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Compensation of Spatially Varying Input Delay in
Distributed Control of Reaction-Diffusion PDEs

Jie Qi

Abstraci—We develop a predictor-based distributed
feedback controller that guarantees exponential stability for
a class of reaction-diffusion partial differential equations
(PDEs) subject to spatially varying input delay. The delay
depends on the location of the input in the spatial domain.
In order to design a distributed controller to compensate
the spatially varying delay, we first introduce an implicit
backstepping transformation, which contains the state of
the target system on both sides of the definition and then
derive an additional backstepping transformation by a suc-
cessive integration approach to arrive at a target system
that is a distributed cascade of a 2-D transport PDE into a 1-
D reaction-diffusion PDE. The resulting delay-compensated
controller includes spatially weighted state feedback and
feedback of the earlier inputs in four differential spatial
regions, which avoids the need for feedback of future in-
puts, whereas the future input feedback would result if
the conventional backstepping transformation was applied.
The inverse transformation is also derived, to prove L2
exponential stability. The applicability and performance of
the controller is evaluated in simulation studies.

Index Terms—Distributed actuation, partial differential
equations (PDE) backstepping, reaction-diffusion PDE,
spatially varying delay.

[. INTRODUCTION

EACTION-DIFFUSION equations have been applied to

model the dynamics of numerous spatio-temporal sys-
tems, including chemical reactions [2], lithium-ion batter-
ies [22], [37], electric and magnetic fields [6], online social
networks [20], 3-D printing [16], and multiagent systems [10],
[25], [31], [32]. The literature devoted to the control of unstable
partial differential equations (PDEs) has flourished over the

Manuscript received November 9, 2019; revised November 15, 2019
and June 8, 2020; accepted September 25, 2020. Date of publication
September 29, 2020; date of current version August 30, 2021. This
work was supported in part by the National Natural Science Foundation
of China under Grant 61773112, in part by China Scholarship Council
under Grant 201806635015, and in part by State Key Laboratory of Syn-
thetical Automation for Process Industries. Recommended by Associate
Editor Y. Le Gorrec. (Corresponding author: Jie Qi.)

Jie Qi is with the College of Information Science and Technology,
Engineering Research Center of the Ministry of Education for Digitized
Textile, and Fashion Technology, Donghua University, Shanghai 201620,
China (e-mail: jieqi@dhu.edu.cn).

Miroslav Krstic is with the Department of Mechanical Aerospace Engi-
neering, University of California, San Diego, San Diego, CA 92093-0411
USA (e-mail: krstic@ucsd.edu).

Color versions of one or more of the figures in this article are available
online at https://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TAC.2020.3027662

and Miroslav Krstic

, Fellow, IEEE

past two decades. In parallel, Port-Hamiltonian framework is
developed for boundary control of PDEs with interconnections
and energy change ports [19], [21]. Also, a methodology for the
establishment of the input-to-state stability for 1-D parabolic
PDEs with boundary disturbances is proposed in [ 13]. Motivated
by the backtepping for finite-dimensional nonlinear systems, an
alternative infinite backstepping technique emerged, which has
provided a systematic design methodology to stabilize unstable
PDEs of many types [18], [26], [39], [40].

These PDE systems are often subject to transport phenomena,
which generate the presence of time delay in their actuation path.
Major advances have been made in predictor-feedback control
techniques for stabilization of ordinary differential equations
(ODEs) with various types of delays, including state-dependent
delays [5], delays with additive disturbance [24], time-varying
delays [15], [23], input delays subject to time-varying perturba-
tions [12], time-varying input and state delays [4], and unknown
input delays [7].

The stability analysis of PDEs with delays is more com-
plicated, so there are fewer such results. An example is [14],
which considers the stabilization of a reaction-diffusion PDE
with arbitrary long input delay where a backstepping boundary
controller is developed to compensate delay. In [11], the authors
design a delay-compensated control for an unstable reaction-
diffusion PDE with state delay in the domain. Based on the
Lyaponuv—Krasovskii functional method and a linear operator
inequality, sufficient conditions of exponential stability are de-
rived for a class of PDE systems with unknown and time-varying
delays [9], whereas [35] applies a similar method to obtain inter-
esting results for a semilinear case with delays. Furthermore, a
distributed event-triggered control of diffusion semilinear PDEs
is introduced and global exponential stability conditions are
derived by use of Lyapunov—Krasovskii functional [33]. Another
way to compensate the input delay is to use an observer that
predicts the future value of the state [34], and then applies the
estimated state for feedback. A boundary feedback to compen-
sate a constant input delay for an unstable reaction-diffusion
PDE has been developed in [28], where the spectral reduction is
applied and divides the infinite-dimensional system into a stable
part and a finite-dimensional unstable part. Our recent work [30]
applies the backstepping technique to design a distributed in-
domain actuator for an unstable reaction-diffusion PDE, which
is subject to a constant and arbitrarily large boundary input
delay.

No results exist yet on control design for unstable PDEs with
spatially varying delays. There only exist results for multiinput
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finite-dimensional systems with distinct input delays in each in-
put channel, where the distributed delays are modeled by integra-
tion. Bekiaris-Liberis and Krstic [3] introduces an forwarding-
backstepping transformation of the infinite-dimensional actu-
ator to compensate the distinct distributed delays. Tsubakino
et al. [38] considers distinct point delays in each input channel
and proposes a predictor-based state feedback controller for it
via the backstepping technique. These two references for ODE
systems are the most closely related to our article on control
design for the reaction-diffusion PDE with spatially varying
delays. This article extends the backstepping transformation
in [38] and introduces an implicit backstepping transformation
as an intermediate transformation, which establishes a group of
well-posed kernel PDE:s.

