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We provide new designs for multivariable extremum seeking for static maps with arbitrarily long
time delays. We allow different delays in each input channel and output delays, and gradient- and
Newton-based frameworks. Our sequential predictor based approach provides an alternative to earlier
prediction methods, and leads to extremum seeking designs where a dynamical extension eliminates
the need for distributed terms. Our source seeking example illustrates the good performance of our
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1. Introduction

Extremum seeking is an adaptive control method for optimiz-
ing an unknown nonlinear output map in real time, by tuning
parameters. Usually this involves disturbing the parameters being
tuned, using a sinusoidal excitation; see Adetola and Guay (2007),
Ariyur and Krstic (2003), Krstic (2014) and Tan et al. (2006, 2009).
This searches for optimal values, by quantifying the effects of
the parameters on the output. Recent advances in extremum
seeking include proofs of semi-global (e.g., in Tan et al. (2006))
and local (e.g., in Ariyur and Krstic (2003), Krstic (2014)) stability
of the search algorithm including cases with local extrema (as
in Tan et al. (2009)), and improvements in convergence and
performance; see Adetola and Guay (2007), Guay and Dochain
(2015) and Nesic et al. (2013). See also the multivariable cases
in Ghaffari et al. (2012) and stochastic extremum seeking in Liu
and Krstic (2012).

However, the preceding works did not address delays, which
are often encountered in engineering, where delays produce bot-
tlenecks because standard controls require knowing the current
state values. There are three main approaches to compensating
for arbitrarily long delays in controls. One is model reduction,

 Krstic was supported by US National Science Foundation Grant 1711373.
Malisoff was supported by US National Science Foundation Grant 1711299.
Summaries of some of this work were presented at the 2020 American Control
Conference, and the 2020 IFAC World Congress. This paper was recommended
for publication in revised form by Associate Editor Bjorn S. Riiffer under the
direction of Editor Daniel Liberzon.

* Corresponding author.

E-mail addresses: malisoff@lsu.edu (M. Malisoff), krstic@ucsd.edu
(M. Krstic).

https://doi.org/10.1016/j.automatica.2020.109462
0005-1098/© 2020 Elsevier Ltd. All rights reserved.

which was initiated by Artstein (1982) for linear systems. An-
other entails backstepping that makes it possible to build Lya-
punov functionals to quantify the performance and robustness of
predictive delay compensation; see Karafyllis and Krstic (2014),
and Krstic (2009) for ways to address some challenges associ-
ated with standard prediction. Sequential predictors are a third
approach, where instead of backstepping-based predictive meth-
ods, one uses finite dimensional dynamical extensions that can
help avoid the computational challenges associated with standard
backstepping; see Besancon et al. (2007) and later works by
Cacace and others.

To the best of our knowledge, the works (Oliveira et al., 2017;
Tsubakino et al., 2015) were the first efforts to address the chal-
lenges of delays in extremum seeking. The study of delays in
extremum seeking is motivated by applications that involve time
consuming processing of output values before one can generate
a control. See for instance the image processing cases in Butler
(2013) and Riggs and Haugan (2017), or the analysis of sam-
ples in biochemical processes, e.g., in batch cultures applied to
bioreactors, in Lin et al. (2000) and Swinnen et al. (2004). These
applications share the important feature that the delays are usu-
ally constant, known, and large relative to the total response time
of the system. The works (Oliveira et al., 2017; Tsubakino et al.,
2015) use backstepping approaches that lead to a distributed
control, meaning, the control is only implicitly represented as a
solution of an integral equation that does not admit a closed form
solution.

