence,
. ~ 2 . I 2
lim sup |8(t — D)|* = lim sup [ﬁ(l +2D)9 (1) ]
t—o00 t—o00
2
+ llmsup{ 2(4D* + H [¢7(t) — & (1)] } (A.15)
t—o00
Along with (84), we can conclude
lim sup |6(t — D)| = limsup |6(t)] = O (1/w) . (A.16)
t—o00 t—o00

From (8) and Fig. 2, we can write 6(t) — 6* = 8(t) + S(t), and
recalling S(t) in (26) is of order O (a), we finally get with (85).
The convergence of the propagated actuator ©(t) to the optimizer
®* is now discussed. Using (27) and taking its absolute value, one
has

|O(t) — OF| = |9(t) + asin(w(t))] .

As in the convergence proof of the parameter 6(t) to the optimal
input 6* above, we write (A.17) in terms of the periodic solution
97 (¢t) and follow the same steps by applying Young’s inequality
and reminding that 9(t) — ¥//(t) — 0 exponentially according
to the averaging theorem [33, Section 5]. Hence, along with (84),
we finally get (86). To show the convergence of the output y(t)

(A17)

of the static map to the optimal value y*, we replace O(t) — ©*
n (3) by (27) and take the absolute value:

H
ly(t) — y*| = ) [9(t) + asin(w(t))]? (A.18)
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Expanding the quadratic term in (A.18) and applying Young’s in-
equallty to the resulted equation, one has [y(t)— y*|
|H [9(t)? + a® sin*(t)]|. As before, we add and subtract the peri-
odic solutlon ®77(t) and use the convergence of ¥(t)—d'(t) — 0
via averaging theorem [33, Section 5]. Hence, again with (84), we
get (87).

Appendix B. Proof of Theorem 2

Let us obtain the average system associated with the closed-
loops (132)—(139). The expression (144) of the output y has the
same form as the one in common PDE-free ES problems. Hence,
average computation done in the literature, specially in [14], also
works for our problem.

If Q(-) is the quadratic map (88), then the average of (143) can

be explicitly computed as
@ zn/w av ¢ av av av
> Fs(wt, X¥)dt = —5[ 3V(1) = X3V(1)] 4 cKHX;

14D 1

— cKH [/ (1+D—o0) Sav(a)da+/ Xza"(a)da] , (B.1)
1 0

for each X% = [X ,X;V,Xg",XjV,X;"]T € H. From the argu-

ment above, the average system associated with the closed-loop
systems (132)-(139) is given by

Dav(t) = (0. 1), (B.2)
O av(X. 1) = delay(x. 1), x €0, 1], (B.3)
Cav(1,8) = 200(1, £) — au(1, 1), (B.4)
Orway(X, t) = —0ywav(x, t), x€[0,1], (B.5)
@ay(0, 1) = ay(0, 1), (B6)
O Vay(X, t) = O Vay(X, t), xe[1,1+ D], (B.7)
Oxvay(1, £) = 0, (B.8)

8tUav(l + Ds t) = _Cvav(‘1 + D, t) - % [Eav(l’ t) - Lbav“’ t)]

1+D 1

+okH [mv(tw f (14 D — X)ua(x, t)dx + f Enl t)dx} .
1 0

(B.9)

Applying the backstepping transformations (111)-(113) into
(B.2)-(B.9), we obtain the average target systems (114)-(121).

Now, from the ISS properties [32] of each sub-system of (114)-
(121), we can write the following ISS-inequalities:

[9av()] < M1[9a(0)le™*1" + 34 maX(Iwav(O ), (B.10)
[av(t)lloc = Mall@ay(0)lloce™ it +12 Orgsaé(lwav(O, s)),  (B.11)
lway(t)lloo < Msllway(0)llcc ™3 + y3 ggg(lzav(l, ), (B.12)
1Zav()lloo < MallZay(0)lloce 4" + y4 ggsasxt(lvav(l +D,s)), (B.13)
for Ay = —KH > 0 in (B.10) and the remaining constants M;,

X; and y; being appropriate positive constants. To obtain (B.13),
we first need to compute 9;z;(1 + D, t). Recalling (110) and
Cav(1,8) = v(1, t) 4+ ay(1, t), by means of the integration by parts
we can write

0:Zay(1 4+ D, t) = —czay(1 4+ D, t) — KHva (14 D, t)
+ KHugy(1, t) — 0pvay(1, ) — KHZav(l; t)+ atZav(ls t). (B.14)

