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Stochastic Adaptive Nonlinear Control With
Filterless Least Squares

Wuquan Li

Abstract—For stochastic strict-feedback nonlinear sys-
tems with unknown parameters in the drift terms or the dif-
fusion terms, we develop new least-squares identification
schemes without regressor filtering. A key new ingredient
in the proposed estimator design is a weighted term with
design parameters, which is introduced to deal with the
nonlinear terms and stochastic noise. With such an esti-
mator, new adaptive controllers are designed to guarantee
that the equilibrium at the origin of the closed-loop system
is globally stable in probability, and the states are regulated
to zero almost surely. Besides, by suitably selecting the
estimator parameters, we prove that the proposed least-
squares estimators are convergent, as well as strongly con-
sistent in some special cases. Finally, two simulation exam-
ples are given to illustrate the least-squares identification
and the adaptive control design.

Index Terms—Adaptive control, filterless least squares,
stochastic nonlinear systems.

|. INTRODUCTION

ECENT years have witnessed a growing interest in investi-

gating adaptive control since unknown parameters always
existinreal systems and in observation data [1]-[5]. The solution
to an adaptive control problem requires the identification of
the unknown parameters and the construction of an adaptive
control based on observations of the system. For identification,
least squares is an appealing method [6]—[9] since it can adjust
adaptive rates online so that all parametric estimates converge
with approximately the same speed resulting in performance and
robustness advantages [10].
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The study of stochastic adaptive control has received much
attention in both minimum-phase systems [11]-[15] and non-
minimum phase systems [16], [17]. The first paper using least
squares in stochastic adaptive control seems to be [18], where
control laws are obtained by combining a least-squares pa-
rameter estimator and a minimum variance strategy for single-
input single-output systems perturbed by filtered white noise.
Since then, there has been a great deal of interest in studying
the least-squares-based adaptive control of stochastic systems.
For discrete-time stochastic systems, Kumar and Moore [19]
present a weighted least-squares approach in parameter es-
timation, where the weightings are selected according to a
stability measure and guided by a global convergence theory;
Chen and Guo [20], [21] study the convergence rate of least-
squares identification for autoregressive moving average with
exogenous input (ARMAX) models; Guo and Chen [22] solve
the longstanding open problem on least-squares-based adaptive
tracking control for stochastic minimum phase systems; Guo
[23] provides a fairly complete solution to the longstanding
open problem of adaptive pole-placement control for stochas-
tic nonminimum phase systems. For continuous-time stochas-
tic systems, Zhang and Caines [24] use least-squares-based
switching control strategies to reduce the computational load,;
Gao and Pasik-Duncan [25] establish the stability of first-order
linear systems by using the weighted least-squares algorithm
without involving any excitations; Duncan et al. [26] modify the
weighted least-squares algorithm by using a random regulariza-
tion to ensure that the family of estimated models are uniformly
controllable and observable; Tan and Zhang [27] develop a
cost-biased least-squares algorithm to solve the adaptive linear—
quadratic optimal control problem for systems with unknown
parameters and disturbances. It should be emphasized that all
the aforementioned results [18]-[27] on the least-squares-based
adaptive control of stochastic systems are all focused on linear
systems. However, most physical systems have nonlinear terms
of one sort or another [28]. Therefore, it is imperative to study
the least-squares identification and adaptive control of stochastic
nonlinear systems.

Motivated by the above observations, we study the least-
squares identification and adaptive control of stochastic strict-
feedback nonlinear systems with unknown parameters in the
drift terms or in the diffusion terms. The contributions of this
article are fourfold.

1) Forleast-squares-based adaptive control, we consider two
general system models in addition to those in the exist-
ing results [6]-[9], [18]-[27]. Unlike the deterministic
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systems [6]-[9], the systems studied in this article are
perturbed by stochastic noise. Different from the linear
systems [18]-[27], we consider systems with nonlinear
drift and diffusion terms. In this article, the inherent non-
linearity of the closed-loop systems and the complexity
of the stochastic process involved makes the estimator
design and the stability analysis much more difficult.

2) We propose new least-squares identification schemes in
this article. On the one hand, although our identification
schemes are motivated by [6], the stochastic character of
the studied systems makes the least-squares estimation
scheme in [6] inapplicable in this article. The main reason
is that the estimator in [6] will produce uncontrollable
Hessian terms by using Ito’s formula. To overcome this
difficulty, we propose new least-squares estimators by
introducing weighted terms equipped with design pa-
rameters. By suitably selecting these estimator param-
eters, the controllers can be endowed with the ability to
deal with these Hessian terms. On the other hand, the
least-squares estimators in this article are also essentially
different from that in stochastic continuous-time linear
system [25], [26], where the differential dx of the system
state x is required to be measurable in the parameter
estimation procedure. In this article, the information of
dx is not used in the estimators.

3) We design new adaptive controllers. Specifically, the con-
trollers designed in this article not only can deal with the
Hessian terms produced by the least-squares estimators
and the systems itself to guarantee that the equilibrium
at the origin of the closed-loop system is globally stable
in probability, but also have the ability to make the least-
squares estimators converge (more details are found in
Remarks 2 and 8).

4) In this article, by introducing weighted terms with de-
sign parameters, we guarantee the estimators to have the
property of convergence. This approach is different from
that in [26], which uses a slowly increasing function as
the weighted term in the estimator, and from that in [29],
which uses excitation conditions to ensure convergence.

The remainder of this article is organized as follows. Section IT
deals with identification and adaptive control of systems with
unknown parameter in the drift terms. Section III is devoted
to identification and adaptive control of systems with unknown
parameter in the diffusion terms. Section IV gives two examples
to illustrate the theoretical results. Section V concludes this
article.

