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Mean-Nonovershooting Control of Stochastic
Nonlinear Systems
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Abstract—We present mean-nonovershooting tracking
control designs for stochastic strict-feedback nonlinear
systems. Compared with the existing stochastic nonlin-
ear tracking designs, the advantage of our design is that
arbitrary reference trajectories can be tracked “from be-
low.” We first consider a special class of stochastic non-
linear systems where the diffusion terms satisfy the linear
growth condition and the drift terms are in special triangu-
lar forms. A new controller is designed to guarantee that
the mean of the system output can asymptotically track a
given trajectory without overshooting while keeping all of
the states mean-square bounded. In this case, an appealing
feature in our design is that strict mean-nonovershooting
tracking is achieved while the existing results on nonlinear
systems with deterministic disturbance can only achieve
practical nonovershooting tracking. Then, we design a new
controller for general stochastic strict-feedback nonlinear
systems to ensure that the mean of overshoot can be tuned
to be arbitrarily small while all the states of the closed-loop
system remain bounded in probability. In this case, the new
design ingredient is that our control gains are independent
of the initial conditions of system states, and the initial
conditions of derivatives of the reference trajectory. This
is in contrast with the existing results on corresponding
deterministic systems whose control gains heavily rely on
these initial conditions. Finally, two simulation examples
are given to illustrate the stochastic nonlinear nonover-
shooting tracking designs.

Index Terms—Nonovershooting control, stochastic non-
linear systems.
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I. INTRODUCTION

W ITH the development of the stochastic differential equa-
tions (SDE)’s stability theory [1]–[3], the study of

control of stochastic nonlinear systems is receiving increasing
attention due to ubiquity in many branches of science and
industry. The pioneering work on stochastic nonlinear stabi-
lization includes stochastic Lyapunov-like techniques [4], [5],
weighted quadratic Lyapunov functions design [6], and quar-
tic Lyapunov functions design [7]–[11]. Besides stabilization,
stochastic tracking is also popular in applications. There has
been a number of contributions dealing with this problem [12]–
[19]. Specifically, [12] designs an output-feedback controller for
stochastic nonlinear systems to make the quadratic output track-
ing risk-sensitive index function achieve a predefined long-term
index value; [13] addresses the adaptive tracking problem for
stochastic output-feedback canonical systems driven by noise
of unknown covariance; [14] and [15] consider the output track-
ing problems for stochastic nonlinear systems with stationary
Markovian switching; [16] investigates the distributed practical
output tracking of stochastic nonlinear multiagent systems un-
der a directed graph topology; [17] solves the output tracking
problem for a class of stochastic nonlinear systems whose lin-
earization parts may have unstable modes via output-feedback
control; [18] and [19] study the trajectory tracking problems for
stochastic nonlinear Lagrange systems. It should be noted that all
the above-mentioned results [12]–[19] only focus on solving the
tracking problem but do not solve the nonovershooting control
problem. In fact, to the best of our knowledge, the important
practical problem of guaranteeing no overshoot has received
little attention in the stochastic tracking control literature.

As demonstrated by [20] and [21], overshoot is undesirable in
many practical control problems. For example, the optimum set-
point may be close to an economic or safety constraint in process
control problems (e.g., product quality constraints, metallurgi-
cal limits, catalyst deterioration, thermal stresses, etc.). Conse-
quently, overshoot of a setpoint could lead to violation of a con-
straint and endanger process operation. For linear systems, [22]–
[26] focus on the nonovershooting controllers design for a
variety of reference inputs. For nonlinear systems, [27] is the first
paper to consider the nonovershooting control where a modified
backstepping method is employed to guarantee a nonovershoot-
ing response for strict-feedback nonlinear systems, which sheds
light on designing nonovershooting controllers for nonlinear
systems. Subsequently, [28] uses global coordinate transforma-
tion techniques to solve the nonovershooting control problem
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for feedback linearizable single-input single-output nonlinear
systems. Recently, [29] designs nonovershooting model predic-
tive control for discrete-time nonlinear systems in terms of four
different nonovershooting constraints. It should be emphasized
that the above-mentioned results [20]–[29] on nonovershooting
control are all focused on deterministic systems. However, the
perturbations and unmodeled dynamics in physical systems are
often described by stochastic noise entering the model [2]. The
above discussions motivate us to study the stochastic mean-
nonovershooting control. In fact, from a theoretical point of
view, stochastic systems are more general than deterministic
systems. Besides, stochastic mean-nonovershooting control has
some real applications. For example, as demonstrated by [30],
the population growth model is a stochastic system, where the
mean value of the size of the population should not overshoot
a setpoint due to the requirements of ecological environment;
in addition, as shown in [31], the dynamics of the price of an
asset or resource can be modeled as a stochastic system, where
the overshoot of the mean value of the price is undesirable due
to economic constraints. Therefore, it is imperative to study the
mean-nonovershooting control of stochastic nonlinear systems.

Motivated by the above observations and stochastic backstep-
ping design in [6]–[11], we study the mean-nonovershooting
control problem for stochastic strict-feedback nonlinear systems
which is absent in the previous literature. The contributions of
this article are threefold.

1) We propose new controller design methods and new stabil-
ity analysis techniques for solving the nonovershooting control
of stochastic nonlinear systems. On the one hand, the existing
control schemes about stochastic tracking control [12]–[19] can
only solve the output tracking problems for stochastic nonlinear
systems in mean square sense, i.e., the mean square of the
distance between the system output and the reference trajectory
can be tuned to be arbitrarily small in the long run, but the
overshooting problems cannot be solved; on the other hand,
the existence of stochastic noise makes the methods developed
in [20]–[29] invalid since advanced stochastic analysis tech-
niques are needed in the controller design and stability analysis.
In this article, to solve the nonovershooting control problem
of stochastic nonlinear systems, by using the information of
the reference trajectory, we first develop new nonovershooting
control designs. Then we fully exploit the properties of the
solution to the stochastic systems and propose new stability
analysis techniques. In fact, the control scheme developed in this
article not only can make the fourth-moment (more elegant than
the mean square case) of the output tracking error arbitrarily
small in the long run but also can successfully deal with the
overshooting problem simultaneously.

2) For a special class of stochastic nonlinear systems, whether
the noise is vanishing or non-vanishing, we design new con-
trollers with control gains dependent on the initial conditions
of system states and the initial conditions of derivatives of the
reference trajectory, to guarantee that the mean of the system
output asymptotically tracks a given trajectory without any over-
shooting while keeping all of the states mean-square bounded.
This performance is more elegant than those about nonlin-
ear systems with deterministic disturbances [27] where only

practical nonovershooting tracking is achieved (the overshoot
bound can be tuned to be arbitrarily small at the expense of large
control effort). In this case, the stochastic noise plays a positive
role in guaranteeing the mean-nonovershooting performance. In
fact, even a deterministic system fails to achieve nonovershoot-
ing tracking; it does not mean that this system still fails when it
is perturbed by stochastic noise, which can be regarded as one
of the appealing characters of stochastic systems. In Section II,
we use a specific example to demonstrate this point.

3) For general stochastic nonlinear systems, although we get
similar nonovershooting performance as that in [27], i.e., the
mean of overshoot can be made arbitrarily small by appropriately
choosing the control gains, our controller is simpler since the
control gains are completely independent of the initial conditions
of system states and the initial conditions of derivatives of the
reference trajectory. This is in contrast with [27] where the
control gains are heavily reliant on these initial conditions.
The advantage of our controller is that we do not need to re-
compute the control gains even when the trajectory or the initial
condition of the state is changed. In this way, the computation
burden for the control gains can be largely reduced.

The remainder of this article is organized as follows.
Section II describes the problems to be investigated. Section III
is focused on the nonovershooting control of a special class of
stochastic nonlinear systems. Section IV is devoted to solving
the nonovershooting control of general stochastic nonlinear sys-
tems. Section V gives two examples to illustrate the theoretical
results. Section VI includes concluding remarks. Finally, some
useful lemmas are provided in the Appendix.