In this article, we design a distributed controller to stabilize a
reaction-diffusion system with spatially varying input delays. In
the system, all parameters are assumed known. Different delays
arise at different spatial positions for distributed actuation. Since
the delays depend on the spatial variables, a simple backstepping
transformation is not applicable for the system. This is because
that the resulted predictor control would contain feedback of
future states. Compared to our work on constant input delay [30],
the challenge is to construct a new transformation, which as-
sociates the original system with a stable target system in the
form of a distributed cascade of 2-D transport PDE into a 1-D
reaction-diffusion PDE. An intermediate implicit transforma-
tion contains the target state on both sides, so an additional
challenge is to find the explicit form of the backstepping trans-
formation, which maps the original states to the target state. A
successive integration approach is used to derive the kernel of the
explicit transformation and prove the boundedness of the kernel.
Also, the explicit form of the inverse transformation is found.
Applying the Parseval’s theorem, we show that integration of
a function in L? multiplied by the kernel with singularities is
still in L2 norm. Based on the result, the norm equivalence
between the original system and the target one is proved, which
establishes the exponential stability of the system in the original
variables. Finally, numerical simulation results are provided to
illustrate the theoretical result.

A much abridged conference submission [29] of the article,
presents the control design but neither Proposition 1 nor stability
analysis. This article is organized as follows. Section II presents
the control design for the system and gives the main result. The
main result of the L? exponential stability of the closed-loop
system under the designed controller is proven in Section III.
Supportive simulation results are provided in Section I'V. This
article ends with concluding remarks and a discussion of future
work in Section V.

Notation: Throughout the article, we adopt the following
notation to define the L?-norm for f € L?[0,1] and g(z,s) €
L2([0,1] x [0, D(x)]):

1
Hﬂézluwﬁm

1 D(z)
gll7 :/o /0 lg(z, 5)|*dsdx

11 = AT + 1 Fa 2z

Also let
Hp[0,1] = {f € H'(0,1), f(0) = f(1) = 0},
LE([0,1] x [0, D(x)]) = {g(,-) € L*([0,1] x [0, D(x)])

g(x, D(x)) = 0}.

[I. CONTROL DESIGN
A. Problem Description

Consider a reaction-diffusion PDE system given by
up(x,t) = gy (x,t) + ru(z,t) + U(z,t — D(z)) (1)

for z € [0,1], ¢ > 0, with a delay of D(z) time units which
depends on x. The boundary conditions are

w(0,t) =0, u(l,t)=0 2)

and the initial condition is

u(z,0) = up(x). 3)

We make the following assumption for the delay function:

Assumption 1: Let D :[0,1] — [M7, Ms] be a first-order
differentiable monotonic function, where M;, M, € R* and
M; < M,. Without loss of generality, assume that D(z) is
increasing and its inverse function is denoted by x = D~1(s)
on [0, 1].

A possible physical motivation of Assumption 1 can be find
in a model for pollutant decontamination process [41], in which
a contaminated surface is decontaminated by spraying a dis-
infectant source. The dynamics concentration of the pollution
obeys a reaction-diffusion model like (1)—(3). The source of the
decontaminant spayed on the surface is subject to a time delay
due to the transport of the particles from the source location to
the contaminated surface. If the source locates closer to z = 0,
the delay would be an increasing function of x. For D = 0, this
is a trivial problem, solvable by many different feedback laws,
the nominal one being

U(z,t) = =(A + cJu(z,t), ¢>0 “

which stabilizes the system (1)—(4) to a zero equilibrium. How-
ever, under the occurrence of time delay acting on the in-domain
actuator, the system (1) actuated by the nominal feedback law
(4) may be unstable for large delay. It points out in [9] that,
only if the delay is sufficient small, can the system (1)—(3) with
nominal control (4) be stable. In the present article, there is no
limit to the value of the delay, so a delay-compensator is needed.

Such a problem has been considered before in [17], [27] for
an ODE scalar plant with single input

X(t) =AX(t)+ U(t — D) (5)
fort > 0 and D € R™. The predictor feedback for (5) is

U =+ 0 [H0x0+ [ se-ouew] ©
where

v(s) =e**, s e0,D]. @)
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The term in the bracket on the right side of (6) is the predictor,
which compensates the input delay and +(+) in (6) plays the role
of state transition.

This example is a special case of the general compensator
design in the setting of finite-dimensional system. Based on the
predictor-feedback concept, the delay compensation control for
reaction-diffusion PDE (1)—(3) could be

Uz, t) = —(c+ Mu(z, t + D(z)) (8)
which is a feedback of the predictor of state u(x,t + s). To find
the future state u(x, t 4 s), we consider the following equation:

Us(x,t + ) = g (,t + 5) + Au(z, t + 5)
+U(z,t+s— D(z)) )
w(l,t+5) =0, u(0,t+s)=0 (10)
and u(x,t) is the initial condition of the system as s = 0. The

solution of the abovementioned equation can be expressed as
follows:

% 1
u(z,t + s) = ** Z QSin(nm:)e’"Q’r2 S/ u(y, t) sin(nmry)d
0

n=1

+20_C:1281n(n7m)/1 /SU(y,t+T—D(y))

-sin(nay)e” TG drdy.

(1)

From (8), the delay-compensated control is

Uz,t) = —(c+1) Y 2sin(nma)e """ D)

n=1

< [ /0 (. 1) sin(nmy)dy

1 pD(x) 5y o
+/ / Uly,t+r — D(y))sin(nmy)e™ ™ }‘)Tdrdy] .
o Jo
(12)

Since the right side of equation (12) contains a future control
expression U(x,t +r — D(y)) for r > D(y), which happens
when D(z) > D(y). Therefore, it is hard to find the explicit
expression of U (x, t) without the future U just from the predictor
of state from (8).

