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Mean-Nonovershooting Control of Stochastic
Nonlinear Systems

Wuquan Li

Abstraci—We present mean-nonovershooting tracking
control designs for stochastic strict-feedback nonlinear
systems. Compared with the existing stochastic nonlin-
ear tracking designs, the advantage of our design is that
arbitrary reference trajectories can be tracked “from be-
low.” We first consider a special class of stochastic non-
linear systems where the diffusion terms satisfy the linear
growth condition and the drift terms are in special triangu-
lar forms. A new controller is designed to guarantee that
the mean of the system output can asymptotically track a
given trajectory without overshooting while keeping all of
the states mean-square bounded. In this case, an appealing
feature in our design is that strict mean-nonovershooting
tracking is achieved while the existing results on nonlinear
systems with deterministic disturbance can only achieve
practical nonovershooting tracking. Then, we design a nhew
controller for general stochastic strict-feedback nonlinear
systems to ensure that the mean of overshoot can be tuned
to be arbitrarily small while all the states of the closed-loop
system remain bounded in probability. In this case, the new
design ingredient is that our control gains are independent
of the initial conditions of system states, and the initial
conditions of derivatives of the reference trajectory. This
is in contrast with the existing results on corresponding
deterministic systems whose control gains heavily rely on
these initial conditions. Finally, two simulation examples
are given to illustrate the stochastic nonlinear nonover-
shooting tracking designs.

Index Terms—Nonovershooting control, stochastic non-
linear systems.
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|. INTRODUCTION

tions (SDE)’s stability theory [1]-[3], the study of
control of stochastic nonlinear systems is receiving increasing
attention due to ubiquity in many branches of science and
industry. The pioneering work on stochastic nonlinear stabi-
lization includes stochastic Lyapunov-like techniques [4], [5],
weighted quadratic Lyapunov functions design [6], and quar-
tic Lyapunov functions design [7]-[11]. Besides stabilization,
stochastic tracking is also popular in applications. There has
been a number of contributions dealing with this problem [12]-
[19]. Specifically, [12] designs an output-feedback controller for
stochastic nonlinear systems to make the quadratic output track-
ing risk-sensitive index function achieve a predefined long-term
index value; [13] addresses the adaptive tracking problem for
stochastic output-feedback canonical systems driven by noise
of unknown covariance; [14] and [15] consider the output track-
ing problems for stochastic nonlinear systems with stationary
Markovian switching; [16] investigates the distributed practical
output tracking of stochastic nonlinear multiagent systems un-
der a directed graph topology; [17] solves the output tracking
problem for a class of stochastic nonlinear systems whose lin-
earization parts may have unstable modes via output-feedback
control; [18] and [19] study the trajectory tracking problems for
stochastic nonlinear Lagrange systems. It should be noted that all
the above-mentioned results [12]-[19] only focus on solving the
tracking problem but do not solve the nonovershooting control
problem. In fact, to the best of our knowledge, the important
practical problem of guaranteeing no overshoot has received
little attention in the stochastic tracking control literature.

As demonstrated by [20] and [21], overshoot is undesirable in
many practical control problems. For example, the optimum set-
point may be close to an economic or safety constraint in process
control problems (e.g., product quality constraints, metallurgi-
cal limits, catalyst deterioration, thermal stresses, etc.). Conse-
quently, overshoot of a setpoint could lead to violation of a con-
straint and endanger process operation. For linear systems, [22]—
[26] focus on the nonovershooting controllers design for a
variety of reference inputs. For nonlinear systems, [27] is the first
paper to consider the nonovershooting control where a modified
backstepping method is employed to guarantee a nonovershoot-
ing response for strict-feedback nonlinear systems, which sheds
light on designing nonovershooting controllers for nonlinear
systems. Subsequently, [28] uses global coordinate transforma-
tion techniques to solve the nonovershooting control problem

W ITH the development of the stochastic differential equa-
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for feedback linearizable single-input single-output nonlinear
systems. Recently, [29] designs nonovershooting model predic-
tive control for discrete-time nonlinear systems in terms of four
different nonovershooting constraints. It should be emphasized
that the above-mentioned results [20]-[29] on nonovershooting
control are all focused on deterministic systems. However, the
perturbations and unmodeled dynamics in physical systems are
often described by stochastic noise entering the model [2]. The
above discussions motivate us to study the stochastic mean-
nonovershooting control. In fact, from a theoretical point of
view, stochastic systems are more general than deterministic
systems. Besides, stochastic mean-nonovershooting control has
some real applications. For example, as demonstrated by [30],
the population growth model is a stochastic system, where the
mean value of the size of the population should not overshoot
a setpoint due to the requirements of ecological environment;
in addition, as shown in [31], the dynamics of the price of an
asset or resource can be modeled as a stochastic system, where
the overshoot of the mean value of the price is undesirable due
to economic constraints. Therefore, it is imperative to study the
mean-nonovershooting control of stochastic nonlinear systems.

Motivated by the above observations and stochastic backstep-
ping design in [6]-[11], we study the mean-nonovershooting
control problem for stochastic strict-feedback nonlinear systems
which is absent in the previous literature. The contributions of
this article are threefold.

1) We propose new controller design methods and new stabil-
ity analysis techniques for solving the nonovershooting control
of stochastic nonlinear systems. On the one hand, the existing
control schemes about stochastic tracking control [12]-[19] can
only solve the output tracking problems for stochastic nonlinear
systems in mean square sense, i.e., the mean square of the
distance between the system output and the reference trajectory
can be tuned to be arbitrarily small in the long run, but the
overshooting problems cannot be solved; on the other hand,
the existence of stochastic noise makes the methods developed
in [20]-[29] invalid since advanced stochastic analysis tech-
niques are needed in the controller design and stability analysis.
In this article, to solve the nonovershooting control problem
of stochastic nonlinear systems, by using the information of
the reference trajectory, we first develop new nonovershooting
control designs. Then we fully exploit the properties of the
solution to the stochastic systems and propose new stability
analysis techniques. In fact, the control scheme developed in this
article not only can make the fourth-moment (more elegant than
the mean square case) of the output tracking error arbitrarily
small in the long run but also can successfully deal with the
overshooting problem simultaneously.

2) For a special class of stochastic nonlinear systems, whether
the noise is vanishing or non-vanishing, we design new con-
trollers with control gains dependent on the initial conditions
of system states and the initial conditions of derivatives of the
reference trajectory, to guarantee that the mean of the system
output asymptotically tracks a given trajectory without any over-
shooting while keeping all of the states mean-square bounded.
This performance is more elegant than those about nonlin-
ear systems with deterministic disturbances [27] where only

practical nonovershooting tracking is achieved (the overshoot
bound can be tuned to be arbitrarily small at the expense of large
control effort). In this case, the stochastic noise plays a positive
role in guaranteeing the mean-nonovershooting performance. In
fact, even a deterministic system fails to achieve nonovershoot-
ing tracking; it does not mean that this system still fails when it
is perturbed by stochastic noise, which can be regarded as one
of the appealing characters of stochastic systems. In Section II,
we use a specific example to demonstrate this point.

3) For general stochastic nonlinear systems, although we get
similar nonovershooting performance as that in [27], i.e., the
mean of overshoot can be made arbitrarily small by appropriately
choosing the control gains, our controller is simpler since the
control gains are completely independent of the initial conditions
of system states and the initial conditions of derivatives of the
reference trajectory. This is in contrast with [27] where the
control gains are heavily reliant on these initial conditions.
The advantage of our controller is that we do not need to re-
compute the control gains even when the trajectory or the initial
condition of the state is changed. In this way, the computation
burden for the control gains can be largely reduced.

The remainder of this article is organized as follows.
Section II describes the problems to be investigated. Section III
is focused on the nonovershooting control of a special class of
stochastic nonlinear systems. Section IV is devoted to solving
the nonovershooting control of general stochastic nonlinear sys-
tems. Section V gives two examples to illustrate the theoretical
results. Section VI includes concluding remarks. Finally, some
useful lemmas are provided in the Appendix.

