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Lithium iron phosphate (LiFePO4 or LFP) is a common active material in lithium-ion
batteries. It has been observed that this material undergoes phase transitions during the
normal charge and discharge operation of the battery. Electrochemical models of
lithium-ion batteries can be modified to account for this phenomenon at the expense of

some added complexity. We explore this problem for the single particle model (SPM)
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where the underlying dynamic model for diffusion of lithium ions in phase transition
materials is a partial differential equation (PDE) with a moving boundary. We derive a
novel boundary observer to estimate the concentration of lithium ions together with a
moving boundary radius from the SPM via the backstepping method for PDEs, and simu-
lations are provided to illustrate the performance of the observer. Our comments are

stated on the gap between the proposed observer and a complete state-of-charge (SoC)
estimation algorithm for lithium-ion batteries with phase transition materials.
[DOI: 10.1115/1.4048779]

1 Introduction

1.1 Motivation. Lithium iron phosphate (LFP) has several
attractive features as an active material in lithium-ion batteries
such as thermal safety, high energy, and power density [1].
LFP and other common active materials show unique
charge—discharge characteristics due to an underlying crystallo-
graphic solid—solid phase transition. Electrochemical models for
lithium-ion batteries with single phase materials do not allow to
capture these unique characteristics and thus a mathematical
description of phase transitions needs to be added to these models.
Electrochemical models are of interest for the design of accurate
estimation algorithms in battery management systems. Estimation
algorithms based on these models provide visibility into operating
regimes that induce degradation enabling a larger domain of oper-
ation, therefore, increasing the performance of the battery in terms
of energy capacity, power capacity, and fast charge rates [2,3].
Electrochemical model-based estimation is challenging for several
reasons. First, measurements of lithium concentrations outside
specialized laboratory environments are impractical. Second, the
concentration dynamics are governed by coupled and nonlinear
partial differential algebraic equations [4]. Finally, the only meas-
urable quantities (voltage and current) are related to dynamic
states through a nonlinear function.

1.2 Relevant Literature. Electrochemical models describe
the relevant dynamic phenomena in lithium-ion cells: diffusion,
intercalation, and electrochemical kinematics. These models pre-
dict accurately the internal states of the battery; however, their
complexity renders a challenging problem for estimation algo-
rithms. For this reason, most approaches develop estimation algo-
rithms based on simplified models. Among the various simplified
models, the single particle model (SPM) has been broadly used in
the observer design problem, see Refs. [5S—12]. The main charac-
teristic of the SPM is the use of a single spherical particle to
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represent diffusion of lithium ions in the intercalation sites of the
porous active materials in the electrodes.

Lithium iron phosphate has been extensibility used in lithium
ion cells due to its thermal stability, cost-effectiveness, nontoxic
nature, and long cycle life [1]. An electrochemical model for LFP
batteries was proposed in Ref. [13] based on a core—shell model,
where the concentration at the core is assumed constant and diffu-
sion is allowed for the phase in the shell. The LFP model with
phase transition electrode was revisited in Ref. [14] with a more
complete core—shell model, allowing diffusion in both phases of
an LiCoO, cathode.

The estimation problem for batteries with LFP electrodes has
been relatively less studied; a particle filter was derived in Ref.
[15] and a Sequential Monte Carlo filter was derived in Ref. [16].
However, none of the existing estimation algorithms consider the
phase transition phenomena in LFP or any other electrode mate-
rial with this characteristic until our recent contribution in
Ref. [17].

The core—shell model proposed for phase transition electrodes
is described by a parabolic partial differential equation (PDE)
with a state-dependent moving boundary. This is the so called Ste-

fan problem, derived originally to model liquid—solid phase transi-

tion phenomena [18]. Recently, a control and state estimation
technique for the Stefan problem was developed in Refs. [19-21].
There, the authors introduced a backstepping design [22] for this
problem and showed the exponential stability of the closed-loop
system under some particular (physical) constraints on the moving
interface.

1.3 Contributions of this Paper. Our conference paper [17]
derived a state estimation algorithm to reconstruct the entire pro-
file of lithium concentration, governed by the core—shell model
using the approach in Ref. [19]. However, the method in Ref. [17]
assumes the knowledge of the moving interface position, which is
impossible to measure in practice. This paper improves the esti-
mation algorithm in Ref. [17] by relaxing this assumption. Here,
we derive an observer for the interface position and use it together
with the moving boundary PDE observer for lithium concentra-
tion. The performance of the estimation algorithm is demonstrated
by numerical simulation, which shows convergence of the
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interface position estimate and the lithium concentration estimate,
simultaneously.

