J Syst Sci Complex (2021) 34: 1782-1800

Prescribed-Time Control of Stochastic Nonlinear Systems
with Reduced Control Effort*

LI Wuquan - KRSTIC Miroslav

DOI: 10.1007/s11424-021-1217-7
Received: 25 June 2021 / Revised: 6 August 2021
©The Editorial Office of JSSC & Springer-Verlag GmbH Germany 2021

Abstract A new prescribed-time state-feedback design is presented for stochastic nonlinear strict-
feedback systems. Different from the existing stochastic prescribed-time design where scaling-free
quartic Lyapunov functions or scaled quadratic Lyapunov functions are used, the design is based on
new scaled quartic Lyapunov functions. The designed controller can ensure that the plant has an
almost surely unique strong solution and the equilibrium at the origin of the plant is prescribed-time
mean-square stable. After that, the authors redesign the controller to solve the prescribed-time inverse
optimal mean-square stabilization problem. The merit of the design is that the order of the scaling
function in the controller is reduced dramatically, which effectively reduces the control effort. Two

simulation examples are given to illustrate the designs.

Keywords Control effort, prescribed-time design, stochastic nonlinear strict-feedback systems.

1 Introduction

Prescribed-time control has been receiving increasing attention due to its potential for ap-
plications in which there exists a short, finite amount of time remaining to achieve control
objectives. The advantage of such control is that it allows the user to prescribe the convergence
times a priori and irrespective of initial conditions. In this direction, [1] provides a time-varying
approach for the fixed-time regulation in the presence of non-vanishing uncertainties; [2] demon-
strates the differences between the traditional finite-time control and the prescribed-time con-
trol; [3] studies the prescribed-time distributed control of networked multiple systems; [4] and
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STOCHASTIC PRESCRIBED-TIME CONTROL WITH REDUCED CONTROL EFFORT 1783

[5] design prescribed-time observers and prescribed-time output feedback controllers for linear
systems in controllable canonical form, respectively. [6] and [7] investigate the prescribed-time
stabilization problems for uncertain nonlinear strict-feedback-like systems; [8] and [9] solve the
prescribed-time control problems for reaction-diffusion equations and Schrédinger equations,
respectively; [10] constructs boundary observers for coupled diffusion-reaction systems with
prescribed convergence rate. It should be noted that, all the results mentioned above only
focus on deterministic systems, and they don’t consider stochastic noise in the systems. How-
ever, stochastic models play an important role in elucidating many areas of the natural and
engineering sciences.

The pioneer works in stochastic nonlinear design are weighted quadratic Lyapunov functions
based design and quartic Lyapunov functions based design!'® 13!, These design methods
are further developed in [14-21]. Recently, stochastic nonlinear finite-time control becomes a
hot research topic. Specifically, [22-24] establish Lyapunov theorems on finite-time stability
of stochastic nonlinear systems; [25-27] study finite-time stabilization problems for stochastic
nonlinear systems with different structures. However, the results in [22-27] has a common
drawback: Their settling times are stochastic, unknown and depends on initial conditions,
which makes them difficult to use in many real applications.

Motivated by the above observations, we study the prescribed-time state-feedback design for
stochastic nonlinear strict-feedback systems in this paper. To our knowledge, there is only one
published results on this topic. Specifically, [28] is the first results to solve the prescribed-time
mean-square stabilization and inverse optimality control problems for stochastic strict-feedback
nonlinear systems by developing a non-scaling backstepping design scheme. In this paper,
by using new scaled quartic Lyapunov functions, we will propose a different design to solve
the prescribed-time mean-square stabilization and the prescribed-time inverse optimal control
problems. The contributions of this paper are at least two-fold:

1) We propose a new prescribed-time state-feedback design for stochastic nonlinear sys-
tems. Different from scaling-free quartic Lyapunov functions!?®! and scaled quadratic Lyapunov

(291 we adopt novel scaled quartic Lyapunov functions. The merit of such Lyapunov

functions
functions is that it not only can effectively deal with the diffusion terms, but also has the ability
to dominate high-order scaling terms to keep the orders of the scaling function in the virtual
controllers and the actual controller as one. In this way, the designed controller has relatively
smaller effort when compared with scaling-free quartic Lyapunov functions casel?!.