Notations: R+ and Rn denote the set of all nonnegative real
numbers and the real n-dimensional space, respectively. For a
given vector or matrix X , XT denotes its transpose, Tr{X}
denotes its trace whenX is square, and |X| is the Euclidean norm
of a vector X . Define |A| = (

∑n
i=1

∑m
j=1 a

2
ij)

1/2 for a matrix
An×m. For any a, b ∈ R, let a ∧ b = min{a, b}. Ci denotes
the set of all functions with continuous ith partial derivatives.
C1,2(R+ ×Rn, R+) denotes the family of all nonnegative func-
tions V (t, x) onR+ ×Rn which are C1 in t and C2 in x. For any
given V (t, x) ∈ C1,2 associated with stochastic system dx =
f(t, x)dt+ g(t, x)dω, the differential operator L is defined as
LV (t, x) � ∂V

∂t + ∂V
∂x f(t, x) +

1
2Tr{gT (t, x)∂

2V
∂x2 g(t, x)}.

II. PROBLEM FORMULATION

Before formulating the problem to be investigated, we first use
an example to motivate the study of nonovershooting control of
stochastic systems.

Example 1: Consider the system

ẋ = x− 1. (1)

We first consider whether the state x(t) of this uncontrolled,
unstable system can track r(t) ≡ 1 without overshooting for
some appropriately restricted x(t0).

Denote

x̄(t) = x(t)− r(t) (2)
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which, with (1), yields

x̄(t) = et−t0(x(t0)− 1), ∀t ∈ [t0,+∞). (3)

If we restrict x(t0) < 1, then from (3), we get x(t) < r(t)
for all t ∈ [t0,+∞), which shows that nonovershooting prop-
erty can be guaranteed. However, the tracking fails since
limt→+∞ x̄(t) = −∞.

Now we show how adding noise can achieve tracking, while
maintaining a nonovershooting property. Let system (1) be per-
turbed by stochastic noise 2(x− 1)ω̇

dx = (x− 1)dt+ 2(x− 1)dω (4)

where ω is a scalar standard Wiener process.
From (2) and (4), we get

x̄(t) = e−(t−t0)+2ω(t)(x(t0)− 1) ∀t ∈ [t0,+∞). (5)

1) We first study the almost surely nonovershooting tracking
property of system (4): By (5), if we choose x(t0) < 1, then we
get x(t) < r(t) for all t ∈ [t0,+∞) a.s., which means that the
nonovershooting property can be guaranteed. For (5), from the
law of the iterated logarithm we obtain

lim
t→+∞ x̄(t) = 0, a.s. (6)

in which (2) shows

lim
t→+∞x(t) = r(t), a.s. (7)

Therefore, we get the almost surely nonovershooting property
x(t) < r(t) for all t ∈ [t0,+∞) a.s. and the tracking property
limt→+∞ x(t) = r(t) a.s.

2) We then study the mean-nonovershooting tracking property
of system (4): From the discussions above, if x(t0) < 1, we get
x(t) < r(t) for all t ∈ [t0,+∞) a.s., which implies

E{x(t)} ≤ r(t) ∀t ∈ [t0,+∞). (8)

From (5), we get

|x̄(t)|1/4 = e−(t−t0)/8y(t) ∀t ∈ [t0,+∞) (9)

where

y(t) = e−(t−t0)/8+ω(t)/2|x(t0)− 1|1/4. (10)

Obviously, y(t) is the unique solution to the equation

dy =
1

2
ydω (11)

with the initial value y(t0) = |x(t0)− 1|1/4. Thus, we get

y(t) = |x(t0)− 1|1/4 + 1

2

∫ t

t0

y(s)dω(s)∀t ∈ [t0,+∞) (12)

which implies that

E{y(t)} = |x(t0)− 1|1/4. (13)

It follows from (9) and (13) that

E{|x̄(t)|1/4} = e−(t−t0)/8E{y(t)}
= e−(t−t0)/8|x(t0)− 1|1/4. (14)

By (2) and (14), we get

lim
t→+∞E{|x(t)− r(t)|1/4} = 0. (15)

Therefore, we obtain the mean-nonovershooting property
E{x(t)} ≤ r(t) for all t ∈ [t0,+∞) and the tracking property
limt→+∞E{|x(t)− r(t)|1/4} = 0.

Remark 1: From Example 1, we see that the determin-
istic system (1) fails to achieve nonovershooting tracking
(limt→+∞(x(t)− r(t)) = −∞). However, for the noise per-
turbed system (4), with the initial condition restriction x(t0) <
r(t0), we not only achieve the almost surely nonovershooting
tracking control but also achieve the mean-nonovershooting
tracking control. Therefore, compared with the determinis-
tic systems, there are appealing nonovershooting features of
stochastic systems, and the generalization from deterministic
to stochastic systems is nontrivial.

In this article, we consider the mean-nonovershooting track-
ing control of stochastic nonlinear systems. We first consider
a special class of stochastic nonlinear systems where the dif-
fusion terms satisfy the linear growth condition and the drift
terms are in special triangular forms. Then we study the mean-
nonovershooting control of stochastic nonlinear systems with
general drift terms and diffusions terms.

Problem 1 (Special case): Consider a class of stochastic
nonlinear systems

dxi =

⎛
⎝xi+1 +

i∑
j=1

aijxj + bi

⎞
⎠ dt

+ ϕT
i (x̄i)dω, i = 1, . . . , n− 1, (16)

dxn = (u+ hn(x̄n))dt+ ϕT
n (x̄n)dω, (17)

y = x1 (18)

where x = (x1, . . . , xn)
T ∈ Rn, u ∈ R, and y ∈ R are the

system state, control input, and output, respectively. x̄i =
(x1, . . . , xi)

T . aij and bi are constants. The nonlinear functions
ϕi : R

i → Rr and hn : Rn → R are assumed to be C1, i =
1, . . . , n. ω is an r-dimensional independent standard Wiener
process defined on the complete probability space (Ω,F ,Ft, P )
with a filtration Ft satisfying the usual conditions (i.e., it is
increasing and right continuous while F0 contains all P -null
sets).

For system (16)–(18), we make the following assumptions.
Assumption 1: The given trajectory yr(t) ∈ R and its deriva-

tives y(1)r (t), . . ., y(n−1)
r (t) exist. Moreover, there is a known

positive constant M such that

|y(i)r (t)| ≤M, i = 0, . . . , n− 1 ∀t ∈ [t0,+∞) (19)

where y(0)r (t) = yr(t).
Assumption 2: For i = 1, . . . , n, there exist positive constants

ci1 and ci2 such that

|ϕi(x̄i)| ≤ ci1(|x1|+ · · ·+ |xi|) + ci2. (20)

The control objective for system (16)–(18) is, under Assump-
tions 1 and 2, to design controllers such that all the states of

Authorized licensed use limited to: Univ of  Calif San Diego. Downloaded on December 04,2021 at 01:28:53 UTC from IEEE Xplore.  Restrictions apply. 



LI AND KRSTIC: MEAN-NONOVERSHOOTING CONTROL OF STOCHASTIC NONLINEAR SYSTEMS 5759

the closed-loop system are mean-square bounded. Furthermore,
if y(0) < yr(0), the designed controller can solve the mean-
nonovershooting problem of system (16)–(18) with

E{y(t)} ≤ yr(t) ∀t ∈ [t0,+∞) (21)

lim
t→∞E{y(t)− yr(t)} = 0. (22)

Problem 2 (General case): Consider the following stochastic
nonlinear systems:

dxi = (xi+1 + fi(x̄i)) dt+ gTi (x̄i)dω, i = 1, . . . , n− 1
(23)

dxn = (u+ fn(x̄n)) dt+ gTn (x̄n)dω (24)

y = x1 (25)

where x = (x1, . . . , xn)
T ∈ Rn, u ∈ R, and y ∈ R are the

system state, control input, and output, respectively. x̄i =
(x1, . . . , xi)

T , i = 1, . . . , n. The nonlinear functions fi : Ri →
R and gi : Ri → Rr, i = 1, . . . , n, are assumed to be C1. ω is
an r-dimensional independent standard Wiener process defined
on the complete probability space (Ω,F ,Ft, P ) with a filtration
Ft satisfying the usual conditions (i.e., it is increasing and right
continuous while F0 contains all P -null sets).

For the given trajectory yr(t), we relax Assumption 1 to the
following form.

Assumption 3: There exists an unknown positive constant M
such that

|y(i)r (t)| ≤M, i = 0, . . . , n− 1 ∀t ∈ [t0,+∞). (26)

The control objective for system (23)–(25) is, under As-
sumption 3, to design controllers to ensure that all the states
of the closed-loop system are bounded in probability and the
fourth-moment of the output tracking error can be rendered
arbitrarily small in the long run. Furthermore, if y(0) < yr(0),
the designed controller can solve the mean-nonovershooting
problem of system (23)–(25) with

E{y(t)} ≤ yr(t) + ε ∀t ∈ [t0,+∞) (27)

where ε is a positive constant which can be made arbitrarily
small by choosing control gains.

