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Stability Analysis Using Generalized
Sup-Delay Inequalities

Frederic Mazenc , Michael Malisoff , Senior Member, IEEE , and Miroslav Krstic , Fellow, IEEE

Abstract—We provide a new generalization of a recent
trajectory-based approach for proving global asymptotic
stability properties, using new sup-delay inequalities. Our
generalization eliminates the usual contractivity require-
ment from previous sup-delay inequality approaches. We
show how the requirements of our generalization hold
under less restrictive Halanay’s conditions than those
that were previously reported. While the usual Halanay’s
inequality requires the decay rate to exceed the gain, our
less restrictive conditions allow the gain to exceed the
decay rate. We apply our work to systems with switching
delays and to a continuous-discrete system.

Index Terms—Delay, stability.

I. INTRODUCTION

THE STABILITY analysis of systems with delays is a
central problem that is motivated by communication

delays, gestation delays in biological systems, and delayed
information gathering, which commonly arise in engineering
systems; see [2], [3], [6], [8], [11], [19], and [21]. Standard
approaches to coping with delays entail finding Lyapunov-
Krasovskii or Razhumikin functions, which are useful for
switched systems [22]. This motivated a literature on build-
ing Lyapunov-Krasovskii or Razhumikin functions for delayed
systems, e.g., [21] and [23]. A useful approach to their con-
struction entails transforming strict Lyapunov functions for the
systems that are obtained by setting all of the delays to zero.

However, finding strict Lyapunov functions can be difficult.
This motivated the search (which began in [1], [14], [16],
and [17]) for trajectory-based methods (based on sup-delay
inequalities) to prove asymptotic stability properties in cases
that are not amenable to traditional Lyapunov approaches, such
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as continuous-discrete and switched systems; see [5] and [13].
Whereas prior works assumed contractivity conditions of the
form v(t) ≤ κ sup�∈[t−T,t] v(�) for all t ≥ 0 for given piecewise
continuous functions v : [−T,+∞) → [0,+∞) and constants
T > 0 and κ ∈ (0, 1), here we relax this contractivity condition
to estimates of the form

v(t) ≤ κ sup
�∈[t−T,t]

v(�) + ρ(t) sup
�∈[t−τ̄ ,t−τ ]

v(�) + η(t) (1)

for given piecewise continuous functions v and η, constants
T > 0, κ ∈ (0, 1), τ > 0, and τ̄ > τ , and nonnegative valued
functions ρ that can take values outside of the interval (0, 1).
This lets us prove input-to-state stability (or ISS) properties
of v with respect to η, and in the special case where η = 0, it
proves asymptotic convergence properties under less restrictive
versions of Halanay’s condition of the form

v̇(t) ≤ −av(t) + c(t) sup
�∈[t−T,t]

v(�) (2)

for constants a > 0 and T > 0 and functions c(t) that can take
some of their values in [a,+∞). Due to the preceding strong
motivation for generalized Halanay’s conditions, our Halanay’s
conditions in this letter are a significant innovation, because
of their less restrictive conditions on c(t). See also [4], [7],
[9], and [10] for complementary asymptotic stability results
under variants of Halanay’s conditions.

In Section II, we prove our new stability theorem under
our conditions (1). Our proof of our theorem is based on
the contractivity lemma from [16], and a new sup-delay
inequality lemma where the term κ sup�∈[t−T,t] v(�) from the
contraction approach is replaced by a term of the form
ρ(t) sup�∈[t−τ̄ ,t−τ ] v(�) as explained above; for clarity and
completeness, we state and prove these lemmas in Appendix A
below, and then we use the lemmas to prove our theorem in
Appendix B. In Section III, we illustrate how our assumptions
hold under Halanay’s conditions of the form (2), includ-
ing cases where the assumptions of the Halanay’s inequality
results of [15] are not satisfied, and we provide applica-
tions to systems with switching delays and continuous-discrete
systems. We close in Section IV with a summary of our
contributions and planned research.

We use standard notation, which is simplified when no con-
fusion would arise. The standard Euclidean and induced matrix
norms are denoted by | · |, and | · |S is the supremum over any set
S. We use f (t−) and f (t+) to denote left and right limits, respec-
tively. By piecewise continuity of a function f on an interval
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[f ,+∞), we mean that there is a strictly increasing unbounded
sequence {ti} such that t0 = f , f is continuous on (ti, ti+1) for
each i, and f (t+) and f (s−) are finite for all t ≥ f and s > f . We
setN = {1, 2, . . .} andZ≥0 = N∪{0}, A ≤ B for square matrices
of the same size means that B − A is nonnegative definite, and
I is the identity matrix in the dimension under consideration.

