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Abstract— This article proposes a novel control algorithm of a
thermal phase-change process and shows its experimental verifi-
cation using paraffin as a phase-change material (PCM). The core
problem is to design a boundary feedback control for the “Stefan
system” that describes the time evolution of the temperature
profile in the liquid phase, which is associated with the time
evolution of a position of liquid—solid phase interface, for the sake
of stabilizing the interface position at a chosen set point. First,
we design the continuous-time full-state feedback control law by
means of the PDE backstepping method, which, in the absence
of a demand for accelerated convergence, can also be arrived at
by the energy-shaping method, and rigorously prove the stability
of the closed-loop system under sufficiently small heat loss. Next,
the control law is refined via observer-based output feedback
under sampled-data measurements of the surface temperature
and the phase interface position so that the control algorithm
is practically implementable. Then, we conducted an experiment
under a constant input to calibrate unknown parameters involved
with the heat loss. Finally, the proposed model-based boundary
feedback control algorithm is implemented in the experiment of
melting paraffin. The experiment was successful: the convergence
of the phase interface to the set point was achieved.

Index Terms— Backstepping, distributed parameter systems,
moving boundary, phase-change material (PCM), Stefan
problem.

I. INTRODUCTION
A. Background

HASE changes are fundamental phenomena that appear in

numerous engineering processes. The typical applications
include sea-ice melting and freezing [27], continuous casting
of steel [39], [40], cancer treatment by cryosurgeries [41],
additive manufacturing for materials of both polymer [30] and
metal [3], [29], crystal growth [36], lithium-ion batteries [24],
and thermal energy storage systems [52]. Physically, these
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processes are described by a temperature profile along with a
liquid—solid material, where the dynamics of the liquid—solid
interface is influenced by the heat flux induced by melting
or solidification. A mathematical model of such a physical
process is called the Stefan problem [16], which is formulated
by a diffusion partial differential equation (PDE) defined on
a time-varying spatial domain. The domain’s length dynamics
is described by an ordinary differential equation (ODE) that
is dependent on the Neumann boundary value of the PDE
state. Apart from the thermodynamical model, the Stefan
problem has been employed to model several chemical, elec-
trical, social, and financial dynamics, such as tumor growth
process [15], domain walls in ferroelectric thin films [34],
spreading of invasive species in ecology [6], and information
diffusion on social networks [48].

The fidelity of the Stefan model has been validated in sev-
eral experimental studies. Among the various materials in the
aforementioned applications, phase-change materials (PCMs)
in latent heat thermal energy storage systems for numer-
ous applications (e.g., heat pumps, solar engineering, and
spacecraft thermal controls) have been intensively used to
investigate the correspondence of the experimental data with
the numerical model of the Stefan problem (see [8] for a
detailed review on simulations of PCMs). While there are
several materials of PCMs, paraffin has been utilized due to
the attractive features on safe temperature range for melting,
low cost, noncorrosive, and predictable thermal and chemical
behavior [42].

Boundary control designs for the Stefan system have been
developed in the literature. For instance, a motion planning
boundary control has been adopted in [7] and [38], which
ensures asymptotic stability of the one-phase nonlinear Stefan
system by deriving the manipulated input from the solu-
tions of the inverse problem. Recently, boundary feedback
controllers for the Stefan system have been designed via a
“backstepping transformation” that has been used for many
other classes of infinite-dimensional systems (see [31]-[33]
and [44]). Primal results can be seen in [25], which designed
a state feedback control law, an observer design, and the
output feedback law for the one-phase Stefan system by intro-
ducing a nonlinear backstepping transformation for moving
boundary PDEs and proved the exponential stability of the
closed-loop system without imposing any a priori assumption
with guaranteeing parametric robustness. As further exten-
sions and some applications, Koga et al. [30] designed an
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observer-based output feedback control for the Stefan problem
under the material’s convection with applications to polymer
3-D-printing, Koga et al. [23] developed a control design
with time delay in the actuator and proved delay robustness,
and Koga and Krstic [28] developed a control design for the
two-phase Stefan problem.

There are a few results on the experimental application of
the backstepping design for boundary control and observer
of PDEs. In [37], the tracking control for flexible articulated
wings on a robotic aircraft is designed by combining PDE
backstepping for feedback stabilization and feedforward trajec-
tory planning, and the performance of the designed boundary
controller is demonstrated by experiments of bending a long
thin beam. Similarly, in [14], a boundary control of a parabolic
PDE modeling a multiagent formation of mobile robots has
been demonstrated in experiments. The validation of the
backstepping boundary observer design using experimental
data has been studied in [22] for microfluidic systems, in [17]
for oil drilling, in [5] for thermoacoustic instability in the
Rijke tube, and in [50] for congested freeway traffic following
their design in [49] and [51]. However, there has not been any
experimental results on the boundary control and observer for
the Stefan system that is governed by a parabolic PDE with
state-dependent moving boundaries “(a nonlinear system).”

B. Contributions and Results of This Article

The contributions of this article are as follows.

1) We design the full-state feedback boundary control for
the one-phase Stefan problem with heat losses at the
controlled boundary and the moving interface to drive
the interface position to a given set point and prove the
exponential stability of the closed-loop system.

2) An implementable control algorithm is proposed by
further designing the observer-based output feedback
under the sampled-data measurements.

3) The performance of the control algorithm is validated in
the experiments of melting paraffin as a PCM.

