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Abstract
This article considers the control problem of linear strict-feedback systems with
an infinite-delayed integrator. The integrator backstepping design approach
is used to construct a predictor feedback controller. By applying the stability
theorem developed in our previous work for systems with unbounded delays,
exponential stability of the resulting closed loop system is proved. This arti-
cle shows that the predictor feedback together with the backstepping design
is effective on solving some control problems of systems with unbounded
delays. Simulation examples are provided to illustrate the effectiveness of our
controller.
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1 INTRODUCTION

Time-delayed system has been a popular research topic of control community in the past decades with many signif-
icant results obtained, see, for example, References 1-5. This is mainly because time delay is an inherent feature of
practical systems and often leads to poor performance even instability. To deal with time-delayed systems, many tools
and methods have been developed, such as characteristic quasipolynomials, Lyapunov–Krasovskii functionals, and
Lyapunov–Razumikhin functions. These methods are applied in both analysis and control of systems with time delays,
see, for example, References 6-19 and the references therein. Among all of these works on time-delayed systems, Prof.
Vladimir L. Kharitonov contributes a quantity of pioneering ones , to name a few, References 20-25. These results provide
tools for analyzing stability and robust stability of time-delayed systems and have inspired a lot more works.

It is noted that most of the existing works only focus on bounded delays. Unbounded delays, also called infinite delays,
are more general but also more challenging to deal with. In this article, both terminologies of unbounded delays and infi-
nite delays will be used and systems with infinite or unbounded delays will be denoted as infinite-delayed systems for
convenience. Unbounded delays can be observed in many fields, including biology,26-28 mechanics,29,30 social science,31

networked control32-35 and so on. Since 1970s, some mathematicians have studied fundamental theories of functional dif-
ferential equations with infinite delays.36-43 These theories, including existence and uniqueness of solutions, continuous
dependence of solutions, stability definitions, and some stability theorems, provide solid mathematical foundations for
studying infinite-delayed systems. However, control of infinite-delayed systems is still rarely considered. This is mainly
because many additional challenges arise due to the existence of unbounded delays, in comparison to bounded delays.
These challenges include limitations of analysis tools, the sensitivity of solutions to initial conditions and mathematical
complexity caused by the lack of delay bounds.44-46 We have recently considered several control problems by addressing
those challenges via low gain approaches,44-47 though there are still many open problems on control of infinite-delayed
systems.
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Predictor feedback is one of the most important methods for handling control problems of time-delayed sys-
tems, especially for systems with input delays. The author in Reference 48 proposed an induction method together
with several predictor feedback controllers for systems with both bounded and unbounded input delays. The result
in Reference 48 was pioneering but rigorous stability analysis was not given. More recently, another milestone
on this topic was developed in References 13-15,49, where more rigorous stability analysis results for linear sys-
tems with bounded input delays were provided. However, all of those works only focused on delayed inputs
while Kharitonov23 provided a pioneering work on predictor feedback for linear systems with both input delay
and state delay. By considering integrator-type actuator dynamics, the authors in Reference 50 proposed predic-
tor feedback controllers for linear strict-feedback systems with delayed integrators and bounded delays. Inspired
by this, we study the control problem of linear strict-feedback systems with an infinite-delayed integrator in this
article.

In this article, we present a novel approach to stabilizing control of linear strict-feedback systems with an
infinite-delayed integrator. The integrator backstepping design approach is used to construct a predictor feedback con-
troller. By applying the stability theorem developed in our previous work for systems with unbounded delays, exponential
stability of the resulting closed loop system is proved.

Compared with existing works, our contributions can be summarized in three aspects. First, compared with most exist-
ing works where only bounded delays are considered, unbounded delays are discussed in this article. Second, compared
with our previous works on systems with unbounded input delays,44,45 this article considers systems with infinite-delayed
integrators. It is shown that our stability theorems developed in Reference 46 can be applied to control problems of sys-
tems with infinite-delayed integrators. Last but not least, compared with our previous works where low gain approaches
were applied,44,45 this work considers more general linear systems with unbounded delays where open loop dynamics are
allowed to be exponentially unstable, by designing a predictor feedback controller. Moreover, we have recently obtained
some results on predictor feedback for infinite-delayed systems51 where a new framework is developed, under which both
time-invariant and time-varying linear systems with unbounded input delays can be dealt with. In contrast, the present
article considers time-invariant linear strict-feedback systems with an infinite-delayed integrator by applying stability
theorems in Reference 46.

