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Hardware-in-the-Loop Multiobjective
Extremum-Seeking Control of Mineral Grinding

Xinglong Lu™, Miroslav Krstié

and Jun Fu

Abstract—In this article, a model-free extremum-seeking
control (ESC) design is proposed for the operational control of
mineral grinding, where both operational indices regulation and
throughput maximization are considered. Operational indices
regulation and throughput maximization, as two conflicting
objectives, are balanced through assigning weighting matrices
to obtain a specific choice from the Pareto frontier of the
multiobjective optimization problem. To deal with the input
constraints, due to the physical limitations and operational
constraints, a saturation function is imposed on each input and an
extra penalty function is introduced to punish the inputs outside
the feasible regions. The integrators and the additive perturbation
signals in the ESC are swapped such that dead-zone operators
can be added in between and imposed on the estimated gradients
to attenuate the oscillation caused by modulating signals. The
stability analysis of the proposed control design is provided in
the absence of dead-zone operators. A Hardware-in-the-Loop
simulation experiment is carried out to show the effectiveness
of the proposed ESC.

Index Terms—Dead zone, extremum-seeking control (ESC),
input constraints, mineral grinding, multiobjective optimization.

I. INTRODUCTION

INERAL grinding is the most energy consuming and

most costly procedure in mineral-processing processes.
It is a key to deliver desirable mineral concentrate grade, metal
recovery rate, and operation efficiency by regulating opera-
tional indices, namely, grinding product particle size (GPPS)
and circulating load (CL), which is known as operational con-
trol [1]. Economic benefits of mineral-processing plants rely
heavily on the operational control performance. Consequently,
studies on the operational control designs have been attracting
broad interests in process control community [2]-[5].
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Multiple control actuations and loops are used in mineral
grinding because of the large scale of the physical devices
involved. Hierarchy in the control system is commonly used
for mineral grinding [1], [4], [5], which divides the control
design into two separate ones: in the inner loop, the aim is
to design regulators for fresh ore feeding rate (FOFR) and
sump water flow rate (SWFR); in the outer loop, setpoints of
FOFR and SWFR, namely, the inputs of the outer loop, should
be adjusted by the operational controller to eliminate tracking
errors of GPPS and CL.

Regarding the operational control of mineral grinding, two
practical factors need consideration. One is throughput max-
imization, which can be achieved by maximizing FOFR on
the premise of stable operations. Regulation of the opera-
tional indices explicitly assigns both inputs given specific
setpoints, which makes it conflicting with the regulation of
the operational indices. Meanwhile, input constraints should
be satisfied through the whole operation. Model-based designs
of input-constrained operational control for mineral grinding
have been reported considering both the objectives [6]-[10].

However, even though researches on the mechanisms and
the state-space models of ball mills and hydrocyclones have
been carried out and reported [11]-[13], the operational control
designs for mineral grinding are still limited by: 1) the lack
of knowledge of the underlying process dynamics; 2) the
inaccessibility of intermediate variables; 3) the complexity of
state-space representation; and 4) the calculation load of online
implementation. Compromises are commonly made when
model-driven designs are performed in mineral grinding, for
example, using steady-state static models, linearized models,
or simplified nonlinear models.

Consequently, it is of interest to embrace data-driven
approaches when system modeling for mineral grinding is
troublesome and compromised. To the best of the authors’
knowledge, no effort has been made on model-free approaches
for input-constrained operational control designs of mineral
grinding with multiple objectives.

Extremum-seeking control (ESC) [14]-[25] has been
attracting extensive interests as a data-driven optimiza-
tion method. First rigorous proof of stability for ESC of
continuous-time nonlinear dynamic systems was provided
in [15], followed by an extension on discrete-time systems
in [16]. Explicit statements on the domain of attraction were
presented in [14] for the ESC closed-loop systems considered
in [15]. ESC for nonlinear dynamic systems with parametric
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uncertainties was proposed based on inverse optimal design
technique in [17]. In [19], convergence proof of stochastic
ESC was given for the static maps with Gaussian pertur-
bations. Universal semiglobally stabilizing feedback control
was proposed with minimum seeking for control Lyapunov
functions based on Lie bracket averaging in [22]. Requirement
of global Lipschitzness of the nonlinear systems was relaxed
in stochastic ESC designs for locally Lipschitz discrete-time
nonlinear systems in [23]. Local exponential convergence
results were reported for ESC of static maps in the presence
of time delays in [24].

Meanwhile, applications of ESC in the industries have been
reported. In [20], ESC was used to reduce the time on the
tuning parameters for Homogeneous charge compression igni-
tion (HCCI) engine combustion-timing controllers. Stochastic
ESC was used to navigate a nonholonomic unicycle without
measurement of the vehicle’s position with local exponential
convergence in [21]. Constrained multivariate ESC was pro-
posed to optimally tune boiler operation in thermal power plant
combustion distribution control in [25].