II. MAIN THEOREM

To state our theorem, we introduce the following addi-
tional notation that will be used throughout this letter. Let
ρ : [0,+∞) → [0,+∞) be a piecewise continuous function
such that there are constants ρ > 0, τ > 0, and τ ≥ τ ,
an integer p ∈ N, and a constant ω ∈ (0, 1) such that
ρ(t) ≤ ρ for all t ≥ 0 and such that

p∏

j=0

sup
s∈[τ ,τ ]

ρ(t − js) ≤ ω (3)

holds for all t ≥ pτ . In terms of the constant � = ω+ε
p∑

i=0
ρi,

we prove the following result in Appendix B:
Theorem 1: Let ε ∈ (0, 1) be a constant, and v : [ −

τ ,+∞) → [0,+∞) and η : [0,+∞) → [0,+∞) be locally
bounded piecewise continuous functions such that

v(t) ≤ ρ(t) sup
�∈[t−τ ,t−τ ]

v(�) + ε sup
�∈[t−τ ,t]

v(�) + η(t) (4)

is satisfied for all t ≥ 0, and assume that � ∈ (0, 1). Then

v(t) ≤ |v|[t0−(p+1)τ ,t0]e
ln(�)

(p+1)τ
(t−t0) +

∑p
i=0 ρi

1 − �
|η|[t0−pτ ,t] (5)

holds for all t ≥ t0 and t0 ≥ pτ .
Remark 1: An estimate of the rate of convergence of v is

− ln(�)/((p+1)τ ), which depends on p and ω. An interesting
open question is whether under our assumptions, one can find
p values that give the largest value for this convergence rate.
This question may be the subject of future research.

Remark 2: Theorem 1 is no longer if we relax its condi-
tion ε ∈ (0, 1) to allow ε ≥ 1, since the ε ≥ 1 case allows
unbounded v’s; see Remark A.5 in Appendix A.

Remark 3: To see how our conditions on ρ can be satisfied
for a continuous function ρ that takes some values in (1,+∞),
consider the case where τ = π

2 , τ = π
2 + 1

10 , and ρ(t) =
9
8 sin2(t). Then

1∏

j=0

sup
s∈[τ ,τ ]

ρ(t − js) = 81

64
sin2(t) sup

s∈
[

π
2 , π

2 + 1
10

] sin2(t − s)

= 81

64
sin2(t) sup

s∈
[
0, 1

10

] cos2(t − s)

for all t ≥ 0. Since | cos(t − s)| ≤ | cos(t)| + 1
10 for all s ∈

[0, 1
10 ], we deduce that

1∏

j=0

sup
s∈[τ ,τ ]

ρ(t − js) ≤ 81

64
sin2(t)

[
| cos(t)| + 1

10

]2

= 81

64

[
| sin(t)|| cos(t)| + 1

10

]2
.

Hence, the formula supt∈R | sin(t)|| cos(t)| = 1
2 gives

1∏

j=0

sup
s∈[τ ,τ ]

ρ(t − js) ≤ 81

64

[1

2
+ 1

10

]2 = 729

1600
(6)

for all t ≥ 0. Thus (3) is satisfied with p = 1.

III. ILLUSTRATIONS

A. Relaxed Halanay’s Inequality Conditions

As noted above, Halanay’s inequality and its generalizations
play an important role in the analysis of delayed and switched
systems. This motivates the study of continuous piecewise C1

functions va : [−T,+∞) → [0,+∞) that admit constants
a > 0 and T > 0 and bounded piecewise continuous functions
c : [0,+∞) → [0,+∞) such that

v̇a(t) ≤ −ava(t) + c(t)|va|[t−T,t] (7)

holds for Lebesgue almost all t ≥ 0, in cases where the supre-
mum c̄ of c is such that c > a > 0 (and which therefore are
outside the scope of standard Halanay’s inequalities requiring
a > c). In this subsection, we provide conditions on c under
which functions v that satisfy the preceding conditions also
satisfy the requirements of our theorem. We also provide an
example that illustrates why the conditions in this subsection
are less restrictive than those of [15].

To this end, first notice that, since (7) implies that
v̇a(t) ≤ −ava(t) + c|va|[t−T,t], we deduce from Lemma C.1
in Appendix C below that for any p∗ > 0, the inequality

|va|[t−T,t] ≤ |va|[t−p∗−T,t−p∗]e
(c−a)(p∗+T) (8)

is satisfied for all t ≥ p∗. Choosing p∗ = T and setting c
(t) =
e2(c−a)Tc(t), we deduce from (7) and (8) that

v̇a(t) ≤ −ava(t) + c
(t)|va|[t−2T,t−T] (9)

for all t ≥ T . We can apply variation of parameters to (9) on
the interval [t − T, t] to get

va(t) ≤ e−aTva(t − T)

+
∫ t

t−T
ea(�−t)c
(�)|va|[�−2T,�−T] d�

≤ e−aTva(t − T)

+
∫ t

t−T
ea(�−t)c
(�) d�|va|[t−3T,t−T] (10)

for all t ≥ 2T . Consequently, for all t ≥ 2T , we have

va(t) ≤ ρa(t)|va|[t−3T,t−T],

where ρa(t) = e−aT +
∫ t

t−T
ea(�−t)c
(�) d�. (11)