2) We present a new prescribed-time inverse optimal control design in this paper. Compared
with the results in [28], the designed inverse optimal controller has relatively simpler structure
and smaller effort.

3) Compared with the results on stochastic finite-time control®>=27 our stochastic
prescribed-time design has a superior feature that it allows the user to prescribe the con-
vergence times a priori and irrespective of initial conditions, which is more practical than those
in [22-27] where their settling times are stochastic, unknown and depends on initial conditions.

The remainder of the paper is organized as follows. Section 2 is on preliminaries. Section 3

is the prescribed-time control of stochastic nonlinear systems. Section 4 gives two examples to
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1784 LI WUQUAN - KRSTIC MIROSLAV

illustrate the theoretical results. Section 5 includes concluding remarks.

2 Preliminaries

In this paper, Rt and R", denote the set of nonnegative real numbers and the real n-
dimensional space, respectively. For a given vector or matrix X, XT denotes its transpose,
Tr{X} denotes its trace when X is square, and |X| is the Euclidean norm of a vector X.

1

3
Defining |A| = (Z?_l Z;”_lafj) for a matrix A,x.,. Let CY2(RT x R™; RT) denote all

nonnegative functions V(¢,z) on Rt x R"™ which are C! in t and C? in x.

We introduce the following scaling function:

u(t) = (H%) L Vteltoto+T), 1)

where m > 2 is a integer and T > 0 is the freely prescribed time.

Obviously, p(t) is a monotonically increasing function on [tg,tg + T) with u(tp) = 1 and
limyg g7 p(t) = +o0.

Consider the following stochastic nonlinear system

dx = f(t,x)dt + gT(t,z)dw, ¥ z¢€ R", (2)

where o € R"™ is the system state. The functions f: Rt x R* — R" and g : Rt x R — R™*"
are continuous of their arguments and are locally Lipschitz in . w is an m-dimensional indepen-
dent standard Wiener process defined on the complete filtered probability space (2, F, F;, P)
with a filtration F; satisfying the usual conditions (i.e., it is increasing and right continuous
while Fy contains all P-null sets).

The following definition and lemmas will be used in the controller design and stability
analysis.

Definition 1 (see [28]) For the stochastic system (1) with f(¢,0) = 0 and ¢(¢,0) = 0, the
equilibrium z(t) = 0 is prescribed-time mean-square stable if there exist positive constants k;
(1 <i<4) such that

Ela(®)? < kala(to)l?(1+ ui2 (1)e 5" O, v t € [to, 19 +T). 3)

Lemma 1 (see [28]) Consider the system (1). If there exist a nonnegative function U(t, x) €
CY2([to,to + T) x R™; RY), and positive constants co and My such that

lim inf U(t,x) =400, VTy € (to,to+1T), (4)
|z| =400 te[to, ]
ou  oU 0%U
LU 2) = S+ 5 S ) + 5 g™ () S ()}
< —couU +puMy, Y it€lto,to+T), (5)

then the following conclusions hold:

1) System (1) has an almost surely unique strong solution on [to,to + T') for any xo € R™.
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2) The function U(t,z) satisfies

—co [} s)ds M
BU(t,2(t) < e~ w MOS0 (10 20) + C—O Vi€ [to,to+T). (6)
0

Lemma 2 (see [30]) Let x,y be real variables, then for any positive real numbers a, m and
n, we have

iy <Uaf s () R (7)

where b > 0 is any real number.

3 Prescribed-Time Control of Stochastic Nonlinear Systems
3.1 Problem Formulation

Without loss of generality, we consider the prescribed-time control for a class of third-order
stochastic nonlinear systems in this paper. In fact, the results for third-order systems can be
easily generalized to systems with arbitrary order by induction.