As in Oliveira et al. (2017) and Tsubakino et al. (2015), we
use averaging and a perturbation based estimate, based on a gra-
dient optimization that estimates the unknown Hessian (which
was a method suggested in Ghaffari et al. (2012) and Nesic
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et al. (2010) for the undelayed case), and an analog for Newton-
based extremum seeking. However, we use a sequential predic-
tor approach (which, as noted in Cacace and Germani (2017)
and Mazenc and Malisoff (2017), has the potential benefit of not
having distributed terms). Unlike the works (Adetola & Guay,
2007; Guay & Dochain, 2015; Guay et al,, 2004; Mohammadi
et al,, 2014; Nesic et al,, 2013; Tan et al., 2006, 2009) (on un-
delayed extremum seeking) which estimate the Hessian of the
unknown map parametrically, we estimate the Hessian using
the demodulating signal that we use to find the extremum.
While Oliveira et al. (2017) proposed successive backstepping to
cope with distinct delays, our new sequential predictors lemma
covers multiple arbitrarily long delays using one sequential pre-
dictor. We use the term ‘one-stage’, because our one sequen-
tial predictor estimates the state of the averaged dynamics for
the estimation error, without the additional sequential predic-
tors that were needed in Mazenc and Malisoff (2017). Then we
can compensate for arbitrarily long constant delays in different
components of the input.

A key difference between (Oliveira et al., 2017) and ours
is that our approach eliminates the need to solve the integral
equations in Oliveira et al. (2017) for the implicitly defined delay
compensating controls from (Oliveira et al., 2017), because we
define our control using a dynamic extension consisting of a
system of ordinary differential equations having the same (finite)
dimension as the original system. It is well known that in gen-
eral, solving ordinary differential equations is computationally
less demanding than solving for implicitly defined solutions of
integral equations. As illustrated in Oliveira et al. (2017), Newton-
based approaches may enjoy better convergence properties than
gradient-based results, which can make Newton-based methods
more amenable to some applications. However, Newton-based
methods use an additional estimator for the inverse of the Hes-
sian (which explains why our Newton-based analysis is signifi-
cantly more complicated than our analysis of the gradient-based
case), so Newton-based approaches produce higher dimensional
and so also more complex controls that can be more challenging
to implement. Hence, gradient- and Newton-based algorithms are
both valuable; see Oliveira et al. (2017).

We use standard notation, where the dimensions of our Eu-
clidean spaces are arbitrary, I, is the n x n identity matrix, K, is
the usual class of comparison functions (e.g., from Krstic (2009)),
and |-| is the usual Euclidean norm and the corresponding matrix
norm, where we sometimes identify a matrix with the vector
obtained by listing its columns in the order they appear in the
matrix when stating conditions on initial values. For vectors | =
Ui...J:]" € R* and functions Z : R — R", we set Z(t 4+ J) =
[Zi(t +J1)...Zy(t +J)]T. We use K;; to denote the entry in the
ith row and jth column of matrix valued K’s for all indices i and j,
and K < 0 means that K is negative definite. We define functions
x: by x:(s) = x(t + s) for all functions x and all values of t > 0
and s < 0 such that t + s is in the domain of x, and we always
take the initial times of our solutions to be ty = 0 and constant
initial functions, and Anin(R) denotes the smallest eigenvalue of
any positive definite matrix R, and Z is the set of all integers.

2. Problem statement

To help make our work self contained, this section consists of
a review of basic ideas for multivariable extremum seeking with
delays from Oliveira et al. (2017), where the goal is to maximize
a real valued output

y(t) =Q(6(t — D)) (1)
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by varying the input function @ = [0; 65 ... 6,]", where D =
[D; ... D,]" € R"is a vector of known nonnegative constant
delays. For maximum seeking, we assume that there is a 0* € R"
such that

32Q(0%)

20Q(0*
t )=0, =H <0, and H=H", (2)
a0 002
where we view 6* and H as unknown constants. Viewing y as
being at least locally quadratic, we obtain

WO =y + 3(6(t = D) — 6*) 'H(6(t — D) — %), (3)
where
¥t =Q(6%) (4)

is the extremum. In basic gradient extremum seeking, we mea-
sure y(t) using the R" valued dither signals

S(t) = [ag sin(w1(t + D1)) ... ansin(wn(t + D))"

2 2 T (5)
and M(t) = [a sin(wit) ... - sm(a)nt)] ,
where the amplitudes a; and probing frequencies w; will be
specified below, and then G(t) = M(t)y(t) estimates the unknown
gradient 9Q(6)/96 of Q(#) in an average sense that we explain in
Lemma 1. The actual input

(1) = 6e(t) + S(t) (6)

is a real-time estimate 0,(t) of 8* (which we specify below) that
is perturbed by S(t).