Now, we can apply our theorem with η = 0. The bound
ρa(t) ≤ ρ holds for all t ≥ 0 with the choice

ρ = e−aT +
(
1 − e−aT

)
c

a
e2(c−a)T (12)

for all t ≥ 2T .
As a special case, the requirements of our theorem hold

with a = T = τ = 1, τ = 3T = 3, p = 2, any ε ∈ (0, 1),
v(t) = va(t + 2T), ρ(t) = ρa(t + 2T) with ρa as defined in
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(11) with the period 9 function c that is defined by c(t) = 2
3

if t ∈ [0, 3) ∪ [6, 9) and c(t) = 21
16 if t ∈ [3, 6), and ω =

0.654645. Hence, v(t) converges exponentially to 0 as t →
+∞. On the other hand, we next show that the preceding
example does not satisfy the requirements of the Halanay’s
inequality generalization from [15, Th. 1].

To this end, recall that the main sufficient condition for
exponential convergence to 0 in [15, Th. 1] for a continuous
and piecewise C1 function w : [−T,+∞) → [0,+∞) is that
it satisfies ẇ(s) ≤ −aw(s)+L(s)|w|[s−T,s] for Lebesgue almost
all s ≥ 0 with constants a > 0 and T > 0 and a function L of
the form

L(t) =
{

ε̄, if t /∈ E
ϕ, if t ∈ E

(13)

where the set E has the form

E = ∪i∈N[ti, ti + T), (14)

the constants ε̄ and ϕ satisfy 0 ≤ ε̄ < a ≤ ϕ, and the constant
T > 0 is such that T > 2T and such that

ϕ

[
ea(2T−T) + ε

a

]
e2Tϕ + 2Tϕ

T
< a, (15)

for any values ti that satisfy t0 = 0 and T ≤ ti+1 − ti ≤ T for
all i ∈ Z≥0 and some constants T > 0 and T ≥ T . Applying
[15, Th. 1] to the preceding example would call for choosing
w(s) = va(s + 3), L(s) = c(s + 3), a = 1, t0 = 0, ti+1 = ti + 9
for all i ∈ Z≥0, T = 3, T = T = 9, ϕ = 21/16, and ε̄ = 2/3,
but then (15) would not be satisfied because its left side would
be 11.8039 > a. Since the preceding example is covered by
Theorem 1 but not [15, Th. 1], this illustrates how Theorem 1
is less conservative than [15, Th. 1].

B. Systems With Switching Delays

We next revisit the class of systems with switching delays
from [15], under the new and less restrictive generalized
Halanay’s conditions from the preceding subsection.

Let the sequence ti satisfy the requirements of Section III-A
for some T > 0 and T̄ ≥ T , and τl and τs be two constants
such that T > 5(τl+τs) and τl > τs ≥ 0. We study the systems

ẋ(t) = Mx(t) + Nx(t − τ(t)) (16)

where x is valued in R
n, and where τ is a time-varying piece-

wise continuous unknown delay such that 0 ≤ τ(t) ≤ τs if t /∈
E, and 0 ≤ τ(t) ≤ τl if t ∈ E where E is from (14) for
the constant T = τs + τl, and the matrices M ∈ R

n×n and
N ∈ R

n×n are constant for any n. Following [15, Sec. 4.2],
we assume:

Assumption 1: There are a symmetric positive definite
matrix Q ∈ R

n×n and a constant q > 0 such that Q(M +
N) + (M + N)�Q ≤ −qQ and I ≤ Q are satisfied.

In terms of the notation from Assumption 1 and

L = 2|N�QN|(|M| + |N|)2

q
, (17)

we also use the following, whose proof consists of the first
part of the proof of [15, Proposition 1].

Lemma 1: With the preceding notation and under
Assumption 1, the time derivative of the function
U(x) = x�Qx along all solutions of (16) is such that

U̇(t) ≤ −q

2
U(x(t)) + Lτ 2

s sup
m∈[t−τl−τs,t]

U(x(m)) (18)

for all t ∈ [0,+∞) \ E and

U̇(t) ≤ −q

2
U(x(t)) + 8|N�QN|

q
sup

l∈[t−τl,t]
U(x(l)) (19)

for all t ∈ E.
Using the constant a∗ and function b∗ that are defined by

a∗ = e−q(τs+τl)/2 and b∗(�) = 2(1 − a∗)�
q

e2(R−q/2)(τl+τs) (20)

where R = 8|N�QN|/q, we prove this consequence of
Lemma 1 and Theorem 1 in Appendix D, where (21) can
be interpreted to mean that N is small relative to T .

Proposition 1: With the above notation, let Assumption 1
hold, and assume that Lτ 2

s ≤ q/2 < 8|N�QN|/q and
(

a∗ + b∗(Lτ 2
s )

)(
a∗ + b∗

(
8|N�QN|

q

))
< 1. (21)

Then the origin of (16) is a globally exponentially stable
equilibrium point on R

n.

