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1. Introduction

Control and estimation strategies must be implemented and
validated into digital platforms. It is important to study carefully
the issues concerning digital control such as sampling. This is
because, if sampling is not addressed properly, the stability and
estimation properties may be lost. For finite-dimensional sys-
tems, namely networked control systems modeled by ordinary
differential equations (ODEs), digital control has been extensively
developed and several schemes for discretization and for sam-
pling in time continuous-time controllers have been investigated,
e.g., by sampled-data control (Hetel et al., 2017) and event-
triggered control strategies (Girard, 2015; Heemels, Johansson, &
Tabuada, 2012; Jiang, Liu, & Zhang, 2017; Lemmon, 2010; Liu &
Jiang, 2015; Marchand, Durand, & Castellanos, 2013; Postoyan,
Tabuada, NeSi¢, & Anta, 2015; Tabuada, 2007). The latter has
become popular and promising due to not only its efficient way of
using communication and computational resources by updating
the control value aperiodically (only when needed) but also due
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to its rigorous way of implementing continuous-time controllers
into digital platforms.

In general, event-triggered control includes two main compo-
nents: a feedback control law which stabilizes the system and an
event-triggered mechanism which contains a triggering condition
that determines the time instants at which the control needs to be
updated. Two general approaches exist for the design: Emulation
from which the controller is a priori predesigned and only the
event-triggered algorithm has to be designed (as in e.g. Tabuada,
2007) and Co-design, where the joint design of the control law
and the event-triggering mechanism is performed simultaneously
(see e.g. Seuret, Tarbouriech, Prieur, & Zaccarian, 2016).

Nevertheless, for partial differential equations (PDEs)
sampled-data and event-triggered control strategies without
model reduction have not achieved a sufficient level of maturity
as in the finite-dimensional case. It has not been sufficiently
clear (from theoretical and practical point of view) how fast
sampling the in-domain or the boundary continuous-time con-
trollers should be for preserving both stability and convergence
properties of PDE systems. Few approaches on sampled-data and
event-triggered control of parabolic PDEs are considered in Frid-
man and Blighovsky (2012), Karafyllis and Krstic (2018) and Jiang,
Cui, Wu, and Zhuang (2016), Katz, Fridman, and Selivanov (2019,
2021), Selivanov and Fridman (2016), Yao and El-Farra (2013). To
the best of our knowledge, Katz et al. (2019, 2021) are the first
contributions to come up with sampled-data and observer-based
event triggered boundary control for 1D reaction-diffusion sys-
tems in the presence of time-varying input delays. The approach
relies on modal decomposition and proposes an observer-based
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event-triggered strategy that includes a novel switching-based
dynamic triggering condition depending on the finite modes of
the estimated state. The triggering policy, in turn, includes a suit-
able waiting-time parameter (for time regularization) allowing
the avoidance of the so-called Zeno phenomena.

In the context of abstract formulation of distributed param-
eter systems, sampled-data control is investigated in Logemann,
Rebarber, and Townley (2005) and Tan, Trélat, Chitour, and Nesi¢
(2009). For hyperbolic PDEs, sampled-data control is studied
in Davo, Bresch-Pietri, Prieur, and Di Meglio (2019) and Karafyllis
and Krstic (2017). Some recent works have introduced event-
triggered control strategies for linear hyperbolic PDEs under an
emulation approach (Espitia, Girard, Marchand, & Prieur, 2016a,
2016b, 2018; Espitia, Tanwani, & Tarbouriech, 2017). In Espitia
et al. (2016a), for instance, event-triggered boundary controllers
for linear conservation laws using output feedback are studied
by following Lyapunov techniques (inspired by Bastin & Coron,
2016). The study has been extended in Espitia et al. (2017)
while using static and dynamic output controllers (with measured
output subject to event-triggered sampling and quantization) and
establishing stability in different norms. In Espitia et al. (2018),
the approach relies on the backstepping method for coupled
system of balance laws (inspired by Krstic & Smyshlyaev, 2008a;
Vazquez, Krstic, & Coron, 2011) which leads to a full-state feed-
back control which is updated according to a dynamic triggering
condition. Under such a triggering policy, it has been possible to
prove the existence of a minimal dwell-time between triggering
time instants and therefore avoiding the Zeno phenomena.

In sampled-data control as well as in event-triggered control
scenarios for PDEs, the effect of sampling (and therefore, the un-
derlying actuation error) has to be carefully handled. In particular,
for reaction-diffusion parabolic PDEs the situation of having such
errors at the boundaries has been challenging and has become a
central issue; especially when having Dirichlet boundary condi-
tions due to the lack of an ISS-Lyapunov function for the stability
analysis. In Karafyllis and Krstic (2018) this problem has been
overcome by studying ISS properties directly from the nature of
the PDE system (see also e.g. Karafyllis & Krstic, 2019a, 2019b)
while using modal decomposition and Fourier series analysis.
Lyapunov-based approach has not been necessary to perform
the stability analysis and to be able to come up with ISS prop-
erties and small-gain arguments. Thus, it has been possible to
establish the robustness with respect to the actuation error. This
approach has allowed the derivation of an estimate of the diam-
eter of the sampling period on which the control is updated in a
sampled-and-hold fashion. The drawback, however, is that such
a period turns out to be truly small, rendering the approach very
conservative. With periodic implementation, one may produce
unnecessary updates of the sampled controllers, which cause over
utilization of computational and communication resources, as
well as actuator changes that are more frequent than necessary.

This issue strongly motivates the study of event-triggered
control for diffusion-reaction PDE systems. Event-triggered con-
trol may show benefits with respect to periodic schemes as
the actuation updating is done only when needed. In overall,
event-triggered may represent a more realistic approach for the
actuation on the PDE system. Therefore, in this paper we propose
an event-triggered boundary control based on the emulation of
the backstepping boundary control. An event-triggering condi-
tion is derived and the stability analysis is performed by using
small-gain arguments.

The main contributions are summed up as follows:

e We prove that under the event-triggered control no Zeno
solutions can appear. A uniform minimal dwell-time (inde-
pendent of the initial condition) between two consecutive
triggering time instants has been obtained.
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e Consequently, we guarantee the existence and uniqueness
of solutions to the closed-loop system.

e We prove that under the event-triggered boundary control,
the closed-loop system is globally exponentially stable in
the L>-norm sense.

The paper is organized as follows. In Section 2, we intro-
duce the class of reaction-diffusion parabolic systems, some pre-
liminaries on stability and backstepping boundary control and
the preliminary notion of existence and uniqueness of solutions.
Section 3 provides the event-triggered boundary control and the
main results. Section 4 provides a numerical example to illustrate
the main results. Finally, conclusions and perspectives are given
in Section 5.