[l. UNKNOWN PARAMETER IN THE DRIFT TERMS
Consider a class of stochastic nonlinear systems described by
dr; =z;pdt, 1=1,...,n—1 (1
dzn, = (u+ @7 (2)0)dt + o3 (z)dw @)
where = (z1,...,2,)7 € R" and u € R are the system state

and control input. The functions 1 : R™ — RP and 3 : R™ —
R" are locally Lipschitz continuous in z, ¢1(0) = 0, ¢2(0) = 0.

0 € RP is an unknown parameter. w is an r-dimensional in-
dependent standard Wiener process defined on the complete
probability space (9, F, F;, P) with a filtration F; satisfying
the usual conditions (i.e., it is increasing and right continuous
while F{ contains all P-null sets).

In this section, for system (1), (2), we first construct a least-
squares estimator, then design an adaptive controller, and finally
analyze the stability of the closed-loop system.

A. Parameter Estimation

Define
2

n—1
h(xy,...,2n) = xn—l—ijxj o1(z1, .. xn)  (3)
=1

where k1, ..., k,_1 are parameters to be designed later.
For system (1), (2), we design a parameter estimator as
é:oz—l—F/ ’h(xl,...,xn,l,a)da %)
0
where o and I satisfy
n—1 T
. "(9h(.’)31...$,1 0')
— T . Y P 9
& =-Thpia-T ;xlﬂ /0 oz, do
1. 0h
— T—|p2f* = Th 5
2" dx, 2| “ )
2
n—1
D= — | 2n+ ) Kz | Terp{T,T(0) =T7(0) > 0.
j=1
(6)
From (4) and (5), we have
&= rhgalTr/ " W@, 0, 0)do
0
n—1
on 8h(x1, ey Tp—1, O')
-T T d
ZZ;Tx o /0 Iz ’
1 0h A
-3 axn‘W'Q —Th(u+ @1 0). %
From (4) and (6), we obtain
df = TheT (0 — 0)dt + Thel dw. (8)

Denote § = 0 — é; from (8), we have
df = —TheT0dt — Thel dw. 9)

From (6), we have
2

a1 (¢ =
() _ T+ ijxj o101, T7H0) >0 (10
j=1

dt

which means that I'"1(¢) is a positive-definite matrix and
r(t) > T710). )
Defining V; = HTT 10, from (3), (6), (9), and (10), we get
2

n—1
‘C‘/é = —2 In —+ Z ijj éTtplgD,{é =+ éT(F;l)é
j=1
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4 Choose
+ | Zn+ ijxj Tr{pai D13 } Ty = —c1& = —Gay (14)
which substituting into (13) yields
2 *
ol . LV = —c1§] + & (22 — 7)) (15)
= [®t Z kjzj | 07110 where ¢; > 0 is a design parameter and a; = ¢3.
=1 Deductive step: Assume that at step k, there are a proper
4 and positive-definite Lyapunov function V(&) and a set of
+ |z, + Z kjx; Tr{gazwlTFgaupgT} virtual controllers 27, | = —&sa4, s =15 — a3, s =2,...,k,
- such that
k
n-1 2 ~ LVe < =) (i —am)&) + G wpa —hpy)  (16)
< — |z, + Z kjx; 9Tap1g01T9 i=1
j=1 where a1, = 0, as and a4 ) are positive constants, and s =
4 2,..., k.
Let &j41 = Tp41 — x5, Noting that &py1 = xp41 +
T T +1
| ot Dok | TrlealTOpier ) (D s~k 000 e have

Remark 1: A novel least-squares estimator is proposed in (3)—
(6), in which the time derivatives from the parametric model
are absorbed into the parameter estimator, and thus, the need
for filtering is removed. Although this kind of estimator design
is motivated by [6] for deterministic systems, the estimator in
(3)—(6) is substantially different from that in [6]. In fact, the
estimator in [6] is inapplicable for stochastic system (1), (2).
Specifically, when the term (z,, + >7_) | kjz;)? is replaced by

linh(xy,...,2,) [see (3)—(5)] and in r [see (6)], the estimator
in this article immediately reduces to the parameter estimator
used in [6]. In this case, (11) becomes

LV < — 0701070 + Tr{p2pI T(0)p103 ). (12)

The Hessian term Tr{pap?T (O)gpl ©5 } in (12) can neither
be damped by the negative term —67 ¢, ? 79 nor be dealt with
by the controller due to the lack of weighted functions. To
solve this difficult problem, we first construct a new function
h(zy,...,x,) with (z, +Z§Z} k;jxz;)? in (3) and then in-
troduce h(xi,...,x,) into the parameter estimator 0 in (4)
and a-system in (5). After that, we suitably choose these es-
timator parameters k1, ..., k,_1 by using the controller gains
a1, ...,a,—1 designed in the next subsection. In this way, the
function h(z1,...,x,) can produce a “magic control factor”
(xn + 27;11 kjx;)* in the Hessian term [see (11) for details]
so that the controller can be endowed with the ability to deal
with these Hessian term produced in £Vj;. Further details about
the effect of the function h(x1,...,x,) can be found in the
next two subsections. Another new feature of the estimator
(3)—(6) is that the term (x,, + 2"71 kjxj)? is introduced in the

I'-system (6) to make the positive term 67 (I-1)0 dominated by
—2(zp, + ZJ: kjx;)20" 1070 [see (11) for details].