1.4 Outline. This paper is organized as follows: In Sec. 2, the
single particle model is introduced for lithium-ion batteries with a
phase transition material in the positive electrode. Then, in Sec. 3,
an observer is derived for lithium concentration estimation. Simu-
lations are given in Sec. 4 to evaluate the performance of the
observer. Finally, concluding remarks and future work are pre-
sented in Sec. 5.

2 Electrochemical Model

The electrochemical model for lithium-ion cells with a phase
transition material in the positive electrode follows [13]. We
restrict the problem to particular initial conditions of the concen-
tration of lithium ions in the particles (i.e., intercalation sites) of
the positive electrode so that the model is governed by single-
phase dynamics, and consider only discharge processes. The ini-
tial concentration of lithium ions in the particles of the positive
electrode follows a core—shell configuration where the core has a
constant distribution of lithium ions in a low concentration phase
(the o phase), and the shell has a constant distribution of lithium
ions in a high concentration phase (the f phase). During dis-
charge, the fluxes of lithium ions at the surface of the particles in
the positive electrode are positive, thus increasing the concentra-
tion of lithium ions in the shell and the phase boundary is moving
to the center, i.e., a shrinking core process as depicted in Fig. 1.

2.1 Single Particle Model. The single particle model is a
simple electrochemical model that accounts for some phenomena
in lithium-ion cells. The main simplification in this model comes
from the assumption that a single diffusion equation in a spherical
particle can be used to model the diffusion of lithium ions in all
the intercalation sites of the active material of each electrode. In
the SPM, the ionic molar fluxes j, - (f) on both electrodes are pro-
portional the current density /() applied to the cell

(1)

—_— 1
as:FL: ( )

jn.,i(t) =+

where ag + = 3¢, + /R), + is the interfacial area (per unit volume),
&.+ 1s the volume fraction of active material in each electrode,
Rp,+ is the averaged radius of the intercalation sites (particles) in
the electrodes, F is the Faraday constant, and L is the thickness
of each electrode. Throughout this paper, the sub-
scripts + and — indicate that the variable corresponds to the posi-
tive or negative particle. The concentration dynamics of lithium
ions in the negative electrode (single phase) follow the Fick’s law
for diffusion

dcs Dy 0| 50c
ot (1) = r2 Or {’ or (”t)} @

forr € (0,Rp—), t > 0 with boundary conditions

B
-(® -

Fig. 1 Phase transition in the positive particle during dis-
charge. The particle starts with a large core of low concentra-
tion phase « and a small shell of high concentration phase .
During discharge there is a positive flux of lithium ion in the
surface of the positive particle, increasing the concentration
and increasing the size of the -phase shell.
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5 (0.0) =0 3)
Oc,— .
D, (‘?—, (Ro—.1) = —jn_ (1) 4)

and initial condition ¢o_ € C(0,R, ). Diffusion in the positive
particle follows a core—shell model. In the core of the particle,
i.e., for r € (0,7,(¢)), lithium ions are in the o-phase. The concen-
tration in the core is assumed to be constant and equal to the equi-
librium value of the o-phase, ie., ¢,4(r) =cs, for all
r € (0,75(r)). In the shell of the spherical particle, i.., for
r € (rp(1),Rp 1), the concentration of lithium ions is in f-phase.
The concentration dynamics of lithium-ions in the shell of the
positive particle follows the Fick’s law for diffusion

acs,+ N Ds.+2 |:‘2 Jcs 4 . :|
or (1) = 2 or | o (1) ®)
for r € (rp(t), Rp+) with boundary conditions
Csd—(rp(t)v t) = Cs,p (6)
Ocs, .
Ds ¢ # (Rp 1) = —jn+ (1) @)

and initial conditions ¢+ € C(r,(0),Rp +). The time evolution of
the moving interface r,(r) is not given explicitly. Instead, mass
balance at the moving interface yields the following state-
dependent dynamics:

dr, ocs,
(Cop — Csa) ';—t(t) =Dy % (rp(0),2) ®

Overpotentials 7. (¢) are found by solving the nonlinear algebraic
equation

o (1) =2 [eﬁﬂ:(t) _ e*%’?:(’)] 9)

iO,i (1) - Fki [css,i (1)}GCC [Ce,O(Cs,max,t - Css,i (t))}% (10)

where cg + (t) := ¢5+ (Rp,+, ). The electric potential in each elec-
trode is given by

