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Abstract—In this article, we address the design and analysis
of multivariable Newton-based extremum seeking (ES) for static
locally quadratic maps subject to actuation dynamics governed by
diffusion partial differential equations (PDEs). Multi-input systems
with distinct diffusion coefficients in each individual input channel
are dealt with. The phase compensation of the dither signals is
handled as a trajectory generation problem and the inclusion of
a multivariable diffusion feedback controller with a perturbation-
based (averaging-based) estimate of the Hessian’s inverse allow to
obtain local exponential convergence results to a small neighbor-
hood of the optimal point. The stability analysis is carried out using
backstepping transformation and averaging in infinite dimensions,
capturing the infinite-dimensional state due the diffusion PDEs.
In addition, the generalization of the results for different classes
of parabolic (reaction–advection–diffusion) PDEs, wave equations
and/or first-order hyperbolic (transport-dominated) PDEs is also
discussed. As for ordinary differential equations case, the pro-
posed Newton approach removes the dependence of the algo-
rithm’s convergence rate on the unknown Hessian of the nonlinear
map to be optimized, being user-assignable unlike the gradient
algorithm. A numerical example illustrates the performance of our
multivariable ES for compensating PDE-based systems.

Index Terms—Adaptive boundary control (BC), multivariable ex-
tremum seeking (ES), partial differential equations (PDEs).

I. INTRODUCTION

Extremum seeking (ES) has been recently recognized as an impor-
tant tool for real-time optimization. Advances have arisen in different
branches since the formal stability proof for ES feedback given in
[1]. Some milestones can be listed, such as: redesigned algorithms for
semiglobal convergence properties [2], maps with multiple extrema
[3], extensions for multivariable maps [4], continuous and discrete
stochastic generalizations [5] as well as performance improvements
for parameter convergence [6]–[9]. Despite of many efforts have been
made to extend its impact in terms of design and analysis, most of
ES applicability was restricted so far to dynamic systems described
by cascade connections of ordinary differential equations (ODEs) and
nonlinear-convex static maps with an unknown extremum.
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On the other hand, a large number of complex industrial systems are
described by partial differential equations (PDEs) or even PDEs coupled
with ODEs. Hence, the motivation for employing ES to optimize such
engineering processes is very clear and highly demanding [10]–[15].

The first attempt in order to consider more general dynamic systems
rather than those described by ODEs as in [1] and [4] was made in [16],
where ES was extended to functional differential equations. Multiple
and distinct delays in the input signals as well as in the output variable
were represented by transport PDEs [17]. Both multivariable versions
of gradient and Newton optimization were considered [16].

For a wider class of PDE-based systems, we need averaging results
[18] that are directly applicable to our infinite-dimensional scenario and
which would still allow us to prove stability for distributed parameter
plants. The first step into this goal was given in [19], where gradient
ES was applied to scalar static maps with actuation dynamics governed
by a single diffusion PDE [20]. Thereafter, a generalization of such
results to Newton-based ES [4] was proposed in [21]. Although such
approaches have opened the possibility of handling a different kind of
PDE, they have imposed a critical limitation of only considering scalar
maps.

The expansion of the ES framework to multiparameter maps under
distinct PDEs in the actuation paths seems to be of difficult treatment
since the Hessian matrix (second derivative) of the nonlinear map
to be optimized is not diagonal and appears in the PDE formulation
by coupling the different actuation channels. This is indeed the real
challenge in the multivariable ES when compared to the scalar maps in
[19] and [21]. It imposes a difficult obstacle to the control design and
stability analysis, which fortunately will be overcome in our manuscript
through the Newton-based framework [4].

Unlike gradient, the Newton method estimates the Hessian’s inverse
and effectively diagonalizes the multivariable map by canceling the
coupling of its multiple inputs via Hessian matrix, which allows for
decentralized PDE-compensators for each input channel of the map.
Thanks to this decentralization feature, the main contribution with
respect to our previous papers [19] and [21] is that now we consider the
multivariable ES problem for a quite wide class of PDE-based systems,
while only the simplest scalar formulation (single-input-single-output
maps) was addressed in [19] and [21] for an unique PDE-dynamics.

Although we have focused the detailed technical analysis in the case
where each actuator is described by a distinct diffusion process, our
approach is general in the sense that different types of PDEs could
be envisaged in each individual input-channel, including parabolic
reaction–advection–diffusion (RAD) PDEs, second-order hyperbolic
PDEs (wave equations), first-order hyperbolic transport PDEs (pure
delays, constant or time-varying) and distributed delays.

Our result is not a simple combination of ES and PDE compensation.
In general, the design of a feedback controller to adjust the PDE
dynamics requires a known model. In our problem, while we assume
known diffusion coefficients, the parameters of the nonlinear static
map (and, most notably, its Hessian) are unknown. So, we present one
semimodel-based approach to construct a PDE boundary control (BC)
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based on perturbation-based estimates of the model. Our approach is
based on the Newton optimization, where we estimate the Hessian’s
inverse by a Riccati filter [4] for the purpose of obviating the design of
the PDE compensator because the average plant for which the compen-
sator is designed becomes, essentially, an integrator with a known gain.
Basically, we show in this manuscript that everything has been done in
the backstepping literature for stabilization [23] of PDE–ODE cascades
with full modeling knowledge can be specialized to PDE-integrator
cascades, then generalized to the multi-input case, and finally employed
in this “partially model-free” ES setting. Moreover, each element of the
vector with periodic dither signals is chosen individually such as in the
trajectory generation problem [22]–[24], with distinct amplitude and
frequency parameters.