B. PDE Representation in 2-D of the 1-D Reaction
Diffusion PDE With Delay on Distributed Input

Introducing a transport equation, which alternatively repre-
sents the input delay, (1)—(3) is rewritten as

ut (2, 8) =gy (v, t) +Au(z, t) +v(x,0,t),z € (0,1)
(13)
u(0,t) =u(l,t) =0 (14)
u(z,0) = uo(z) (15)
v, 8,t) = vg(w,8,t), x € 10,1], s € [0, D(z)) (16)
v(z, D(x),t) = Ul(,t), (17)
v(z,s,0) = vo(x,s). (13)

where U(x,t) is the input with no delay, (u,v) is the state,
and D(z) > 0 for z € [0,1] is delay which varies with . The
state of the delay dynamics (16)-(18) is v(z, s,t) = U(z,s +
t—D(x))ast> D(x) —

Applying the backstepping method, we obtain the control
feedback as follows:
1

W (z, D(z),y)u(y,t)dy

0
(D(x)=D(y))
// Y2(z, D(x) — h(1,y,t),y)U(y, 7)drdy
t—(D(y)—D(0
+ / / Py(x, D(x), y, h(r, y, ))U (1, 7))drdy
0 th

t— nnn{O D(z)-D(y)}
/ / Py(a, D(x),

D(y)-D(0))

U(z,t) = —(c+A) {

y7 h(T7 y’ t))
U(n, T)de’l]:|

/ / Qa, D(@),y hir,y. U (y, T)drdy  (19)
D(y)

where

h(T,y,t) =7+ D(y) — (20)
W(z, D(2),y) = v(z, D(x),y)

/ / (). ¢, PG, o y)dCdr
Py(z,D(x),y,7) 21)

min{y,z} D(¢)
- [ [ Q@)oo -

Py(x, D(x),y,7)

min{y,z} ,D(C)
S AR AR RN

r,y)ded,

(22)

where 7, 72, @), and H will be defined in the sequel. Control (19)
will be constructed in details further in the following sections. It
is clear that there is no future control term on the right-hand side
of the expression of control (19) compared to (12). Therefore, the
control is the feedback of the states (first term) and the feedback
of the historical control (last four terms), which compensates the
delay.

Based on the delay-compensated control, we present the main
result as

Theorem 1: Consider the system consisting of the plant
(13)—(18) and the control (19). For any initial conditions uy €
HLE[0,1], vo(z, s) € L?([0,1] x [0, D(z)]) which are compati-
ble such that u(0) = up(1) = 0, vo(x, D) = U(x,0), the sys-
tem is exponential stable, i.e.,

Vi(t) < Me=*'V4(0), (23)
where M, o are positive constants and
Vi = [lullZs + lusl7e + V]2 (24)
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r Do) Applying the backstepping method (More detailed technical
developments are presented in Appendix A), we find the implicit

kernel equation

S
Vs(@,8,9) = Yy (@, 8,y) + 2v(@, 5,9)
~lewn) [ 8- u sl 69
0
5 b x€0,1], y € (0,1), 0 < s < D(x)

z,8,0) =~v(x,5,1) =0 36
Fig. 1. Area of integration (y, r) for the last term of (25). 7( ) ’Y( ) (36)

C. Backstepping Transformation in Implicit Form

We seek a backstepping transformation in the form

z(x,8,t) =v(x,s,t) + (c+A)/ y(z, s, y)u(y, t)dy

c+)»//
+(c+x)/oz/0¢(y’s)y(xs

o(y, s)

and kernel function ~(z,s,y) is defined on 7= {[0,1] x
[0, D(x)] x [0,1]}. The integration area (y,r) of the last term
of (25) is shown in Fig. 1.

The transformation (25) can transform the original system
(13)—(18) to a stable target system as follows:

Yo(y,r, t)drdy

r,y)z(y, r, t)drdy
(25)
where

= min{D(y), s}. (26)

ur(z,t) = ugy (2, t) — cu(z, t) + 2(z,0,t), x € (0,1)
27
u(0,¢) = u(l,t) =0 (28)
u(z, )—UO( ) (29)
2(w,8,t) = (x s,t), x €10,1], s € [0,D(z))  (30)
z(x, D(x),t) = @D
z(x,s,0) = zo(x, s). (32)

The solution of z(x, s,t) is

2w, 8,t) = {20(93’5 ) s 1?(%). (33)

We rewrite transformation (25) as

2z, 5,8) = vz, 5,8) + (c + 1) / (5, y)uly, H)dy

c+)»//
D™'(s) rD(y)
—l—(c—l—)»)/ / v(z, s
0 0

+ (e + )»)/ / v(z,s — 1 y)z(y,r, t)drdy.  (34)
D-1(s)Jo

Yo(y,r, t)drdy

r,y)z(y, r, t)drdy

where 0(+) is a Dirac delta function. The kernel equation has a
solution (See Proposition 1 in [30] for more details) as follows:

Nz, 8,y) = {71(»’37

s,y) = 26_08\11(1"57:(/) 0 < ) <u

Y2z, 8,y) = 2670 (z,5,y) w<y<l
(38)
where
o0
U(x,s,y) = Z e 5 sin(ny) sin(nmx).  (39)
n=1

Remark 1: Insert s = 0 into (38), which gives v(z,0,y) =
S0, 2sin(nmy) sin(nrx). Itis well known [36] that the shift-
ing Dirac delta function where 0 < x,y < 1 can be expanded in
Fourier series as follows:

oz —y) = Z 2sin(nmx) sin(nwy). (40)

n=1

The numerical kernel function under some parameters are
shown in Fig. 2.
Remark 2: Denote

Rlu(t)](z) £ (c+ 1) / (@, 5, y)uly, H)dy

cn [ [

x (y,s)
SOl & e+ ) / e
Transformation (25) has the structure of
Plv] + S[z].

It is clear that (41) contains z on both sides, so it is an implicit
transformation. In this sense, we need to find a transformation
from v and u to z through an inverse operator (I — S)~!
follows:

Plo(t)](x,s) = ( Yo(y,r, t)drdy

S — T, y)z(yv T, t)d?"dy

z=uv+ Rlu] + 4D

z=(I—-8) " (v+ P[] + R[u]). (42)
D. Explicit Form of Backstepping Transformation

and Controller

Apply the successive approximation to transformation (25) in
form of (41), which gives

2"t = v + Pv] + R[u] + S[z"]. (43)
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10, c=4

(1Y), A

Fig. 2.