The elements of the n x n demodulating matrix N(t) to con-
struct the estimate

H(t) = N(t)W(t) (7)
of the Hessian matrix are given by

Nii(t) = 28 (sin*(wit) — 3) fori=1,2,....,n (8)

6 _1
ai2 2
Nij(t) = ﬁ sin(w;t) sin(wjt) for i # j. (9)

J

Then the probing frequencies w; > 0 are chosen to satisfy

wi=ow=0w), i=12...n, (10)

where oj is a rational number and o is a positive constant. As
in Oliveira et al. (2017), we require the following for all distinct
i,j, k,and [:

] gé{wjf, %wj’, %(wjf—i—a),’{), w}+2w{<,w}+w,’<:|:w,’} (11)
with w;/w; being a ratio of odd integers for all i and j, with the
understanding that o] + w; & «j is not present in the right side
of (11) if n < 3, and the third and fourth elements in the right
side are not present when n = 2. Our goal is to design an output
feedback controller u for the system

fe(t) =u (12)
so that the estimation error

O(t) = B,(t) — 6% (13)

converges to a suitable small neighborhood of zero, where the
controller u will be computed using delayed values of y. This is
made precise in our theorems in the next sections.

3. Main result for gradient-based case

We will prove the following:
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Theorem 1. Let a; > 0 be a constant fori = 1,2, ..., n, and let 6%,
H, and the constant w; for i = 1,2, ..., n satisfy the requirements
from Section 2. Let k > 0 and the delays D; > 0 fori=1,2,...,n
be constants, and choose any constant w > 0 such that

3y/nwmaxD; < 1. (14)
1

Set A« = Amin(—H). Then for the choices of M, N, and S from
Section 2 and each constant § > 0, there is a constant w(8) > 0 such
that the following holds for each choice of the constant w > w(8):
There is a constant p > 0 such that for each constant initial function
¢ : [—max;D;, 0] — R?" that satisfies |¢(0) — (6%, 0)| < p, the
solution of

Oe(t) = ka(t)
2(t) = kN(t)y(t)z(t)
+ w(M()y(t) — z(t - D)) (15)
¥(t) = ¥+ 355 (6e)HSp(Oe ), where
Sp(6er) = 6.(t —D)+S(t —D)—6*
with output y is such that
limsup |0(t) — 0% < & (16)
t—00 *
and
; 1 %
limsup ly(t) ~y°| < §1H] (jal + £ ) (17)

are satisfied.

Notice that Theorem 1 allows any constant delays D; > 0, by
choosing w > 0 small enough, so we can compensate for arbitrar-
ily long input and output delays. Before proving Theorem 1, we
outline the main steps of the proof. Although (15) is nonlinear,
we will see that the corresponding averaged system is a linear
time-invariant system that has the same form as a variant of
the sequential predictor controlled dynamics from Mazenc and
Malisoff (2017) except that the averaged system has a vector
valued delay. We show that the averaged system is uniformly
exponentially stable to 0, and then we use an averaging theorem
to conclude that (15) also enjoys the required stability properties.
As in Oliveira et al. (2017), our use of averaging produces results
that are necessarily local. This motivates the next section, where
we provide the required lemmas.