In this article, an ESC design is proposed for mineral
grinding taking both the objectives of operational indices
regulation and throughput maximization into consideration.
Input constraints are dealt with by imposing saturation on
inputs and introducing a penalty function which can punish
the cost function for the excessive inputs. To attenuate the
oscillations caused by modulation, methods involving stopping
criteria [26], [27] and decaying perturbations [28] have been
reported. In [26], the algorithm stops after a certain number
of iterations. In [27], a threshold is set for tracking error such
that the algorithm is stopped when the tracking error is less
than the threshold. Decaying perturbation is used to achieve a
dither-free steady state in [28]. However, a consequent issue
for the aforementioned designs is how to reserve the ability of
the algorithm to react to future changes. A non-C? extremum-
seeking-based controller [29] has been reported for linear
time-varying systems where oscillations vanish as the system
approaches equilibrium.

Dead-zone operators are introduced to attenuate oscilla-
tions in this article. Dead-zone operators are imposed on
the estimated cost function gradient in between the swapped
integrators and additive modulating signals. Estimated gra-
dients with small absolute values are wiped out such that
oscillations can be attenuated or eliminated when convergence
is close.

The contributions of this article are threefold. First, a new
ESC design is proposed to solve the input-constrained mul-
tiobjective operational control problem of mineral grinding.
Second, the stability analysis is presented in absence of the
dead-zone operators. Last but not least, Hardware-in-the-Loop
simulations are carried out to show the effectiveness of the
proposed method.

The rest of this article is structured as follows. Mineral
grinding is briefly described and the control problem is formu-
lated in Section II. In Section III, the ESC design is presented.
Stability analysis is provided in Section IV. Hardware-in-the-
Loop simulation results are presented in Section V, followed
by the conclusions in Section VI.

II. PROBLEM FORMULATION

In this section, the mechanisms of the mineral grinding
are first described. Then, the operational control problem of
mineral grinding is formulated.

A. Mechanisms of Mineral Grinding

A one-stage mineral grinding closed circuit considered in
this article is shown in Fig. 1. The impact produced by
the falling of fresh ores and grinding media in the cylin-
drical shell decreases the particle size of the fresh ores. The
slurry carrying ore particles is discharged into the sump and
pumped to the hydrocyclone for the classification. Coarse
ores, which have large particle sizes and hence, high set-
tling velocity, are deposited and transported as underflow
back into the ball mill for further grinding, forming a
closed circuit. Fine ores with lower settling velocity are
carried away by the overflow for follow-up mineral-processing
procedures.

Two crucial operational indices, namely, GPPS (denoted
by r;) and CL (denoted by r,), represent the particle size
distribution of fine ores in the overflow and the discharging
rate of coarse ores, respectively, and dictate product quality
and operation efficiency of mineral grinding, respectively.
FOFR (denoted by y;) and SWFR (denoted by y,) have huge
influence on both operational indices and hence, are regulated
by a vibrating feeder and a control valve to the setpoints
wy, wy determined by outer loop operational controller. The
mill feed water flow rate is set to be proportional to the FOFR,
and hence is not seen as a manipulated variable. Due to the
physical limitations of actuators as well as the consideration
of operation risks, such as sump being dried out or sump
overflowing, constraints are imposed on both setpoints w;, w,
such that the operational constraints are not necessary to be
considered explicitly.

B. Problem Formulation

The dynamics of the vibrating feeder and the control valve
are much faster than the dynamics of the ball mill and
the hydrocyclone. The inner loop is controlled at a higher
sampling rate than the outer loop such that the inner closed-
loop system is able to reach steady state within a single
outer loop sample time. The hierarchy is effective in dealing
with systems under large time-scale separation [30]. Therefore,
the inner closed-loop dynamics are omitted during the oper-
ational control design. Then, consider a nonlinear autoregres-
sive exogenous (NARX) model that represents the dynamic
input—output relationship of mineral grinding as follows:

rtk+1)= f@rk),...,rtk —n+1),
wk—d+1),...,wk—n+1)) (1)

where r(k) = (r1(k), ()T, wk) = (w,(k), wa(k))T, and n
and d are the unknown order and delay of the model, respec-
tively, f(-) is an unknown nonlinear function representing the
dynamic input—output relationship. The control design should
achieve the regulation of operational indices to their pre-
scribed setpoints 7* = (rf, r5)T, and throughput maximization,
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Fig. 1. Schematic of a one-stage mineral grinding closed circuit.
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Fig. 2. ESC strategy.
while satisfying the input constraints More specifically, consider the unknown steady-state map
; k) = k h that
w,(k) c [w;mn, w;nax], i = 1’ 2. (2) r( ) g(w( )) suc a

