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a b s t r a c t

This paper deals with an event-triggered boundary control of constant-parameters reaction–diffusion
PDE systems. The approach relies on the emulation of backstepping control along with a suitable
triggering condition which establishes the time instants at which the control value needs to be
updated. In this paper, it is shown that under the proposed event-triggered boundary control, there
exists a minimal dwell-time (independent of the initial condition) between two triggering times and
furthermore the well-posedness and global exponential stability are guaranteed. The analysis follows
small-gain arguments and builds on recent papers on sampled-data control for this kind of PDE. A
simulation example is presented to validate the theoretical results.

© 2021 Elsevier Ltd. All rights reserved.
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1. Introduction

Control and estimation strategies must be implemented and
alidated into digital platforms. It is important to study carefully
he issues concerning digital control such as sampling. This is
ecause, if sampling is not addressed properly, the stability and
stimation properties may be lost. For finite-dimensional sys-
ems, namely networked control systems modeled by ordinary
ifferential equations (ODEs), digital control has been extensively
eveloped and several schemes for discretization and for sam-
ling in time continuous-time controllers have been investigated,
.g., by sampled-data control (Hetel et al., 2017) and event-
riggered control strategies (Girard, 2015; Heemels, Johansson, &
abuada, 2012; Jiang, Liu, & Zhang, 2017; Lemmon, 2010; Liu &
iang, 2015; Marchand, Durand, & Castellanos, 2013; Postoyan,
abuada, Nešić, & Anta, 2015; Tabuada, 2007). The latter has
ecome popular and promising due to not only its efficient way of
sing communication and computational resources by updating
he control value aperiodically (only when needed) but also due
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o its rigorous way of implementing continuous-time controllers
nto digital platforms.

In general, event-triggered control includes two main compo-
ents: a feedback control law which stabilizes the system and an
vent-triggered mechanism which contains a triggering condition
hat determines the time instants at which the control needs to be
pdated. Two general approaches exist for the design: Emulation

from which the controller is a priori predesigned and only the
event-triggered algorithm has to be designed (as in e.g. Tabuada,
2007) and Co-design, where the joint design of the control law
and the event-triggering mechanism is performed simultaneously
(see e.g. Seuret, Tarbouriech, Prieur, & Zaccarian, 2016).

Nevertheless, for partial differential equations (PDEs)
sampled-data and event-triggered control strategies without
model reduction have not achieved a sufficient level of maturity
as in the finite-dimensional case. It has not been sufficiently
clear (from theoretical and practical point of view) how fast
sampling the in-domain or the boundary continuous-time con-
trollers should be for preserving both stability and convergence
properties of PDE systems. Few approaches on sampled-data and
event-triggered control of parabolic PDEs are considered in Frid-
man and Blighovsky (2012), Karafyllis and Krstic (2018) and Jiang,
Cui, Wu, and Zhuang (2016), Katz, Fridman, and Selivanov (2019,
2021), Selivanov and Fridman (2016), Yao and El-Farra (2013). To
the best of our knowledge, Katz et al. (2019, 2021) are the first
contributions to come up with sampled-data and observer-based
event triggered boundary control for 1D reaction–diffusion sys-
tems in the presence of time-varying input delays. The approach

relies on modal decomposition and proposes an observer-based

https://doi.org/10.1016/j.automatica.2021.109562
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vent-triggered strategy that includes a novel switching-based
ynamic triggering condition depending on the finite modes of
he estimated state. The triggering policy, in turn, includes a suit-
ble waiting-time parameter (for time regularization) allowing
he avoidance of the so-called Zeno phenomena.

In the context of abstract formulation of distributed param-
ter systems, sampled-data control is investigated in Logemann,
ebarber, and Townley (2005) and Tan, Trélat, Chitour, and Nešić
2009). For hyperbolic PDEs, sampled-data control is studied
n Davo, Bresch-Pietri, Prieur, and Di Meglio (2019) and Karafyllis
nd Krstic (2017). Some recent works have introduced event-
riggered control strategies for linear hyperbolic PDEs under an
mulation approach (Espitia, Girard, Marchand, & Prieur, 2016a,
016b, 2018; Espitia, Tanwani, & Tarbouriech, 2017). In Espitia
t al. (2016a), for instance, event-triggered boundary controllers
or linear conservation laws using output feedback are studied
y following Lyapunov techniques (inspired by Bastin & Coron,
016). The study has been extended in Espitia et al. (2017)
hile using static and dynamic output controllers (with measured
utput subject to event-triggered sampling and quantization) and
stablishing stability in different norms. In Espitia et al. (2018),
he approach relies on the backstepping method for coupled
ystem of balance laws (inspired by Krstic & Smyshlyaev, 2008a;
azquez, Krstic, & Coron, 2011) which leads to a full-state feed-
ack control which is updated according to a dynamic triggering
ondition. Under such a triggering policy, it has been possible to
rove the existence of a minimal dwell-time between triggering
ime instants and therefore avoiding the Zeno phenomena.