The abovementioned three contributions have not been
treated in any literature including [23]-[30]. First, cylindri-
cal paraffin that is aligned vertically is introduced, and the
dynamics of the temperature profile in the liquid paraffin and
the interface position between the liquid and solid phases are
described by 1-D Stefan problem in the vertical coordinate,
which is a reasonable model once the heat input at the upper
base is actuated uniformly and the process starts from the
completely solidified paraffin (wax). Next, we state our control
objective of driving the moving interface position to a desired
set point position, solve the associated steady-state profile of
the temperature analytically, design the continuous-time full-
state feedback control law by PDE backstepping [32], which,
in the absence of a demand for accelerated convergence, can
also be achieved at by energy-shaping method, and prove
the stability of the closed-loop system by Lyapunov analysis,
similar to the procedure in [25]. Then, by introducing the state
observer and the output feedback control and by incorporating
a redesigning method under the sampled-data measurements,
an implementable control algorithm is proposed. To test the
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Fig. 1. Schematic of phase-change model.

performance of the observer, first, we conducted an experiment
under a constant input and calibrated some unknown parame-
ters to fit the estimated measured values with the acquired
data. Using the identified parameters, the experiment under
the proposed control algorithm is performed, which showed
the convergence of the moving interface to the desired set
point position.

C. Organization of This Article

This article is organized as follows. In Section II, the math-
ematical model of melting paraffin by means of the Stefan
problem is presented. The control objective and the nominal
feedback design are addressed in Section III, and Section IV
proposes an implementable feedback control algorithm by
designing state observer and the output feedback under the
sampled-data measurements. Section V explains the experi-
mental setup by showing the observed data under an open-loop
input to identify the unknown parameters. In Section VI,
the experimental validation of the proposed control algorithm
is investigated. This article ends with our concluding remarks
in Section VII.

II. MATHEMATICAL MODEL OF MELTING PARAFFIN

We consider cylindrical paraffin with the diameter R and
the total length L, which is enclosed with an acrylic container
serving as thermal insulation. Hence, the geometry of the
model is represented by a cylindrical coordinate (r,0, x)
that denotes the radial distance from the center, the angular
degree from a base, and displacement from the upper side
of the container, respectively (see Fig. 1). In the PCM,
the liquid—solid phase boundary exists as a domain inside
the coordinate. We establish the physical model under the
following assumptions.

Assumption 1: The temperature profile of the paraffin is
uniformly distributed along the circle-shaped cross section of
the cylinder. Mathematically, we can describe the property as

T(r,0,x,t)=T(x,t) Vre[0,R] Y0 c[0,27). (1)

Moreover, the domain of the phase boundary is uniform along
the cross section of the cylinder, which enables us to describe
the location as x = s(¢).
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Assumption 2: There is no convection in the liquid phase.

Due to the cylindrical geometry and the thermal insulation
along the side, if Assumption 1 holds at the initial time
t = to, then it holds for all time ¢ > fy. By Assumption 1,
the geometry of the physical model can be described by 1-D
coordinate in x. In addition, by Assumption 2, the governing
equation is only given by the energy conservation without
imposing a mass and momentum balance. Combining the local
energy conservation law inside the liquid phase domain x €
(0, s(¢)) and the Fourier’s thermal conduction law, the time
evolution of the temperature profile is given by the following
parabolic PDE:

2
—(x,t):a%(x,t), 0<x<s(@) 2)

where a = (k/(pCp)) with a density p, heat capacity Cp,
and the thermal conductivity k for liquid phase, respectively.
At the surface x = 0, there is a heat loss due to the convective
heat transfer through the surrounding air, which yields the
following energy balance:

KEL0,0) = et) = AT O, 1) ~ T,) 3)
X

where g (#) is a manipulated heat flux per unit area, i denotes
the heat transfer coefficient, and 7, denotes the ambient
temperature (room temperature). As a fundamental physical
condition, the temperature at the liquid—solid phase boundary
x = s(t) maintains the constant melting temperature Ty,
which renders the boundary condition as

T(s(2),1) = Tm. “)

Moreover, the local energy balance at the position of the
liquid—solid phase boundary x = s(¢) leads to the Stefan
condition defined as the following nonlinear ODE:

oT
pAHTS() = —k——(s(1). 1) = ios ®)
x

where A H* and ¢os denote the latent heat of fusion and heat
loss at the interface, respectively.
Remark 1: As the moving interface s(¢) depends on the
temperature, the problem defined in (2)—(5) is nonlinear.
Remark 2: To maintain the model (2)—(5) to be physically
validated, the following conditions must hold:

T(x,t) > Tym Vx € (0,s(t)) Vi >0 6)
0<s(t)<L Vt>0. 7

The conditions (6) and (7) are proven to hold after the
design of the heat input g (7).

III. NOMINAL FEEDBACK CONTROL DESIGN
A. Control Objective and Steady-State Solution

The objective is to drive the phase boundary location s(t)
to a desired set point s; by controlling the heat flux g.(¢).
As a desired state, the steady-state solution of the temperature
profile 7:(x) at s(f) = s; needs to be considered. By setting
the time derivative of the physical model to be zero, the steady
state of the temperature is obtained by

Ty (x) = k_IQIos(Sr —x) + T. (8)
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Then, at the steady state, the heat flux input must have a
balance with the heat loss at the surface and the interface,
which is described as

qF = (1 + k™ hse)qios + (T — To). )

B. Continuous-Time Full-State Feedback Control Design
While the governing equations (2)—(5) are given by the
local energy balance law, in order to prescribe the growth
of the internal energy through the heat input and heat loss,
the macroscopic energy conservation should be considered.
The internal energy of the system is given by
ko [5© k
E(t) = —/ (T'(x,t) — Tm)dx + —s(2) (10)
a Jo B
where f := (k/(p AH™)). Taking the time derivative of (10),
we obtain the macroscopic energy conservation law as

E(t) = qc(t) — h(T (0, 1) — Ta) — qios. (11)

The set point energy is given by substituting the steady-state
solution (7;(x), sy) into (10), which yields
Sr 2
E, = f/ (Tu(x) — To)dx + o = 2055 KO )
a Jo p 20 p

To achieve the control objective driving the system states
(T, s) to the reference set point (7, sy), it is necessary that
the internal energy E(t) grows to the set point internal
energy E,. The idea of our control design originates from
parabolic PDE-ODE backstepping in [32], but, in this section,
we provide a simplified exposition based on energy shaping.
Namely, we define the reference error of the internal energy
as

E(t) = E(t) — E, (13)
and design the control law as follows:
4e(t) = —cE@t) + h(T©, 1) — Ta) + qios (14)

s(t)
= _c(g/o (T(x,t) — Ty)dx + %(s(t) — sr))

2
CqlosSy
2a

+ + (T (0, 1) — T4) + qios. (15)

Here, we impose the following restriction on the set point
position s;.
Assumption 3: The set point s; is chosen to satisfy

,BQIOS S2
2ko "

Then, the control (15) ensures the conditions (6) and (7),
and we state the following theorem.