4. Lemmas

The following lemma follows from a variant of an argument
from Ghaffari et al. (2012) in the case where there are no delays,
and is shown in the delay case by the same proof:

Lemma 1. Let H, D, w, and the w;’s satisfy the requirements of
the preceding sections, with integers £ such that w;i/w; = (2¢; +
1)/(2¢;+1) foralli and j. Let M, N, and S be defined in the previous
sections. For a given constant y* € R, define the function

1
ye(t,x) =y* + 5(S(t — D)+ x)TH(S(t — D)+ x) (18)
and the constant
2m(2¢ 1
= (261 + )7 (19)
w1
where the

Then for each x € R", the equalities
% fon N(o)y.(o,x)do = H and
7 fon M(o)yc(o, x)do = Hx

are satisfied.
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We next recall an averaging result from Hale and Lunel (1990)
which uses constants ¢ > 0 and the functional differential
equation system

X(t) = f(t/e, x:) (21)

and the corresponding averaged system

a(t) = Fyy(a¢), where (22)
Fa() = lim 1 [ f(s. y)ds (23)

for all choices of .

Lemma 2. Consider the system (21) where f : R x 2 — R"isa
continuous functional for a neighborhood §2 of 0 of the supremum-
normed Banach space C([—r,0]; R") of all continuous functions
from [—r,0] to R" and r > 0 is a constant. Assume that f(t, ¢)
is periodic in t uniformly with respect to ¢ in compact subsets of
§2 and that f has a continuous Fréchet derivative dof (t, ¢)/d¢ in ¢
on R x £2. Let 5§ > 0 be a given constant. If y = yo € £2 is an
exponentially stable equilibrium for (22), then, for some ¢y > 0 and
each € € (0, €g], there is a unique periodic solution t — x*(t, €) of
(21) with the properties of being continuous in t and e, satisfying
|x*(t, €) —yo| < & for all t € R, and such that there is a constant
p > 0 so that if x(-; ¢) is a solution of (21) with x(0) = ¢ and
¢ — yo| < p, then for some constants C > 0 and y > 0, we have
|x(t) — x*(t, €)| < Ce™”t forall t > 0.

In the next lemma, we can view the system (25) as a sequen-
tially predictor controlled x dynamics with a single sequential
predictor and a vector valued delay, and we continue the notation
Z(t—D) for vector valued delays D = [D; ...D,]" € R" and vector
valued functions Z from previous sections. We also use the fact
that for all continuous functions ¢ : R — [0, oo0) and constants
T > 0, the following hold for all t € R:

L1 JE prodeds = To(t) — [ p(e)de and
S J dededs < 7 [ g(exde,

where the equality in (24) followed from Fubini’s theorem.

(24)

Lemma 3. Let M € R™" be negative definite, D = [Dy...D,]" €
R" be a vector of nonnegative constants, and w > 0 be a constant
such that (14) is satisfied. Then the system

{Q(t) = Nz(t-D) (25)
Z(t) = Nz(t) — w(z(t — D) —q(t))

is uniformly globally exponentially stable to 0 on R?".

Proof. Choose the error variable

&(t) = z(t) — q(t + D). (26)
Then

&(t) = —we(t — D) (27)

holds for all t > 0. Therefore, along all solutions of (25) for all
t > 0, the function

1
V()= 5|5|2 (28)
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satisfies
Vo= &'(t)[-wet — D)
eT()[—we(t) + w(&(t) — &t — D))]
= =2wV(&(t))
— BTt )[ft DA [ (e )de]
< —=2wV(E(D)
+ {VBIEON 52V [ e 11 (29)
< —wV(E®D) + nw? (ff_mx,.n,. W)ldf)2
< —wV(E®)

+nw> max; D; ft[—Zmax,-Di |£(0)*de
= —wV(&(t))
+2Tl'l])3 max; D,‘ ftt—Z max; D; V(g(e))de

where the third equality is obtained by applying the Fundamental
Theorem of Calculus to each &; to obtain

&(t = Di) — _frtD.
wftD D;)ds = wft[D’E,d

which produces the additional w that produces the w? term in
(29), and the last two inequalities follow by applying the triangle
inequality to the terms in curly braces, and then applying Jensen’s
inequality (e.g., from Folland (1984, p. 104)) to the (convex)
squaring function.