B. Adaptive Control Design

In this subsection, we design an adaptive controller for system
(1), (2) step by step.
Step 1: Define V| =

LV =

if%, &1 = x1; then, we have

& (zo — b)) + . (13)

k
dék+1 = <33k+2 + Zak e asfﬂsH) dt. (17)

Atstep k + 1,choosing Vi1 = Vi, + %fl‘iﬂ andnoting x4 =

i1 — Esag, s =1,..., k, from (16) and (17), we obtain
k
LVipr € =Y (6 = ain)&l + G + & 1Tnso
i=1

+ & Z g€ — &) (18)
By Young’s inequality (see [1, eq. (2.253)]), we get
27
Eebrar < appr1& + 256% Rt 19)
k k-1
Zak asbsi1€iy < Zas+1,k+1,2f§+1
s=1 s=1
kol g
_1 4
+ (ak + D G asii ks 2) 7 (o )3) i1 (20)
s=1
k k
- Z (077 a9+193§s§g+1 S Z als,k’—&-l,iigjz;L
s=1 s=1
3 _1
+Z;Z daspy1,3) 3 (g - 10 ) (30 (21)
5=
where ag p41.1, Q241,25 ---s Qhg1k+1,2> Q141,35 - >
aj, k+1,3, are arbitrary positive constants.
Denoting
a1 k+1 = A1k + 01 k41,3 (22)
Qi jt1 = ik + Qi k1,2 T Aikr1,3,0=2,...,k—1 (23)
Ak k+1 = Qg + O pt1,1 T Ak kt1,2 + Ok k1,3 (24)

and substituting (19)—(24) into (18) yields
k

LV < — Z(Cl -

i=1

Wi 1)E + &y (Thge — Thpo)
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3 * 27 -3
+ &1 %hqo + (o + 956 “kokt1,1

N

-1

Wl
i

+ (4ast1,k4+1,2) 3 (g - as)

]

@
Il
—_

_1 4
(45 j41,3) "% (g -+ - vgq102) 3) Eri1e

+
”M:r
> w

s=1
(25)
Choosing the virtual controller
* 27 4
Thyo = —&ks1| Crpr +ax + 256 Lhik+1,1
kol g
1 4
+ Z(4as+1,k+1,2)7§(04k co)?
s=1
"3
1 4
—(4 s 2) 3 e 2\ 3
+Z4( ask+1,3)" 3 (k- Qep105) )

Il
—

S

£ — Gk (26)

(25) can be rewritten as
k41

LVjp1 < — Z

where cg41 > O is a design parameter and a1 x+1 = 0.
Step n: Defining &,, = z,, + {10001, by (1), (2), and (17),
we have

n—1
d¢, = (u + ol (z)0 + Z Oyt - Oéz'l’i+1> dt
i—1

+ T (z)dw.
Choosing V,, = % Z?:l 5?, from (28), we obtain

n—1

_ Z(Ci —

=1
n—1
+& <u +ol (@)0+ a1 Oéz'%‘+1>
i=1

3
+ 55721‘<P2|2
where |p2| denotes the Euclidean norm of the vector s.

By Young’s inequality, we have

1/4 3
gi—lgn S anfl,mlfifl + 1 (3an1,n71> 6:11 (30)

where a,,_1 5,1 1s any positive constant.
Since ©2(0) = 0, wo(x) can be written as o = 7 a0 (z);
then, we get

i — Qg k1 f + fk+1($k+2 —Thio) (27)

(28)

LV, < Ain-1)& +E_1&n

(29)

EPC TN
2€n|502|

3
< S (xT + -+ 22 |p2l?

-2
SBE(EG+E+ER+ -+ &+ ah el

< fn(gl +€2 +e +§n)(p21

n—1

o S

i=1

8021 "‘8021)5 (3D

Aj.n,2

where a; ,, 2 is any positive constant and @93 (x) is a nonnegative
function.
Substituting (30) and (31) into (29), we get

n—1

- Z(Ci —

i=1

n—1
+& (U +ol @0+ an - ai$i+1>
i=1
1/4
+ {9021 37 <3anl,n,l) + Z in 2@21]

i n)&}

(32)

where
ip = Qipn-1+Qin2, t=1,...,n—2 (33)
-1, = Qpn-1,n—1 + Gn-1n,1 + Gn-1,n,2- (34)

Choosing the actual controller as

1/4 -3
u= —&, (2 + o1 + 1 (3&n—1,n,1>

+ZZ

n7

031 + 2Tr{p20] L(0)p103 }>

— ¥ 9 Z Qp1 QT4 (35)
and substituting (35) into (32) yields
n—1
LV, < = (e —ain)&! — 260 + &0 0
i=1
— 265 Tr{p20T T(0) 1403 }. (36)

C. Stability Analysis

The first theorem below gives the stability results of the plant
(1H)—(6).

Theorem 1: Consider the closed-loop system consisting of
the plant (1)—(6) and the controller (35). If the parameters k; in
(3) and ¢; in (26) are selected as

n—i

ki=]]omy i=1,...,n-1
j=1

i=1,..

(37)

¢ =a;n+1, L,n—1 (38)

then the following conclusions hold.

1) The closed-loop system has an almost surely unique solu-
tion on [0, +00).

2) The equilibrium z = 0, 0=0is globally stable in proba-
bility.

3) limy oo z(t) =0  as.
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Proof: From the controller design process developed in the For any r > 0, define the stopping time
last subsection, we have —inf{t>0: ‘9~| +la| > ) (49)

(39)

n—1 n—i
gn:xn"_zxz Hanfj
i=1 j=1
By (37) and (39), (11) can be rewritten as

LV; < = 6260701070+ 63 Tr{pa0T T(0) 01605 }.
Substituting (38) into (36), we have

i=1

— 26, Tr{papi T(0) 1403 }-
Choosing V' =V, + Vj, from (40) and (41), we get

LV < =Y &-&
1=1

- fiTr{wzwlTF(O)solsogT}

- _ 254

(@ je)
n 2 n¥1 .

By (42) and [30, Th. 2.1], conclusions 1) and 2) hold and

: 4
Jim 2_; &l (1)

By (43) and the definitions of &;, we have

(40)

— &+ 070

(41)

+ &1 0 — (€n{ 0)°

Sncm 0)% — ExTr{papi T(0) 193 }

(42)

=0as. 43)

tllinoox(t) =0a.s. (44)

which means that conclusion 3) holds.

The following lemma provides a basic property of the least-
squares identification algorithm (3)—(6), which plays an essential
role in the verification of convergence of the estimator.

Lemma 1: For the parameter estimator (3)—(6) with
(37), using the controller (35) satisfying (38), we have

0+°O(§n<p{9~)2ds < 400 as.