C. Continuous-Discrete System

We next illustrate Theorem 1 using a continuous-discrete
system, for which we derive sufficient conditions for expo-
nential stability that we believe were beyond the scope of
previous results. First define a function σ by σ(t) = k when
t ∈ [k, k + 1) for all k ∈ Z≥0. We use the sequence tk = k
and any function θ such that θ(i) ∈ [0, θ ] for all i ∈ Z≥0
for some constant θ > 1. Given a constant h̄ ∈ (0, 1), let
h : [0,+∞) → [0, h̄] be any piecewise continuous function.

Consider the continuous-discrete system{
ẋ(t) = −x(t) + αx(t − h(t))

x
(
tσ(t)

) = θ
(
tσ(t)

)
x
(

t−σ(t)

) (22)

with x valued in R and α > 0 being a constant. This is
continuous-discrete, because its state is reset at the times tk.
Our assumptions on the delay h ensure that for each initial
function, the solution of (22) is uniquely defined on [0,+∞).
Let us determine functions θ and constants α for which the
origin of (22) is globally exponentially stable on R.

By integrating the first equation of (22), we get

x(t) = e−t+tσ(t)x
(
tσ(t)

)

+ α

∫ t

tσ(t)

e−t+mx(m − h(m))dm

= e−t+tσ(t) θ
(
tσ(t)

)
x
(

t−σ(t)

)

+ α

∫ t

tσ(t)

e−t+mx(m − h(m))dm (23)

for all t ≥ 1. Also, since t − 1 ∈ [σ(t − 1), σ (t)), we can
integrate the first equation of (22) on (t − 1, tσ(t)) to get

x
(

t−σ(t)

)
= e−tσ(t)+t−1x(t − 1)

+ α

∫ tσ(t)

t−1
e−tσ(t)+mx(m − h(m))dm. (24)
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By combining (23) and (24), we obtain

x(t) = θ
(
tσ(t)

)

e
x(t − 1)

+ αθ
(
tσ(t)

) ∫ tσ(t)

t−1
em−tx(m − h(m))dm

+ α

∫ t

tσ(t)

e−t+mx(m − h(m))dm. (25)

Consequently,

|x(t)| ≤ θ
(
tσ(t)

)

e
|x(t − 1)|

+ α

[
θ
(
tσ(t)

) ∫ tσ(t)

t−1
em−tdm

+
∫ t

tσ(t)

em−tdm

]
sup

�∈[t−1−h,t]

|x(�)|

≤ θ
(
tσ(t)

)

e
|x(t − 1)|

+ αθ
(
1 − e−1) sup

�∈[t−1−h,t]

|x(�)|

≤ θ
(
tσ(t)

)

e
|x(t − 1)|

+ αθ
(
1 − e−1) sup

�∈[t−1−h,t−1]

|x(�)|

+ αθ
(
1 − e−1) sup

�∈[t−1,t]
|x(�)|

≤
{

θ
(
tσ(t)

)

e
+ αθ

(
1 − 1

e

)}
sup

�∈[t−1−h,t−1]

|x(�)|

+ αθ
(
1 − e−1) sup

�∈[t−1,t]
|x(�)| (26)

for all t ≥ 1, because θ > 1. The last inequality in (26) is of
the type (4), with η = 0 and the functions v(t) = |x(t + 1)|
and ρ(t) = ρ0(t + 1) with ρ0(t) being the quantity in curly
braces in (26). Thus, we can apply Theorem 1.

To illustrate this fact, define θ :Z≥0 → R by θ(3l) =
c0, θ(3l + 1) = c1, and θ(3l + 2) = c2 for all l ∈ Z≥0,
for constants c0, c1, and c2 > 1 such that

c1c2
2 < e3 and 0 ≤ c0 < c1 < c2 <

e

α(e − 1)
, (27)

where the last inequality in (27) will be used to ensure that
αθ(1 − 1

e ) < 1, where we choose θ̄ = c2. Let us take p = 2,
τ = 1, and τ = 1 + h̄, and assume that α ∈ [0, α) with

0 < α ≤ 1

e − 1
. (28)

This allows cases where c2 > e, and therefore also times t
when the quantity in curly braces in (26) is strictly larger than
1. In terms of the constants c∗

i = ci
e +αc2

(
1 − 1

e

)
for i = 1, 2,

we can choose the constant � from Theorem 1 to be

� = c∗
1(c

∗
2)

2 + α
(

1 − 1

e

) 2∑

i=0

ci+1
2

(1

e
+ α

(
1 − 1

e

))i

= c1c2
2

e3
+ α

c1c2
2

e2

(
1 − 1

e

)
+ c1c2

e
α
(

1 − 1

e

)
c∗

2

+ αc2

(
1 − 1

e

)[c2

e
+ αc2

(
1 − 1

e

)]
c∗

2

+ α
(

1 − 1

e

) 2∑

i=0

ci+1
2

(1

e
+ α

(
1 − 1

e

))i
. (29)