Consider a class of stochastic nonlinear systems described by

dry = (2 + @1 (t,x))dt + Y1 (¢, z)dw, (8)
dry = (x5 + @a(t, x))dt + ¥ (t, z)dw, (9)
drs = (u+ p3(t,z))dt + 3(t, x)dw, (10)

where z = (z1, z2, xg)T € R? and u € R are the system state and control input. The functions
©; : RY x R® - R and 1; : R x R — RY™ are piecewise continuous in ¢, locally bounded
and locally Lipschitz continuous in « uniformly in t € RT, ;(£,0) = 0, 1;(t,0) =0, i = 1,2, 3.
w is an m-dimensional independent standard Wiener process defined on the complete filtered
probability space (£2,F,F;, P) with a filtration F; satisfying the usual conditions (i.e., it is
increasing and right continuous while Fy contains all P-null sets).

For the system (8)—(10), we need the following assumption.

Assumption 1 For i = 1,2, 3, there exist positive constants ¢;; and ¢;2 such that

lpi(t, )] < cal|za] + |2l + -+ |2i]), (11)
[Vi(t, 2)| < cia(lz1] + [@2] + -+ + |24]). (12)

The objective of this paper is, with Assumption 1, to design a prescribed-time state-feedback
controller for the system (8)—(10), such that the closed-loop system has an almost surely unique
solution on [tg,to + T), and the equilibrium at the origin of the plant is prescribed-time mean-
square stable. After that, we redesign the controller to solve the prescribed-time inverse optimal
mean-square stabilization problem.
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1786 LI WUQUAN - KRSTIC MIROSLAV

3.2 Prescribed-Time Controller Design

In this subsection, we design the prescribed-time controller step by step.
Step 1 Define

fl =T,
T
1= 4517
from (1), (8) and (11)—(14) we have

3
LVy = Eay+ 1 + §§f|¢1|2

* * 3
< €l —ap) + 0 + €l (e + 5.

Choosing

ar =3+cn+ gc%Q,
Ty = —onpdl,
which substitutes into (15) yields
LV < =3ug) + & (w2 — 2).
Step 2 Define & =z — 25, from (17) we get
§2 = x2 + a1 pué.
It follows from (1), (8)—(9) and (19) that

m
déy = (aj3 + 9 + T,ul_‘_l/malfl + po (o + 801))dt + (2 + paryr)dw.

Choose the new scaled Lyapunov function
L
V2 - Vl + mfg
By (18) and (21) we get
LV, < —3ucs 3 i:} M _4ti/med iz 2
2 < —3p&y + &8+ M4§2333 TH &+ 2M4§2|¢2 + pag i
1 m
+Ef§’ <<P2 + Tﬂlﬂ/malfl + pa (w2 + @1)>~
By Lemma 2 we obtain
1 3

£ < §Mff + Ff;

From (11) and (19) we have

M 141/m

2 + TH a1&y + pon (2 + 91)
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1+1/m

m
< ean(|z1] + |w2]) + TH a1é1 + pai (Je2] + ernfr|)

< <C11MC¥1 +co1 + T'u1+1/ma1) |€1] + (ca1 + pan)|&e — pai &y |
= <C11,ua1 +co1 + T,ulﬂ/mm + ca1ppy + a1> |€1] + (c21 + povr)| 2|

m
< (Cnoq +co1 + a1 + e + a%),u2|§1| + (eo1 + a1)pl&a]-

T

By (24) and Lemma 2 we get

&

m
A <<P2 + Tulﬂ/moélfl + povy (2 + @1))

IN

1 1 m
F(Cm +a1)és + ] <011041 + co1 + TN + coro + 04%) &1 ]]é2)?

IN

1 1 4
§,U51 + FAmfg)

where

3

374\ 7% m 9
Aoy =co1+aq1 +—| = 1101 + c21 + a1 + co101 + Q7
4\ 3 T
From (12), (19) and Lemma 2 we have
3 2
mfﬂl/}z + pron |

3
még(cmﬂxﬂ + |@2]) + cropon |21 ])?