Notations: R and R™ denote the set of all nonnegative real
numbers and the real n-dimensional space, respectively. For a
given vector or matrix X, X7 denotes its transpose, Tr{X}
denotes its trace when X is square, and | X | is the Euclidean norm
of a vector X. Define |A| = (31, Y27, aZ;)'/? for a matrix
Aym. For any a,b € R, let a Ab=min{a,b}. C' denotes
the set of all functions with continuous ¢th partial derivatives.
C*2(R* x R™, R*) denotes the family of all nonnegative func-
tions V (¢, ) on RT x R"™ which are C! in ¢ and C? in z. For any
given V(t,x) € CH? associated with stochastic system dz =
ft,x)dt + g(t, x)dw, the differential operator L is defined as

LV (t,x) 2 9+ IV f(t 2) + 3Te{g” (t,2) L 5 g(t,x)}.

[I. PROBLEM FORMULATION

Before formulating the problem to be investigated, we first use
an example to motivate the study of nonovershooting control of
stochastic systems.

Example 1: Consider the system

i=x—1. 1

We first consider whether the state x(¢) of this uncontrolled,
unstable system can track r(¢) = 1 without overshooting for
some appropriately restricted z(ty).

Denote

Z(t) = z(t) — r(t) (2)
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which, with (1), yields
z(t) = et (x(tg) — 1), Vt € [to, +00). (3)

If we restrict x(tp) < 1, then from (3), we get z(t) < r(¢)
for all ¢ € [tg, +00), which shows that nonovershooting prop-
erty can be guaranteed. However, the tracking fails since

Now we show how adding noise can achieve tracking, while
maintaining a nonovershooting property. Let system (1) be per-
turbed by stochastic noise 2(z — 1)w

dr = (r — 1)dt + 2(x — 1)dw 4)

where w is a scalar standard Wiener process.
From (2) and (4), we get

T(t) = e Tt F20W0 ((10) — 1) Vit € [tg, +00).  (5)

1) We first study the almost surely nonovershooting tracking
property of system (4): By (5), if we choose z(tg) < 1, then we
get z(t) < r(t) for all ¢t € [tg, +00) a.s., which means that the
nonovershooting property can be guaranteed. For (5), from the
law of the iterated logarithm we obtain

tgglooa?(t) =0, as. (6)
in which (2) shows
tngrnoox(t) =r(t), as. @)

Therefore, we get the almost surely nonovershooting property
x(t) < r(t) for all ¢ € [ty, +00) a.s. and the tracking property
limg 1o z(t) = r(t) as.

2) We then study the mean-nonovershooting tracking property
of system (4): From the discussions above, if (ty) < 1, we get
x(t) < r(t) forall t € [to,4+00) a.s., which implies

E{z(t)} <r(t) Vt € [to, +00). 8)
From (5), we get
a1V = e By () V€ fto, +00)  (9)
where
y(t) = e~ ) /BHe®/21510) — 114, (10)
Obviously, y(t) is the unique solution to the equation
dy = %ydw (11)

with the initial value y(t) = |2(to) — 1|*/*. Thus, we get

y(t) = |z(to) — 1|M/* + %/ y(s)dw(s)Vt € [to, +00) (12)

to

which implies that

E{y()} = |z (to) — 1'%, (13)
It follows from (9) and (13) that
E{|z(t)]'/*} = e BBy (1)}
= e~ (10)/8 () — 1)1/4 (14)

By (2) and (14), we get

. 1/4
Jim B{Jx(t) — (1)} = 0. (15)
Therefore, we obtain the mean-nonovershooting property
E{x(t)} <r(t) forall t € [ty,+00) and the tracking property
limy oo E{|z(t) — r(t)]"/*} = 0.

Remark 1: From Example 1, we see that the determin-
istic system (1) fails to achieve nonovershooting tracking
(limy 4o (z(t) — r(t)) = —00). However, for the noise per-
turbed system (4), with the initial condition restriction z(tg) <
(o), we not only achieve the almost surely nonovershooting
tracking control but also achieve the mean-nonovershooting
tracking control. Therefore, compared with the determinis-
tic systems, there are appealing nonovershooting features of
stochastic systems, and the generalization from deterministic
to stochastic systems is nontrivial.

In this article, we consider the mean-nonovershooting track-
ing control of stochastic nonlinear systems. We first consider
a special class of stochastic nonlinear systems where the dif-
fusion terms satisfy the linear growth condition and the drift
terms are in special triangular forms. Then we study the mean-
nonovershooting control of stochastic nonlinear systems with
general drift terms and diffusions terms.

Problem 1 (Special case): Consider a class of stochastic
nonlinear systems

7
dl‘i = Tit1 + Z Q;; T + bi dt

j=1

+T(Z)dw, i=1,...,n—1, (16)

dzy, = (u+ hn(Zn))dt + 0L (Zn)dw, (17)
Y =1 (18)

where = (z1,...,7,)T € R", u€ R, and y € R are the
system state, control input, and output, respectively. z; =
(z1,... ,:ci)T. a;; and b; are constants. The nonlinear functions
Vi : R" — R" and h,, : R — R are assumed to be C!, i =
1,...,n. w is an r-dimensional independent standard Wiener
process defined on the complete probability space (2, F, F, P)
with a filtration JF; satisfying the usual conditions (i.e., it is
increasing and right continuous while F( contains all P-null
sets).

For system (16)—(18), we make the following assumptions.

Assumption 1: The given trajectory y,.(t) € R and its deriva-
tives yﬁl)(t), e yﬁnfl)(t) exist. Moreover, there is a known
positive constant M such that

D) <M, i=0,....,n—1 Vt€[tg,+00)  (19)

where " (t) = yr(t).
Assumption 2: Fori = 1, ..., n, there exist positive constants

c;1 and ¢; such that
lpi(Z:)| < cir(Joa| + -+ + [@]) + cin. (20)

The control objective for system (16)—(18) is, under Assump-
tions 1 and 2, to design controllers such that all the states of
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the closed-loop system are mean-square bounded. Furthermore,
if y(0) < y,-(0), the designed controller can solve the mean-
nonovershooting problem of system (16)—(18) with

E{y(t)} <y.(t) Vt € [to, +00) 1)
lim E{y(t) —y-(t)} = 0. (22)

Problem 2 (General case): Consider the following stochastic
nonlinear systems:

(23)
dry, = (u+ fo(Zn)) dt + gL (Z)dw (24)
Yy=2x1 (25)

where 7 = (21,...,7,)T € R", u € R, and y € R are the
system state, control input, and output, respectively. z; =
(1,...,24)T,i=1,...,n. The nonlinear functions f; : R* —
Rand g; : R — R",i=1,...,n, are assumed to be C'. w is
an r-dimensional independent standard Wiener process defined
on the complete probability space (2, F, F, P) with a filtration
F: satisfying the usual conditions (i.e., it is increasing and right
continuous while F( contains all P-null sets).

For the given trajectory y,.(t), we relax Assumption 1 to the
following form.

Assumption 3: There exists an unknown positive constant M
such that

D) <M, i=0,...,n—1 Vt € [to, +0).  (26)

The control objective for system (23)—(25) is, under As-
sumption 3, to design controllers to ensure that all the states
of the closed-loop system are bounded in probability and the
fourth-moment of the output tracking error can be rendered
arbitrarily small in the long run. Furthermore, if (0) < v..(0),
the designed controller can solve the mean-nonovershooting
problem of system (23)—(25) with

E{y(t)} <y (t) + € Vit € [to, +00) 27)
where € is a positive constant which can be made arbitrarily
small by choosing control gains.

Remark 2:. In Problem 1, all the drift terms and diffusion
terms in the system (16)—(18) can be vanishing or nonvanishing.
In addition, h,,(Z,) is any C' function which does not need
to satisfy the linear growth condition required in Assumption
2. Therefore, although system (16)—(18) is a special case, it
covers a large class of stochastic nonlinear systems. In fact, from
both practical and theoretical points of view, it is important to
study the mean-nonovershooting control of system (16)—(18).
On the one hand, from the theoretical point, it has some elegant
properties (21)—(22), which are superior to the property (27) for
the general case. On the other hand, there are many real systems,
including the stochastic mass—spring—damper system, which can
be modeled as (16)—(18) (see Example 2 in the simulation part
for more details).

Remark 3: Since stochastic systems function under distur-
bances that necessarily occasionally assume arbitrarily large val-
ues, it is unrealistic to expect highly precise performance of ev-
ery sample point of a stochastic process. In addition, noting that
stochastic systems are more general than deterministic systems,
it is natural to use a relaxed definition (mean-nonovershooting
control) to study the stochastic nonovershooting control stated
in Problem 1 and Problem 2.

