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Predictor Feedback for Uncertain Linear Systems
With Distributed Input Delays

Yang Zhu , Miroslav Krstic , and Hongye Su

Abstract—While the existing literature on delay-adaptive control
concentrates on uncertain plants with discrete input delays, this
article proposes a predictor feedback for stabilization of uncertain
linear systems with distributed input delays. A finite-dimensional
linear system with distributed actuator delay may come with five
types of uncertainties: unknown delay, unknown delay kernel, un-
known plant parameters, unmeasurable finite-dimensional plant
state, and unmeasurable infinite-dimensional actuator state. For
different combinations of uncertainties, distinct control designs
are developed in the article, from which the users can make se-
lections to address a vast range of problems they face.

Index Terms—Predictor, uncertain, distributed delay.

I. INTRODUCTION

A. Literature Review

As actuator and sensor delays are among the most common dynamic
phenomena in engineering practice, the predictor-based feedback has
found a widespread application in industry, and seen a rapid growth
over past 60 decades [2] and [12]. In traditional predictor feedback
the model needs to be known, including both delays and parameters,
and the predictor’s focus is on compensating the known delay in
the known models [7] and [15]. Early work on adaptive control of
uncertain time-delay systems mainly focused on the uncertainty in
plant parameters rather than actuator delays [5], [10], [11], and [14].
The simultaneous presence of unknown plant parameters and actuator
delays pose challenges, which arise straight out of the control practice,
and which are not addressed by conventional predictor and adaptive
control methods.

The turning point for the development of the ability to simultaneously
tackle uncertain discrete delays and parameters was the introduction
of the partial differential equation (PDE) backstepping framework for
parabolic PDEs and the resulting backstepping interpretation of the
classical predictor feedback [1] and [13]. In [3], [4], and [16], the
adaptive control of uncertain single-input linear systems with discrete
input delay is considered and the result is easily extended to systems
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TABLE I
UNCERTAINTY COLLECTIONS OF LINEAR SYSTEMS WITH

DISTRIBUTED INPUT DELAYS

with multiple inputs when the delay is the same in all the input channels.
In [17] and [18], the adaptive control problem of uncertain multiinput
linear systems with distinct discrete input delays is solved.

B. Contribution

The results for unknown discrete input delays are not applicable
to the case of unknown distributed input delays as the plant and
actuator states are not in the strict feedback form. This article proposes
predictor methods to deal with stabilization problems of uncertain
linear systems with distributed input delays. A finite-dimensional linear
system with distributed actuator delay may come with five types of basic
uncertainties given as follows:
1) unknown delay;
2) unknown delay kernel;
3) unknown plant parameters;
4) unmeasurable finite-dimensional plant state;
5) unmeasurable infinite-dimensional actuator state.

To clearly describe the article organization and the contribution
relative to the existing literature, different combinations of uncertainties
considered in the state-of-the-art and later sections of the present article
are summarized in Table I. From the first two rows of Table I, it is
apparent that existing predictor methods for distributed input delays
focus on the known or unknown plant model under the premise that
the delay value is assumed to be known. One could argue that the
situation with a highly uncertain delay, even if the plant parameters
are known, is a more difficult problem than all of delay-free adaptive
control. On the basis of our preliminary work [19] which addressed
unknown delay and delay kernel with full-state feedback by assuming
that the plant model is known, this article considers more challenging
cases where more uncertainties simultaneously exist and the output
feedback is employed. As shown in the last three rows of Table I, three
different combinations of uncertainties are considered in the article. In
Section III, the plant and actuator states are assumed to be measurable,
and the adaptive control is employed. Whereas in Sections IV and V,
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when the plant and actuator states are unmeasurable, the robust stability
with respect to small uncertainties is established.