The rest of this article is organized as follows. In Section 2, preliminaries are given, including system
description, assumptions and a stability theorem. In Section 3, our main results, including controller design
and stability analysis, are presented. Simulation examples are given in Section 4 and conclusions are drawn
in Section 5.

Notations: Throughout this article, the following notations are used. Rn denotes the n-dimensional Euclidean space.| ⋅ | represents the absolute value of real numbers, the module of complex numbers, the l2 norm of vectors or the induced
2-norm of matrices. For a symmetric and positive definite matrix P, the notation P

1
2 denotes its unique positive definite

square root. I is an identity matrix with appropriate dimensions. For two normed vector spaces (B1, || ⋅ ||1) and (B2, || ⋅ ||2),
B1 × B2 denotes the product space with the product norm || ⋅ || = || ⋅ ||1 + || ⋅ ||2.

2 PRELIMINARIES

2.1 System description

In this article, we consider a class of time-invariant linear infinite-delayed systems cascaded with an integrator, described
as follows,

ẋ = Ax + ∫
+∞

0
B(𝜂)𝜉(t − 𝜂)d𝜂,

𝜉̇ = u, (1)

where (x, 𝜉) ∈ Rn × Rm is the system state, u ∈ Rm is the control input, and B(𝜂) is a matrix function whose elements are
all Lebesgue integrable on [0,+∞). Moreover, we make the following assumptions on A and B(𝜂).

Assumption 1. There exists a nonincreasing and positive function p(𝜂), where ∫ +∞
0 p(𝜂)d𝜂 < +∞ and p(u + v) ≤

p(u)p(v),∀u, v ≥ 0, such that the following conditions hold,
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|B(𝜂)| ≤ p(𝜂),

∫
+∞

0
|e−A𝜂p(𝜂)|d𝜂 < +∞. (2)

Remark 1. The assumption p(u + v) ≤ p(u)p(v) implies that there exist C > 0 and r > 0 such that p(𝜂) ≤ Ce−r𝜂 . This
assumption is satisfied by all bounded distributed delays and many commonly-existing distributed unbounded delays
such as gamma-type distributed delays, exponential distributed delays, truncated Gaussian distributed delays.

Assumption 2. Define 𝔅 = ∫ +∞
0 e−A𝜂B(𝜂)d𝜂. The matrix pair (A,𝔅) is stabilizable.

For the study of infinite-delayed systems, one always needs to check if all involved infinite integrals are well defined
under the assumptions. It can be seen that 𝔅 in Assumption 2 is well defined under Assumption 1. Let 𝜉t be defined by
𝜉t(𝜃) = 𝜉(t + 𝜃), 𝜃 ∈ (−∞, 0]. Then based on Assumption 1, we can choose the space of the system as (x, 𝜉t,u) ∈ Rn × B ×
Rm, where B with its norm || ⋅ ||B is defined as follows,

B = {𝜙 ∶ (−∞, 0] → R
n ∶ ||𝜙||B < +∞},

||𝜙||B =
(|𝜙(0)|q + ∫

+∞

0
p(𝜂)|𝜙(−𝜂)|qd𝜂

) 1
q

, (3)

where +∞ > q ≥ 1.

2.2 A stability theorem

We have proposed several Lyapunov theorems for ascertaining asymptotical and exponential stabilities of systems with
unbounded delays in Reference 46. The following theorem can be directly obtained from the results in Reference 46.