In fact, the mean-nonovershooting control may be popular
in the study of stochastic biology systems, stochastic finance
systems, and stochastic economy systems. In theses systems,
stochastic uncertainty is an inherent feature of the system com-
ponents. Take the single-species stochastic population dynam-
ics [30] as an example

dr = z(b+ ax)dt + ex’dw (28)

y=x (29)

where x denotes the popular size, y is the output, a, b, and € are
constants, and w is a scalar standard Wiener process.

More precisely, we write the output of system (28) and (29)
as y(t, w), where w is the sample point. From (28) and (29), we
obtain that the actual output y(¢, w) is the size of the population
at time ¢. We can sample a large group of the data y(¢, w)
from the output. By using some statistical method to process
these data, we can get the mean of the output E{y(¢, w)}. From
the biological side, the nonovershooting of E{y(t,w)} shows
that the size of the population (¢, w) is also nonovershooting.
Although this view is not very accurate from the deterministic
systems point, it is popular for the study of stochastic practical
systems by biologists and economists.

[ll. SPECIAL CASE

In this section, for system (16)—(18) under Assumptions 1
and 2, we first construct a nonovershooting controller and then
analyze the stability of the closed-loop system.

A. Controller Design

In this section, we design a nonovershooting controller for
system (16)—(18) step by step.

Step 1: Defining & = 21 — y, and choosing Uy = 1£{, from
(16) , we have

. 3
LU (&) = & (w2 + anzy +b1) — E9p + §€%|¢1|2~ (30)
By (19), (20), and Lemma A.2, we obtain
3 3
§§%|<P1|2 < 55%(@1‘331\ + c12)?
3
< 55%(011\€1| + c11lyr| + c12)?

< 367 (1167 + (c11M + c12)?)

< (30%1 + i(011J\/[ + 012)4) &+6 3D
451

where f; is an arbitrary positive constant.
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Substituting (31) into (30) yields
LU\ (&) < & (xg — a5) + & (25 + arrwr + by — 4y)

+ (361’1 + Tzl(ch + 012)4> &+ (G2
If we choose the virtual controller as
Ty = gr —anr — b — a1y
£ gy — (a11 + 1)z + 1y, — by (33)
and define
§2 = w3 — 75 (34)
then (32) can be rewritten as
LUL(&) < —a1€f + &6 + B (35)

where a1 = ¢1 + 3¢3 + (c11M + c10)*, and ¢; > 0 is a
design parameter.

From (16), (33), and (34), we get
dé = (—onés + &) dt + ¢f (71)dw.

Deductive Step: Assume that at step k — 1, there are a set of
virtual controllers defined by

413

(36)

1—1

Zaz lj‘r]_bl 1+y(l 2
j=1

+sz 2,7 (mj+1+zajsms+b>
j=1

- jygﬁr

S

7=0

i1 i—2
=y + Z bi-1j2; + Z bi-1,5yy”
j=1 =0

— o1&

—bi 1, 3<i<k, (37)
Ci=w—ay, 2<i<k (38)
such that
dé; = (—u& + &) dt + | @) — Zbl Lol | dw (39)
and
B k-2
LUp 1(61) < =Y (i — ap-1.)& — co1&p_y
=1
k-1
+& G+ B (40)

j=1

where b;_1 j, b;—1,j, and b;_; are constants, «; is a positive con-

stant, ¢1, . .., ¢—1 are design parameters, y_1,1, - . ., Ag—1,k—2
and (31, . .., Bx_1 are arbitrary positive constants, U1 (£x—1) =
1 k=1 ¢4 & _ T
T2 & and §p 1 = (&1, 1)

To complete the induction, at the kth step 2 < k <n — 1),
we consider the &j-system.
It follows from (16), (37), and (38) that

k
gy, = (ﬂfkﬂ + Zaijj + by —

E bi—1,5 (Tj+1

j=1
j k—
+ Z AjsTs + bj) Z Syt )dt
s=1 7=0
k—1
+ <<P£ - Zbkl,jsﬁ;'-r) dw. (41)
j=1
We choose the Lyapunov function
- - 1
Us(€k) = Uk1(Ek-1) + k- (42)
By (40)—(42) and It6’s formula, we get
B k-2
LUk(&r) < = ) (ci — Gr-1,)& — ey + &1k
i=1
k
+Exp + & ( > arjwy + b =y
j=1
k-1
Z k—1,5 (‘r]Jrl +Za]sxs +b; )
j=1
k—2 k-1
Y Byl ) Y5
7=0 j=1
3 k-1 2
+ 5| ek — D bro1se] (43)
j=1
By Lemma A.2, we obtain
; ) , 1[4 -2
§h18k < Qg k1181 + 7\ 30kk-11 &k (44)

where ay, ;—1,1 is an arbitrary positive constant.
By (19), (37), and (38), using an induction approach, we get

il <& 1+ 1G]], i=1... .k (45)

Jj=1

where ¢; is a positive constant.
It can be inferred from (45), Assumption 2, and Lemma A.2
that

k—1
< B+ arpi + > Anj2E)

Jj=1

k-1 2
- Z be-1,;0;
=1
(46)

where @y 12,...,0, k1,2 and [ are arbitrary positive con-
stants, and @y, is a positive constant.
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Substituting (44) and (46) into (43) yields

k-1
LUk(ER) < =Y (e — ara)& + & (@pgr — Thpy)
i=1
k
+& <$Z+1 + Z apjz; + by, — yo
j=1
— Zbk 1,5 <l‘j+1 +Za]5l‘é +b )
7j=1
k— k
SR ) + 30
j=0 j=1
1/4 -3
+ (ak,k +7 <3ak,k1,1) > & ¢
where
Qi = CGp—1,+ Qrr-12, 1 =1,...,k—2, (48)
Q-1 = Qp,k—1,1 + Qg k—1,2- (49)
We now choose the virtual controller as
k k-1
Tipr = = ) aigay = by + Y b (w0
j=1 j=1
J k-2
+Zajsxs—|—bj> —|—Z ,jyﬁj+ ) — apék
s=1 §j=0
=y + Z by, + Z by — by (50)
and define
Ehtl = Thyl — Tjyq (51)

where by, ;, l;kyj, and Ek are constants, oy = ci + Qg +
i(%ak,k71,1)73, and ¢, > 0 is a design parameter. In (50),
the second equality is obtained by substituting &, into the first
equality.
Substituting (50) and (51) into (47) yields
-1
LUR(ER) < = (e — ani)&! — cnbi + Glérpr + ZBJ
1 Jj=1
(52)

S

-
Il

By (50) and (51), (41) can be rewritten as

Zbk 1]90] dw.

(53)

A€y = (—awée + 1) dt + | of —

Step n. Choosing &,, = x,, —

n72
j=0

x;,, similar to (41), we have

AR

n—1 J
_ Z bn—1,; (1‘j+1 + Zajsl‘s + bj) >dt
j=1 s=1
n—1
+ (c,off - Z bnl’jgp;‘-r> dw
J=1

By Lemma A.2, we get

(54)

1/4 -
gi—lgn S an,n—l,lgfb_l + Z <3an,n—1,1> féb (55)

and

2

3 2
5571

n—1
T T
Pno — Z bn—1,j¢;
=1

n—1
< Bn + an,nfﬁ + Z an,j,Qf;L

j=1

(56)

where @y 12,...,0Gn,n-1,2 and 3, are arbitrary positive con-
stants, and d,, ,, is a positive constant.

Choosing U, (§) = %Z?:l ¢} and using (54)—(56), similar
to (47)—(53), the actual control law

n—1
= _hn+y(n)+zbn 1,5 <$]+1+Zajsafs+b>

j=1 s=1

n—2
+ Z bnfl,jy£j+1) - O‘ngn

(57)
j=0
leads to
n—1
ﬁUn(f) < - (C n, 1)5 cnfk + Z ﬁ] (58)
i=1 j=1
and
n—1
dgn = - Oéngndt + SOZ - Z bn—Lj(p]T dw (59)
j=1

3 ¢, > 0 is a design

where o, = ¢, + @nn + 7 ( Gpn-11)"
parameter, b,,_1 ; and bn,l’j are constants, d, 1, - - -,

positive constants, and £ = (&1,...,&,) 7.