Theorem 1: Consider the closed-loop system consisting of
the plant (2)-(5) with the control law (15). Then, the con-
ditions (6) and (7) hold, and there exists a positive constant
qis > 0 such that for all gios € (0, gjf), the closed-loop
system is exponentially stable in the norm | T(-, 1) — T;||*> +
(s(1) = s0)%.

Proof of Theorem 1 is given in Appendix A. For accel-
erated convergence, one approach can be derived from the

SO+§/ 0(T()(x)—Tm)dx < s+ < L. (16)
0
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qc(t)

Controller > Phase Change Model

Measurements
y(t) = (s(t), 7(0,%))

Estimator

Fig. 2. Block diagram of the output feedback control.

backstepping PDE-ODE control design in [32, Th. 2], and
for prescribed-time convergence, it can be derived from the
time-varying backstepping control in [46]. Another approach
can be the combination of the feedback design (15) with
a feedforward control derived from a motion planning [7],
as proposed in [9] and [35] for the tracking problem. However,
in a test simulation under the pure feedback control (15),
we observed that the process takes around 5 h with satisfying
the input constraint required due to device limitations, which
is long but doable. Hence, we do not pursue these designs in
this article but will consider as future work.

The reliability of Assumptions 1 and 2 is demonstrated in
the experiments later, by showing the uniformity of the phase
interface geometry and the good agreement of the experimental
data with the model-based observer through calibrating the
parameters of heat loss, similar to [13]. Assumption 3 is also
not strict since sg, sy, and L are free parameters to choose, and
an upper bound of Ty(x) can be estimated, which is shown to
satisfy in the experiments later.

IV. IMPLEMENTABLE CONTROL ALGORITHM
USING SENSORS AND SOFTWARE

This section presents the feedback control algorithm that we
actually implement in the experiment. Note that the full-state
feedback control design developed in Section III requires the
following three assumptions.

1) The spatial profile of the temperature is available.

2) The spatial integration of the temperature profile is

computed.

3) The measurements are obtained, and the controller is

manipulated continuously in time.

The first assumption is relaxed by introducing a state observer
governed by a PDE to estimate the entire temperature profile
under measured temperature only at the surface and the
measured position of the phase interface and redesigning
the controller by associated output feedback control law,
following the results in [25]. The block diagram is depicted
in Fig. 2. Next, the PDE observer is approximated by an ODE
observer through the truncation of the observer state, and then,
the spatial integration in the output feedback control law is
approximated by the trapezoidal rule, which removes the sec-
ond assumption. Finally, the third assumption is relaxed by
further improving the observer and the output feedback control
by sampled-data design implemented under the measurements
obtained at each discrete sampling time by following the idea
of the sampled-data observer [20].
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A. PDE Observer and Output Feedback Design

Suppose that we have the following two measurements:

y(@) = s(t) (17)
y@(@) = 10,1 (18)

for all + > 0. The state observer for the PDE system (2)-(4)
is designed by

oT 2T
S =05, 0<x< YD) (19

KEL0,0) = 4ot ~ hOPO) ~ T,)
X

+x1(P(t) = T(0,1))
T(yWV(), 1) = T

(20)
20
for all + > 0, where k1 > 0 is the observer gain tuned by the

user. To study the performance of the observer, we introduce
the estimation error variable 7' (x, t) defined by

T, 1) :=T(x,1)—T(x,1). (22)

Subtracting the observer system (19)-(21) from the
plant (2)—(5) leads to the estimation error system as
follows:

oT >T

E(x,t) = aﬁ(x,t), 0<x<s() (23)

oT .

—(0,1) =k~ 'k T(0, 1) 24)

~6)6

T(s(t),t) = 0. (25)

In addition to the PDE observer given in (19)—(21) to
estimate the temperature profile, we introduce the following
observer reconstructing the interface position as a copy of (5)
plus the measurement injection of the interface position:

i) = 2600~ Dgos 2500 —50) - 26)

where ko > 0 is an observer gain. The observer (26) is not
essential to estimate the interface position since we suppose
that we can accurately measure the interface position in
continuous time. However, in the next section, we propose
the redesign of the observer under the sampled-data mea-
surements, and the observer (26) is required to reconstruct
the unmeasured interface position during the sampling time
period. By defining §(¢) := s(t) — §(¢), the dynamics of §(¢)
is given by

50) = 60,0~ 23 0). @7
The stability of (T, §)-system in (23)—(25), (27) is addressed
in the following lemma.

Lemma 1: Assume that there exists s > 0 such that 0 <
s(t) < § for all + > 0, and 0 < gqos < (a/(2P5))
holds. The estimation error system [see (23)—(25) and (27)]
is exponentially stable in the norm ®(¢) := | T||> + ||((6T)/
@)II* + 5()*.

The proof of Lemma 1 can be done by analyzing the
time derivative of ®(r) and applying Lyapunov’s method,
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of which the detail is omitted in this article. The associated
output-feedback control is given by replacing the true temper-
ature profile in the full-state feedback control law (15) with
the estimated temperature T(x,1), resulting in the following
form:

s(t)
ge(t) = —c(g /O B 1) — Taydx + %(s(n - sr))

2
CqlosSy
a

+

+ h(T (0, 1) —Ta) + quos-  (28)

Then, due to the separation principle, it is shown that
the output feedback control law stabilizes the plant states
(T (x,1),s(t)) at the desired reference (7;(x), sr).