IA

IN

3 2
mfg ((622 + cropon + coopon )& ] + 022|€2|>

3
< Ef% <(C22 + ci20q + 02201)2M2|51|2 + C§2|f2|2)
3
= E(sz + 1201 + C2201)7E165 + 02252
1 27
< 3M51 M —=(c22 + 1201 + 022a1) &+ 02252
<

4 4
§M51 + FA22£27
where

7 4
1(022 + ci20q + c2209)".
Substituting (23), (25) and (27) into (22) yields

AQQ = 3032 +

1
LVa < —2u8i + 56 (a5 —a3) + 4£2a:3 + M—(3+ Aot + M)

(26)

(27)

(28)

(29)
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If we choose

as =5+ Agi + Ao, (30)
x3 = —agués, (31)
then we have
4 L 1 5 *
LVy < =2p&7 — 2;52 + Eﬁz (z3 — x3). (32)

Step 3 Let & = 3 — 3, by (31) we obtain
§3 = 3 + azuéo. (33)

From (1), (10), (20), and (33) we have

m m
dgs = (u + 3+ Tulﬂ/mo&& + pog (333 + 2+ Tﬂlﬂ/malfl + po (w2 + 801)>>dt

(43 + pagths + PP agyr)dw. (34)

We choose the new scaled Lyapunov function
L

It follows (32) and (34)—(35) that

1 1 2 1 m
LVe < —ued — 90— ¢h o —¢Be, 2 8 H/med |~ 3 e 141/m
3 < =248 ugfz + u452£3 T &+ Mgfs ut s+ 282

m
+po (xs + 92+ TﬂHl/mal& + pay (w2 + @1)) )

2
Vs + praoths + pParant

3 o
+ﬁ£3

By Lemma 2 we get

3

1 1
i S R (37)

By (11), (19), and (33) we obtain

3 + pog (13 4 92 + pon (T2 4+ 1))
< a1 (|| + [wa] + |23|) + poz (|s] + co1 (lz1| + [@2]) + poa|we| + cripon |z ])
< (031 + capay + 611M201a2) 21| + (031 + ca1ppag + M201a2) |z2| + (31 + paz) |w3]
< (ea1 + o + crianan) f 6| + (ea1 + caron + aran) p?lés — ponéy|
+ (e31 + a2) plés — pasds|
< (31 + co102 + crionon + czron + coraras + ofas) (P&
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=+ (031 + o102 + g - c312 +- 04%) 12 ] + (c31 + ) plés). (38)
From (38) and Lemma 2 we have
1
u—fg’ [803 + TM1+1/m042§2 + pa <x3 + @2+ Tﬂlﬂ/mal& + po (w2 + @1))}
1
< u_f 5(Az11%161] + Agop®|Ea| + Asaplés|)
= i Azi|&1]lgs]* + %|§2||§3|3 + —7A33§§7 (39)
e 1 7
where
m
Az = c31 + c2102 + crioqaz + cz1o1 + caraian + afag + T a2, (40)
m
Ao = c31 + c2102 + g + c31a2 + a3 + T 02 (41)
A33 = c31 + Qa. (42)
By Lemma 2 we get
1
1 1 3/4\ 3 1 4
—A 3 < Z 4 e — (A 3 4
Al _3u€1+4 (3) o @t (13)
1
Agg 3 4 e 1 4
“2laleP < m6+ 5 (5) Gt (44)

Substituting (43) and (44) into (39) yields
%Ml+l/malfl + pay (w2 + @1))]
34\ 73 IENEAR N
< puel + o5l + <A33 +2(3) @wi+i(3) <A32>3> g @)

It follows from (12), (19), and (33) that

853 [803 + T u1+1/m042€2 + po <$3 + o2 +

Wl

2
2
Y3 + pooips + p ooy

2
<

csa(|1] + |w2] + |@3]) 4+ poacoa (1] + |22]) + ponascrs|z|

2
< ((632 + a0 + craa )’z | 4 (c32 + conan) 22| + C32|9C3|)

< 3(cs2 + cooaa + c12a102)? utEE + 3(ca2 + cann)?p® (€2 — par&n)? + 3¢3, (&3 — pans)?