The analysis follows the same mathematical foundation originally
proposed in [16], but now having in mind that we cope with a number of
uncoupled and distinct PDE-based systems. We generalize this analysis
pathway for a wider class of PDEs rather than delayed systems, showing
properly the sequence of analytical steps for averaging in infinite
dimensions [18], backstepping methodology, and Lyapunov functionals
[23] for the overall infinite-dimensional system with nonlinearities,
periodic perturbations, and infinite-dimensional input dynamics. Local
exponential stability is guaranteed as well as the convergence to a small
neighborhood of the extremum point. Consistent simulation results are
provided to support the theoretical developments.

Notation and Terminology: we denote the partial derivatives
of a function u(x, t) as ∂xu(x, t) = ∂u(x, t)/∂x, ∂tu(x, t) =
∂u(x, t)/∂t. The 2-norm of a finite-dimensional (ODE) state vector ϑ
and the induced 2-norm of a matrixA are denoted by single bars, |ϑ| and
|A|, respectively, (see [25, pp. 647–649]). In contrast, norms of func-
tions (of x) are denoted by double bars, as adopted in [17]. We denote the
spatial L2[0,D] norm of the PDE state u(x, t) as ‖u(t)‖2L2([0,D]) :=∫ D

0
u2(x, t)dx, where we drop the index L2([0,D]) in the following,

i.e., ‖ · ‖ = ‖ · ‖L2([0,D]), if not otherwise specified. As defined in [25],
a vector functionf(t, ε) ∈ Rn is said to be of orderO(ε)over an interval
[t1, t2], if ∃k, ε̄ : |f(t, ε)| ≤ kε, ∀ε ∈ [0, ε̄] and ∀t ∈ [t1, t2].

II. PROBLEM FORMULATION

Our goal is to maximize in real-time the output y(t) ∈ R of an
nonlinear static map Q(·) with optimizer Θ∗ ∈ Rn and the optimal
value y∗ = Q(Θ∗) ∈ R. However, unlike the classical problem [1], we
consider the challenging multiparameter ES of multi-input maps with
actuation dynamics described by multiple diffusion processes.

A. Multivariable Maps With PDE Actuation Dynamics

As shown in Fig. 1, distinct heat equations with Dirichlet actuation
are assumed in the actuator vector θ(t) ∈ Rn. Thus, the propagated
actuator vector Θ(t) ∈ Rn is given by

Θi(t) = αi(0, t) , ∀i ∈ {1, 2, . . . , n} (1)

∂tαi(x, t) = ∂xxαi(x, t), x ∈ (0,Di) (2)

∂xαi(0, t) = 0 (3)

αi(Di, t) = θi(t) (4)

where αi : [0 ,Di]× R+ → R and each domain length Di is known.
The solution of (1)–(4) is given by

αi(x, t) = L−1

[
cosh(x

√
s)

cosh(Di

√
s)

]
∗ θi(t) (5)

where L−1( · ) denotes the inverse Laplace transformation and ∗ is
the convolution operator. Given this relation, we define the diffusion

Fig. 1. Multivariable Newton-based ES under distinct diffusion PDEs
in the actuation dynamics, with boundary conditions θi(t) = αi(Di, t),
Θi(t) = αi(0, t), and i ∈ {1, 2, . . . , n}.

operator for the PDE (1)–(4) with boundary input and measurement
given by D = diag{D1, . . . ,Dn} with

Di[ϕ(t)] = L−1

[
1

cosh(Di

√
s)

]
∗ ϕ(t), s.t. Θ(t) = D [θ(t)] .

(6)
The scalar measurement y ∈ R is defined by the unknown static map
with propagated input (1), such that

y(t) = Q(D[θ(t)]) = Q(Θ(t)) , Θ(t) = [Θ1(t) , . . . ,Θn(t)]
T .

(7)

For the sake of simplicity, we assume the unknown nonlinear static map
is locally quadratic in the neighborhood of the extremum point y∗, i.e.,

y(t) = Q(Θ(t)) := y∗ +
1

2
(Θ(t)−Θ∗)TH(Θ(t)−Θ∗) . (8)

where besidesΘ∗ ∈ Rn andy∗ ∈ R being unknown, the Hessian matrix
HT = H < 0 of the static multivariable map is also unknown. We can
also define the optimal input θ∗ of θ(t) with respect to the static map
and the diffusion process with the relation D[θ∗] := Θ∗.

B. Estimation Error and Error Dynamics

Since our goal is to find the unknown optimal inputs θ∗ and Θ∗, we
define the estimation errors

θ̃(t) = θ̂(t)− θ∗ , ϑ(t) = Θ̂(t)−Θ∗ (9)

where the vectors θ̂(t) and Θ̂(t) are the estimates of θ∗ and Θ∗. In order
to make (9) coherent with the optimizer of the static map Θ∗, we apply
the diffusion operator (6) to θ̃i in (9) and get

ϑi(t) := ᾱi(0, t) (10)

∂tᾱi(x, t) = ∂xxᾱi(x, t), x ∈ (0,Di) (11)

∂xᾱi(0, t) = 0 (12)

ᾱi(Di, t) = θ̃i(t) (13)

where ᾱi : [0 ,Di]× R+ → R and ϑ(t) := D[θ̃(t)] = Θ̂(t)−Θ∗ is
the propagated estimation error θ̃(t) through the diffusion domain. For
limt→∞ θ(t) = θc, we have limt→∞ Θ(t) = Θc = θc, where the index
c indicates a constant signal. Indeed, from (5), for a constant input
θ = θc, one hasL{θc} = θc/s, and applying the Laplace limit theorem
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we get limt→∞ Di[θci] = lims→0{ θci
cosh(

√
sDi)

} = θci. In the particular
case θ = θc = θ∗, one has Θ∗ = θ∗.