Theorem 1. Consider the following system,

ẋ = f1(t, x, 𝜉t),
𝜉̇ = f2(t, x, 𝜉t), (4)

where (x, 𝜉t) ∈ Rn × B, f1 ∶ R × Rn × B → Rn and f2 ∶ R × Rn × B → Rm are continuous. Assume there exists L > 0 such
that for all (x, 𝜓) ∈ Rn × B, |f1(t, x, 𝜓)| + |f2(t, x, 𝜓)| ≤ L(|x| + ||𝜓||B). (5)

If there exists a continuous functional V ∶ R × Rn × B → R such that for all (x, 𝜉t) ∈ Rn × B,

1) a1|x(t)|𝛾 + a2|𝜉(t)|𝛾 ≤ V(t, x, 𝜉t) ≤ b1|x(t)|𝛾 + b2||𝜉t||𝛾B;
2) V̇(t, x, 𝜉t) ≤ −c1|x(t)|𝛾 − c2|𝜉(t)|𝛾 ;

where a1, a2, b1, b2, c1, c2, 𝛾 are positive constants and V̇ is the right hand time derivative, then system (4) is exponentially
stable in the sense that |x| + ||𝜉||B ≤ 𝛼e−𝛽(t−t0)(|x(t0)| + ||𝜉t0 ||B),∀t ≥ t0, (6)

for some positive constants 𝛼 and 𝛽.

Proof. It can be verified that the condition (5) and properties (1–2) in this theorem directly imply those conditions in
Theorem 3.5 of Reference 46. The current theorem is thus established by invoking Theorem 3.5 of Reference 46. ▪

3 MAIN RESULTS

In this section, we present our main results, including controller design for system (1) and stability analysis of the resulted
closed loop system.
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3.1 Backstepping design for predictor feedback controller

Arstein48 proposed a predictor feedback controller for linear systems with distributed infinite input delays. Inspired by
this, we can first define the variable z as follows,

z = x + ∫
t

−∞∫
+∞

t−s
eA(t−𝜂−s)B(𝜂)𝜉(s)d𝜂ds, (7)

which is well defined under Assumption 1. And one can calculate that

ż = Az +𝔅𝜉. (8)

Note that under Assumption 2, one can choose K such that A +𝔅K is Hurwitz, which implies that

ż = Az +𝔅Kz, (9)

is globally exponentially stable. Therefore, inspired by the integrator backstepping method, we can define 𝜁 = 𝜉 − Kz and
obtain that

ż = (A +𝔅K)z +𝔅𝜁,
𝜁̇ = u − Kż. (10)

Choose u = Kż − c𝜁 = K(Az +𝔅𝜉) − c(𝜉 − Kz) = K(A + cI)z + (K𝔅 − cI)𝜉, where c is an arbitrary positive constant.
Then one has that

ż = (A +𝔅K)z +𝔅𝜁,
𝜁̇ = −c𝜁. (11)

To make it clearer, we rewrite the controller as follows,

u = K(A + cI)z + (K𝔅 − cI)𝜉,

z = x + ∫
t

−∞∫
+∞

t−s
eA(t−𝜂−s)B(𝜂)𝜉(s)d𝜂ds. (12)

3.2 Stability analysis

In this subsection, we analyze stability of the closed loop system composed of (1) and (12). The following theorem is
obtained.

Theorem 2. Consider system (1) under Assumptions 1 and 2. Choose K such that A +𝔅K is Hurwitz. Then system (1) with
controller (12) is globally exponentially stable in the sense that

|x| + ||𝜉t||B ≤ 𝛼e−𝛽(t−t0)(|x(t0)| + ||𝜉t0 ||B),∀t ≥ t0, (13)

for some positive constants 𝛼 and 𝛽.

Proof. We can first write the closed loop system as follows,

ẋ = Ax + ∫
+∞

0
B(𝜂)𝜉(t − 𝜂)d𝜂,

𝜉̇ = K(A + cI)z + (K𝔅 − cI)𝜉,

z = x + ∫
t

−∞∫
+∞

t−s
eA(t−𝜂−s)B(𝜂)𝜉(s)d𝜂ds. (14)
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It follows from the last equation of (14) that

|z| ≤ |x| + |||||∫
t

−∞∫
+∞

t−s
eA(t−𝜂−s)B(𝜂)𝜉(s)d𝜂ds

|||||
= |x| + |||||∫

t

−∞∫
+∞

0
e−A𝜂B(𝜂 + t − s)𝜉(s)d𝜂ds

|||||
≤ |x| + ∫

t

−∞∫
+∞

0
|e−A𝜂|p(𝜂 + t − s)|𝜉(s)|d𝜂ds

≤ |x| + ∫
+∞

0
|e−A𝜂|p(𝜂)d𝜂∫ t

−∞
p(t − s)|𝜉(s)|ds

= |x| + M0∫
+∞

0
p(s)|𝜉(t − s)|ds, (15)