= Asap* &G + Ass &5 + 63,63, (46)
where

A34 = 3(632 + Cogxg + 612041042)2 + 6(632 + 622042)205%, (47)

Ass = 6(c32 + canarn)? + 6cip0a. (48)
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From (46) we get

%ghﬁ:& + pogpy + pParagis |* < 3Ai4 £+ 3A365 363 + Mg —5 G305 (49)

By Lemma 2 we obtain
At < guel + s akiel (50)
bt < 26l + s ahel 61)

From (49)—(51) we have
3
2—M8§§|1/)3 + pooths + progast |
1 1 27 27
< §M§il + ﬁfg + (9032 + EA?’A T 35) —&5. (52)

Substituting (37), (45), and (52) into (36) yields

Wl

- 1
o < gt - e+ et (3+au+ 3(5) et 3(3) ow!
+9¢5, + f—ZA& + f; 35) 753 (53)
From (13), (19), and (33) we have
& = aop(arpuxy + x2) + T3, (54)

If we choose

@l
ol

Wl

374\ 374\ 4 27
043:4+A33+Z<§) (Agl) Z<§> (A32)3+9C§2+EA —|— A35, (55)

u = —asp(aap(aypx; + x2) + x3), (56)

then from (53), (54), and (55-(56) we get

LV: < —p€h - —6d — b, (57)
I I

Remark 1 In the prescribed-time controller design, how to deal with p-scaled nonlinear
terms in the differential operator LV, and L£V3 is a difficult problem. To solve this problem, the
construction of a suitable Lyapunov function is of vital importance. In this paper, we adopt

the new scaled quartic Lyapunov function
1, 1, 1,
Vs = 151 + mfz + mf& (58)

The novelty of V3 is that a scaling function p with suitably constructed orders is weighted on
quartic terms, which is completely different from the scaling-free quartic Lyapunov functions

in [28] and scaled quadratic Lyapunov functions in [29].
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From the inequalities (25), (27), (37), (39), (43), (44), and (49)—(51), we observe that the
scaled quartic Lyapunov function V3 is effective to deal with p-scaled nonlinear terms. On the
one hand, when using It¢’s formula, many high-order u-terms will be produced. The scaled
terms ;%4 and % in V3 can effectively dominate these high-order p-terms to keep the order of p
in x5, x4 and u as one (see (17), (31), (56)). In this case, the designed controller not only can
ensure the prescribed-time convergence, but also has relatively smaller effort when compared
with scaling-free Lyapunov functions casel?8l. On the other hand, unlike [29] where the observer
error systems can help to deal with the diffusion term ; (i = 1,2,3), the Hessian term in Ito’s
formula makes the scaled quadratic Lyapunov functions in [29] invalid here since we don’t need
to design observers in this paper. The quartic terms 7, £ and &5 play important role in dealing
with the diffusion term +; (i = 1,2, 3).

Remark 2 From (58), it is not intuitive to understand the physical meaning of V3 since it
is scaled by u. Next, we give an alternative interpretation of V3.

We construct new states by dividing j in & and p? in &3. Specifically, we define

Cl = 51 =T, (59)
1 1

G2 = =& =a171 + —72, (60)
u [
1 1 1

(3 = & = ar10or1 + —a2x2 + — 73, (61)
u u [

then (58) can be rewritten as

V= g+ ad) (62)

Obviously, V3 in (62) is no longer a scaled Lyapunov function, and it is a time-invariant norm.
In other words, V3 is an energy function of the new state ¢ = ({1, 2, (3)T. From this perspective,

the physical significance of V3 is more clear.

3.3 Stability Analysis

In the following theorem, we state the main stability results on the system (8)—(10).

Theorem 1 Consider the plant consisting of (8)—(10) and (56). If Assumption 1 holds,
then the following conclusions hold:

1) The plant has an almost surely unique strong solution on [ty,to + T);

2) The equilibrium at the origin of the plant is prescribed-time mean-square stable with
limy 4,17 E|z|? = limy_ 4,17 Eu® = 0. Moreover, for ¥ t € [to,to+T), the following estimates
hold:

E|Z‘|2 < \/g(xil(to) + (afg(to) + Oélafl(to))4 + (afg(to) + Oég.lig(to) + a1axq (to))4)1/2

_ m 1 _ 1
B+ pPad + pfad)e T (G Tm—l), Vitelto,to+T), (63)
Eu? < V3a3(x(to) + (22(to) + arz1(to))* + (3(te) + azza(to) + araswy(te))*) /2

__2 m 1 _ 1
- ube = (<to+T—t>m—1 Tm—l), Viteltoto+T). (64)
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Proof From (13), (19), and (33) we have

1 0 0
z=| —aqp 1 0§
0 —oaop 1

where 5 - (51752753)T'
From (65) we get

2] < \/3+ u20? + p2ale],
which is equivalent to

1
V3 +p2ad + a3

1€ >

|-

From (58) and (67), the condition (4) in Lemma 1 holds.
In addition, from (57) and (58) we get

LVs < —4uVs,

which shows that the condition (5) in Lemma 1 is satisfied.

