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Stochastic Adaptive Nonlinear Control With
Filterless Least Squares

Wuquan Li , Member, IEEE, and Miroslav Krstic , Fellow, IEEE

Abstract—For stochastic strict-feedback nonlinear sys-
tems with unknown parameters in the drift terms or the dif-
fusion terms, we develop new least-squares identification
schemes without regressor filtering. A key new ingredient
in the proposed estimator design is a weighted term with
design parameters, which is introduced to deal with the
nonlinear terms and stochastic noise. With such an esti-
mator, new adaptive controllers are designed to guarantee
that the equilibrium at the origin of the closed-loop system
is globally stable in probability, and the states are regulated
to zero almost surely. Besides, by suitably selecting the
estimator parameters, we prove that the proposed least-
squares estimators are convergent, as well as strongly con-
sistent in some special cases. Finally, two simulation exam-
ples are given to illustrate the least-squares identification
and the adaptive control design.

Index Terms—Adaptive control, filterless least squares,
stochastic nonlinear systems.

I. INTRODUCTION

R ECENT years have witnessed a growing interest in investi-
gating adaptive control since unknown parameters always

exist in real systems and in observation data [1]–[5]. The solution
to an adaptive control problem requires the identification of
the unknown parameters and the construction of an adaptive
control based on observations of the system. For identification,
least squares is an appealing method [6]–[9] since it can adjust
adaptive rates online so that all parametric estimates converge
with approximately the same speed resulting in performance and
robustness advantages [10].
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The study of stochastic adaptive control has received much
attention in both minimum-phase systems [11]–[15] and non-
minimum phase systems [16], [17]. The first paper using least
squares in stochastic adaptive control seems to be [18], where
control laws are obtained by combining a least-squares pa-
rameter estimator and a minimum variance strategy for single-
input single-output systems perturbed by filtered white noise.
Since then, there has been a great deal of interest in studying
the least-squares-based adaptive control of stochastic systems.
For discrete-time stochastic systems, Kumar and Moore [19]
present a weighted least-squares approach in parameter es-
timation, where the weightings are selected according to a
stability measure and guided by a global convergence theory;
Chen and Guo [20], [21] study the convergence rate of least-
squares identification for autoregressive moving average with
exogenous input (ARMAX) models; Guo and Chen [22] solve
the longstanding open problem on least-squares-based adaptive
tracking control for stochastic minimum phase systems; Guo
[23] provides a fairly complete solution to the longstanding
open problem of adaptive pole-placement control for stochas-
tic nonminimum phase systems. For continuous-time stochas-
tic systems, Zhang and Caines [24] use least-squares-based
switching control strategies to reduce the computational load;
Gao and Pasik-Duncan [25] establish the stability of first-order
linear systems by using the weighted least-squares algorithm
without involving any excitations; Duncan et al. [26] modify the
weighted least-squares algorithm by using a random regulariza-
tion to ensure that the family of estimated models are uniformly
controllable and observable; Tan and Zhang [27] develop a
cost-biased least-squares algorithm to solve the adaptive linear–
quadratic optimal control problem for systems with unknown
parameters and disturbances. It should be emphasized that all
the aforementioned results [18]–[27] on the least-squares-based
adaptive control of stochastic systems are all focused on linear
systems. However, most physical systems have nonlinear terms
of one sort or another [28]. Therefore, it is imperative to study
the least-squares identification and adaptive control of stochastic
nonlinear systems.

Motivated by the above observations, we study the least-
squares identification and adaptive control of stochastic strict-
feedback nonlinear systems with unknown parameters in the
drift terms or in the diffusion terms. The contributions of this
article are fourfold.

1) For least-squares-based adaptive control, we consider two
general system models in addition to those in the exist-
ing results [6]–[9], [18]–[27]. Unlike the deterministic
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systems [6]–[9], the systems studied in this article are
perturbed by stochastic noise. Different from the linear
systems [18]–[27], we consider systems with nonlinear
drift and diffusion terms. In this article, the inherent non-
linearity of the closed-loop systems and the complexity
of the stochastic process involved makes the estimator
design and the stability analysis much more difficult.

2) We propose new least-squares identification schemes in
this article. On the one hand, although our identification
schemes are motivated by [6], the stochastic character of
the studied systems makes the least-squares estimation
scheme in [6] inapplicable in this article. The main reason
is that the estimator in [6] will produce uncontrollable
Hessian terms by using Itô’s formula. To overcome this
difficulty, we propose new least-squares estimators by
introducing weighted terms equipped with design pa-
rameters. By suitably selecting these estimator param-
eters, the controllers can be endowed with the ability to
deal with these Hessian terms. On the other hand, the
least-squares estimators in this article are also essentially
different from that in stochastic continuous-time linear
system [25], [26], where the differential dx of the system
state x is required to be measurable in the parameter
estimation procedure. In this article, the information of
dx is not used in the estimators.

3) We design new adaptive controllers. Specifically, the con-
trollers designed in this article not only can deal with the
Hessian terms produced by the least-squares estimators
and the systems itself to guarantee that the equilibrium
at the origin of the closed-loop system is globally stable
in probability, but also have the ability to make the least-
squares estimators converge (more details are found in
Remarks 2 and 8).

4) In this article, by introducing weighted terms with de-
sign parameters, we guarantee the estimators to have the
property of convergence. This approach is different from
that in [26], which uses a slowly increasing function as
the weighted term in the estimator, and from that in [29],
which uses excitation conditions to ensure convergence.

The remainder of this article is organized as follows. Section II
deals with identification and adaptive control of systems with
unknown parameter in the drift terms. Section III is devoted
to identification and adaptive control of systems with unknown
parameter in the diffusion terms. Section IV gives two examples
to illustrate the theoretical results. Section V concludes this
article.

II. UNKNOWN PARAMETER IN THE DRIFT TERMS

Consider a class of stochastic nonlinear systems described by

dxi = xi+1dt, i = 1, . . . , n− 1 (1)

dxn = (u+ ϕT
1 (x)θ)dt+ ϕT

2 (x)dω (2)

where x = (x1, . . . , xn)
T ∈ Rn and u ∈ R are the system state

and control input. The functionsϕ1 : Rn → Rp andϕ2 : Rn →
Rr are locally Lipschitz continuous in x,ϕ1(0) = 0,ϕ2(0) = 0.

θ ∈ Rp is an unknown parameter. ω is an r-dimensional in-
dependent standard Wiener process defined on the complete
probability space (Ω,F ,Ft, P ) with a filtration Ft satisfying
the usual conditions (i.e., it is increasing and right continuous
while F0 contains all P -null sets).

In this section, for system (1), (2), we first construct a least-
squares estimator, then design an adaptive controller, and finally
analyze the stability of the closed-loop system.

A. Parameter Estimation

Define

h(x1, . . . , xn) =

⎛
⎝xn +

n−1∑
j=1

kjxj

⎞
⎠

2

ϕ1(x1, . . . , xn) (3)

where k1, . . . , kn−1 are parameters to be designed later.
For system (1), (2), we design a parameter estimator as

θ̂ = α+ Γ

∫ xn

0

h(x1, . . . , xn−1, σ)dσ (4)

where α and Γ satisfy

α̇ = −ΓhϕT
1 α− Γ

n−1∑
i=1

xi+1

∫ xn

0

∂h(x1, . . . , xn−1, σ)

∂xi
dσ

− 1

2
Γ
∂h

∂xn
|ϕ2|2 − Γhu (5)

Γ̇ = −
⎛
⎝xn +

n−1∑
j=1

kjxj

⎞
⎠

2

Γϕ1ϕ
T
1 Γ,Γ(0) = ΓT (0) > 0.

(6)

From (4) and (5), we have

α̇ = ΓhϕT
1 Γ

∫ xn

0

h(x1, . . . , xn−1, σ)dσ

− Γ

n−1∑
i=1

xi+1

∫ xn

0

∂h(x1, . . . , xn−1, σ)

∂xi
dσ

− 1

2
Γ
∂h

∂xn
|ϕ2|2 − Γh(u+ ϕT

1 θ̂). (7)

From (4) and (6), we obtain

dθ̂ = ΓhϕT
1 (θ − θ̂)dt+ ΓhϕT

2 dw. (8)

Denote θ̃ = θ − θ̂; from (8), we have

dθ̃ = − ΓhϕT
1 θ̃dt− ΓhϕT

2 dw. (9)

From (6), we have

dΓ−1(t)

dt
=

⎛
⎝xn +

n−1∑
j=1

kjxj

⎞
⎠

2

ϕ1ϕ
T
1 ,Γ

−1(0) > 0 (10)

which means that Γ−1(t) is a positive-definite matrix and
Γ−1(t) ≥ Γ−1(0).