where M0 = ∫ +∞
0 |e−A𝜂|p(𝜂)d𝜂. One thus obtains that the closed loop system (14) satisfies condition (5). On the other hand,

one has that

|z| ≥ |x| − |||||∫
t

−∞∫
+∞

t−s
eA(t−𝜂−s)B(𝜂)𝜉(s)d𝜂ds

|||||
≥ |x| − M0∫

+∞

0
p(s)|𝜉(t − s)|ds. (16)

Since A +𝔅K is Hurwitz, there exists a positive definite matrix P such that

P(A +𝔅K) + (A +𝔅K)TP = −I. (17)

Define the following functionals,

V1 = |P 1
2 z|,

V2 = |𝜁 |,
V3 = ∫

t

−∞
|𝜉(s)|∫ +∞

t−s
p(𝜂)d𝜂ds,

V4 = |x|,
V5 = |𝜉|, (18)

where 𝜁 = 𝜉 − Kz is the same as that in (11). For functional V1, we can calculate that

V̇ 1 = zTPż|P 1
2 z| = −|z|2

2|P 1
2 z| + zTP𝔅𝜁|P 1

2 z|
≤ − |z|

2|P 1
2 | + |P 1

2 𝔅||𝜁 |. (19)

Moreover, it can be derived from the fact Kz = 𝜉 − 𝜁 that

|𝜉| − |𝜁 | ≤ |K||z|, (20)

and thus

V̇ 1 ≤ − |𝜉| − |𝜁 |
2|P 1

2 ||K| + |P 1
2 𝔅||𝜁 |

= − |𝜉|
2|P 1

2 ||K| +
(

1
2|P 1

2 ||K| + |P 1
2 𝔅|) |𝜁 |. (21)
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It further follows from (16) that

V̇ 1 ≤ − |x|
2|P 1

2 | + M0

2|P 1
2 |∫

+∞

0
p(𝜂)|𝜉(t − 𝜂)|d𝜂 + |P 1

2 𝔅||𝜁 |. (22)

For V2,V3,V4,V5, one can calculate their derivatives respectively as follows,

V̇ 2 = −c|𝜁 |,
V̇ 3 = ∫

+∞

0
p(𝜂)d𝜂|𝜉| − ∫

+∞

0
p(𝜂)|𝜉(t − 𝜂)|d𝜂,

V̇ 4 ≤ |ẋ| ≤ |A||x| + ∫
+∞

0
p(𝜂)|𝜉(t − 𝜂)|d𝜂,

V̇ 5 ≤ |𝜉̇| ≤ |K(A + cI)z| + |(K𝔅 − cI)𝜉|
≤ |K(A + cI)||x| + |K(A + cI)|M0∫

+∞

0
p(𝜂)|𝜉(t − 𝜂)|d𝜂 + |K𝔅 − cI||𝜉|. (23)

Then we can choose the following candidate Lyapunov functional,

V = (k11 + k12)V1 + k2V2 + k3V3 + V4 + V5, (24)

where k11, k12, k2, and k3 are constants to be determined. It follows from the aforementioned discussions that

V̇ ≤
(
− k11

2|P 1
2 ||K| + |K𝔅 − cI| + k3∫

+∞

0
p(𝜂)d𝜂

)|𝜉| +(
− k12

2|P 1
2 | + |A| + |K(A + cI)|) |x|

+

(
−k2c + k11

(
1

2|P 1
2 ||K| + |P 1

2 𝔅|) + k12|P 1
2 𝔅|) |𝜁 |

+

(
M0

2|P 1
2 |k12 + 1 + |K(A + cI)|M0 − k3

)
∫

+∞

0
p(𝜂)|𝜉(t − 𝜂)|d𝜂. (25)