Q1 are

B. Stability Analysis
From (36), (39), (53), and (59), we get

t
& :efak(tfto)é‘k(to)_;'_/ efak(tfs)é'k_‘rl(s)ds

to
+ M), 1<k<n-1, (60)
En = e t0)e (1) + M, (t) (61)
where
t
M (t) = / e )l duw(s) (62)
to
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and By (73) and Dynkin’s formula in Lemma A.4, we get
t k-1 c(tATy) _ et }
Mi(t) = / ot [ o o o) @) F {et T, (€t A ) = e Un(€ (1))
to j=1 tATE
for2 <k <n. =FE {/fo L(e Un(f(s)))dS}
We choose the design parameters cq, . .., ¢, as AT
o, > max {Cy,an;}, 1<k<n—1 (64) =k {/to e (LUn(E(s)) + cUn(ﬁ(s)))ds} - (9
cn >0 (65) By (70) and (74), we obtain
h
where , E {ec(t/\Tk)Un(f(t A Tk))}
é1 = (=x2(to) + ¥ (to)
to) — yr(1
xl( 0) Y ( 0) < BCtOUn(f(to)) + é (E {ec(t/\Tk)} _ eCtO)
—ayz1(to) — b1) (66) ;
1 < U, (E(tg)) + = (et — ecto). (75)
- (k) Cc
Cp = ( Tr1(to) + y, (to) — Zaijj to) _ .
&k (to) Let k — +o00. By using Fatou’s lemma, (75) can be rewritten as
k-1 j . B :
c < cto Pooet _ Jcto
— b + Zbk 1,j (%H to) + Zagsxs to) + b; ) E{eUn(€(t)} < ™ Un(€(to) + c (e =) (76)
7=1 =1 which is equivalent to
+ Zbk 1y to)>, 2<k<n-1 (67)  EU,(£(t) < e et U, (E(t)) + 5(1 —emelt=t)y - (77)
c
and By (45), (77), Assumption 2, and Schwarz’s inequality in [31]
[(2.11) in P40], we get
&k(to) = zx(to) — Zbk 1,52 (to)
E{e—2ak(f s) Zbk 1,595 ’ }
k=2
b1,y (to) +bp 1, 2<k<n—1. (68)
j=0

This choice is justified in the proof of Lemma 2.

The proof of the main stability results requires a number
of technical lemmas. The first lemma provides an estimate for
My(t).

Lemma 1: If Assumptions 1 and 2 hold for the plant (16)—(18),
(57), and (64)—(65), we have

E{My(t)} =0, k=1,...,n (69)
Proof: By (64) and (65), (58) can be rewritten as
LU, (&) < —cU, +p (70)
where
c= 41<nlm {ei —an,i,cn} >0 (71)
B=> 8 >0. (72)
j=1

By (70) and [32, Th. 1], the plant consisting of (16)—(18), (57),
and (64)—(65) has an almost surely unique solution x(¢) on
[to, +00), which implies that My, (¢) is well-defined.

For any k > 0, we define the first exit time

=inf{t >t : |£(t)| > Kk}

(73)

and note that inf () = oo.

k
<e [1+ESY &

2\ 1/2

k
>
j=1
< (1 + 2\/E(EUn)1/2)

< (1 +2vn (Un(g(to)) + f) 1/2) (78)

where ¢, is a positive constant, k = 2, ..., n.
By (78) and Fubini’s theorem in Lemma A.3, we obtain that

t
b / S Zbk 17J903
to

holdsfork =2,....,n

From (79) and [33, Th. 5.8], we get E{M(t)} =0, k =
2,...,n. Similarly, we can prove E{M;(t)} = 0. Thus, (69)
holds.

The second lemma shows that &;(¢p) < 0 can be ensured if
we choose y(to) < yr(to).

Lemma 2: Consider the plant (36), (39), (53), (59), (64), and
(63). If y(to) < yr(to), then we have &;(tg) < 0,i=1,...,n

ds p <400 (79)
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Proof: Since y(to) < yr(to), we have &(tg) = y(to) — t
yr(to) < 0. By (33), (34), (64), and (66), we have S B, Gen(s)lds
0
&2(to) = w2(to) + an1z1(to) + b1 — Yr(to) + aréa(to) ¢
. ~ [ Blgalis
< ma(to) + an1xi(to) + b1 — Yr(to) + c1é1(to) to
< @2(to) + annzi(to) + b1 — 9 (to) + c1&1(to) < /t(E€4 )/ ds
= k+1
—0. (80) to
By (50), (51), (64), and (67) and using an induction argument, < (40, ctt0)) + @ 1/4 .
we obtain - SO c 0
k
< +00. (83)
Err1(to) = Ty (to) + Y arja;(to) + br — yM (to)
J=1 Noting o > 0 is a constant, by (83) and Fubini’s theorem in

g

We are now ready to state the main stability results on system
(16)—(18).

Theorem 1: Consider the plant consisting of (16)—(18), (57),
and (64)—(68). If Assumptions 1 and 2 hold, then the following
conclusions hold.

> Lemma A.3, we get (82).

zlm

-1
bk 1,j <$j+1 to +ZGJSZL’S to) +b

s=1

o
|
N

= bre1,y9 T (t0) + w(to)

=0 1) The mean-square of the state is bounded. Specifically, for
k Vt € [tg, +00), the following estimate holds:
< zppalto) + D ajai(to) + bk — y® (to)
=1
! Elz|? < (1 +2vn (Un(f(to)) + ﬂ) ) > Ei+1).
k-1 c

*Zbk 1,5 (Ij—‘rl tO +Za39x9 t0)+b > (84)
Jj=1 s=1
2) Furthermore, if y(0) < y,-(0), then

k-2
br-1,597 Y (to) + e (to) E{y(t)} < y.(t), Vt € [ty, +0) (85)
j=0
| lim B{y(t) - y.(8)} = 0. (86)
k
< zp41(fo) + Z arj;(to) + b =y (to) Proof: The proof of this theorem includes two steps.
=1 Step 1. We first prove that (84) holds.
k—1 J From (77), we get
Zb’f 1,j (IJ-H to) + Zajsxa to) + b; > 3
j=1 s=1 EU,(&(t)) < Un(&(to)) + = (87)
k-2
j) ,]y$7+ )(to) + En&n(to) By (45), we obtain
Jj=0 i
=0, k=2,...,n—1. (81) 2} <EG+1) (14> &, i=1....k (88
j=1

This completes the proof of Lemma 2.

The third lemma provides estimates for the Riemann integrals ~ which yields
whose integrands are stochastic processes.

Lemma 3: Consider the system (36), (39), (53), and (59) Bl = B {z":xg}
with the design parameters defined in (64) and (65). For k = !
1,...,n — 1, we have

E {/t e“k(ts)fkﬂ(s)ds} <N airn+ > airnEld e
) , . .

i=1 i=1 j=1
t
_ —(Xk(t—s) n
- /t ‘ BAGis1(5)}ds. ®2) <1+ E{EP) Y 6 +1). (89)
=1

Proof: From (77) and Schwarz’s inequality, we get
It can be inferred from (87) and Schwarz’s inequality that

t
E {/to e_ak(t_§)|£k+1(3)|d8} El¢* < (B{l¢'H'?
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(L))

= 2/n(EU,)Y/?

1/2
<ovi <Un<§<to>> n ﬂ) o0

By (89) and (90), we get (84).
Step 2. We then prove that (85) and (86) hold.
Noting av,, > 0 is a constant, from (61) and Lemma 1, we get

E{&a(t)} = e (10g, (to).

By Lemma 2, we know that &,,(to) < 0, which, along with (91),
implies that E{&,,} is a nonpositive function which converges
to zero exponentially.

From (60) and Lemma 1, we have

Ef&ua(t)} = e om0,y (t)

t
+E{ / ea"l(ts)fn(s)ds} (92)

to

oD

which, in view of (91) and Lemma 3, can be expressed as

E{§n71 (t)} =e ! (titO)fnfl (tO)

L /t e—anfl(t_S)E{fn(s)}ds

to

= e o ho)e, (1)

t

to
e Y ()

+ 1 e~ @n-1tFanto (e(an—l_an)t

Qp_1 — Qp

—elenamento) ¢, (t). (93)
Since a,,—1 and o, are positive constants, by using (93) and
Lemma 2, we obtain that F{,_1} is a nonpositive function
which converges to zero exponentially.

By using induction, we conclude that E{&; ()} is a nonposi-
tive function which converges to zero exponentially. Thus, (85)
and (86) hold.

This completes the proof of Theorem 1.

Remark 4: We now compare the results in this section with
that in [27]. In [27, (71) and (72)], an example with an additive
disturbance d(t) is given as

iy =u 95)
Yy =1x. 96)

The reference trajectory is chosen as y,.(¢) = 1 and the initial
conditions of the states are selected as x1(0) = 0, 22(0) = 1.