Theorem 2: Assume that T(x,0) > T(x,0) for all x €
[0, so]. Consider the closed-loop system consisting of the
plant (2)—(5), the observer (19)-(21), and the output feedback
control (28). Then, (6), (7), and T(x, t) <0 hold for all x €
(0, s(1)) and for all # > 0, and there exists a constant g5 > 0
such that for all gios € (0, gp;), the closed-loop system is
exponentially stable in the norm |7 —T;||2+(s (1) —s; )2+ || T ||%.

Since the procedure of Proof of Theorem 2 is analogous to
Proof of Theorem 1, we omit it in this article.

B. ODE Observer Derived From Discretized PDE

To implement the designed observer via numerical compu-
tation, we derive the spatially discretized model of (2)—(5). Let
N € N be the number of grids for the spatial discretization,
Ax := (1/N), pi(t) := i Axs(t), and ¢ (¢) be defined by

V(1) = T(pi(t),1) = Twm, i=0,1,2,....,N (29)
o) = V0, 6P 1), 6P ). ....¢eNM 01" (30)
Note that taking the total time derivative of (29) yields

O 1) = (g + iAx:v(t)ﬂ)

0 0x (D

x=p;(t)

We employ the finite difference method via central difference
for the spatial discretization that has a second-order accuracy
with respect to the discretization width Ax, namely, the com-
putational error lies in only higher order terms than Ax2,
denoted as O(Ax?). Then, the spatially discretized model of
(2)—(5) is governed by the following coupled nonlinear ODEs
of the states ¢ (¢) and s(¢):

O = als()p (1) + p(s) (@) + b(s(1))Ge(t)  (32)
$(1) = q(s()p V(1) + R(s()p(t) + f(p(1),5(t)) (33)

$0) = 26O ~ g (34)
where Ge(t) := qc(t) — h(¢ V() + T — Tu), and

a6) =~ (35)

bo) = T (36)

ps() = (s(j%)z“ Ory-1] (37)

g(s(1)) = W)"‘Tx)z[l O1v—1 ] (38)
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g(s(0) = I —4] (39)

2 s(1)Ax (01,53
where 0; ; € R™/ denotes a matrix in which all the elements
are zero, and R(s(t)) € RV =1*N=1 hag its elements r;, ;j at the
ith row and the jth column given by
2a

(D) Ax)?

a
(s(1) Ax)>
and all other elements are zero. The function f(¢(¢), s(t)) isa
nonlinear function of the dynamics derived from the last term
in (31), which has its ith element

=1,2,...,N—1 (40)

Tii =

ri41,i = Tiji+1 = Vi = 1,2,...,N —1 (41)

' ﬁ ¢(i+1) _ ¢(i71)
fi=1iAx (g(s(t))¢(t) - ;Cllos) TS(Z) (42)
Hence, by defining the state vector y € RV*!
v =190 ¢ sI' (43)

the coupled dynamics [see (32)—(34)] can be described by the
following ODE on the state y:

w = A@s)y + B(s)ge + F(y) + 0 (44)
where

a(s) p(s) 0
A(s) = | g(s) R(s) 0 (45)

0 g() O
B(s) = [b(s) O1n—1 01" (46)
Fy) =10 f(p,s) 01" (47)

,8 T

9=|:0 01,n—1 _;5]1031| . (48)

Let y € R? be the vector associated with the measurements
(17) and (18) defined by

y=0" y@Tn (49)
The measurement vector is described by
y=Cy+d (50)
where
=1 o o]
d=10 Tyl (52)

Following the same procedure, the continuous-time PDE
observer designed in (17)—-(21) and (26) is implemented by
the following ODE observer:
v =AMy +BOM)ge + F) +0+K(y—3)  (53)
where § = Cy +d, and K € RV*22 i defined by
0 b(s)k|

Onv-—1,1 On—1,1
) 0

K= (54)

The time complexity to calculate the resulting ODE observer
is in the order of N, denoted as O(N), since the finite differ-
ence is applied to the 1-D PDE system. Thus, the discretization
method employed in this article does not cause any curse of
dimensionality.
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Algorithm 1 ISP-Based Sampled-Data Observer at Sampling
Time ¢; for j € {0, 1,...}

In(r;)ut s y(D(t5), y‘(?)(tj)ﬂ/?ﬁ;
wi, =y M () iy« y@(t);

for (=0,1,---,1, do
z(—jr—&:l;
y'LeCw'L%}d?

wﬁ)l — wgl) + At (g(8:) i — %qlos);

p(3:)6i + b(§i)§c,i);

w2, e u + At (a(5)8"
! B(wgl))(jc,i +

1/31'+1 — O + At(A(wM)
F(i) + 0+ K(wi — 9:));
end for R
Olltpllt : 1/)(j+1)7-

C. Sampled-Data Design of ODE Observer and
Output Feedback

The measured data are obtained not continuously in time,
but, at each sampling time, {f; : j = 0,1,2,...}. Here,
we consider the sampling scheduling as periodic sampling with
period 7, which leads to the sequence of the sampling time as

ti=to+jr, j=12,... (55)

Hence, the sampled-data measurements are obtained by
YW ()) = s@)) (56)
v ) =T, 1)). (57)

We employ the methods proposed in [20], namely, we intro-
duce the so-called “intersample predictor” (ISP) that serves
as an estimate of the measured variables during the sampling
periods given the measurements at each sampling time as an
initial state and compute the continuous-time observer coupled
with ISP as an estimate of the state variables.

Let w(M(r) and w®(¢) be the ISP states reconstructing
yD(@) = s@r) and y@(r) = T(0, 1), respectively. At every
sampling time ¢ = 7;, we set

w () =y, w?) =yPe).