It follows from applying (24) with ¢(£) =
2 max; D; that the time derivative of

Vi(&) = V(E(D)

V(e()) and T =

: 30
+3ni® max; D fi, o i VE@)deds (30)
satisfies

V&) < —&Vi(&) (31)

along all solutions of the dynamics for £ for all t > 2 max;D;,

where
€0 = wmin{1 — 9nw? max; D?, 5/(18w(max; D; + 1))}

is positive because of our assumption (14) on w. Hence, the
dynamics for £ are uniformly globally exponentially stable to 0.
The lemma now follows by writing (25) as

{c‘z(t) Ng(t) + NE(t — D)
2(t)

Nz(t) — we(t — D) (32)
and recalling that N < 0.

Remark 1. The preceding proof shows that the exponential
decay rate of the Lyapunov-Krasovskii functional V* for the &
dynamics is at least €. Hence, if we also require

3+/2nmaxDiw < 1, (33)
1

then V* has an exponential decay rate of at least

ro = min{®/2, 5/(18(max D; + 1))}, (34)

which gives an exponential decay rate of at least ,/rg for £, which
can be used to compute the exponential decay rate for g and z in
terms of A" and w. For instance, if A¢ is the smallest of the positive
eigenvalues of —\, and if \/7g < A, then for each constant initial
function, we can apply variation of parameters to the g subsystem
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in (32) to find constants ¢; such that along all solutions of (25),
we have

lq(t)] eNtq(0)] + &1 fy N0 e=Volde|g(0)|
et |q(0)] + G, [y e Polt=De~vTolde|g(0)| (35)

coe~70'q(0)] + Ese™ V' [E(0)]

INIAIA

which gives a decay rate of /1y for the g dynamics.
5. Proof of Theorem 1

Consider the system
X(6) = f(t/e, Xo)
with the state variable X =
A(t) = 0(t — D), (36)
0* from (13),

(A,z)and ¢ = 1/w where

6 is the error variable 6(t) = 6,(t) —

f=(f1.f), filt. X;) = kXt — D),

Xi= A Xz, ’ (37)
and

H(t, Xe)

=kN(t/o) [y* +S](t. X)4 St LX) Xa(t) (38)
+w (M(t/w)[y* + S/ (t, xt) Su(t, X0)]

—Xy(t — D)),

where

S.(t, xt)_s<; —D) + Xy(t). (39)

To compute the corresponding averaged system (22), first note
that since the preceding choice of f has period 7 = wIT in its
first variable where IT was defined in (19), we have

Fu(¥) = 1 [ f(s, w)ds (40)
for all choices of . For each v, (40) follows by writing
T
T fO (4-1)
7]'—('1"/77 .f() dS + 7 f]—'(T/n)nf(S )

for T > 7 where F(s) = max{z € Z : z < s} is the floor function,
and noting that the last integral in (41) is bounded and that
lim 1 F(T/m) =
T—>oo
which follows because 7(T /) € [T/m — 1,T/7].

It follows from Lemma 1 that the corresponding averaged
system (22) is

(42)

1
=

HA(t) = kHz(t — D) (43)
2(t) = kHz(t) — w(z(t — D) — HA(t))
which is a special case of (25) from Lemma 3 with ¢ = HA

and N = kH < 0 (where we left multiplied the A(t) equation
throughout by H to obtain a system (43) that has the required
structure to be covered by Lemma 3). Hence, (43) is uniformly
globally exponentially stable on its state space R?". Moreover,
since 6* is constant, the system (15) can be written in the form
X(t) = f(t/e, X¢) with the preceding choice of f and ¢ = 1/w. It
follows from Lemma 2 that for each constant § > 0, there is a
constant w(8) > 0 such that for suitable constant initial states ¢
and for all w > w(§), the corresponding solution of (15) satisfies
lim sup,_, o, |(HA(t), z(t))| < 8. This gives

lim sup |6.(t) — 6*| = limsup |6(t)] <

8
t—o00 t—o00 }\*

(44)
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where Ay, = Anin(—H
IHO| = VOTH20 > /Amin(H2)|0] > Amin(—H)I0)| (45)

for all 8 € R" (which follows from the Spectral Mapping Theorem
applied to the matrix squaring function because our assumption
that H' = H < 0 implies the positiveness of the eigenvalues
of —H, and which gives the first conclusion of the theorem),
and then the second conclusion of the theorem follows from the
structure of the output y.