Noting that the plant satisfies the locally Lipschitz condition, from Lemma 1 we obtain that

conclusion 1) holds and
EVs < e ot yq0) e fto to + T).
By (58) and Schwarz’s Inequality we get
El¢|* < (Elgl)Y?
= (B + & +6)%)
< VB(E( +& +6))
< 2VBu (EVA)'2, Yt € [to,to+T).

1/2

1/2

From (66) and (70) we have

Bz < 3+ p*af + p?03) ElE[?

< 2V3u*(3 + pa? + u2a§)(EV3)1/27 Vitelto,to+T).

By (56), (58), and (70) we obtain
Bu® = a3 B¢
< s Bl
< 2V3a2u (EV3)'2, Vi€ ftoto+1T).
@ Springer
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By (1) and (58), (69) can be rewritten as

EVy < %(xf(to) + (z2(to) + a1z1(to))* + (v3(t0) + aaza(to) + araowi(t))*)

__4 m 1 _ 1
o T (G ) v o, to + 1), (73)
Substituting (73) into (71) and (72) respectively, we get (63) and (64), which show that

lim Elz|*= lim Eu®=0. (74)
t—to+T t—to+T

Thus, the theorem is proved. |
Remark 3 From (59)-(61) we have

1 0 0
r=| —aqp  —p 0 |G (75)
0 —agp? p?
which shows that
|z| < \/1+M2(1+a%)+u4(1+a§)lél- (76)

With (62) and (76), by repeating the proof process of Theorem 1, we get the same estimate for
the controller as that in (64) and the estimate for the state as

E|x|?
< \/g(xil(to) + (w2(to) + arzy(to))* + (z3(to) + aaza(to) + a1a2x1(to))4)1/2

_ 2 mm 1 _ 1
(I + 24 a2) + (1 4+ a3))e = (<'50+T*‘V"’1 Tt ), Vitelto,to+T), (77)

which is slightly different from the estimate in (63).
Noting

L+ (14 af) + pt (1 + a3) < p* (3 + pPaf + p2a3), (78)

we conclude that the estimate in (77) is less conservative than the estimate in (63), which shows
the advantage of coordinate transformations (59)—(61).

Remark 4 We now analyze how the parameter m influences the estimations in (63)
and (64). Let

2™ 1 1
f(m):_m—1<(to+T—t)m—1 _Tm—1>' (79)

We have

df  2Ta™ '((m —1)lna—1) + 2T
dm ~ (m —1)2 ’ (80)
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1794 LI WUQUAN - KRSTIC MIROSLAV

where

T

“ to+T —t (81)

Noting a > 1 holds for V ¢ € [to,to + T'), it can be inferred from (80) that when m is sufficient
large to make a™ 1((m —1)Ina — 1) + 1 > 0, f(m) is a decreasing function of m. Thus, from
(55), (56), (63), and (64) we get the following conclusions: When m is sufficient large, larger m
makes F|z|? and Eu? decay faster, but requires larger control effort.

Next, we study the prescribed-time inverse optimal mean-square stabilization problem for
system (8)—(10). We first rewrite (8)—(10) as

T2 + 1 0 (2
dr = | a3+ @ | dt+ | 0| udt + | 9y | dw
®3 1 U3
= O(t,x)dt + Grudt + ¥(t,x)dw. (82)

We then give the main results in the following theorem.
Theorem 2 Consider the plant consisting of (8)—(10). If Assumption 1 holds, then the

controller
N 2
ut = —gPasploop(arpzs +wo) +a3), 22, Vi€ o to+T) (83)
solves the prescribed-time inverse optimal mean-square stabilization problem for the system (8)—
(10) by minimizing the cost functional