Defining Vθ̃ = θ̃TΓ−1θ̃, from (3), (6), (9), and (10), we get

LVθ̃ = − 2

⎛
⎝xn +

n−1∑
j=1

kjxj

⎞
⎠

2

θ̃Tϕ1ϕ
T
1 θ̃ + θ̃T ˙(Γ−1)θ̃
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+

⎛
⎝xn +

n−1∑
j=1

kjxj

⎞
⎠

4

Tr{ϕ2ϕ
T
1 Γϕ1ϕ

T
2 }

= −
⎛
⎝xn +

n−1∑
j=1

kjxj

⎞
⎠

2

θ̃Tϕ1ϕ
T
1 θ̃

+

⎛
⎝xn +

n−1∑
j=1

kjxj

⎞
⎠

4

Tr{ϕ2ϕ
T
1 Γϕ1ϕ

T
2 }

≤ −
⎛
⎝xn +

n−1∑
j=1

kjxj

⎞
⎠

2

θ̃Tϕ1ϕ
T
1 θ̃

+

⎛
⎝xn +

n−1∑
j=1

kjxj

⎞
⎠

4

Tr{ϕ2ϕ
T
1 Γ(0)ϕ1ϕ

T
2 }. (11)

Remark 1: A novel least-squares estimator is proposed in (3)–
(6), in which the time derivatives from the parametric model
are absorbed into the parameter estimator, and thus, the need
for filtering is removed. Although this kind of estimator design
is motivated by [6] for deterministic systems, the estimator in
(3)–(6) is substantially different from that in [6]. In fact, the
estimator in [6] is inapplicable for stochastic system (1), (2).
Specifically, when the term (xn +

∑n−1
j=1 kjxj)

2 is replaced by

1 in h(x1, . . . , xn) [see (3)–(5)] and in Γ̇ [see (6)], the estimator
in this article immediately reduces to the parameter estimator
used in [6]. In this case, (11) becomes

LVθ̃ ≤ − θ̃Tϕ1ϕ
T
1 θ̃ +Tr{ϕ2ϕ

T
1 Γ(0)ϕ1ϕ

T
2 }. (12)

The Hessian term Tr{ϕ2ϕ
T
1 Γ(0)ϕ1ϕ

T
2 } in (12) can neither

be damped by the negative term −θ̃Tϕ1ϕ
T
1 θ̃ nor be dealt with

by the controller due to the lack of weighted functions. To
solve this difficult problem, we first construct a new function
h(x1, . . . , xn) with (xn +

∑n−1
j=1 kjxj)

2 in (3) and then in-

troduce h(x1, . . . , xn) into the parameter estimator θ̂ in (4)
and α-system in (5). After that, we suitably choose these es-
timator parameters k1, . . . , kn−1 by using the controller gains
α1, . . . , αn−1 designed in the next subsection. In this way, the
function h(x1, . . . , xn) can produce a “magic control factor”
(xn +

∑n−1
j=1 kjxj)

4 in the Hessian term [see (11) for details]
so that the controller can be endowed with the ability to deal
with these Hessian term produced in LVθ̃. Further details about
the effect of the function h(x1, . . . , xn) can be found in the
next two subsections. Another new feature of the estimator
(3)–(6) is that the term (xn +

∑n−1
j=1 kjxj)

2 is introduced in the

Γ̇-system (6) to make the positive term θ̃T ˙(Γ−1)θ̃ dominated by
−2(xn +

∑n−1
j=1 kjxj)

2θ̃Tϕ1ϕ
T
1 θ̃ [see (11) for details].

B. Adaptive Control Design

In this subsection, we design an adaptive controller for system
(1), (2) step by step.

Step 1: Define V1 = 1
4ξ

4
1 , ξ1 = x1; then, we have

LV1 = ξ31(x2 − x∗2) + ξ31x
∗
2. (13)

Choose

x∗2 = −c1ξ1 � −ξ1α1 (14)

which substituting into (13) yields

LV1 = −c1ξ41 + ξ31(x2 − x∗2) (15)

where c1 > 0 is a design parameter and α1 = c1.
Deductive step: Assume that at step k, there are a proper

and positive-definite Lyapunov function Vk(ξ̄k) and a set of
virtual controllers x∗s+1 = −ξsαs, ξs = xs − x∗s, s = 2, . . . , k,
such that

LVk ≤ −
k∑

i=1

(ci − aik)ξ
4
i + ξ3k(xk+1 − x∗k+1) (16)

where ak,k = 0, αs and as−1,k are positive constants, and s =
2, . . . , k.

Let ξk+1 = xk+1 − x∗k+1. Noting that ξk+1 = xk+1 +∑k
s=1 αk · · ·αsxs, we have

dξk+1 =

(
xk+2 +

k∑
s=1

αk · · ·αsxs+1

)
dt. (17)

At stepk + 1, choosingVk+1 = Vk + 1
4ξ

4
k+1 and notingxs+1 =

ξs+1 − ξsαs, s = 1, . . . , k, from (16) and (17), we obtain

LVk+1 ≤ −
k∑

i=1

(ci − aik)ξ
4
i + ξ3kξk+1 + ξ3k+1xk+2

+ ξ3k+1

k∑
s=1

αk · · ·αs(ξs+1 − ξsαs). (18)

By Young’s inequality (see [1, eq. (2.253)]), we get

ξ3kξk+1 ≤ ak,k+1,1ξ
4
k +

27

256
a−3
k,k+1,1ξ

4
k+1 (19)

k∑
s=1

αk · · ·αsξs+1ξ
3
k+1 ≤

k−1∑
s=1

as+1,k+1,2ξ
4
s+1

+

(
αk +

k−1∑
s=1

3

4
(4as+1,k+1,2)

− 1
3 (αk · · ·αs)

4
3

)
ξ4k+1 (20)

−
k∑

s=1

αk · · ·αs+1α
2
sξsξ

3
k+1 ≤

k∑
s=1

as,k+1,3ξ
4
s

+

k∑
s=1

3

4
(4as,k+1,3)

− 1
3 (αk · · ·αs+1α

2
s)

4
3 ξ4k+1 (21)

where ak,k+1,1, a2,k+1,2, . . . , ak+1,k+1,2, a1,k+1,3, . . . ,
ak,k+1,3, are arbitrary positive constants.

Denoting

a1,k+1 = a1k + a1,k+1,3 (22)

ai,k+1 = aik + ai,k+1,2 + ai,k+1,3, i = 2, . . . , k − 1 (23)

ak,k+1 = akk + ak,k+1,1 + ak,k+1,2 + ak,k+1,3 (24)

and substituting (19)–(24) into (18) yields

LVk+1 ≤ −
k∑

i=1

(ci − ai,k+1)ξ
4
i + ξ3k+1(xk+2 − x∗k+2)
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+ ξ3k+1x
∗
k+2 +

(
αk +

27

256
a−3
k,k+1,1

+

k−1∑
s=1

3

4
(4as+1,k+1,2)

− 1
3 (αk · · ·αs)

4
3

+

k∑
s=1

3

4
(4as,k+1,3)

− 1
3 (αk · · ·αs+1α

2
s)

4
3

)
ξ4k+1.

(25)

Choosing the virtual controller

x∗k+2 = − ξk+1

(
ck+1 + αk +

27

256
a−3
k,k+1,1

+

k−1∑
s=1

3

4
(4as+1,k+1,2)

− 1
3 (αk · · ·αs)

4
3

+

k∑
s=1

3

4
(4as,k+1,3)

− 1
3 (αk · · ·αs+1α

2
s)

4
3

)

� − ξk+1αk+1 (26)

(25) can be rewritten as

LVk+1 ≤ −
k+1∑
i=1

(ci − ai,k+1)ξ
4
i + ξ3k+1(xk+2 − x∗k+2) (27)

where ck+1 > 0 is a design parameter and ak+1,k+1 = 0.
Step n: Defining ξn = xn + ξn−1αn−1, by (1), (2), and (17),

we have

dξn =

(
u+ ϕT

1 (x)θ +

n−1∑
i=1

αn−1 · · ·αixi+1

)
dt

+ ϕT
2 (x)dω. (28)

Choosing Vn = 1
4

∑n
i=1 ξ

4
i , from (28), we obtain

LVn ≤ −
n−1∑
i=1

(ci − ai,n−1)ξ
4
i + ξ3n−1ξn

+ ξ3n

(
u+ ϕT

1 (x)θ +

n−1∑
i=1

αn−1 · · ·αixi+1

)

+
3

2
ξ2n|ϕ2|2 (29)

where |ϕ2| denotes the Euclidean norm of the vector ϕ2.
By Young’s inequality, we have

ξ3n−1ξn ≤ an−1,n,1ξ
4
n−1 +

1

4

(
4

3
an−1,n,1

)−3

ξ4n (30)

where an−1,n,1 is any positive constant.
Since ϕ2(0) = 0, ϕ2(x) can be written as ϕ2 = xTϕ20(x);

then, we get
3

2
ξ2n|ϕ2|2

≤ 3

2
ξ2n(x

2
1 + · · ·+ x2n)|ϕ20|2

≤ 3ξ2n(ξ
2
1 + ξ22 + ξ21α

2
1 + · · ·+ ξ2n + ξ2n−1α

2
n−1)|ϕ20|2

≤ ξ2n(ξ
2
1 + ξ22 + · · ·+ ξ2n)ϕ21

≤
n−1∑
i=1

ai,n,2ξ
4
i +

( n−1∑
i=1

1

4ai,n,2
ϕ2
21 + ϕ21

)
ξ4n (31)

where ai,n,2 is any positive constant andϕ21(x) is a nonnegative
function.