II. PREDICTOR FEEDBACK FOR UNCERTAINTY-FREE SYSTEMS

Consider linear systems with distributed input delays as follows:

Ẋ(t) = AX(t) +

∫ D

0

B(D − σ)U(t− σ)dσ (1)

Y (t) = CX(t) (2)

where X(t) ∈ Rn is the plant state, Y (t) ∈ Rq is the plant output,
U(ξ) ∈ R for ξ ∈ [t−D, t] is the delayed actuator state, U(t) ∈ R is
the control input, D > 0 is the constant delay, and A, B, and C are
the system matrix, input vector, and output matrix of appropriate di-
mensions, respectively. For notational simplicity, the system is assumed
to be single input. The results of this article can be straightforwardly
extended to the multiinput case, when the delays are the same in each
individual input channel.

We introduce a two-variable function in rescaled unity interval
notation

u(x, t) = U(t+D(x− 1)) = U(t− σ), x ∈ [0, 1], σ ∈ [0,D]
(3)

through which the system (1)–(2) is converted into the ODE–PDE
cascade as follows:

Ẋ(t) = AX(t) +D

∫ 1

0

B(Dx)u(x, t)dx (4)

Y (t) = CX(t) (5)

Dut(x, t) = ux(x, t), x ∈ [0, 1] (6)

u(1, t) = U(t). (7)

A few of applicable examples of (1)–(2) or (4)–(7) could be found
in [2], [5]–[7], and [15]. Concentrating on (1)–(2) and its conversion
(4)–(7), a linear system with distributed actuator delay may come with
the following five types of basic uncertainties:
1) unknown delay D;
2) unknown delay kernel B(Dx);
3) unknown parameters in the system matrix A;
4) unmeasurable finite-dimensional plant state X(t);
5) unmeasurable infinite-dimensional actuator state u(x, t).

In this section, as shown in the first row of Table I, we consider the
simplest case that everything above is known.

In order to stabilize (4)–(7), the reduction-based change of variable
is brought in as

Z(t) = X(t) +D2

∫ 1

0

∫ x

0

e−AD(x−y)B(Dy)dyu(x, t)dx. (8)

Differentiating (8) with respect to t along (4)–(7) and using integration
by parts in x, it is easy to show

Ż(t) = AZ(t) +D

∫ 1

0

e−AD(1−x)B(Dx)dx︸ ︷︷ ︸
β

U(t). (9)

It is evident that through (8) the stabilization problem of linear systems
with distributed delays (4) is reduced to the stabilization problem of a
delay-free system (9).

Assumption 1: The pair (A, β) is controllable. There exist a vector
K to makeA+ βK Hurwitz. Namely, there exist matricesP = PT >
0 and Q = QT > 0 such that

(A+ βK)T P + P (A+ βK) = −Q. (10)

�
The controller is designed as

U(t) = u(1, t) = KZ(t) (11)

where K is selected to let

Acl = A+ βK = A+D

∫ 1

0

e−AD(1−x)B(Dx)dxK (12)

be Hurwitz.
For convenience of stability analysis, we introduce the invertible

backstepping-forwarding transformation to include both the finite-
dimensional state of the plant and the infinite-dimensional actuator state
such that

w(x, t) = u(x, t)−KeAclD(x−1)Z(t). (13)

Partially differentiating (13) with respect to x and t, respectively, and
substituting x = 1 into (13), the target system is obtained as follows:

Ż(t) = AclZ(t) (14)

Dwt(x, t) = wx(x, t), x ∈ [0, 1] (15)

w(1, t) = 0. (16)

Please note that a couple of conversions are employed between the
original system (4)–(7) and the target system (14)–(16) such that

(X(t), u(x, t))
(8)⇐⇒ (Z(t), u(x, t))

(13)⇐⇒ (Z(t), w(x, t)) . (17)

Through the Lyapunov candidate

V (t) = ZT (t)PZ(t) + gD

∫ 1

0

(1 + x)w(x, t)2dx (18)

where g > 0 is an analysis coefficient. It is not difficult to prove
the closed-loop system consisting of the plant (4)–(7) and the con-
troller (11) is exponentially stable in the sense of the norm |X(t)|2 +∫ 1

0
u2(x, t)dx.