J(u) = limsupE{QﬁVg(Tr,x(Tr)) + /TT (l(t,a:(t)) + m%glu(t)u‘*(t))dt} (84)

r—00 to

where 7, = (to + T) Ninf{t : t > to, |z(t)] > r} and

oV oV 1 0%V 1
I(t,z) = —2[%(8—;’ + 8_3:3@ + 5Tr{ ot 8a:23 W}) + ﬁﬁQaggg
> 20u Ja? (85)

- 31421+ af) + pt(1 +a3))

is positive definite and radially unbounded but not necessarily decrescent.
Proof Noting 8 > 2, from (54), (56), (62), (68), (76), and (85) we have

I(t,z) > 86uVs
- 28u

> ! —lal*. (6)
B(1+ 21+ a2) + (1 +a3))

Since 225 L — is a positive scaling function and |z|* is a positive definite function
3(1+M2(1+a1)+u4(1+a2))

of x, I(t,x) is well defined. Thus, J(u) is a meaningful cost functional.
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We first prove (83) is a stabilizing controller for the system (82). From (82)—(83), noting
B > 2, we have

23 oV Vs 1 02V
£V3|(82) = _3—M70[3€§ + E + a—x¢ + §TI' yv/T 02 v
1 oV 0V 1 0%V
<——ogli4+ 2+ =0+ -Tr T 1
- ,u7a3€3 * ot * Oz T3 r{ Ox?
< —4uVs. (87)

It can be inferred from (87) and Theorem 1 that the controller (83) can make the system (82)
achieve prescribed-time mean-square stable.

Next, by following a similar proof as Equations (100)—(104) in [28], the optimality can be
proved, which is omitted here.

Thus, the theorem is proved. |

Remark 5 The design and stability results for the third-order system (8)—(10) developed

in this paper can be easily generalized to the following systems with arbitrary order:

dr; = (z2 + pi(t,x))dt + ;i (t, z)dw, 1<i<n-—1, (88)
dx, = (u+ on(t, z))dt + ¥ (t, z)dw. (89)
Specifically, we can design the virtual controllers x5, z3, - - ,z} as
x5y = —a ki, &1 =, (90)
ry = —aopéa, & = 19 — 15, (91)
Ty = —ap_1p€k-1, k-1 = Tp-1 — Tp_q, (92)

and the controller as

U= —anppén, (93)

where aq, ae, -+, a, are positive constants.

In the design and stability analysis, we choose the Lyapunov function as

_ 1 4 - 1 4
V= 151 + ; mfw (94)
then we have
"1
LV < —pgt =) u4i_5£;* < —dpV. (95)
=2

For the system (88)—(89), from (95) we can get similar stability results as those in Theorem 1
and Theorem 2 by following a similar proof.

Remark 6 For the third-order system (8)—(10), the maximum order of the scaling function
of 4 in the controller (56) is dramatically reduced from 19 in [28] to 3 in this paper, which
shows that our controller has relatively smaller effort. In the next section, we use a concrete

second-order example to give detailed comparisons on the control effort (see Remark 7).
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4 Two Simulation Examples

In this section, we give two simulation examples to show the effectiveness of the prescribed-

time design scheme developed in the last section.
Example 1 Consider the following stochastic nonlinear system:

d.l?l = Jigdt,

1
dry = udt + §x2dw.

By following the design procedure developed in Section 3, we get the controller as

u = —50px) — 25pxs, YV te0,1).

(98)

For simulation, we select tg = 0, T = 1, m = 2, and randomly set the initial conditions
as z1(0) = 2, 22(0) = —3. Figure 1 gives the response of the controller and states of the
closed-loop system (96)—(98), which shows that lim; ., E|z|*> = 0. Thus, the prescribed-time
mean-square stabilization is achieved, which demonstrates the effectiveness of the controller

design developed in Section 3.

05 0.6 0.7 038
Time(Sec)

0.9

0.6 0.7 08

o 0.1 02 03 04

05
Time(Sec)

Figure 1 The response of the closed-loop system (96)—(98)

Remark 7 For the system (96)—(97), if we use the design in [28], we get the controller as

u = —50ptzy — 250320, V€ 0,1).