From the block diagram in Fig. 1, one has

˙̂
θ(t) = U(t),

˙̃
θi(t) = Ui(t) , ∀i ∈ {1, 2, . . . , n} (14)

since ˙̃
θ(t) =

˙̂
θ(t), once θ∗ is constant.

Taking the time derivative of (10)–(13) and with the help of (9) and
(14), the propagated error dynamics is written as

ϑ̇i(t) = ui(0, t) (15)

∂tui(x, t) = ∂xxui(x, t), x ∈ (0,Di) (16)

∂xui(0, t) = 0 (17)

ui(Di, t) = Ui(t) (18)

where ui : [0 ,Di]× R+ → R and ui(x, t) := ∂tᾱi(x, t).

C. Additive Dither Signal: S(t) := [S1(t) , . . . , Sn(t)]
T and the

Trajectory Generation Problem

Analogously in classical ES [1] without actuation through a diffusion
domain, the perturbation signals Si(t) should add ai sin(ωit) to the
vector Θ(t) to compensate the diffusion process. Hence, ai sin(ωit)
with amplitude ai and frequency ωi is applied, as follows:

Si(t) := βi(Di, t) (19)

∂tβi(x, t) = ∂xxβi(x, t), x ∈ (0,Di) (20)

∂xβi(0, t) = 0 (21)

βi(0, t) = ai sin(ωit) (22)

with βi : [0 ,Di]× R+ → R. Equations (19)–(22) describe a trajec-
tory generation problem [22]–[24] with Dirichlet boundary condi-
tion so that the effects of the PDE dynamics in the additive dither
signals are properly annihilated. The explicit solution of (19) for all
i ∈ {1, 2, . . . , n} is given by

Si(t) =
1

2
aie

√
ωi
2 Di sin

(
ωit+

√
ωi

2
Di

)

+
1

2
aie

−
√

ωi
2 Di sin

(
ωit−

√
ωi

2
Di

)
. (23)

The modified perturbation signal Si(t) is the boundary value of an
inverse diffusion process in (19)–(22). We define this inverse diffusion
operator for (19)–(22) in the same fashion as the diffusion operator (6),
such that D−1

i [ϕ(t)] = L−1[cosh(Di

√
s)] ∗ ϕ(t). Hence

Si(t) = D−1
i [ai sin(ωit)] . (24)

The PDE state ᾱi(x, t) in (10)–(13) can be defined as

ᾱi(x, t) := αi(x, t)− βi(x, t)−Θ∗
i . (25)

From its boundary value αi(Di, t) and reminding Θ∗
i = θ∗i , we have

θi(t)− θ∗i = θ̃i(t) + Si(t). (26)

By plugging (24) into (26), we get

θi(t)− θ∗i = θ̃i(t) +D−1
i [ai sin(ωit)]. (27)

Finally, we apply the diffusion operator (6) on both sides of (27). With
D[θ(t)] = Θ(t), θ∗ = Θ∗, and D[θ̃(t)] = ϑ(t) we arrive at

ϑi(t) + ai sin(ωit) = Θi(t)−Θ∗
i . (28)

D. Estimation of the Gradient, Hessian, and its Inverse

It remains to define the multiplicative dithers M(t) and N(t),
which are used to estimate the gradient and Hessian of the static map,
respectively, by multiplying them with the output y(t) of the static map.

In [4], the gradient estimate is given as

G(t) = M(t)y(t) , M(t) =

[
2

a1

sin(ω1t) · · · 2

an

sin(ωnt)

]T
.

(29)
On the other hand, the Hessian estimate is given by

Ĥ(t) = N(t)y(t) . (30)

The elements of the n× n demodulating matrix N(t) are as follows:

Ni,i(t) =
16

a2
i

(
sin2(ωit)− 1

2

)
(31)

Ni,j(t) =
4

aiaj

sin(ωit) sin(ωjt) , i �= j (32)

with nonzero perturbation amplitudes ai and frequencies ωi �= ωj . The
probing frequencies ωi’s can be selected as

ωi = ω′
iω = O(ω) , ∀i ∈ {1, 2, . . . , n} (33)

where ω is a positive constant and ω′
i is a rational number.

Remark 1: An additional advantage of the Newton approach is
the possibility of optimizing in real-time not only the output of the
(strongly) convex map y = Q(Θ) in (8), but also maximizing the nth
derivative Q(n)(Θ) of the output (8). Maximizing map sensitivity [26]
can be achieved by redesigning the demodulating signals M(t) in (29)
and N(t) (31)–(32) according to [26] or [29], independently of the
presence of actuation dynamics described by PDEs.

As discussed in [4], generating an estimate of the Hessian matrix
in nonmodel based optimization is not the only challenge. The other
challenge is that the Newton algorithm requires an inverse of the
Hessian matrix H−1. The estimate of this matrix, as it evolves in
continuous time, need not necessarily remain invertible. We tackle this
challenge as in [4] by employing a dynamic system for generating the
inverse asymptotically. This dynamic system is a filter in the form of a
Riccati differential equation [4]

Γ̇ = ωrΓ− ωrΓĤΓ (34)

with ωr > 0 being a design constant. The estimation error of the
Hessian’s inverse can be defined as follows:

Γ̃(t) = Γ(t)−H−1 (35)

and its dynamic equation is written from (34) and (35) by

˙̃Γ = ωr(Γ̃ +H−1)[In×n − Ĥ(Γ̃ +H−1)] . (36)