Substituting (30) and (31) into (29), we get

LVn ≤ −
n−1∑
i=1

(ci − ai,n)ξ
4
i

+ ξ3n

(
u+ ϕT

1 (x)θ +

n−1∑
i=1

αn−1 · · ·αixi+1

)

+

[
ϕ21 +

1

4

(
4

3
an−1,n,1

)−3

+

n−1∑
i=1

1

4ai,n,2
ϕ2
21

]
ξ4n

(32)

where

ai,n = ai,n−1 + ai,n,2, i = 1, . . . , n− 2 (33)

an−1,n = an−1,n−1 + an−1,n,1 + an−1,n,2. (34)

Choosing the actual controller as

u = − ξn

(
2 + ϕ21 +

1

4

(
4

3
an−1,n,1

)−3

+

n−1∑
i=1

1

4ai,n,2
ϕ2
21 + 2Tr{ϕ2ϕ

T
1 Γ(0)ϕ1ϕ

T
2 }
)

− ϕT
1 θ̂ −

n−1∑
i=1

αn−1 · · ·αixi+1 (35)

and substituting (35) into (32) yields

LVn ≤ −
n−1∑
i=1

(ci − ai,n)ξ
4
i − 2ξ4n + ξ3nϕ

T
1 θ̃

− 2ξ4nTr{ϕ2ϕ
T
1 Γ(0)ϕ1ϕ

T
2 }. (36)

C. Stability Analysis

The first theorem below gives the stability results of the plant
(1)–(6).

Theorem 1: Consider the closed-loop system consisting of
the plant (1)–(6) and the controller (35). If the parameters ki in
(3) and ci in (26) are selected as

ki =
n−i∏
j=1

αn−j , i = 1, . . . , n− 1 (37)

ci = ai,n + 1, i = 1, . . . , n− 1 (38)

then the following conclusions hold.
1) The closed-loop system has an almost surely unique solu-

tion on [0,+∞).
2) The equilibrium x = 0, θ̃ = 0 is globally stable in proba-

bility.
3) limt→+∞ x(t) = 0 a.s.
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Proof: From the controller design process developed in the
last subsection, we have

ξn = xn +

n−1∑
i=1

xi

⎛
⎝n−i∏

j=1

αn−j

⎞
⎠ . (39)

By (37) and (39), (11) can be rewritten as

LVθ̃ ≤ − ξ2nθ̃
Tϕ1ϕ

T
1 θ̃ + ξ4nTr{ϕ2ϕ

T
1 Γ(0)ϕ1ϕ

T
2 }. (40)

Substituting (38) into (36), we have

LVn ≤ −
n∑

i=1

ξ4i − ξ4n + ξ3nϕ
T
1 θ̃

− 2ξ4nTr{ϕ2ϕ
T
1 Γ(0)ϕ1ϕ

T
2 }. (41)

Choosing V = Vn + Vθ̃, from (40) and (41), we get

LV ≤ −
n∑

i=1

ξ4i − ξ4n + ξ3nϕ
T
1 θ̃ − (ξnϕ

T
1 θ̃)

2

− ξ4nTr{ϕ2ϕ
T
1 Γ(0)ϕ1ϕ

T
2 }

= −
n∑

i=1

ξ4i − 3

4
(ξnϕ

T
1 θ̃)

2 − ξ4nTr{ϕ2ϕ
T
1 Γ(0)ϕ1ϕ

T
2 }

−
(
ξ2n − 1

2
ξnϕ

T
1 θ̃

)2

. (42)

By (42) and [30, Th. 2.1], conclusions 1) and 2) hold and

lim
t→+∞

n∑
i=1

ξ4i (t) = 0 a.s. (43)

By (43) and the definitions of ξi, we have

lim
t→+∞x(t) = 0 a.s. (44)

which means that conclusion 3) holds.
The following lemma provides a basic property of the least-

squares identification algorithm (3)–(6), which plays an essential
role in the verification of convergence of the estimator.

Lemma 1: For the parameter estimator (3)–(6) with
(37), using the controller (35) satisfying (38), we have∫ +∞
0 (ξnϕ

T
1 θ̃)

2ds < +∞ a.s.
Proof: From (42), we have

V (t) ≤ V (0)− 3

4

∫ t

0

(ξnϕ
T
1 θ̃)

2ds

+

∫ t

0

(
∂Vn
∂xn

ϕT
2 (x)−

∂Vθ̃
∂θ̃

ΓfϕT
2

)
dω

� V (0) +A(t)− U(t) +M1(t) (45)

where

A(t) = 0 (46)

U(t) = 3

4

∫ t

0

(ξnϕ
T
1 θ̃)

2ds (47)

M1(t) =

∫ t

0

(
∂Vn
∂xn

ϕT
2 (x)−

∂Vθ̃
∂θ̃

ΓfϕT
2

)
dω. (48)

It can be easily shown that A(t) and U(t) are two continuous
adapted increasing processes with A(0) = U(0) = 0.

For any r ≥ 0, define the stopping time

σr = inf{t ≥ 0 : |θ̃|+ |x| ≥ r}. (49)

Obviously, σr → +∞ almost surely as r → +∞.
From (48) and (49), we have

M1(t ∧ σr) =
∫ t

0

χ{0≤s≤σr}ξ
2
n(ξn − 2θ̃Tϕ1)ϕ

T
2 dω. (50)

In contrast, we have

E

{∫ t

0

χ2
{0≤s≤σr}ξ

4
n(ξn − 2θ̃Tϕ1)

2|ϕ2|2ds
}
< +∞ (51)

which means that M1(t ∧ σk) in (48) is a martingale.
Noting that {σr} is nondecreasing and limr→+∞ σr = +∞

a.s., we know that the continuous adapted process M1(t) is a
local martingale.

Since limt→+∞ A(t) = 0, by using the nonnegative semi-
martingale convergence theorem in [31, Th. 3.9, P.14], we have

lim
t→+∞U(t) = 3

4

∫ +∞

0

(ξnϕ
T
1 θ̃)

2ds < +∞a.s. (52)

This completes the proof.
Based on Lemma 1, we get the main results on the conver-

gence of least-squares identification scheme (3)–(6).
Theorem 2: Using the controller (35) with (38), the parameter

estimator (3)–(6) and (37) has a convergence property, i.e., θ̂(t)
converges almost surely to a finite vector-valued random variable
θ0.

Proof: From (3), (6), (9), and (37), we have

Γ̇ = − ξ2nΓϕ1ϕ
T
1 Γ, Γ(0) = ΓT (0) > 0 (53)

dθ̃ = − Γξ2nϕ1ϕ
T
1 θ̃dt− Γξ2nϕ1ϕ

T
2 dw. (54)

By (54), we obtain

θ̃(t) = θ̃(0)−
∫ t

0

Γξ2nϕ1ϕ
T
1 θ̃ds−M2(t) (55)

where

M2(t) =

∫ t

0

Γξ2nϕ1ϕ
T
2 dw. (56)

From (53), we get∫ t

0

ξ2nΓϕ1ϕ
T
1 Γds = Γ(0)− Γ(t) ≤ Γ(0) (57)

which means that∫ t

0

|ξnΓϕ1|2ds ≤ Tr{Γ(0)}. (58)

It follows from (58) and Lemma 1 that∣∣∣∣
∫ +∞

0

Γξ2nϕ1ϕ
T
1 θ̃ds

∣∣∣∣
≤
∫ +∞

0

|Γξ2nϕ1ϕ
T
1 θ̃|ds

≤
(∫ +∞

0

|ξnΓϕ1|2ds
)1/2(∫ +∞

0

(ξnϕ
T
1 θ̃)

2ds

)1/2

< +∞a.s. (59)
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From (42) and (49), we have

E

{∫ t∧σr

0

ξ4nTr{ϕ2ϕ
T
1 Γ(0)ϕ1ϕ

T
2 }ds

}

≤ V (0)− EV (t ∧ σr) ≤ V (0). (60)

For (60), first set r → +∞ and then set t→ +∞; using Fatou’s
lemma in [32, eq. (2.26), P.46], we get