(99)

By choosing the same parameters and the same initial conditions as those in Example 1, we
give the response of the controller and states of the closed-loop system (96)—-(97) and (99) in
Figure 2, which also shows that the prescribed-time mean-square stabilization is achieved.
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| | | | | | | | |
0 0.1 0.2 0.3 0.4 0.6 0.7 0.8 0.9 1

0.5
Time(Sec)

Control

0 0.1 0.2 0.3 0.4 0.6 0.7 0.8 0.9 1

0.5
Time(Sec)
Figure 2 The response of the closed-loop system (96)—(97) and (99)

We assume that the control in (98) is u; and the control in (99) is ug. It is obvious that
the order of p in wu; is smaller than that in us. From Figure 1 and Figure 2, we can see that
uy € [—40,100] and uy € [—500,1200], which shows that the design in this paper has smaller
control effort than that in [28].

Example 2 Consider the one-link manipulator which contains motor dynamics and stochas-

tic disturbances; see Figure 3.

Figure 3 Model of one-link manipulator
The system is described as3!]

D§+ Bg+ Nsin(q) = 7 + 74, (100)
M7, + Hr. =u— K,q, (101)

where ¢, ¢, § denote the link position, velocity and acceleration, respectively. 7, is the torque
produced by the electrical subsystem, and 74 = ¢1 sin(q)w is the torque stochastic disturbance
with constant ¢; and the stochastic noise w defined in the system (2). w is the control input
used to represent the electromechanical torque. D is the mechanical inertia, B is the coefficient
of viscous friction at the joint, N is a positive constant related to the mass of the load and the
coefficient of gravity, M is the armature inductance, H is the armature resistance, and K,, is
the back electromotive force coefficient.
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Introducing 1 = M Dq,x9 = M D¢, x3 = M., (100)-(101) can be transformed into

dx1 ::x2dt, (102)
_ B : z1 . zy
dry = x3dt — <5x2 + M N sin <m>)dt + ¢1 M sin <m)dw, (103)
K,, H
drs = udt — (M o + Ma:;;)dt. (104)

We choose M = 1,D = 1,N = 0.25,B = 0.25,¢; = 0.025,k,, = 0.25, H = 0.25. It can be
verified that Assumptions 1 is satisfied with ¢11 = ¢o1 = 0, c21 = 0.25, coo = 0.025, c31 = 0.25,
C32 = 0.

By following the design procedure developed in Section 3, we obtain the controller as
u = —31450p3z; — 10480p%x — 262ux3, V¢ €[0,1). (105)

For simulation, we select to = 0, T' = 1, m = 2, and randomly set the initial conditions as
21(0) =1, 22(0) = =3, 23(0) = 0.5. Figure 4 gives the response of the controller and states of
the closed-loop system (102)—-(105), which shows that lim;_,; E|x|?> = 0. Thus, the prescribed-
time mean-square stabilization is achieved, which shows the effectiveness of the controller design
developed in Section 3.

207 T T T T T T

States

_poll | | | | | | | | |
0 0.1 02 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Time(Sec)
4000 |
2000 -
g
g
© 0 [T
T 0
—2000 L | | | | | | | |
0 0.1 0.2 0.3 0.4 .05 0.6 0.7 0.8 0.9 1
Time(Sec)

Figure 4 The response of the closed-loop system (102)—(105)

5 Concluding Remarks

In this paper we have studied the prescribed-time mean-square stabilization and the
prescribed-time inverse optimal control problems for stochastic nonlinear strict-feedback sys-
tems. In contrast to the previous work where scaling-free quartic Lyapunov functions or scaled
quadratic Lyapunov functions are used, our design is based on new scaled quartic Lyapunov
functions. The merit of our design is that the order of the scaling function in the controller is

reduced dramatically, which effectively reduces the control effort.
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For the prescribed-time control of stochastic nonlinear systems, many important issues are

still open and worth investigating. The prescribed-time design developed in this paper doesn’t

consider unknown parameters, so the prescribed-time controls with uncertain parameters is an

interesting topic. In addition, it is interesting to apply the results in this paper to stochas-

tic benchmark systems!®?l or generalize the results in this paper to more general nonlinear

systems[33] , ete.
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