For t € [tj,tj4+1), by referring to (32) and (34), the dynamics
of ISP is given by

(58)

00 = §GNP0) ~ Lgu
b (1) = aG1)P 1) + pG(1)p(1) + b(E(1))Ge(t).  (60)

The dynamics of the continuous-time observer state y is
given by the copy of the observer (53) with replacing the
measurement states by ISP states as follows:

(59)

v = AwD)y + Bw)ge + F()) +0 + K(w — ) (61)

[w® w® 1T, Furthermore, the states
w(l), w(z), yA/ are discretized in time with the time step At,
and ODEs (59)—(61) are computed numerically by the for-
ward Euler method, which leads to Algorithm 1 providing
ISP-based sampled-data observer at each sampling time, where

where w =
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I = (v/At). Using the sampled-data observer states, the asso-
ciated output feedback control law given in (28) under the
availability of the continuous-time PDE observer is redesigned
by

kvD(t; 1 y o
qe(tj) = —C%}\Etl) (E(y(z)(tj) — Tm) + z¢(l)(tj))
i=2

2
s, k
+cql§% - cﬁ(y(l)(tj) - sr)

+h(y(2)(tj) - Ta) + Glos

where we use trapezoidal rule for approximating the spatial
integration.

Remark 3: While we design the sampled-data ODE
observer for discretized PDE system, recently, sampled-data
PDE observer designs without the model reduction has been
developed by Karafyllis et al. [1], [19] for parabolic PDE sys-
tems with the constant domain. The extension of the method
to the Stefan system is not trivial since the PDE’s domain
is also a measured state that should be estimated during
the sampling interval using ISP. Furthermore, guaranteeing
the closed-loop stability of the resulting sampled-data output
feedback control has not been resolved yet. The theoretical
study of such a sampled-data PDE observer for the Stefan
system and output feedback control remains an open problem
and will be considered in our future work.

Remark 4: Extending the proposed sampled-data design to
the event-triggered control or self-triggered control is a very
effective method for reducing efforts of sensing and actuation,
as proposed in [18] and [47] for linear and nonlinear ODE
systems. Event- and self-triggered control systems consist of
two elements: a feedback control that computes the control
input and a triggering condition that determines the next
updated time for the control input. One of the concerns is
that the sampling time period is generally not uniform and not
known a priori, which might bring a problem in the real-time
implementation. To be conservative, we currently focus on the
sampled-data control with a uniform sampling time period,
while it might put more effort into the actuation than needed.

(62)

V. EXPERIMENTAL SETUP AND CALIBRATION OF
UNKNOWN PARAMETERS

This section presents the experimental setup and the results
under a constant heat input to validate the sampled-data
observer in Algorithm 1.

A. Sample Preparation and Heating Chamber

PCM-37 (Microtek Laboratories, Inc., Dayton, OH, USA) is
chosen as the PCM for our experiment. Its melting temperature
is 37 [°C]. Thermal properties of PCM-37 are summarized
in Table I. Cylindrical rod is prepared by the casting of
molten PCM-37 with an acrylic container with 63.5 [mm]
diameter and a flat bottom. Molten PCM-37 is poured through
a paper filter to remove particles and casting can be done by
keeping the container in room temperature for 12 h. The rod
of PCM-37 is pushed out from the mold once it becomes solid
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Fig. 3. Experimental apparatus and setup. (a) Schematic of the apparatus
for melting paraffin. (b) The setup with sensors and an actuator.

and then inserted into another acrylic chamber for a heating
experiment.

Fig. 3 shows a structure of the chamber to heat the cast rod
from the top side. Our experiments show this configuration
has the least influence of convection. A removable lid on top
of the chamber has a heater and thermocouple sensor, and the
PCM-37 rods are inserted so that it contacts the heater firmly.
The space above the heater is prepared for thermal insulation
and avoids accumulation of small bubbles on the heater, which
are generated when PCM-37 is melted. Due to the transparency
change of PCM-37 upon a phase change, the position of the
boundary is measured by using a digital camera with interval
shuttering.

B. Experiment Under a Constant Input

The boundary heat actuator g (¢) is controlled by an electric
current i.(¢) connected with the film heater under the following

relation:
ie(t) ~ \/qc(t)w R2RS!

where R is the radius of the cylinder, and R is the resistance
of the film heater at room temperature. In this experiment,
we had R = 3.175 [cm] and Res = 13.9 [Q]. Due to the
limitation of the equipment, the electric current is bounded by
the constant ipax, 1.€.,

(63)

0 E iC(t) S imax~

(64)

We conducted an open-loop melting test by keeping the current
input at the maximum value ipyax = 0.79 [A] for 2 h after the
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TABLE I
THERMOPHYSICAL PARAMETERS OF PCM-37

Description Symbol | Value

Density P 790 kg - m—3
Latent heat of fusion | AH* 210 - gt

Heat capacity cp 238J.g7 1. K1
Melting temperature T 37 °C

Thermal conductivity | k 022 W-m~1!

2.5 - . ;
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- - - -¢ -
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515 PR s b
S PRd 2e
Y 4
= 1 L 1
@ »”
0.5¢" 1
0 L L L
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(@)
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- Estimated value| .

* Measured data e --
©'100+ et |
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\ET 80 ’/,’ . 4

60 ' . .
0 0.5 1 15 2
Time ¢ [hour]
(b)

Fig. 4. Estimated values with A = 20 [W/m2K] and gjos = 400 [W/m?],
which have good agreement with the measured data and satisfy (67). (a) The
interface position. (b) The surface temperature.

phase interface reaches 0.5 [cm]. Then, we observed that the
phase interface position was evolving uniformly along the ver-
tical coordinate of the cylinder, which validates Assumption 1.
The image of the experiment is shown in Fig. 3(b).

C. Calibration of Unknown Parameters

Let typ be the time that we observe that s(fp) = 0.5 [cm]
and fix as #p = 0. Let ty = 2 [h] be the process time.
We measured the phase boundary position and the surface
temperature at every 10 [min] as a sampling time period,
namely, the sampling scheduling is described as t; =1 + jr
for j =1,2,...,m with ¢ = 10 [min] and m =17/t = 12.
We implement Algorithm 1 with the given measured data,
of which the time complexity is O((z/Af)N). We chose
N = 40 for the spatial discretization number, and At =
0.05 [s] for the time step, which satisfies the condition for the
Nuemann stability (1/2) > ((ArN?)/(s(t9)%))a. To enable
implementing Algorithm 1 in real-time closed-loop control
experiment later, we at least require the computational time
for Algorithm 1 to be less than the sampling time period 7,
preferably an order of magnitude lower. With the chosen
values, the implementation of Algorithm 1 took at most
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0.14 [s], which is less than three orders of magnitude of
the sampling time period 10 [min]. Thus, the execution of
Algorithm 1 is sufficiently feasible for the real-time control
experiment.