4
o

=10, ¢
]

'
N

]
w

—(%,0.01,y), A

©)

Kernel function —v(z, s,y). (@) s = 1. (b) s = 4. (c) s = 0.01. It appears asif y = 0 on 0 < y < = due to e °* < e*¢, which makes the value

of the kernel on 0 < y < = much smaller compared to the value on z < y < 1.

By letting the initial guess

20=0
then
2! = v+ P[] + R[u] (45)
and
2" =21 4 S (46)

Begin with denoting the difference between two consecutive
forms as

A" = gt n 47)
and recall the initial state
A0 =2t (48)
which gives the following iteration formula:
Az" = S[AZ" ] = S"[AZ°] = S"[2Y). (49)
If the limit as follows exists:
lim 2" =z (50)
n—oo
which is equivalent to the following series converging:
oo
z(x, 8,t) = Z AzZ"(x, 8, t) (51)
n=0

then the inverse operator (I — S) ! exists and 2 can be written as
z = (I — S)1z. Next, we employ successive approximation
on (49) so as to compute the series (51). From (49)

By exchanging the integration orders of drdy and dridy; and
variables replacing with i < y; and r < rq, we rewrite Az? as

z rd(y,s) rr ré(yi,s)
a2 =errp [ [ [ s )
0 0 y T

“yi(y1, 71— ryy)dridy 2 (y, v, t)drdy

in which we move z!(y,r,t) to the most out layer of the
integration. Continue iteration and exchanging the integration
order, we observe the pattern as

z  ro(y,s)
Az (. 5,1) = / / K™(z,s,y,7)2 (y, . t)drdy,
0 0

forn=1,2,3,---
where

K'(z,s,y.r) = (c+ M)z, s —ry)

z ro(y1,8) pyr po(y2,r1)
K”(J;,S,y,r):(c—&—)n)”/ / / /
Y r i T
Yn-2 [OYn-1.Tn-2)
/ / ’71($,8—T1,y1)’71(y1,7‘1—T2,y2)
Yy r

N (Yn-2,Tn—2 = Tn-1, Yn—-1)V1 Yn—1,"n—1 — 7, Y)

(52)

z rd(y,s)
Azt = (c+A) / / i (z, 8 —1,9)2  (y, 7, t)drdy where forn = 2,3,...
o Jo

and

z rd(y,s) py o pd(yi,r)
Azz:(c—H»)Q/ / / / 1w, s —719)
o Jo o Jo

Y1 (y7 r—"r, yl)zl (yl» T1, t)drldil/ldrdy

drnfldynfl T drldyl n= 27 37 T (53)
The expression (53) also can be rewritten recursively as
z rd(y1,s)
Kn(q,‘757y’7"):(c—|—)\.)n/ / Gn_l(yhrl)
y T
v (x, 8 —r1,y1)dridy;, n=2,3, ...
(54
L y1 pé(y2,r1) )
G" (y1,m1) = / / G" (y2,72)
Yy T
~71(y1,7“1 - 7‘27y2)d7“2dy2 (55)
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9 Yn-2 [O(Yn-1,"n-2) .
G (yn—Qarn—Q) - / / G (yn—larn—l)
y r

Y1 (yn727 Tn—2 — T'n—1, yn—l)dandynq
(56)

G'(Yn-1,7n-1) = 11 Yn-1,Tn-1 — 7, Y). (57)

Assembling all the Az"

ZAZ (z,8,1)

¢>(y,8)
Ya,s,t) / / Q(z,s,y,7)2 (y,r, t)drdy

, we obtain

asst

(58)
where
Qx,s,y,r Z (x,8,y,7
= (c+ M)z, s —ry) + H(z,s,y,7) (59)
with
H(x,s,y,r ZK”xsy, (60)

The @ is defined in (59), using ; defined in (38) and H defined
in (60) which in turn using K" withn = 2,3, ... defined in (54).
According to (45), 2! is

2, s,t) = v(x,s,t)

reon [ [

+(c+k)/0 v(@, s, y)uly, t)dy

Sy u(y, r, t)drdy

(61)

which only depends upon u and v. Recalling (42) and (58), we
obtain the explicit transformation form of (25) as

= (I = S) v+ R[u] + P[v]] (62)
where

(I =8\

(y,s)
—xletn) [ [T Qsprwrdrdy. 3
o Jo

Remark 3: By taking derivation of (61) and applying (100)

and (35)—(37), we get an equation of z! as follows:
Awosit) = 2o )+ (e43) [ mlos): 0.0.0d

0

(64)

2z, D(x), 1)

ern [ " Qe D))

2y, 7 t)drdy.
(65)

Equations (64) and (65) form a first-order hyperbolic partial
integro-differential equation (PIDE). Note that system (64) does
not appear stable with a zero boundary condition at its inlet,
s = D(x). Only after the state feedback weighted by the kernel
Q(x, D(x),y,r) onboundary (65) is applied, does the z* system
become stable.

It is worth noting (58) is a mapping, which transforms (z1, u)
to (z,u). Inserting (45) into (58), we obtain a transformation
which maps (v, u) to (z,u), namely, which transform original
system (13)—(18) to target system (27)—(32).

So far, we have computed the expression of the inverse op-
erator of (I — S)~! denoted by (63). However, we still need to
prove (I — S)~! is bounded. The following Proposition states
that the existence of series kernel (60).