Remark 2:. In Problem 1, all the drift terms and diffusion
terms in the system (16)–(18) can be vanishing or nonvanishing.
In addition, hn(x̄n) is any C1 function which does not need
to satisfy the linear growth condition required in Assumption
2. Therefore, although system (16)–(18) is a special case, it
covers a large class of stochastic nonlinear systems. In fact, from
both practical and theoretical points of view, it is important to
study the mean-nonovershooting control of system (16)–(18).
On the one hand, from the theoretical point, it has some elegant
properties (21)–(22), which are superior to the property (27) for
the general case. On the other hand, there are many real systems,
including the stochastic mass–spring–damper system, which can
be modeled as (16)–(18) (see Example 2 in the simulation part
for more details).

Remark 3: Since stochastic systems function under distur-
bances that necessarily occasionally assume arbitrarily large val-
ues, it is unrealistic to expect highly precise performance of ev-
ery sample point of a stochastic process. In addition, noting that
stochastic systems are more general than deterministic systems,
it is natural to use a relaxed definition (mean-nonovershooting
control) to study the stochastic nonovershooting control stated
in Problem 1 and Problem 2.

In fact, the mean-nonovershooting control may be popular
in the study of stochastic biology systems, stochastic finance
systems, and stochastic economy systems. In theses systems,
stochastic uncertainty is an inherent feature of the system com-
ponents. Take the single-species stochastic population dynam-
ics [30] as an example

dx = x(b+ ax)dt+ εx2dω (28)

y = x (29)

where x denotes the popular size, y is the output, a, b, and ε are
constants, and ω is a scalar standard Wiener process.

More precisely, we write the output of system (28) and (29)
as y(t,w), where w is the sample point. From (28) and (29), we
obtain that the actual output y(t,w) is the size of the population
at time t. We can sample a large group of the data y(t,w)
from the output. By using some statistical method to process
these data, we can get the mean of the outputE{y(t,w)}. From
the biological side, the nonovershooting of E{y(t,w)} shows
that the size of the population y(t,w) is also nonovershooting.
Although this view is not very accurate from the deterministic
systems point, it is popular for the study of stochastic practical
systems by biologists and economists.

III. SPECIAL CASE

In this section, for system (16)–(18) under Assumptions 1
and 2, we first construct a nonovershooting controller and then
analyze the stability of the closed-loop system.

A. Controller Design

In this section, we design a nonovershooting controller for
system (16)–(18) step by step.

Step 1: Defining ξ1 = x1 − yr and choosing U1 = 1
4ξ

4
1 , from

(16) , we have

LU1(ξ1) = ξ31(x2 + a11x1 + b1)− ξ31 ẏr +
3

2
ξ21 |ϕ1|2. (30)

By (19), (20), and Lemma A.2, we obtain

3

2
ξ21 |ϕ1|2 ≤ 3

2
ξ21(c11|x1|+ c12)

2

≤ 3

2
ξ21(c11|ξ1|+ c11|yr|+ c12)

2

≤ 3ξ21
(
c211ξ

2
1 + (c11M + c12)

2
)

≤
(
3c211 +

9

4β1
(c11M + c12)

4

)
ξ41 + β1 (31)

where β1 is an arbitrary positive constant.
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Substituting (31) into (30) yields

LU1(ξ1) ≤ ξ31(x2 − x∗2) + ξ31(x
∗
2 + a11x1 + b1 − ẏr)

+

(
3c211 +

9

4β1
(c11M + c12)

4

)
ξ41 + β1. (32)

If we choose the virtual controller as

x∗2 = ẏr − a11x1 − b1 − α1ξ1

� ẏr − (a11 + α1)x1 + α1yr − b1 (33)

and define

ξ2 = x2 − x∗2 (34)

then (32) can be rewritten as

LU1(ξ1) ≤ −c1ξ41 + ξ31ξ2 + β1 (35)

where α1 = c1 + 3c211 +
9

4β1
(c11M + c12)

4, and c1 > 0 is a
design parameter.

From (16), (33), and (34), we get

dξ1 = (−α1ξ1 + ξ2) dt+ ϕT
1 (x1)dω. (36)

Deductive Step: Assume that at step k − 1, there are a set of
virtual controllers defined by

x∗i = −
i−1∑
j=1

ai−1,jxj − bi−1 + y(i−1)
r

+

i−2∑
j=1

bi−2,j

(
xj+1 +

j∑
s=1

ajsxs + bj

)

+

i−3∑
j=0

b̃i−2,jy
(j+1)
r − αi−1ξi−1

= y(i−1)
r +

i−1∑
j=1

bi−1,jxj +

i−2∑
j=0

b̃i−1,jy
(j)
r

− b̂i−1, 3 ≤ i ≤ k, (37)

ξi = xi − x∗i , 2 ≤ i ≤ k (38)

such that

dξi = (−αiξi + ξi+1) dt+

⎛
⎝ϕT

i −
i−1∑
j=1

bi−1,jϕ
T
j

⎞
⎠ dω (39)

and

LUk−1(ξ̄k−1) ≤ −
k−2∑
i=1

(ci − āk−1,i)ξ
4
i − ck−1ξ

4
k−1

+ ξ3k−1ξk +

k−1∑
j=1

βj (40)

where bi−1,j , b̃i−1,j , and b̂i−1 are constants, αi is a positive con-
stant, c1, . . . , ck−1 are design parameters, āk−1,1, . . . , āk−1,k−2

andβ1, . . . , βk−1 are arbitrary positive constants,Uk−1(ξ̄k−1) =
1
4

∑k−1
i=1 ξ

4
i , and ξ̄k−1 = (ξ1, . . . , ξk−1)

T .

To complete the induction, at the kth step (2 ≤ k ≤ n− 1),
we consider the ξk-system.

It follows from (16), (37), and (38) that

dξk =

(
xk+1 +

k∑
j=1

akjxj + bk − y(k)r −
k−1∑
j=1

bk−1,j (xj+1

+

j∑
s=1

ajsxs + bj

)
−

k−2∑
j=0

b̃k−1,jy
(j+1)
r

)
dt

+

(
ϕT
k −

k−1∑
j=1

bk−1,jϕ
T
j

)
dω. (41)

We choose the Lyapunov function

Uk(ξ̄k) = Uk−1(ξ̄k−1) +
1

4
ξ4k. (42)

By (40)–(42) and Itô’s formula, we get

LUk(ξ̄k) ≤ −
k−2∑
i=1

(ci − āk−1,i)ξ
4
i − ck−1ξ

4
k−1 + ξ3k−1ξk

+ ξ3kxk+1 + ξ3k

( k∑
j=1

akjxj + bk − y(k)r

−
k−1∑
j=1

bk−1,j

(
xj+1 +

j∑
s=1

ajsxs + bj

)

−
k−2∑
j=0

b̃k−1,jy
(j+1)
r

)
+

k−1∑
j=1

βj

+
3

2
ξ2k

∣∣∣∣ϕT
k −

k−1∑
j=1

bk−1,jϕ
T
j

∣∣∣∣
2

. (43)

By Lemma A.2, we obtain

ξ3k−1ξk ≤ āk,k−1,1ξ
4
k−1 +

1

4

(
4

3
āk,k−1,1

)−3

ξ4k (44)

where āk,k−1,1 is an arbitrary positive constant.
By (19), (37), and (38), using an induction approach, we get

|xi| ≤ ĉi

⎛
⎝1 +

i∑
j=1

|ξj |
⎞
⎠ , i = 1, . . . , k (45)

where ĉi is a positive constant.
It can be inferred from (45), Assumption 2, and Lemma A.2

that

3

2
ξ2k

∣∣∣∣ϕT
k −

k−1∑
j=1

bk−1,jϕ
T
j

∣∣∣∣
2

≤ βk + āk,kξ
4
k +

k−1∑
j=1

āk,j,2ξ
4
j

(46)

where āk,1,2, . . . , āk,k−1,2 and βk are arbitrary positive con-
stants, and āk,k is a positive constant.
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Substituting (44) and (46) into (43) yields

LUk(ξ̄k) ≤ −
k−1∑
i=1

(ci − āk,i)ξ
4
i + ξ3k(xk+1 − x∗k+1)