In sampled-data control as well as in event-triggered control
cenarios for PDEs, the effect of sampling (and therefore, the un-
erlying actuation error) has to be carefully handled. In particular,
or reaction–diffusion parabolic PDEs the situation of having such
rrors at the boundaries has been challenging and has become a
entral issue; especially when having Dirichlet boundary condi-
ions due to the lack of an ISS-Lyapunov function for the stability
nalysis. In Karafyllis and Krstic (2018) this problem has been
vercome by studying ISS properties directly from the nature of
he PDE system (see also e.g. Karafyllis & Krstic, 2019a, 2019b)
hile using modal decomposition and Fourier series analysis.
yapunov-based approach has not been necessary to perform
he stability analysis and to be able to come up with ISS prop-
rties and small-gain arguments. Thus, it has been possible to
stablish the robustness with respect to the actuation error. This
pproach has allowed the derivation of an estimate of the diam-
ter of the sampling period on which the control is updated in a
ampled-and-hold fashion. The drawback, however, is that such
period turns out to be truly small, rendering the approach very
onservative. With periodic implementation, one may produce
nnecessary updates of the sampled controllers, which cause over
tilization of computational and communication resources, as
ell as actuator changes that are more frequent than necessary.
This issue strongly motivates the study of event-triggered

ontrol for diffusion-reaction PDE systems. Event-triggered con-
rol may show benefits with respect to periodic schemes as
he actuation updating is done only when needed. In overall,
vent-triggered may represent a more realistic approach for the
ctuation on the PDE system. Therefore, in this paper we propose
n event-triggered boundary control based on the emulation of
he backstepping boundary control. An event-triggering condi-
ion is derived and the stability analysis is performed by using
mall-gain arguments.
The main contributions are summed up as follows:

• We prove that under the event-triggered control no Zeno
solutions can appear. A uniform minimal dwell-time (inde-
pendent of the initial condition) between two consecutive

triggering time instants has been obtained.

2

• Consequently, we guarantee the existence and uniqueness
of solutions to the closed-loop system.

• We prove that under the event-triggered boundary control,
the closed-loop system is globally exponentially stable in
the L2-norm sense.

The paper is organized as follows. In Section 2, we intro-
duce the class of reaction–diffusion parabolic systems, some pre-
liminaries on stability and backstepping boundary control and
the preliminary notion of existence and uniqueness of solutions.
Section 3 provides the event-triggered boundary control and the
main results. Section 4 provides a numerical example to illustrate
the main results. Finally, conclusions and perspectives are given
in Section 5.

Notation. R+ will denote the set of nonnegative real numbers.
Let S ⊆ Rn be an open set and let A ⊆ Rn be a set that satisfies

⊆ A ⊆ S̄. By C0(A; Ω), we denote the class of continuous
unctions on A, which take values in Ω ⊆ R. By Ck(A; Ω), where
≥ 1 is an integer, we denote the class of functions on A, which
akes values in Ω and has continuous derivatives of order k. In
ther words, the functions of class Ck(A; Ω) are the functions
hich have continuous derivatives of order k in S = int(A) that
an be continued continuously to all points in ∂S ∩ A. L2(0, 1)
enotes the equivalence class of Lebesgue measurable functions

: [0, 1] → R such that ∥f ∥ =

(∫ 1
0 |f (x)|2dx

)1/2
< ∞. Let u :

+ × [0, 1] → R be given. u[t] denotes the profile of u at certain
≥ 0, i.e. (u[t])(x) = u(t, x), for all x ∈ [0, 1]. For an interval I ⊆

+, the space C0(I; L2(0, 1)) is the space of continuous mappings
∋ t ↦→ u[t] ∈ L2(0, 1). H2(0, 1) denotes the Sobolev space of

unctions f ∈ L2(0, 1) with square integrable (weak) first and
econd-order derivatives f ′(·), f ′′(·) ∈ L2(0, 1). Im(·), Jm(·) with

∈ Z, denote the modified Bessel and (nonmodified) Bessel
unctions of the first kind.

. Preliminaries and problem description

Let us consider the following scalar reaction–diffusion system
ith constant coefficients:

t (t, x) = εuxx(t, x) + λu(t, x), (1)
u(t, 0) = 0, (2)
u(t, 1) = U(t), (3)

nd initial condition:

(0, x) = u0(x), (4)

here ε > 0 and λ ∈ R. u : [0, ∞) × [0, 1] → R is the
ystem state and U(t) ∈ R is the control input. The control
esign relies on the Backstepping approach (Krstic & Smyshlyaev,
008b; Smyshlyaev & Krstic, 2004) under which the follow-
ng continuous-time controller (nominal boundary feedback) has
een obtained:

(t) =

∫ 1

0
K (1, y)u(t, y)dy. (5)

t has then been proved that the under continuous-time controller
5) with control gain K satisfying

K (x, y) = −y((λ + c)/ε)
I1

(√
((λ + c)/ε)(x2 − y2)

)
√
((λ + c)/ε)(x2 − y2)

, (6)

evolving in a triangular domain given by T = {(x, y) : 0 ≤ y <

x ≤ 1} where c ≥ 0 is a design parameter that can be chosen ar-
bitrarily, the closed-loop system (1)–(4) is globally exponentially
stable in L2-norm sense (Smyshlyaev & Krstic, 2004).
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.1. Event-triggered control and emulation of the backstepping de-
ign

We aim at stabilizing the closed-loop system (1)–(4) in an
vent-triggered fashion. We follow the emulation approach which
eans that the boundary controller is perfectly known (i.e. (5)–

6)). This approach includes stabilizing on events while sampling
he continuous-time controller (5) at a certain time instants that
orm an increasing sequence (tj)j∈N with t0 = 0 that will be
characterized later on. The control value is held constant between
two successive time instants and it is updated when some state-
dependent condition is verified. In this scenario, we need to
suitably modify the boundary condition in (1)–(3). The boundary
value of the state is going to be given by

u(t, 1) = Ud(t), (7)

with

Ud(t) =

∫ 1

0
K (1, y)u(tj, y)dy, (8)

for all t ∈ [tj, tj+1), j ≥ 0. Note that Ud(t) = U(t) + d(t) with U(t)
given by (5) and d given by:

d(t) =

∫ 1

0
K (1, y)u(tj, y)dy −

∫ 1

0
K (1, y)u(t, y)dy. (9)

Here, d (which will be fully characterized along with (tj)j∈N in
the next section) can be viewed as an actuation deviation be-
tween the nominal boundary feedback and the event-triggered
boundary control.1