G+ (1) = 0+ (1) + Ux (Cos,= (1)) + Re 2 Fjn = (1) (1n

Finally, output voltage is computed as the difference between the
electric potential in each electrode

V(1) = ¢, (1) = 5, (1) (12)

Equations (5)—(12) form a complete description of the single parti-
cle model with a phase transition electrode, and it provides the
following property on the moving interface during the discharge
process.

Remark 1. During the single discharge process, the current den-
sity /() maintains positive, i.e., I(f) >0 for V¢ > 0. This current
positivity ensures the moving interface being shrinking as shown
in Ref. [18]. Furthermore, the initial interface position is less than
the cell radius. Hence

dry(1)
i <0 (13)
0<ry(t) <Rp+ (14)

2.2 Mass Conservation. In this model, the total amount of
lithium ions is conserved. The mathematical description of this
property is given in the following lemma.
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LemmA 1. The total amount of lithium ny; in solid phase (moles
per unit area) defined as

nLi(t) =&_L_cs_ ([) + 854+L+ES,+(Z) (15)

where ¢ _(f) and ¢y (f) are the volumetric averages of the
concentrations

3 Ry~
(1) = —J cs—(r )ridr (16)
R J,
_ 3 (fer
Csq (1) = RTJ e (1, )ridr an
p,+ J0

is conserved, namely, dny;(t)/dt = 0.

Lemma 1 was derived in Ref. [23] for electrodes with a single
phase, and we can show that this result extends to electrodes with
phase transition materials.

Proof. In our problem formulation, there is a single phase in the
negative particle and there are two phases in the positive particle,
i.e., a-phase in the core and f-phase in the shell. The concentra-
tion in o-phase at the core is assumed to be constant (at its equilib-
rium value ¢ ,). Under these assumptions, the time derivative of
Eq. (11) is given by

dn i . . 38& L
g (0=~ Lo () = a Lo (0 = S (0)
dr 8C5‘+
X 7;’(;)[%,; — Cso] + Dsy - (rp(1),1) (18)

Hence, the molar flux equations in Eq. (1) and the dynamics of the
moving interface in Eq. (8) lead to dny;(¢)/dt = 0. In a more gen-
eral formulation introduced in Refs. [24] and [25], i.e., when both
electrodes have multiple phase transitions not necessarily at the
equilibrium, mass conservation of lithium ions is guaranteed with
the following interface dynamics

drl[a‘b] 1 oc ab] /o — dc fab] /o +
= D) - ()|
(19)

where rl[a‘b] is the interface radius between any two phases (phase

a and phase b) in any electrode. Each phase has a distinct equilib-
rium ¢,, ¢y and diffusion coefficient D, D, |

3 State Estimation

Now, a state estimation algorithm for concentration of lithium
ions, in both negative and positive electrodes, is provided in this
section from the single particle model. Following Ref. [6], we
assume that the surface concentration of lithium ion in the positive
electrode is available, which can be obtained through inversion of
the output voltage. The state observer for the positive electrode is
derived via the backstepping method for moving boundary PDEs,
and the observer for the negative electrode is derived from the
mass conservation property.

3.1 Observer for Phase Transition Positive Electrode. The
state observer is a copy of the diffusion system (5)—(7) in the posi-
tive electrode together with output error injection

e ¢ N D¢ ﬁ 2 658# - }
ot (rf) = 2 Or {r or (1)
+ P (7p(0),7) [ess, s (1) = T (Rp 4 1)] (20)

for r € (rp(), Rp+) with boundary conditions

ot (rp(0),1) = cp @n
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8csA+

Dv — >
> or

(Rp,458) = —Ju+ ([)
+ Q(fi) (l)) [C55,+(1) - gsy+(RP~+’ t)] (22)

and initial conditions ¢y € £*(7;(0),R,4) and 75 (0) € (0, R, ).
Observer gains are given by

0(rp (1) = 2};—1 (%s(z) + 1) 24)

where I,(-) is a modified Bessel function of the second kind and

-
b=po (25)

s(1) = R = 1p(0),  U(t) =1 —1p(1) (26)
2(8) = \/A[s(0)* = 1(1)?] @27

The parameter A > 0 is designed to achieve faster convergence of
the estimated concentration to true concentration. Moreover, the
estimator for the moving interface position is given by the follow-
ing dynamics:

7y (1)

(Cs,[)‘ - Cs,u) 7 = _K[CSS,‘F(t) - E:sAr(RpHrv t)]
OCs i o~
Dyy 2 (7 (0),1) 28)

where the parameter x > 0 is designed to achieve fast conver-
gence of the estimated interface position to the true value.