Proof: From (42), we have

3 [ T 52
Z/o (Enypy 0)=ds

LoV, oV
Jr/0 <8mn ’ 06 Lfe >

V() < V(0) —

v3 (2) =

2 V(0) + A(t) —U(t) + M () 45)
where
A(t) = (46)
3 [ =
ut) =5 [ (eloyas @)
t .
M(t) = /O <g¥: 3 (z) = %‘;9 Ffso%) do.  (48)

It can be easily shown that A(t) and Z/(t) are two continuous
adapted increasing processes with .A(0) = 4/(0) = 0.

Obviously, o, — +o00 almost surely as » — +o0.
From (48) and (49), we have

t
Mi(t £ ) = [ Xocuca 26— 207 p1) T dw. (50)

In contrast, we have

t
E {/ X%Ogsgm}fﬁ(gn - 29T(p1)2|9022d8} < 400 (51)
0

which means that M, (¢t A o) in (48) is a martingale.

Noting that {c,.} is nondecreasing and lim,_, 1+, 0, = 400
a.s., we know that the continuous adapted process M () is a
local martingale.

Since lim; 4 A(t) = 0, by using the nonnegative semi-
martingale convergence theorem in [31, Th. 3.9, P.14], we have

lim U(t) =

t—+400

+00 N
%/ (&npT0)%ds < +ooas.  (52)
0

This completes the proof.

Based on Lemma 1, we get the main results on the conver-
gence of least-squares identification scheme (3)—(6).

Theorem 2: Using the controller (35) with (38), the parameter
estimator (3)—(6) and (37) has a convergence property, i.e., 9(2&)
converges almost surely to a finite vector-valued random variable
0o.

Proof: From (3), (6), (9), and (37), we have

—&Toipi I, T(0)=T7(0)>0  (53)
df = —T& 11 0dt — TER 0103 duw. (54)
By (54), we obtain
30 =00) ~ [ T€eiplias a0 59)
where i
My(t) = /0 t T&2 013 dw. (56)
From (53), we get
/t 2T 1] Tds = T(0) — T'(t) < T'(0) (57)
which mean(s) that
/t 1€, Tp1 |2 ds < Tr{T'(0)}. (58)
It follows from (522) and Lemma 1 that
/ T re gt
< /m IT& 017 0|ds
0 +00 1/2 S 1/2
<([Treraras) ([ eetora)
< +o0a.s. 59)
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From (42) and (49), we have
tAo,.
E {/O fﬁTr{wzsofF(O)wlsz}dS}

<V(0)—EV(tAa,) < V(0). (60)

For (60), first set 7 — 400 and then set ¢ — +o00; using Fatou’s
lemma in [32, eq. (2.26), P.46], we get

—+o00
E{/O éiTr{waF(O)wupgT}dS} <V(0). (61)

In contrast, noting that I'"1(0) > 0, we obtain

t
/0 EnTr{pap] T(t) 1003 Yds
t
- / €4 a P Tr{TT ()1 s

- / €4 a P Tr{T (T L (BT (£ Hs

t
> a1 0} [ PO Pds. 62
0
From (6), we know that 0 < I'(¢) < I'(0); then, we have
t
/0 EnTr{pap] L(t) o103 bds
—+o0
< / EnTr{ 201 T(0)p1¢05 bds. (63)
0
By (61)—(63), we get
t
E{ / gmmr(wds}
1
V(0) < +o0. (64)

< - -
- )“min{r_l (0)}
By (64) and Fubini’s theorem in [32, Th. 2.39, P.53], we have

t
E { / |r<t>s§solsa§|2ds}

t
- / E{IT()€2 o172} ds

t
< / E{€)ps? [0 ()1 2} ds
0

t
=E{ / fil@zQIF(t)smIQdS}

< +o0. (65)

Therefore, M3(¢) defined in (56) is a continuous martingale.
From (64) and (65), we get
1
Fmn T 1(0)}
By Doob’s martingale convergence theorem in [31, Th. 3.5,
P.13], we obtain

sup E| My (t)]* < V(0) < 4o0. (66)
t>0

lim Ms(t) = Mo (67)

t—-+4o0

where M is a random variable satisfying E|Mo;|? < +oo.

By (55), (59), and (67), we get

tEerOOG(t) =0, as. (68)
where 0y is a vector-valued random variable.

Remark 2: From the proof of Theorem 2, we have the follow-
ing observations.

1) It can be inferred from (36), (42), and (60)—(68) that the
term —2&, Tr{w20? T(0)p1¢l} in the controller (35)
guarantees the convergence of the least-squares identi-
fication scheme (3)—(6).

2) The parameter estimator 6 does not converge to its real
value 6, but it converges to a vector-valued random vari-
able 0.

The following theorem provides the estimation for the pa-
rameter error é(t) and shows that the parameter estimation is
strongly consistent in some special cases, in which the estimator
0 converges to its real value 6§ almost surely.

Theorem 3: Let ) be the family of estimates defined by (3)—(6)
and (37), using the controller (35) with (38). Then, we have

~ 1
) =0 ——— 69
bor =0 (=) ©
where O is the asymptotic notation.
In addition, if the set
_ H . -1 _
Si = {tl}?x dmin{l (1)} = oo} (70)
is not empty, we also have
tLlToo 0(t) = fa.s. on Sy. (71)
Proof: For any r > 0, defining the stopping time
pr = inf{t >0: |07V20| + |z > r}. (72)

From (42) and (72), using Dynkin’s formula in [32, Corollary
6.5, P.152], we have

EV(Ap)=V(0)+E {/Mpr EV(s)ds} < V(0). (73)
0

For any ¢ >0, r > 0, noting that supg,; T-1/2|2 > r2
yields p, < t; thus, we have