+ ξ3k

(
x∗k+1 +

k∑
j=1

akjxj + bk − y(k)r

−
k−1∑
j=1

bk−1,j

(
xj+1 +

j∑
s=1

ajsxs + bj

)

−
k−2∑
j=0

b̃k−1,jy
(j+1)
r

)
+

k∑
j=1

βj

+

(
āk,k +

1

4

(
4

3
āk,k−1,1

)−3
)
ξ4k (47)

where

āk,i = āk−1,i + āk,k−1,2, i = 1, . . . , k − 2, (48)

āk,k−1 = āk,k−1,1 + āk,k−1,2. (49)

We now choose the virtual controller as

x∗k+1 = −
k∑

j=1

akjxj − bk + y(k)r +

k−1∑
j=1

bk−1,j (xj+1

+

j∑
s=1

ajsxs + bj

)
+

k−2∑
j=0

b̃k−1,jy
(j+1)
r − αkξk

= y(k)r +
k∑

j=1

bk,jxj +
k−1∑
j=0

b̃k,jy
(j)
r − b̂k (50)

and define

ξk+1 = xk+1 − x∗k+1 (51)

where bk,j , b̃k,j , and b̂k are constants, αk = ck + āk,k +
1
4 (

4
3 āk,k−1,1)

−3, and ck > 0 is a design parameter. In (50),
the second equality is obtained by substituting ξk into the first
equality.

Substituting (50) and (51) into (47) yields

LUk(ξ̄k) ≤ −
k−1∑
i=1

(ci − āk,i)ξ
4
i − ckξ

4
k + ξ3kξk+1 +

k∑
j=1

βj .

(52)

By (50) and (51), (41) can be rewritten as

dξk = (−αkξk + ξk+1) dt+

⎛
⎝ϕT

k −
k−1∑
j=1

bk−1,jϕ
T
j

⎞
⎠ dω.

(53)

Step n. Choosing ξn = xn − x∗n, similar to (41), we have

dξn =

(
u+ hn − y(n)r −

n−2∑
j=0

b̃n−1,jy
(j+1)
r

−
n−1∑
j=1

bn−1,j

(
xj+1 +

j∑
s=1

ajsxs + bj

))
dt

+

(
ϕT
n −

n−1∑
j=1

bn−1,jϕ
T
j

)
dω. (54)

By Lemma A.2, we get

ξ3n−1ξn ≤ ān,n−1,1ξ
4
n−1 +

1

4

(
4

3
ān,n−1,1

)−3

ξ4n (55)

and

3

2
ξ2n

∣∣∣∣ϕT
n2 −

n−1∑
j=1

bn−1,jϕ
T
j

∣∣∣∣
2

≤ βn + ān,nξ
4
n +

n−1∑
j=1

ān,j,2ξ
4
j (56)

where ān,1,2, . . . , ān,n−1,2 and βn are arbitrary positive con-
stants, and ān,n is a positive constant.

Choosing Un(ξ) =
1
4

∑n
i=1 ξ

4
i and using (54)–(56), similar

to (47)–(53), the actual control law

u = − hn + y(n)r +

n−1∑
j=1

bn−1,j

(
xj+1 +

j∑
s=1

ajsxs + bj

)

+

n−2∑
j=0

b̃n−1,jy
(j+1)
r − αnξn (57)

leads to

LUn(ξ) ≤ −
n−1∑
i=1

(ci − ān,i)ξ
4
i − cnξ

4
k +

n∑
j=1

βj (58)

and

dξn = − αnξndt+

⎛
⎝ϕT

n −
n−1∑
j=1

bn−1,jϕ
T
j

⎞
⎠ dω (59)

where αn = cn + ān,n + 1
4 (

4
3 ān,n−1,1)

−3, cn > 0 is a design
parameter, bn−1,j and b̃n−1,j are constants, ān,1, . . ., ān,n−1 are
positive constants, and ξ = (ξ1, . . . , ξn)

T .

B. Stability Analysis

From (36), (39), (53), and (59), we get

ξk = e−αk(t−t0)ξk(t0) +

∫ t

t0

e−αk(t−s)ξk+1(s)ds

+Mk(t), 1 ≤ k ≤ n− 1, (60)

ξn = e−αn(t−t0)ξn(t0) +Mn(t) (61)

where

M1(t) =

∫ t

t0

e−α1(t−s)ϕT
1 dω(s) (62)
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and

Mk(t) =

∫ t

t0

e−αk(t−s)

⎛
⎝ϕT

k −
k−1∑
j=1

bk−1,jϕ
T
j

⎞
⎠ dω(s) (63)

for 2 ≤ k ≤ n.
We choose the design parameters c1, . . . , cn as

ck > max {čk, ān,i} , 1 ≤ k ≤ n− 1 (64)

cn > 0 (65)

where

č1 =
1

x1(t0)− yr(t0)
(−x2(t0) + ẏr(t0)

− a11x1(t0)− b1) (66)

čk =
1

ξk(t0)

(
− xk+1(t0) + y(k)r (t0)−

k∑
j=1

akjxj(t0)

− bk +

k−1∑
j=1

bk−1,j

(
xj+1(t0) +

j∑
s=1

ajsxs(t0) + bj

)

+

k−2∑
j=0

b̃k−1,jy
(j+1)
r (t0)

)
, 2 ≤ k ≤ n− 1 (67)

and

ξk(t0) = xk(t0)− y(k−1)
r (t0)−

k−1∑
j=1

bk−1,jxj(t0)

−
k−2∑
j=0

b̃k−1,jy
(j)
r (t0) + b̂k−1, 2 ≤ k ≤ n− 1. (68)

This choice is justified in the proof of Lemma 2.
The proof of the main stability results requires a number

of technical lemmas. The first lemma provides an estimate for
Mk(t).

Lemma 1: If Assumptions 1 and 2 hold for the plant (16)–(18),
(57), and (64)–(65), we have

E{Mk(t)} = 0, k = 1, . . . , n. (69)

Proof: By (64) and (65), (58) can be rewritten as

LUn(ξ) ≤ −cUn + β (70)

where

c = 4 min
1≤i≤n−1

{ci − ān,i, cn} > 0 (71)

β =

n∑
j=1

βj > 0. (72)

By (70) and [32, Th. 1], the plant consisting of (16)–(18), (57),
and (64)–(65) has an almost surely unique solution x(t) on
[t0,+∞), which implies that Mk(t) is well-defined.

For any k > 0, we define the first exit time

τk = inf{t ≥ t0 : |ξ(t)| ≥ k} (73)

and note that inf ∅ = ∞.

By (73) and Dynkin’s formula in Lemma A.4, we get

E
{
ec(t∧τk)Un(ξ(t ∧ τk))− ect0Un(ξ(t0))

}

= E

{∫ t∧τk

t0

L(ecsUn(ξ(s)))ds

}

= E

{∫ t∧τk

t0

ecs(LUn(ξ(s)) + cUn(ξ(s)))ds

}
. (74)

By (70) and (74), we obtain

E
{
ec(t∧τk)Un(ξ(t ∧ τk))

}

≤ ect0Un(ξ(t0)) +
β

c

(
E
{
ec(t∧τk)

}
− ect0

)

≤ ect0Un(ξ(t0)) +
β

c
(ect − ect0). (75)

Let k → +∞. By using Fatou’s lemma, (75) can be rewritten as

E
{
ectUn(ξ(t))

} ≤ ect0Un(ξ(t0)) +
β

c
(ect − ect0) (76)

which is equivalent to

EUn(ξ(t)) ≤ e−c(t−t0)Un(ξ(t0)) +
β

c
(1− e−c(t−t0)). (77)

By (45), (77), Assumption 2, and Schwarz’s inequality in [31]
[(2.11) in P.40], we get

E

{
e−2αk(t−s)

∣∣∣ϕT
k −

k−1∑
j=1

bk−1,jϕ
T
j

∣∣∣2}

≤ c̄k

⎛
⎝1 + E

⎧⎨
⎩

k∑
j=1

ξ2j

⎫⎬
⎭
⎞
⎠

≤ c̄k

⎛
⎜⎝1 +

⎛
⎝E

⎧⎨
⎩

k∑
j=1

ξ2j

⎫⎬
⎭

2⎞
⎠

1/2⎞⎟⎠
≤ c̄k

(
1 + 2

√
n(EUn)

1/2
)

≤ c̄k

(
1 + 2

√
n

(
Un(ξ(t0)) +

β

c

)1/2)
(78)

where c̄k is a positive constant, k = 2, . . . , n.
By (78) and Fubini’s theorem in Lemma A.3, we obtain that

E

⎧⎨
⎩
∫ t

t0

e−2αk(t−s)
∣∣∣ϕT

k −
k−1∑
j=1

bk−1,jϕ
T
j

∣∣∣2ds
⎫⎬
⎭ < +∞ (79)

holds for k = 2, . . . , n.
From (79) and [33, Th. 5.8], we get E{Mk(t)} = 0, k =

2, . . . , n. Similarly, we can prove E{M1(t)} = 0. Thus, (69)
holds.