The stability of the estimation error system is theoretically pro-
ven for the PDE observer (20)—(22) with gains (23), (24) under
the assumption 7y, (1) = r,(7) for all £ > 0 in Sec. 3.2. As the mov-
ing interface position r,() is unknown in practice, we construct
the estimator (28), and use the estimated interface position 7, (¢) in
the gains (23), (24) of PDE observer.

The sign of the observer gain in Eq. (28) (first term in the right-
hand side) is determined based on the monotonic relation, namely,
as the surface concentration cSH(t) is increased the moving inter-
face position rp(¢) is decreased. Physically, as the battery is dis-
charged, the domain of the lithium rich f-phase in the positive
electrode is expanded from the outer region. Hence, the observer
(28) is designed so that if the measured surface concentration is
larger than the estimated surface concentration, the battery is dis-
charged more than estimated, and the domain of fS-phase for the
estimator is driven to be expanded.

3.2 Stability Analysis of the Estimation Error System
With Known Interface Position. Let ¢ (r,¢) be an estimation
error defined by ¢, (r,t) := ¢ (r,t) — ¢s+(r,f). The stability
analysis of the estimation error system is presented in the follow-
ing theorem.

THEOREM 1. Consider the plant PDE (5)—(7) and the PDE
observer (20)—(22) with observer gains (23) and (24) under the
properties of Egs. (13) and (14), and the assumption ry (1) = ry(f)
for all t > 0. Then, for any initial estimation error cs (r,0), the
estimation error is exponentially stable at the origin in the sense
of the norm

Rp+
J ey (r,0)%dr (29)

7p(t)

Note that subtracting Egs. (20)—(22) from Egs. (5)—(7) under
7 (f) = rp(t) yields the estimation error dynamics
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0. Dy d [ 06 }
ot (r0) = 2 or {' (1)

or
= P(ry(1),7) s+ (Rp+:1) 30)
5s4+(rp(t)7[) =0 (31)

85g+

Dy =5 = (Rpovs1) = =0 (1p(1)) &4 Ryt 1) (32)

The proof of Theorem 1 is established by showing the stability

of the estimation error system (30)—(32) through the remainder of
Sec. 3.2.

3.2.1 Change of Coordinate. First, we introduce the following

change of coordinate and state variable to simplify the structure of
the estimation error dynamics in a Cartesian coordinate

X=Ry, —r (33)
U(x,t) =rés 4 (r,t) (34)
s(t) =Rp 4+ — 1p(1) (35)

The estimation error dynamics (30)—(32) is rewritten by the new
coordinate and state as

i 20 _
% (x,1) = Dy, % (x,1) — P(s(1), x)ii(0, 1) (36)
i(s(t), 1) = 0 37)
o (0,1) = ~0Us()0.1) G8)
where
P(s(1),x) = Iép(rp(z), ) (39)
Os() = =~ L 0(r,(0) 40)
B Rp,+ Ds,+ r

With respect to the variable (35), the properties (13) and (14) pre-
sented in Remark 1 are equivalent to

$(t) >0 (41)

0<s(t) <Rp+ (42)

3.2.2  Derivation of Observer Gains. Consider the following
invertible transformation from the estimation error #(x,¢) to the
transformed state w (x, 7):

X

(1) = i(x, 1) + J 45,3y, 1)dy 43)

"X

i) = () + [ ple )ty @)
0
where X = s(r) —x, y = s(¢) —y. Taking the time and spatial
derivatives of Eqs. (43) and (44) along the solution of Eqgs.
(36)—(38), we can show that if the gain kernel functions and the
observer gains satisfy the following conditions:

Pp,_ . Op _ .
o (09) = 5 (03) = ~7p(%.7) (45)
X (46)