Hence, the control problem we aim at handling can be re-
formulated by considering the following linear scalar reaction–
diffusion PDE:

ut (t, x) = εuxx(t, x) + λu(t, x), (10)
u(t, 0) = 0, (11)
u(t, 1) = Ud(t), (12)

for all t ∈ (tj, tj+1), j ≥ 0, and initial condition:

u(0, x) = u0(x). (13)

The emulation of the backstepping boundary control is performed
by transforming (10)–(13) into a target system which will re-
flect the influence of the deviation d(t). Indeed, the following
invertible Volterra transformation

w(t, x) = u(t, x) −

∫ x

0
K (x, y)u(t, y)dy, (14)

with kernel K (x, y) satisfying (6) maps the system (10)–(13) into
the following target system:

wt (t, x) = εwxx(t, x) − cw(t, x), (15)
w(t, 0) = 0, (16)
w(t, 1) = d(t), (17)

with initial condition:

w(0, x) = u0(x) −

∫ x

0
K (x, y)u0(y)dy, (18)

where c ≥ 0 (which is involved in (6)) can be chosen arbitrary.
Notice that when d(t) = 0, one has that the target system is
globally exponential stable. Moreover, the larger the c , the faster
the convergence rate.

1 In sampled-data control as in Karafyllis and Krstic (2018), such a deviation
s called input holding error.
 f

3

It is worth recalling that the Volterra backstepping transfor-
mation (14) is invertible whose inverse is given as follows:

u(t, x) = w(t, x) +

∫ x

0
L(x, y)w(t, y)dy, (19)

here L satisfies,

L(x, y) = −y((λ + c)/ε)
J1

(√
((λ + c)/ε)(x2 − y2)

)
√
((λ + c)/ε)(x2 − y2)

. (20)

.2. Well-posedness issues

The notion of solution for 1-D linear parabolic systems un-
er boundary sampled-data control has been rigorously analyzed
n Karafyllis and Krstic (2018, Theorem 2.1). In this paper, we
ollow the same framework and construct the solution by means
f the following proposition:

roposition 1 (Special Case of Karafyllis & Krstic, 2018,
heorem 2.1). For every initial data u[tj] ∈ L2(0, 1) there ex-
sts a unique function u ∈ C 0([tj, tj+1]; L2(0, 1)) satisfying u ∈
1((tj, tj+1) × [0, 1]), u[t] ∈ C2([0, 1]) for all t ∈ (tj, tj+1] and
atisfying (10)–(12) for t ∈ (tj, tj+1).

Proposition 1 allows us to construct a solution in the sense
escribed in Karafyllis and Krstic (2018) i.e. a solution u ∈
0
(
[0, limj→∞(tj); L2(0, 1)

)
with u[t] ∈ C2([0, 1]) for t ∈ (0,

imj→∞(tj)) and u ∈ C1(Ĩ × [0, 1]) where Ĩ =
[
0, limj→∞(tj)

)
\{tj :

= 0, 1, 2, . . .} which also satisfies (10)–(12) for t ∈ Ĩ .
In what follows we assume that in open loop, the system (10)–

13) is unstable or neutrally stable, i.e., λ ≥ επ2 (see e.g. Krstic &
myshlyaev, 2008b, Section 3.1 for details). We focus on this case
s it constitutes a more challenging problem than considering
pen-loop asymptotically stable systems (i.e. λ < επ2).

. Event-triggered boundary control and main results

In this section we introduce the event-triggered boundary
ontrol and the main results: the existence of a minimal dwell-
ime which is independent of the initial condition, the well-
osedness and the exponential stability of the closed-loop system
nder the event-triggered boundary control.
By building on the emulation approach, let us first define

he event-triggered boundary control considered in this paper.
t encloses both a triggering condition (which determines the
ime instant at which the controller needs to be updated) and
he backstepping boundary feedback (8). The proposed event-
riggering condition is based on the evolution of the magnitude
f the actuation deviation (9) and the evolution of the L2-norm of
he state.

efinition 1 (Definition of the Event-Triggered Boundary Control).
et β > 0 be a design parameter and define

(y) := K (1, y), (21)

ith K being the kernel given in (6). We define the following set:

(tj) := {t ∈ R+|t > tj ∧|d(t)| > β∥k∥∥u[t]∥+β∥k∥∥u[tj]∥}, (22)

here u[t] denotes the solution of (1), (2), (7) and (8) for all t ≥ tj
nd d(t) is defined by (9).
The event-triggered boundary control is defined by consider-

ng the following components:
I) (The event-trigger) The times of the events tj ≥ 0 with t0 = 0
orm a finite or countable set of times which is determined by the

ollowing rules for some j ≥ 0:
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(a) if E(tj) = ∅ then the set of the times of the events is
{t0, . . . , tj}.

(b) if E(tj) ̸= ∅, then the next event time is given by

tj+1 := inf E(tj). (23)

II) (the control action) The boundary feedback law,

d(t) =

∫ 1

0
k(y)u(tj, y)dy, ∀t ∈ [tj, tj+1). (24)

emark 1. Since λ ≥ επ2 and the open loop system is not
symptotically stable, it follows that ∥k∥ > 0. As already pointed
ut, β is a design parameter that will be suitably selected in the
equel.