In particular, the convergence rates of both estimators of the gradient
G(t) in (29) and the Hessian inverse Γ(t) in (34) are independent of
the unknown Hessian and can be assigned arbitrarily by the user [4].
Due to this property, using (34), we are able to define the following
measurable signal:

z(t) = Γ(t)G(t) (37)

which will be employed to derive the control law.
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III. MULTIVARIABLE NEWTON-BASED ES CONTROL WITH

DIFFUSION COMPENSATION

A. Control Design

First of all, consider the PDE–ODE cascade (15)–(18). Now, we use
the backstepping transformation [20]

wi(x, t) = ui(x, t)−
∫ x

0

qi(x, σ)ui(σ, t)dσ − γi(x)ϑi(t) (38)

with the gain kernels qi(x, σ) = K̄i(x− σ) and γi(x) = K̄i, which
transforms (15)–(18) into the target system

ϑ̇i(t) = K̄iϑi(t) + wi(0, t) (39)

∂twi(x, t) = ∂xxwi(x, t), x ∈ (0,Di) (40)

∂xwi(0, t) = 0 (41)

wi(Di, t) = 0 (42)

with K̄i < 0. Since (39)–(42) is exponentially stable (see [20]), the
controller which compensates the diffusion process can be obtained by
evaluating the backstepping transformation (38) at x = Di as

Ui(t) = K̄iϑi(t) + K̄i

∫ Di

0

(Di − σ)ui(σ, t)dσ. (43)

However, (43) is not applicable directly, because we have no measure-
ment on ϑi(t). However, from [4], it is known the average version of
the gradient (29) and Hessian (30) estimates are

Gav(t) = Hϑav(t), Ĥav(t) = H (44)

if a quadratic map as in (8) is considered. In addition, from (44) and
z(t) = [z1(t) , . . . , zn(t)]

T in (37), we can verify [4]

zav(t) =
1

Π

∫ Π

0

ΓM(λ)ydλ = Γav(t)Hϑav(t) (45)

whereΠ = 2π × LCM{1/ωi}with the acronym LCM standing for the
least common multiple, Γav(t) and ϑav(t) denote the average versions
of Γ(t) and ϑ(t), respectively.

Then, (45) can be written in terms of Γ̃av(t) = Γav(t)−H−1 as

zav(t) = ϑav(t) + Γ̃av(t)Hϑav(t) . (46)

The second term in (46) is bilinear in (Γ̃av, ϑav), thus, the linearization
of Γav(t) at H−1 results in the linearized version of (45):

zav(t) = ϑav(t) . (47)

Regarding (47), we average (43) and choose K̄i = −ki with ki > 0 to
obtain

U av
i (t) = −kiz

av
i (t)− ki

∫ Di

0

(Di − σ)uav
i (σ, t)dσ. (48)

Due to technical reasons in the application of the averaging theorem
for infinite-dimensional systems [18], we introduce a low-pass filter to
the controller with an average-based diffusion compensation feedback
via Hessian’s inverse estimation of the form

Ui(t) =
ci

s+ ci

{
−ki

[
zi(t) +

∫ Di

0

(Di − σ)ui(σ, t)dσ

]}
(49)

to each individual subsystem in (18) in order to fully stabilize it, where
ci > 0 and ki > 0 are design constants.

As discussed in [19, Remark 2], (49) can be rewritten as

Ui(t) =
ci

s+ ci

{
−ki

[
zi(t) + θ̂i(t)−Θi(t) + ai sin(ωit)

]}
(50)

using the diffusion equations ∂tαi(x, t) = ∂xxαi(x, t) and the inte-
gration by parts, associated with (1)–(4), (9) and (28).

B. Closed-Loop System

Substituting the control law (49) into (18), we can write the closed-
loop system (15)–(18) as

ϑ̇i(t) = ui(0, t) (51)

∂tui(x, t) = ∂xxui(x, t), x ∈ (0,Di) (52)

∂xui(0, t) = 0 (53)

ui(Di, t) =
ci

s+ ci

{
−ki

[
zi(t) +

∫ Di

0

(Di − σ)ui(σ, t)dσ

]}
.

(54)

In the next section, the availability of Lyapunov functionals via back-
stepping transformation [20], [23] permits the stability analysis of the
complete ES feedback system.

IV. STABILITY ANALYSIS

The Sobolev space H1 is to be regarded as the state space of the PDE
in the closed-loop system [17], as this is the norm in which stability is
studied. The regularity of all the derivatives involved in the Lyapunov
calculation is not proved but only assumed in this article.

Theorem 1: Consider the system in Fig. 1 with the plant being repre-
sented by the nonlinear map in (7)–(8) and multiple inputs channels with
actuation dynamics governed by distinct diffusion PDEs according to
(1)–(4). There exists c∗ > 0 such that, ∀ci ≥ c∗, ∃ω∗(c1 , . . . , cn) > 0
such that, ∀ω > ω∗, the closed-loop system (15)–(18) with control law
Ui in (49) and state variables defined by Γ̃(t) = Γ(t)−H−1, ϑi(t),
ui(x, t) and i ∈ 1, 2, . . . , n, has a unique exponentially stable periodic
solution in t of period Π = 2π × LCM{1/ωi}, denoted by Γ̃Π(t),
ϑΠ
i (t), u

Π
i (x, t), satisfying ∀t ≥ 0

(∣∣∣Γ̃Π(t)
∣∣∣2 + ∣∣ϑΠ(t)

∣∣2 + n∑
i=1

∥∥uΠ
i (t)

∥∥2 + ∥∥∂xu
Π
i (t)

∥∥2
+
∣∣uΠ

i (Di, t)
∣∣2)1/2

≤ O (1/ω) . (55)

Furthermore

lim sup
t→∞

|θ(t)− θ∗| = O
(
|a|eD

√
ω/2 + 1/ω

)
(56)

lim sup
t→∞

|Θ(t)−Θ∗| = O (|a|+ 1/ω) (57)

lim sup
t→∞

|y(t)− y∗| = O (|a|2 + 1/ω2
)

(58)

where a = [a1 a2 · · · an]
T and D = max(Di).