On the other hand, Eqgs. (111) and (113) can be used to obtain
0rCav(1, t) and 0, v,y(1, t), such that

KHUav(L t) - a[UaV(L t) - KHEav(L t) + atEav(l’ t)
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= KHzay(1, t) — 8:Zay(1, t) — KHway(1, t) + drway(1,t) =0,
(B.15)

according to (116). Then, in the time scale T = ut (with u = 1/c),
the system (121) and (B.14) is rewritten as

7 =—27,, Z,=—Z,— ukHZ;, (B.16)

where Z;(t) := va(1+ D, t), Zy(t) := zay(1 + D, t), Z} := %4 and
Zy = %2. Hence, for any u = 1/c > 0, we can conclude

vaw(1+D,t) >0, zw(1+D,t)— 0, (B.17)

exponentially as t — +oo0. In particular, in this new analysis the
filter pole “c” in (122) does not need to be made sufficiently large
to guarantee stability. Finally, from (B.17) and (B.10)-(B.13), we
can show (114)-(121) is exponentially stable by means of [32,
Theorem 11.5, p. 277]. Hence, there exist constants M > 0 and
A > 0, which are independent of the initial data, such that,

vt > 0:

M [[9(0), Z(-, 0), &(:, 0, v(-, 0), UO)]|,, e™*" . (B.18)

It is worth mentioning that a similar result (for a slightly differ-
ent norm) could be obtained through the following Lyapunov-
Krasovskii functional:

= 1 1
i o ]
V(t) = Eﬁfv(t)-{-b / B 0y2 (x, t)dx + ¢ / ez 2 (x, t)dx
0 0

d 1+D 5
+ f/ Z2,(x, t)dx + g
1

1+D f
5 / az2,(x, t)dx + 5,zgv(1 +D,t),
1

(B.19)

for some a,b,¢,d,e ,f,g ,h > 0. Following analogous deriva-
tions detailed in the proof of [4, Theorem 1, Step 3], we get
V(t) < —AV(t), for A > 0, if b = 2c, g = h, and recalling KH < 0.

Since the closed-loop average system is exponentially stable,
it is time to invoke the averaging theorem for infinite dimen-
sions [33, Section 2] (see Appendix A of [4] for a compact version)
to conclude the existence of a periodic solution of order O(1/w)
for which the state vector ultimately converges. To apply the
averaging theorem [33, Section 2], we need to check that the
operator A in (140) and (145) is a generator of strongly contin-
uous semigroup T, on H and the generated semigroup T, has a
smoothing property. The required property is as follows: for any
h : [0, 00) - H being norm continuous, the following relations
hold:

(i) / Ta(t — T)h(7)dr € D(A), Vt=>0, (B.20)
0

(ii) ‘A/ Ta(t — T)h(7)dt (B.21)
0

< Me " max ||h(z)|l3
o<t<t

where M > 0 and A € R are independent of h. This is called
in [33]: the Property (H).

On the other hand, the operator A in (145) and defined by
(140) is surely the generator of strongly continuous semigroup Ty
on H [49]. However, T4 does not fulfill the smoothing Property
(H) in general. Fortunately, the perturbation F(wt, X) defined in
(142) merely has the finite-dimensional component Fs(wt, X).
Hence, in our problem, T4 only has to satisfy (B.20) and (B.21)
for h : [0, 00) — # of the form h(t) = [0,0,0,0, hs(t)]" for
any continuous hs : [0, 00) — R. We can explicitly compute the
integral of Ty(t — t)h(t) with respect to t from O to t for given
h(t)=1[0,0,0,0, hs(t)]". This can be inferred from the resulting
expression that T4 satisfies the Property (H). Then, the theorem
follows from the exponential stability of the closed-loop average
system and the averaging theorem [33, Section 2].
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The remaining steps of the proof are quite similar to those
employed in Theorem 1, reminding that the final residual set

for the error 6(t) — 0* in (146) depends on aeﬁD due to the
amplitude of the additive dither S(t) in (131).

Appendix C. Proof of Theorem 3

From the second equation in (31), the average model for the
Hessian's inverse estimation error in (151) is

dl(t ~ [
Cait( ) = —C!)rrav(t) - erFaZV(t) ’

On the other hand, the linearized version of (C.1) at Iy(t) = 0 is

(C.1)

dI(t)
dt

which is locally exponentially stable since @, > 0. Once the
I,,-subsystem (C.2) is completely decoupled from the other vari-
ables of the closed-loop feedback, the exponential stability of the
overall systems (in some appropriate norm) can be orchestrated
by following the same analysis carried out in Theorem 1 for the
Delay-Wave cascade and Theorem 2 for the Heat-Wave cascade.
The main differences are discussed in the following for the two
cases.