Notation. R, will denote the set of nonnegative real numbers.
Let S € R" be an open set and let A € R" be a set that satisfies
S € A C S. By C9%A; ), we denote the class of continuous
functions on A, which take values in £2 € R. By CX(A; £2), where
k > 1 is an integer, we denote the class of functions on A, which
takes values in £2 and has continuous derivatives of order k. In
other words, the functions of class C¥(A; §2) are the functions
which have continuous derivatives of order k in S = int(A) that
can be continued continuously to all points in 8S N A. [*(0, 1)
denotes the equivalence class of Lebesgue measurable functions

1/2
£ 110,11 — R such that |If|| = (/i [f(x)[2dx ? - o letu
Ry x [0, 1] — R be given. u[t] denotes the profile of u at certain
t >0, ie. (u[t])(x) = u(t, x), for all x € [0, 1]. For an interval I C
R, the space C°(I; I%(0, 1)) is the space of continuous mappings
I >t — uft] € [0, 1). H*(0, 1) denotes the Sobolev space of
functions f € L?(0, 1) with square integrable (weak) first and
second-order derivatives f'(-), f”(-) € I2(0, 1). Is(-), Jm(-) with
m € Z, denote the modified Bessel and (nonmodified) Bessel
functions of the first kind.

2. Preliminaries and problem description

Let us consider the following scalar reaction-diffusion system
with constant coefficients:

u(t, x) = euy(t, X) + Au(t, x), (1)
u(t,0) =0, (2)
u(t, 1) = U(¢), (3)

and initial condition:
u(0, x) = uo(x), (4)

where ¢ > 0Oand A € R.u : [0,00) x [0,1] — R is the
system state and U(t) € R is the control input. The control
design relies on the Backstepping approach (Krstic & Smyshlyaev,
2008b; Smyshlyaev & Krstic, 2004) under which the follow-
ing continuous-time controller (nominal boundary feedback) has
been obtained:

1
u(t) = / K(1 )u(t, y)dy. (5)
0

It has then been proved that the under continuous-time controller
(5) with control gain K satisfying

h (VG + /e =)
VIO +)/e) —y?)

evolving in a triangular domain given by 7 = {(x,y) : 0 <y <
x < 1} where ¢ > 0 is a design parameter that can be chosen ar-
bitrarily, the closed-loop system (1)-(4) is globally exponentially
stable in L?-norm sense (Smyshlyaev & Krstic, 2004).

K(x.y) = —y((r +c)/¢) (6)
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2.1. Event-triggered control and emulation of the backstepping de-
sign

We aim at stabilizing the closed-loop system (1)-(4) in an
event-triggered fashion. We follow the emulation approach which
means that the boundary controller is perfectly known (i.e. (5)-
(6)). This approach includes stabilizing on events while sampling
the continuous-time controller (5) at a certain time instants that
form an increasing sequence (tj)jen With tp = 0 that will be
characterized later on. The control value is held constant between
two successive time instants and it is updated when some state-
dependent condition is verified. In this scenario, we need to
suitably modify the boundary condition in (1)-(3). The boundary
value of the state is going to be given by

u(t. 1) = Uglt), @)
with
1
Ud(t) = / K(1. y)u(t. y)dy. ®)
0

for all t € [tj, tj+1), j = 0. Note that Uy(t) = U(t) + d(t) with U(t)
given by (5) and d given by:
1

1
d(t) = / K(1 Y)ult, y)dy — / K(1 Y)ult, y)dy. ©)
0 0

Here, d (which will be fully characterized along with (f;)jen in
the next section) can be viewed as an actuation deviation be-
tween the nominal boundary feedback and the event-triggered
boundary control.!

Hence, the control problem we aim at handling can be re-
formulated by considering the following linear scalar reaction—
diffusion PDE:

u(t, x) = eu(t, x) + Au(t, x), (10)
u(t,0) = 0, (11)
u(t, 1) = Uq(t), (12)

for all t € (tj, tj41), j > 0, and initial condition:
u(0, x) = ug(x). (13)

The emulation of the backstepping boundary control is performed
by transforming (10)-(13) into a target system which will re-
flect the influence of the deviation d(t). Indeed, the following
invertible Volterra transformation

w(t, x) = u(t, x) - / K yu(t, )y, (14)
0

with kernel K(x, y) satisfying (6) maps the system (10)-(13) into
the following target system:

we(t, x) = ewx(t, x) — cw(t, X), (15)
w(t,0) = 0, (16)
w(t, 1) = d(t), (17)

with initial condition:
X

w(0, X) = Uo(x) — / K(x, y)uo(y)dy. (18)
0

where ¢ > 0 (which is involved in (6)) can be chosen arbitrary.
Notice that when d(t) = 0, one has that the target system is
globally exponential stable. Moreover, the larger the c, the faster
the convergence rate.

Tn sampled-data control as in Karafyllis and Krstic (2018), such a deviation
is called input holding error.
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It is worth recalling that the Volterra backstepping transfor-
mation (14) is invertible whose inverse is given as follows:

X

u(t,x) = w(t,x)—i—/ L(x, y)w(t, y)dy, (19)
0

where L satisfies,

h (VG /e =)
G+ o/e)e —y?)

L(x,y) = —y((A +c)/e) (20)

2.2. Well-posedness issues

The notion of solution for 1-D linear parabolic systems un-
der boundary sampled-data control has been rigorously analyzed
in Karafyllis and Krstic (2018, Theorem 2.1). In this paper, we
follow the same framework and construct the solution by means
of the following proposition:

Proposition 1 (Special Case of Karafyllis & Krstic, 2018,
Theorem 2.1). For every initial data ult] € 1%(0, 1) there ex-
ists a unique function u € ¢°([t;, tiy1]; L3(0, 1)) satisfying u €
CY((t;, tir1) x [0, 1]), ult] € C%([0,1]) for all t € (&, tj11] and
satisfying (10)-(12) for t € (&, tiz1).

Proposition 1 allows us to construct a solution in the sense
described in Karafyllis and Krstic (2018) i.e. a solution u €
%° ([0, limj_, oo (;); L*(0, 1)) with u[t] € C*([0,1]) for t € (O,
limj_»(t;)) and u € C'(I x [0, 1]) where I = [0, limj o)) \{8; -
j=0,1,2,...} which also satisfies (10)-(12) for t € I.

In what follows we assume that in open loop, the system (10)-
(13) is unstable or neutrally stable, i.e., A > e7? (see e.g. Krstic &
Smyshlyaev, 2008b, Section 3.1 for details). We focus on this case
as it constitutes a more challenging problem than considering
open-loop asymptotically stable systems (i.e. A < em?).

3. Event-triggered boundary control and main results

In this section we introduce the event-triggered boundary
control and the main results: the existence of a minimal dwell-
time which is independent of the initial condition, the well-
posedness and the exponential stability of the closed-loop system
under the event-triggered boundary control.