Proof: The proof is structured in Sections A to F. �

A. Average Model of the Closed-loop System

From (47), the uncoupled-linearized average version of the system
(51)–(54) for ω large is

ϑ̇av
i (t) = uav

i (0, t) (59)

∂tu
av
i (x, t) = ∂xxu

av
i (x, t) , x ∈ (0,Di) (60)

∂xu
av
i (0, t) = 0 (61)
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d

dt
uav
i (Di, t) = −ciu

av
i (Di, t) (62)

− ciki

[
ϑav
i (t) +

∫ Di

0

(Di − σ)uav
i (σ, t)dσ

]
(63)

where the low-pass filter is represented in state-space form.
From the second equation in (44), the average model for the Hessian’s

inverse estimation error in (36) is

dΓ̃av(t)

dt
= −ωrΓ̃av(t)− ωrΓ̃av(t)HΓ̃av(t) . (64)

B. Backstepping Transformation and Target System

Since in (59)–(63), we haven–independent ODE–PDE cascades, for
each of them we can apply the “purely diagonal” (channel-by-channel)
infinite-dimensional backstepping transformation [20, Th. 1] of the
PDE state

wi(x, t) = uav
i (x, t) + ki

(
ϑav
i (t) +

∫ x

0

(x− σ)uav
i (σ, t)dσ

)
(65)

which maps the system (59)–(63) into the target system

ϑ̇av
i (t) = − kiϑ

av
i (t) + wi(0, t) (66)

∂twi(x, t) = ∂xxwi(x, t) , x ∈ (0,Di) (67)

∂xwi(0, t) = 0 (68)

wi(Di, t) = − 1

ci
∂tu

av
i (Di, t) , i = 1, 2, . . . , n . (69)

Using (65) for x = Di and the fact that uav
i (Di, t) = Uav

i (t), from
(69) we get (63). Calculating the time derivative of (65) evaluated at
x = Di, it is easily seen that

∂twi(Di, t) = ∂tu
av
i (Di, t) + kiu

av
i (Di, t) (70)

where ∂tu
av
i (Di, t) = U̇av

i (t). The inverse of (65) is [20, Th. 1]

uav
i (x, t)=wi(x, t)−ki

[
e−kixϑav

i (t)+

∫ x

0

(e−ki(x−σ)−1)wi(σ, t)dσ

]
.

(71)

Plugging (69) and (71) with x = Di into (70), we get

∂twi(Di, t) = −ciwi(Di, t) + kiwi(Di, t)− k2
i e

−kiDiϑav
i (t)

− k2
i

∫ Di

0

(e−ki(Di−σ) − 1)wi(σ, t)dσ . (72)

C. Lyapunov–Krasovskii Functional

Reminding that the linearized version of (64) is given by

dΓ̃av(t)

dt
= −ωrΓ̃av(t) (73)

which is locally exponentially stable since ωr > 0, and the (ϑav, w)–
subsystem and the Γ̃av–subsystem are completely decoupled, then, the
exponential stability of the overall system can established simply with
the Lyapunov functional

V (t) =
n∑

i=1

Vi(t) (74)

where Vi(t) are functionals

Vi(t) =
1

2
[ϑav

i (t)]
2 +

ai

2
‖wi(t)‖2 + bi

2
‖∂xwi(t)‖2 + di

2
w2

i (Di, t)

(75)

for each subsystem in (66)–(69) and ai , bi , di > 0 being appropriate
constants to be chosen later, ∀i = 1, . . . , n.

We define λi := ki with λi > 0 by construction. Calculating the
time derivative of (75), associated with the target system (66)–(69)

V̇i(t) = ϑav
i (t)ϑ̇

av
i (t) + ai

∫ Di

0

u︷ ︸︸ ︷
wi(x, t)

dv︷ ︸︸ ︷
∂xxwi(x, t)︸ ︷︷ ︸
=∂twi(x,t)

dx

+ bi

∫ Di

0

u︷ ︸︸ ︷
∂xwi(x, t)

dv︷ ︸︸ ︷
∂xxxwi(x, t)︸ ︷︷ ︸
=∂x∂twi(x,t)

dx+ diwi(Di, t)∂twi(Di, t).

(76)

and with the help of integration by parts (recalling that ∂xwi(0, t) = 0),
we obtain

V̇i(t) = − λi[ϑ
av
i (t)]

2 + ϑav
i (t)wi(0, t)

+ aiwi(Di, t)∂xwi(Di, t)− ai‖∂xwi(t)‖2

+ bi∂xwi(Di, t)∂twi(Di, t)− bi‖∂xxwi(t)‖2

+ diwi(Di, t)∂twi(Di, t). (77)

We apply Young’s inequality on ϑav
i (t)wi(0, t) so that we can

write ϑav
i (t)wi(0, t) ≤ 1

2γ1
[ϑav

i (t)]
2 + γ1

2
w2

i (0, t) , γ1 = 2/λi.Using
Agmon’s, Poincare’s and Young’s inequalities, one has

wi(0, t)
2 ≤ max

x∈[0,Di]
|wi(x, t)|2

≤ wi(Di, t)
2 + 2‖wi(t)‖‖∂xwi(t)‖ (78)