041004-4 / Vol. 143, APRIL 2021

p(0,y) = 47
5? o .
o (09) ~ g7 (19) = 24(5.) (48)
y
q(%, %) = = 5% (49)
q(0,5) =0 (50)
P(s(1),x) = D5 +py (%, (1)) 1
O(s(t) = —p(s(r),s(1)) (52)
then, the following target w-system is obtained:
ow Pw . . AP
B =D TE ) = i) 500 | 45.5)
x (W(y, £+ J P, 2 (z, t)dz) dy (53)
0
w(s(f),1) =0 (54)
ow
5, (0.0 =0 (55)

where ¢'(¥,y) = 0q/0x(X,y) + 0q/0y(%,y). Equations (45)—(50)
lead to the following explicit solutions:

. 11( Z[yz—xz])
p(x,y) = Ak ——F———=" (56)
A [’2 —xz]
) J1( z[txz])
q(7,5) = —IxF— et (57)
i)

with a modified Bessel function /;(-) and a Bessel function J ()
of the first kind, respectively. Substituting the solution (56) to the
conditions (51), (52) (note that dI,(z)/dz = I5(z)/z for all z), and
taking back to the original coordinate and variables, the observer
gains are derived as (23) and (24).

3.2.3 Stability Proof. To complete the proof of Theorem 1,
we prove the stability of ¢ -system at the origin. Due to the
invertibility of the transformation from ¢, 1 to & given in Eq. (34),
and the transformation between # and w in Eqgs. (43) and (44)
with the properties (13) and (14), w-system and ¢, 4 -system have
the same stability property. In this section, we prove the stability
of w-system governed by Egs. (53)—(55) with the help of Egs.
(41) and (42) by considering the time evolution of the following
Lyapunov function:

s(1)
W) = %L W(x, 1) dx (58)

Taking the time derivative of Eq. (58) along with Egs. (53)—(55)
yields

W(r) = —Ds.. rm (% (x, t)) s Jxm W (x, 1)2dx

0 0
+35(9) J:t) W (x, 1) UO q'(xy)(W(y,1)
4 L P(y,2)Ww(z, :)dz)dy} dx (59)
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Applying Young’s, Cauchy Schwartz, and Poincare’s inequalities
with the help of the properties (41) and (42), one can show that
there exists a constant a >0 such that the following inequality
holds:

W (1) < —bW (1) + as(t)W(7) (60)
where b = (Ds 4 /4R 4R2 ) + /. The technique proposed in Ref. [19]
with Egs. (41) and (A'PZ) yields the exponential decay of W(z) as

W(r) < e®=W(0)e ™ 61)

Hence, the origin of w-system is shown to be exponentially stable,
from which we conclude Theorem 1.

3.3 Observer for Negative Electrode. Since the available
variable ¢+ (7) is implicit in the dynamics of the negative elec-
trode, it is not easy to apply the backstepping method for the
observer design of the negative electrode. Therefore, we employ a
different approach. The observer design for lithium ion concentra-
tion in the negative electrode is constructed by the copy of the
dynamics (2)—(4) together with the output injection of the positive
electrode

- 9,00,
o (”’)_ 5[’ ar (”’)]
P_(rp(1)) s+ (Rp.1 1) (62)

forr € (0,Rp ), t > 0 with boundary conditions

ac, -
or

(0,1)=0 (63)

e, - |
= Ry 1) = o (1)

+0-(1p(1))Cs 4 (Rp 4, 1) (64)

D,

Observer gains in the negative electrode are computed to conserve
the total amount of lithium ions in the state observer defined as

_ 3g L, [Rer _
ui(f) = #J G (s 1)r2dr
Rb.+ 0
3e,_L_ [Re- _
+ 8"3 J ¢, (r, t)rzdr (65)
R]’)‘* 0

Taking the time derivative of Eq. (65) along with the dynamics
(20)—(28) and (62)—(64) leads to

dny;, .
f —as+Lijn, +( ) —as-L_jn— (t)
+Fés 1 (Rp,1) (66)
where F is defined by

F%HM(RL, 0 + 0, <))) +a, L0 (7))

p,+
36, Lo [Ror - _
—‘;;3* e J~( ) 2P (7o), r)dr + 6 L P_(7p())  (67)
p,+ rplt

By the balance of the ionic molar fluxes given in Eq. (1), the first
line in the right-hand side of Eq. (66) is canceled. Therefore, by
designing the observer gains as

as 4L K

0 (1) = *H (Q("p(f)) +E?p(t)2) (68)

Journal of Dynamic Systems, Measurement, and Control

T2 T3 Tit2 Twtiil

Fig.2 Nonuniform grid for spatial discretization

— bl i Ufw P(rp (t))rzdr

Ssﬁ_L_ Rg‘+ )‘p(l)

P_(r(1)) = (69)

one can show that (dnp;./df) =0 from Eq. (66). Hence, the
observer error in the negative electrode approaches to zero uni-
formly in space with the help of Theorem 1.