Let e be the normalized estimation error vector defined by

[e(l) 1 e (2) g ), e, e,(nz)] (65)

m ’e() ’
where
o0 YO = 30@))
/ y ()
for i = 1,2 and for j = 0,1,...,m. Implementing
Algorithm 1 with the given measured data, the heat transfer
coefficient 4 and the freezing heat from the solid phase gjos
are calibrated to minimize the estimation error. However, for
the sake of sustaining the robustness of the control algorithm,
the estimated temperature profile should be higher than the
true temperature profile, for the condition shown in Theorem 2.
Since both the measured surface temperature and the measured
interface position are monotonically increasing as the tempera-
ture profile gets larger, both the estimated surface temperature
and interface position should be higher than the measured
values. Taking these into account, the unknown parameters
are calibrated so that

(66)

min e’e,
hyqros
where > denotes an elementwise inequality.

We varied the parameters in a range 0 < h < 30 and
0 < g10s < 500 with the step sizes Ah = 1 and Agjos = 20,
respectively. Then, we observed that the problem (67) is
achieved with the parameters i = 20 [W/m2K] and Glos =
400 [W/m?]. Fig. 4 shows the comparison of the measured
data with the estimated values of the interface position and
the surface temperature under the obtained parameters. We can
observe that the estimated values have good agreement with
the measured data and satisfy the constraint (67). A reference
value of the convective heat transfer coefficient 2 for plastic
is reported in [4] as & = 21 42 [W/m?K], which also shows
a good agreement with the identified value.

st.e>0 (67)

VI. EXPERIMENT OF CLOSED-LOOP CONTROL

In this section, we present our main result on the experi-
mental validation of the proposed feedback control algorithm.
The paraffin was completely solidified at the initial time of
the experiment.

A. Gain Tuning

The control gain ¢ > 0 is an essential free parameter for
the input current i.(f) to satisfy the constraint (64). Here,
we provide how to tune the gain. First, the current input
is kept as imax, while the paraffin starts to be molten from
the top, and the liquid—solid interface position is less than
so := 0.5 [cm] from the top. At the time when the interface
position reaches sp, we measured the surface temperature
y@ (1) and computed

B — 0 (@ tt0) -

qlosSy

2
5 —%@wmr—

T4) — qios

(68)

Cmax =

Tm) — %(SO _Sr).
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Then, at least, we require ¢ < cmax since the input becomes
ic(t0) = imax When ¢ = cpmax by (62) and (63). Moreover, from
the results in [26], for the sampled-data state feedback control
of the Stefan problem, given a sampling time period 7 > 0,
the control gain needs to be chosen to satisfy ¢ < (1/7) to
ensure the conditions of model validity. Considering these two
conditions, we take the gain tuning as

¢ = dmin{cmax, T '} (69)

where 0 € (0,1) is a free parameter. In this experiment,
we used 0 = 0.8.

B. Proposed Control Law

The control algorithm in the experiment is explained as
follows.

1) The input current i.(¢) is injected at the maximum value
imax (0.79 [A]).

2) Once we observe that the liquid—solid interface arrives at
0.5 [cm], the surface temperature is measured, and only
the observer is computed by Algorithm 1 with keeping
the maximum input current.

3) After that, at every sampling time 10 [min], both the
surface temperature and the interface position are mea-
sured, the observer is computed by Algorithm 1, and the
heat controller is obtained by (62).

4) Given the value of the controller, the current input is
given by (63). We repeat 3) and 4) for 5 h.

C. Experimental Results

We conducted the experiment of melting paraffin by imple-
menting the abovementioned control algorithm. The set point
position is chosen as s; = 2 [cm], and the time step size
in the observer is At = 0.05 [s]. Then, the central side of
the inequality (16) is 2.41 [cm], which is much less than the
total length L. Moreover, if the initial temperature Tp(x) is
less than 300 [°C], then the first inequality in (16) holds,
which is highly valid as we observe in Fig. 4(b) that the
range of T(0,¢) is from 60 [°C] to 120 [°C] under the
maximum current input. Hence, the conditions in Assump-
tion 3 are extremely reliable to hold in this experimental
setup. Fig. 5 depicts the results of the experiment by showing
measured data of the phase interface position [see Fig. 5(a)],
the input current [see Fig. 5(b)], the surface temperature
[see Fig. 5(c)], the estimated temperature profiles of the liquid
paraffin [see Fig. 5(d)], and the measured temperature profile
of the acrylic chamber obtained by IR camera [see Fig. 5(e)],
respectively.

From the left plot in Fig. 5(a), we can observe that the
experiment was success: the phase interface position reached
the value so = 0.5 [cm] at #p = 25 [min] and converged to the
chosen set point position s; = 2 [cm] asymptotically and stays
at the set point after 4 h. This result can be also visually seen
from the right images that are the snapshots of the melting
paraffin at every hour. A ruler attached to the acrylic chamber
shows the distance from the position of the heat actuator,
which gives the measured value of the phase interface position
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Fig. 5. Experimental result of the closed-loop system under the proposed feedback control algorithm. (a) Experiment was successful: the liquid—solid interface
position converged to the set point position s = 2 (cm). The plot is depicted left at every 0.1 (cm) increase until the interface reaches 2 (cm) and after
that depicted at every 20 (min). The snapshots of the melting paraffin at every hour are given right, which shows the interface evolution by a ruler attached
to the acrylic chamber. (b) Input current started from the maximum value imax of the input constraint, and the feedback control was implemented from
35 (min). After 4 hours, the current input stayed at the steady-state input calculated by (9). (c) Estimated surface temperature has similar behavior to the
measured surface temperature together with a nominal error around 5-10 (°C). (d) Estimated temperature profile of the liquid paraffin at every hour. The
profile gradually converged to the reference profile given by (8) and almost corresponded to the reference after 4 hours. (e) Measured temperature profile of
the acrylic chamber obtained by the IR camera at every hour. The profile is given along the white arrow in the thermography.