Then, (28) gives

� ≤ c1c2
2

e3
+ α

(
1 − 1

e

)
c2

[
c1c2 + 2c1c2 + 4c2

2

e2

+
2∑

i=0

(
2c2

e

)i]
. (30)

Using (27) and the constant c∗∗ = (3c1c2 + 4c2
2)/e2, we

know that there are constants α such that

0 < α < min

⎧
⎪⎪⎨

⎪⎪⎩

1

e − 1
,

1 − c1c2
2

e3

(
1 − 1

e

)
c2

[
c∗∗ +∑2

i=0

(
2c2
e

)i
]

⎫
⎪⎪⎬

⎪⎪⎭
(31)

and then � < 1 when α ∈ (0, α]. Then Theorem 1 implies
that the origin of the system (22) is exponentially stable.

IV. CONCLUSION

We advanced the literature on trajectory-based methods,
which are used to prove asymptotic convergence properties for
continuous-discrete systems and systems with switched delays
which are beyond the scope of traditional Lyapunov function
methods. Our main result involves new sup-delay inequalities.
While reminiscent of works such as [18], we believe that our
sup-delay inequality approach is a novel contribution that can
more broadly benefit applied analysis. Compared with earlier
trajectory-based methods, the novelty of our innovation was the
relaxation of a contractivity requirement. This made it possible to
prove asymptotic convergence under less restrictive versions of
Halanay’s inequality compared to earlier generalized Halanay’s
inequalities. Our applications to continuous-discrete systems
and to systems with switching delays illustrated the value of our
new approach. We hope to develop extensions to discrete-time
inequalities arising from discrete event systems and sampled
data control of continuous time systems, and to event-triggered
control of transport-reaction equations [20] and integral-delay
inequalities in age-structured models [12].

APPENDIX A
MAIN LEMMAS

The following result from [16, Lemma 1] can be viewed as
a contractivity condition because κ ∈ (0, 1).

Lemma A.1: Let T� > 0 be a constant. Let
μ : [−T�,+∞) → [0,+∞) and d : [0,+∞) → [0,+∞) be
piecewise continuous and locally bounded. Assume that there
exists a constant κ ∈ (0, 1) such that μ(s) ≤ κ|μ|[s−T�,s]+d(s)
holds for all s ≥ 0. Then the inequality

μ(s) ≤ |μ|[s0−T�,s0]e
ln(κ)
T� (s−s0) + 1

1 − κ
|d|[s0,s] (A.1)

holds for all s ≥ s0 and s0 ≥ 0.
We prove the following (but see Remark A.4-A.5 for dis-

cussions of why its assumptions do not imply that ρ̄ ≤ 1 and
why we cannot replace τ by 0 in our condition (A.2)).

Authorized licensed use limited to: Miroslav Krstic. Downloaded on December 17,2020 at 01:06:02 UTC from IEEE Xplore.  Restrictions apply. 



MAZENC et al.: STABILITY ANALYSIS USING GENERALIZED SUP-DELAY INEQUALITIES 1415

Lemma A.2: Let v : [ − τ ,+∞) → [0,+∞) and
δ : [0,+∞) → [0,+∞) be locally bounded piecewise
continuous functions such that

v(t) ≤ ρ(t) sup
�∈[t−τ ,t−τ ]

v(�) + δ(t) (A.2)

holds for all t ≥ 0. Consider the function

δ�(t) =
p∑

i=0

ρi|δ|[t−iτ ,t−iτ ]. (A.3)

Then the following two conclusions hold: (a) the inequality

v(t) ≤ ω|v|[t−(p+1)τ ,t] + δ�(t) (A.4)

holds for all t ≥ pτ and (b) the inequality

v(t) ≤ |v|[t0−(p+1)τ ,t0]e
ln(ω)

(p+1)τ
(t−t0)+|δ|[t0−pτ ,t]

∑p
i=0 ρi

1 − ω
(A.5)

holds for all t ≥ t0 and t0 ≥ pτ .
Proof: From (A.2), we deduce that |v|[t−τ ,t−τ ] ≤

|ρ|[t−τ ,t−τ ]|v|[t−2τ ,t−2τ ] + |δ|[t−τ ,t−τ ] for all t ≥ τ . By induc-
tion, one can prove that for all t ≥ pτ and any k ∈ {0, . . . , p},
we have

|v|[t−kτ ,t−kτ ] ≤ |ρ|[t−kτ ,t−kτ ]|v|[t−(k+1)τ ,t−(k+1)τ ]

+ |δ|[t−kτ ,t−kτ ].