Proposition 1: H(x,s,y,r) defined in (60) using K,,
n =2,3,... defined in (54)—(57), is of exponential growth,
that is, there exists positive constants M and @&, such that
|H (x,s,y,7)| < Me®(@3v:m) where 1 € C°(T;) N L>®(T;)
is given by ¥(z,s,y,7) = /(s —r)(x —y), and T = {0 <
y <z <1,0<7r<¢(y,s),0<s<D(x)}

The proof of Proposition 1 is stated in Appendix B. The
proposition in turn shows that the existence of of series kernel
(59). Combined with the Lemma 2, which is presented in Sec-
tion III, it is clear that although the kernel v contains singular
points, (I — S)~! is bounded and thus map (62) transforming
(v,u) — (z,u) is bounded too.

In order to obtain the controller, we substitute s = D(x) into
transformation (58) with (61), combine boundary conditions
(17) and (31) and exchange the integration order. After a lengthy
computation, the control is given as

e+ ) [ [ e D@ yute.

1 D)
/]
xz JO

D(0)
+/ / Py(xz,D(x),y,")U(y,r +t — D(y))drdy

//D(mm{yrn .

D(y))drdy

Uz, t) =

D(I) - y)U(ya r+t— D(y))d?"dy

'U(y,r +t—

D(y)
+ [ [ G D@,y U+t - D)drdy
o Jo
(66)
where W (z, D(x),y), Pi(z,D(x),y,r), and Py(z,D(x),y)
are defined in (20), (21), and (22), respectively.
Remark 4: From Lemma 2 which is stated in Section III, we

know that the control (19) is bounded although the kernel ~y
contains singular points.

E. Inverse Backstepping Transformation

The proposed transformation (25) is invertible. To see this,
we postulate the inverse transformation, which transforms the
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target system back to the original system as follows:

1
v(z,s,t) = z(x,s,t) — (c+ )»)/0 n(z, s, y)ul(y, t)dy

1 ré(y,s)
—(c+2) / / n(x, s —r,y)z(y,r,t)drdy
o Jo
(67)
where 7(x, s, y) defined on [0, 1] x [0, D(z)] x [0, 1] is a scalar
kernel function and ¢(y, s) is defined in (26). From the equiv-

alence between the target and the original systems, the kernel
function satisfies

1s(258,y) = 1nyy (2, 8,9) = en(, s,y) (68)
z,y € [0,1], s € [0, D(x)]

n(z,s,0) =0, n(z,s,1)=0 (69)
0(z,0,y) = 0(x —y). (70)

The solution of the kernel equation (68)—(70) is expressed as

= Z ¢ (ctn®m?)s sin(nmy) sin(nrz).

n=1

n(z,s,y) (71)

Remark 5: The kernel of the inverse transformation can be
represented by an explicit equation, which appears a same
form as that of the constant delay [30], although the kernel
of transformation (25) is more complicated than that of in-
verse transformation (67). The reason is the boundary condition
z(z, D(x),t) = 0 which cancelling some complicated terms in
the derivation of the inverse kernel equation.

From the inverse transformation (67), the control can be
rewritten as

U, t) = —(c+ ) / 0z, D, y)uly, )dy

0
D(y
(et ) / n(e, D) — r,y)=(y,r, O)drdy

e[ [

where 7(z, -, y) is defined in (71), u(-, t) are the states defined in
(27)—(29), and z(+, -, t) is defined in (30)—(32). Control (72) also
can be regarded as a feedback of the states of the target system.

(72)

[ll. STABILITY

In this section, we will prove the main result Theorem 1,
which states the exponential stability of the closed-loop system
(13)-(19).

To prove Theorem 1, we first present the stability of the
target system in the Proposition 2, and then we state the norm
equivalence between the original system and the target system
in the Proposition 3.

Proposition 2: Consider the system (27)—(32) with the initial
conditions ug € H5[0,1], 20(x,s) € L%([0,1] x [0, D(x)])
being compatible such that uy(0) =up(1l) =0, and

—r,y)z(y,r, t)drdy.

zo(xz,D(x)) =0, then the system is exponential stable,

ie.,
Va(t) < Mpe *°"V,(0) (73)
where M, o are positive constants and
Vo = [[ull 22 + [lusl|F2 + All2[1Z2 (74)

with A > 0, a weighting constant, which is chosen in the anal-
ysis.

Proof: Taking time derivative of [ u®
Cauchy—Schwarz inequality, we get

d 1 1 1
— (/ u%x,t)dw) < = 2/ |ug |2de — (20—7)/ u|?dx
dt \Jo 0 0
1! )
+ - |2(x,0,t)|*dx
7 Jo

where letting 0 <~ < 2¢. Taking time derivative of
fo (z,t)dx and using the Cauchy-Schwarz inequality,
we have

d 1
pn </0 ui(ac,t)dat) < =2 1—— / [t |2 de
720/ | |2 da
0

1 1
+— / 2(2,0,t)[Pdz (76)
Y1 Jo

(2, t)dx and using the

(75)

where letting 0 < 1 < 2.
To proceed we need a new Lyapunov function as follows:

wf [

and take

"z (x, 5,t)|*dsdx, b>0

Vi = ||ullZs + [|us|[7> + AVs. (77)

Vy, is equivalent to V5 in norm, since

1 rD(x) 1 rD(z)
// \z|2dsdx§// ¥ |z|?dsdx
o Jo 0o Jo
1 pD(z)
_ebM?// |z|2dsdx.  (78)
0 Jo

The time derivative of V3 satisfies the following estimate:

. 1 pD(z)
Vg,:/ / 2e% 2z dsdx
o Jo
b bs 9 2
// e g(z (z,s,t))sdz
/ |z(x,0,t)] de—b/ /

From (75), (76), and (79), we obtain the following inequality:
7
2 (1= 1) otz

| /\

e¥|z(z, s, t)|*dsdz.
(719)

Vi < = 2e=y)|lullFz—(2¢ + 2)[Ju |72~
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2(+,0,0)[|72 (80)