If k11, k12, k2, and k3 can be chosen such that

− k11

2|P 1
2 ||K| + |K𝔅 − cI| + k3∫

+∞

0
p(𝜂)d𝜂 < 0,

− k12

2|P 1
2 | + |A| + |K(A + cI)| < 0,

− k2c + k11

(
1

2|P 1
2 ||K| + |P 1

2 𝔅|) + k12|P 1
2 𝔅| ≤ 0,

M0

2|P 1
2 |k12 + 1 + |K(A + cI)|M0 − k3 ≤ 0, (26)

then one has

V̇ ≤ −𝛿1|𝜉| − 𝛿2|x|, (27)

where 𝛿1 = k11

2|P 1
2 ||K| − |K𝔅 − cI| − k3∫ +∞

0 p(𝜂)d𝜂 > 0 and 𝛿2 = k12

2|P 1
2 | − |A| − |K(A + cI)| > 0. In fact, through the following

steps, one can always choose such parameters k11, k12, k2, and k3.

Step 1: Choose k12 such that k12 > 2|P 1
2 | (|A| + |K(A + cI)|).

Step 2: Choose k3 such that k3 ≥ M0

2|P 1
2 |k12 + 1 + |K(A + cI)|M0.



XU et al. 3287

Step 3: Choose k11 such that k11 > 2|P 1
2 ||K| (|K𝔅 − cI| + k3∫ +∞

0 p(𝜂)d𝜂
)

.

Step 4: Choose k2 such that k2 ≥ 1
c

(
k11

(
1

2|P 1
2 ||K| + |P 1

2 𝔅|) + k12|P 1
2 𝔅|).

Moreover, one has that

V ≥ |x| + |𝜉|, (28)

and

V ≤ (k11 + k12)|P 1
2 ||z| + k2(|𝜉| + |K||z|)

+ k3∫
+∞

0
p(𝜂)d𝜂∫

+∞

0
p(𝜂)|𝜉(t − 𝜂)|d𝜂 + |x| + |𝜉|

≤ (
(k11 + k12)|P 1

2 | + k2|K|) (|x| + M0∫
+∞

0
p(𝜂)|𝜉(t − 𝜂)|d𝜂) + k2|𝜉|

+ k3∫
+∞

0
p(𝜂)d𝜂∫

+∞

0
p(𝜂)|𝜉(t − 𝜂)|d𝜂 + |x| + |𝜉|

≤ (
(k11 + k12)|P 1

2 | + k2|K| + 1
) |x| + (1 + k2)|𝜉|

+
(
(k11 + k12)|P 1

2 |M0 + k2|K|M0 + k3∫
+∞

0
p(𝜂)d𝜂

)
∫

+∞

0
p(𝜂)|𝜉(t − 𝜂)|d𝜂

≤ c1|x| + c2||𝜉t||B, (29)

where c1 = (k11 + k12)|P 1
2 |+ k2|K|+ 1 and c2 = 1 + k2 +

(
(k11 + k12)|P 1

2 |M0 + k2|K|M0 + k3∫ +∞
0 p(𝜂)d𝜂

)
× (∫ +∞

0 p(𝜂)d𝜂)1− 1
q .

It can be seen that V satisfies all conditions in Theorem 1. Then it follows from Theorem 1 that system (1) with controller
(12) is globally exponentially stable. The theorem is thus established. ▪

Remark 2. In the Lyapunov functional V , the term (k11 + k12)V1 + k2V2 + k3V3 is constructed mainly to make sure the
Lyapunov functional satisfies the derivative condition, that is, condition (2) in Theorem 1. And the term V4 + V5 is con-
structed mainly to make the Lyapunov functional satisfy the left hand side of condition (1) in Theorem 1. V4 + V5 is called
a regulation term in Reference 46.

4 SIMULATION EXAMPLES

In this section, we provide two simulation examples to illustrate the effectiveness of the proposed controllers.