depicted in the left plot, and hence, the convergence of the
interface position is visually observed. Fig. 5(b) shows that the
input current starts from the maximum value i, = 0.79 [A]
under the constraint, and the feedback control is implemented
at every sampling time 10 [min] from ¢ = 35 [min], which is
10 [min] after 7o = 25 [min]. After 4 h, the current input stays
at the steady-state input calculated by (9) and (63). From 5(c),
we can observe that the estimated surface temperature has
similar behavior to the measured surface temperature together
with a nominal error around 5 [°C]-10 [°C], of which the
cause is discussed later. Fig. 5(d) illustrates that the estimated
temperature profile converges to the reference profile given
by (8) and almost corresponds to the reference after 4 h. The
thermography included in Fig. 5(e) is obtained by IR camera
taken at + = 2 h, which illustrates that the temperature is

the highest (white color) at the position of the heat controller
and is monotonically decreasing as the vertical position goes
toward the bottom. The temperature profiles of the acrylic
in the plot are given by referring to the temperature along
the white arrow in the thermography. We observe that the
profiles are almost linearly distributed in the space at every
hour, of which the property is also observed in the estimated
temperature profiles of the liquid paraffin shown in Fig. 5(d),
though the material of the focus is distinct and the temperature
value is different. Moreover, the slope of the profiles is
dropped from ¢+ = 1 h to + = 2 h in Fig. 5(e), which is
also similarly observed in Fig. 5(d). Thus, while it is not
accurate to refer to the thermography of the acrylic chamber
as a temperature profile of the paraffin inside, we see some
similar behaviors of the evolution of the temperature profiles.
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Fig. 6. Simulation of the closed-loop system with setting 7 = 16 [W/m2K]
in the model while 7 = 20 [W/mzK] in the observer. The plot is similar
to Fig. 5(c), by which we conjecture that the estimation error of the surface
temperature in Fig. 5(c) is caused by the parameter error of /.

D. Discussion

While we observe that the control objective is successfully
achieved in the experiment, the temperature estimation accom-
panies a nominal error from the measured value, as shown
in Fig. 5(c). Since the estimated surface temperature is lower
than the measured one, the incorporated heat loss in the
observer is higher than the true heat loss in paraffin during the
closed-loop experiment. This might be caused by overestimat-
ing the calibrated heat transfer coefficient /. To investigate the
validity, the numerical simulation of the closed-loop system
of the model (44), the measurement (49), the observer in
Algorithm 1, and the output feedback control law (62) is
studied, where the heat transfer coefficient in the observer is
set as h = 20 [W/m2K], while the one in the model is set as
h = 16 [W/m?K]. Fig. 6 depicts the evolution of the measured
surface temperature (green dots) at every sampling time and
the estimated surface temperature (blue line), respectively.
We observe that the plot shown in Fig. 6 is in good agreement
with Fig. 5(c), which leads us to conjecture that the cause
of the estimation error lies in the parametric error of the
calibrated heat loss /. Nevertheless, the control’s performance
was robust, as shown in Fig. 5(a).

VII. CONCLUSION

This article has shown the experimental validation of
a boundary feedback control algorithm developed for the
phase-change process. The physical model is formulated by
the Stefan problem governed by a parabolic PDE with a
state-dependent moving boundary described by an ODE, with
unknown heat losses at both the surface and the phase
interface. The nominal continuous-time full-state feedback
control has been presented by means of energy-shaping,
and the closed-loop stability is proven by applying the
backstepping-based state transformation and the Lyapunov
method. Then, an implementable control algorithm is devel-
oped by further designing observer-based output feedback
with finite-dimensional approximation, under the sampled-data
measurements of the surface temperature and the interface
position. The experiment was conducted by melting the paraf-
fin with a cylindrical shape. The unknown parameters of the
heat losses are calibrated using the experimental data under
a constant input. Finally, the proposed feedback control was
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implemented in the experiment, which provided a successful
result of the convergence of the phase interface position to
a priori chosen set point position.

This article has provided the first experimental result of the
boundary feedback control for the phase-change process mod-
eled by the Stefan problem. Therefore, there are several poten-
tial future works of the experimental validation of the extended
models, such as the two-phase Stefan problem [28], the Stefan
problem under materials’ convection modeled for the polymer
3-D-printing [30], and the delay-compensated control under
the actuator delay [23]. As presented in Remark 4, developing
event-triggered control is also an interesting problem, which
can be achieved for PDE dynamics referring to [10]-[12] for
both hyperbolic and parabolic systems using the backstepping
approach. Another direction is designing an adaptive control to
simultaneously regulating the input and learning the unknown
parameters following [21] and [45].

APPENDIX

Hereafter, partial derivatives in ¢ and x are denoted as u; :=
(0u/ot), ux(x,t) := (6u/ox), and xy := (8% u/0x?), and we
define ¢ := (q0s/k).

A. Proof of Theorem 1

1) Guaranteeing Conditions of Model Validity: First,
we prove the following lemma.