11
— Ab||z 22—(A——)
15 " |

where we chose 73 =1 and A > % +1 with 0 <7y < 2c,
therefore

Vi< = (2= )ullZs = (2 +2)lus|Z

< —wls

— Ab|l2||Z:
(81)

where ag = min{2c — ~, b}. From the fact that Vo <V, <
e?M2V/, we derive the stability result (73) with My = ePMz
[ |
The kernel y(z, s,y) has singularity points at s = 0 which
is defined in (102). In this case, we can not directly apply
Theorem 1.3 in [1] to prove the equivalence of Ls-norm between
the original system and the target system since the Volterra
transformation and its inverse transformation contain kernels
with singularities.
Before we present the norm equivalence, we first introduce
Lemmas 1-4 as follows.
Lemma 1: Letn(x, s,y) be given as (71) and f € H3[0,1],

g € L%([0,1] x [0, D(-)]). There exists C; > 0 such that
1 pD(z) 2
I/ w5 ) f)dy| dsde < [f12.  (82)
1 (D) | f1 o) ?
/ / / / n(z,s —r,y)g(y,r)drdy| dsdzx
o Jo o Jo
< Cillg)7-- (83)

Proof: From the Parseval’s Theorem and (71), it holds that

1 2
/O'

dx
_ 2672 c+n27r2)s (/ ff SIH(TL’/Ty)dy>

n=1

Substituting (84) into the left side of (82), we have

/01 /OD(m) /Oln(fvvsvy)f(y)dy 2

dsdz
)s / V2sin(nmy) f(y)dy
0

1
/0 0z, 5,9)f (W)dy

(84)

ef(c+n27r2

IN

2
~\/§sin(n7rx)‘ dxds

_ g:l/oMz o-2(ctn?n)s g (/01 f(y)\/isin(mry)dy>2
3 ( / FVz sm(my)dy)Q

n=1

i(/ FoBsintuzs)iy) = 171

where we used the Parseval’s Theorem agaln for f(x)=

3% o ba/2sin(nmz) and b, = [ f(

1— 672((:+712‘n'2

2(c+ n2n?)

IN

(85)

V2sin(nmy)dy.

For the second inequality, we can use a similar fashion to
prove it. Again, we use the Cauchy—Schwarz inequality and the
Parseval’s Theorem, which gives

/01 /Om) /01 /qu(y.,s)n(x
LR

2
~\/§Sin(n7rx)g(y,r)drdy‘ dxds

My >
S/o;

1 ro(y,s)
/ / Y e—(c+’rL27r2)(s—7')
— /o Jo
2
~\/§Sin(nﬂ'y)g(y,r)drdy‘ ds

M2 1 ¢(y’5)
< / / / 9*(y,r)drdy
0 0 0

(y.s
Z/ / 2(c+n 7r2)(5r)2sin2(nﬂ-y)d7"dy‘| ds
Mo (y.9) 1 — e 2(etnims
/ V / 2(y.r drdch—kn%r%]ds

STV

Therefore, the inequality (83) holds. |

Lemma?2: Let~,~; and ¥, be given by (38). For f € L?[0, 1],
p(x,s) € L?([0,1] x [0, D(z)]), there exist constants C; > 0,
with ¢ = 2, 3, 4 such that

1 ,rD(x)
/ / / (@, 5,9) F () dy
0 0 0
1 D) | ro éy.s) 2
// // i (z, s = r,y)p(y, r)drdy
0 0 0 0

< Cs|lpllZ--

1 D(x) 1 s
/ / / / Yo(x, s — 7, y)p(y,
0 0 x 0

< Callpllz-.

s —ry)g(y,r)drdy| dsdz

—(ctn?m?)(s— T)\/§sin(mry)

n=1

IN

r)drdy.

2

dsdx < Gy fl|7=  (86)

dsdx

(87)
2

r)drdy| dsdz

(88)

Proof: First, V f € L?[0, 1] it holds that

1 pD(x) 1
/ / / v(z,s,y)dy
o Jo 0
1 pD(x) x 0 s
< / / / Z V2sin(nraz)e(ernim)s
o Jo 0 =

V2sin(nmy) f(y)

2
dsdx

2
dy‘ dsdzx
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/‘/Dw)/)E:Vﬁmnnmmgknwb

V2sin(ny) f(y)

dy‘ dsdz. (39)

By using the Cauchy—Schwarz inequality, the first term of (89)
becomes

1 pD(x)
I

V2sin(nmy) f(y)

<L

2
/ <Z2sm nra)e (T ”sm(mry)) dy| dsdx
0

/ Zﬁsin(nwm)e’(H”Q”Q)s
0 5=

2
dy‘ dsdx

n=1

< /01f2<y>dy/01/0m)/01

- 2
X (Z V2sin(nmx)e (T \/ism(mry)> dydsdx

o0

< /01 f2(y)dy/01 /OMZ 222281102(1%”)e

/ f2 dy Z 1 — e—2(c+n2w2)1\42

n=1

1
<5 [ rww.

where we use the Parseval’ s Theorem from the third line to fourth
line and the fact }_" | —'= = ¢. In a similar way, we find the
second term of (89) as

—2(c+n27r2)sd8dx

2(c+ n2n?)

D(x)
// / “Z\lesy dy dsdx
n=1
1—e 2(r—n27w2) M,
2(

<2 / 12 (y)dy Z o) (90)

For & = m?n? where m € N+ and m < oo

1— 62()\477712772)]\42

= M>. 91
A—>me? 2(m2m2 — 1) ? O

The limit existing implies that A = m?27? for a specific value of
m does not affect the convergence of the series in the right hand
side of (90).

Forn € {1,...,00} and n # m

1— e2(A7n27r2)M2 1

- - < 2Mph o W ——— |
2(n?m2 —1) |~ maxe 1} 2(n?m2 — 1)

92)

It is obvious that series Y | 5—z+5—| converges. Combin-
ing (91) and (92), we find that inequality (86) holds.