Deterministic disturbance case in [27]:  Choosing d(t) =
sin ¢t and using the method in [27], the controller

u=(c+k)*(x1—1) = (2c+k+ ck + k?)

(w2 + (e k)(a1 - 1)) ©n
can be designed to guarantee
y(t) < yr(t) + A Vt € [0,+00) (98)

where c and k are positive constants satisfying ¢ + k£ > 1, and

A 1+ (2¢+ k + ck + k2)?
NV A+ (e+R)D)A+ (c+k+ck+k2)2)

99)

Stochastic disturbance case in this section: When d(t) is a
standard white noise, using the design procedure developed in
this section, we get

u=ai(r; —1) — (a; + ao)(za + ar(zy — 1)) (100)

= — 101

ap =c1 + 165, (101)
1 9

— - 102

a2 62+4+16ﬂ2a1 (102)

where (5, and (3 are arbitrary positive constants and ¢; > 1 and
co > 0 are constants.
Using the controller (100)-(102), with a laborious calculation,

we get
E t =, t) — —at —aot _ _—aqt
W0} =) e 4 (et ey

9
(1611661)

It follows from (103) and the definitions of ¢q, ¢, a1, and asg
that

1

(103)

E{y(t)} < y-(t) Vt €[0,+0c0), (104)
lim Ey(t) —y- (1)} = 0. (105)

Comparisons: When d(t) is a deterministic disturbance, from

(98), we obtain that the overshoot occurs inevitably and the max-
14+ (2¢c+k+ck+k2)?

(I (k) (1 (e ktck+k2)2)
which can be tuned by choosing suitably k. When d(t) is a
stochastic noise, from (104)—(105), it is clear that the overshoot
in the mean sense can be completely avoided since the value
of E{y(t) is strictly less than y,.(¢). Besides, we can get an
elegant property lim;_,~, E{y(t) — y,(t)} = 0. In other words,
for system (94)-(96), we get better nonovershooting perfor-
mance when the disturbance d(t) is stochastic. Therefore, some
new capabilities are exhibited in the nonovershooting control of
stochastic nonlinear systems.

imum value of the overshoot is

IV. GENERAL CASE

In this section, for system (23)—(25) under Assumption 3, we
first design a nonovershooting controller and then analyze the
stability of the closed-loop system.
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A. Controller Design It follows from (111) and (112) that
In this section, we design a controller for system (23)—(25) k—2
step by step. LVi(&) < — — cra&hg + &bk
Step 1: Choosing & = 1 — y, and V; = 1£7, from (23), we 121
have
. . ) 3 0 1o + & (The — Thy1) + & <x7c+1 + fr
LVi(&) = &z + & (fr = 9r) + 591
k—1 . k—
* * .3 - % 9 G4
= &(wy —a5) + & (@5 + fL — o) + §§%|91|2- —~ 52/7( z_: )
(106) ” -
k—1
1 0%
By L A, t - EgTyg,
y Lemma we ge B — 9z, 0, 95 9 >
3 T
§§%|91|2 <pBi+ ﬁ|gl| & (107) 5 Flgo 2 kol
+S&loE =Y ARl +> B (113)
. . .. 9 sy .
where 61 1S an arbltrary positive constant. j=1 J j=1
Choosing the virtual controller as
By Lemma A.2, we get
. 9 4
17*yrf1<01+|91| >§1 (108) 27
’ 163 Gi1be S arabiy + 56 (114)
k-1
and substituting (107) into (106) yields
and
LVi(&) € —a&f +&(za —a3) + /i (109)
6xk T
where ¢; > 0 is a design parameter. Z 895
Deductive Step: Assume that at step k — 1, there are /
a set of virtual controllers defined by xz%(x1,vyr, Ur)s .- k- <t 4
xZ(Ek,l,yr,...,ygk 1))andﬁszxsf:c:(s:Q,...,kfl) _Bk‘Fi Z (115)
such that 1
~ k-2 where ay_1 and By are arbitrary positive constants.
LV 1(€p-1) < — (ci — az‘)Ef,l - Ck—lf}%_l We choose the virtual controller as
i=1
k—1 * (J+1)
. Tppr = — fr + Yy (Tj1+ f5)
+& 1 (@k— )+ DB (110) N Z <J> Z ! !
- 1 S8 9% 27
where cq,...,c,—1 are design parameters, aj,...,ax—2 and + = Z g.TgS — | cp + ——
: L * _ 2 Ox ‘8565 J 256a3
Bi,...,Bk_1 are arbitrary positive constants, Vi_1(Ek—1) = jis=1 "7 k-1
AN and &y = (€ Geon)T . \
To complete the induction, at the kth step, we consider the Z xk T ) (116)
&g-system. -
Defining &, = x5 — 27, from (23), we obtain
where c;, > 0 is a design parameter.
ox* . Substituting (114)—(116) into (113) yields
déy, = <$k+1 + fr — Z %yﬁ”l)
=0 oy B k-1
1 1 LVi(&r) < = ) (e — )& — i
K 1 625% 7o \dt i=1
-3 5 <xj+1+fj>—§zaxjaé 9s )
J=1 Jss= 3 B
. + & Tht1 — Tq0) +Zﬁj~ (117)
1 ot —
+ (g{ - ;’fgf>dw (111) =t
= 9t Step n. Similar to (116) and (117), we choose the actual control
1
We choose the Lyapunov function awas
n—1 *
, i 1 _ G+ Oy, ,
Vie(€x) = Vi1 (p-1) + Zﬁé (112) = —fnt Z (7) UAREDS o, ( )
j=1
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L1 — 9 L
s Cn -
2 — 8xj8xsgj 256a3
9 . n—1 o+ . 4
— — g n 118
+ 65| ; 0% | )¢ (118)
then we get
n—1 n
LV,(§) < = (ci—a)é =i+ > 8, (119
i=1 j=1
where ¢, >0 is a design parameter, ai,...,a,_1 and

/Gla"'

.., By, are arbitrary positive constants, &, = x, — ¥y,
Vn(gn) = % Z?:l E?’ and 6 = (513 e 7§H)T'
B. Stability Analysis

Noting 1 = z1 — yr and {3 = x5 — 5, from (23) and (108),
we get

dér = (v2+ f1 — 9r) dt + g] (71)dw
= (2 — a5+ x5+ f1 — o) dt + g{ (z1)dw

= (=p(t)&k + &) dt + g{ (21)dw (120)
where
() = 1 + —=|ga* (121)
plt) =201 165, g1l -
We choose the design parameters as
c>a; 1=1,...,n—1, (122)
cn, > 0. (123)

The following lemma provides an estimate for the Ito integral
t - ! u)au
fi e Joptwdu g () de(s).
Lemma 4: For the plant (23)—(25), (118), (122), and (123), we
have

t
E {/ eI p(“)d“ng(s)dw(s)} = 0. (124)
to
Proof: By (122) and (123), (119) can be rewritten as
LVo(6n) < =V + 8 (125)
where

0:41;};{1—1 {¢; —as,cn} >0 (126)
B=> B >0. (127)

j=1

By (125) and [32, Theorem 1], the plant has an al-
most surely unique solution on [tg, +00), which means that

ftto e~ 12 P(@)d 4T ($)duy(s) is well-defined.
By (121) and Lemma A.2, we obtain

1
11> < 3 +lor|" < op(®) (128)

168 1
o = max s T .
9 401

where

(129)

By (128), we have

t
[ e ) s

to

t t
< a/ e 2Js Pwdu () ds

to

t s s
— ge 2l P / 2o p<u>d“d{/ p(wdu}
t(] tO

_ g (1 - 6_2 ftto p(u)du)
2
g

< (130)

2 b
which means that

t

E {/ e2f§P<">d“|gl(s)2ds} < % < +4oo. (131
to

From (131) and [33, Theorem 5.8], we get (124).

The following result provides an equality for an integral
that plays a central role in the verification of nonovershooting
property.

Lemma 5: Consider the plant (23)—(25), (118), (122), and
(123). Then

t t
E {/ e Js ”(“)duﬁg(s)ds}
to

t t
- / E {e— I P<“>d“§2(s)} ds. (132)
to
Proof: By (121), we get
e f: p(u)du < e—cl(t—s). (133)

From (125), similar to (77), we get
EVL(E() < e OV, (elto) + 21— e (134)

which implies that

EVA(E(0) < Va(€(to)) + .