III. PREDICTOR FEEDBACK UNDER COEXISTENT

UNCERTAINTY IN (D,B(Dx), A)

In this section, as shown in the fourth row of Table I, we consider
the case of coexistent uncertainty in (D,B(Dx), A).

Since system matrix A contains unknown plant parameters, we
denote that A is of the form

A = A0 +

p∑
i=1

θiAi (19)

where θi ∈ R for i = 1, . . . , p are unknown constant parameters and
Ai ∈ Rn×n for i = 0, . . . , p are known constant matrices.

The delay kernel B(Dx) for x ∈ [0, 1] in (4) is an n-dimensional
continuous vector-valued function of Dx such that

B(Dx) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

ρ1(Dx)

ρ2(Dx)

...

ρn(Dx)

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
=

n∑
i=1

ρi(Dx)Bi (20)

where ρi(Dx) : [0, 1] → R for i = 1, . . . , n are unknown compo-
nents of B(Dx), and Bi ∈ Rn for i = 1, . . . , n are the unit vectors
accordingly.
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For notational brevity, we denote

�(x) = DB(Dx) =
n∑

i=1

Dρi(Dx)Bi =
n∑

i=1

bi(x)Bi (21)

where bi(x) = Dρi(Dx) for i = 1, . . . , n are unknown scalar contin-
uous functions of x.

Then (4)–(7) is rewritten as

Ẋ(t) = AX(t) +

∫ 1

0

�(x)u(x, t)dx (22)

Y (t) = CX(t) (23)

Dut(x, t) = ux(x, t), x ∈ [0, 1] (24)

u(1, t) = U(t). (25)

To use projector operators for update laws later, the following
assumption is assumed.

Assumption 2: There exist known constants D, D, θi, θi, and b̄i,
and known continuous functions b∗i(x) such that

D ≤ D ≤ D, θi ≤ θi ≤ θi (26)∫ 1

0

(bi(x)− b∗i(x))
2 dx ≤ b̄i. (27)

�
Referring to Assumption 1, we make the following assumption.
Assumption 3: Considering A and�(x) defined by (19)–(21), the

pair (A,
∫ 1

0

e−AD(1−x)�(x)dx︸ ︷︷ ︸
β

) is uniformly completely controllable

for all (D, θi, bi(x)) satisfying (26)–(27). Namely, there existsK(θ, β)
such that for each Q(θ, β) > 0 there exists P (θ, β) > 0 such that

(A+ βK(θ, β))T︸ ︷︷ ︸
AT

cl
(θ,β)

P (θ, β)

+ P (θ, β) (A+ βK(θ, β))︸ ︷︷ ︸
Acl(θ,β)

= −Q(θ, β). (28)

�
Example 1: We consider an unstable two-dimensional system with

single input which is of the form

A =

[
1 θ

0 0

]
=

[
1 0

0 0

]
+ θ

[
0 1

0 0

]

B(Dx) =

[
0

ρ(Dx)

]
= ρ(Dx)

[
0

1

]

β = D

∫ 1

0

e−AD(1−x)B(Dx)dx =

[
β1

β2

]

where θ is a scalar plant parameter, ρ(Dx) is a scalar function of Dx,
andD is an input delay. The elements β1, β2 are scalars with respect to
(θ, ρ(Dx),D). Using the pole-placement method, one feedback gain
is selected as

K(θ, β) =

[ −4

θβ2 + β1

β1 − 3θβ2
θβ2

2 + β1β2

]

then

Acl(θ, β) = A+ βK =

⎡
⎢⎢⎣
θβ2 − 3β1
θβ2 + β1

θ2β2
2 + β2

1 − 2θβ1β2
θβ2

2 + β1β2

−4β2
θβ2 + β1

β1 − 3θβ2
θβ2 + β1

⎤
⎥⎥⎦ .