= _wrfav(t)v (C.2)

o Delay-Wave Cascade: By recalling (155) and applying the
following backstepping transformations

w(x, t) = E(x,t)+1</ C(o, t)do +Kz(t), x€[0,1], (C3)
0
w(x, t)=wx,t)— K/ w(o, t)do + Kz(t), x e ][0, 1], (C4)
0
Z(x, t) = v(x, t)+ K/ v(o, t)do
1

1
+ &x(1,r)+1</ Z(o, t)do +Kz(t), xe[1,1+D],
0
(C5)

into (58)-(61), the resulting average target system for (51)-(56)
is given by

ODE:  Jay(t) = —Kda(t) + wa(0. 1), (C6)

PDE 1 : O way(X, t) = dxway(x, t), x€[0,1], (€.7)
wav(1,t) = Ca(1, 1),

PDE 2 : dmay(X, t) = —dywa(x, t), x€]0,1], (C8)
@ay(0, t) = way(0, t).

PDE 3 - O Lav(x, t) = 8x§av(lx, t), xe[1,14D], (C.9)
Ca(14+D,t) = _Eatvav(‘l +D,t).

o Heat-Wave Cascade: Analogously, by employing the next
backstepping transformations along with (155)

wx, t)=(x, t)+K /XE(U, t)do + Kz(t), xe[0,1], (C.10)
0
w(x, t)=wx,t)— K[ w(o, t)do + Kz(t), xe[0,1], (C11)
0
z(x, t) =v(x,t)+ K /x(x —o)v(o, t)do
1

1
+ (1, t)+K/ ¢(o, t)ydo +Kz(t), xe[1,1+D], (C.12)
0
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into (103)-(109), the resulting average target system is

Day(t) = =Ky + way(0, ), (C.13)
B War(X, t) = wa(x, t), xe[0,1], (C.14)
way(1,t) = zay(1, t), (C.15)
orway(X, t) = —okywa(x, t), x€[0,1], (C.16)
(0, t) = way(0, t), (C.17)
OrZay(X, t) = Oxxzav(x, t), x€[1,1+ D], (C.18)
OxZav(1,8) =0, (C.19)
Zy(14 D, t) = —%8tvav(1 +D,t). (C.20)

Notice that (C.7)-(C.9) [and (C.14)-(C.20)] are exactly the same of
(66)-(68) [and (115)-(121)]. In addition, (C.6) [and (C.13)] differs
from (65) [and (114)] only by the convergence rate in the ISS
relation (—K rather than KH). ~

After that, we need to incorporate the dynamics of I'(t) given
in (151) to Eq. (A.11) such that the augmented state is redefined
by z(t) = [9(t), &(t), U(t), I"(t)]" for the Delay-Wave case. Anal-
ogously, for the Heat-Wave cascade, we need to rewrite the evo-
lution equation (145) with X(t) = [9(t), ¢(-, t), @(-, t), v(-, t),
U(t), I'(t)]" and the time-varying nonlinear perturbation term is
given by

F(wt,X)=1[0 0 0 0 Fs(wt,X) Fs(wt,X)]", (C21)
where Fs(wt, X) is the same as (143) and
8
Fo(wt, X) = w; (Xs + H™') [1 + — cos2wt)y (Xs + H1)1| .
a
(C.22)

The remaining steps of the proof are quite similar to those
employed in Theorem 1 for the Delay-Wave PDEs and Theorem 2
for the Heat-Wave cascades, reminding that the final residual
set for the error I'(t) in (159) is a direct consequence of the
exponential stability of the averaging system and the application
of the averaging theorem [33] for the closed-loop systems (C.2)
and (C.6)-(C.9) [or (C.13)-(C.20)]. In this sense, I"(t)—I""I(t) — 0,
exponentially as t — +oo and I'7(t) is of order O(1/w).

In particular, the convergence rate of both estimators of the
gradient v,,(t) in (C.6) [and (C.13)] as well as the Hessian inverse
I,,(t)in (C.2) is independent of the unknown Hessian and can be
assigned arbitrarily by the user [14] by choosing K and w;,.
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