By using the Cauchy—Schwartz inequality, the left side of
inequality (87) becomes

1 D(z) z  rd(y,s) )
/ / / / p~(y,r)drdy
o Jo o Jo
x ¢>(y,s)
: // 7i(z,s
o Jo
My 1 po(y,s) pl [
§||p\|%2/ // / (Ze(c+"zﬂ2)(sr)\/§sin(n7ry)
o JoJo o \‘:o

2
X \@sin(mmc)) dxdrdyds

Mo 1 ré(y,s) X 5 o
< ||pH2 / / / 672 cn?m?)(s—r)
L 0 0 0 Z

T, y)drdy) dsdx

- 2sin? (ny)drdyds
Mo 2(c+n?m2)(s—o(y,s)) _ e72(c+n2ﬂ'2)s
<wolis [ 3 e
-2 sin2 (mry)dyds
=79 ”pHL2

where we used the Parseval’s Theorem.
In a similar way, we prove inequality (88) as follows:

[ (] [ o)
: (L /0573(30 s
g||p|%2/0M2/01/05/01

0 2
X (Z e—mA ) (s=r) ﬂsin(mry)x/isin(nrm)) dxdrdyds
n=1

T, y)drdy) dsdx

Mo 1 s 0
SHpH%z/O /o / Z62()‘7"2”2)(57”2Sin2(n7ry)drdyds

n=1

Mo 1 —e 2(r—n?7?)s
<wit [ [ S
n=1

< Cullpliz:

——2sin?(nny)dyds

where we used the Parseval’s Theorem and the convergence of
D onet m .
Combining Lemmas 1 and 2, we obtain the following lemma.
Lemma 3: Let the transformation from z!(z, s,t) to 2(z, s,t)
be given as (58) and (59) and let the transformation from
v(z,s,t) and u(z,t) to z'(x, s,t) be given as (61). Then, the
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following inequalities hold:

(2, 5,)lI72 < Csll" (2, 5, )72 (93)
12" (2, 5,)l|72 < Collv(z, s,1) |72 + Crllulz, 1) (94)

where C; are positive constants for ¢ = 5,6, 7.
Proof: From (58) and (59), we have

||Z(Z, Sat)”%2

1 D) v o)
= / / zl(aﬁ,s,t)—i—(c—i—)»)/ /
o Jo o Jo

(11(z,5 — 7, y) + H(z,5,9,7))2" (y, 7, t)drdy|* dsda

1 (D) | o pélys)
<2t @ ol +de+n)? [0 ]
0 Jo 0 0

yi(,s —r,y)2t (y, v, t)drdy|” dsdo

1 D) | pz pé(y,s)
+4(c+2)? / / / /
0 0 0 0

H(z,s,y,7)2" (y,7, t)drdy’2 dsdx

< (24 4(c+1)2Cs) |12 (x,5,0) 13

__ (1 D) | rzx ro(y,s)
+ 4(c+k)2H2/ / / / 2y, r, t)drdy
0Jo 0Jo

< C5||Z1(.%', Sﬂt)H%?

2
dsdx

where H := SUP(, s.y.rer; H (7, 8,9, 1), and we used Proposi-
tion 1 and Lemma 2.
From (61), we find

12 (2, 5, £) 122

1 ,rD(x)
oy

1 S
et n) [ [ rals = ety rodrdy
x 0

< 3|lv(z, s, 1)1

o, 5,8) + (c+ 1) / A, 5, y)uly, D)y

2
dsdx

1 pD(x) 1 2
a2 | [ [ sty dsds
0o Jo 0
1 pD(x) 1 ps 2
—|—/ / / / vo(x, 8 — r,y)v(y,r, t)drdy| dsdx
o Jo z Jo

< 3lv(z, s,t)]|22 + 3Ca(c 4+ A)?||ulz, t)]|2,

+3(c+1)*Cullv(z, 5,1) |72,
where we used Lemma 2. Hence, inequality (94) holds. |

The following proposition states the equivalence between the
two Lyapunov functions (24) and (74).

Proposition 3: The Lyapunov function V7 and V5 are equiv-
alent, i.e.,

agVo <V <anls 95)
where o1 and as are positive constants.
Proof: First consider the L? norm of v
1 ,rD(x)
/ / v%(x, s, t)dsdx
o Jo
1 pD(z) 1
— [ [ s+ [ ot vt
o Jo 0
1 ro(y,s)
+// n(x,s —r,y)z(y,r,t)drdy| dsdx
o Jo
1 pD(x) 1 2
<slala+s [ [ | [ st dy| dsds
o Jo 0
1 pD(x) 1 s 2
+3// //n(z,sfr,y)z(y,r,t)drdy dsdx
o Jo 0o Jo
< 31201z + 3llullZz +3C1 |22z (96)

where we used the Cauchy—Schwarz inequality and Lemma 1.
Substitute (96) into V7, which gives

Vi = 4llullfe + uall7e +3(1 + C)l2lI7

3Cy +3
A

< max{4, }<||u||%z T sz + All2l122)

= a1 Va.

So the first inequality (95) is proved. For the second inequality,
consider

Va = [[ullZ2 + [luall7z + All2]1Z2
< ull3z + lluall L2 + AC5Cgllv]|72 + AC5Cr||ul3
= (1+ AC5Cs)||ullfz + || uel| 2 + ACsCo|lv]2:
< max{l + AC5C7, AC5Cs}V;

where we used Lemma 3. Hence, inequality (95) holds with

_ 1
Q2 = Tax{1AC;C7,ACCgl " . o
Combine Propositions 2 and 3, we finally obtain the result in

Theorem 1.

V. SIMULATION

To illustrate the performance of the proposed controller,
we provide an example for the PDE system (1)—(3) with the
controller (19) . In the numerical example, we set reaction
coefficient . = 10 and delay function D(z) = = + 1. The initial
conditions are chosen as uy = 2 cos(2rz) and U(z,t) =0 as
—D(z) <t<0.