By building on the emulation approach, let us first define
the event-triggered boundary control considered in this paper.
It encloses both a triggering condition (which determines the
time instant at which the controller needs to be updated) and
the backstepping boundary feedback (8). The proposed event-
triggering condition is based on the evolution of the magnitude
of the actuation deviation (9) and the evolution of the L>-norm of
the state.

Definition 1 (Definition of the Event-Triggered Boundary Control).
Let 8 > 0 be a design parameter and define

k(y) = K(1,y), (21)
with K being the kernel given in (6). We define the following set:

E() == {t e Ry|t > GAld(O)] > BlIkIult]ll+ BlkIulg]l}, (22)

where u[t] denotes the solution of (1), (2), (7) and (8) forall t > ¢;
and d(t) is defined by (9).

The event-triggered boundary control is defined by consider-
ing the following components:
(I) (The event-trigger) The times of the events t; > 0 with tp =0
form a finite or countable set of times which is determined by the
following rules for some j > 0:
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(a) if E(tj)) = ¢ then the set of the times of the events is

{t07 LR} t]}'
(b) if E(tj) # ¢, then the next event time is given by

tiy1 =1infE(f;). (23)

(II) (the control action) The boundary feedback law,
1
Uit = [ KOy, V€ T ), (24)
0

Remark 1. Since A > ex? and the open loop system is not

asymptotically stable, it follows that ||k|| > 0. As already pointed
out, 8 is a design parameter that will be suitably selected in the
sequel.

3.1. Avoidance of the Zeno phenomena

It is worth mentioning that guaranteeing the existence of a
minimal dwell-time between two triggering times avoids the
so-called Zeno phenomena that means infinite triggering times
in a finite-time interval. It represents infeasible practical imple-
mentations into digital platforms because it would be required
to sample infinitely fast. Before we tackle the result on exis-
tence of minimal dwell-time, let us first introduce the following
intermediate result.

Lemma 1. For the closed-loop system (10)-(12), the following
estimate holds, for all t € [tj, t11],j = 0,

sup (fluls]ll) < Qllulg]Il, (25)

fi=<s<tj+q

where ; = exp (p(ti+1 — )/2) (1 + [kl + %) + k|| and
p > 0is given by p = —2emw? 4 21 + 3§12

Proof. We consider Uy given by (24) and define

u(t, x) = u(t, x) — xUy, (26)

It is straightforward to verify that v satisfies the following PDE
forall t e (tj, tj41),j = 0,

ve(t, X) = svg(t, X) + Av(t, x) + AxUy, (27)
v(t, 0) = 0, (28)
u(t, 1) = 0. (29)

Well-posedness issues for (27)-(29) readily follow while being
a particular case of the PDE considered in Karafyllis, Krstic, and
Chrysafi (2019, Lemma 5.2). Now, by considering the function
V(t) = %Hv[t] |> and taking its time derivative along the solutions
of (27)-(29) and using the Wirtinger’s inequality, we obtain, for
t €, tiy1)

1
V < —em? oIl + Ault]l)? + Ud/ (Ax)v(t, x)dx.
0

In addition, using the Young’s inequality on the last term along
with the Cauchy-Schwarz inequality, we get

. 1 2
V(t) < —em®|ole]ll® + Allvlel])® + 3 T+ §Azllv[t]||2-
Then, for t € (¢, tjy1),

. 1
v(e) = pv(t) + S UG,

where p = —2em? + 2\ + %kz. Note that p > 0 since we have
assumed that . > sm?. Using the Comparison principle on an

Automatica 128 (2021) 109562

interval [a, b] where a > t;and b < tj,1, one gets, for all t € [a, b]
1

V(t) < exp (p(t — a)) (V(a) + EUj) .

Due to the continuity of V(t) on [t;, tj;1] and the fact that a, b are

arbitrary, we can conclude that

V(e) < exp (pltisn — ) (VI6) + U3 ) (30)

for all t € [tj, tit1]. Using the Cauchy-Schwarz inequality, we
have that |Ug| < [[k|l[lult]]l. Using this fact in (30), we get, in
addition

oLl < exp (p(ts1 — 6)) (I0g1I7 + JIKIPulg?)

Using the above estimate in conjunction with (26) and the trian-
gle inequalities, we obtain the following inequalities:

Iulelll < [0[Ell + 2 |Uql,

lolg1l < lulgll + 42 |Ugl.
together with |Ug| < [[k[l|lult;]]l, we finally obtain, for all t €
(4, tival,

sup (Jlulsli) < Qllulg]ll,

G=5=ljt1

with Q = exp (p(ts1 — §)/2) (1 + Ikl + U + 3 k| This
concludes the proof. ®

Theorem 1. Let 8 > 0 be given. Under the event-triggered bound-
ary control (23)-(24), there exists a minimal dwell-time between
two triggering times, i.e. there exists a constant T > 0 (independent
of the initial condition up) such that ti; —t; > 7, forall j > 0.

Proof. Define g € C?([0, 1]) by the following equation:
N

g(x) =) knhn(x), (31)
n=1

where N > 1 is an integer, k, := f(; k(y)on(y)dy, k(y) = K(1,y)
with K satisfying (6) and ¢,(x) = /2 sin(nwx), n = 1, 2... are the
eigenfunctions of the Sturm-Liouville operator A : D — [%(0, 1)
defined by

d2
A = —e L () = af 0,

dx?

forall f € Dand x € (0,1) and D C H?([0, 1]) is the set of
functions f : [0, 1] — R for which f(0) = f(1) = 0.
Let us also define

1

0= [ 20) utt. ) - ute. ) dy. (32)
0

fort € [t;, tit1 ), for j > 0 and g given by (31). Taking the time

derivative of d(t) along the solutions of (10)-(12) yields, for all

t € [t, tiy1)

() = (Z—g(l)ua, 10— g2, 1))
X X

9 d
te (g(O)a—l;(t, 0)— d—i(O)u(t, 0))

1
+ / (Ag)Yut. y)dy.
0

Note that g(l)g—i(t, 1) = 0 by virtue of the function g evaluated
at x = 1 as ¢,(1) = 0. In addition, by the eigenvalue problem
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A¢pp = Anop, where A, = n’w%e — A are real eigenvalues and using
the boundary conditions (12), we get

N

30 =e [ kot nay Sk 994
()-e/o <(y>u(1,y)y§ )

N 1
+ an)‘n/; dn(y)u(t, y)dy.
n=1

Using the Cauchy-Schwarz inequality and ||¢,]| = 1 for n =
1,2, ... the following estimate holds for t € (t;, tj+1),j > 0,

jd(o)] < ek lulGIllFn + llult]lGn, (33)

where Fy = Z’nv:l kn”’%(l)‘ and Gy := Z’;’Zl |kaAn|. Therefore,
we obtain from (33) and the fact that a(tj) = 0, the following
estimate:

ld(t)] < (¢ — tyellkllult]IIFy + (¢ — &) sup (|[uls][)Gn. (34)

tjﬁsft‘

Note that from (9), (24) and (32), the deviation d(t) can be
expressed as follows:

1
d(t) = a(f)+/ (k(y) — g))(u(t, y) — u(t, y))dy. (35)
0

Hence, combining (34) and (35) we can obtain an estimate of d
as follows:

()] < (€ — tellkiNulGlIFy + (¢ — ;) sup (luls]]1)Gn

G=s=t (36)
+ Ik — glllulglll + Ik — gl lulel]l.
Notice that if u[tj] = 0, then Lemma 1 guarantees that u[t]

remains zero. In this case, by Definition 1, one would not need
to trigger anymore and thus Zeno phenomenon is immediately
excluded.