III. CONTROL DESIGN WITH EXTREMUM SEEKING

To obviate the requirement of process modeling, ESC is
utilized to perform a model-free design. The proposed ESC
strategy is depicted in Fig. 2. Both high-pass and low-pass
filters are used, and the modulation frequency lies within
the passband of both the high-pass and the low-pass filters,
namely 1/h; < 27x/w < 1/hy, where 0 < h; < 1,0 <
hy < 1. The modulation frequency w is selected as w = ar,
0 <a < 1. y is a positive constant standing for the gain of
the integrator. a1 /y, ay/y and B, B, are gains of the additive
and the multiplicative modulating signals, respectively, and
should be well tuned to synchronize the rising times of both
channels. The integrators and the additive modulating signals
are swapped and dead-zone operators are added in between to
deal with signals p;(k), p»(k), which are known as estimated
gradients. Small estimated gradients can be eliminated by the
dead-zone operators such that the outputs of the dead-zone
operators g (k), g2 (k) become 0, leading to a dither-free steady
state.

gw(k)) = f(gw(k)), ..., gwk)), wk),...,wk). (3)

The steady-state tracking errors can be described based on g(-)
as r*—g(w(k)). To eliminate the tracking errors, the following
optimization problem can be formulated

min /i (w() = (" = g(w®)' Q10" ~ gw®)) @

where Q) is positive definite.
To maximize the throughput, a simple optimization can be
defined with a positive weight 0, € Rt

. ax) 2
min Jo(w(k)) = 0> (w1 (k) — w™)". 5)
1
The input constraints have to be dealt with since integral
action is explicitly incorporated in ESC. A saturation function
sat(-) is imposed on each input, which is defined as

max

w™,  w;i(k) > w"™*

sat(w; (k) = Jw;(k), wP™ < w;(k) < W™
min w,(k) < w;nin

w™,

(6)

where i =1, 2.
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Solving the unconstrained optimization problems (4) and (5)
without dealing with the input saturation may lead to the
situation where w (k) is driven outside the feasible region but
neither of the cost functions J; (w(k)) or J,(w(k)) is changing
due to the input saturation. That is, the modulating signals
fail to get a measure of the gradients since the gradients
become 0. To drive w(k) back to the feasible region, a penalty
function J3(w(k)) is introduced to penalize the excessive term
w (k) — sat(w(k))

T (w(k)) = (w(k) — sat(w (k)" Qs(w (k) — sat(w(k))) (7)

where sat(w(k)) = (sat(w (k)), sat(w,(k)))T and Q3 is posi-
tive definite. Then, the operational control problem of mineral
grinding can be reformulated as an unconstrained static opti-
mization problem

Il}l(lkr)l J(w(k)) = Ji(wk)) + L(wk)) + J3(w(k)).  (8)

Since no information about the controlled plant is assumed,
the following assumption has to be made to ensure the
optimization problem is feasible.

Assumption I: There exists a unique minimizer w* =
argmin J (w(k)) for the optimization problem (8) such that
the input constraints are not violated.

Remark 1: The Assumption 1 explicitly assumes the feasi-
bility of the reference signal r*, which can be indicated by
the penalization in (7). The penalty function J3(w(k)) has the
following advantages.

1) The input constraints will not be violated because of the
saturation functions.

2) It does not affect the minimum of the original opti-
mization. In fact under Assumption 1, it is an exact
penalization.

3) It can be seen as an indicator to determine whether the
reference is feasible. It is easily seen that the reference
is feasible if J3(w*) = 0, and infeasible otherwise.

Under Assumption 1, J3(w(k)) can be minimized to 0,
which is not conflicting with either of the other two cost func-
tions. However, J;(w(k)) and J>(w(k)) are driving w(k) to
different optima. Therefore, tradeoff should be made by tuning
01, 0> to: 1) balance the scales of tracking errors for r; (k)
and r, (k) within Q; (typically diagonal) and 2) quantitatively
determine the tradeoff between J;(w(k)) and J,(w(k)) with
Q1 and Q.

Remark 2: The cost function (8) is quadratic, which is
sufficient in operational control of mineral grinding since it
is undesirable to operate the grinding circuit in a wide range
where multiple local optima may exist. However, quadratic
cost functions can be limited in a generic nonlinear case, where
sometimes it is necessary to involve other kinds of terms in
the cost function. In that case, the cost function may settle at
a local optimum instead of a global one.

The oscillations should be attenuated, which is a practical
factor in process industries. Dead-zone operators are intro-
duced to attenuate the oscillations in this article. As seen
in Fig. 2, the additive modulating signals and discrete-time
integrators are swapped such that the dead-zone operators can

be added in between. A dead-zone operator is defined as

pi(k), pi(k)| = e

. i=1,2 (9
0, Ipik)] < e;

gi(k) = DZ;(pi(k)) = [
where ¢; > 0,e; > 0 are thresholds, and DZ;(-) represents
the ith dead-zone operator.
It is noted that there are four time scales in this control
design.
1) Fastest: Inner closed-loop dynamics.
2) Medium Fast: Dynamics of ball mill and hydrocyclone
embedded in the static mapping g(-).
3) Medium Slow: Modulating signals exploring the neigh-
borhood around the current estimate of w*.
4) Slowest: The extremum-seeking algorithm, which gov-
erns w(k) to the optimal but unknown w*.