‖wi(t)‖2 ≤ 2Diwi(Di, t)
2 + 4D2

i ‖∂xwi(t)‖2 (79)

2‖wi(t)‖‖∂xwi(t)‖ ≤ ‖wi(t)‖2 + ‖∂xwi(t)‖2 . (80)

Consequently

wi(0, t)
2 ≤ (1 + 2Di)wi(Di, t)

2 + (4D2
i + 1)‖∂xwi(t)‖2. (81)

Following analogous derivations detailed in the proof of [16, Th. 2,
Step 4] as well as [19, Th. 1, Step 3], considering the relation (72),
and applying Young’s, Poincare’s, Agmon’s and the Cauchy–Schwarz
inequalities [23] (more than once) to the cross terms in (77) in a
similar fashion as done in (78)–(81) with ai = (ci − λi)/(8Diλ

3
i ),

bi = 1/(8Diλ
3
i ), di = 1, we get

V̇i(t) ≤ −λi

4
[ϑav

i (t)]
2 + (c∗1 − ci)w

2
i (Di, t)

+ (c∗2 − ci)‖∂xwi(t)‖2 − 1

32Diλ
3
i

‖∂xxwi(t)‖2 (82)

where

c∗1 =
3

2
λ3
i + λi +

1 + 2Di

λi

+ 2Diλiξ(Di) (83)

c∗2 = λi + 8Diλ
3
i

[
4D2

i + 1

λi

+ 4D2
i λiξ(Di)

]
(84)
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and ξ(Di) :=
∫Di

0
(e−λi(Di−σ) − 1)2dσ. By applying Poincare’s in-

equality [23]

‖∂xwi(t)‖2 ≤ 2Di∂xwi(0, t)
2 + 4D2

i ‖∂xxwi(t)‖2 (85)

to the last term in (82), and recalling ∂xwi(0, t) = 0, we get

V̇i(t) ≤ −λi

4
[ϑav

i (t)]
2 − (ci − c∗1)w

2
i (Di, t)

− (ci − c∗2)‖∂xwi(t)‖2 − 1

128D3
i λ

3
i

‖∂xwi(t)‖2 . (86)

By applying again Poincare’s inequality (second case) [23]

‖wi(t)‖2 ≤ 2wi(D, t)2 + 4D2
i ‖∂xwi(t)‖2 (87)

to the term − 1
128D3

i
λ3
i

‖∂xwi(t)‖2 in (86), we obtain

V̇i(t) ≤ − λi

4
[ϑav

i (t)]
2 − (ci − c∗1)w

2
i (Di, t)− (ci − c∗2)‖∂xwi(t)‖2

− 1

512D5
i λ

3
i

‖wi(t)‖2 + 1

256D5
i λ

3
i

w2
i (Di, t) . (88)

Defining c∗3 = c∗1 +
1

256D5
i

λ3
i

, and rearranging the terms, we write

V̇i(t) ≤ −λi

4
[ϑav

i (t)]
2 − 1

512D5
i λ

3
i

‖wi(t)‖2

− (ci − c∗2)‖∂xwi(t)‖2 − (ci − c∗3)w
2
i (Di, t) . (89)

Hence, from (86), if ci is chosen such as ci > max{c∗2, c∗3}, we obtain

V̇i(t) ≤ −μiVi(t) or V̇ (t) ≤ −μV (t) (90)

for some μi > 0 and μ = min(μi).
Since the diffusion constants Di > 0 are considered to be known,

there is no adverse impact on the results to satisfy the bound estimates
in the technical developments. More importantly, our estimates do not
depend on the Hessian H .

Thus, the target system is exponentially stable in the sense of the
H1-norm( n∑

i=1

[ϑav
i (t)]2+

∫ Di

0

w2
i (x, t)dx+

∫ Di

0

∂xw
2
i (x, t)dx+w2

i (Di, t)

)1/2

(91)

or in the compact form(
ϑ2

av(t) + ‖w(t)‖2 + ‖∂xw(t)‖2 + w2(D, t)
)1/2

(92)

i.e., in the transformed variable (ϑav , w).

D. Exponential Stability Estimate (in H1 norm) for the Average
Closed-Loop System (59)–(63)

To obtain exponential stability in the sense of the norm

Υ2(t) �
(
|ϑav(t)|2 +

n∑
i=1

‖uav
i (x, t)‖2 + ‖∂xu

av
i (x, t)‖2

+ |uav
i (Di, t)|2

)
(93)

we need to show there exist α1 , α2 > 0 such that

α1Υ
2(t) ≤ V (t) ≤ α2Υ

2(t) . (94)

This is straightforward to establish by using (65), (71), (74), (75) and
employing the Cauchy–Schwartz inequality and other calculations, as
in the proof of [17, Th. 2.1].

Hence, with (90), we get

Υ(t) ≤ α2

α1

e−μtΥ(0) (95)

which completes the proof of exponential stability in the original
variable (ϑav , uav).

E. Invoking Averaging Theorem

The averaging theorem for infinite-dimensional systems [18, Sec. 2]
applies to systems in the form

Ż(t) = AZ(t) + F (ωt, Z(t)) (96)

whereZ(t) ∈ X := H1([0,D]) is the infinite-dimensional state vector.
Analogously to the procedure employed to obtain equations (74)–(84)
in [19, Step 5] and taking into account the Γ̃–dynamics given in (36),
the closed-loop system with infinite-dimensional state vector Z(t) =
[Z1(t) . . . Zn(t) Γ̃(t)]

� can be rewritten as (96):

Ż=

⎡
⎢⎢⎢⎢⎣
A1 . . . 0 0
...