.1. Avoidance of the Zeno phenomena

It is worth mentioning that guaranteeing the existence of a
inimal dwell-time between two triggering times avoids the
o-called Zeno phenomena that means infinite triggering times
n a finite-time interval. It represents infeasible practical imple-
entations into digital platforms because it would be required

o sample infinitely fast. Before we tackle the result on exis-
ence of minimal dwell-time, let us first introduce the following
ntermediate result.

emma 1. For the closed-loop system (10)–(12), the following
stimate holds, for all t ∈ [tj, tj+1], j ≥ 0,

sup
tj≤s≤tj+1

(∥u[s]∥) ≤ Qj∥u[tj]∥, (25)

where Qj = exp
(
p(tj+1 − tj)/2

)
(1 +

√
3
3 ∥k∥ +

∥k∥
√
p ) +

√
3
3 ∥k∥ and

> 0 is given by p = −2επ2
+ 2λ +

4
3λ

2.

roof. We consider Ud given by (24) and define

v(t, x) = u(t, x) − xUd, (26)

t is straightforward to verify that v satisfies the following PDE
or all t ∈ (tj, tj+1), j ≥ 0,

vt (t, x) = εvxx(t, x) + λv(t, x) + λxUd, (27)
v(t, 0) = 0, (28)
v(t, 1) = 0. (29)

Well-posedness issues for (27)–(29) readily follow while being
a particular case of the PDE considered in Karafyllis, Krstic, and
Chrysafi (2019, Lemma 5.2). Now, by considering the function
V (t) =

1
2∥v[t]∥2 and taking its time derivative along the solutions

f (27)–(29) and using the Wirtinger’s inequality, we obtain, for
∈ (tj, tj+1),

˙ ≤ −επ2
∥v[t]∥2

+ λ∥v[t]∥2
+ Ud

∫ 1

0
(λx)v(t, x)dx.

In addition, using the Young’s inequality on the last term along
with the Cauchy–Schwarz inequality, we get

V̇ (t) ≤ −επ2
∥v[t]∥2

+ λ∥v[t]∥2
+

1
2
U2
d +

2
3
λ2

∥v[t]∥2.

hen, for t ∈ (tj, tj+1),

V̇ (t) ≤ pV (t) +
1
2
U2
d ,

where p = −2επ2
+ 2λ +

4
3λ

2. Note that p > 0 since we have
ssumed that λ ≥ επ2. Using the Comparison principle on an
 a

4

interval [a, b] where a > tj and b < tj+1, one gets, for all t ∈ [a, b]

(t) ≤ exp (p(t − a))
(
V (a) +

1
2p

U2
d

)
.

Due to the continuity of V (t) on [tj, tj+1] and the fact that a, b are
arbitrary, we can conclude that

V (t) ≤ exp
(
p(tj+1 − tj)

) (
V (tj) +

1
2pU

2
d

)
, (30)

or all t ∈ [tj, tj+1]. Using the Cauchy–Schwarz inequality, we
ave that |Ud| ≤ ∥k∥∥u[tj]∥. Using this fact in (30), we get, in
ddition

v[t]∥2
≤ exp

(
p(tj+1 − tj)

) (
∥v[tj]∥2

+
1
p∥k∥

2
∥u[tj]∥2

)
.

sing the above estimate in conjunction with (26) and the trian-
le inequalities, we obtain the following inequalities:

∥u[t]∥ ≤ ∥v[t]∥ +

√
3
3 |Ud|,

∥v[tj]∥ ≤ ∥u[tj]∥ +

√
3
3 |Ud|,

ogether with |Ud| ≤ ∥k∥∥u[tj]∥, we finally obtain, for all t ∈

tj, tj+1],

sup
j≤s≤tj+1

(∥u[s]∥) ≤ Qj∥u[tj]∥,

ith Qj = exp
(
p(tj+1 − tj)/2

)
(1 +

√
3
3 ∥k∥ +

∥k∥
√
p ) +

√
3
3 ∥k∥. This

concludes the proof. ■

Theorem 1. Let β > 0 be given. Under the event-triggered bound-
ary control (23)–(24), there exists a minimal dwell-time between
two triggering times, i.e. there exists a constant τ > 0 (independent
of the initial condition u0) such that tj+1 − tj ≥ τ , for all j ≥ 0.

roof. Define g ∈ C2([0, 1]) by the following equation:

(x) :=

N∑
n=1

knφn(x), (31)

here N ≥ 1 is an integer, kn :=
∫ 1
0 k(y)φn(y)dy, k(y) = K (1, y)

ith K satisfying (6) and φn(x) =
√
2 sin(nπx), n = 1, 2... are the

eigenfunctions of the Sturm–Liouville operator A : D → L2(0, 1)
defined by

(Af )(x) = −ε
d2f
dx2

(x) − λf (x),

for all f ∈ D and x ∈ (0, 1) and D ⊂ H2([0, 1]) is the set of
functions f : [0, 1] → R for which f (0) = f (1) = 0.

Let us also define

d̃(t) =

∫ 1

0
g(y)

(
u(tj, y) − u(t, y)

)
dy, (32)

for t ∈ [tj, tj+1), for j ≥ 0 and g given by (31). Taking the time
derivative of d̃(t) along the solutions of (10)–(12) yields, for all
t ∈ [tj, tj+1),

˙̃d(t) =ε

(
dg
dx

(1)u(t, 1) − g(1)
∂u
∂x

(t, 1)
)

+ ε

(
g(0)

∂u
∂x

(t, 0) −
dg
dx

(0)u(t, 0)
)

+

∫ 1

0
(Ag)(y)u(t, y)dy.

ote that g(1) ∂u
∂x (t, 1) = 0 by virtue of the function g evaluated

t x = 1 as φ (1) = 0. In addition, by the eigenvalue problem
n



N. Espitia, I. Karafyllis and M. Krstic Automatica 128 (2021) 109562

A

U
1

W
β
t
t
t
a

f
t
u
s
i
s

R
a
t
h
I

f
e
m
w
t
r
b
b
l

w

a

w
l
(

s
t
W
f

(

b

φn = λnφn where λn = n2π2ε−λ are real eigenvalues and using
the boundary conditions (12), we get

˙̃d(t) =ε

∫ 1

0
k(y)u(tj, y)dy

N∑
n=1

kn
dφn

dx
(1)

+

N∑
n=1

knλn

∫ 1

0
φn(y)u(t, y)dy.