E

{∫ +∞

0

ξ4nTr{ϕ2ϕ
T
1 Γ(0)ϕ1ϕ

T
2 }ds

}
≤ V (0). (61)

In contrast, noting that Γ−1(0) > 0, we obtain∫ t

0

ξ4nTr{ϕ2ϕ
T
1 Γ(t)ϕ1ϕ

T
2 }ds

=

∫ t

0

ξ4n|ϕ2|2Tr{ϕT
1 Γ(t)ϕ1}ds

=

∫ t

0

ξ4n|ϕ2|2Tr{ϕT
1 Γ(t)Γ

−1(t)Γ(t)ϕ1}ds

≥ λmin{Γ−1(0)}
∫ t

0

ξ4n|ϕ2|2|Γ(t)ϕ1|2ds. (62)

From (6), we know that 0 < Γ(t) ≤ Γ(0); then, we have∫ t

0

ξ4nTr{ϕ2ϕ
T
1 Γ(t)ϕ1ϕ

T
2 }ds

≤
∫ +∞

0

ξ4nTr{ϕ2ϕ
T
1 Γ(0)ϕ1ϕ

T
2 }ds. (63)

By (61)–(63), we get

E

{∫ t

0

ξ4n|ϕ2|2|Γ(t)ϕ1|2ds
}

≤ 1

λmin{Γ−1(0)}V (0) < +∞. (64)

By (64) and Fubini’s theorem in [32, Th. 2.39, P.53], we have

E

{∫ t

0

|Γ(t)ξ2nϕ1ϕ
T
2 |2ds

}

=

∫ t

0

E
{|Γ(t)ξ2nϕ1ϕ

T
2 |2

}
ds

≤
∫ t

0

E
{
ξ4n|ϕ2|2|Γ(t)ϕ1|2

}
ds

= E

{∫ t

0

ξ4n|ϕ2|2|Γ(t)ϕ1|2ds
}

< +∞. (65)

Therefore, M2(t) defined in (56) is a continuous martingale.
From (64) and (65), we get

sup
t≥0

E|M2(t)|2 ≤ 1

λmin{Γ−1(0)}V (0) < +∞. (66)

By Doob’s martingale convergence theorem in [31, Th. 3.5,
P.13], we obtain

lim
t→+∞M2(t) = M01 (67)

where M01 is a random variable satisfying E|M01|2 < +∞.

By (55), (59), and (67), we get

lim
t→+∞ θ̂(t) = θ0 a.s. (68)

where θ0 is a vector-valued random variable.
Remark 2: From the proof of Theorem 2, we have the follow-

ing observations.
1) It can be inferred from (36), (42), and (60)–(68) that the

term −2ξnTr{ϕ2ϕ
T
1 Γ(0)ϕ1ϕ

T
2 } in the controller (35)

guarantees the convergence of the least-squares identi-
fication scheme (3)–(6).

2) The parameter estimator θ̂ does not converge to its real
value θ, but it converges to a vector-valued random vari-
able θ0.

The following theorem provides the estimation for the pa-
rameter error θ̃(t) and shows that the parameter estimation is
strongly consistent in some special cases, in which the estimator
θ̂ converges to its real value θ almost surely.

Theorem 3: Let θ̂ be the family of estimates defined by (3)–(6)
and (37), using the controller (35) with (38). Then, we have

|θ̃(t)|2 = O

(
1

λmin{Γ−1(t)}
)

(69)

where O is the asymptotic notation.
In addition, if the set

S1 =

{
lim

t→+∞ λmin{Γ−1(t)} = ∞
}

(70)

is not empty, we also have

lim
t→+∞ θ̂(t) = θa.s. on S1. (71)

Proof: For any r ≥ 0, defining the stopping time

ρr = inf{t ≥ 0 : |Γ−1/2θ̃|+ |x| ≥ r}. (72)

From (42) and (72), using Dynkin’s formula in [32, Corollary
6.5, P.152], we have

EV (t ∧ ρr) = V (0) + E

{∫ t∧ρr

0

LV (s)ds

}
≤ V (0). (73)

For any t ≥ 0, r > 0, noting that sup0≤s≤t |Γ−1/2θ̃|2 > r2

yields ρr ≤ t; thus, we have

EV (t ∧ ρr) ≥
∫
{sup0≤s≤t |Γ−1/2θ̃|2>r2}

V (t ∧ ρr)dP

≥ P

{
sup
0≤s≤t

|Γ−1/2θ̃|2 > r2
}

· inf
|Γ−1/2θ̃|+|x|≥r

V (x,Γ−1/2θ̃). (74)

By the definition of V , (73), and (74), we get

P

{
sup
0≤s≤t

|Γ−1/2θ̃|2 > r2
}

≤ EV (t ∧ ρr)
inf |Γ−1/2θ̃|+|x|≥r V (x,Γ−1/2θ̃)

≤ V (0)

inf |Γ−1/2θ̃|+|x|≥r V (x,Γ−1/2θ̃)
. (75)
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By the arbitrariness of r, for any 0 < ε < r, from (75), we get

P

{
sup
0≤s≤t

|Γ−1/2θ̃|2 > (r − ε)2
}

≤ V (0)

inf |Γ−1/2θ̃|+|x|≥r−ε V (x,Γ−1/2θ̃)
. (76)

For (76), let ε→ 0; from the continuity of Γ−1/2θ̃ and
V (x,Γ−1/2θ̃), we get

P

{
sup
0≤s≤t

|Γ−1/2θ̃|2 ≥ r2
}

≤ V (0)

inf |Γ−1/2θ̃|+|x|≥r V (x,Γ−1/2θ̃)
(77)

for any t ≥ 0 and r > 0.
Define

Bn =

{
sup

0≤s≤n
|Γ−1/2θ̃|2 <∞

}
(78)

Cn =

{
sup

0≤s≤n
|Γ−1/2θ̃|2 < r

}
. (79)

From (78) and (79), we have Bn ⊇ Bn+1, Cn ⊇ Cn+1, and
P (Bn) ≥ P (Cn) for any n ≥ 1. By (77), we have

P (Cn) ≥ 1− V (0)

inf |Γ−1/2θ̃|+|x|≥r V (x,Γ−1/2θ̃)
. (80)

It follows from (78)–(80) that

P

{
sup
s≥0

|Γ−1/2θ̃|2 <∞
}

= P

(
lim

n→+∞ Bn

)

= lim
n→+∞P (Bn)

≥ lim
n→+∞P (Cn)

≥ 1− V (0)

inf |Γ−1/2θ̃|+|x|≥r V (x,Γ−1/2θ̃)
. (81)

By the definition of V , we have

lim
r→+∞ inf

|Γ−1/2θ̃|+|x|≥r
V (x,Γ−1/2θ̃) = +∞ (82)

which together with (81) yields

P

{
sup
s≥0

|Γ−1/2θ̃|2 <∞
}

= 1. (83)

From the definition ofΓ(t) in (6), we know thatΓ(t) is a positive-
definite matrix; thus, we have

|Γ1/2(t)|2 = |Γ(t)| (84)

where |A| =√
λmax{ATA} for a matrix A ∈ Rm×n.

By (83), we obtain

|θ̃(t)|2 ≤ |Γ(t)||Γ−1/2θ̃|2 = O(|Γ(t)|)

= O

(
1

λmin{Γ−1(t)}
)
. (85)

From (85), we get (69)–(70).

Remark 3: From (10), we get

Γ−1(t) = Γ−1(0) +

∫ t

0

⎛
⎝xn +

n−1∑
j=1

kjxj

⎞
⎠

2

ϕ1ϕ
T
1 ds. (86)

By the positive definiteness of Γ−1(0) and (86), we have

λmin{Γ−1(t)} ≥ λmin

⎧⎨
⎩
∫ t

0

⎛
⎝xn +

n−1∑
j=1

kjxj

⎞
⎠

2

ϕ1ϕ
T
1 ds

⎫⎬
⎭
(87)

which means that large ki, i = 1, . . . , n− 1, may lead to large
λmin{Γ−1(t)}. By (37), we know that ki is the product of some
control parameters. Therefore, from (87) and Theorem 3, we
conclude that large control effort has the large probability to
make θ̂(t) converge to its true value θ.

Remark 4: In this article, by introducing the term (xn +∑n−1
j=1 kjxj)

2 into the estimator (3)–(6), we develop a new
least-squares identification scheme. The weighted term (xn +∑n−1

j=1 kjxj)
2 has the following advantages.