EV(tApr) 2 /

{SUPogsgt ‘F71/2§‘2>T2}

V(tApr)dP

> P{ sup |T71/26)% > r2}

0<s<t

inf  V(z,T7Y/20). (74)
[T-1/20|+|z|>r
By the definition of V', (73), and (74), we get
P{ sup |T71/26% > 7"2}
0<s<t
EV(tApr)
— inf\F*1/2§\+|z|2r V(:Z}, ]_—‘*1/20)
< Vo) 75)

inf‘l—wfl/2§‘+|xlz,’, V(l’, I‘,l/zé) .
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By the arbitrariness of r, for any 0 < € < r, from (75), we get
P{ sup |T7Y2012 > (r — 6)2}
0<s<t
) v(0)

< - VT (76)
1nf‘F,1/ngw‘2r76 V(fﬁ,].—‘ 9)

For (76), let € — 0; from the continuity of 120 and
V(z,T71/20), we get

P{ sup [T71/24)% > '1"2}

0<s<t
V(0
< w___ 5 (77
infipo1/2g)4 s, V@, I1/20)
forany ¢ > O and r > 0.
Define
B, = { sup |T712%0)% < oo} (78)
0<s<n
C, = { sup |T7Y2%0)% < r}. (79)
0<s<n

From (78) and (79), we have B,, 2 B, +1, C,, D C, 11, and
P(B,) > P(C,,) for any n > 1. By (77), we have

V(0)

P(Cp) > 1~ - —. (80)
inf gy g5 V@, r-1/26)
It follows from (78)—(80) that
P {sup 71202 < oo}
5>0
= P( lim Bn>
n——+o0o
- Jim, P(8.)
> lim P(C,)
n—-+0o0o
V(0
>1- - © — . @D
nf o124 sy Vi@, I /20)
By the definition of V', we have
lim inf  V(z,T7Y20) = 400 (82)
r—+00 \F*1/29~\+\w|2r
which together with (81) yields
P {Sup T-1/20)% < oo} =1. (83)
s>0

From the definition of I'(¢) in (6), we know that I'(¢) is a positive-
definite matrix; thus, we have

D202 = [T ()] (84)
where |A| = \/Amax { AT A} for a matrix A € R™".
By (83), we obtain
6(8)* < [T(@)|[T126]> = O(|T(1)))
1
=0 () 5

From (85), we get (69)—(70).

Remark 3: From (10), we get

2
n—1

t
') =T7"Y0) + / Ty + Z kizi | p1plds. (86)
0 =

By the positive definiteness of I'"1(0) and (86), we have
2

t
)\min{ril(t)} 2 )\min / Tn + Z kaj 901S01Td5
0 -
7j=1
(87)
which means that large k;, 2 = 1,...,n — 1, may lead to large

Amin{T71(t)}. By (37), we know that k; is the product of some
control parameters. Therefore, from (87) and Theorem 3, we
conclude that large control effort has the large probability to
make (t) converge to its true value .

Remark 4: In this article, by introducing the term (x,, +
Z?;i k;x;)? into the estimator (3)~(6), we develop a new
least-squares identification scheme. The weighted term (z,, +
Z?j k;x;)? has the following advantages.

1) From the proof of Theorem 1, we find that this
weighted term can make the Hessian term (x, +
S0 ki) Tr{pa@l T(0)p1p3 b in (11) be easily
dominated by the controller (35).

2) From the proof of Theorems 2 and 3, it is obviously
that this weighted term plays an important role in the
convergence and strongly consistent properties of the esti-
mator (3)—(6). In fact, as demonstrated by [33, Proposition
2], even for stochastic linear systems, if there is no any
weighted term in the least-squares algorithms, the bound-
edness of 6 can hardly be guaranteed, much less than
the convergence. To overcome this problem, the authors
of [23]-[26] introduce a slowly increasing time-varying
function in the estimator to achieve better asymptotic
properties for stochastic linear systems. However, the
method in [23]-[26] is inapplicable in this article since
their method can only deal with stochastic linear systems,
while the system (1), (2) has nonlinear drift term ¢1 ()
and nonlinear diffusion term o ().

[Il. UNKNOWN PARAMETER AND UNKNOWN COVARIANCE IN
THE DIFFUSION TERMS

Consider a class of stochastic nonlinear systems described by

dl’i:$i+1dt,i:1,...,n—1 (88)

d, = (u+ P (x))dt + o ()07 Bdw

where r = (z1,...,2,)" € R" and u € R are the system state
and control input. The function ¢; : R™ — Rislocally Lipschitz
continuous in z, ©;(0) =0, ¢ =1,2. § € R™ is an unknown
parameter. w is an m-dimensional independent Wiener pro-
cess with incremental covariance X7 dt, i.e., E{dwdw™} =
YT dt, where ¥ € R™*™ is an unknown nonnegative definite
matrix.

In this section, for system (88), (89), we first construct a least-
squares estimator, then design an adaptive controller, and finally
analyze the stability of the closed-loop system.

(89)
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A. Parameter Estimation

Define n = 07 L370 = Tr{%7007'S}. For the system (88),
(89), to estimate the unknown 7, we design a parameter estimator

as
2

n—1
=a+r |z, + ) Kz, (90)
j=1
with « and r satisfying
n—1
&= —ria—2r mn+ijwj
j=1
n—1
: <u+1/)1 +Zkixi+1> o1
i=1
= —r*Z r(0)>0 (92)
where k1, ..., k,_1 are parameters to be designed later.
It follows from (90)—(92) that
n—1
diy = 3 (n — A)dt +2r | & + > kja; | ¥20" Sdw.
j=1
93)
Denote 7 = 1 — 7; by (93), we have
n—1
dij = —ry3ijdt — 2r | @ + Y kja; | 120" Sdw.  (94)
j=1
From (92), we obtain
dr=t(t 1
L0 s (95)

a r2
Defining Vj; = 7?/r, noting 7(¢) < r(0), and using (94) and
(95), we get
2

n—1
o+ Y ki | Wiy
j=1

d -1
LVy = = 2(ubail)? + 77 = 4 dr

2

n—1
— (o)* +4r [ @0+ Ky | Y3

j=1

2

A

< = (v2i)” + 41(0) wan.  (96)

Remark 5: For system (88), (89) with unknown parameter
0 and unknown covariance Y, it is not necessary to estimate
the entire vector 6 and the entire matrix Y. Instead, we only
need to estimate one unknown scalar parameterp = 7L X710 =
Tr{xT007%} using the least-squares estimator developed in
(90)-(92).