To summarize, we have

v(t) ≤ ς0(t)|v|[t−τ ,t−τ ] + δ(t)

|v|[t−τ ,t−τ ] ≤ ς1(t)|v|[t−2τ ,t−2τ ] + |δ|[t−τ ,t−τ ]

...

|v|[t−pτ ,t−pτ ] ≤ ςp(t)|v|[t−(p+1)τ ,t−(p+1)τ ]

+ |δ|[t−pτ ,t−pτ ] (A.6)

for all t ≥ pτ , where ςk(t) = |ρ|[t−kτ ,t−kτ ] for all k ∈ {1, . . . , p}.
Setting λj(t) = ∏j

i=0 ςi(t) for all integers j ≥ 0, we have the
immediate consequence

v(t) ≤ ς0(t)|v|[t−τ ,t−τ ] + δ(t)

ς0(t)|v|[t−τ ,t−τ ] ≤ ς1(t)ς0(t)|v|[t−2τ ,t−2τ ]

+ ς0(t)|δ|[t−τ ,t−τ ]

...

λp−1(t)|v|[t−pτ ,t−pτ ] ≤ λp(t)|v|[t−(p+1)τ ,t−(p+1)τ ]

+ λp−1(t)|δ|[t−pτ ,t−pτ ] (A.7)

for all t ≥ pτ . By moving the left side terms in the last
p inequalities in (A.7) to their right sides, and then adding
together the p + 1 inequalities that result, we get

v(t) ≤ λp(t)|v|[t−(p+1)τ ,t−(p+1)τ ] + δ(t)

+
p∑

i=1

λi−1(t)|δ|[t−iτ ,t−iτ ]. (A.8)

It follows from (3) that (A.4) holds. Since ω ∈ (0, 1), we can
apply Lemma A.1 with μ(s) = v(s+pτ) and d(s) = δ∗(s+pτ),
the contractivity constant κ = ω, T∗ = (p+1)τ , and the initial
time s0 = t0 − pτ to obtain part (b).

Remark A.4: The fundamental inequality (3) does not imply
that ρ ≤ 1. For instance, it is satisfied for τ = τ = 1,
p = 1, ρ̄ = 2 and the period two function ρ defined by
ρ(t) = 2 for all t ∈ [i, i + 1) and even i ∈ Z≥0 and
ρ(t) = 1

4 for all t ∈ [i, i + 1) and odd i ∈ Z≥0. Thus,
Lemma A.2 is not a direct consequence of [16, Lemma
1]. See also Remark 3 for a case where ρ is bounded,
continuous, and satisfies (3) for all t ≥ pτ and some con-
stants p, τ , and τ > τ , but where ρ can take some of its
values in (1,+∞).

Remark A.5: One cannot let τ be equal to zero, because
when τ = 0, a function v satisfying all the other conditions
of Lemma A.2 may be unbounded even when δ is bounded,
as illustrated by the following example. Let ρ : [0,+∞) →
[0,+∞) be a function such that there are intervals [ts,i, tr,i]
with tr,i > ts,i > 0 and limi→+∞ ts,i = +∞ such that ρ(t) ≥
1 for all t ∈ [ts,i, tr,i]. Then, for any constant τ > 0, the
function v:[ − τ ,+∞) → [0,+∞) defined by v(t) = 0 when
t /∈ ∪i∈N[ts,i, tr,i] and v(t) = i when t ∈ [ts,i, tr,i] is a piecewise
continuous function such that v(t) ≤ ρ(t) sup�∈[t−τ ,t] v(�) for
all t ≥ 0 and v is unbounded.

APPENDIX B
PROOF OF THEOREM 1

We use the simplifying notation

δ�(t) =
p∑

i=0

ρi|δ|[t−iτ ,t−iτ ], (B.1)

where δ(t) = ε|v|[t−τ ,t] + η(t). By applying Lemma A.2, it
follows from (A.4) that v(t) ≤ ω|v|[t−(p+1)τ ,t] + δ�(t) for all
t ≥ pτ . Consequently,

v(t) ≤ ω|v|[t−(p+1)τ ,t] + ε

p∑

i=0

ρi|v|[t−pτ−τ ,t]

+
p∑

i=0

ρi|η|[t−pτ ,t] (B.2)

for all t ≥ pτ . Since τ ≤ τ , the inequality

v(t) ≤ �|v|[t−(p+1)τ ,t] +
p∑

i=0

ρi|η|[t−pτ ,t] (B.3)

therefore holds for all t ≥ pτ . Since � ∈ (0, 1), it follows
from applying Lemma A.1 to μ(s) = v(s + pτ) that (5) holds
for all t ≥ t0 and for all t0 ≥ pτ .

APPENDIX C
UNSTABLE HALANAY’S INEQUALITY

We used this lemma in our analysis of the generalized
Halanay’s conditions in Section III-A for cases where the
coefficient of the gain term can exceed the decay rate.

Lemma C.1: Let T > 0 be a constant and v : [ −
T,+∞) → [0,+∞) be a continuous and piecewise C1 func-
tion that admits constants a > 0 and c > a such that
v̇(t) ≤ −av(t) + c sup�∈[t−T,t] v(�) holds for Lebesgue almost
all t ≥ 0. Then for any constants p∗ > 0 and t0 ≥ p∗, the
inequality |v|[t0−T,t0] ≤ |v|[t0−p∗−T,t0−p∗]e(c−a)(p∗+T) holds.
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Proof: Given any constant ε > 0, let

b(t0) = |v|[t0−T,t0] + ε and s(t) = b(t0)e
(c−a)(t−t0+T).