4.1 Example 1

We first consider the following numerical example borrowed from Reference 52,

ẋ1 = x2,

ẋ2 = −2x1 + 3x2 + ∫
+∞

0
k(𝜂)𝜉(t − 𝜂)d𝜂,

𝜉̇ = u, (30)

where k(𝜂) = 𝜂e−𝜂,∀𝜂 ≥ 0. Define x = col(x1, x2) and one can have that

ẋ = Ax + ∫
+∞

0
B(𝜂)𝜉(t − 𝜂)d𝜂,

𝜉̇ = u, (31)
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F I G U R E 1 State responses of system (30) under controller (12) for Example 1

where

A =

[
0 1
−2 3

]
, B(𝜂) =

[
0

k(𝜂)

]
. (32)

It can be verified that Assumptions 1–2 are satisfied by calculating that

𝔅 = ∫
+∞

0
e−A𝜂B(𝜂)d𝜂 =

[
−0.1399
−0.0278

]
. (33)

Furthermore, we choose the following initial condition,

𝜉(−𝜂) = 5,∀𝜂 ≥ 0, and x(0) =

[
−3
−2

]
. (34)

Figure 1 shows the state responses of system (30) under controller (12). It can be seen that system (30) can be stabilized
by controller (12).

4.2 Example 2

The second example is a wheeled invented pendulum system with time delays borrowed from Reference 53 but with
infinite delays, described as follows,



XU et al. 3289

0 5 10 15 20
Time(sec)

-60

-40

-20

0

20

40

S
ta
te
s

x

0 5 10 15 20
Time(sec)

-800

-600

-400

-200

0

200

400
S
ta
te
s

F I G U R E 2 State responses of system (35) under controller (12) for Example 2

ẋ = Ax + ∫
+∞

0
B(𝜂)𝜉(t − 𝜂)d𝜂,

𝜉̇ = u, (35)

where

A =

⎡⎢⎢⎢⎢⎢⎣

0 1 0 0
140
17

0 0 0
0 0 0 1

− 140
17

0 0 0

⎤⎥⎥⎥⎥⎥⎦
,B(𝜂) =

⎡⎢⎢⎢⎢⎢⎣

0
− 15

34
Γ1(𝜂)
0

14
17
Γ2(𝜂)

⎤⎥⎥⎥⎥⎥⎦
, (36)

with Γ1(𝜂) = 3e−3𝜂 and Γ2(𝜂) = 9𝜂e−3𝜂 . It can be verified that Assumptions 1–2 are satisfied by calculating

𝔅 = ∫
+∞

0
e−A𝜂B(𝜂)d𝜂 =

⎡⎢⎢⎢⎢⎢⎣

−0.1203
0.3610
−0.2816
0.0214

⎤⎥⎥⎥⎥⎥⎦
. (37)

Furthermore, we choose the following initial condition,

𝜉(−𝜂) = 5,∀𝜂 ≥ 0, and x(0) =

⎡⎢⎢⎢⎢⎢⎣

−3
−2
1
3

⎤⎥⎥⎥⎥⎥⎦
. (38)
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Figure 2 shows the state responses of system (35) under controller (12). It can be seen that system (35) can be stabilized
by controller (12).

5 CONCLUSION

In this article, we consider the control problem of linear strict-feedback systems with an infinite-delayed integrator. The
integrator backstepping design approach together with the predictor feedback method is used to construct the controller.
A stability theorem developed in our previous work is applied to stability analysis of the closed loop system. It is shown that
the designed controller can exponentially stabilize the linear strict-feedback system with an infinite-delayed integrator.
This article shows that the predictor feedback together with the backstepping design can be applied to control problems
of systems with unbounded delays. Simulation examples are provided to illustrate the effectiveness of our controller. One
of the future research topics is to consider more general linear strict-feedback systems with simultaneous existence of
unbounded state and input delays.
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26. Josić K, López JM, Ott W, Shiau L, Bennett MR. Stochastic delay accelerates signaling in gene networks. PLoS Comput Biol.

2011;7(11):e1002 264.
27. Culshaw RV, Ruan S, Webb G. A mathematical model of cell-to-cell spread of HIV-1 that includes a time delay. J Math Biol.