Remark 6: Compared with the existing results [30], [34] on
stochastic systems with unknown covariance, the results in this
article have the following two novel features.

1) Both unknown parameter # and unknown covariance X
are considered in system (88), (89). The unknown term
673 in (89) is more general than that in [30] and [34], in
which only unknown covariance ¥ is considered.

2) To estimate the unknown 6 and X in system (88), (89),
this article develops a novel least-squares algorithm (90)—
(92), in which the estimator parameters k1, . .., k,_1 are
suitably constructed to achieve stability. This approach is
substantially different from the tuning functions method
used in [30] and [34]. Compared with the tuning function
method, the advantage of least-squares identification is
that it has the capability of automatically adjusting the
adaptation gain 7(t) in (90).

Remark 7: For the unknown nonnegative term 7(0)(x,, +
Z?;ll kjxj)%13n in (96), we can rewrite it as

2 2
n—1 n—1
r(0) | wn + > kjay | win=r(0) |z + > ki | 30
=1 =1
2

n—1
+7(0) | zn + Z kjz; | 37 97)
j=1

In (97), the term 7(0)(z,, + Z;le kjx ;)37 can be dealt with
by the controller with the suitable selection of ky,..., k,_1.
The term 7(0)(x,, + 27;11 kjxj)*137) can be damped by the
negative terms —(127j)? produced by estimator and —(% +
47(0))%4p3&2 produced by the controller. More details about this

point are found in the proof of Theorem 4.

B. Adaptive Control Design

For the adaptive control design for system (88), (89), the de-
sign for the first n — 1 steps is the same with that in Section II-B
and the only difference is the last step. Thus, by following the
same design procedure developed in Section II-B, for system
(88), (89), (29) should be

Ju

n—

3
= (i —ain1)& + & _1én + 553#/}377
1

LV,

IA

(2

n—1
+& (U +r(@) + D e ai$i+1>
i=1

n—1

= — Z(Ci —ain-1)& + & 1&n

i=1

n—1
+& <U + Y1 () + Z Op1° - Oéixi+1>
i=1

3 .3 -
+ s + 56U (98)
where V,, = % S étand &, =3y + &1
By Young’s inequality, we have
3 4 174 - 4
§n715n S anfl,n,lgnfl + 1 ganfl,n,l fn (99)

where a,,—1 1 1s any positive constant.
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Since ¥2(0) = 0, we have 15 (x) = 2T )90 (z). Thus, we have
3

(2 + 4r<0)) s
< (5 +40) €2t + oo 2ol

< B+ +E+Gai+-+ &
+ &1l _)|waol?
<HE(EG +E + -+ & )vn

n—1 n—1
1
4 2 2 L\ 4
< Zlai,n,zﬁi + (z; 102 Po17” + 1/)2177> & (100)
1= =
where a; ,, 2 is any positive constant and 197 () is a nonnegative

function.
By (100), we have

n—1
3. R
STEns < = Ar(O)gE + ) ain 28]

i=1
n—1 1
20 7 e 101
+ <; da;,, ¥oin +1/1217]>§n (101)
Substituting (99) and (101) into (98) yields
n—1
LV, <= (e —ain)§)
i=1

n—1
+ £ (u + Y1 (z) + Z Op—1-"" aiiﬂz‘-s-l)
i=1

= 1 1/4 3
+ (?/12177 +y md@ﬁ?z T3 (3an1,n,1> )5;‘2
i=1 o'

R 3 -
= Ar(0)igas + €N (102)
where
Ui = Qi1+ Ain2, t=1,...,n—2 (103)
Ap-1,n = Ap-1,n—-1 T Gn-1,n,1 T Gn—1,n,2- (104)

If we choose the actual control law as

2
u= —§&, <1+1/)§+ (;4‘47“(0)) V2 + o)

n—1 -3
1 9 .0 1[4
" ; 4a; 5,2 afl+ g (3%_17”71) )

n—1
— 1y — E Qp—1 " QTi41
i—1

(105)

(102) can be rewritten as
n—1

LV, < =Y (e —ain)€l — & —¥3€,

i=1

2
) (2 +4r(0)> w3eh — ar(0)iE2v3

3
+ 2y (106)

C. Stability Analysis

The following theorem gives the stability results of the system
(88), (90).

Theorem 4: Consider the closed-loop system consisting of
the plant (88), (90) and the controller (105). If the parameters k;
in (90)—(92) and ¢; in (26) are selected as

ki=[Jens, i=1,...,n-1 (107)
j=1

ci=ain,+1, i=1,...,n—1 (108)

then the following conclusions hold.

1) The closed-loop system has an almost surely unique solu-
tion on [0, +00).

2) The equilibrium x = 0, 7 = 0 is globally stable in proba-
bility.

3) limt_>+oc ,I(t) =0 a.s. )

Proof: Noting that &, = z,, + .1} 2 ([152] an—j), using
(107), (96) can be rewritten as

LV; < = (1ai))® + 4r(0)&2 930, (109)
Substituting (108) into (106), we have
n 3 2
e~ 3 el il (54 40) viel
3
— Ar(0)iga s + SN (110)

Choosing U = V,, + V3, from (109) and (110), we get
n 3 2
s =3 el -uiel - (G ar0) vie)
~\2 3 2 ~

— (Y27)” + (2 + 47”(0)) §atban

S 4 204 3 ~\2
= =& -3k — S (vad)

i=1

1. /3 2\’
- 51/1277 —\3t 4r(0) | &5, | - (111)
By (111) and [30, Th. 2.1], conclusions 1) and 2) hold and

. 4 .
tllinoozgi (t)=0 as. (112)
By (112) and the definitions of &;, we have
tLlinoczr(t) =0 as. (113)

which means that conclusion 3) holds.