1) From the proof of Theorem 1, we find that this
weighted term can make the Hessian term (xn +∑n−1

j=1 kjxj)
4Tr{ϕ2ϕ

T
1 Γ(0)ϕ1ϕ

T
2 } in (11) be easily

dominated by the controller (35).
2) From the proof of Theorems 2 and 3, it is obviously

that this weighted term plays an important role in the
convergence and strongly consistent properties of the esti-
mator (3)–(6). In fact, as demonstrated by [33, Proposition
2], even for stochastic linear systems, if there is no any
weighted term in the least-squares algorithms, the bound-
edness of θ̂ can hardly be guaranteed, much less than
the convergence. To overcome this problem, the authors
of [23]–[26] introduce a slowly increasing time-varying
function in the estimator to achieve better asymptotic
properties for stochastic linear systems. However, the
method in [23]–[26] is inapplicable in this article since
their method can only deal with stochastic linear systems,
while the system (1), (2) has nonlinear drift term ϕ1(x)
and nonlinear diffusion term ϕ2(x).

III. UNKNOWN PARAMETER AND UNKNOWN COVARIANCE IN

THE DIFFUSION TERMS

Consider a class of stochastic nonlinear systems described by

dxi = xi+1dt, i = 1, . . . , n− 1 (88)

dxn = (u+ ψ1(x))dt+ ψ2(x)θ
TΣdω (89)

where x = (x1, . . . , xn)
T ∈ Rn and u ∈ R are the system state

and control input. The functionψi : R
n → R is locally Lipschitz

continuous in x, ψi(0) = 0, i = 1, 2. θ ∈ Rm is an unknown
parameter. ω is an m-dimensional independent Wiener pro-
cess with incremental covariance ΣΣT dt, i.e., E{dωdωT } =
ΣΣT dt, where Σ ∈ Rm×m is an unknown nonnegative definite
matrix.

In this section, for system (88), (89), we first construct a least-
squares estimator, then design an adaptive controller, and finally
analyze the stability of the closed-loop system.
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A. Parameter Estimation

Define η = θTΣΣT θ = Tr{ΣT θθTΣ}. For the system (88),
(89), to estimate the unknown η, we design a parameter estimator
as

η̂ = α+ r

⎛
⎝xn +

n−1∑
j=1

kjxj

⎞
⎠

2

(90)

with α and r satisfying

α̇ = − rψ2
2α− 2r

⎛
⎝xn +

n−1∑
j=1

kjxj

⎞
⎠

·
(
u+ ψ1 +

n−1∑
i=1

kixi+1

)
(91)

ṙ = − r2ψ2
2 , r(0) > 0 (92)

where k1, . . . , kn−1 are parameters to be designed later.
It follows from (90)–(92) that

dη̂ = rψ2
2(η − η̂)dt+ 2r

⎛
⎝xn +

n−1∑
j=1

kjxj

⎞
⎠ψ2θ

TΣdw.

(93)

Denote η̃ = η − η̂; by (93), we have

dη̃ = − rψ2
2 η̃dt− 2r

⎛
⎝xn +

n−1∑
j=1

kjxj

⎞
⎠ψ2θ

TΣdw. (94)

From (92), we obtain
dr−1(t)

dt
= − 1

r2
ṙ = ψ2

2 , r
−1(0) > 0. (95)

Defining Vη̃ = η̃2/r, noting r(t) ≤ r(0), and using (94) and
(95), we get

LVη̃ = − 2(ψ2η̃)
2 + η̃2

dr−1

dt
+ 4r

⎛
⎝xn +

n−1∑
j=1

kjxj

⎞
⎠

2

ψ2
2η

= − (ψ2η̃)
2 + 4r

⎛
⎝xn +

n−1∑
j=1

kjxj

⎞
⎠

2

ψ2
2η

≤ − (ψ2η̃)
2 + 4r(0)

⎛
⎝xn +

n−1∑
j=1

kjxj

⎞
⎠

2

ψ2
2η. (96)

Remark 5: For system (88), (89) with unknown parameter
θ and unknown covariance Σ, it is not necessary to estimate
the entire vector θ and the entire matrix Σ. Instead, we only
need to estimate one unknown scalar parameter η = θTΣΣT θ =
Tr{ΣT θθTΣ} using the least-squares estimator developed in
(90)–(92).

Remark 6: Compared with the existing results [30], [34] on
stochastic systems with unknown covariance, the results in this
article have the following two novel features.

1) Both unknown parameter θ and unknown covariance Σ
are considered in system (88), (89). The unknown term
θTΣ in (89) is more general than that in [30] and [34], in
which only unknown covariance Σ is considered.

2) To estimate the unknown θ and Σ in system (88), (89),
this article develops a novel least-squares algorithm (90)–
(92), in which the estimator parameters k1, . . . , kn−1 are
suitably constructed to achieve stability. This approach is
substantially different from the tuning functions method
used in [30] and [34]. Compared with the tuning function
method, the advantage of least-squares identification is
that it has the capability of automatically adjusting the
adaptation gain r(t) in (90).

Remark 7: For the unknown nonnegative term r(0)(xn +∑n−1
j=1 kjxj)

2ψ2
2η in (96), we can rewrite it as

r(0)

⎛
⎝xn +

n−1∑
j=1

kjxj

⎞
⎠

2

ψ2
2η = r(0)

⎛
⎝xn +

n−1∑
j=1

kjxj

⎞
⎠

2

ψ2
2 η̂

+ r(0)

⎛
⎝xn +

n−1∑
j=1

kjxj

⎞
⎠

2

ψ2
2 η̃. (97)

In (97), the term r(0)(xn +
∑n−1

j=1 kjxj)
2ψ2

2 η̂ can be dealt with
by the controller with the suitable selection of k1, . . . , kn−1.
The term r(0)(xn +

∑n−1
j=1 kjxj)

2ψ2
2 η̃ can be damped by the

negative terms −(ψ2η̃)
2 produced by estimator and −( 32 +

4r(0))2ψ2
2ξ

4
n produced by the controller. More details about this

point are found in the proof of Theorem 4.

B. Adaptive Control Design

For the adaptive control design for system (88), (89), the de-
sign for the first n− 1 steps is the same with that in Section II-B
and the only difference is the last step. Thus, by following the
same design procedure developed in Section II-B, for system
(88), (89), (29) should be

LVn ≤ −
n−1∑
i=1

(ci − ai,n−1)ξ
4
i + ξ3n−1ξn +

3

2
ξ2nψ

2
2η

+ ξ3n

(
u+ ψ1(x) +

n−1∑
i=1

αn−1 · · ·αixi+1

)

= −
n−1∑
i=1

(ci − ai,n−1)ξ
4
i + ξ3n−1ξn

+ ξ3n

(
u+ ψ1(x) +

n−1∑
i=1

αn−1 · · ·αixi+1

)

+
3

2
ξ2nψ

2
2 η̂ +

3

2
ξ2nψ

2
2 η̃ (98)

where Vn = 1
4

∑n
i=1 ξ

4
i and ξn = xn + ξn−1αn−1.

By Young’s inequality, we have

ξ3n−1ξn ≤ an−1,n,1ξ
4
n−1 +

1

4

(
4

3
an−1,n,1

)−3

ξ4n (99)

where an−1,n,1 is any positive constant.
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Sinceψ2(0) = 0, we haveψ2(x) = xTψ20(x). Thus, we have(
3

2
+ 4r(0)

)
η̂ξ2nψ

2
2

≤
(
3

2
+ 4r(0)

)
η̂ξ2n(x

2
1 + · · ·+ x2n)|ψ20|2

≤ (3 + 8r(0))η̂ξ2n(ξ
2
1 + ξ22 + ξ21α

2
1 + · · ·+ ξ2n

+ ξ2n−1α
2
n−1)|ψ20|2

≤ η̂ξ2n(ξ
2
1 + ξ22 + · · ·+ ξ2n)ψ21

≤
n−1∑
i=1

ai,n,2ξ
4
i +

( n−1∑
i=1

1

4ai,n,2
ψ2
21η̂

2 + ψ21η̂

)
ξ4n (100)

where ai,n,2 is any positive constant andψ21(x) is a nonnegative
function.

By (100), we have

3

2
η̂ξ2nψ

2
2 ≤ − 4r(0)η̂ξ2nψ

2
2 +

n−1∑
i=1

ai,n,2ξ
4
i

+

( n−1∑
i=1

1

4ai,n,2
ψ2
21η̂

2 + ψ21η̂

)
ξ4n. (101)

Substituting (99) and (101) into (98) yields

LVn ≤ −
n−1∑
i=1

(ci − ai,n)ξ
4
i

+ ξ3n

(
u+ ψ1(x) +

n−1∑
i=1

αn−1 · · ·αixi+1

)

+

(
ψ21η̂ +

n−1∑
i=1

1

4ai,n,2
ψ2
21η̂

2 +
1

4

(
4

3
an−1,n,1

)−3)
ξ4n

− 4r(0)η̂ξ2nψ
2
2 +

3

2
ξ2nψ

2
2 η̃ (102)

where

ai,n = ai,n−1 + ai,n,2, i = 1, . . . , n− 2 (103)

an−1,n = an−1,n−1 + an−1,n,1 + an−1,n,2. (104)

If we choose the actual control law as

u = − ξn

(
1 + ψ2

2 +

(
3

2
+ 4r(0)

)2

ψ2
2 + ψ21η̂

+

n−1∑
i=1

1

4ai,n,2
ψ2
21η̂

2 +
1

4

(
4

3
an−1,n,1

)−3
)

− ψ1 −
n−1∑
i=1

αn−1 · · ·αixi+1 (105)

(102) can be rewritten as

LVn ≤ −
n−1∑
i=1

(ci − ai,n)ξ
4
i − ξ4n − ψ2

2ξ
4
n

−
(
3

2
+ 4r(0)

)2

ψ2
2ξ

4
n − 4r(0)η̂ξ2nψ

2
2

+
3

2
ξ2nψ

2
2 η̃. (106)

C. Stability Analysis

The following theorem gives the stability results of the system
(88), (90).