2003;46(5):425-444.
28. Djema W, Mazenc F, Bonnet C, Clairambault J, Fridman E. Stability analysis of a nonlinear system with infinite distributed delays

describing cell dynamics. Proceedings of the 2018 Annual American Control Conference (ACC); 2018:1220-1223; IEEE.
29. Roesch O, Roth H. Remote control of mechatronic systems over communication networks. Proceedings of the IEEE International

Conference on Mechatronics and Automation; Vol. 3, 2005:1648-1653; IEEE.
30. Atay FM. Distributed delays facilitate amplitude death of coupled oscillators. Phys Rev Lett. 2003;91(9):094 101.
31. Kuang Y, Smith H. Global stability for infinite delay Lotka-Volterra type systems. J Differ Equ. 1993;103(2):221-246.
32. Michiels W, Morarescu CI, Niculescu SI. Consensus problems with distributed delays, with application to traffic flow models. SIAM

J Control Optim. 2009;48(1):77-101.
33. Sipahi R, Atay FM, Niculescu SI. Stability of traffic flow behavior with distributed delays modeling the memory effects of the drivers. SIAM

J Appl Math. 2007;68(3):738-759.
34. Gopalsamy K, He XZ. Stability in asymmetric Hopfield nets with transmission delays. Phys D Nonlinear Phenom. 1994;76(4):344-358.
35. Jessop R, Campbell SA. Approximating the stability region of a neural network with a general distribution of delays. Neural Netw.

2010;23(10):1187-1201.
36. Hale JK. Functional differential equations with infinite delays. J Math Anal Appl. 1974;48(1):276-283.
37. Hale JK, Kato J. Phase space for retarded equations with infinite delay. Funkcialaj Ekvacioj. 1978;21(1):11-41.
38. Kato J. Stability problem in functional differential equations with infinite delay. Funkcialaj Ekvacioj. 1978;21:63-80.
39. Sawano K. Exponential asymptotic stability for functional differential equations with infinite retardations. Tohoku Math J Second Series.

1979;31(3):363-382.
40. Hino Y. Stability properties for functional differential equations with infinite delay. Tohoku Math J Second Series. 1983;35(4):597-605.
41. Hino Y, Murakami S, Naito T. Functional Differential Equations with Infinite Delay. Springer; 1990.
42. Zhang S. Unified stability theorem in RFDE and NFDE. J Math Anal Appl. 1990;150(2):397-413.
43. Zhang S. A new technique in stability of infinite delay differential equations. Comput Math Appl. 2002;44(10-11):1275-1287.
44. Xu X, Liu L, Feng G. Stabilization of linear systems with distributed infinite input delays: a low gain approach. Automatica.

2018;94:396-408.
45. Xu X, Liu L, Feng G. Semi-global stabilization of linear systems with distributed infinite input delays and actuator saturations. Automatica.

2019;107:398-405.
46. Xu X, Liu L, Feng G. Stability and stabilization of infinite delay systems: a Lyapunov based approach. IEEE Trans Automat Contr.

2020;65(11):4509-4524.
47. Xu X, Liu L, Feng G. Consensus of linear multi-agent systems with distributed infinite transmission delays: a low gain approach. IEEE

Trans Automat Contr. 2019;65(2):809-816.
48. Artstein Z. Linear systems with delayed controls: a reduction. IEEE Trans Automat Contr. 1982;27(4):869-879.
49. Bekiaris-Liberis N, Jankovic M, Krstic M. Adaptive stabilization of lti systems with distributed input delay. Int J Adapt Control Signal

Process. 2013;27(1-2):46-65.
50. Bekiaris-Liberis N, Krstic M. Stabilization of linear strict-feedback systems with delayed integrators. Automatica. 2010;46(11):1902-1910.
51. Xu X, Liu L, Miroslav K, Feng G. Stability analysis and predictor feedback control for systems with unbounded delays. Automatica.
52. Cai X, Bekiaris-Liberis N, Krstic M. Input-to-state stability and inverse optimality of linear time-varying-delay predictor feedbacks. IEEE

Trans Automat Contr. 2017;63(1):233-240.
53. Zhou Y, Wang Z. Motion controller design of wheeled inverted pendulum with an input delay via optimal control theory. J Optim Theory

Appl. 2016;168(2):625-645.

How to cite this article: Xu X, Liu L, Krstic M, Feng G. Predictor feedback and integrator backstepping of
linear systems with distributed unbounded delays. Int J Robust Nonlinear Control. 2022;32(6):3281-3291. doi:
10.1002/rnc.5810