), by using the fact that

Remark 2. Since w can be chosen independently of k, it follows
by applying Remark 1 with the choice A¥ = kH that for large
enough choice k (depending on estimates for lower bounds on
the positive eigenvalues of —H), the exponential decay rate for
the estimate 6, for 6* can be approximated by

r, = min {‘/w/z, /5/(18(max; D; + 1))}. (46)

Therefore, in practice, one should choose w as large as possible
in Theorem 1 to maximize the rate of convergence. Moreover,
(14) shows that there is a tradeoff between the dimension n of
0 and the sizes of the delays D;, namely, larger delays or higher
dimensions n require smaller values of w > 0 and therefore lead
to slower convergence.

6. Newton-based extremum seeking

The work (Ghaffari et al., 2012) provides a multivariable New-
ton extremum seeking algorithm in the absence of delays, which
produces a convergence result that is independent of the un-
known Hessian H. This was extended to delayed cases in Oliveira
et al. (2017), using a distributed control. Using a linearization,
Oliveira et al. (2017) proposes a local Newton-based extremum
seeking result for initial states (6.(0), I"(0)) for the estimator and
for the solution I"(t) of a Riccati equation that are close enough to
(6*, H-1) (where the Riccati equation was used to estimate H™1).

Here, we provide an alternative delay compensating Newton-
based extremum seeking result using a dynamic extension that
produces a controller that is free of distributed terms, without lin-
earizing. This provides a final bound (49) on the estimation error
that differs from the corresponding estimate (16) in Theorem 1,
because this bound will not depend on A, = Amin(—H), but in
this case we need a higher order dynamical controller that also
contains an estimator for H~!. We prove:

Theorem 2. leta; > 0fori=1,2,...,n 6" € R", H e R™",
and w; for i = 1,2, ..., n satisfy the requirements from Section 2.

Given constants k > 0 and D; > 0 fori = 1,2,...,n, choose a

constant w > 0 such that

3/nw maxD; < 1. (47)
1

Then for the choices of M, N, and S from Section 2 and each
constant w, > 0 and each constant § > 0, there exists a constant
w(8) > 0 such that the following holds for each choice of the
constant w > w(§8): There is a constant p > 0 such that for each
constant initial function ¢ : [— max; D;, 0] — R"™*2? that satisfies

|$(0) — (6*,0, H™Y)| < p, the solution of the system
Oe(t) = —ke(t)
2t) = —ka(t)+w(CEOM(EY(E) - 2(t — D))
Ity = of- Iy + N(OL(t)y(t)) (48)
Yt) = ¥+ 355 (Bet)HSp(6e.c), Where

Sp(0ec) = 0e(t —D)+5(t —D)—0*
with outputs is such that
limsup |6e(t) — 0% < & (49)

t—00
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and

. 1 2
lim sup |y(t) — y*| < 5|H|(|a| + ) (50)

t—o00

are satisfied.