4 Simulation

The stability of the estimation error is theoretically guaranteed
only by assuming 7, (1) = r,(¢) for all # > 0; therefore, it is signifi-
cant to investigate the performance of the observer in numerical
simulation where the assumption does not hold, namely, setting
75 (0) # r,(0), which is the case in practice.

4.1 Description of the Proposed Algorithm. For the spatial
discretization of the diffusion equations in the single particle
model and the observer, we use a finite volume method with non-
uniform grid [26]. The reason to use a finite volume method is to
guarantee the mass conservation property after discretization. The
grid is a set of N points r(¢) = [r(¢),72(2), ..., rn—1(2), rn(2)], that
divide the domain (ry(r),R,) (or (0,R,) for the negative elec-
trode) in a finite set of nonuniform intervals, as depicted in Fig. 2,
and allow us to define a fine discretization near the boundaries of
the domain without increasing the size of the finite dimensional
state significantly. Briefly speaking, in the finite volume method,
one defines a finite dimensional state ¢(f) = [cs2, .-+, CsN—1, Cs N )»
where each element corresponds to the concentration at one of the
spatial discretization points. Then, solving the diffusion equation
within each of the intervals [“=5*% ““7i:1] and using a linear inter-
polation, a set of ordinary differential equations is obtained that
define the dynamics of the finite dimensional state. For example,
in the positive electrode, the dynamic equation for the finite
dimensional approximation in ff-phase is

MO (1) = AWes) + BOu() 10)
s = Ces(1) (71)

with
) = (0, o 72

and continuous matrices M(r), A(r) € RN-"N=1 B, (1) € RV 12,

C € RPN defined as

Zw) %vm) 0 0
%vz(t) ZV3(I) ém(z) 0
M= | 0 §nO uO o (73)
o 0 0 ivN(t)
00 o %vN(t)_
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(1272(1‘) 612,3(l‘) 0 0 0
a3A2(t) a373(t) a}A(t) 0 0
Ar) = @) sl " !
0 0 0 ay_in-1(t)  an-1n(1)
i 0 0 0 ayn-1(t) ay (1) i
74)
0 bl,Z([)
0 0
B()=| : : (75)
0 0
by 0

In Eq. (73), the volumes v;(¢) are computed based on the geometry
of the grid, that is

vi(t) = (("i(f) +2”i+1(f))3 B ("i(f) +2Ff1(f)>3> (76)

fori € {2,3,...,N — 1}, and

3
() = (Ré@)—-(gﬂgljafﬂ—lgl) > )

The diagonal entries of the matrix A(¢) in Eq. (74) are

Dy (ri1(9) +11(0)° Dy (ri(0) + rica (1)
W)= e " =m0

fori e {2,3,...,N — 1}, and

Dy (Ry(1) + rv1 (1))

- T Rp(l) — I‘Nfl(l) 79

aN N ([)

The entries in the line above the diagonal are
Dy (ria (1) + ri(1)?
4 1‘;+1(I) — r,-(t)

fori € {3,4,...,N}, and the entries in the line below the diagonal
are

a1 (1) = (80)

D, (1) + i (1)
aii—1(t) _Tm o

for i € {2,3,4,...,N — 1}. The nonzero elements of the matrix
B(#) in Eq. (75) are

Dy (r2(1) + (1))
4

bialr) = ry —rp(1)

(82)

__p2
by = —R;

(83)
The initial conditions for Egs. (70) and (71) are the evaluation of
the initial concentration profile at each point of the grid r. For the
discretization of the continuous-time finite dimensional system,
we use the Euler backward method, which leads to

Cs [k+1]) — Cs,[k+1]