Let us consider now the case u[t]] # 0. Using (36) and
assuming that an event is triggered at t = tj.1, we have

ld(tir1)l < (L1 — GlellkINult;]]|Fy
+ (41— &) sup (Jluls]l)Gn

G=s=tj+1
+ Itk — gllllulglll + Ik — glilult]1l,
(37)

and by Definition 1, we have that, at t = tj;4

[d(ti+1)l = BllkINulg]ll + BlikIHTult11l- (38)
Combining (37) and (38), we get

Bkl ult] | + BllkIHult 1

= (w1 — GellkIFN Tultll + (G41 — )Gy sup (lluls]l)

G=s=tj+1
+ Ik — glllulg]ll + 1k — gl llult]ll,
therefore,

Bkl = 11k — gD Nultiadll + BlIkl = Ik — gD lulg]l
< (tir1 — tellklFnllulglll + (t11 — )Gy sup  (fluls]l]).

Gi<s=<tj4q
We select N > 1 in (31) sufficiently large so that |k — g|| <
Bllk|. Notice that we can always find N sufficiently large so that
the condition ||k — g|| < P|k||, since g is simply the N-mode
truncation of k (which implies that ||k — g|| tends to zero as N
tends to infinity). In addition, using the fact that |ju[tj4]]] > 0
and by (25) in Lemma 1, we obtain the following estimate:

(BlIkll = 11k — gl llulg]]
< (i1 — GlellklEnlult]ll + (G411 — §)GvQllult]ll,
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where Q; = exp (p(t1 — )/2) (1 + LIkl + 1) + 2 |lk] and
p=—2em? 421+ %AZ strictly positive (as we have assumed that
A > em?). Denoting

« ao = Ik — Ik —g]
o a; = el[kllFy + Gy [kl

o ay == Gy(1+ Lkl + 1)
we obtain an inequality of the form:
o < ai(tis1 — ) + @1 — ) exp (p(t1 — 4)/2) (39)

from which we aim at finding a lower bound for (t.; — t;). Note
that the right hand side of (39) is a %4, function of (tj;1 —t;). Let
us denote it as o(s) := a;s+aysexp (ps/2) with s = (tj1 —¢;). The
solution of inequality (39) is then s > «~!(ag) where o~! is the
inverse of «. Since ag is strictly positive, then there exists T > 0
such that s = (tjy1 — t;) > v > 0. This concludes the proof. M

Remark 2. For the proof of Theorem 1, we have used the
approximation (31) which is instrumental to find an estimate of
the actuation deviation d(t) through a(t) (and El(t)). Notice that we
have not used directly the time-derivative of d(t) in our analysis.
It can be proved that it is given as follows:

d(t) =& (%(Dut, 1) — k(1)2(t, 1))
1
+ & (k(0)3(t, 0) — %(0)u(t, 0)) +/ (Ak)(s)u(t, s)ds,
0

forall t € (t;, ti+1). The main problem is that the above differential
equation does not allow a derivation of an upper bound of the
magnitude of él(t) since it contains terms (such as k(l)g—i(t, 1))
which cannot be estimated. Actually, this specific issue consti-
tutes one of the major challenges in the framework of ISS for
reaction—diffusion PDEs with linear boundary control (designed
by backstepping). Having such a deviation d(t) at one of the
boundaries and the incapability of finding upper bounds of terms
like k(l)g—z(t, 1) does not allow to perform directly a Lyapunov-
based analysis. This is one of the reasons why, modal decomposi-
tion and small-gain analysis are the main tools in our approach.

3.1.1. Explicit dwell-time
A solution t from (39) can be found numerically. Nevertheless,
we can upper bound the right-hand side of (39) such that:

do < (ar + ax)(ti+1 — tj) exp (p(tj—H - fj)/z) ) (40)

which turns out to be more conservative (thus, one can expect so-
lutions of (40) to take smaller values). Furthermore, by rewriting
(40) yields,
bado
2(a; + az)
so that the right-hand side corresponds to a transcendental func-
tion whose solution can be found using the so-called Lambert
W function? (see e.g. Corless, Gonnet, Hare, Jeffrey, & Knuth, 1996

for more details).
Hence, we have

2 pap
S Crerr)} .

< E(ti1 — t)exp (B(t1 — 1)) (41)

2 To the best of our knowledge, in control theory, Lambert W functions have
been used within the framework of time-delay systems (see e.g. Yi, Nelson, &
Ulsoy, 2010).
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Note that the argument 2% of the Lambert W function is

2(a1+ay)
strictly positive yielding W(-) to take a strictly positive value. We
2 pag . o _
denote then 7 := W (2(a1+a2)) > 0 being 7 the minimal dwell

time between two triggering times, i.e. tj,; — t; > 7 for all j > 0.

Remark 3. It is worth remarking that if a periodic sampling
scheme - where the control value is updated periodically on a
sampled-and-hold manner - is intended to be applied to sta-
bilize the system (10)-(13), then a period can be chosen ac-
cording to Karafyllis and Krstic (2018). However, an alternative
way of choosing a suitable period while meeting the theoretical
guarantees, is precisely by using the minimal dwell-time t that
was obtained from (39) and its explicit form by the Lambert
W function as in (42). Unfortunately, as one may expect, such a
dwell-time may be very small and conservative (similar to the
sampling period obtained in Karafyllis and Krstic (2018) since
the derivation was done using conservative estimates). This issue,
however, supports the main motivation highlighted throughout
the paper: stabilize on events only when is required and in
a more efficient way. Event-triggered control offers advantages
with respect to periodic schemes as it reduces execution times
while meeting theoretical guarantees.

Since there is a minimal dwell-time (which is uniform and
does not depend on either the initial condition or on the state
of the system), no Zeno solution can appear. Consequently, the
following result on the existence of solutions of the closed-loop
system (10)-(13) with (23)-(24) holds.