Before simulating the closed-loop system, it is necessary to
find the numerical solution of kernel Q(z, D(x),y, s) defined
in (59) and used as the control gain in (66). After some lengthy
computation, we find that the value of K™ (x, D(z),y,r) de-
fined in (54) is sharply decreasing as n increases. For example,
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Fig. 3.

0o .
X time(sec)

Fig. 4. Dynamics of the state u(z,t) in the feedback system with no
delay under nominal controller.

|K*| < 107 (which can be considered small enough to be
neglected) so we only compute up to n = 3 in the simulation.
The Simpson’s rule of numerical integration is used to compute
the numerical solution of kernel Q(x, D(z), y, s). For constant
values of x some selected surfaces of Q(x, D(z),y,s) are
depicted in Fig. 3. Based on Q(x, D(x),y,s), control kernel
R(z, D(x),y), Pi(xz, D(x),y,s),and Py(z, D(x),y, s) defined
in (20)- (22), respectively, are also computed through the nu-
merical integration.

We discretize the partial differential equation by the finite
difference method using the Crank—Nicolson scheme. The step
sizes for discretization of z, ¢, and s considered are Ax = ﬁ,
At =0.01, and As(z) = % with M = 51. In order to show
the effectiveness of the proposed control, we first plot the di-
agrams of the spatio-temporal evolution of state u(x,t) of the
feedback system with no delay under nominal controller, and of
the feedback system with delay uncompensated under nominal
controller in Figs. 4 and 5, respectively.

As stated in [8], [27], stability of the closed-loop discretized
scheme only holds up to a reliability time 7™ after which the
system might diverge. To counteract this effect, we apply the
initial time reset scheme proposed in [8], with initial time ¢
chosen less than the reliability time 7. In the simulation without

(b)

Kernel functions Q(z, D(z),y, s) with D(z) =2z + 1, » =10and ¢c=2. (a) z = 0.1. (b) x = 0.5. (¢) = 0.8.

X time(sec)

Fig.5. Dynamics of the state u(z, t) in the feedback system with delay-
uncompensated under nominal controller.

X time(sec)

Fig. 6. Dynamics of the state u(z, t) of the spatially varying input delay
under the delay-compensated control without the reset.

the resetting scheme, depicted in Fig. 6, the reliability time is
observed greater than 10, so o = 4 s is taken for the simulation
applying the reset scheme. The dynamics of state using the
reset depicted in Fig. 7 has minor fluctuations, compared to the
dynamics of the state without using the reset.

For a clearer illustration, the L2-norm of u(z,t) for nominal
case without delay, delay-compensated without the reset and
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X time(sec)

Fig. 7. Dynamics of the state u(z, t) of the spatially varying input delay
under the delay-compensated control with the reset.

---without delay

081 ——compensation-reset| -
- -compensation

0.6

0r 7

llu( i 2

8 10
time(sec)
(a)
61
i ---nominal
i —compensation-reset
;—’ 4 E - -compensation
Z |
2 2} ]
1
x
0 - — =
0 2 4 6 8 10
time(sec)
(b)

Fig. 8. (a) Evolution of the L2-norm state versus time of the feedback
system in four different cases. (b) Evolution of the L2-norm control effort
in three different cases.

with the reset, respectively, are shown in Fig. 8(a) and also
the L?-norm of the control effort for nominal case without
delay, delay-compensation without the reset and with the re-
set, respectively, are displayed in Fig. 8(b). The dynamics of
the feedback system with no delay under nominal controller
and the state of the feedback system with delay-compensated
both converge although the state of the feedback system with
delay-compensated converges more slowly than the one with no
delay.

V. CONCLUSION

In this article, we design a compensated distributed controller,
which stabilizes a reaction-diffusion system subject to spatially

varying input delay. First, we introduce an implicit backstepping
transformation, which results in a well-posed kernel equation.
Based on the implicit transformation, an explicit form of back-
stepping transformation with bounded kernels is derived by the
successive approximation approach. The control is obtained
by combining the transformation and the boundary condition
at s = D(z). By using a quadratic Lyapunov functional, the
stability of the target system is studied. The explicit inverse
transformation is more concise than the transformation from
the original system to the target one, which establishes the
exponential stability of the system in the original variables. The
numerical simulations are presented to support the theoretical
statements. Further research includes observer design for the
system with sensor delays.

APPENDIX A

DERIVATION OF THE IMPLICIT KERNEL EQUATION

Take the time derivative of z(x, s, t)

zi(x,8,t) = vs(x, 8,8) + (¢ + A)y(x, s, Dug (1,1)
o (C + )‘)V(xa S5, O)Um(ov t)

1
+ (et h) / (o + 27)uly, D)y
0
(et a) / (5, 9)u(y, 0, )dy
0
1
+(C+/\)/ (2,0, y)v(y, s, t)dy
1 s
(et h) / / el s — 7, g)oly, 7, t)drdy
x 0
D1(s)
(et a) / A(wes — D(y),y)=(y, D(y). )dy
0
(et a) / (5, 9)2(y, 0, )dy
0
D '(s) ,D(y)
+(C+/\)/ / vs(x,s =1, y)z(y, r, t)drdy
0 0
(et ) / (2,0, 2(y. 5, £)dy
D1(s)
(et a) / / vo(@ys —ryy)=(yr drdy  OT)
D-1(s) Jo

where we applied the dynamics of z(z, s, t) (30)~(32) and used
integration by parts. Next, we calculate

zs(z, 8,t) = vs(x, 5,t) + (c+ )»)/0 vs(z, s, y)uly, t)dy
e+ ) [ o0l s ndy

1 s
(et a) / / ol s — 7y y)oly,r, )drdy
x 0
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z - where we apply the Cauchy—Schwarz inequality and the Parse-
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The proof of Proposition 1 is established as follows. 3
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Finally, we obtain
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which concludes the proof with M = %, a= ng and
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