The second lemma shows that ξi(t0) < 0 can be ensured if
we choose y(t0) < yr(t0).

Lemma 2: Consider the plant (36), (39), (53), (59), (64), and
(65). If y(t0) < yr(t0), then we have ξi(t0) < 0, i = 1, . . . , n.
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Proof: Since y(t0) < yr(t0), we have ξ1(t0) = y(t0)−
yr(t0) < 0. By (33), (34), (64), and (66), we have

ξ2(t0) = x2(t0) + a11x1(t0) + b1 − ẏr(t0) + α1ξ1(t0)

≤ x2(t0) + a11x1(t0) + b1 − ẏr(t0) + c1ξ1(t0)

< x2(t0) + a11x1(t0) + b1 − ẏr(t0) + č1ξ1(t0)

= 0. (80)

By (50), (51), (64), and (67) and using an induction argument,
we obtain

ξk+1(t0) = xk+1(t0) +
k∑

j=1

akjxj(t0) + bk − y(k)r (t0)

−
k−1∑
j=1

bk−1,j

(
xj+1(t0) +

j∑
s=1

ajsxs(t0) + bj

)

−
k−2∑
j=0

b̃k−1,jy
(j+1)
r (t0) + αkξk(t0)

≤ xk+1(t0) +

k∑
j=1

akjxj(t0) + bk − y(k)r (t0)

−
k−1∑
j=1

bk−1,j

(
xj+1(t0) +

j∑
s=1

ajsxs(t0) + bj

)

−
k−2∑
j=0

b̃k−1,jy
(j+1)
r (t0) + ckξk(t0)

< xk+1(t0) +

k∑
j=1

akjxj(t0) + bk − y(k)r (t0)

−
k−1∑
j=1

bk−1,j

(
xj+1(t0) +

j∑
s=1

ajsxs(t0) + bj

)

−
k−2∑
j=0

b̃k−1,jy
(j+1)
r (t0) + čkξk(t0)

= 0, k = 2, . . . , n− 1. (81)

This completes the proof of Lemma 2.
The third lemma provides estimates for the Riemann integrals

whose integrands are stochastic processes.
Lemma 3: Consider the system (36), (39), (53), and (59)

with the design parameters defined in (64) and (65). For k =
1, . . . , n− 1, we have

E

{∫ t

t0

e−αk(t−s)ξk+1(s)ds

}

=

∫ t

t0

e−αk(t−s)E{ξk+1(s)}ds. (82)

Proof: From (77) and Schwarz’s inequality, we get

E

{∫ t

t0

e−αk(t−s)|ξk+1(s)|ds
}

≤ E

{∫ t

t0

|ξk+1(s)|ds
}

=

∫ t

t0

E|ξk+1(s)|ds

≤
∫ t

t0

(Eξ4k+1)
1/4ds

≤
(
4Un(ξ(t0)) +

4β

c

)1/4

(t− t0)

< +∞. (83)

Noting αk > 0 is a constant, by (83) and Fubini’s theorem in
Lemma A.3, we get (82).

We are now ready to state the main stability results on system
(16)–(18).

Theorem 1: Consider the plant consisting of (16)–(18), (57),
and (64)–(68). If Assumptions 1 and 2 hold, then the following
conclusions hold.

1) The mean-square of the state is bounded. Specifically, for
∀t ∈ [t0,+∞), the following estimate holds:

E|x|2 ≤
(
1 + 2

√
n

(
Un(ξ(t0)) +

β

c

)1/2
)

n∑
i=1

ĉ2i (i+ 1).

(84)

2) Furthermore, if y(0) < yr(0), then

E{y(t)} ≤ yr(t), ∀t ∈ [t0,+∞) (85)

lim
t→∞E{y(t)− yr(t)} = 0. (86)

Proof: The proof of this theorem includes two steps.
Step 1. We first prove that (84) holds.
From (77), we get

EUn(ξ(t)) ≤ Un(ξ(t0)) +
β

c
. (87)

By (45), we obtain

x2i ≤ ĉ2i (i+ 1)

⎛
⎝1 +

i∑
j=1

ξ2j

⎞
⎠ , i = 1, . . . , k (88)

which yields

E|x|2 = E

{
n∑

i=1

x2i

}

≤
n∑

i=1

ĉ2i (i+ 1) +

n∑
i=1

ĉ2i (i+ 1)E

⎧⎨
⎩

i∑
j=1

ξ2j

⎫⎬
⎭

≤ (1 + E{|ξ|2})
n∑

i=1

ĉ2i (i+ 1). (89)

It can be inferred from (87) and Schwarz’s inequality that

E|ξ|2 ≤ (E{|ξ|4})1/2
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≤ √
n

(
E

{
n∑

i=1

ξ4i

})1/2

= 2
√
n(EUn)

1/2

≤ 2
√
n

(
Un(ξ(t0)) +

β

c

)1/2

. (90)

By (89) and (90), we get (84).
Step 2. We then prove that (85) and (86) hold.
Noting αn > 0 is a constant, from (61) and Lemma 1, we get

E{ξn(t)} = e−αn(t−t0)ξn(t0). (91)

By Lemma 2, we know that ξn(t0) < 0, which, along with (91),
implies that E{ξn} is a nonpositive function which converges
to zero exponentially.

From (60) and Lemma 1, we have

E{ξn−1(t)} = e−αn−1(t−t0)ξn−1(t0)

+ E

{∫ t

t0

e−αn−1(t−s)ξn(s)ds

}
(92)

which, in view of (91) and Lemma 3, can be expressed as

E{ξn−1(t)} = e−αn−1(t−t0)ξn−1(t0)

+

∫ t

t0

e−αn−1(t−s)E{ξn(s)}ds

= e−αn−1(t−t0)ξn−1(t0)

+

∫ t

t0

e−αn−1(t−s)e−αn(s−t0)ξn(t0)ds

= e−αn−1(t−t0)ξn−1(t0)

+
1

αn−1 − αn
e−αn−1t+αnt0

(
e(αn−1−αn)t

−e(αn−1−αn)t0
)
ξn(t0). (93)

Since αn−1 and αn are positive constants, by using (93) and
Lemma 2, we obtain that E{ξn−1} is a nonpositive function
which converges to zero exponentially.

By using induction, we conclude that E{ξ1(t)} is a nonposi-
tive function which converges to zero exponentially. Thus, (85)
and (86) hold.

This completes the proof of Theorem 1.
Remark 4: We now compare the results in this section with

that in [27]. In [27, (71) and (72)], an example with an additive
disturbance d(t) is given as

ẋ1 = x2 + d(t) (94)

ẋ2 = u (95)

y = x1. (96)

The reference trajectory is chosen as yr(t) ≡ 1 and the initial
conditions of the states are selected as x1(0) = 0, x2(0) = 1.

Deterministic disturbance case in [27]: Choosing d(t) =
sin t and using the method in [27], the controller

u = (c+ k)2(x1 − 1)− (2c+ k + ck + k2)

· (x2 + (c+ k)(x1 − 1)) (97)

can be designed to guarantee

y(t) ≤ yr(t) +A ∀t ∈ [0,+∞) (98)

where c and k are positive constants satisfying c+ k > 1, and

A =

√
1 + (2c+ k + ck + k2)2

(1 + (c+ k)2)(1 + (c+ k + ck + k2)2)
. (99)

Stochastic disturbance case in this section: When d(t) is a
standard white noise, using the design procedure developed in
this section, we get

u = α2
1(x1 − 1)− (α1 + α2)(x2 + α1(x1 − 1)) (100)

α1 = c1 +
9

16β1
(101)

α2 = c2 +
1

4
+

9

16β2
α4
1 (102)

where β1 and β2 are arbitrary positive constants and c1 > 1 and
c2 > 0 are constants.