Proof. We show that the average of a delayed error dynamics
associated with (48) is globally exponentially stable to 0, and then
we apply Lemma 2. Consider the system X(t) = f(t/e, X;) with
¢ = 1/w and the state

X =(A,z,Teq,..., ey, where A(t) = 6(t — D), (51)

and where
I'=r—H"' 6=6,-06%
f=(f1!f2’f3)v f3=(f317 ---7f3n)s " (52)
Xi1=A4, X =2, X3=(F€1,...,F€n),
and
At Xe) =
At X) = —kxz(f)
+w((F(t) +H "M(t/o)Y(t, X;)
and for all i, f3,(t X)) =

or (=l + N(t /o) T(t) + HT1Y(t, X,))e;,

where e; is the ith standard basis vector,

—sz(t D),

— Xy(t D)) (53)

Y(t, X)) = y* + 28] (t, X )HS(t, X,), and (54)
Si(t, X)) =S (£ — D) +Xi(t).
By Lemma 1, the averaged X system is
Alt) = —kz(t = D)
2(t) = —ke(t)—w(z(t — D) — I'(HHA(L)) (55)
Ti(t) = wHG(t) fori=1,2,...,n

where I}, = I"e;. Also, (55) is globally exponentially stable to 0
on its state space R"™?), The exponential stability estimate can
be constructed in four steps, using the dynamics

Alt) = —kA(t)— ket — D)
2t) = —kz(t)— wE(t — D)+ wI(HHA(L) (56)
Et) = —wé&(t—D)+wl(HHA(L)

for the (A, z) subsystem of (55) interconnected with the dynamic
for £(t) = z(t) — A(t + D). First, we find positive constants v, and
Vs Such that the time derivative of

VE(g, A, 2) = v,VH(E) + 5 (1417 + 121%) (57)
along all solutions of (56) that satisfy I" = 0 also satisfies
VE() < =0 V(& A(L), 2(0)), (58)

where V? is from the proof of Lemma 3; this is done by using
the triangle inequality and Jensen’s inequality and the formula
E(t) = —wé&(t — D) to get

|A(E)||E(t — D)| < 3A(H)* + 31t — D)J?
< AW + [E()]* + |£(t) — £t — D)

< 3lA@)P + |5(t)|2t
2w nmax; Di f;_y .. p. 1E0)dE

(59)

and similarly with A(t) replaced by z(t), where we applied the
relation (a4 b) < 2a? +2b? for suitable nonnegative values a and
b to get the second inequality in (59), and then we applied the
Fundamental Theorem of Calculus to the ith component of £ on
[t—D;, t] for each i and then used Jensen’s inequality from Folland
(1984, p. 104) applied as before to the squaring function.

In the second step, we can use the triangle inequality (applied
to |z(t)||A(t)| and |£(t)|| A(t)|) and the exponential stability of the
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r dynamics to find a constant v, € (0, v4) and a Iy € Ky such
that Ip(s) > s for all s > 0 and such that (58) holds with v,
replaced by v, along all solutions of (56) for all t > I(]77(0)]). In
the third step, we note that since each I}, dynamic is globally
exponentially stable to 0, we can use the second step to find
an exponential decay condition for (55) that is valid for all ¢ >
Io(|I°(0)]). Finally, using linear growth properties for the right
side of (55) and Gronwall’s inequality, we can find a constant B
such that

I(A(t), z(t), ()] < BI(A(0), 2(0), ["(0))|e’0I7 @D (60)

holds for all t € [0, I'p(|7°(0)])] and all solutions of (55), which we
combine with the third step to get a global exponential stability
estimate for (55) that is valid for all t > 0. )

Next, note that (48) can be expressed as X(t) = f(t/e,X;)
for X with the choice (53) of f and ¢ = 1/w. Therefore, we can
apply Lemma 2 to the 0 equilibrium for (55). It follows that for
each constant § > 0, there is a constant w(8) > 0 such that for
suitable constant initial states ¢ and for all @ > w(§), we have
limsup;_, o, |X(t)] < 4. By considering only the first components
X1 = A of X, we then have

lim sup |6.(t) — 6%| = limsup |6(t)] < & (61)
t—o00 t—o00

for suitable constant initial states for (48), which gives the first

conclusion of Theorem 2. Then the second part of Theorem 2

follows as in the last part of the proof of Theorem 1.