The following theorem shows that the convergence and
strongly consistent properties of the least-squares algorithm
(90)-(92).

Theorem 5: For the system (88), (89), using the controller
(105) with (108), the estimator described by (90)—(92) and (107)
has the following properties.
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1) Convergence: lim; 1 7(t) =n9 a.s
random variable.
2) Strongly consistent: if the set

., where 79 is a

= { x) L1+moo/ wzdS— } (114)
is not empty, then we have
tilinoon( ) = na.s.on Sy. (115)
Proof: We first prove conclusion 1).
By (94) and (107), we obtain
dij = — rp2ndt — 2r&, .07 Sdw (116)
which means that
t
a0 =)~ [ rodids M) i)
0
where
t
Ms(t) = / 2r& b0 Sdw. (118)
0
From (92), we get
t
/ 23 < r(0). (119)
0

From (111), similar to (52), using the nonnegative semimartin-
gale convergence theorem, we can prove

+oo
/ (1/1277)2(18 < +ooa.s.
0
It follows from (119) and (120) that

—+o0
[ rugias
0

“+o00 )
< / Ir2iilds
0

+00 1/2 +o0 1/2
< ( / r2¢§ds> ( w§ﬁ2d5>
0 0

< —+o0a.s.

(120)

(121)

From (111), similar to (61), using Fatou’s lemma, we can prove

+o0
E{ wggﬁds} < U(0).
0
By (119), (122), and Schwarz inequality, we get

t
E{ / 4r253¢§9T22T9ds}

0

= 4nE { / t rzggy}gds}
t 1/2
<4nE{</ I w2d5> (/O r4¢§ds> }
t 1/2 t 1/2
<on(o{ [ cuaf) - (o{ [ usaf)
t 1/2 t 1/2

< 4(0)n (E{ / £i¢§d8}) (E{ / r%%ds})

(122)

< 4r*2(0)(U(0))*

< +o0a.s. (123)

Therefore, M3(t) defined in (118) is a continuous martingale.
From (123), we have

t
sup ElIM3(t)|> = E {/ 4rzg§¢§9TzzT9ds}
0

>0

< 4r*2(0)(U(0))%n < +00. (124
By Doob’s martingale convergence theorem [31, Th. 3.5, P.13],
we obtain

lim Mg (t)

t—-+o00

= M02 a.s. (125)

where My is a random variable satisfying E|Ma|? < +o0.
By (117), (118), (121), and (125), we get

filer n(t) =no as. (126)
where 7) is a scalar random variable.
We then prove conclusion 2).
Similar to (83), we can prove that
=2
P{supn <oo} —1. (127)
t>0 T

From (95) and (127), we have

~2
P=r (Z) = 0(r(1)) —0( =y jft 2 ) (128)
r o Paas

which yields (115).

Thus, the theorem is true.

Remark 8: From (111) and (122)—(126) in the proof of Theo-
rem 5, we find that the term —¢§£n in the controller (105) plays
an important role in proving the convergence of the least-squares
identification scheme (90)—(92).

Remark 9: In Sections II and III, new least-squares identifi-
cation schemes are developed, and new adaptive controllers are
designed for stochastic strict-feedback nonlinear systems with
unknown parameters in the drift terms or the diffusion terms. In
future work, we can try to generalize the ideas developed in this
two sections to more general systems. One interesting direction
is designing identification and control schemes when both the
drift and diffusion terms contain unknown parameters, and even
where the input channel also contains uncertainties, the main
difficulty of this direction is how to construct the a-system in
(5) or (91) since it uses the information of both the drift and
diffusion terms but requires that all the information used in this
system should be completely known. Another possible topic is
generalizing the results in this article to systems whose states
are partially observed. In this case, the linear growth condition
of the nonlinear functions in the drift and diffusion terms may be
required. The possible solution to this topic is that an observer
for the unmeasurable states should be firstly designed; then,
the identification and control schemes are designed by using
the information of the observer and system output. The main
difficulty of this direction is how to simultaneously analyze
the stability of the studied system, the observer error, and the
parameter error.
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Fig. 1. Mass—spring mechanical system.

IV. TWO SIMULATION EXAMPLES

In this section, we give two simulation examples to show
the effectiveness of the least-squares identification and adaptive
control schemes developed in the last two sections.

Example 1: Consider the mass—spring mechanical system
shown in Fig. 1, where a mass m is attached to a wall through
a spring and sliding on a horizontal surface. The mass is driven
by an external force, which serves as a control variable. Let y be
the displacement from a reference position. By Newton’s law of
motion, the system is described as [28]

mij+ Ff + Fop = u (129)

where F; is a resistive force due to friction and F, is the
restoring force of the spring. We assume that the spring is a hard-
ening spring, and thus, F}, can be written as Fs, = ky(1 + ay?)
(a > 0), where k and a are spring parameters. Meantime, we
assume the resistive force is linear viscous friction and write F'y
as Iy = cy, where c is an unknown friction parameter.

Motivated by [35], we consider a more practical spring. The
spring coefficient k(t) has an unknown nominal value ky and
k(t) € (ko — 0.8,ko + 0.8). Let A(t) = k(t) — ko. A(t) is the
Gaussian white noise process with zero mean and E(A(t))? =
o2. We can then choose the value of parameter o such that k(t)
obeys the bound —0.8 < k(t) — ko < 0.8 with a sufficiently
high probability. For example, for o = 0.08, by Chebyshev’s
inequality in [31], we can get

2

P(|k(t) — ko|® > 0.64) < 0% =001  (130)
which means that
P(|k(t) — ko| < 0.8) =1 — P(|k(t) — ko| > 0.8)
=1— P(|k(t) — ko|> > 0.64)
> 0.99. (131)

Obviously, P(|k(t) — ko| < 0.8) is increasing as o2 | 0.