IV. STABILITY ANALYSIS

In this section, the closed-loop error system of w(k) is first
presented. Then, the stability analysis is provided.

A. Closed-Loop System

Without the loss of generality, assume that the static nonlin-
ear function J(-) in (8) has a minimum J* at w* = [w}, w}]"
and the Taylor series of J(w(k)) at w* without higher order
terms is in the form

J(wk) = J* + (wk) — w*) R(wk) — w*)

i

(10)

where R is positive definite. The closed-loop system is gov-
erned by the following equations:

_1
&) = prsin(ok — ) ~——[J k)] (1)
z+ hy
—1
&(K) = prcos(ok — ) ——[J (k)] (12)
z+ h
p®) = 22 1+ Dcos@h +7) (13)
2+ hy Y
1—h
pr(k) = —2[&H)] + 22 sin(wk) (14)
724+ hy 14
qi(k) = DZ;(pi(k)), i=1,2 (15)
w; (k) = —Zf—l[qi(kn, i=12. (16)
Then, for convenience of analysis, define
_|wa )] & 1 [ ajcos(wk)
wolk) = |:w02(k):| e [—a2 sin(cuk)i| 17
i (k) = w] — w;(k) + we; (k), i=1,2 (18)

where ; (k) is the ith tracking error. Substitutions (11), (13),
(15)—(17) in (18), and (12), (14)—(17) in (18) yield

w;(k 4+ 1) — @; (k)
| Biy B2(9)Lsi (k) F1 () [J (w (k)]],
e cos(wk + p;),

Ipi(k)| = e
Ipi(k)| < e

where i = 1,2, s;(wk) = sin(wk — ¢; + p;), Fi1(z) = (z—1)/
(z4+hy), F2(z) = (1 — hy)/(z + hy), and

o, =1
P22, i=2.

19)

(20)
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First, assume |p;(k)| > e¢; for i = 1,2, namely the dead zones
are inactive. The cost function (10) can be represented as
T(w(k)) = J* + (wk) — w*) R(w(k) — w*)
= I+ (wlk) - w*)T[ﬁ” R”}( (0 = w)
21
= J* + (@ (k) — wo (k)" R(® (k) — wo(k))
= Ji(k) + L (k) + J3(k)
where ./_1 (k) = J"+ wo(k)TR_wo(k), jz(k) = Rnlf)lz(k) +
2R (k) (k) + Ranid;y (k), J3(k) = —2Ry1wor (k) (k) —
2Ra1wo2 (k)1 (k) — 2R12wo1 (k) X W2 (k) — 2Rapw0n (k)2 (k).
Substitution of (21) for J(w(k)) in (19) yields
Wi (k + 1) — i (k) = fiy x Fa(2)[si(wk) Fi(2) [, (k)
+ (k) + J3(k)]]

21

(22)

where i = 1,2. Since y /(z — 1) is an integrator, wq(k) can
be further transformed as

[ a1 sin(wk)
w

wo (k) = (23)

as cos(wk) :|T
— .

Substituting wq; (k) with (23) and applying [16, Lemmas 1, 3,
and 4] to the terms containing wo, (k)®; (k) in (22) yield

iy F2(2)[s1(wk) Fi (2)[—2R 1w (k) (k)]]

20 R
_ 1,3(1:’ 11F2(Z)

x [Refe! @ =#1=7/2} 5 Fy(z)[cos(wk — 7 /2)]1 (k)]

20 R
_ 1,3(1:’ 11F2(Z)

X [Re{ej(“k_¢‘_”/2)}
x Re{Fi(e/”)e! D[y (k)]} + e1]

_ 061,31VR11F( )

[Re{ef(¢'>F1 (e/”) [y (k)]}
+ Re{ej(zwk7¢'7”)F1 (ejw)[lf)l (1 + gl_lk]

_ ~aipry R“F( )

[Re{efWFl (/)1 (k)1}
+ ¢ (2wk) Re{ Fy (e/”) [, (k)1}

+5120k) Re{ Fi (/) [@1 ()1} + 11 ] (24)

where ¢;(2wk) = — cos(RQwk — ¢1), and eflk stands for an
exponentially decaying term. Using the same calculation in
(24) leads to the following switched closed-loop error system

w;(k + 1) — @; (k)

[y (Lir[@1 (k)] + Liol@1 (k)]
+Lis[w2(k)] + Lisl2 (k)]
+®0;1[@1 (k)] + D[ (k)]
+@;3[02 (k)] + Dis[ 2 (k)]

+0;[D (k)] + d; (k)), |pi (k)| > e

a; cos(wk + p;), Ipi(k)| < e
_ Jrfitk, k), y) +ydik), |pi(k)] = e (25)
| ai cos(wk + p;), Ipi(k)| < e

vyhere Di a_nd F;(-) are given in (20) and (19), respectively,
Ji(k) and J, (k) are given in (21), s; (wk) = sin(wk — ¢; + p;),
5i Quk) = sin(Qwk — ¢+ pi), ¢; Qwk) = — cosQwk —¢; + p;),
and
filtk, w(k),y) = Lit[@1 (k)14 Liz[ 01 (k) ]+ Li3 [0 (k)]
+ Lig[2 (k) ]+ @i [@1 (k) ]+ @i2[ @1 (k)]
+ @p3[2(k)] + sl (k)] + O;[@ (k)]