7. Source seeking application

We apply our method to a source seeking example where
the output function y has the form (1) and so represents an
unknown concentration field. The goal is then to find a source of
a signal, which could be acoustic, chemical, or electromagnetic;
see Oliveira et al. (2017). Following Oliveira et al. (2017), we
assume that the Hessian is given by

-2 =2
as]2 7] -
We assume that the strength of the field decays with distance,
having a local maximum and unknown maximizer y* = 1 and
0* = (67,65) = (0, 1), respectively. This is achieved without
measuring the position vector 6 = (67, 6;) and thus only using
the measurement of the output scalar signal y with delay Doy =
0.5 s, and the actuator paths of the vehicle also have distinct
delays D' = 0.5 s and DI = 1.5 s (but see below for a discussion
of other delay values). This gives the total delays D; = 1 s and
D, = 2 s which must be compensated by the predictors. We

choose the amplitudes a; = a; = 1 the frequencies w1 = 7w
and w, = 5w where w = 10, the constants n = 2 and k = 1 and

W = 0.99/(3v/n max{Dy, D>}) = 0.116673, (63)

the maximum value y* = 1 in our output, and the optimizer
6* = (0, 1), and we apply Theorem 1. In the top panel of Fig. 1, we
use Mathematica to plot the estimator values obtained from (15)
in three simulations with the initial states for the z;’s chosen to be
zero, and with the initial states 6,(0) = (0, 0), 6,(0) = (2, —0.5),
and 6,(0) = (1, 0.5) for the estimators and the preceding delay
values. Since the figure shows convergence of the estimates to
6* = (0, 1), it helps to verify the theorem. Also, we can use (63)
in (46) to estimate the convergence rate.

Moreover, we can allow arbitrarily large delay values. For
instance, if we increase the output delay to Doy = 1 s and keep
the input delays as in the previous simulation, then the total
delays are D; = 1.5 s and D, = 2.5 s, which give the new
value w = 0.99/(3/nmax{D;,D,}) = 0.0933381. Since this
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Fig. 1. First (Red) and Second (Blue) Components of Delayed System Trajectory
6.(t) with Initial States O for z’s and Initial States (0, 0), (2, —0.5), and (1, 0.5)
for 6, in Gradient-Based Case Showing Convergence toward the Optimizer 6* =
(0, 1), with Delay values Dy = 1 s and D, = 2 s (Top), Dy = 1.5 s and D, = 2.5
s (Middle), and D; = 0.5 s and D, = 1.5 s (Bottom). (For interpretation of
the references to color in this figure legend, the reader is referred to the web
version of this article.)

w is smaller than (63), this reduces the convergence rate (46),
and so illustrates the impact of bigger delays on the convergence
rate. We plot the corresponding Mathematica simulations with
Dy = 1.5 s and D, = 2.5 s in the middle panel of Fig. 1, which
exhibits slower convergence as compared to the simulation from
the top panel.

On the other hand, smaller delay values lead to larger w values
and so faster convergence. For instance, if we choose the output
delay Doy = 0.5 s as in the first simulation but reduce the input
delays to D' = 0 s and DI' = 1 s, then we get D; = 0.5 s
and D, = 1.5 s, which give w = 0.99/(3y/nmax{D,, D,}) =
0.155563. This larger value of w gives faster convergence than
in the first two cases. This faster convergence is exhibited in the
corresponding Mathematica simulations in the bottom panel of
Fig. 1. The preceding simulations illustrate the flexibility of our
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approach which can ensure asymptotically stable performance for
any constant delays as in Oliveira et al. (2017) but without the use
of distributed terms in the control.

8. Conclusions

We provided new dynamic extensions to solve multivari-
able gradient- and Newton-based extremum seeking problems in
which the delays in each component of the estimator can differ.
Instead of previous methods that used standard prediction (and
which therefore led to distributed terms in the control), we used a
one-stage sequential predictor approach for a vector valued delay.
This made it possible to compensate for arbitrarily long input or
output delays, using only one sequential predictor.
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