My ———————— = Ap)Cs k1] + Blrrri+1 (84)
T 1] — 1y

Cssk+1 = Ccs,k+l (85)

where the quantities with subscript [k] € {0,1,...,K} correspond
to the quantities at the discrete times {f,71,...,f, }. The
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discretization of the boundary dynamics follows a discrete version
of Eq. (8), derived properly to guarantee mass conservation, that is

) .3
"ol ~ "o
1

(Cs,/i - Cs‘x) = 7(t[k+1] — Iy )DS

% ("21[14 - "1,[k])2 Cs.1[k+1] — Cs,B
2 20k — Tk

(86)

The time update of the spatial grid, corresponding to the
increase of domain in time, is performed carefully to ensure mass
conversation while keeping the size of the grid constant over time.
For this reason, a new point in the discretization grid at every
time-step according to the dynamics of the moving boundary is
introduced, if a threshold in surpass. If the threshold is not
exceeded, the corresponding mass change is added to a mass
memory variable for consideration in the next time-step. To the
new point in the grid, we associate a new state equal to cg. Then,
to avoid an increase of the number of states at every time-step, an
interpolation is performed from the grid with the additional point,
that is, with size N + 1, to a new grid defined in the larger domain
but with N point. The interpolation is linear and is corrected for
mass conservation (see the description in Algorithm 1) (Fig. 3).

Algorithm 1 Time update for increasing domain (shrinking
core)

Data: Provided some spatial grid

T = [rl_[k]7 T2 ks +ees I'N‘[k]]» state valge

o) = [Co, 1) €52k -+ o> Cov, > At time 77,

and memory of mass difference Amy,_y) (the right hand side of
Eq. (86))

compute the mass change Amyy due to non-zero flux at the interface, i.e.,
the right-hand side of Eq. (86) and add it to the mass change memory

fﬂ[](] — M[k] + m[k—l],
if M) > Mihreshold then
compute a new for the boundary from the interface dynamics (86):

g 3 my \1/3
’p,[k] - (r;«[k] B <'s.({7[k(:§_x)

add this value as a new point to the grid:

)

T ok T T2 ks -0 TN ]
add a new entry to the state concentration with the value c4:
Cok) = [Cps Co L 1]s Cs2.fh]s -+ Cs Vi)

degne a ntW non—u?iform grid r{k] = [",1.[14 , r;‘[k], ";v,[k]] such that
Pig = Tpg and ry g =Ry

interpolate (linearly) the concentration state to the new grid:

¢ — interp (¥, r,c;)
compute average concentrations ¢ and ¢; over the spherical volume
correct for mass conservation with the scaling factor ¢ /c/:

¢ =5
return gpdated grid r[’k], updated state value c;_[k], and set memory
m[k] = U.

else
return unchanged spatial grid r), unchanged state value ¢, and
updated mass memory .

end

4.2 Test With Constant Discharge Input. To test the
observer, we run a numerical example with a constant discharge
current of 5 (C-rate) using parameters in Table 1. We are assum-
ing ¢y 4+ is available directly from measurements to be used as
output error injection in the observer. In practice, this quantity
could be estimated from measurements. Figure 4 shows the
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Fig. 3 Voltage plot for different (constant) current discharge
inputs

estimated concentration of lithium ions in f-phase in the positive
particle; one can compare this to the true concentration in Fig. 5.
Figure 6 shows the averaged concentration in the positive particle,
both true value (solid line) and estimated value (dash line). Con-
vergence of the estimate to the true value is achieved within
0.8 min, a relatively short time. Furthermore, Fig. 7 shows the time
evolution of the moving interface of the both true value (black) and
estimated value (blue), which also illustrates the convergence of the
estimate to the true value. Note that state-of-charge (SoC) is
directly proportional to the averaged concentrations; then the
importance to evaluate the estimation of this quantity.

There are three items that we consider important to understand
the computational cost of the proposed observer:

(i) Although the observer gains (51) and (52) are time-
dependent, there is an explicit representation in terms of
Bessel functions (56) and (57). This implies that at every
time step in the simulation (or deployment), there would
be a need to update the observer gains, but the update
involves only the evaluation of the functions (56) and (57)
at the N points of the spatial discretization.

(i1)) The computational cost of the observer is related to the
number of nodes/points used in the spatial discretization.
After the discretization of the observer, the computational
cost of the observer is comparable to the simulation of N
linear ordinary differential equations; where N is the num-
ber nodes/points.