Corollary 1. For every ug € 12(0, 1), there exists a unique solution
u € ¢°(Ry; I2(0, 1)) to the system (10)-(13), (23), (24) satisfying
u e Cl(Ix[0, 11), ult] € C*([0, 1]) for all t € I where | = Ry \{t; >
0,j=0,1,2,...).

Proof. It is an immediate consequence of Proposition 1 and

Theorem 1. Indeed, the solution is constructed (by the step
method) iteratively between successive triggering times. N

3.2. Stability result
In this subsection, we are going to follow small-gain argu-
ments and seek for an Input-to-State stability property with

respect to the deviation d(t).

Lemma 2 (ISS of the Target System). The target system (15)-(18) is
ISS with respect to d(t); more precisely, the following estimate holds:

lwlt]ll < Gexp (—ot) [|[w[O0]]| + VOSUPt (ld(s)| exp (—o(t —s))),

(43)
or any o € (0, u1) with uy = e +¢, G = + b~1), for
f (0, 1) with 2 G (1+b71), fi
arbitrary b > 0 and the gain y is given as follows:
(AT oo
( 2ec ) (smh(zﬁ)—Zﬁ) lf C#O
— (1 +b) n2etc—o 25inh(£)(5)1/4
Y = NIAY
nz .
% (nzsf(r) ., if c=0.
(44)

Proof. See Karafyllis and Krstic (2018, Appendix).
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1/2
Theorem 2. LetL =1+ fol (i IL(x, y)dy) dx ! < oo with
L satisfying (20) and k(y) be defined by (21). Let o € (0, u1) with
w1 = e +c and b > 0 be given constants.

Let B > 0 be a design parameter (involved in the triggering
condition (23)) that is selected in such a way that the following
condition is fulfilled:

@ =28y kL < 1, (45)

where y is defined by (44). Then, the closed-loop system (10)-
(13) with event-triggered boundary control (23)-(24) is globally
exponentially stable. More specifically, there exists a constant M > 0
such that:

llult]ll < Mexp (—ot) |u[0]|, forall t=>0. (46)

Proof. It follows from (23) that events are triggered to guarantee
that the following inequality holds for all t € [t}, tj;1) :

d(6)] < BllkIHulg]ll + BlIkITule]]l. (47)
For every t > O define, q(t) = max{t; : j > 0,t > ¢}. Then,
inequality (47) implies for all t > 0,

ld(e)l < Bkl ulg(Olll + BlikIHule]]l- (48)
Notice that g(t) < t. Consequently, the inequality (48) gives for
t >0,

|d(t)l exp (o't) < 28| k|| sup (|lu[s]]| exp (o5)). (49)

0<s<t
Pick any t* > 0. Inequality (49) implies the following estimate
forall t € [0, t*]:

ld(t)] exp (ot) < 2B]k|l ,Sup (luls]ll exp (os)) . (50)
Since (50) holds for all t € [0, t*], we obtain,

Sup (ld(s)lexp (05)) =< 2B]lk| Sup (luls]ll exp (o5)) . (51)
Since t* is arbitrary, we obtain from (51) the following:

Sup (|d(s)l exp (o5)) = 2B k]| Sup (luls]ll exp (o5)) . (52)
On the other hand, by Lemma 2, we have

lwit]ll exp (ot) < Gllw[0]]] + ¥ Sup (ld(s)l exp (05)) . (53)
Let us pick any t* > 0. Then the following estimate for t € [0, t*]
is a direct consequence of (53).

lwitllexp (ot) < Gllw[O]]| + ¥ JSup, (ld(s)l exp (05)) . (54)

Since the above estimate holds for all t € [0, t*], we obtain the
following estimate:

OSUP (lwltlll exp (ot)) < Gllw[O]l| + ¥ OSUP (ld(t)lexp (at)) .
<t<t* <t<t*
(55)

Since t* is arbitrary, it follows that the following estimate holds
forall t > 0:

Sup (lwlslllexp (o'5)) < Gllw[0]]l + ¥ Sup (ld(s)I exp (09)) .
<s<t <s<t

(56)
Hence, combining (52) with (56), we obtain
sup ([wls]llexp (o's)) <Gllw[O]]|

0<s<t

+ 2By k|l sup (lluls]llexp (o5)),

0<s<t
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Fig. 1. Numerical solutions of the closed-loop system (10)-(13) with ¢ = ¢ = 1, A = 72, initial condition uy(x) = Zi:l % sin(nmx) 4+ 3(x*> —x*), x € [0, 1] and under
the event-triggered control (23)-(24). With g = 0.07 in (23) the control updating is slower (closed-loop solution depicted on the left). With g = 0.02 in (23), the

control updating is faster (closed-loop solution depicted on the right).
and using the fact |u[t]|| < illw[t]ll, we get

sup ([lw[s]llexp (0's)) < Gllw[0]]| + @, sup ([w[s]||exp (o)),

0<s<t O<s<t

(57)
where
@, = 2By ||k|L. (58)

Notice that, by virtue of (45), it holds that @, < 1. Thereby, using
the estimate of the backstepping transformation, i.e. ||w[t]]] <

Riutelll with & = 1+ (fy (Jy IK(x y)Pdy) dx
K satisfying (6), we obtain from (57) and (58) the following

estimate for the solution to the closed-loop system (10)-(13) with
event-triggered control (23)-(24):

< 00> and

sup ([lulslllexp (0's)) < G(1 — @)~ 'KL||u[0]]],

0<s<t

which leads to (46):

lultlll < Mexp (—ot) |lufO0]],

with M := G(1 — ¢e)—1ki_ This concludes the proof. B

Remark 4. It is worth remarking a trade-off between the
convergence rate and the sampling speed. As it can be noticed,
o affects the decay rate. The closer o is to wu (fast decay rate),
the higher the y. This requires, in light of (45), that 8 has to be
selected small and therefore we have to trigger more frequently.

In addition, notice that b affects the overshoot. If b is large,
one has less overshoot. However, (44) shows that y increases
and consequently, 8 has to be small (recall (45); fast triggering
sampling).

In the context of a co-design approach where the boundary
control parameters as well as 8 have to be designed simultane-
ously, one could even formulate an optimization problem aiming
at e.g. maximizing the decay rate o while minimizing the gain y.
As event-triggered control with co-design is out of the scope of
the paper, we leave these aspects for a future work.

3 Both K and L are finite due to the properties of the modified and
nonmodified Bessel functions. A suitable characterization of upper bounds for K
and L can also be established by using e.g. the results in Smyshlyaev and Krstic
(2004, Theorem 2 and 3) or Coron and Nguyen (2017).

4. Numerical simulations

We consider the reaction-diffusion system with ¢ = ¢ = 1,
A = 7% and initial condition ue(x) = 3°2_, % sin(nmx) + 3(x* —
x3), x € [0, 1]. For numerical simulations, the state of the system
has been discretized by divided differences on a uniform grid with
the step h = 0.01 for the space variable. The discretization with
respect to time was done using the implicit Euler scheme with
step size At = h?.