Using the controller (100)–(102), with a laborious calculation,
we get

E{y(t)} = yr(t)− e−α1t +
1

α1 − α2
(e−α2t − e−α1t)

·
(
1− c1 − 9

16β1

)
. (103)

It follows from (103) and the definitions of c1, c2, α1, and α2

that

E{y(t)} < yr(t) ∀t ∈ [0,+∞), (104)

lim
t→∞E{y(t)− yr(t)} = 0. (105)

Comparisons: When d(t) is a deterministic disturbance, from
(98), we obtain that the overshoot occurs inevitably and the max-

imum value of the overshoot is
√

1+(2c+k+ck+k2)2

(1+(c+k)2)(1+(c+k+ck+k2)2) ,

which can be tuned by choosing suitably k. When d(t) is a
stochastic noise, from (104)–(105), it is clear that the overshoot
in the mean sense can be completely avoided since the value
of E{y(t) is strictly less than yr(t). Besides, we can get an
elegant property limt→∞E{y(t)− yr(t)} = 0. In other words,
for system (94)–(96), we get better nonovershooting perfor-
mance when the disturbance d(t) is stochastic. Therefore, some
new capabilities are exhibited in the nonovershooting control of
stochastic nonlinear systems.

IV. GENERAL CASE

In this section, for system (23)–(25) under Assumption 3, we
first design a nonovershooting controller and then analyze the
stability of the closed-loop system.
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A. Controller Design

In this section, we design a controller for system (23)–(25)
step by step.

Step 1: Choosing ξ1 = x1 − yr and V1 = 1
4ξ

4
1 , from (23), we

have

LV1(ξ1) = ξ31x2 + ξ31(f1 − ẏr) +
3

2
ξ21 |g1|2

= ξ31(x2 − x∗2) + ξ31(x
∗
2 + f1 − ẏr) +

3

2
ξ21 |g1|2.

(106)

By Lemma A.1, we get

3

2
ξ21 |g1|2 ≤ β1 +

9

16β1
|g1|4ξ41 (107)

where β1 is an arbitrary positive constant.
Choosing the virtual controller as

x∗2 = ẏr − f1 −
(
c1 +

9

16β1
|g1|4

)
ξ1 (108)

and substituting (107) into (106) yields

LV1(ξ1) ≤ − c1ξ
4
1 + ξ31(x2 − x∗2) + β1 (109)

where c1 > 0 is a design parameter.
Deductive Step: Assume that at step k − 1, there are

a set of virtual controllers defined by x∗2(x1, yr, ẏr), . . .,
x∗k(xk−1, yr, . . . , y

(k−1)
r ) and ξs = xs − x∗s (s = 2, . . . , k − 1)

such that

LVk−1(ξ̄k−1) ≤ −
k−2∑
i=1

(ci − ai)ξ
4
i − ck−1ξ

4
k−1

+ ξ3k−1(xk − x∗k) +
k−1∑
j=1

βj (110)

where c1, . . . , ck−1 are design parameters, a1, . . . , ak−2 and
β1, . . . , βk−1 are arbitrary positive constants, Vk−1(ξ̄k−1) =
1
4

∑k−1
i=1 ξ

4
i , and ξ̄k−1 = (ξ1, . . . , ξk−1)

T .
To complete the induction, at the kth step, we consider the

ξk-system.
Defining ξk = xk − x∗k, from (23), we obtain

dξk =

(
xk+1 + fk −

k−1∑
j=0

∂x∗k
∂y

(j)
r

y(j+1)
r

−
k−1∑
j=1

∂x∗k
∂xj

(xj+1 + fj)− 1

2

k−1∑
j,s=1

∂2x∗k
∂xj∂xs

gTj gs

)
dt

+

(
gTk −

k−1∑
j=1

∂x∗k
∂xj

gTj

)
dω. (111)

We choose the Lyapunov function

Vk(ξ̄k) = Vk−1(ξ̄k−1) +
1

4
ξ4k. (112)

It follows from (111) and (112) that

LVk(ξ̄k) ≤ −
k−2∑
i=1

(ci − ai)ξ
4
i − ck−1ξ

4
k−1 + ξ3k−1ξk

+ ξ3k(xk+1 − x∗k+1) + ξ3k

(
x∗k+1 + fk

−
k−1∑
j=0

∂x∗k
∂y

(j)
r

y(j+1)
r −

k−1∑
j=1

∂x∗k
∂xj

(xj+1 + fj)

− 1

2

k−1∑
j,s=1

∂2x∗k
∂xj∂xs

gTj gs

)

+
3

2
ξ2k

∣∣∣∣gTk −
k−1∑
j=1

∂x∗k
∂xj

gTj

∣∣∣∣
2

+
k−1∑
j=1

βj . (113)

By Lemma A.2, we get

ξ3k−1ξk ≤ ak−1ξ
4
k−1 +

27

256a3k−1

ξ4k (114)

and

3

2
ξ2k

∣∣∣∣gTk −
k−1∑
j=1

∂x∗k
∂xj

gTj

∣∣∣∣
2

≤ βk +
9

16βk

∣∣∣∣gTk −
k−1∑
j=1

∂x∗k
∂xj

gTj

∣∣∣∣
4

ξ4k (115)

where ak−1 and βk are arbitrary positive constants.
We choose the virtual controller as

x∗k+1 = − fk +

k−1∑
j=0

∂x∗k
∂y

(j)
r

y(j+1)
r +

k−1∑
j=1

∂x∗k
∂xj

(xj+1 + fj)

+
1

2

k−1∑
j,s=1

∂2x∗k
∂xj∂xs

gTj gs −
(
ck +

27

256a3k−1

+
9

16βk

∣∣∣∣gTk −
k−1∑
j=1

∂x∗k
∂xj

gTj

∣∣∣∣
4)
ξk (116)

where ck > 0 is a design parameter.
Substituting (114)–(116) into (113) yields

LVk(ξ̄k) ≤ −
k−1∑
i=1

(ci − ai)ξ
4
i − ckξ

4
k

+ ξ3k(xk+1 − x∗k+1) +
k∑

j=1

βj . (117)

Step n. Similar to (116) and (117), we choose the actual control
law as

u = − fn +

n−1∑
j=0

∂x∗n
∂y

(j)
r

y(j+1)
r +

n−1∑
j=1

∂x∗n
∂xj

(xj+1 + fj)
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+
1

2

n−1∑
j,s=1

∂2x∗n
∂xj∂xs

gTj gs −
(
cn +

27

256a3n−1

+
9

16βn

∣∣∣∣gTn −
n−1∑
j=1

∂x∗n
∂xj

gTj

∣∣∣∣
4)
ξn (118)

then we get

LVn(ξ) ≤ −
n−1∑
i=1

(ci − ai)ξ
4
i − cnξ

4
k +

n∑
j=1

βj (119)

where cn > 0 is a design parameter, a1, . . . , an−1 and
β1, . . . , βn are arbitrary positive constants, ξn = xn − x∗n,
Vn(ξ̄n) =

1
4

∑n
i=1 ξ

4
i , and ξ = (ξ1, . . . , ξn)

T .

B. Stability Analysis

Noting ξ1 = x1 − yr and ξ2 = x2 − x∗2, from (23) and (108),
we get

dξ1 = (x2 + f1 − ẏr) dt+ gT1 (x1)dω

= (x2 − x∗2 + x∗2 + f1 − ẏr) dt+ gT1 (x1)dω

= (−ρ(t)ξk + ξ2) dt+ gT1 (x1)dω (120)

where

ρ(t) = c1 +
9

16β1
|g1|4. (121)

We choose the design parameters as

ci > ai, i = 1, . . . , n− 1, (122)

cn > 0. (123)

The following lemma provides an estimate for the Itô integral∫ t

t0
e−

∫ t
s ρ(u)dugT1 (s)dω(s).

Lemma 4: For the plant (23)–(25), (118), (122), and (123), we
have

E

{∫ t

t0

e−
∫ t
s ρ(u)dugT1 (s)dω(s)

}
= 0. (124)

Proof: By (122) and (123), (119) can be rewritten as

LVn(ξ̄n) ≤ − cVn + β (125)

where

c = 4 min
1≤i≤n−1

{ci − ai, cn} > 0 (126)

β =

n∑
j=1

βj > 0. (127)

By (125) and [32, Theorem 1], the plant has an al-
most surely unique solution on [t0,+∞), which means that∫ t

t0
e−

∫ t
s ρ(σ)dσgT1 (s)dω(s) is well-defined.