sing the Cauchy–Schwarz inequality and ∥φn∥ = 1 for n =

, 2, . . . the following estimate holds for t ∈ (tj, tj+1), j ≥ 0,

|
˙̃d(t)| ≤ ε∥k∥∥u[tj]∥FN + ∥u[t]∥GN , (33)

where FN :=
∑N

n=1

⏐⏐⏐kn dφn
dx (1)

⏐⏐⏐ and GN :=
∑N

n=1 |knλn|. Therefore,

we obtain from (33) and the fact that d̃(tj) = 0, the following
estimate:

|d̃(t)| ≤ (t − tj)ε∥k∥∥u[tj]∥FN + (t − tj) sup
tj≤s≤t

(∥u[s]∥)GN . (34)

Note that from (9), (24) and (32), the deviation d(t) can be
expressed as follows:

d(t) = d̃(t) +

∫ 1

0
(k(y) − g(y))(u(tj, y) − u(t, y))dy. (35)

Hence, combining (34) and (35) we can obtain an estimate of d
as follows:
|d(t)| ≤ (t − tj)ε∥k∥∥u[tj]∥FN + (t − tj) sup

tj≤s≤t
(∥u[s]∥)GN

+ ∥k − g∥∥u[tj]∥ + ∥k − g∥∥u[t]∥.
(36)

Notice that if u[tj] = 0, then Lemma 1 guarantees that u[t]
remains zero. In this case, by Definition 1, one would not need
to trigger anymore and thus Zeno phenomenon is immediately
excluded.

Let us consider now the case u[tj] ̸= 0. Using (36) and
assuming that an event is triggered at t = tj+1, we have

|d(tj+1)| ≤ (tj+1 − tj)ε∥k∥∥u[tj]∥FN
+ (tj+1 − tj) sup

tj≤s≤tj+1

(∥u[s]∥)GN

+ ∥k − g∥∥u[tj]∥ + ∥k − g∥∥u[tj+1]∥,

(37)

and by Definition 1, we have that, at t = tj+1

|d(tj+1)| ≥ β∥k∥∥u[tj]∥ + β∥k∥∥u[tj+1]∥. (38)

Combining (37) and (38), we get

β∥k∥∥u[tj]∥ + β∥k∥∥u[tj+1]∥

≤ (tj+1 − tj)ε∥k∥FN∥u[tj]∥ + (tj+1 − tj)GN sup
tj≤s≤tj+1

(∥u[s]∥)

+ ∥k − g∥∥u[tj]∥ + ∥k − g∥∥u[tj+1]∥,

therefore,
(β∥k∥ − ∥k − g∥) ∥u[tj+1]∥ + (β∥k∥ − ∥k − g∥) ∥u[tj]∥
≤ (tj+1 − tj)ε∥k∥FN∥u[tj]∥ + (tj+1 − tj)GN sup

tj≤s≤tj+1

(∥u[s]∥).

e select N ≥ 1 in (31) sufficiently large so that ∥k − g∥ <
∥k∥. Notice that we can always find N sufficiently large so that
he condition ∥k − g∥ < β∥k∥, since g is simply the N-mode
runcation of k (which implies that ∥k − g∥ tends to zero as N
ends to infinity). In addition, using the fact that ∥u[tj+1]∥ ≥ 0
nd by (25) in Lemma 1, we obtain the following estimate:

(β∥k∥ − ∥k − g∥) ∥u[tj]∥

≤ (tj+1 − tj)ε∥k∥FN∥u[tj]∥ + (tj+1 − tj)GNQj∥u[tj]∥, U

5

where Qj = exp
(
p(tj+1 − tj)/2

)
(1 +

√
3
3 ∥k∥ +

∥k∥
√
p ) +

√
3
3 ∥k∥ and

p = −2επ2
+2λ+

4
3λ

2 strictly positive (as we have assumed that
λ ≥ επ2). Denoting

• a0 := β∥k∥ − ∥k − g∥

• a1 := ε∥k∥FN + GN

√
3
3 ∥k∥

• a2 := GN (1 +

√
3
3 ∥k∥ +

∥k∥
√
p )

we obtain an inequality of the form:

a0 ≤ a1(tj+1 − tj) + a2(tj+1 − tj) exp
(
p(tj+1 − tj)/2

)
, (39)

rom which we aim at finding a lower bound for (tj+1 − tj). Note
hat the right hand side of (39) is a K∞ function of (tj+1 − tj). Let
s denote it as α(s) := a1s+a2s exp (ps/2) with s = (tj+1−tj). The
olution of inequality (39) is then s ≥ α−1(a0) where α−1 is the
nverse of α. Since a0 is strictly positive, then there exists τ > 0
uch that s = (tj+1 − tj) ≥ τ > 0. This concludes the proof. ■

emark 2. For the proof of Theorem 1, we have used the
pproximation (31) which is instrumental to find an estimate of
he actuation deviation d(t) through d̃(t) (and ˙̃d(t)). Notice that we
ave not used directly the time-derivative of d(t) in our analysis.
t can be proved that it is given as follows:

ḋ(t) = ε
( dk
dx (1)u(t, 1) − k(1) ∂u

∂x (t, 1)
)

+ ε
(
k(0) ∂u

∂x (t, 0) −
dk
dx (0)u(t, 0)

)
+

∫ 1

0
(Ak)(s)u(t, s)ds,

or all t ∈ (tj, tj+1). The main problem is that the above differential
quation does not allow a derivation of an upper bound of the
agnitude of ḋ(t) since it contains terms (such as k(1) ∂u

∂x (t, 1))
hich cannot be estimated. Actually, this specific issue consti-
utes one of the major challenges in the framework of ISS for
eaction–diffusion PDEs with linear boundary control (designed
y backstepping). Having such a deviation d(t) at one of the
oundaries and the incapability of finding upper bounds of terms
ike k(1) ∂u

∂x (t, 1) does not allow to perform directly a Lyapunov-
based analysis. This is one of the reasons why, modal decomposi-
tion and small-gain analysis are the main tools in our approach.