We stabilize the system on events under the event-triggered
boundary control (23)-(24) where the parameter 8 is selected
such that condition (45) in Theorem 2 is verified. In addition,
[ = 1.8407, k] = 5.61 and y = 0.574 which is computed
according to the information provided in Lemma 2. Therefore,
two cases are pointed out: we choose e.g. 8 = 0.07 and 8 = 0.02
yielding &, = 0.83 < 1 and &, = 0.23 < 1, respectively. In
the former case, 12 events (updating times of the control) are
obtained whereas in the later case, 47 events are obtained; on
a frame of 1 5.4

Fig. 1 shows the numerical solution of the closed-loop system
(10)-(13) with event-triggered control (23)-(24) (on the left 8§ =
0.07 and on the right when 8 = 0.02, which results in slow and
fast sampling, respectively). The time-evolution of control func-
tions under the event-triggered case is shown in Fig. 2 (orange
line with black circle marker for slow sampling and blue line with
red circle marker for fast sampling).

In addition, Fig. 3 shows the time evolution of the functions
appearing in the triggering condition (23) (on the left with g =
0.07 and on the right with 8 = 0.02). Once the trajectory
|d| reaches the trajectory Slk|l|lult]ll + Bllk|lllult;]]l, an event is
generated, the control value is updated and d is reset to zero. It
can be observed that the lower S is, the faster the sampling and
control updating which in turn implies smaller inter-executions
times. This case turns out to be more conservative and the control
function gets closer to the one in continuous case or even when
considering a periodic scheme with a very small period.

As a matter of fact, it is worth remarking that a sampling
period can be computed from Karafyllis and Krstic (2018, Section
3.3). Indeed, for the reaction-diffusion system with a boundary

4 For an infinite time horizon, one would expect infinite number of triggering
times.
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Fig. 2. Time-evolution of the event-triggered boundary control (23)-(24) (orange
line with black circle marker for slow control updating, i.e. 8 = 0.07 in (23)
and blue line with red circle marker for fast control updating, i.e. 8 = 0.02 in
(23)). (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)
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control whose actuation is done in a sampled-and-hold fashion,
such a period would be T = 9.96 x 1077. For the sake of
comparison according to Remark 3 and using (42), we compute
T = 443 x 1077 (with 8 = 0.02) and T = 1.55 x 107
(with 8 = 0.07). Notice that both T and t’s are very small
(even smaller than the time step discretization for the current
simulations); consequently the periodic scheme turns out not be
practically implementable. This is one of the reasons why event-
triggered boundary control offers advantages with respect to
periodic schemes. In our framework, the control value is updated
aperiodically and only when needed.

Finally, we run simulations for 100 different initial conditions
given by up(x) = Y _, n?/2 sin(nx)+I(x2—x3) for [ = 1,...,10
and ug(x) = 25121 nv/2 sin(nmx) + I(x* — x3), for [ = 11, ..., 100
on a frame of 1 s. We have computed the inter-execution times
between two triggering times. We compared the cases for slow
and fast sampling, i.e. when 8 = 0.07 and 8 = 0.02, respectively.
Fig. 4 shows the density of the inter-execution times plotted in
logarithmic scale where it can be observed that, the larger g the
less often is the sampling and control updating which in turn
implies larger inter-executions times.

It is interesting to notice that when choosing 8 small (resulting
in fast sampling, as aforementioned), there are several inter-
execution times of the order of 107! as depicted in blue bars
in Fig. 4 where the density predominates. It might suggest that a
possible period (whenever one intends to sample periodically in a
sampled-and-hold fashion) might be chosen with a length of the

12 F
— Bk lu[ell + BII&ult;]
A —[d(t)
+ Execution times
08 -
06 -

Time[s]

Fig. 3. Trajectories involved in the triggering condition (23) (on the left with 8 = 0.07 and on the right with 8 = 0.02, resulting in slow and fast sampling,
respectively). Once the trajectory |d| reaches the trajectory B| k| [|ult]]l + Bllk|l[lu[t;]]l, an event is generated, the control value is updated and d is reset to zero. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 4. Density of the inter-execution times (logarithmic scale) computed for 100 different initial conditions given by ug(x) = Ziﬂ n?y/2sin(nwx) + I(x* — x3) for
I=1,...,10 and uy(x) = 211:1 nv/2 sin(n?zx) + I(x* — x3), for [ = 11,...,100 on a frame of 1 s. With 8 = 0.07 implying slow sampling and therefore larger

inter-execution times (red bars) and with 8 = 0.02 implying fast sampling and therefore smaller inter-execution times (blue bars).

(For interpretation of the

references to color in this figure legend, the reader is referred to the web version of this article.)
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order 10~!7. This issue is left for further tests and investigation
with possible theoretical connections with periodic schemes as
in Karafyllis and Krstic (2018). This issue may give some hints
on how to suitably choose sampling periods in order to reduce
conservatism on periodic schemes.

5. Conclusion

In this paper, we have proposed an event-triggered boundary
control to stabilize (on events) a reaction-diffusion PDE system
with Dirichlet boundary condition. A suitable state-dependent
event-triggering condition is considered. It determines when the
control has to be updated. It has been proved the existence of a
minimal dwell-time which is independent of the initial condition.
Thus, it has been proved that there is no Zeno behavior and thus
the well-posedness and the stability of the closed-loop system are
guaranteed.

In future work, we may consider extending the approach to
output-feedback of coupled parabolic PDEs with spatially-varying
coefficients (following e.g. Deutscher & Kerschbaum, 2018; Orlov,
Pisano, Pilloni, & Usai, 2017). In addition, robust event-triggered
control with respect to external disturbances or dynamic un-
certainties is of great interest as well and can be studied by
extending some existing results from finite-dimensional sys-
tems (Liu, Zhang, & Jiang, 2019). Finally, another interesting
direction is to combine event-triggered control strategies with
finite/fixed-time boundary control for parabolic PDEs (see e.g. Es-
pitia, Polyakov, Efimov, and Perruquetti (2019)) which makes use
of time-varying kernels. It would imply event-triggered sampling
the time-varying kernel. Of course, one will not achieve perfect
finite-time stabilization to the origin but to a residual set that
may be characterized in terms of the size of initial condition and
the parameters of the event-triggered scheme.

References

Bastin, G., & Coron, J.-M. (2016). Stability and boundary stabilization of 1-d
hyperbolic systems. Birkhduser Basel.

Corless, R. M., Gonnet, G. H., Hare, D. E. G., Jeffrey, D. J., & Knuth, D. E. (1996). On
the Lambert W function. Advances in Computational Mathematics, 5, 329-359.