Please note the couple of eigenvalues ofAcl are identically equal to−1,
that are independent of θ, β.In other words, even if θ, β are unknown
and updated online, Acl will be always Hurwitz at each time instant.
Moreover, under Assumption 3, the later employment of the projection-
based update law is able to keep (θ̂, β̂) meeting (26)–(27), so that the
dominator in K and Acl is kept away from 0. �

Denote D̂(t), θ̂i(t), and b̂i(x, t) as the estimates ofD, θi, and bi(x)
with estimation errors satisfying

D̃(t) = D − D̂(t), θ̃i(t) = θi − θ̂i(t) (29)

b̃i(x, t) = bi(x)− b̂i(x, t) (30)

and accordingly

Â(t) = A0 +

p∑
i=1

θ̂i(t)Ai, B̂(x, t) =
n∑

i=1

b̂i(x, t)Bi. (31)

To stabilize (22)–(25), referring to (8)–(16), the certainty-
equivalence-based adaptive control scheme and the control law is
designed as follows:

U(t) = u(1, t) = K
(
θ̂(t), β̂(t)

)
Z(t) (32)

where K(θ̂(t), β̂(t)) is chosen to let

Acl

(
θ̂(t), β̂(t)

)
= Â(t)

+

∫ 1

0

e−Â(t)D̂(t)(1−x)�̂(x, t)dx︸ ︷︷ ︸
β̂(t)

K
(
θ̂(t), β̂(t)

)

(33)

be Hurwitz and

Z(t) = X(t) + D̂(t)

∫ 1

0

∫ x

0

e−Â(t)D̂(t)(x−y)B̂(y, t)dyu(x, t)dx.
(34)

The update laws are

˙̂
D(t) = γDProj[D,D]{τD(t)}, γD > 0 (35)

τD(t) =
1/gZT (t)P (θ̂(t), β̂(t))fD(t)

1 + Ξ(t)

−
∫ 1

0
(1 + x)w(x, t)hD(x, t)dx

1 + Ξ(t)
(36)

˙̂
θi(t) = γθProj[θi,θi]

{τθi(t)}, γθ > 0 (37)

τθi(t) =
1/gZT (t)P (θ̂(t), β̂(t))fθi(t)

1 + Ξ(t)

−
∫ 1

0
(1 + x)w(x, t)hθi(x, t)dx

1 + Ξ(t)
(38)

˙̂
bi(x, t) = γbProj{τbi(x, t)}, γb > 0 (39)

τbi(x, t) =
1/gZT (t)P (θ̂(t), β̂(t))fbi(x, t)

1 + Ξ(t)

−
∫ 1

0
(1 + y)w(y, t)hbi(y, t)dyfbi(x, t)

1 + Ξ(t)
(40)
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where P (θ̂(t), β̂(t)) satisfies the certainty-equivalence version of (28),
g > 0 is a designing coefficient, and

w(x, t) = u(x, t)−K
(
θ̂(t), β̂(t)

)
eAcl(θ̂(t),β̂(t))D̂(t)(x−1)Z(t)

(41)

Ξ(t) = ZT (t)P
(
θ̂(t), β̂(t)

)
Z(t) + g

∫ 1

0

(1 + x)w(x, t)2dx

(42)

fD(t) =

∫ 1

0

B̂(x, t)u(x, t)dx

−
∫ 1

0

e−Â(t)D̂(t)(1−x)B̂(x, t)dxu(1, t)

− D̂(t)

∫ 1

0

∫ x

0

Â(t)e−Â(t)D̂(t)(x−y)B̂(y, t)dyu(x, t)dx
(43)

hD(x, t) = K
(
θ̂(t), β̂(t)

)
eAcl(θ̂(t),β̂(t))D̂(t)(x−1)

×
(
fD(t) +Acl

(
θ̂(t), β̂(t)

)
Z(t)

)
(44)

fθi(t) = AiX(t) (45)

hθi(x, t) = K(θ̂(t), β̂(t))eAcl(θ̂(t),β̂(t))D̂(t)(x−1)fθi(t) (46)

fbi(x, t) = Biu(x, t) (47)

hbi(x, t) = K
(
θ̂(t), β̂(t)