. . .
... 0

0 . . . An 0

0 . . . 0 ωr

⎤
⎥⎥⎥⎥⎦

︸ ︷︷ ︸
A

Z+

⎡
⎢⎢⎢⎢⎣
F1(ωt, Z1)

...

Fn(ωt, Zn)

Fn+1(ωt, Γ̃)

⎤
⎥⎥⎥⎥⎦

︸ ︷︷ ︸
F (ωt,Z(t))

(97)

Fn+1(ωt, Γ̃)=ωrH
−1 − ωr

[
Γ̃ +H−1

]
Ĥ(t)

[
Γ̃ +H−1

]
,

with Zi(t) = [ϑi(t) Vi(t) Ui(t)]
�, i = 1 , . . . , n

Ai =

⎡
⎢⎣0 Bi 1

0 Ai −ciβi

0 0 −ci

⎤
⎥⎦Fi(ωt, Zi) =

⎡
⎢⎣ 0

−ciβikigi(Zi)

−cikigi(Zi)

⎤
⎥⎦ (98)

and gi(Zi) = zi(t) +
1
2
D2

iUi(t) + α�Vi(t). The term Vi(t) is the
infinite-dimensional vector function of an evolutionary equation used
to describe the PDE (51)–(54) in the Banach space X , Ai is the
realization of the second order derivative in the spatial domain, whereas
Bi : X → R, α� : X → R and βi : R → X are appropriate linear op-
erators, defined according to [19]. Note that the signals zi(t) and Ĥ(t)
are explicit functions ofωt by construction sinceωi = O(ω) according
to (33). Since the operator A in (97) generates an analytic semigroup
by the operator matrix theorem in [27] and F (ωt, Z) is Fréchet dif-
ferentiable in Z, strongly continuous and periodic in t, uniformly with
respect to Z, hence, all assumptions to apply the averaging theorem for
infinite-dimensional systems [18, Sec. 2] are satisfied.

The solution of the original closed-loop system (51)–(54) be-
haves as the averaging system Żav = AZav + F0(Zav) with F0(Zav) =

limΠ→0
1
Π

∫ Π

0
F (τ, Zav)dτ . Along with the local exponential stability

of the average system we showed in (95) and for the equilibrium
Γ̃av(t) = 0 of (73), there exists an exponentially stable periodic solu-
tion ZΠ(t) with ‖ZΠ(t)‖ ≤ O(1/ω) of the original system (51)–(54)
and (36). Thus, the original closed-loop system has an exponentially
stable periodic solutionZΠ(t) that satisfies (55), forω sufficiently large.

F. Asymptotic Convergence to a Neighborhood of the
Extremum (θ∗,Θ∗, y∗)

First, consider the PDE system (10)–(13). From Agmon’s, Poincare’s
and Young’s inequalities [23], one has

ᾱi(Di, t)
2 ≤ max

x∈[0,Di]
|ᾱi(x, t)|2

≤ ᾱi(0, t)
2 + 2‖ᾱi(t)‖‖∂xᾱi(t)‖ (99)
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‖ᾱi(t)‖2 ≤ 2Diᾱi(0, t)
2 + 4D2

i ‖∂xᾱi(t)‖2 (100)

2‖ᾱi(t)‖‖∂xᾱi(t)‖ ≤ ‖ᾱi(t)‖2 + ‖∂xᾱi(t)‖2 (101)

and, finally

ᾱi(Di, t)
2 ≤ (2Di + 1)ᾱi(0, t)

2 + (4D2
i + 1)‖∂xᾱi(t)‖. (102)

Plugging the boundary values (10), (13) into (102), one has

θ̃2i (t) ≤ (2Di + 1)ϑi(t)
2 + (4D2

i + 1)‖∂xᾱi‖2. (103)

Now, we introduce the Lyapunov–Krasovskii functional

Λ1(t) =
1

2
‖∂xᾱi(t)‖2 (104)

and show the exponential stability of ∂xᾱi(x, t). By taking the time
derivative of (104) along with (11)–(12), one has

Λ̇1(t) = ∂xᾱi(Di, t)∂tᾱi(Di, t)− ‖∂xxᾱi(t)‖2. (105)

Using Young’s, Agmon’s and Poincare’s inequalities [23] again and

the identities ∂tᾱi(Di, t) =
˙̃
θi(t) = Ui(t), ∂xᾱi(0, t) = 0, such that

from (105), we get

Λ̇1(t) ≤ − 1

8D2
i

‖∂xᾱi(t)‖2 + 2DiUi(t)
2 . (106)

Hence, the Λ1–dynamics is input-to-state (exponentially) Stable [28]
with respect to Ui(t). With (103), k̄ := 2Di + 1 and some appropriate
k > 0, we have

lim sup
t→∞

|θ̃i(t)|2 = lim sup
t→∞

{
k̄|ϑi(t)|2 + k|Ui(t)|2

}
. (107)

Equation (107) can be written in terms of the periodic solutions ϑΠ
i (t)

and UΠ
i (t) = uΠ

i (Di, t) as

lim sup
t→∞

|θ̃i(t)|2 = lim sup
t→∞

{
k̄
√
2
(|ϑi(t)− ϑΠ

i (t)|2 + |ϑΠ
i (t)|2

)}
+ lim sup

t→∞

{
k
√
2
(|Ui(t)−UΠ

i (t)|2+|UΠ
i (t)|2)} . (108)

From the averaging theorem [18], we know ϑi(t)− ϑΠ
i (t) → 0 as well

as Ui(t)− UΠ
i (t) → 0 exponentially, as t → ∞. Hence

lim sup
t→∞

|θ̃i(t)|2 = lim sup
t→∞

{
k̄
√
2|ϑΠ

i (t)|2 + k
√
2|UΠ

i (t)|2
}
.