(26)

Lij[-] = =2, i F2(2)[Re{e’™ Fy (/) [1}] (27)
A1 = Ryjjor/w (28)
Ay = Ryjon/w (29)
A3 = Rpai/o (30)
Ay = R0 /o (3D

bi — pis Jj=1L3
" [gb,» —pit/2 j=24 ¢y

@;i[-] = 481 F>(2)[Sij Qwk) Im{ Fy (e/*)[1}
—Ci;Qok) Re{Fy (¢/*)[1}]

(33)
sew= (2070
oo = 1o 12 5
Oi[ (k)] = Bi F2(2)[si (k) Fi (2)[ 12 (k)] ] (36)
di(k) = fi F2()[si (k) (FL [ (0] +€7)] (37

4 (38)

—k _ Lk
= E /ljsij.
j=1

The terms in (25) can be divided into four categories with
respect to @ (k): L; j[-] is linear time-invariant, ®;;[-] is linear
time-varying, ®;[-] is nonlinear time-varying, and o (k) is
time-varying, independent of @ (k). ¢;; ,efzk, l}k, k denotes
the exponentially decaying terms produced by calculatlng first-
order terms of @ (k) in J3(k) of (22), respectively. J;(k) is
independent of @ (k) and has the following property.

Lemma 1: 9;(k) given by (21), (37), and (38) exponentially
converge to the O(f;) neighborhood of zero, namely

1—h2

—k
3
AT (39)

B0 < i ﬁ

s+ Bi|l =

where x; = |(e/” — 1)/(6”” + )1 = ha) /(€ + ha)| +

|(1 = h2)/(e/” + h1)), k2 = |a} R11 — 03 Rao| + 20102 R12 .
Proof:  The term w{(k)Rwy(k) is calculated with

wo1 (k) = (a1)/(w) sin(wk), we (k) = (a2)/ (@) cos(wk) as

wg (k) Ruwq (k)
1
=— [a%Rn sinz(a)k) + 20107 Ry sin(wk) cos(wk)
w
+ a% Ry, cos’ (a)k)]

1
o 53 [Otl Ry + 0(2R22 + (a2R22 — o RH) COS(ZCUk)
+ ayaz Ryp sin(Qwk)].
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Then, (k) can be partitioned as

o1 (k) = o11(k) + d12(k) (40)
where
d11(k) = BiF2(2)[er1(wk) (Fi(z)[J*
+ (¢f Rit + a3 Rn) 207 ] + €71)]
o (k) = 'B—Fz(z)

[Cll(CUk)(Fl @|[(ofRi1 — a3 R»)
x cos(2wk) + ajaz Ry sinwk)])].
011 (k) only contains the exponentially decaying term since the

high-pass filter F;(z) has zero dc gain. By [16, Lemma 1],
it follows that:

a1 (k) = pi (Fz(Z) c”(wk)l)[e*"]
=pi| =1 elw—i—h
where y; = (1 — hy)/(e/® + hy)). J12(k) is calculated by
[16, Lemma 1] as
o1 (k)
= f‘z F(2)

[c”(wk)(Fl (Z)[(angz - a%Rll)

x cos(2wk) + 2a10,R 2 sin(Zwk)])]

jw
- % % F(2)[c11 (wk)
X [(Q%Rzz — a%Rn) x cosQwk + )

+ 20102 Rz sinQok + y)]|

el? — 1
- 2ﬁ_c;2 el® + hy F(2)
x[(a%Rgz—a%Rn) X [sin(Bwk — ¢+ v ) —sin(wk 4+ + w)]

+ 2010z Riz[—sin(B3wk — ¢y + ) +cos(wk +¢1 + )] ]
i el? — 1

= 2w2 (a2 R22

d

sin(wk — ¢ — )€ fk

1—hy
e3jcu +h2
IL—hy | .
T sin(wk + ¢1 + v + yn))
a1 B1R| /¥ — 1
w? ej® 4+ hy
(5=
wf|—=2
el + hy
_ e31f‘”7+hz cos(Bwk — 1 + w + l//z))
where w = £((e/” —1)/(e/® + hy)), wr = L((1 —hy) /(3 +
h»)). It immediately follows that:

sinBBwk —¢1 + w + w2)

cos(wk + ¢ +w + yy)

[012(k)] < K1K2%~

Then, the following inequality holds for |d, (k)|:

|01 (k)| < [611(k)| + [012(k)]
IB 1_h2 —k
< K1K22—2 + pi m €.