Theorem 4: Consider the closed-loop system consisting of
the plant (88), (90) and the controller (105). If the parameters ki
in (90)–(92) and ci in (26) are selected as

ki =
n−i∏
j=1

αn−j , i = 1, . . . , n− 1 (107)

ci = ai,n + 1, i = 1, . . . , n− 1 (108)

then the following conclusions hold.
1) The closed-loop system has an almost surely unique solu-

tion on [0,+∞).
2) The equilibrium x = 0, η̃ = 0 is globally stable in proba-

bility.
3) limt→+∞ x(t) = 0 a.s.
Proof: Noting that ξn = xn +

∑n−1
i=1 xi(

∏n−i
j=1 αn−j), using

(107), (96) can be rewritten as

LVη̃ ≤ − (ψ2η̃)
2 + 4r(0)ξ2nψ

2
2η. (109)

Substituting (108) into (106), we have

LVn ≤ −
n∑

i=1

ξ4i − ψ2
2ξ

4
n −

(
3

2
+ 4r(0)

)2

ψ2
2ξ

4
n

− 4r(0)η̂ξ2nψ
2
2 +

3

2
ξ2nψ

2
2 η̃. (110)

Choosing U = Vn + Vη̃ , from (109) and (110), we get

LU ≤ −
n∑

i=1

ξ4i − ψ2
2ξ

4
n −

(
3

2
+ 4r(0)

)2

ψ2
2ξ

4
n

− (ψ2η̃)
2 +

(
3

2
+ 4r(0)

)
ξ2nψ

2
2 η̃

= −
n∑

i=1

ξ4i − ψ2
2ξ

4
n − 3

4
(ψ2η̃)

2

−
(
1

2
ψ2η̃ −

(
3

2
+ 4r(0)

)
ψ2ξ

2
n

)2

. (111)

By (111) and [30, Th. 2.1], conclusions 1) and 2) hold and

lim
t→+∞

n∑
i=1

ξ4i (t) = 0 a.s. (112)

By (112) and the definitions of ξi, we have

lim
t→+∞x(t) = 0 a.s. (113)

which means that conclusion 3) holds.
The following theorem shows that the convergence and

strongly consistent properties of the least-squares algorithm
(90)–(92).

Theorem 5: For the system (88), (89), using the controller
(105) with (108), the estimator described by (90)–(92) and (107)
has the following properties.
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1) Convergence: limt→+∞ η̂(t) = η0 a.s., where η0 is a
random variable.

2) Strongly consistent: if the set

S2 =

{
ψ2(x)

∣∣∣ lim
t→+∞

∫ t

0

ψ2
2ds = ∞

}
(114)

is not empty, then we have

lim
t→+∞ η̂(t) = ηa.s. on S2. (115)

Proof: We first prove conclusion 1).
By (94) and (107), we obtain

dη̃ = − rψ2
2 η̃dt− 2rξnψ2θ

TΣdw (116)

which means that

η̃(t) = η̃(0)−
∫ t

0

rψ2
2 η̃ds−M3(t) (117)

where

M3(t) =

∫ t

0

2rξnψ2θ
TΣdw. (118)

From (92), we get ∫ t

0

r2ψ2
2 ≤ r(0). (119)

From (111), similar to (52), using the nonnegative semimartin-
gale convergence theorem, we can prove∫ +∞

0

(ψ2η̃)
2ds < +∞a.s. (120)

It follows from (119) and (120) that∣∣∣∣
∫ +∞

0

rψ2
2 η̃ds

∣∣∣∣
≤
∫ +∞

0

|rψ2
2 η̃|ds

≤
(∫ +∞

0

r2ψ2
2ds

)1/2(∫ +∞

0

ψ2
2 η̃

2ds

)1/2

< +∞a.s. (121)

From (111), similar to (61), using Fatou’s lemma, we can prove

E

{∫ +∞

0

ψ2
2ξ

4
nds

}
≤ U(0). (122)

By (119), (122), and Schwarz inequality, we get

E

{∫ t

0

4r2ξ2nψ
2
2θ

TΣΣT θds

}

= 4ηE

{∫ t

0

r2ξ2nψ
2
2ds

}

≤ 4ηE

{(∫ t

0

ξ4nψ
2
2ds

)1/2(∫ t

0

r4ψ2
2ds

)1/2
}

≤ 4η

(
E

{∫ t

0

ξ4nψ
2
2ds

})1/2(
E

{∫ t

0

r4ψ2
2ds

})1/2

≤ 4r(0)η

(
E

{∫ t

0

ξ4nψ
2
2ds

})1/2(
E

{∫ t

0

r2ψ2
2ds

})1/2

≤ 4r3/2(0)(U(0))1/2η

< +∞a.s. (123)

Therefore, M3(t) defined in (118) is a continuous martingale.
From (123), we have

sup
t≥0

E|M3(t)|2 = E

{∫ t

0

4r2ξ2nψ
2
2θ

TΣΣT θds

}

≤ 4r3/2(0)(U(0))1/2η < +∞. (124)

By Doob’s martingale convergence theorem [31, Th. 3.5, P.13],
we obtain

lim
t→+∞M3(t) = M02 a.s. (125)

where M02 is a random variable satisfying E|M02|2 < +∞.
By (117), (118), (121), and (125), we get

lim
t→+∞ η̂(t) = η0 a.s. (126)

where η0 is a scalar random variable.
We then prove conclusion 2).
Similar to (83), we can prove that

P

{
sup
t≥0

η̃2

r
<∞

}
= 1. (127)

From (95) and (127), we have

η̃2 = r

(
η̃2

r

)
= O(r(t)) = O

(
1

r−1(0) +
∫ t

0 ψ
2
2ds

)
(128)

which yields (115).
Thus, the theorem is true.
Remark 8: From (111) and (122)–(126) in the proof of Theo-

rem 5, we find that the term −ψ2
2ξn in the controller (105) plays

an important role in proving the convergence of the least-squares
identification scheme (90)–(92).

Remark 9: In Sections II and III, new least-squares identifi-
cation schemes are developed, and new adaptive controllers are
designed for stochastic strict-feedback nonlinear systems with
unknown parameters in the drift terms or the diffusion terms. In
future work, we can try to generalize the ideas developed in this
two sections to more general systems. One interesting direction
is designing identification and control schemes when both the
drift and diffusion terms contain unknown parameters, and even
where the input channel also contains uncertainties, the main
difficulty of this direction is how to construct the α-system in
(5) or (91) since it uses the information of both the drift and
diffusion terms but requires that all the information used in this
system should be completely known. Another possible topic is
generalizing the results in this article to systems whose states
are partially observed. In this case, the linear growth condition
of the nonlinear functions in the drift and diffusion terms may be
required. The possible solution to this topic is that an observer
for the unmeasurable states should be firstly designed; then,
the identification and control schemes are designed by using
the information of the observer and system output. The main
difficulty of this direction is how to simultaneously analyze
the stability of the studied system, the observer error, and the
parameter error.
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Fig. 1. Mass–spring mechanical system.

IV. TWO SIMULATION EXAMPLES

In this section, we give two simulation examples to show
the effectiveness of the least-squares identification and adaptive
control schemes developed in the last two sections.