3.1.1. Explicit dwell-time
A solution τ from (39) can be found numerically. Nevertheless,

e can upper bound the right-hand side of (39) such that:

0 ≤ (a1 + a2)(tj+1 − tj) exp
(
p(tj+1 − tj)/2

)
, (40)

hich turns out to be more conservative (thus, one can expect so-
utions of (40) to take smaller values). Furthermore, by rewriting
40) yields,

pa0
2(a1 + a2)

≤
p
2 (tj+1 − tj) exp

( p
2 (tj+1 − tj)

)
, (41)

o that the right-hand side corresponds to a transcendental func-
ion whose solution can be found using the so-called Lambert
function2 (see e.g. Corless, Gonnet, Hare, Jeffrey, & Knuth, 1996

or more details).
Hence, we have

tj+1 − tj) ≥
2
p
W

(
pa0

2(a1 + a2)

)
. (42)

2 To the best of our knowledge, in control theory, Lambert W functions have
een used within the framework of time-delay systems (see e.g. Yi, Nelson, &
lsoy, 2010).
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ote that the argument pa0
2(a1+a2)

of the Lambert W function is

strictly positive yielding W (·) to take a strictly positive value. We
denote then τ :=

2
pW

(
pa0

2(a1+a2)

)
> 0 being τ the minimal dwell-

ime between two triggering times, i.e. tj+1 − tj ≥ τ for all j ≥ 0.

Remark 3. It is worth remarking that if a periodic sampling
scheme – where the control value is updated periodically on a
sampled-and-hold manner – is intended to be applied to sta-
bilize the system (10)–(13), then a period can be chosen ac-
cording to Karafyllis and Krstic (2018). However, an alternative
way of choosing a suitable period while meeting the theoretical
guarantees, is precisely by using the minimal dwell-time τ that
as obtained from (39) and its explicit form by the Lambert
function as in (42). Unfortunately, as one may expect, such a

well-time may be very small and conservative (similar to the
ampling period obtained in Karafyllis and Krstic (2018) since
he derivation was done using conservative estimates). This issue,
owever, supports the main motivation highlighted throughout
he paper: stabilize on events only when is required and in
more efficient way. Event-triggered control offers advantages
ith respect to periodic schemes as it reduces execution times
hile meeting theoretical guarantees.

Since there is a minimal dwell-time (which is uniform and
oes not depend on either the initial condition or on the state
f the system), no Zeno solution can appear. Consequently, the
ollowing result on the existence of solutions of the closed-loop
ystem (10)–(13) with (23)–(24) holds.

orollary 1. For every u0 ∈ L2(0, 1), there exists a unique solution
∈ C 0(R+; L2(0, 1)) to the system (10)–(13), (23), (24) satisfying
∈ C1(I×[0, 1]), u[t] ∈ C2([0, 1]) for all t ∈ I where I = R+\{tj ≥

, j = 0, 1, 2, . . .}.

roof. It is an immediate consequence of Proposition 1 and
heorem 1. Indeed, the solution is constructed (by the step
ethod) iteratively between successive triggering times. ■

.2. Stability result

In this subsection, we are going to follow small-gain argu-
ents and seek for an Input-to-State stability property with

espect to the deviation d(t).

emma 2 (ISS of the Target System). The target system (15)–(18) is
SS with respect to d(t); more precisely, the following estimate holds:

w[t]∥ ≤ G exp (−σ t) ∥w[0]∥ + γ sup
0≤s≤t

(|d(s)| exp (−σ (t − s))) ,

(43)

or any σ ∈ (0, µ1) with µ1 = π2ε + c, G :=

√
(1 + b−1), for

arbitrary b > 0 and the gain γ is given as follows:

γ :=

√
(1 + b)

⎧⎪⎪⎨⎪⎪⎩
(

π2ε+c
π2ε+c−σ

) √(
sinh

(
2

√
c

√
ε

)
−2

√
c

√
ε

)
2 sinh

( √
c

√
ε

)
( c

ε )
1/4 , if c ̸= 0

1
√
3

(
π2ε

π2ε−σ

)
, if c = 0.

(44)

roof. See Karafyllis and Krstic (2018, Appendix). ■
6

Theorem 2. Let L̃ := 1 +

(∫ 1
0

(∫ x
0 |L(x, y)|2dy

)
dx

)1/2
< ∞ with

satisfying (20) and k(y) be defined by (21). Let σ ∈ (0, µ1) with
1 = π2ε + c and b > 0 be given constants.
Let β > 0 be a design parameter (involved in the triggering

ondition (23)) that is selected in such a way that the following
ondition is fulfilled:

e := 2βγ ∥k∥L̃ < 1, (45)

here γ is defined by (44). Then, the closed-loop system (10)–
13) with event-triggered boundary control (23)–(24) is globally
xponentially stable. More specifically, there exists a constant M > 0
uch that:

u[t]∥ ≤ M exp (−σ t) ∥u[0]∥, for all t ≥ 0. (46)

roof. It follows from (23) that events are triggered to guarantee
hat the following inequality holds for all t ∈ [tj, tj+1) :

d(t)| ≤ β∥k∥∥u[tj]∥ + β∥k∥∥u[t]∥. (47)

or every t ≥ 0 define, q(t) = max{tj : j ≥ 0, t ≥ tj}. Then,
nequality (47) implies for all t ≥ 0,

d(t)| ≤ β∥k∥∥u[q(t)]∥ + β∥k∥∥u[t]∥. (48)

otice that q(t) ≤ t . Consequently, the inequality (48) gives for
≥ 0,

d(t)| exp (σ t) ≤ 2β∥k∥ sup
0≤s≤t

(∥u[s]∥ exp (σ s)) . (49)