From (133) and (135) and Schwarz’s inequality, we have

E ‘ 7f: p(u)du d }
{ K 6a(s)lds
<{ [ el

</ (B(e) s

(135)

1/4
< (atewn + ) - 1)

< +00.

By (136) and Fubini’s theorem, we get (132).
Next, we state the main stability results on system (23)—(25).
Theorem 2: Consider the plant consisting of (23)—(25), (118),
(122), and (123). If Assumption 3 holds, then the following
conclusions hold.

(136)
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1) All the states of the plant are bounded in probability.
2) The output tracking errors satisfies

Z?:l ﬁj

lim sup E(y(t) — y,(t))* <

300 ming<j<p-1 {¢; — @i, cn}
(137)
3) Furthermore, if y(0) < ,-(0), then
E{y(t)} <y.(t) + A Vt € [tg, +00) (138)
where
o nog 1/4
A= — (4Vn(t0) +— 2=t i ) . (139)
C1 ming <j<n-1 {Ci — Gy, Cn}

Proof: The proof of this theorem includes two steps.
Step 1. We first prove that conclusions 1) and 2) hold.
By (134) and the definition of V,,, we have

lim sup E(y(t) — y,(t))*
t—o00
< 4 lim E{V,,}

t—00
Z;‘L:I 5]’

T mini<i<n-1{¢ — @i, ¢}

(140)

which shows that conclusion 2) holds.
By virtue of (135), noticing

/ V,,(€)P(dw)
[&[>1

inf V,,(§)P([¢] > 1)
[€1>1

EV,.(§) >

v

(141)

we obtain

~ Val(to) + g
= infes Va(6)

From (142) and the definition of V,,(€), we get

s Va(El10)) 2
l—=00 ¢>¢, inf|§|>l Vn(f)

P(gl>1) (142)

lim sup P([¢] > 1) <

l—00 ¢>¢

=0 (143)

which shows that £(¢) is bounded in probability. This together
with Assumption 3 and the definition of £; implies that x; is
bounded in probability.

Since 1, &2, and 1 are bounded in probability, from Assump-
tion 3, (108), and {2 = x> — x5, we conclude that x5 is bounded
in probability. Similarly, we can prove that z;, 7 = 3,...,n are
bounded in probability. Therefore, all the states of the plant are
bounded in probability, i.e., the conclusion 1) holds.

Step 2. We then prove that conclusion 3) holds.

From (120), we have

t t +
€1 = e ot (1) +/ e~ I Pty (5)ds

to

t t
+/ e Je Pdn o T () duy(s).

to

(144)

By (144) and Lemma 4, we get

El&(t)} = B {e 0% L e (1)
t t
+E { / e /e ﬂ<r>d”§2(s)ds} ) (145)

to

From Lemma 5, we obtain

¢ t
E {/ e Js p(r)drfz(s)ds}
to

t
= / E {67 I pmdr&(s)} ds.

to
It follows from (121), (135), and Schwarz’s inequality that

/t E {e‘ N ”(T)deg(s)} ds

to

< /t (E {g?f: p(r)dr})l/Q (B{e3}) " ds

to

(146)

t
< [ e (e as
to

X (4Vn(§(to)) - 45) . (1)

IN

&1

1/4
l (4Vn(t0) + 45) .

C1

IN

(147)

Noting p(t) > ¢ > 0 and & (to) = y(to) — yr(to) < 0, from
(126), (127), (145), and (147), we conclude that conclusion 3)
holds.

Thus, the theorem is proved.

Remark 5: It can be observed from (137) that the
fourth—mgment of the output tracking error is bounded by
minlgg%ﬁéﬁjanmcn} in the long run, which can be rendered
arbitrarily small by choosing sufficiently large ¢; or sufficiently
small 5;, 7 =1,...,n. By (138) and (139), we obtain that the
mean of overshoot can be made arbitrarily small by choosing
the control gain c;.

Remark 6: In this section, we solve the practical mean-
nonovershooting control for general stochastic nonlinear sys-
tems (23)—(25). Although this practical nonovershooting prop-
erty is similar to that of [27, Th. 3], the control gains are chosen
in a simpler manner in this section. Specifically, from [27, (59)],
their control gains are heavily reliant on the initial conditions of

x(0) and yﬁj) (0),5 =0,...,n — 1. However, it can be observed
from (122)—(123) that our control design parameters cy, . . ., ¢,
are required to satisfy much simpler conditions, which are inde-
pendent of the initial values z(0) and y) (0),j=0,...,n—1.
In this way, we do not need to recompute the control gains c,
..., ¢, even when the trajectory y,.(¢) or the initial value 2(0)
is changed, which implies that the computational burden for the
control gains can be largely reduced.

Remark 7: From the formulations of Problem 1 and Problem 2,
it is obvious that Problem 1 is a special case of Problem 2.
Therefore, the asymptotic bound on E{|y(t) — r(t)|*} stated
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Fig. 1. Mass—spring—damper system.

in (137) still holds for system (16)—(18). Specifically, denot-
ing fz(.fz) = Z;’:l Qi + bz for: = 1, e, — 1, fn(«fn) =
ho(Zn)s 9i(ZTi) = wi(Z;) for i =1,...,n, and following the
design procedure and analysis process developed in Section
IV, we can get a similar controller as in (118) and a similar
performance result as in (137) for system (16)—(18).

Remark 8: Compared with the nonovershooting control of
deterministic systems, one of the difficulties for the stability
analysis of stochastic nonlinear systems is how to deal with
the Ito integrals and how to estimate the Riemann integrals
whose integrands are stochastic processes. Since these two kinds
of integrals are both stochastic processes, how to deal with
them is nontrivial. In this article, advanced stochastic analysis
techniques are developed to estimate them (see Lemma 1 and
Lemmas 3-5 for details).

V. TWO SIMULATION EXAMPLES

In this section, we give two simulation examples to show
the effectiveness of the mean-nonovershooting control schemes
developed in this article. Since the basic elements of any me-
chanical system are the mass, the spring, and the damper, we first
use a stochastic mass—spring—damper system in Example 2 to
demonstrate the engineering significance of the control schemes
developed in Section III. Then we use a general numerical
example in Example 3 to show the effectiveness of the controller
design developed in Section I'V.

Example 2: Consider the mass—spring—damper system shown
in Fig. 1, where a mass m is attached to a ceiling through a
spring—damper combination. The mass is driven by an external
force which serves as a control variable. Let y be the displace-
ment from a reference position, k be the spring parameter, and
a be the damper parameter. We assume that the spring is a hard-
ening spring with the restoring force modeled as ky(1 + y?).

By Newton’s law of motion, the system is described as

mg +u — ky(1 +y*) — ay = mij. (148)

Motivated by [34], we consider a more practical damper. The
damper parameter a(t) has a nominal value ay and a(t) €
(ap — 0.2,a9 4+ 0.2). Let A(t) = a(t) — ag. A(t) is the Gaus-
sian white noise process with zero mean and E(A(t))? = o2.
We can then choose the value of parameter o such that a(t)
obeys the bound —0.2 < a(t) — ag < 0.2 with a sufficiently

high probability. For example, for o = 0.02, by Chebyshev’s

inequality in [33], we can get

o2

P(la(t) — ag|* > 0.04) < — = 0.01

0.04 (149)

which implies that
P(la(t) —ao| <0.2) =1— P(la(t) — ag| > 0.2)
=1 P(|a(t) — ao|® > 0.04)
> 0.99. (150)

Obviously, P(|a(t) — ag| < 0.2) is increasing as o | 0.

To obtain a state-space model for the mass—spring—damper
system, take the state variables as x; = y and xo = y. Then,
from (148), we get the state-space form as

dl’l = ngt (151)
U k 9 ag
deo=|—4+9g— —ax1(1+a])— —ao | dt
m m m
—Z sdw (152)
m
—— (153)

We choose the reference trajectory as y,.(t) = 2sint.
By following the design procedure developed in Section III,
we get the controller as

u= —mg+kri(1+23) +apry — 2msint
( 2cost) n 27 n 902  8lcjot
—cim(xy —2cost) —m(ca+ —+ —
! ? 2T T om? 8m*
8lo*
i) (g — 2cost + c1x1 — 2¢y sint). (154)
m

For simulation, we select the system parameters m =1, g =
98, k=0.1,ap = 0.2, and 0 = % and randomly set the initial
conditions as z1(0) = —0.9, z2(0) = 2. From (64) and (65), we

get
2-5(0) 3] _3
z1(0) "4f 4

By (155)-(156), we choose the controller gains ¢; = 1, ¢y = %.
Fig. 2 gives the responses of the controller and states, which show
that the states and the controller are bounded. Fig. 3 describes
the responses of F{y(t)} and y,(t). From Fig. 3, we conclude
that y,. is asymptotically tracked by y(¢) “from below” in the
mean sense for V¢ € [0, 4+00). Therefore, the effectiveness of
the control scheme developed in Section III is demonstrated.