Example 1: Consider the mass–spring mechanical system
shown in Fig. 1, where a mass m is attached to a wall through
a spring and sliding on a horizontal surface. The mass is driven
by an external force, which serves as a control variable. Let y be
the displacement from a reference position. By Newton’s law of
motion, the system is described as [28]

mÿ + Ff + Fsp = u (129)

where Ff is a resistive force due to friction and Fsp is the
restoring force of the spring. We assume that the spring is a hard-
ening spring, and thus,Fsp can be written asFsp = ky(1 + ay2)
(a > 0), where k and a are spring parameters. Meantime, we
assume the resistive force is linear viscous friction and write Ff

as Ff = cẏ, where c is an unknown friction parameter.
Motivated by [35], we consider a more practical spring. The

spring coefficient k(t) has an unknown nominal value k0 and
k(t) ∈ (k0 − 0.8, k0 + 0.8). Let Δ(t) = k(t)− k0. Δ(t) is the
Gaussian white noise process with zero mean and E(Δ(t))2 =
σ2. We can then choose the value of parameter σ such that k(t)
obeys the bound −0.8 ≤ k(t)− k0 ≤ 0.8 with a sufficiently
high probability. For example, for σ = 0.08, by Chebyshev’s
inequality in [31], we can get

P (|k(t)− k0|2 > 0.64) ≤ σ2

0.64
= 0.01 (130)

which means that

P (|k(t)− k0| ≤ 0.8) = 1− P (|k(t)− k0| > 0.8)

= 1− P (|k(t)− k0|2 > 0.64)

≥ 0.99. (131)

Obviously, P (|k(t)− k0| ≤ 0.8) is increasing as σ2 ↓ 0.
To obtain a state model for the mass–spring mechanical sys-

tem, denote θ = [k0, c]
T and take the state variables as x1 = y

and x2 = ẏ. Then, from (129), we get the state-space form as

dx1 = x2dt, (132)

dx2 =

(
u

m
−
[
x1(1 + ax21)

m
,
x2
m

]
θ

)
dt

− σ

m
x1(1 + ax21)dω. (133)

By following the design procedure developed in Section II and
choosing m = 1, a = 1, and σ = 0.1, we get the least-squares

Fig. 2. Response of the least-squares estimator (134)–(136).

estimator as

α̇ = − Γ(x2 + k1x1)
2

[
x21(1 + x21)

2 x1x2(1 + x21)
x1x2(1 + x21) x22

]
α

− Γ

⎡
⎣ k1(x1 + x31)(x

3
2 + 2k1x1x

2
2)

+(1 + 3x21)x2
(
1
3x

3
2 + k1x1x

2
2 + k21x

2
1x2

)
2
3k1x

4
2 + k21x1x

3
2

⎤
⎦

− 0.005x21(1 + x21)
2Γ

[
2x1(1 + x21)(x2 + k1x1)
(x2 + k1x1)(3x2 + k1x1)

]

− Γ(x2 + k1x1)
2

[
x1(1 + x21)

x2

]
u (134)

Γ̇ =

[
Γ̇11 Γ̇12

Γ̇12 Γ̇22

]
= −(x2 + k1x1)

2Γ

·
[

x21(1 + x21)
2 x1x2(1 + x21)

x1x2(1 + x21) x22

]
Γ (135)

θ̂ = α+ Γ

[
x1(1 + x21)

(
1
3x

3
2 + k1x1x

2
2 + k21x

2
1x2

)
1
4x

4
2 +

2
3k1x1x

3
2 +

1
2k

2
1x

2
1x

2
2

]
(136)

and the controller as

u = − [x1(1 + x21), x2]θ̂ − c1x2 − (x2 + c1x1)

·
(
35

4
+ 0.1(1 + x21)

4 + 0.02x41(1 + x21)
4

+ 0.02x21x
2
2(1 + x21)

2
)
. (137)

For simulation, we select the parameters k1 = c1 = 3
2 and ran-

domly set the initial conditions as x1(0) = 1.5, x2(0) = −2,
α(0) = [−1, 0.6]T , Γ11(0) = Γ22(0) = 1, and Γ12(0) = 0. By
choosing θ1 = 0.2 and θ2 = 0.6, Fig. 2 gives the response of
the least-squares estimator and Fig. 3 gives the response of the
states and the controller in system (132), (133). From Fig. 2,
we can find that limt→+∞ θ̂(t) ≈ [9, 10] �= [0.2, 0.6] = θ a.s.,
which means that the least-squares estimator (134)–(136) is
only convergent but not strongly consistent. From Fig. 3, we
can obtain that the states in system (132)–(133) are regulated
to zero a.s. Therefore, the effectiveness of the estimator and the
controller design developed in Section II is demonstrated.

Example 2: Consider the following stochastic nonlinear sys-
tem with unknown parameter and unknown covariance:

dx1 = x2dt (138)
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Fig. 3. Response of the states and the controller in system (132) and
(133).

Fig. 4. Response of the least-squares estimator (140)–(142).

dx2 = (u+ x1x2)dt+
1

2
x21(θ1, θ2)Σ(dω1, dω2)

T (139)

where θ = (θ1, θ2)
T is an unknown parameter and Σ ∈ R2×2 is

an unknown non-negative definite matrix.
By following the design procedure developed in Section III,

we get the least-squares estimator as

α̇ = −1

4
rx41α− 2r(x2 + k1x1)(u+ x1x2 + k1x2) (140)

ṙ = −1

4
r2x41 (141)

η̂ = α+ r(x2 + k1x1)
2 (142)

and the controller as

u = −x1x2 − c1x2 − 1

4
(x2 + c1x1)

(
31 + 5x41 + x41η̂

2
)
.

(143)

For simulation, we select the parameters k1 = c1 = 3
2 and

randomly set the initial conditions as x1(0) = −2, x2(0) =
2, α(0) = 2, and r(0) = 0.125. By choosing θ1 = 2, θ2 = 5,∑

11 = 0.1,
∑

12 =
∑

21 = 0 and
∑

22 = 0.2, Fig. 4 gives the
response of the least-squares estimator and Fig. 5 gives the
response of the states and the controller in system (138) and
(139). From Fig. 4, we find that limt→+∞ η̂(t) ≈ 14 a.s., which
is different from η = θTΣΣT θ = 1.04. Thus, the least-squares
estimator (140)–(142) is convergent rather than strongly consis-
tent. From Fig. 5, the states in system (138) and (139) are regu-
lated to zero a.s. Therefore, the effectiveness of the estimator and
the controller design developed in Section III is demonstrated.

Fig. 5. Response of the states and the controller in system (138) and
(139).

V. CONCLUSION

In this article, we have studied the least-squares identification
and adaptive control for two classes of stochastic strict-feedback
nonlinear systems with unknown parameters. The designed
controllers guarantee that the equilibrium at the origin of the
closed-loop system is globally stable in probability and the states
are regulated to zero almost surely. By suitably selecting the
estimator parameters, we prove that the proposed least-squares
estimators are convergent, as well as being strongly consistent
in some special sets.

For the least-squares-based adaptive control of stochastic non-
linear systems, many important issues are still open and worth
investigating, such as generalizing the results in this article to
stochastic nonminimum phase systems where the input channel
also contains uncertainties, generalizing the results in this article
to output-feedback control [36], and studying what will happen
and whether the minimum variance property still holds for the
least-squares-based adaptive control of stochastic systems with
additive noise.

REFERENCES

[1] M. Krstic, I. Kanellakopoulos, and P. V. Kokotovic, Nonlinear and Adap-
tive Control Design. New York, NY, USA: Wiley, 1995.

[2] M. Krstic and P. V. Kokotovic, “Adaptive nonlinear design with controller
identifier separation and swapping,” IEEE Trans. Autom. Control, vol. 40,
no. 3, pp. 426–440, Mar. 1995.

[3] P. Ioannou and J. Sun, Robust Adaptive Control. Englewood Cliffs, NJ,
USA: Prentice-Hall, 1996.

[4] M. Krstic and P. V. Kokotovic, “Modular approach to adaptive nonlinear
stabilization,” Automatica, vol. 32, no. 4, pp. 625–629, 1996.

[5] P. Ioannou and B. Fidan, Adaptive Control Tutorial. Philadelphia, PA,
USA: SIAM, 2006.

[6] M. Krstic, “On using least-squares updates without regressor filtering
in identification and adaptive control of nonlinear systems,” Automatica,
vol. 45, no. 3, pp. 731–735, 2009.

[7] N. Nguyen, “Least-squares model-reference adaptive control with Cheby-
shev orthogonal polynomial approximation,” J. Aerosp. Inf. Syst., vol. 10,
no. 6, pp. 268–286, 2013.

[8] Z. Wang and D. R. Liu, “Data-based output feedback control using least
squares estimation method for a class of nonlinear systems,” Int. J. Robust
Nonlinear Control, vol. 24, no. 18, pp. 3061–3075, 2014.

[9] I. Karafyllis and M. Krstic, “Adaptive certainty-equivalence control with
regulation-triggered finite-time least-squares identification,” IEEE Trans.
Autom. Control, vol. 63, no. 10, pp. 3261–3275, Oct. 2018.

[10] H. Berghuis, H. Roebbers, and H. Nijmeijer, “Experimental comparison
of parameter estimation methods in adaptive robot control,”Automatica,
vol. 31, no. 9, pp. 1275–1285, 1995.

Authorized licensed use limited to: Univ of  Calif San Diego. Downloaded on August 29,2021 at 00:00:19 UTC from IEEE Xplore.  Restrictions apply. 