Lemma 2: Under Assumption 3, consider the closed-loop
system consisting of the plant (2)—-(5) with the control
law (15). Then, the following properties hold for all # > 0:

T(x,t) > Ty, VYx € (0,s(1)) (70)
T, (s(t),t) <0 (71)
qc(t) > qios (72)

_ ﬁesrz
0<s(t) <s:=s+ . (73)

20

The proof of Lemma 2 is established by analysis of the
energy and the use of maximum principle. Substituting the
control law (15) to the conservation law (11) with respect
to E(r) defined by (13) leads to E(t) = —cE(t). Thus,
the explicit solution is given by E(r) = E(0)e . Since
Assumption 3 leads to E(0) < 0, we have

E@t) <O0. 74

Then, clearly (14) leads to g.(t) — h(T(0,t) — T,) > O for
all + > 0. With the help of this inequality, we can apply
the theorem in [43, p. 3] to the governing equations (2)—(5),
and thereby, for any 7 < ¢ where 0 < ¢ < oo, there is
a unique solution of the system (2)—(5) with satisfying the
properties (70) and 0 < s(r) < L for all ¢ € (0, 7); if 0 # oo,
then s(o) = 0 or s(c) = L. However, by (11), (14), and
(74) with the help of E(0) > 0, we obtain E(z) > 0, which,
at least, ensures that s(¢) # 0. In addition, by (74), we have
B/a) [T (x, 1)=Twm)dx < —s(1)+se+((Bes2) /2a) for all
t € (0,1). Applying (70) to the earlier inequality with the help
of Assumption 3 yields (73) for all 7 € (0, 7). Thus, we also
derive s(o) # L. Therefore, 0 = 0o, and the properties (70),
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(71), and (73) hold for all ¢+ > 0. Finally, applying (74) and
(70) to (14) leads to (72), from which we additionally have

Is(t) — s¢] < M := max {(2a) "' Bes?, s;}. (75)

The result of Lemma 2 is not a trivial extension of existing
literature [2], [43] since the model validities are shown under
the designed closed-loop feedback control for the boundary
heat flux. The robustness of both the model validity and the
stability analysis has been shown in [25] under parameters’
uncertainty and in [26] under the model uncertainty for a
simpler Stefan problem, which enhances the prospect for the
robustness of the proposed design and model in this article.

2) Backstepping Transformation: Next, we define (u, X) :=
(T (x,t) — Tt (x), s(t) — s). Rewriting the system’s dynamics
(2)-(5) by (u, X)-system yields

ur(x, 1) = auyx(x,1), 0<x <s(1r) (76)
ux(0,1) = —qc(1)/k 7
u(s(t),t) = eX(@) (78)
X (1) = —Bux(s(0), 1) (79)

where Ge(t) = qe(t) — h(T(0,1) — Ta) — quos = —cE(0).
Referring to the procedure in [25], we introduce the following
backstepping transformation:

s(t)
ween =uten = [ g6 = utrny
= s@)X )

where the gain kernel function ¢ is given by ¢(x) = ¢~ x.
Taking the derivatives of (80) together with (76)-(79) and
substituting the control law (15), the (w, X)-system is given
by

(80)

w(x, 1) = awyy(x,1) —ceX (1)

—c§(0)a " (x —s)e — pHX (@) B

ceé 2
wy(0,1) = _EX(I) (82)
w(s(t),t) = eX (1) (83)
X(t) = —cX () — Pwi(s(t), 1). (84)

3) Stability Analysis: We prove the stability of (w, X)-
system governed by (81)-(84) using Lyapunov’s method. Let
V be the Lyapunov function defined by V = (1/20)|w]? +
(¢/28)X (r)>. Taking the time derivative of V along the
solution of (81)—(84) yields V = 60/ 20)w(s(r), 1) —
Il = (ce/BX@)? — (/o) [ w(x,NdxX (1) +
(ce/20)w(0,)X ()2 — (c5(t)/a) fos(t)f(x)w(x,t)dxX(t),
where f = (1/a)(x — s(t))e — (1/p). Applying Young’s
and Cauchy—Schwarz inequalities to the terms in V, we get
—(ce/o) [ wx, NdxX (1) = (ce/2B)X(1)? + ((Bees)/
20 [w]?, (c&/2a)w(0, HX (1)* < (1/85)w(0, 1)*+((5¢*e?)/
260X (1)*, and —((c3(0)/a) [1© FOw(x, NdxX (1) <
(5N /2a) (/NI Iw]* + el X(©)]%).  Applying
these inequalities and Poincare’s lw|?> < 25¢2 X)) +
452 |lw||? and Agmon’s w(0, 1)? < 2¢% X (t)> + 45||wy || to
V with the help of | X| < M derived in (75) leads to

. 1 Pees 2
V<——7-
< (852 T ) lw]
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- 2 2 .
= (£ o (l + )) x@? + 202y oy
a a

2\p s 2
cls@)| (1 2 2 2
+ a (ﬁ”f” lwll® + Vel X ()] ) (85)

Noting (71), the dynamics (5) yields |s(¢)| < —fTy(s(2), 1)+
fe. Let z(t) be a variable defined by z(¢) = s(t) +2f¢t. The
time derivative is given by z(t) = —fTx(s(t),t) + fe > 0.
Therefore, |s(¢)| < z(t) holds. Applying this inequality to (85),
and supposing & < &} = min{a?(8fcs>) !, cp 125! +
25¢2M?a=2)71), we get V. < —bV + az(r)V, where
a = (¢/a) max{(2a/ /&) (((625%)/30) + G/, (B/ /) +
(Be/a))}, and b = min{(a/(85%)), (c/2)}. Consider the func-
tional W defined by W = Ve az(n), Then, the time derivative
is shown to satisfy W < (V — az(t)V) e~ =0 < —pW(1),
which leads to W(r) < W(0)e~?’, and hence

V(1) < eV (0)e?! (86)

under the condition 2 afle < (b/2), which is equiva-
lent to (8fc/a) max{2a./(((¢25%)/3a?) + (5/42)), f/E +
(Be?/a)} < min{(a/(45%)), c}. Finally, both the abovemen-
tioned condition and & < &} introduced in the stability proof
hold for sufficiently small ¢ > 0, i.e., there exists a positive
constant ¢* > 0 such that for all ¢ € (0, &*), the conditions
hold, and therefore, the decay of the norm (86) is satisfied,
from which we complete Proof of Theorem 1.
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