Coron, J.-M., & Nguyen, H.-M. (2017). Null controllability and finite time
stabilization for the heat equations with variable coefficients in space in
one dimension via backstepping approach. Archive for Rational Mechanics and
Analysis, 225(3), 993-1023.

Davo, M. A,, Bresch-Pietri, D., Prieur, C., & Di Meglio, F. (2019). Stability analysis
of a 2 x 2 linear hyperbolic system with a sampled-data controller via
backstepping method and looped-functionals. IEEE Transactions on Automatic
Control, 64, 1718-1725.

Deutscher, J., & Kerschbaum, S. (2018). Backstepping control of coupled linear
parabolic PIDEs with spatially-varying coefficients. IEEE Transactions on
Automatic Control, 63, 4218-4233.

Espitia, N., Girard, A., Marchand, N., & Prieur, C. (2016a). Event-based control of
linear hyperbolic systems of conservation laws. Automatica, 70, 275-287.
Espitia, N., Girard, A., Marchand, N., & Prieur, C. (2016b). Event-based stabi-
lization of linear systems of conservation laws using a dynamic triggering
condition. In Proc. of the 10th IFAC symposium on nonlinear control systems

(NOLCOS), Vol. 49, Monterey (CA), USA (pp. 362-367).

Espitia, N., Girard, A., Marchand, N., & Prieur, C. (2018). Event-based boundary
control of a linear 2x2 hyperbolic system via backstepping approach. IEEE
Transactions on Automatic Control, 63, 2686-2693.

Espitia, N., Polyakov, A. Efimov, D., & Perruquetti, W. (2019). Boundary
time-varying feedbacks for fixed-time stabilization of constant-parameter
reaction-diffusion systems. Automatica, 103, 398-407.

Espitia, N., Tanwani, A., & Tarbouriech, S. (2017). Stabilization of boundary
controlled hyperbolic PDEs via Lyapunov-based event triggered sampling
and quantization. In 56th IEEE conference on decision and control (CDC) (pp.
1266-1271).

Fridman, E., & Blighovsky, A. (2012). Robust sampled-data control of a class of
semilinear parabolic systems. Automatica, 48, 826-836.

Girard, A. (2015). Dynamic triggering mechanisms for event-triggered control.
IEEE Transactions on Automatic Control, 60, 1992-1997.

Automatica 128 (2021) 109562

Heemels, W. P. M. H., Johansson, K. H., & Tabuada, P. (2012). An introduction
to event-triggered and self-triggered control. In Proceedings of the 51st IEEE
conference on decision and control, Maui, Hawaii (pp. 3270-3285).

Hetel, L., Fiter, C., Omran, H., Seuret, A., Fridman, E., Richard, J.-P., et al. (2017).
Recent developments on the stability of systems with aperiodic sampling:
An overview. Automatica, 76, 309-335.

Jiang, A., Cui, B, Wu, W.,, & Zhuang, B. (2016). Event-driven observer-based
control for distributed parameter systems using mobile sensor and actuator.
Computers & Mathematics with Applications, 72, 2854-2864.

Jiang, Z.-P.,, Liu, T., & Zhang, P. (2017). Event-triggered control of nonlinear
systems: A small-gain paradigm. In 13th IEEE International Conference on
Control Automation (ICCA) (pp. 242-247).

Karafyllis, 1., & Krstic, M. (2017). Sampled-data boundary feedback control of 1-D
hyperbolic PDEs with non-local terms. Systems & Control Letters, 17, 68-75.

Karafyllis, 1., & Krstic, M. (2018). Sampled-data boundary feedback control of 1-D
parabolic PDEs. Automatica, 87, 226-237.

Karafyllis, I, & Krstic, M. (2019a). (Series: Communications and control
engineering), Input-to-State Stability for PDEs. London: Springer-Verlag.

Karafyllis, I., & Krstic, M. (2019b). Small-gain-based boundary feedback design
for global exponential stabilization of 1-D semilinear parabolic PDEs. SIAM
Journal on Control and Optimization, 57, 2016-2036.

Karafyllis, I, Krstic,c M., & Chrysafi, K. (2019). Adaptive boundary control
of constant-parameter reaction-diffusion PDEs using regulation-triggered
finite-time identification. Automatica, 103, 166-179.

Katz, R., Fridman, E., & Selivanov, A. (2019). Network-based boundary observer-
controller design for 1-D heat equation. In 58th IEEE conference on decision
and control (CDC).

Katz, R, Fridman, E., & Selivanov, A. (2021). Boundary delayed observer-
controller design for reaction-diffusion systems. IEEE Transactions on
Automatic Control, 66, 275-282.

Krstic, M., & Smyshlyaev, A. (2008a). Backstepping boundary control for first-
order hyperbolic PDEs and application to systems with actuator and sensor
delays. Systems & Control Letters, 57, 750-758.

Krstic, M., & Smyshlyaev, A. (2008b). Boundary control of PDEs: A course on
backstepping designs, Vol. 16. SIAM.

Lemmon, M. (2010). Event-triggered feedback in control, estimation, and
optimization. In Networked control systems (pp. 293-358). Springer.

Liu, T., & Jiang, Z.-P. (2015). A small-gain-approach to robust event-triggered
control of nonlinear systems. IEEE Transactions on Automatic Control, 60,
2072-2085.

Liu, T., Zhang, P., & Jiang, Z.-P. (2019). Event-triggered input-to-state stabilization
of nonlinear systems subject to disturbances and dynamic uncertainties.
Automatica, 108, Article 108488.

Logemann, H., Rebarber, R., & Townley, S. (2005). Generalized sampled-data
stabilization of well-posed linear infinite-dimensional systems. SIAM Journal
on Control and Optimization, 44, 1345-1369.

Marchand, N., Durand, S., & Castellanos, J. F. G. (2013). A general formula
for event-based stabilization of nonlinear systems. IEEE Transactions on
Automatic Control, 58, 1332-1337.

Orlov, Y., Pisano, A., Pilloni, A., & Usai, E. (2017). Output feedback stabilization of
coupled reaction-diffusion processes with constant parameters. SIAM Journal
on Control and Optimization, 55, 4112-4155.

Postoyan, R., Tabuada, P., Nesi¢, D., & Anta, A. (2015). A framework for the event-
triggered stabilization of nonlinear systems. IEEE Transactions on Automatic
Control, 60, 982-996.

Selivanov, A. & Fridman, E. (2016). Distributed event-triggered control of
transport-reaction systems. Automatica, 68, 344-351.

Seuret, A., Tarbouriech, S., Prieur, C., & Zaccarian, L. (2016). LQ-based event-
triggered controller co-design for saturated linear systems. Automatica, 74,
47-54.

Smyshlyaev, A., & Krstic, M. (2004). Closed-form boundary state feedbacks for
a class of 1-D partial integro-differential equations. IEEE Transactions on
Automatic Control, 49, 2185-2202.