By (121) and Lemma A.2, we obtain

|g1|2 ≤ 1

4
+ |g1|4 < σρ(t) (128)

where

σ = max

{
16β1
9

,
1

4c1

}
. (129)

By (128), we have∫ t

t0

e−2
∫ t
s ρ(u)du|g1(s)|2ds

≤ σ

∫ t

t0

e−2
∫ t
s ρ(u)duρ(s)ds

= σe−2
∫ t
t0

ρ(u)du
∫ t

t0

e2
∫ s
t0

ρ(u)dud

{∫ s

t0

ρ(u)du

}

=
σ

2

(
1− e−2

∫ t
t0

ρ(u)du
)

<
σ

2
, (130)

which means that

E

{∫ t

t0

e−2
∫ t
s ρ(u)du|g1(s)|2ds

}
<
σ

2
< +∞. (131)

From (131) and [33, Theorem 5.8], we get (124).
The following result provides an equality for an integral

that plays a central role in the verification of nonovershooting
property.

Lemma 5: Consider the plant (23)–(25), (118), (122), and
(123). Then

E

{∫ t

t0

e−
∫ t
s ρ(u)duξ2(s)ds

}

=

∫ t

t0

E
{
e−

∫ t
s ρ(u)duξ2(s)

}
ds. (132)

Proof: By (121), we get

e−
∫ t
s ρ(u)du ≤ e−c1(t−s). (133)

From (125), similar to (77), we get

EVn(ξ(t)) ≤ e−c(t−t0)Vn(ξ(t0)) +
β

c
(1− e−c(t−t0)) (134)

which implies that

EVn(ξ(t)) ≤ Vn(ξ(t0)) +
β

c
. (135)

From (133) and (135) and Schwarz’s inequality, we have

E

{∫ t

t0

e−
∫ t
s ρ(u)du|ξ2(s)|ds

}

≤ E

{∫ t

t0

e−c1(t−s)|ξ2(s)|ds
}

≤
∫ t

t0

{E{ξ42}}1/4ds

≤
(
4Vn(ξ(t0)) +

4β

c

)1/4

(t− t0)

< +∞. (136)

By (136) and Fubini’s theorem, we get (132).
Next, we state the main stability results on system (23)–(25).
Theorem 2: Consider the plant consisting of (23)–(25), (118),

(122), and (123). If Assumption 3 holds, then the following
conclusions hold.
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1) All the states of the plant are bounded in probability.
2) The output tracking errors satisfies

lim sup
t→∞

E(y(t)− yr(t))
4 ≤

∑n
j=1 βj

min1≤i≤n−1 {ci − ai, cn} .
(137)

3) Furthermore, if y(0) < yr(0), then

E{y(t)} ≤ yr(t) + Ā ∀t ∈ [t0,+∞) (138)

where

Ā =
1

c1

(
4Vn(t0) +

∑n
j=1 βj

min1≤i≤n−1 {ci − ai, cn}
)1/4

. (139)

Proof: The proof of this theorem includes two steps.
Step 1. We first prove that conclusions 1) and 2) hold.
By (134) and the definition of Vn, we have

lim sup
t→∞

E(y(t)− yr(t))
4

≤ 4 lim
t→∞E{Vn}

≤
∑n

j=1 βj

min1≤i≤n−1 {ci − ai, cn} (140)

which shows that conclusion 2) holds.
By virtue of (135), noticing

EVn(ξ) ≥
∫
|ξ|>l

Vn(ξ)P (dw)

≥ inf
|ξ|>l

Vn(ξ)P (|ξ| > l) (141)

we obtain

P (|ξ| > l) ≤ Vn(ξ(t0)) +
β
c

inf |ξ|>l Vn(ξ)
. (142)

From (142) and the definition of Vn(ξ), we get

lim
l→∞

sup
t>t0

P (|ξ| > l) ≤ lim
l→∞

sup
t>t0

Vn(ξ(t0)) +
β
c

inf |ξ|>l Vn(ξ)

= 0 (143)

which shows that ξ(t) is bounded in probability. This together
with Assumption 3 and the definition of ξ1 implies that x1 is
bounded in probability.

Since ξ1, ξ2, andx1 are bounded in probability, from Assump-
tion 3, (108), and ξ2 = x2 − x∗2, we conclude that x2 is bounded
in probability. Similarly, we can prove that xi, i = 3, . . . , n are
bounded in probability. Therefore, all the states of the plant are
bounded in probability, i.e., the conclusion 1) holds.

Step 2. We then prove that conclusion 3) holds.
From (120), we have

ξ1 = e−
∫ t
t0

ρ(u)duξ1(t0) +

∫ t

t0

e−
∫ t
s ρ(u)duξ2(s)ds

+

∫ t

t0

e−
∫ t
s ρ(u)dugT1 (s)dω(s). (144)

By (144) and Lemma 4, we get

E{ξ1(t)} = E
{
e−

∫ t
t0

ρ(s)ds
}
ξ1(t0)

+ E

{∫ t

t0

e−
∫ t
s ρ(r)drξ2(s)ds

}
. (145)

From Lemma 5, we obtain

E

{∫ t

t0

e−
∫ t
s ρ(r)drξ2(s)ds

}

=

∫ t

t0

E
{
e−

∫ t
s ρ(r)drξ2(s)

}
ds. (146)

It follows from (121), (135), and Schwarz’s inequality that∫ t

t0

E
{
e−

∫ t
s ρ(r)drξ2(s)

}
ds

≤
∫ t

t0

(
E
{
e−2

∫ t
s ρ(r)dr

})1/2 (
E{ξ22}

)1/2
ds

≤
∫ t

t0

e−c1(t−s)
(
E{ξ42}

)1/4
ds

≤ 1

c1

(
4Vn(ξ(t0)) +

4β

c

)1/4 (
1− e−c1(t−t0)

)

≤ 1

c1

(
4Vn(t0) +

4β

c

)1/4

. (147)

Noting ρ(t) ≥ c1 > 0 and ξ1(t0) = y(t0)− yr(t0) < 0, from
(126), (127), (145), and (147), we conclude that conclusion 3)
holds.

Thus, the theorem is proved.
Remark 5: It can be observed from (137) that the

fourth-moment of the output tracking error is bounded by∑n
j=1 βj

min1≤i≤n−1{ci−an,i,cn} in the long run, which can be rendered
arbitrarily small by choosing sufficiently large ci or sufficiently
small βi, i = 1, . . . , n. By (138) and (139), we obtain that the
mean of overshoot can be made arbitrarily small by choosing
the control gain c1.

Remark 6: In this section, we solve the practical mean-
nonovershooting control for general stochastic nonlinear sys-
tems (23)–(25). Although this practical nonovershooting prop-
erty is similar to that of [27, Th. 3], the control gains are chosen
in a simpler manner in this section. Specifically, from [27, (59)],
their control gains are heavily reliant on the initial conditions of
x(0) and y(j)r (0), j = 0, . . . , n− 1. However, it can be observed
from (122)–(123) that our control design parameters c1, . . ., cn
are required to satisfy much simpler conditions, which are inde-
pendent of the initial values x(0) and y(j)r (0), j = 0, . . . , n− 1.
In this way, we do not need to recompute the control gains c1,
. . ., cn even when the trajectory yr(t) or the initial value x(0)
is changed, which implies that the computational burden for the
control gains can be largely reduced.

Remark 7: From the formulations of Problem 1 and Problem 2,
it is obvious that Problem 1 is a special case of Problem 2.
Therefore, the asymptotic bound on E{|y(t)− r(t)|4} stated
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Fig. 1. Mass–spring–damper system.

in (137) still holds for system (16)–(18). Specifically, denot-
ing fi(x̄i) =

∑i
j=1 aijxj + bi for i = 1, . . . , n− 1, fn(x̄n) =

hn(x̄n), gi(x̄i) = ϕi(x̄i) for i = 1, . . . , n, and following the
design procedure and analysis process developed in Section
IV, we can get a similar controller as in (118) and a similar
performance result as in (137) for system (16)–(18).

Remark 8: Compared with the nonovershooting control of
deterministic systems, one of the difficulties for the stability
analysis of stochastic nonlinear systems is how to deal with
the Itô integrals and how to estimate the Riemann integrals
whose integrands are stochastic processes. Since these two kinds
of integrals are both stochastic processes, how to deal with
them is nontrivial. In this article, advanced stochastic analysis
techniques are developed to estimate them (see Lemma 1 and
Lemmas 3–5 for details).