Example 3: Consider the following system:

c1 > max{ (155)

) (156)

. 1
dxy = (x9 + x‘f)dt + §x1 sin 1 dw (157)
. 5/3
dmg = (u+$1x2)dt+x2 dw (158)
Y =x. (159)

We choose the reference trajectory as y,.(t) = sint.
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States

s 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
Time(Sec)

40 T T T T T T T T T

Controller

1 1 1 1 1 1 1
1 2 3 4 5 6 7 8 9 10
Time(Sec)

Responses of the controller and states of the plant (151)—(154).

Output and reference

25 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
Time(Sec)

Fig. 3. Responses of E{y(¢)} and y,(t) of the plant (151)—(154).

By following the design procedure developed in Section IV,
we get the controller as

u= —x1x9 —sint + (c1 + 1;;8;10‘11) cost — (1 + 322
+ %x‘f - ﬁx‘;’ sint)(2? + x2) — éx% sin? z1 (62,
;l—g:cif - %w% sint) — <02 + i + 2276 (229 cos x4
ta1sinzy (e + 327 + %x% - %xf sin t)>4

9 .
: (332 + 23 —cost + (c1 + mz‘f)(m — s1nt)> .
(160)

For simulation, by (122) and (123), we select the controller gains
cp=1and ¢y = % and randomly set the initial conditions as
21(0) = —1 and 25(0) = 3. Fig. 4 gives the responses of the
controller and states, which show the states and the controller
are bounded. Fig. 5 describes the responses of E{y(t)} and
yr(t). From Fig. 5, we conclude that the mean of the overshoot
E{y(t) — y-(t)} can be made arbitrarily small. Therefore, the

States
Lo s o

Time(Sec)

Controller
o

300 L L L L L L
0 1 2 3 4 5 6 7

Time(Sec)

Responses of the controller and states of the plant (157)—(160).

Output and reference
o
T

Time(Sec)

Fig. 5. Responses of E{y(¢)} and y,(t) of the plant (157)—(160).

effectiveness of the control scheme developed in Section IV is
demonstrated.

VI. CONCLUSION

In this article, we have addressed the mean-nonovershooting
tracking control designs for stochastic strict-feedback nonlin-
ear systems. When the diffusion terms satisfy linear growth
condition and the drift terms are in special triangular forms,
a new controller is designed to guarantee that the mean of
the output can asymptotically track a given trajectory without
any overshooting while keeping all of the states mean-square
bounded. In this case, compared with corresponding results for
deterministic systems where only the practical nonovershooting
performance and bounded tracking is achieved, stronger fea-
tures of our results are the strict mean-nonovershooting perfor-
mance and asymptotic mean tracking. For general stochastic
strict-feedback nonlinear systems, we design a new controller
to ensure that the fourth-moment of the output tracking error
can be made arbitrarily small in the long run, and the mean of
overshoot can be made arbitrarily small while all the states of
the closed-loop system remain bounded in probability. In this
case, the new design ingredient is that our control gains are
independent of the initial conditions of system states and the
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initial conditions of derivatives of the reference trajectory. This
is in contrast with most of the existing results on corresponding
deterministic systems whose control gains heavily rely on these
initial conditions. The advantage of our design is that we do
not need to recompute the control gains ¢y, ..., ¢, when the
trajectory y,.(¢) or the initial value 2(0) is changed. In this way,
the computational burden for the control gains can be largely
reduced.

For the mean-nonovershooting control of stochastic nonlin-
ear systems, many important issues are still open and worth
investigating, such as mean-nonovershooting output-feedback
control [35], mean-nonovershooting control for more general
systems, etc.

APPENDIX

Lemma A.1 (Jensen’s Inequality) [31]: Let ) : R — R be a
convex function and let 77 be an integrable random variable on
a probability space (€2, F, P) such that ¢)(n) is also integrable.
Then

V(E{n}) < E{¢y(n)}. (A.D)
If ¢ : R — R is a concave function, then we have
Y(E{n}) > E{¢(n)}. (A.2)

Lemma A.2 [8]: For (z,y) € R?, the following Young’s in-
equality holds:
P 1
2y < Dol + — gt (A3)
P qut
where v > 0, the constants p > 1 and ¢ > 1 satisfy (p — 1)(q —
1) =1.
Lemma A.3 (Fubini’s theorem) [31]: Let X (t) be a stochastic
process 0 < ¢ < T (forall ¢, X (t) is a stochastic variable), with

regular sample paths (for all w at any point ¢, X (¢) has left and
right limits). Then

T T
/ EIX(t)dt = B (/ |X(t)|dt) L A%
0 0
Furthermore, if this quantity is finite, then
T T
/ EX(t)dt=F (/ X(t)dt) . (A.S5)
0 0

Lemma A.4 (Dynkin’s formula) [33]: Let V € C*1(R" x
Ry; Ry) and 71, 72 be bounded stopping times such that 0 <
71 < mas. If V(z,t) and LV (z,t) are bounded on ¢ € [71, 2]
a.s., then

ElV(z.7) — V(z,n)] = B {/ L‘V(m,t)dt} (A6

REFERENCES

[1] R. A. Gihman and A. V. Skorohod, Stochastic Differential Equations.
Berlin, Germany: Springer, 1972.

[2] R. Khasminskii, Stochastic Stability of Differential Equations. Norwell,
MA, USA: Kluwer Academic Publishers, 1980.

[3] X.R.Mao, Stochastic Differential Equations and Applications. Chichester,
U.K.: Horwood, 1997.

[4] P. Florchinger, “A universal formula for the stabilization of control
stochastic differential equations,” Stochastic Anal. Appl., vol. 11, no. 2,
pp. 155-162, 1993.

[5] P. Florchinger, “Lyapunov-like techniques for stochastic stability,” SIAM
J. Control Optim., vol. 33, no. 4, pp. 1151-1169, 1995.

[6] Z. G. Pan and T. Basar, “Backstepping controller design for nonlinear
stochastic systems under a risk-sensitive cost criterion,” SIAM J. Control
Optim., vol. 37, no. 3, pp. 957-995, 1999.

[7] H. Deng and M. Krstic, “Stochastic nonlinear stabilization, Part I: A
backstepping design,” Syst. Control Lett.,vol. 32, no. 3, pp. 143-150, 1997.

[8] M. Krstic and H. Deng, Stabilization of Uncertain Nonlinear Systems.
Berlin, Germany: Springer, 1998.

[9] H. Deng and M. Krstic, “Output-feedback stochastic nonlinear stabiliza-
tion,” IEEE Trans. Autom. Control, vol. 44, no. 2, pp. 328-333, Feb. 1999.

[10] H.Deng, M. Krstic, and R. Williams, “Stabilization of stochastic nonlinear
systems driven by noise of unknown covariance,” IEEE Trans. Autom.
Control, vol. 46, no. 8, pp. 1237-1253, Aug. 2001.

[11] W. Q. Li and M. Krstic, “Stochastic adaptive nonlinear control with
filterless least-squares,” IEEE Trans. Autom. Control, vol. 66, no. 9,
Sep. 2021.

[12] Y. G. Liu, J. F. Zhang, and Z. G. Pan, “Output feedback control design of
stochastic nonlinear systems in strict feedback form under quadratic track-
ing risk-sensitive index,” Sci. China (Ser. F), vol. 46, no. 2, pp. 126144,
Jan. 2003.

[13] H.B.Jiand H.S. Xi, “Adaptive output-feedback tracking of stochastic non-
linear systems,” IEEE Trans. Autom. Control, vol. 51, no. 2, pp. 355-360,
Feb. 2006.

[14] Z.J. Wu, J. Yang, and P. Shi, “Adaptive tracking for stochastic nonlinear
systems with Markovian switching,” IEEE Trans. Autom. Control, vol. 55,
no. 9, pp. 2135-2141, Sep. 2010.