Tabuada, P. (2007). Event-triggered real-time scheduling of stabilizing control
tasks. IEEE Transactions on Automatic Control, 52, 1680-1685.

Tan, Y., Trélat, E., Chitour, Y., & Nesi¢, D. (2009). Dynamic practical stabilization
of sampled-data linear distributed parameter systems. In IEEE 48th conference
on decision and control (CDC) (pp. 5508-5513).

Vazquez, R, Krstic, M., & Coron, J.-M. (2011). Backstepping boundary stabilization
and state estimation of a 2 x 2 linear hyperbolic system. In The 50th IEEE
conference on decision and control and European control conference (CDC-ECC),
Orlando, United States (pp. 4937-4942).

Yao, Z., & El-Farra, N. H. (2013). Resource-aware model predictive control
of spatially distributed processes using event-triggered communication. In
Proceedings of the 52nd IEEE conference on decision and control, Florence, Italy
(pp. 3726-3731).

Yi, S., Nelson, P. W., & Ulsoy, A. G. (2010). Time-delay systems: Analysis and control
using the Lambert W function. Singapore: World Scientific Publishing.


http://refhub.elsevier.com/S0005-1098(21)00082-0/sb1
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb1
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb1
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb2
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb2
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb2
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb3
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb3
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb3
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb3
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb3
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb3
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb3
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb4
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb4
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb4
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb4
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb4
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb4
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb4
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb5
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb5
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb5
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb5
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb5
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb6
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb6
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb6
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb8
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb8
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb8
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb8
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb8
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb9
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb9
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb9
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb9
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb9
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb10
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb10
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb10
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb10
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb10
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb10
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb10
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb11
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb11
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb11
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb12
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb12
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb12
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb14
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb14
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb14
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb14
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb14
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb15
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb15
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb15
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb15
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb15
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb16
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb16
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb16
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb16
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb16
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb17
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb17
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb17
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb18
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb18
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb18
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb19
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb19
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb19
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb20
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb20
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb20
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb20
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb20
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb21
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb21
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb21
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb21
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb21
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb22
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb22
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb22
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb22
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb22
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb23
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb23
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb23
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb23
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb23
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb24
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb24
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb24
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb24
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb24
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb25
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb25
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb25
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb26
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb26
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb26
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb27
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb27
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb27
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb27
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb27
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb28
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb28
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb28
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb28
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb28
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb29
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb29
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb29
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb29
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb29
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb30
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb30
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb30
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb30
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb30
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb31
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb31
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb31
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb31
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb31
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb32
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb32
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb32
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb32
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb32
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb33
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb33
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb33
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb34
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb34
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb34
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb34
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb34
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb35
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb35
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb35
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb35
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb35
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb36
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb36
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb36
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb37
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb37
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb37
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb37
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb37
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb40
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb40
http://refhub.elsevier.com/S0005-1098(21)00082-0/sb40

N. Espitia, I. Karafyllis and M. Krstic

Nicolds Espitia received the B.S. degree in Electronic
Engineering in 2011 and in Mathematics in 2012 both
from the Escuela Colombiana de Ingenieria Julio Gar-
avito (Bogotd, Colombia). He received the M.S. degree
in Systems, Control and IT from the Université Joseph
Fourier (UJF) (Grenoble, France) in 2014. He obtained
his Ph.D. degree in Control Systems from the GIPSA-lab,
Grenoble University (Grenoble, France) in 2017. From
2017 to 2019 he was postdoctoral researcher at Inria
Lille Nord-Europe. Since October 2019, he is a CNRS re-
searcher at CRIStAL, Lille, France. His research interests
include event-triggered boundary control and finite/fixed-time stabilization and
estimation of partial differential equations (PDEs).

Iasson Karafyllis is an Associate Professor in the
Department of Mathematics, NTUA, Greece. He is a
coauthor (with Z.-P. Jiang) of the book Stability and
Stabilization of Nonlinear Systems, Springer-Verlag Lon-
don, 2011 and a coauthor (with M. Krstic) of the
books Predictor Feedback for Delay Systems: Implementa-
tions and Approximations, Birkhduser, Boston 2017 and
Input-to-State Stability for PDEs, Springer-Verlag London,
2019. Since 2013 he is an Associate Editor for the
International Journal of Control and for the IMA Journal
of Mathematical Control and Information. Since 2019
he is an Associate Editor for Systems & Control Letters and Mathematics of
Control, Signals and Systems. His research interests include mathematical control
theory and nonlinear systems theory.

10

Automatica 128 (2021) 109562

Miroslav Krstic is Distinguished Professor of Mechan-
ical and Aerospace Engineering, holds the Alspach
endowed chair, and is the founding director of the
Cymer Center for Control Systems and Dynamics at
UC San Diego. He also serves as Senior Associate Vice
Chancellor for Research at UCSD. As a graduate student,
Krstic won the UC Santa Barbara best dissertation
award and student best paper awards at CDC and
ACC. Krstic has been elected Fellow of seven scientific
societies — IEEE, IFAC, ASME, SIAM, AAAS, IET (UK),
and AIAA (Assoc. Fellow) - and as a foreign member
of the Serbian Academy of Sciences and Arts and of the Academy of Engi-
neering of Serbia. He has received the SIAM Reid Prize, ASME Oldenburger
Medal, Nyquist Lecture Prize, Paynter Outstanding Investigator Award, Ragazzini
Education Award, IFAC Nonlinear Control Systems Award, Chestnut textbook
prize, Control Systems Society Distinguished Member Award, the PECASE, NSF
Career, and ONR Young Investigator awards, the Schuck ('96 and '19) and
Axelby paper prizes, and the first UCSD Research Award given to an engineer.
Krstic has also been awarded the Springer Visiting Professorship at UC Berkeley,
the Distinguished Visiting Fellowship of the Royal Academy of Engineering, the
Invitation Fellowship of the Japan Society for the Promotion of Science, and four
honorary professorships outside of the United States. He serves as Editor-in-Chief
of Systems & Control Letters and has been serving as Senior Editor in Automatica
and IEEE Transactions on Automatic Control, as editor of two Springer book
series, and has served as Vice President for Technical Activities of the IEEE
Control Systems Society and as chair of the IEEE CSS Fellow Committee. Krstic
has coauthored fifteen books on adaptive, nonlinear, and stochastic control,
extremum seeking, control of PDE systems including turbulent flows, and control
of delay systems.



	Event-triggered boundary control of constant-parameter reaction–diffusion PDEs: A small-gain approach
	Introduction
	Preliminaries and problem description
	Event-triggered control and emulation of the backstepping design
	Well-posedness issues

	Event-triggered boundary control and main results
	Avoidance of the Zeno phenomena
	Explicit dwell-time

	Stability result

	Numerical simulations
	Conclusion
	References