V. TWO SIMULATION EXAMPLES

In this section, we give two simulation examples to show
the effectiveness of the mean-nonovershooting control schemes
developed in this article. Since the basic elements of any me-
chanical system are the mass, the spring, and the damper, we first
use a stochastic mass–spring–damper system in Example 2 to
demonstrate the engineering significance of the control schemes
developed in Section III. Then we use a general numerical
example in Example 3 to show the effectiveness of the controller
design developed in Section IV.

Example 2: Consider the mass–spring–damper system shown
in Fig. 1, where a mass m is attached to a ceiling through a
spring–damper combination. The mass is driven by an external
force which serves as a control variable. Let y be the displace-
ment from a reference position, k be the spring parameter, and
a be the damper parameter. We assume that the spring is a hard-
ening spring with the restoring force modeled as ky(1 + y2).

By Newton’s law of motion, the system is described as

mg + u− ky(1 + y2)− aẏ = mÿ. (148)

Motivated by [34], we consider a more practical damper. The
damper parameter a(t) has a nominal value a0 and a(t) ∈
(a0 − 0.2, a0 + 0.2). Let Δ(t) = a(t)− a0. Δ(t) is the Gaus-
sian white noise process with zero mean and E(Δ(t))2 = σ2.
We can then choose the value of parameter σ such that a(t)
obeys the bound −0.2 ≤ a(t)− a0 ≤ 0.2 with a sufficiently
high probability. For example, for σ = 0.02, by Chebyshev’s

inequality in [33], we can get

P (|a(t)− a0|2 > 0.04) ≤ σ2

0.04
= 0.01 (149)

which implies that

P (|a(t)− a0| ≤ 0.2) = 1− P (|a(t)− a0| > 0.2)

= 1− P (|a(t)− a0|2 > 0.04)

≥ 0.99. (150)

Obviously, P (|a(t)− a0| ≤ 0.2) is increasing as σ2 ↓ 0.
To obtain a state-space model for the mass–spring–damper

system, take the state variables as x1 = y and x2 = ẏ. Then,
from (148), we get the state-space form as

dx1 = x2dt (151)

dx2 =

(
u

m
+ g − k

m
x1(1 + x21)−

a0
m
x2

)
dt

− σ

m
x2dω (152)

y = x1. (153)

We choose the reference trajectory as yr(t) = 2 sin t.
By following the design procedure developed in Section III,

we get the controller as

u = −mg + kx1(1 + x21) + a0x2 − 2m sin t

− c1m(x2 − 2 cos t)−m

(
c2 +

27

4
+

9σ2

2m2
+

81c41σ
4

8m4

+
81σ4

m4

)
(x2 − 2 cos t+ c1x1 − 2c1 sin t). (154)

For simulation, we select the system parameters m = 1, g =
9.8, k = 0.1, a0 = 0.2, and σ = 1

3 and randomly set the initial
conditions as x1(0) = −0.9, x2(0) = 2. From (64) and (65), we
get

c1 > max

{
2− x2(0)

x1(0)
,
3

4

}
=

3

4
(155)

c2 > 0. (156)

By (155)–(156), we choose the controller gains c1 = 1, c2 = 5
8 .

Fig. 2 gives the responses of the controller and states, which show
that the states and the controller are bounded. Fig. 3 describes
the responses of E{y(t)} and yr(t). From Fig. 3, we conclude
that yr is asymptotically tracked by y(t) “from below” in the
mean sense for ∀t ∈ [0,+∞). Therefore, the effectiveness of
the control scheme developed in Section III is demonstrated.

Example 3: Consider the following system:

dx1 = (x2 + x31)dt+
1

2
x1 sinx1dω (157)

dx2 = (u+ x1x2)dt+ x
5/3
2 dω (158)

y = x1. (159)

We choose the reference trajectory as yr(t) = sin t.
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Fig. 2. Responses of the controller and states of the plant (151)–(154).

Fig. 3. Responses of E{y(t)} and yr(t) of the plant (151)–(154).

By following the design procedure developed in Section IV,
we get the controller as

u = − x1x2 − sin t+ (c1 +
9

128
x41) cos t− (c1 + 3x21

+
45

128
x41 −

9

32
x31 sin t)(x

3
1 + x2)− 1

8
x21 sin

2 x1(6x1

+
45

32
x31 −

27

32
x21 sin t)−

(
c2 +

1

4
+

9

256
(2x2 cosx1

+x1 sinx1(c1 + 3x21 +
45

128
x41 −

9

32
x31 sin t)

)4
)

·
(
x2 + x31 − cos t+ (c1 +

9

128
x41)(x1 − sin t)

)
.

(160)

For simulation, by (122) and (123), we select the controller gains
c1 = 1 and c2 = 3

4 and randomly set the initial conditions as
x1(0) = −1 and x2(0) = 3. Fig. 4 gives the responses of the
controller and states, which show the states and the controller
are bounded. Fig. 5 describes the responses of E{y(t)} and
yr(t). From Fig. 5, we conclude that the mean of the overshoot
E{y(t)− yr(t)} can be made arbitrarily small. Therefore, the

Fig. 4. Responses of the controller and states of the plant (157)–(160).

Fig. 5. Responses of E{y(t)} and yr(t) of the plant (157)–(160).

effectiveness of the control scheme developed in Section IV is
demonstrated.

VI. CONCLUSION

In this article, we have addressed the mean-nonovershooting
tracking control designs for stochastic strict-feedback nonlin-
ear systems. When the diffusion terms satisfy linear growth
condition and the drift terms are in special triangular forms,
a new controller is designed to guarantee that the mean of
the output can asymptotically track a given trajectory without
any overshooting while keeping all of the states mean-square
bounded. In this case, compared with corresponding results for
deterministic systems where only the practical nonovershooting
performance and bounded tracking is achieved, stronger fea-
tures of our results are the strict mean-nonovershooting perfor-
mance and asymptotic mean tracking. For general stochastic
strict-feedback nonlinear systems, we design a new controller
to ensure that the fourth-moment of the output tracking error
can be made arbitrarily small in the long run, and the mean of
overshoot can be made arbitrarily small while all the states of
the closed-loop system remain bounded in probability. In this
case, the new design ingredient is that our control gains are
independent of the initial conditions of system states and the
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initial conditions of derivatives of the reference trajectory. This
is in contrast with most of the existing results on corresponding
deterministic systems whose control gains heavily rely on these
initial conditions. The advantage of our design is that we do
not need to recompute the control gains c1, . . ., cn when the
trajectory yr(t) or the initial value x(0) is changed. In this way,
the computational burden for the control gains can be largely
reduced.

For the mean-nonovershooting control of stochastic nonlin-
ear systems, many important issues are still open and worth
investigating, such as mean-nonovershooting output-feedback
control [35], mean-nonovershooting control for more general
systems, etc.

APPENDIX

Lemma A.1 (Jensen’s Inequality) [31]: Let ψ : R→ R be a
convex function and let η be an integrable random variable on
a probability space (Ω,F , P ) such that ψ(η) is also integrable.
Then

ψ(E{η}) ≤ E{ψ(η)}. (A.1)

If ψ : R→ R is a concave function, then we have

ψ(E{η}) ≥ E{ψ(η)}. (A.2)

Lemma A.2 [8]: For (x, y) ∈ R2, the following Young’s in-
equality holds:

xy ≤ νp

p
|x|p + 1

qνq
|y|q (A.3)

where ν > 0, the constants p > 1 and q > 1 satisfy (p− 1)(q −
1) = 1.

Lemma A.3 (Fubini’s theorem) [31]: LetX(t) be a stochastic
process 0 ≤ t ≤ T (for all t,X(t) is a stochastic variable), with
regular sample paths (for all ω at any point t, X(t) has left and
right limits). Then∫ T

0

E|X(t)|dt = E

(∫ T

0

|X(t)|dt
)
. (A.4)

Furthermore, if this quantity is finite, then∫ T

0

EX(t)dt = E

(∫ T

0

X(t)dt

)
. (A.5)

Lemma A.4 (Dynkin’s formula) [33]: Let V ∈ C2,1(Rn ×
R+;R+) and τ1, τ2 be bounded stopping times such that 0 ≤
τ1 ≤ τ2a.s. If V (x, t) and LV (x, t) are bounded on t ∈ [τ1, τ2]
a.s., then

E[V (x, τ2)− V (x, τ1)] = E

{∫ τ2

τ1

LV (x, t)dt

}
. (A.6)
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