Similarly, the following inequality holds for |, (k)|
1—hy |

B2
|62 (k)| < ’C1’C22 m €

+

which completes the proof. |

B. Stability Analysis

It can be seen from the error dynamics (25) that switching
mechanism is introduced by the dead-zone operators. And the
error dynamics (25) are dominated only by a cosinusoidal
signal a; cos(wk + p;) when the ith dead-zone operator is
active. Therefore, the switching mechanism can be seen as a
stopping criterion for the proposed controller. The convergence
of the error system toward to a neighborhood of the origin
when dead-zone operators are inactive can be deduced by
examining the stability of the error system without dead-zone
operators. It is of interest to examine the stability of the error
system without the dead-zone operators, namely, e; = e; = 0.
Therefore in this section, the stability analysis of the closed-
loop error system (25) when the dead-zone operators are
absent is presented. First, consider the error system (25) when
e; =0,0;(k) =0 fori = 1,2 as follows:

w; (k + 1) = w; (k) +  fi(k, @°(k), 7)

where @"(k) = [@}(k), ®5(k)]T, and the superscript -* indi-
cates the error system free of the perturbation y J; (k).
Before the analysis is presented, first define

(41)

P Pl t kit (mj+w) (42
aij iy —7cos ;
P, o+, SOV TV
—1
= /| — 43
v (e,w+hl) 43)

where A; and 7;; are given in (28)—(31), and (32), respectively.
Then in the following theorem, the main result is presented to
show the local exponential convergence of ©" (k).

Theorem 1: Consider the system in Fig. 2 free of the per-
turbation y d; (k) in (25) with the dead-zone operators absent,
namely, the error system (3), (6), (8), (26), and (41), with
e; = e = 0 in (9). Set the parameters of the algorithm
a1, 02, B1, P2, hi, ha, w, and y, such that the following matrix:

A= |:1—a11—a12 (44)

I —ax —ax

—ai3 —aig
—dz) — A

has both its eigenvalues inside the unit disk. Then for suffi-
ciently small y, the error system (41) is locally exponentially
stable at the origin.

Proof: Averaging the error system (41) leads to

D%, (k + 1) = Dl (k) + y AVG] f; (k, @8, (k), 7)}

where @Y, (k) = [@Y,, (k), 5, (k)]T, and the averaging opera-
tor AVG{-} is defined as

(45)

s+T

1
AVG{f (k. (k). 1)} = lim — > fk, (k). 0).

k=s+1

y [16, Lemma 1] and regarding o}, (k) constant yield
AVG{®;; [}, (0]} =0, AVG{®;[m;, (K]} =0
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where i = 1,2,j =1,2,3,4, ®;;[-] and ©;[:] are given in
(33)—(35), (19), and (36), (19)—(21), respectively. AVG{L;;
[@y,, (k)]} is calculated as
AVG{L;[}, (0]}
= AVG{ — ijﬁi F (Z) [Re {e”"f F (ef“’) [II)}I(]()]}]}
1—hylel®—1
Y N ——
Jﬁ 14+ hy|el® + hy
=Yg,
)’

cos(r]ij + W) D, (k)

Wiy (46)
where i = 1,2, =1,2,3,4,1 = 1,2, a;; is given by (32),
(42), (43), and (28)—(31). Then, the system (45) can be further
transformed as

5, (k+ 1) = Ay, (k) 47

where A is given by (44).

The system (47) is a linear system with a Schur stable
state matrix and hence, has an exponentially stable equilibrium
point at the origin. Then by [31, Th. 2.2.2] (discrete-time
version of [32, Th. 2.2]), for sufficiently small y, the sys-
tem (41) has a locally exponentially stable equilibrium point
at the origin. ]

Remark 3: The sufficient conditions in Theorem 1 depend
on the choice of algorithm parameters and the Hessian matrix
R of the cost function (10), which is closely related to the
unknown steady-state map g(-) in (3). Therefore, there are no
explicit ways to choose the algorithm parameters for a generic
unknown steady-state map g(-).

Then, for the overall system without dead-zone operators

Wik +1) = wi(k) + 7 filk, w(k), y) +ydi(k)  (48)

the following theorem is concluded.

Theorem 2: Consider the system in Fig. 2 with the dead-
zone operators absent, namely, the error system (3), (6), (8),
(26), (37), and (48), with e; = e, = 0 in (9). Assume the
conditions of Theorem 1 are satisfied. Then, for sufficiently
small y, the solutions of system (48) locally exponentially
converge to an O(f) neighborhood of the origin, where
B =B+ B

Proof: Averaging the system (48) leads to

Bk + 1) = A () +7[610)  &E)].  @9)
By Lemma 1, we have
IB - h2 —k .
|0: (k) < Kk s>+ Bi| = gormlG o T 1,2. (50)

Obviously, the solutions of the system (49) converge to an
O(p) neighborhood of the origin, where g = (87 + 3)"/2.
Further, it is known from [16] that the exponential convergence
rate of @ (k) in the original system (48) tends to that of i, (k)
in (49) as y tends to zero, which completes the proof. [ ]

Remark 4: 1t is noted that the dead-zone operators intro-
duce a switching mechanism into the system (25), of which
averaged system does not have an asymptotically stable equi-
librium point at the origin. However, the switching rule can be
seen as a stopping criterion since ; (k) is dominated only by
a cosinusoidal signal a; cos(wk + p;) when the ith dead zone

is active. Therefore intuitively, the solutions of the system (25)
are ultimately bounded, with the ultimate bound determined
partly by the dead-zone thresholds.