ick any t∗ ≥ 0. Inequality (49) implies the following estimate
or all t ∈ [0, t∗]:

d(t)| exp (σ t) ≤ 2β∥k∥ sup
0≤s≤t∗

(∥u[s]∥ exp (σ s)) . (50)

ince (50) holds for all t ∈ [0, t∗], we obtain,

sup
0≤s≤t∗

(|d(s)| exp (σ s)) ≤ 2β∥k∥ sup
0≤s≤t∗

(∥u[s]∥ exp (σ s)) . (51)

ince t∗ is arbitrary, we obtain from (51) the following:

sup
0≤s≤t

(|d(s)| exp (σ s)) ≤ 2β∥k∥ sup
0≤s≤t

(∥u[s]∥ exp (σ s)) . (52)

n the other hand, by Lemma 2, we have

w[t]∥ exp (σ t) ≤ G∥w[0]∥ + γ sup
0≤s≤t

(|d(s)| exp (σ s)) . (53)

et us pick any t∗ ≥ 0. Then the following estimate for t ∈ [0, t∗]
s a direct consequence of (53).

w[t]∥ exp (σ t) ≤ G∥w[0]∥ + γ sup
0≤s≤t∗

(|d(s)| exp (σ s)) . (54)

ince the above estimate holds for all t ∈ [0, t∗], we obtain the
ollowing estimate:

sup
0≤t≤t∗

(∥w[t]∥ exp (σ t)) ≤ G∥w[0]∥ + γ sup
0≤t≤t∗

(|d(t)| exp (σ t)) .

(55)

ince t∗ is arbitrary, it follows that the following estimate holds
or all t ≥ 0:

sup
0≤s≤t

(∥w[s]∥ exp (σ s)) ≤ G∥w[0]∥ + γ sup
0≤s≤t

(|d(s)| exp (σ s)) .

(56)

Hence, combining (52) with (56), we obtain

sup
0≤s≤t

(∥w[s]∥ exp (σ s)) ≤G∥w[0]∥

+ 2βγ ∥k∥ sup (∥u[s]∥ exp (σ s)) ,

0≤s≤t
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Fig. 1. Numerical solutions of the closed-loop system (10)–(13) with ε = c = 1, λ = π2 , initial condition u0(x) =
∑3

n=1

√
2
n sin(nπx)+ 3(x2 − x3), x ∈ [0, 1] and under

the event-triggered control (23)–(24). With β = 0.07 in (23) the control updating is slower (closed-loop solution depicted on the left). With β = 0.02 in (23), the
control updating is faster (closed-loop solution depicted on the right).
and using the fact ∥u[t]∥ ≤ L̃∥w[t]∥, we get

sup
0≤s≤t

(∥w[s]∥ exp (σ s)) ≤ G∥w[0]∥ + Φe sup
0≤s≤t

(∥w[s]∥ exp (σ s)) ,

(57)

where

Φe := 2βγ ∥k∥L̃. (58)

Notice that, by virtue of (45), it holds that Φe < 1. Thereby, using
the estimate of the backstepping transformation, i.e. ∥w[t]∥ ≤

K̃∥u[t]∥ with K̃ := 1 +

(∫ 1
0

(∫ x
0 |K (x, y)|2dy

)
dx

)1/2
< ∞

3 and
satisfying (6), we obtain from (57) and (58) the following

stimate for the solution to the closed-loop system (10)–(13) with
vent-triggered control (23)–(24):

sup
≤s≤t

(∥u[s]∥ exp (σ s)) ≤ G(1 − Φe)−1K̃ L̃∥u[0]∥,

which leads to (46):

∥u[t]∥ ≤ M exp (−σ t) ∥u[0]∥,

with M := G(1 − Φe)−1K̃ L̃. This concludes the proof. ■

emark 4. It is worth remarking a trade-off between the
convergence rate and the sampling speed. As it can be noticed,
σ affects the decay rate. The closer σ is to µ1 (fast decay rate),
he higher the γ . This requires, in light of (45), that β has to be
elected small and therefore we have to trigger more frequently.
In addition, notice that b affects the overshoot. If b is large,

ne has less overshoot. However, (44) shows that γ increases
nd consequently, β has to be small (recall (45); fast triggering
ampling).
In the context of a co-design approach where the boundary

ontrol parameters as well as β have to be designed simultane-
ously, one could even formulate an optimization problem aiming
at e.g. maximizing the decay rate σ while minimizing the gain γ .
s event-triggered control with co-design is out of the scope of
he paper, we leave these aspects for a future work.

3 Both K̃ and L̃ are finite due to the properties of the modified and
nonmodified Bessel functions. A suitable characterization of upper bounds for K̃
and L̃ can also be established by using e.g. the results in Smyshlyaev and Krstic
(2004, Theorem 2 and 3) or Coron and Nguyen (2017).
 t

7

4. Numerical simulations

We consider the reaction–diffusion system with ε = c = 1,
λ = π2 and initial condition u0(x) =

∑3
n=1

√
2
n sin(nπx) + 3(x2 −

x3), x ∈ [0, 1]. For numerical simulations, the state of the system
has been discretized by divided differences on a uniform grid with
the step h = 0.01 for the space variable. The discretization with
respect to time was done using the implicit Euler scheme with
step size ∆t = h2.

We stabilize the system on events under the event-triggered
boundary control (23)–(24) where the parameter β is selected
such that condition (45) in Theorem 2 is verified. In addition,
L̃ = 1.8407, ∥k∥ = 5.61 and γ = 0.574 which is computed
according to the information provided in Lemma 2. Therefore,
two cases are pointed out: we choose e.g. β = 0.07 and β = 0.02
yielding Φe = 0.83 < 1 and Φe = 0.23 < 1, respectively. In
the former case, 12 events (updating times of the control) are
obtained whereas in the later case, 47 events are obtained; on
a frame of 1 s.4

Fig. 1 shows the numerical solution of the closed-loop system
(10)–(13) with event-triggered control (23)–(24) (on the left β =

0.07 and on the right when β = 0.02, which results in slow and
fast sampling, respectively). The time-evolution of control func-
tions under the event-triggered case is shown in Fig. 2 (orange
line with black circle marker for slow sampling and blue line with
red circle marker for fast sampling).