LI AND KRSTIC: STOCHASTIC ADAPTIVE NONLINEAR CONTROL WITH FILTERLESS LEAST SQUARES 3905

[11] G. Goodwin, K. Sin, and K. Saluja, “Stochastic adaptive control and
prediction—The general delay-colored noise case,” IEEE Trans. Autom.
Control, vol. AC-25, no. 5, pp. 946–950, Oct. 1980.

[12] G. Goodwin, P. J. Ramadge, and P. E. Caines, “Discrete time stochastic
adaptive control,” SIAM J. Control Optim., vol. 19, no. 6, pp. 829–853,
1981.

[13] K. S. Sin and G. Goodwin, “Stochastic adaptive control using a modified
least squares algorithm,” Automatica, vol. 18, no. 3, pp. 315–321, 1982.

[14] G. Goodwin, D. J. Hill, and M. Palaniswami, “A perspective on con-
vergence of adaptive control algorithms,” Automatica, vol. 20, no. 5,
pp. 519–531, 1984.

[15] P. Kumar, “Survey of results on stochastic adaptive control,” SIAM J.
Control Optim., vol. 23, no. 3, pp. 329–380, 1985.

[16] M. A. Hersh and M. B. Zarrop, “Stochastic adaptive control of non-
minimum phase systems,” Optimal Control Appl. Methods, vol. 7, no. 2,
pp. 153–161, 1986.

[17] H. F. Chen and J. F. Zhang, “Adaptive stabilization of unstable and
nonminimum phase stochastic systems,” Syst. Control Lett., vol. 20, no. 1,
pp. 27–38, 1993.

[18] K. J. Astrom and B. Wittenmark, “On self tuning regulators,” Automatica,
vol. 9, pp. 185–199, 1973.

[19] R. Kumar and J. B. Moore, “Convergence of adaptive minimum variance
algorithms via weighting coefficient selection,” IEEE Trans. Autom. Con-
trol, vol. AC-27, no. 1, pp. 146–153, Feb. 1982.

[20] H. F. Chen and L. Guo, “Convergence rate of least-squares identification
and adaptive control for stochastic systems,” Int. J. Control, vol. 44, no. 5,
pp. 1459–1476, 1986.

[21] H. F. Chen and L. Guo, Identlfication and Stochastic Adaptive Control.
Boston, MA, USA: Birkhäuser, 1991.

[22] L. Guo and H. F. Chen, “The Astrom-Wittenmark self-tuning regulator
revisited and ELS based adaptive trackers,” IEEE Trans. Autom. Control,
vol. 36, no. 7, pp. 802–812, Jul. 1991.

[23] L. Guo, “Self-convergence of weighted least-squares with applications to
stochastic adaptive control,” IEEE Trans. Autom. Control, vol. 41, no. 1,
pp. 79–89, Jan. 1996.

[24] J. F. Zhang and P. E. Caines, “Adaptive control via a simple switching
algorithm,”SIAM J. Control Optim., vol. 34, no. 1, pp. 365–388, 1996.

[25] A. J. Gao and B. Pasik-Duncan, “Stochastic linear quadratic adaptive con-
trol for continuous-time first-order systems,” Syst. Control Lett., vol. 31,
no. 3, pp. 149–154, 1997.

[26] T. E. Duncan, L. Guo, and B. Pasik-Duncan, “Adaptive continuous-time
linear quadratic gaussian control,” IEEE Trans. Autom. Control, vol. 44,
no. 9, pp. 1653–1662, Sep. 1999.

[27] S. Tan and J. F. Zhang, “Adaptive sampled-data based linear quadratic
optimal control of stochastic systems,” Int. J. Control, vol. 80, no. 10,
pp. 1676–1689, 2007.

[28] H. K. Khalil, Nonlinear Systems, 3rd ed. Englewood Cliffs, NJ, USA:
Prentice-Hall, 2002.

[29] A. J. Gao, “Self-convergence of weighted least squares for continuous-time
ARMAX model,” Ulam Quat., vol. 3, no. 2, pp. 25–40, 1996.

[30] H. Deng, M. Krstic, and R. Williams, “Stabilization of stochastic nonlinear
systems driven by noise of unknown covariance,” IEEE Trans. Autom.
Control, vol. 46, no. 8, pp. 1237–1253, Aug. 2001.

[31] X. Mao, Stochastic Differential Equations and Applications, 2nd ed.
Cambridge, U.K.: Horwood, 2008.

[32] F. C. Klebaner, Introduction to Stochastic Calculus with Applications, 2nd
ed. London, U.K.: Imperial College Press, 2005.

[33] K. Nassiri-Toussi and W. Ren, “On the convergence of least squares
estimates in white noise,” IEEE Trans. Autom. Control, vol. 39, no. 2,
pp. 364–368, Feb. 1994.

[34] H. Deng and M. Krstic, “Output-feedback stabilization of stochastic
nonlinear systems driven by noise of unknown covariance,” Syst. Control
Lett., vol. 39, no. 3, pp. 173–182, 2000.

[35] V. A. Ugrinovskii, “Robust H∞ infinity control in the presence of stochastic
uncertainty,” Int. J. Control, vol. 71, no. 2, pp. 219–237, 1998.

[36] W. Q. Li, X. X. Yao, and M. Krstic, “Adaptive-gain observer-based
stabilization of stochastic strict-feedback systems with sensor uncertainty,”
Automatica, vol. 120, 2020, Art. no. 109112.

Wuquan Li (Member, IEEE) received the Ph.D.
degree in control theory and control engineering
from the College of Information Science and En-
gineering, Northeastern University, Shenyang,
China, in 2011.

From 2012 to 2014, he was a Postdoc-
toral Researcher with the Institute of Systems
Science, Academy of Mathematics and Sys-
tems Science, Chinese Academy of Sciences,
Beijing, China. Since January 2011, he has
been with the School of Mathematics and Statis-

tics Science, Ludong University, Yantai, China, where he is currently a
Professor. He is Young Taishan Scholar in China. From 2018 to 2019,
he was a Visiting Scholar with the University of California, San Diego,
CA, USA. He serves as an Associate Editor for two international jour-
nals: Systems & Control Letters, Asian Journal of Control. His research
interests include stochastic nonlinear systems control and identification
of nonlinear systems.

Miroslav Krstic (Fellow, IEEE) received his un-
dergraduate degree from University of Belgrade,
in 1989 and the M.S. and Ph.D. degrees from
UC Santa Barbara, in 1992 and 1994 respec-
tively, all in electrical engineering.

He is a Distinguished Professor of mechanical
and aerospace engineering, holds the Alspach
Endowed Chair, and is the founding Director
of the Cymer Center for Control Systems and
Dynamics, University of California, San Diego
(UCSD), La Jolla, CA. He also serves as a

Senior Associate Vice-Chancellor for research with UCSD. He has
coauthored 15 books on adaptive, nonlinear, and stochastic control,
extremum seeking, control of partial differential equation systems, in-
cluding turbulent flows, and control of delay systems.

Prof. Krstic is the recipient of the University of California Santa Bar-
bara Best Dissertation Award and Student Best Paper awards at the
IEEE Conference on Decision and Control and the American Control
Conference. He is a Fellow of the International Federation of Automatic
Control (IFAC), the American Society of Mechanical Engineers (ASME),
the Society for Industrial and Applied Mathematics (SIAM), the American
Association for the Advancement of Science, and the Institution of En-
gineering and Technology (U.K.), an Associate Fellow of the American
Institute of Aeronautics and Astronautics, and a foreign member of the
Serbian Academy of Sciences and Arts and the Academy of Engineering
of Serbia. He has received the SIAM Reid Prize, the ASME Oldenburger
Medal, the Nyquist Lecture Prize, the Paynter Outstanding Investigator
Award, the Ragazzini Education Award, the IFAC Nonlinear Control
Systems Award, the Chestnut Textbook Prize, the Control Systems
Society Distinguished Member Award, the PECASE Award, the NSF
Career Award, and the ONR Young Investigator Award, the Schuck
(1996 and 2019) and Axelby paper prizes, and the first UCSD Research
Award given to an engineer. He has also been awarded the Springer
Visiting Professorship with the University of California Berkeley, the
Distinguished Visiting Fellowship of the Royal Academy of Engineering,
and the Invitation Fellowship of the Japan Society for the Promotion
of Science. He serves as the Editor-in-Chief of Systems and Control
Letters and has been serving as a Senior Editor for Automatica and
the IEEE TRANSACTIONS ON AUTOMATIC CONTROL, as an Editor for two
Springer book series, and has served as the Vice-President for Tech-
nical Activities of the IEEE Control Systems Society (CSS) and as the
Chair of the IEEE CSS Fellow Committee.

Authorized licensed use limited to: Univ of  Calif San Diego. Downloaded on August 29,2021 at 00:00:19 UTC from IEEE Xplore.  Restrictions apply. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