V. SIMULATION RESULTS

In this section, the Hardware-in-the-Loop simulation results
are presented to verify the proposed ESC. The Hardware-in-
the-Loop system for mineral grinding is first described briefly
and is followed by the experimental setup. Then, experiments
are carried out to show the advantages of the proposed ESC
from perspectives of exact penalization, dealing with the
infeasible setpoint issue, and effects of dead-zone thresholds
on oscillation attenuation, respectively.

A. Hardware-in-the-Loop System for Mineral Grinding

The Hardware-in-the-Loop system for mineral grinding is
a control-oriented testing platform [12], which is developed
for operational controller validation for mineral grinding. The
block diagram of the Hardware-in-the-Loop system is depicted
in Fig. 3. The Hardware-in-the-Loop system consists of a
MATLAB-based emulated plant of mineral grinding, a Rock-
well ControlLogix 5561 controller for inner loop control and
data acquisition, a computer implementing the proposed ESC
in the operational outer loop, and another computer for process
monitoring. The physical connection between the program-
mable logic controller (PLC) and the computers is established
through Ethernet for data communication. Detailed discussions
for the models of the ball mill and the hydrocyclone are
provided in [12], and the dynamic equations used for the
models can be found in [33].

B. Simulation Setup

The setup of the simulation is given as follows. Input
constraints are set as w; € [0.1, 1], w, € [0.1,0.4], and the
saturation functions are defined accordingly. Sensor measure-
ment noises for both outputs are simplified as Gaussian white
noises with powers of —35 and —60 dBW, respectively.

Parameters of the algorithm are chosen as a; = 0.000,
oy = 0012, 4, = 002,65, = 012,y = 0.1,¢; = = /4,
¢ = Sn/8,a = 0.75,h; = 0.8, h, = 0.05. To balance the
scales of the operational indices and control inputs, and the
magnitudes of J; and J,, weights are selected as

10 100 0
Ql:[o 1000} Q2 = 20, Q3:|:0 100}'

Another barrier function-based constrained extremum-
seeking approach [34] is tested in simulation for comparison
and thus, the notations and the trajectories corresponding to
the barrier function-based approach are with a subscript -.
The logarithmic barrier function is modified to avoid an ill-
conditioned cost function as follows:

Flx) = [ln(x), x> p/2

x=<p/2 ey

q(x),
where p > 0 is a small positive number. The function
g(x) is a quadratic expression such that g(p/2) = In(p/2),
q'(p/2) =1n'(p/2), and ¢"(p/2) = In"(p/2), which is chosen
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Fig. 4. Step responses of GPPS with proposed method without dead-zone
operators (solid green) and barrier function-based ESC (dashed blue). The
setpoint (dashed red) is infeasible. It takes the proposed controller a smaller
magnitude of the oscillation to obtain similar convergence rate.

as g(x) = —2(x — p)?/p? +1np/2 4+ 1/2. The cost function
is defined as

Je(w(k)) = Jic(we(k)) + Joc(we(k)) + Jze(we (k) (52)

where Ji.() = Ni(), J() = (), Jic(we(k)) =
= fo(wic(k) — 0.1) = /(0.4 — wic(k)) — fo(wac(k) — 0.1) —
So(1 —wy(k)), and p = 0.2.

Parameters of the algorithm are set as a;. = 0.01,
oz = 0.04, p1c = 0.025, 2. = 0.06, y. = 0.1 for the sake of
closed-loop stability, and the rest of parameters are the same
as the proposed method including the same input saturation.

The setpoints and the output of the closed-loop system
are initialized at [58,0.2]T and changed to [59,0.15]" after
100 iterations. In the first 100 iterations, only cost function J;
(and J;. in the comparison case) is used to regulate the closed-
loop system to the prescribed initial state. Cost functions J,
and J3 (and J,. and J. in the comparison case) are introduced
after 100 iterations at the same time when the setpoints are
changed.

C. Simulation Results

1) Step Setpoint Changes With Exact Penalization: In the
first case, the setpoints are changed from [58, 0.2]T (feasible)

S
o

S
—
=]

S
=
)

Circulating load (ton/h)

e
ek
-

Time (min)

Fig. 5. Step responses of CL with proposed method without dead-zone
operators (solid green) and barrier function-based ESC (dashed blue). The
setpoint (dashed red) is infeasible. The steady states with both methods are
less than the setpoint since the objectives of throughput maximization and
input penalization are introduced.