Then ṡ(t) = −as(t) + cs(t) for all t ≥ 0. Since s is
nondecreasing, it follows that ẽ(t) = v(t) − s(t) satisfies

˙̃e(t) ≤ −aẽ(t) + c

(
sup

�∈[t−T,t]
v(�) − s(t)

)

≤ −aẽ(t) + c sup
�∈[t−T,t]

ẽ(�) (C.1)

for Lebesgue almost all t ≥ 0. Note too that we have

ẽ(m) ≤ |v|[t0−T,m] − b(t0)e
(c−a)(m−t0+T)

= |v|[t0−T,t0]

− (|v|[t0−T,t0] + ε)e(c−a)(m−t0+T)

≤ −ε (C.2)

for all m ∈ [t0 − T, t0], and therefore also a value t�0 > t0
such that ẽ(m) ≤ −ε/2 for all m ∈ [t0 − T, t�0] (since ẽ is
continuous). We next show that ẽ(t) ≤ −ε/2 for all t ≥ t0 −
T , by arguing by contradiction. To this end, suppose (for the
sake of obtaining a contradiction) that ẽ(m) > −ε/2 for some
m ≥ t0 − T . Then, there is a tc > t0 such that ẽ(m) ≤ −ε/2
when m ∈ [t0, tc) and ẽ(tc) = −ε/2. Pick any constant δ0 ∈
(0, (c − a)ε/2). Then we can use (C.1) and the continuity of
ẽ to find a constant ε0 > 0 such that

˙̃e(r) ≤ −aẽ(r) + c sup
�∈[r−T,r]

ẽ(�)

≤ aε/2 + c sup
�∈[r−T,r]

ẽ(�) + δ0

≤ aε/2 − cε/2 + δ0 < 0

for Lebesgue almost all r ∈ [tc − ε0, tc]. Hence, there is a
tn ∈ [t0, tc) such that ẽ(tn) > −ε/2. This yields a contra-
diction. Hence, for all t ≥ t0 − T , we have ẽ(t) < 0 and
so also v(t) < s(t). Since ε is arbitrary, we deduce that
v(m) ≤ |v|[t0−T,t0]e(c−a)(m−t0+T) for all m ≥ t0 − T .

Thus, for all t ≥ t0 and for all m ∈ [t − T, t], we have
v(m) ≤ |v|[t0−T,t0]e(c−a)(t−t0+T). Therefore,

|v|[t−T,t] ≤ |v|[t0−T,t0]e
(c−a)(t−t0+T). (C.3)

We can replace t0 by t − p∗ in (C.3) to get |v|[t−T,t] ≤
|v|[t0−p∗−T,t−p∗]e(c−a)(p∗+T) when t ≥ t0 ≥ p∗, which gives
the conclusion when specialized to the case t = t0.

APPENDIX D
PROOF OF PROPOSITION 1

Along each solution x : [ − τl − τs,+∞) → R
n of (16),

we apply the Halanay’s inequality analysis from Section III-A
with v0(t) = U(t) = x�(t)Qx(t), a = q/2, and

c(t) =
{

Lτ 2
s , t ∈ [0,+∞) \ E

8|N�QN|
q , t ∈ E.

(D.1)

By our choice of T = τs + τl, it follows that if t ∈ E, then
[t − 3T, t − T] ∩ E = ∅, because 3T < T − T . Hence, by the
analysis that led to (11) with c̄ = 8|N�QN|/q and a = q/2,
our sufficient condition (3) from Lemma A.2 holds using τ =
τs + τl, τ = 3(τs + τl), and p = 1, because in this case,

we can check (by separately considering the cases t ∈ E and
t �∈ E) that the product on the left side of (3) for each t ≥ 0
is bounded above by

ρ(t)|ρ|[t−3T,t−T]

≤ (a∗ + b∗(Lτ 2
s ))(a∗ + b∗((8/q)|N�QN|)) (D.2)

and because the right side of (D.2) is valued in (0, 1) by (21).

REFERENCES

[1] S. Ahmed, F. Mazenc, and H. Özbay, “Dynamic output feedback sta-
bilization of switched linear systems with delay via a trajectory based
approach,” Automatica, vol. 93, pp. 92–97, Jul. 2018.

[2] F. Cacace and A. Germani, “Output feedback control of linear systems
with input, state and output delays by chains of predictors,” Automatica,
vol. 85, pp. 455–461, Nov. 2017.

[3] I. Chakraborty, S. S. Mehta, E. Doucette, and W. E. Dixon, “Control
of an input delayed uncertain nonlinear system with adaptive delay
estimation,” in Proc. Amer. Control Conf., Seattle, WA, USA, 2017,
pp. 1779–1784.