(iii) Since the model is a PDE with a time-varying domain, the
discretization needs to be updated at every time step. This
is not something particular to the observer, but something
inherent from the model.

These three items provide a high level of understanding of the
computational cost of the proposed observer. In brief, there is
nothing particular in the proposed observer that would result in a

0.95

Cs,+ (7'7 t) /Cs,ma.x

o
©

0.9 0.8 2

0.7 0.6 05 0
r/Rp+

time (min)

Fig.4 Estimate of the concentration of lithium ions in the posi-
tive particle
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2
0.7

T‘/Rpﬂ.;.

0.6

05 0 time (min)

Fig. 5 Normalized concentration of lithium ions in a growing f-
phase region. The plot corresponds to a 5 min simulation of con-
stant 5(C—rate) discharge. The plot does not show the a-phase
portion of the concentration since it is assumed to be constant.

o
o

o
~

Averaged Concentration

0.3 ;
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02 ' ‘ ‘ ‘
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Fig. 6 Averaged concentration of true value (solid) and esti-
mated averaged concentration (dashed) in the positive particle
normalized by the maximum concentration
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Fig. 7 Interface position and estimated interface position

high computational cost. The cost is mainly dependent on the
model and the discretization of the PDEs in the model. The com-
putational cost of finite dimensional observers, for example, pole
placement observer, Luenberger observer, or Kalman filter,
applied to a discretization of the single particle model with a
shrinking core would have the same dependence on the discretiza-
tion of the PDEs and the model.

5 Conclusions and Future Works

This paper develops the estimation algorithm for SoC via elec-
trochemical model-based moving boundary PDE observer, and
provides the numerical study illustrating the desired performance
of the proposed method. Toward a complete SoC estimation algo-
rithm for lithium-ion batteries with phase transition materials, an
extension the existing SoC estimation algorithms from SPM to

APRIL 2021, Vol. 143 / 041004-7

SP/999/859/¥001 ¥0/¥/E Y | /4pd-ajo1ue/swalsAsolweukp/Bio-awse uonos|jodje}Bipawse//:dpy woly papeojumoq

0 0 €Vl

020z Joquieoaq /| uo Jesn oBeiq ues eluiop(ed JO Ausienun Aq Jpd 001 i



Table 1 Parameters

Parameters Negative Separator Positive
L(m)* 50 x 10°° 25 x 1076 74 x 1076
™ (mol/m’)* 27,760 20,950
Cs(mol /m?)° 0.04805 cmex
¢s p(mol/m?)° 0.8920 ¢
R, (m)* 11 x 107° 52 107°
Dy (m?/s)* 9 x 1071 8 x 10718
& (—)° 0.33 0.27

Ry (Qm?)¢ 1x1073 0

R (Qm?)° 0 6.5 %1073
k (m*3 /mol®? 5)* 3x107° 3x 1077

Other parameters and physical constants

A (m)° 1

F (C/mol) 96,487

R (J/kmol) 8.314472
T (K)® 208

¢, (mol/m?)* 1x 103

Oy, O [~ 0.5

“Borrowed from Ref. [31].
"Borrowed from Ref. [24].
€Assumed.

complex electrode settings will be considered, as was already
achieved for electrodes with multiple active material [27]. It was
noted in Ref. [13] that two different particles sizes are needed to
correctly model LFP electrodes; this correction can be added to
our results following [27]. One of the main assumptions for the
model in this paper is the restriction to only two coexisting phases
in a single particle reduced further to a single phase problem by
assuming a constant core phase. The relaxation of this assumption
could be achieved through designing the state observer of concen-
tration of lithium ions in two phases together with the estimation
of the interface position, by extending the method for control
design in Ref. [28] to the observer design. Furthermore, the
robustness of the estimator’s performance under some additive
measurement noise can be studied in terms of input-to-state stabil-
ity following Refs. [29] and [30].

It is worth performing the comparative analysis over the other
methods. For instance, applying the boundary observer method in
Ref. [6], which does not account for the phase transition to the
core—shell model of the phase transition in this paper, is interest-
ing, especially to investigate how effective the shrinking core
dynamics is in the electrochemical battery model. Moreover,
developing a nonlinear Kalman Filter (e.g., EKF, UKF) for the
reduced order model of the core—shell dynamics by a finite vol-
ume spatial discretization method given in Sec. 4.1 is also a novel
approach. These further investigations will be addressed in our
future work.
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