08 —W, W, —W,. wchsat(wl) sat(wz),
Z
E
2.0.6
&
g
20.4
Bt
D
=
S02¢ 1
0 L L L L L L L L
0 50 100 150 200 250 300 350 400 450

Iteration

Fig. 6. Control inputs with the proposed method without dead-zone operators
(green), saturated control inputs implemented (red), and control inputs with
barrier function-based ESC (blue). w; (solid green) is below its lower bound
because the setpoints are infeasible, in which case the input penalization based
on the difference between w; and its saturation cannot drive w; back to its
feasible region.

to [56,0.15]"7 (infeasible) to show the advantages of the
proposed method without dead-zone operators for ease of
presentation. The simulation results are shown in Figs. 4-9.
As seen in Figs. 4 and 5, the operational indices with both
methods converge to the neighborhoods of the prescribed set-
points with similar rates of convergence. Due to the swapped
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Fig. 7. Cost functions for setpoint tracking with proposed method without
dead-zone operators (solid green) and barrier function-based ESC (dashed
blue). Given similar values of J, and J>. (shown in Fig. 8), the fact that
Jp is less than Jj. indicates a better tracking performance due to the exact
penalization in the proposed controller.
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Fig. 8. Cost functions for throughput maximization with proposed method
without dead-zone operators (solid green) and barrier function-based ESC
(dashed blue). Both w; and w, are limited by saturation and hence the similar
values of cost functions J, and J,. are obtained.
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Fig. 9. Cost functions for input penalization with proposed method without
dead-zone operators (green) and barrier function-based ESC (blue). Infeasible
setpoints can be concluded by a nonzero cost function J3, which can be seen
as one of the advantages of exact penalization in the form of J3. No conclusion
about feasibility of the setpoints can be made through the barrier function-
based ESC.

integrators and additive modulating signals, the proposed
method allows for larger magnitudes of the additive modu-
lating signals (a;/y ) but results in smaller magnitudes of the
oscillations in the operational indices and the cost functions,
as shown in Figs. 4-9. It is worth pointing out in Fig. 9 that the
cost function remains O in the first 100 iterations and oscillates
around 0.03 afterward. This is because the new setpoints are
not feasible and hence w; is slightly violating its constraint
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Fig. 10.  GPPS under four different dead-zone threshold sets with other
parameters same with case 1. Threshold set 2 (blue) is too small to make
a difference in attenuating oscillations. As thresholds increase to set 3
(yellow), frequencies of oscillations decrease and with threshold set 4 (green),
an oscillation-free stead state can be obtained within the neighborhood of the
optimum.
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Fig. 11.  CL under four different dead-zone threshold sets with other

parameters same with case 1. The steady state drifts away from the opti-
mum (magenta) as the thresholds increase and stops oscillating with threshold
set 4 (green) within the neighborhood of the optimum.

as shown in Fig. 6. Otherwise, the exact penalization J, stays
at 0 and does not affect the solution of the optimization (8).
Thanks to the exact penalization, the proposed method has a
better tracking performance when compared with the barrier
function-based method as shown in Fig. 7.

2) Effects of Dead-Zone Thresholds on Oscillation Attenua-
tion: In this case, the dead-zone operators are used and tested
to show their effects on oscillation attenuation. The rest of
setting is the same as the first case. The dead-zone thresholds
are chosen as 1) e; = 0,e; = 0; 2) ¢ = 0.042, ¢, = 0.06;
3) e; = 0.045,¢, = 0.1; and 4) e; = 0.061, ¢, = 0.14. The
simulation results are presented in Figs. 10 and 11.

It is seen from Figs. 10 and 11 that with thresholds set 2,
the proposed ESC has a very similar performance with the one
without dead-zone operators. In fact, thresholds less than the
ones in set 2 have no significant influence on the performance.
As shown in the zoom plots in Figs. 10 and 11, convergence
of the operational indices to their optima can no longer be
guaranteed and the operational indices drift away as the thresh-
olds of dead-zone operators increase. As the thresholds further
increase beyond the magnitudes of the additive modulating
signals, for instance, threshold set 4, oscillations are eliminated
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after a steady state is reached which stays in the neighborhood
of the optima.

VI. CONCLUSION

In this article, an ESC design is presented to solve the
input-constrained operational control problem for mineral
grinding with multiple objectives. Objectives of operational
indices regulation and throughput maximization are balanced
by assigning different weights of respective cost functions
to form a single objective optimization problem. The input
constraints are well dealt with by introducing a penalty
function based on the saturation functions imposed on the
inputs. Dead-zone operators are added in between the swapped
integrators and additive perturbation signals to attenuate the
oscillations. The local exponential convergence of the error
system to the origin is proven in absence of the dead-
zone operators. Hardware-in-the-Loop simulation experiments
have been carried out to compare the proposed ESC with
a barrier function-based controller. Thus, simulation results
show that the introduction of the dead-zone operators can lead
to a dither-free steady state and faster rate of convergence.
Stability analysis including the dead-zone operators remains
an open question and the models used in the simulation
can be further improved by replicating grindcurves [35] and
adding more details to better simulate the dynamic behavior of
grinding circuits, both of which will stimulate future research
activities.
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