In addition, Fig. 3 shows the time evolution of the functions
appearing in the triggering condition (23) (on the left with β =

0.07 and on the right with β = 0.02). Once the trajectory
|d| reaches the trajectory β∥k∥∥u[t]∥ + β∥k∥∥u[tj]∥, an event is
generated, the control value is updated and d is reset to zero. It
can be observed that the lower β is, the faster the sampling and
control updating which in turn implies smaller inter-executions
times. This case turns out to be more conservative and the control
function gets closer to the one in continuous case or even when
considering a periodic scheme with a very small period.

As a matter of fact, it is worth remarking that a sampling
period can be computed from Karafyllis and Krstic (2018, Section
3.3). Indeed, for the reaction–diffusion system with a boundary

4 For an infinite time horizon, one would expect infinite number of triggering
imes.
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Fig. 2. Time-evolution of the event-triggered boundary control (23)–(24) (orange
line with black circle marker for slow control updating, i.e. β = 0.07 in (23)
nd blue line with red circle marker for fast control updating, i.e. β = 0.02 in
23)). (For interpretation of the references to color in this figure legend, the
eader is referred to the web version of this article.)
8

ontrol whose actuation is done in a sampled-and-hold fashion,
uch a period would be T = 9.96 × 10−7. For the sake of
omparison according to Remark 3 and using (42), we compute

= 4.43 × 10−7 (with β = 0.02) and τ = 1.55 × 10−6

(with β = 0.07). Notice that both T and τ ’s are very small
(even smaller than the time step discretization for the current
simulations); consequently the periodic scheme turns out not be
practically implementable. This is one of the reasons why event-
triggered boundary control offers advantages with respect to
periodic schemes. In our framework, the control value is updated
aperiodically and only when needed.

Finally, we run simulations for 100 different initial conditions
given by u0(x) =

∑l
n=1 n

2
√
2 sin(nπx)+l(x2−x3) for l = 1, . . . , 10

nd u0(x) =
∑l

n=1 n
√
2 sin(n2πx)+ l(x2 − x3), for l = 11, . . . , 100

on a frame of 1 s. We have computed the inter-execution times
between two triggering times. We compared the cases for slow
and fast sampling, i.e. when β = 0.07 and β = 0.02, respectively.
Fig. 4 shows the density of the inter-execution times plotted in
logarithmic scale where it can be observed that, the larger β the
less often is the sampling and control updating which in turn
implies larger inter-executions times.

It is interesting to notice that when choosing β small (resulting
in fast sampling, as aforementioned), there are several inter-
execution times of the order of 10−1.7 as depicted in blue bars
in Fig. 4 where the density predominates. It might suggest that a
possible period (whenever one intends to sample periodically in a
sampled-and-hold fashion) might be chosen with a length of the
Fig. 3. Trajectories involved in the triggering condition (23) (on the left with β = 0.07 and on the right with β = 0.02, resulting in slow and fast sampling,
espectively). Once the trajectory |d| reaches the trajectory β∥k∥∥u[t]∥+β∥k∥∥u[tj]∥, an event is generated, the control value is updated and d is reset to zero. (For
nterpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 4. Density of the inter-execution times (logarithmic scale) computed for 100 different initial conditions given by u0(x) =
∑l

n=1 n
2
√
2 sin(nπx) + l(x2 − x3) for

= 1, . . . , 10 and u0(x) =
∑l

n=1 n
√
2 sin(n2πx) + l(x2 − x3), for l = 11, . . . , 100 on a frame of 1 s. With β = 0.07 implying slow sampling and therefore larger

nter-execution times (red bars) and with β = 0.02 implying fast sampling and therefore smaller inter-execution times (blue bars). (For interpretation of the
eferences to color in this figure legend, the reader is referred to the web version of this article.)
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rder 10−1.7. This issue is left for further tests and investigation
with possible theoretical connections with periodic schemes as
in Karafyllis and Krstic (2018). This issue may give some hints
on how to suitably choose sampling periods in order to reduce
conservatism on periodic schemes.

5. Conclusion

In this paper, we have proposed an event-triggered boundary
ontrol to stabilize (on events) a reaction–diffusion PDE system
ith Dirichlet boundary condition. A suitable state-dependent
vent-triggering condition is considered. It determines when the
ontrol has to be updated. It has been proved the existence of a
inimal dwell-time which is independent of the initial condition.
hus, it has been proved that there is no Zeno behavior and thus
he well-posedness and the stability of the closed-loop system are
uaranteed.
In future work, we may consider extending the approach to

utput-feedback of coupled parabolic PDEs with spatially-varying
oefficients (following e.g. Deutscher & Kerschbaum, 2018; Orlov,
isano, Pilloni, & Usai, 2017). In addition, robust event-triggered
ontrol with respect to external disturbances or dynamic un-
ertainties is of great interest as well and can be studied by
xtending some existing results from finite-dimensional sys-
ems (Liu, Zhang, & Jiang, 2019). Finally, another interesting
irection is to combine event-triggered control strategies with
inite/fixed-time boundary control for parabolic PDEs (see e.g. Es-
itia, Polyakov, Efimov, and Perruquetti (2019)) which makes use
f time-varying kernels. It would imply event-triggered sampling
he time-varying kernel. Of course, one will not achieve perfect
inite-time stabilization to the origin but to a residual set that
ay be characterized in terms of the size of initial condition and

he parameters of the event-triggered scheme.
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