[15] W.Q.LiandZ.]J. Wu, “Output tracking of stochastic high-order nonlinear
systems with Markovian switching,” IEEE Trans. Autom. Control, vol. 58,
no. 6, pp. 1585-1590, Jun. 2013.

[16] W. Q. Li and J. F. Zhang, “Distributed practical output tracking of high-
order stochastic multi-agent systems with inherent nonlinear drift and
diffusion terms,” Automatica, vol. 50, no. 12, pp. 3231-3238, 2014.

[17] W. Q. Li, L. Liu, and G. Feng, “Output tracking of stochastic nonlinear
systems with unstable linearization,” Int. J. Robust Nonlinear Control,
vol. 28, no. 2, pp. 466-477, 2018.

[18] M. Y. Cui, Z. J. Wu, and X. J. Xie, “Output feedback tracking control of
stochastic Lagrangian systems and its application,” Automatica, vol. 50,
no. 5, pp. 1424-1433, 2014.

[19] Z.J. Wu, H. R. Karimi, and P. Shi, “Practical trajectory tracking of random
lagrange systems,” Automatica, vol. 105, pp. 314-322, Jul. 2019.

[20] S. F. Phillips and D. E. Seborg, “Conditions that guarantee no overshoot
for linear systems,” Int. J. Control, vol. 47, no. 4, pp. 1043-1059, 1988.

[21] R. Longchamp, M. El-Khoury, and O. D. Crisalle, “Influence of zero
locations on the number of step-response extrema,” Automatica, vol. 29,
no. 6, pp. 1571-1574, 1993.

[22] J.Song, “Synthesis of compensators for non-overshooting step responses,”
Ph.D. dissertation, Texas AM Univ., College Station, TX, USA, 1992.

[23] S. Darbha and S. P. Bhattacharrya, “On the synthesis of controllers for
a nonovershooting step response,” IEEE Trans. Autom. Control, vol. 48,
no. 5, pp. 797-799, May 2003.

[24] M. T. Bement and S. Jayasuriya, “Construction of a set of nonovershoot-
ing tracking controllers,” J. Dyn. Syst. Meas. Control, vol. 126, no. 3,
pp- 558-567, 2004.

[25] M. T. Bement and S. Jayasuriya, “Use of state feedback to achieve a
nonovershooting step response for a class of nonminimum phase systems,”
J. Dyn. Syst. Meas. Control, vol. 126, no. 3, pp. 657-660, 2004.

[26] R. Schmida and L. Ntogramatzidis, “A unified method for the design of
nonovershooting linear multivariable state-feedback tracking controllers,”
Automatica, vol. 46, no. 2, pp. 312-321, 2010.

[27] M. Krstic and M. Bement, “Nonovershooting control of strict-feedback
nonlinear systems,” [EEE Trans. Autom. Control, vol. 51, no. 12,
pp. 1938-1943, Dec. 2006.

[28] B. Zhu and C. C. Zhao, “Non-overshooting output tracking of feedback
linearisable nonlinear systems,” Int. J. Control, vol. 86, no. 5, pp. 821-832,
2013.

[29] Y. W. Huang and Y. Chen, “Stability region based vehicle lateral con-
trol using non-overshooting MPC,” in Proc. Amer. Control Conf., 2019,
pp. 5525-5530.

[30] X.R.Mao, G. Marion, and E. Renshaw, “Environmental Brownian noise
suppresses explosions in population dynamics,” Stochastic Processes
Appl., vol. 97, no. 1, pp. 95-110, Jan. 2002.

Authorized licensed use limited to: Univ of Calif San Diego. Downloaded on December 04,2021 at 01:28:53 UTC from IEEE Xplore. Restrictions apply.



LI AND KRSTIC: MEAN-NONOVERSHOOTING CONTROL OF STOCHASTIC NONLINEAR SYSTEMS

5771

[31] F.C.Klebaner, Introduction to Stochastic Calculus With Applications, 2nd

ed. London, U.K.: Imperial College Press, 2005.

S. J. Liu, J. F. Zhang, and Z. P. Jiang, “Decentralized adaptive output-

feedback stabilization for large-scale stochastic nonlinear systems,” Auto-

matica, vol. 43, no. 2, pp. 238-251, 2007.

X. Mao, Stochastic Differential Equations and Applications, 2nd ed.

Cambridge, U.K.: Horwood, 2008.

V. A. Ugrinovskii, “Robust Hy, infinity control in the presence of stochastic

uncertainty,” Int. J. Control, vol. 71, no. 2, pp. 219-237, 1998.

[35] W. Q. Li, X. X. Yao, and M. Kirstic, “Adaptive-gain observer-based
stabilization of stochastic strict-feedback systems with sensor uncertainty,”
Automatica, vol. 120, Oct. 2020, Art. no. 109112.

[32]

[33]

[34]

Wuquan Li (Senior Member, IEEE) received the
Ph.D. degree in control theory and control en-
gineering from the College of Information Sci-
ence and Engineering, Northeastern University,
Shenyang, China, in 2011.

From 2012 to 2014, he carried out his post-
doctoral research with the Institute of Systems
Science, Academy of Mathematics and Sys-
tems Science, Chinese Academy of Sciences,
Beijing, China. From 2018 to 2019, he was a
Visiting Scholar with the University of California,
San Diego, Ca, USA. Since 2011, he has been with the School of Math-
ematics and Statistics Science, Ludong University, Yantai, China, where
he is currently a Professor. His research interests include stochastic
nonlinear systems control and identification of nonlinear systems.

Dr. Li is Young Taishan Scholar and Shandong Provincial Distin-
guished Young Scholar in China. He is currently an Associate Editor
for two international journals: Systems and Control Letters and Asian
Journal of Control.

Miroslav Krstic (Fellow, IEEE) received the
undergraduate degree (summa cum laude) in
electrical engineering from the Department of
Electrical Engineering, University of Belgrade,
Yugoslavia, in 1989, and the M.S. and Ph.D.
degrees from the Department of Electrical and
Computer Engineering, University of California,
Santa Barbara, CA, USA, in 1992, and 1994,
respectively.

He is a Distinguished Professor of Mechanical
and Aerospace Engineering and is the found-
ing Director of the Cymer Center for Control Systems and Dynamics,
University of California San Diego (UCSD), San Diego, CA, USA. He
has coauthored 15 books on adaptive, nonlinear, and stochastic control,
extremum seeking, control of PDE systems including turbulent flows,
and control of delay systems.

Dr. Krstic holds the Alspach Endowed Chair. He is also the Senior
Associate Vice-Chancellor for Research at UCSD. As a graduate stu-
dent, he was the recipient of the UC Santa Barbara Best Dissertation
Award and Student Best Paper awards at IEEE Conference on Decision
and Control and American Control Conference. He has been elected
Fellow of seven scientific societies—IEEE, the International Federation
of Automatic Control, American Society of Mechanical Engineers, So-
ciety for Industrial and Applied Mathematics, American Association for
the Advancement of Science, Institution of Engineering and Technol-
ogy (U.K.), and the American Institute of Aeronautics and Astronautics
(Assoc. Fellow)—and a foreign member of the Serbian Academy of
Sciences and Arts and of the Academy of Engineering of Serbia. He is
the recipient of the SIAM Reid Prize, ASME Oldenburger Medal, Nyquist
Lecture Prize, Paynter Outstanding Investigator Award, Ragazzini Edu-
cation Award, IFAC Nonlinear Control Systems Award, Chestnut Text-
book Prize, Control Systems Society Distinguished Member Award, the
PECASE, NSF Career and ONR Young Investigator awards, the Schuck
(1996 and 2019) and Axelby paper prizes, and the first UCSD Research
Award given to an engineer. He is also the recipient of the Springer
Visiting Professorship at University of California, Berkeley, Berkeley, CA,
USA, the Distinguished Visiting Fellowship of the Royal Academy of
Engineering, and the Invitation Fellowship of the Japan Society for the
Promotion of Science. He is an Editor-in-Chief of Systems and Control
Letters and has been a Senior Editor for Automatica and IEEE TRANSAC-
TIONS ON AUTOMATIC CONTROL, editor of two Springer book series, and
has served as Vice-President for Technical Activities of the IEEE Control
Systems Society and as Chair of the IEEE Control Systems Society
Fellow Committee.

Authorized licensed use limited to: Univ of Calif San Diego. Downloaded on December 04,2021 at 01:28:53 UTC from IEEE Xplore. Restrictions apply.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