(109)

With (55) and (109), we obtain: lim supt→∞ |θ̃(t)| = O(1/ω). Using
the definition of θ̃(t) in (9) and the relation θ(t) = θ̂(t) + S(t), we

get θ(t)− θ∗ = θ̃(t) + S(t). Since S(t) is of order O(|a|eD
√

ω/2)
with D = max(Di), as shown in (23), we finally obtain (56). The
convergence of the propagated actuator Θ(t) to the optimizer Θ∗ is
easier to prove. Taking the 2-norm of (28), we have

|Θi(t)−Θ∗
i | = |ϑi(t) + ai sin(ωi(t))| . (110)

As in the convergence proof of the parameter θ(t) to the optimal
parameter θ∗ above, we write (110) in terms of the periodic solution
ϑΠ
i (t) and follow the same steps by applying Young’s inequality [23]

and ϑi(t)− ϑΠ
i (t) → 0 exponentially as t → ∞, according to the

averaging theorem [18, Sec. 2]. Hence

lim sup
t→∞

|Θi(t)−Θ∗
i | = lim sup

t→∞

∣∣∣√2ϑΠ
i (t) + ai sin(ωit)

∣∣∣ (111)

and finally with (55), we can write (57).

TABLE I
MULTIVARIABLE ES FOR DISTINCT CLASSES OF PDE SYSTEMS

In order to show the convergence of the output y(t) of the static map
to the optimal value y∗, we rewrite (8) as

y(t)− y∗ =
1

2
(Θ(t)−Θ∗)TH(Θ(t)−Θ∗). (112)

By applying the Rayleigh inequality to the quadratic function in (112),
we obtain |y(t)− y∗| ≤ λmax(H)|Θ(t)−Θ∗)|2, where λmax(H) de-
notes the largest eigenvalue of H . Hence,

lim sup
t→∞

|y(t)− y∗| = λmax(H) lim sup
t→∞

|Θ(t)−Θ∗)|2 . (113)

Finally, by replacing (57) into (113) and applying Young’s inequality
[23] to the result, we have (58).

V. APPLICATION TO DIFFERENT CLASSES OF PDES

In order to show that the proposed ES approach in Fig. 1 is general
and applicable to a wider class of PDEs, we have formulated in
Table I the stabilizing BC law Ui(t) and given explicit solutions to
the trajectory generation problem of Si(t) in (19)–(22) for five other
classes of distributed parameter systems [23]: 1) RAD PDEs [29], 2)
wave equations [30], 3) hyperbolic transport PDEs—for constant delays
[16], 4) time-varying delays [31], and 5) distributed delays [32].

As for the diffusion case in (15)–(18), the term ui(x, t) which
appears in Ui(t) of Table I is the state of the infinite-dimension
system corresponding to a copy of the PDE model used for the actuator
dynamics, respectively.

For the distinct cases involving ES plus PDEs in Table I, we point out
the following applications and its corresponding references: 1) Traffic
Control for linearized Lighthill–Whitham–Richards macroscopic PDE
models transformed into constant delays [10], [16]; 2) neuromuscular
electrical stimulation problem for ES under time-varying delays [11],
[31]; 3) optimal oil drilling control with ES for wave models [12]; 4)
Bioreactors considering ES for models described by parabolic PDEs
(reaction–diffusion equations), see [13], [14]; and 5) additive manufac-
turing modeled by the Stefan PDE [15].
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Fig. 2. ES in the 3-D-space: parametrized quadratic map Q(Θ), the
initial point (Θ1(0) ,Θ2(0)) = (1.25 ,−1.75) denoted by ∗, and the out-
put trajectory y(t) → y∗ ± O(|a|2 + 1/ω2) in the state-space, with y∗ =
5 (denoted by •) corresponding to the optimizer (Θ∗

1 ,Θ
∗
2) = (1 , 0).

VI. SIMULATION EXAMPLE

Consider a quadratic static map given by (8), with Hessian H =

−
(
2 2

2 4

)
, optimizer Θ∗ = (1 , 0) and optimal value y∗ = 5. The do-

mains length for the diffusion processes are set to D1 = 3 and D2 = 4.
In what follows, we present numerical simulations of the proposed mul-
tivariable ES based on the filtered diffusion compensator (50). We per-
formed our tests with c1 = c2 = 10, k1 = k2 = 0.17, a1 = a2 = 0.2,
ω = 5, ω1 = 5ω, ω2 = 7ω, ωr = 0.5, Γ(0) = −[1/100 0 ; 0 1/200]
and θ̂(0) = (2,−1). In Fig. 2, we can check the remarkable evolution
of the new ES scheme in searching the maximum.

VII. CONCLUSION

The main purpose of this article was to stir new research and more
developments for the improvement of ES algorithms in the wake of the
recent discussions presented in [16] about the difficulties of obtaining
appropriate designs and rigorous stability analysis in the presence
of a general class of dynamic systems, not necessarily governed by
ODEs. We proposed a Newton-based multivariable ES algorithm for
a multi-input map connected in cascade with distinct PDE systems
through its multiples actuation paths. This contribution generalizes our
previous results limited to time-delay systems for a wider scenario of
PDEs, encompassing the class of multiple diffusion processes (each one
with distinct spatial domain) —or even reaction-advection-diffusion
equations, wave dynamics and first-order hyperbolic systems.

The next step is the extension of the proposed approach to a scenario
where the PDE coefficients can be considered unknown [17, Sec. 15.3].
For future research, it would also be interesting the study of other ES
designs for infinite-dimensional systems.
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