To obtain a state model for the mass—spring mechanical sys-
tem, denote 6 = [ko, c]T and take the state variables as 71 = y
and x5 = y. Then, from (129), we get the state-space form as

dIl = SCth, (132)
2
SN EIETEI
m m m
- gxl(l + ax?)dw. (133)
m

By following the design procedure developed in Section II and
choosing m =1, a = 1, and 0 = 0.1, we get the least-squares

2 3 2 3
Time(sec) Time(sec)

Fig. 2. Response of the least-squares estimator (134)—(136).

estimator as
2 2\2 2
o= fF(szJrklxl)z { 1‘1(1—1—1‘1) 1‘1562(1—1—.%1)} «

T122(1 + 22) x3

ky(z1 + xl)(xQ + 2k1x1x2)
=T | +(1 + 32}z (323 + klxlmQ + kizizs)
lemz + k2103

2
- 0.005:1@?(1 + x%)ﬁ" { 21 (14 x7) (w2 + k121) }

(372 + k‘1$1)(3$2 + k1$1)

2
— D(xz + kyay)? {zl(lj ““’1)] u (134)
2
. 'y T
I'= .11 .12 = —(!EQ +k71.%‘1)2F
T2 T
22 (1 + x%)j x1x2(12+ x?) I (135)
z122(1 4 27) x5
5 $1(1+$%) ( +k1x1x2—|—k1x1x2)}
f=a+T 136
{ 4x2 5)/61%1%2 17.2,.2 2 (136)
and the controller as
u= —[z1(1+2?), mg]é —c1x9 — (2 + c121)
35
< T o 114 29)* +0.0227 (1 + 23)*
+ 0.02z7235(1 4 z7)?) . (137)
For simulation, we select the parameters k; = ¢; = % and ran-

domly set the initial conditions as z1(0) = 1.5, 22(0) = —2,
a(O) = [—1,0.6]T, Fll(O) = FQQ(O) = 1, and Flg(O) =0. By
choosing #; = 0.2 and 0, = 0.6, Fig. 2 gives the response of
the least-squares estimator and Fig. 3 gives the response of the
states and the controller in system (132), (133). From Fig. 2,
we can find that limg_, . 0(t) ~ [9,10] # [0.2,0.6] = 6 a.s.,
which means that the least-squares estimator (134)—(136) is
only convergent but not strongly consistent. From Fig. 3, we
can obtain that the states in system (132)—(133) are regulated
to zero a.s. Therefore, the effectiveness of the estimator and the
controller design developed in Section II is demonstrated.

Example 2: Consider the following stochastic nonlinear sys-
tem with unknown parameter and unknown covariance:

dl‘l == {L‘th (138)

Authorized licensed use limited to: Univ of Calif San Diego. Downloaded on August 29,2021 at 00:00:19 UTC from IEEE Xplore. Restrictions apply.



3904

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 66, NO. 9, SEPTEMBER 2021

50|

States
Lo s
L &
—
—
Controller
o

T%
é%)

|

‘

-3 1 2 3 @ - 1 2 3 @
Time(Sec) Time(Sec)

Response of the states and the controller in system (132) and
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0.122}
o1}

= o1z} =
o118}
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o.116f

B 25 05 i z 25

1 15 75
Time(Sec) Time(Sec)

Fig. 4. Response of the least-squares estimator (140)—(142).

1
dQCQ = (u+x1x2)dt+ 51’%(01792)2(dwl7d0.)2),r (139)

where 6 = (61, 02)T is an unknown parameter and 3 € R?*? is
an unknown non-negative definite matrix.

By following the design procedure developed in Section III,
we get the least-squares estimator as

1
&= —th‘lla —2r(xg + kixy)(u + x1a0 + kyag)  (140)
;= Jr%‘l‘ (141)
4
N =a+r(zs+ kiz)? (142)
and the controller as
1 N
U= -2ty =~ azy = (z2 + c121) (31 + 5z + :c‘an) .
(143)

o

For simulation, we select the parameters k; = ¢; = % an
randomly set the initial conditions as x;(0) = —2, x2(0) =
2, a(0) = 2, and r(0) = 0.125. By choosing 01 = 2, 6 = 5,
> =01,>15,=>,, =0and} ,, = 0.2, Fig. 4 gives the
response of the least-squares estimator and Fig. 5 gives the
response of the states and the controller in system (138) and
(139). From Fig. 4, we find that lim;_, ; , 7)(¢) &~ 14 a.s., which
is different from 1 = 7 X X760 = 1.04. Thus, the least-squares
estimator (140)—(142) is convergent rather than strongly consis-
tent. From Fig. 5, the states in system (138) and (139) are regu-
lated to zero a.s. Therefore, the effectiveness of the estimator and
the controller design developed in Section III is demonstrated.

States
Controller

1 1 —2001

o] —300¢f

-1t 4 —a00}

-2 5 —500
Time(Sec)

]
Time(Sec)

Fig. 5. Response of the states and the controller in system (138) and

(139)

V. CONCLUSION

In this article, we have studied the least-squares identification
and adaptive control for two classes of stochastic strict-feedback
nonlinear systems with unknown parameters. The designed
controllers guarantee that the equilibrium at the origin of the
closed-loop system is globally stable in probability and the states
are regulated to zero almost surely. By suitably selecting the
estimator parameters, we prove that the proposed least-squares
estimators are convergent, as well as being strongly consistent
in some special sets.

For the least-squares-based adaptive control of stochastic non-
linear systems, many important issues are still open and worth
investigating, such as generalizing the results in this article to
stochastic nonminimum phase systems where the input channel
also contains uncertainties, generalizing the results in this article
to output-feedback control [36], and studying what will happen
and whether the minimum variance property still holds for the
least-squares-based adaptive control of stochastic systems with
additive noise.
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