[4] M. D. Ferdinando, P. Pepe, and E. Fridman, “Exponential input-to-state
stability of globally Lipschitz time-delay systems under sampled-data
noisy output feedback and actuation disturbances,” Int. J. Control, to
be published. [Online]. Available: http://dx.doi.org/10.1080/00207179.
2019.1662949

[5] T. Dinh, V. Andrieu, M. Nadri, and U. Serres, “Continuous-discrete
time observer design for Lipschitz systems with sampled measurements,”
IEEE Trans. Autom. Control, vol. 60, no. 3, pp. 787–792, Mar. 2015.

[6] R. J. Downey, M. Merad, E. J. Gonzalez, and W. E. Dixon, “The
time-varying nature of electromechanical delay and muscle control effec-
tiveness in response to stimulation-induced fatigue,” IEEE Trans. Neural
Syst. Rehabil. Eng., vol. 25, no. 9, pp. 1397–1408, Sep. 2017.

[7] E. Fridman, Introduction to Time-Delay Systems. Boston, MA, USA:
Birkhäuser, 2014.

[8] A. Germani, C. Manes, and P. Pepe, “A new approach to state obser-
vation of nonlinear systems with delayed output,” IEEE Trans. Autom.
Control, vol. 47, no. 1, pp. 96–101, Jan. 2002.

[9] M. T. Grifa and P. Pepe, “On stability analysis of discrete-time systems
with constrained time-delays via nonlinear Halanay-type inequality,”
IEEE Control Syst. Lett., vol. 5, no. 3, pp. 869–874, Jul. 2021.

[10] A. Halanay, Differential Equations: Stability, Oscillations, Time Lags.
New York, NY, USA: Academic, 1966.

[11] R. Kamalapurkar, N. Fischer, S. Obuz, and W. E. Dixon, “Time-
varying input and state delay compensation for uncertain nonlinear
systems,” IEEE Trans. Autom. Control, vol. 61, no. 3, pp. 834–839,
Mar. 2016.

[12] I. Karafyllis and M. Krstic, “Stability of integral delay equations and
stabilization of age-structured models,” ESAIM Control Optim. Calculus
Variations, vol. 23, no. 4, pp. 1667–1714, 2017.

[13] F. Mazenc, V. Andrieu, and M. Malisoff, “Design of continuous–discrete
observers for time-varying nonlinear systems,” Automatica, vol. 57,
no. 7, pp. 135–144, 2015.

[14] F. Mazenc and M. Malisoff, “Trajectory based approach for the stability
analysis of nonlinear systems with time delays,” IEEE Trans. Autom.
Control, vol. 60, no. 6, pp. 1716–1721, Jun. 2015.

[15] F. Mazenc, M. Malisoff, and M. Krstic, “Stability and observer designs
using new variants of Halanay’s inequality,” Automatica, vol. 123, Jan.
2021, Art. no. 109299.

[16] F. Mazenc, M. Malisoff, and S.-I. Niculescu, “Stability and control
design for time-varying systems with time-varying delays using a
trajectory-based approach,” SIAM J. Control Optim., vol. 55, no. 1,
pp. 533–556, 2017.

[17] F. Mazenc, M. Malisoff, and H. Ozbay, “Stability and robustness analysis
for switched systems with time-varying delays,” SIAM J. Control Optim.,
vol. 56, no. 1, pp. 158–182, 2018.

[18] D. Mitrinovic, J. Pecaric, and A. Fink, Classical and New Inequalities
in Analysis. Boston, MA, USA: Kluwer Academic Publ., 1993.

[19] S. Obuz, J. R. Klotz, R. Kamalapurkar, and W. Dixon, “Unknown
time-varying input delay compensation for uncertain nonlinear systems,”
Automatica, vol. 76, pp. 222–229, Feb. 2017.

[20] A. Selivanov and E. Fridman, “Distributed event-triggered control
of transport-reaction systems,” IFAC PapersOnLine, vol. 48, no. 11,
pp. 593–597, 2015.

[21] B. Zhou, “Construction of strict Lyapunov–Krasovskii functionals for
time-varying time-delay systems,” Automatica, vol. 107, pp. 382–397,
Sep. 2019.

[22] B. Zhou and A. V. Egorov, “Razumikhin and Krasovskii stability
theorems for time-varying time-delay systems,” Automatica, vol. 71,
pp. 281–292, Sep. 2016.

[23] B. Zhou, Y. Tian, and J. Lam, “On construction of Lyapunov functions
for scalar linear time-varying systems,” Syst. Control Lett., vol. 135, Jan.
2020, Art. no. 104591.

Authorized licensed use limited to: Miroslav Krstic. Downloaded on December 17,2020 at 01:06:02 UTC from IEEE Xplore.  Restrictions apply. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Helvetica
    /Helvetica-Bold
    /HelveticaBolditalic-BoldOblique
    /Helvetica-BoldOblique
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryITCbyBT-MediumItal
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Recommended"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