)
eAcl(θ̂(t),β̂(t))D̂(t)(x−1) (48)

the projector operators are defined as

Proj[D,D]{τ} =

⎧⎪⎪⎨
⎪⎪⎩
0, D̂(t) = D and τ < 0

0, D̂(t) = D and τ > 0

τ, else

Proj
[θi,θi]

{τ} =

⎧⎪⎪⎨
⎪⎪⎩
0, θ̂i(t) = θi and τ < 0

0, θ̂i(t) = θi and τ > 0

τ, else

Proj{τ(x)} =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

τ(x)−
(
b̂i(x)− b∗i(x)

) ∫ 1

0
(b̂i(x)−b∗

i
(x))τ(x)dx

∫ 1

0
(b̂i(x)−b∗

i
(x))

2
dx

if
∫ 1

0

(
b̂i(x)− b∗i(x)

)2

dx = b̄i

and
∫ 1

0

(
b̂i(x)− b∗i(x)

)
τ(x)dx > 0

τ(x), else

Theorem 1: Consider the closed-loop system consisting of the plant
(22)–(25) and the adaptive controller (32)–(48). All the states (X(t),
u(x, t), D̂(t), θ̂i(t), b̂i(x, t)) of the closed-loop system are globally
bounded and the regulation ofX(t) andU(t) such that limt→∞X(t) =
limt→∞ U(t) = 0 is achieved. �

Proof: Differentiating (34) with respect to t along (22)–(25), and
using the integration by parts in x, we obtain

Ż(t) = Acl

(
θ̂(t), β̂(t)

)
Z(t) + φ

(
˙̂
D(t),

˙̂
θ(t),

˙̂B(x, t)
)

+
D̃(t)

D
fD(t)+

p∑
i=1

θ̃i(t)fθi(t) +

∫ 1

0

n∑
i=1

b̃i(x, t)fbi(x, t)dx

(49)

whereAcl(θ̂(t), β̂(t)) is given in (33), fD(t), fθi(t), and fbi(x, t) have
been defined in (43), (45), and (47), where

φ
(
˙̂
D(t),

˙̂
θ(t),

˙̂B(x, t)
)

=

∫ 1

0

∫ x

0

e−Â(t)D̂(t)(x−y)

[(
˙̂
D(t)I − D̂(t)

(
p∑

i=1

˙̂
θi(t)AiD̂(t)

+ Â(t)
˙̂
D(t)

)
(x− y)

)
B̂(y, t) + D̂(t)

n∑
i=1

˙̂
bi(y, t)Bi

]
dy

× u(x, t)dx. (50)

Taking partial derivatives of (41) with respect tox and t, respectively,
we get

Dwt(x, t) = wx(x, t)−Dψ
(
˙̂
D(t),

˙̂
θ(t),

˙̂B(x, t)
)

− D̃(t)hD(x, t)−D

p∑
i=1

θ̃i(t)hθi(x, t)

−Dhbi(x, t)

∫ 1

0

n∑
i=1

b̃i(y, t)fbi(y, t)dy (51)

w(1, t) = 0, x ∈ [0, 1] (52)

wherehD(x, t),hθi(x, t), andhbi(x, t) have been defined in (44), (46),
and (48), and

ψ
(
˙̂
D(t),

˙̂
θ(t),

˙̂B(x, t)
)

=

⎛
⎝∂K

(
θ̂(t), β̂(t)

)
∂D̂(t)

˙̂
D(t) +

p∑
i=1

∂K
(
θ̂(t), β̂(t)

)
∂θ̂i(t)

˙̂
θi(t)

+

n∑
i=1

∂K(θ̂(t), β̂(t))

∂b̂i(x, t)

˙̂
bi(x, t)

)
eAcl(θ̂(t),β̂(t))D̂(t)(x−1)Z(t)

+K
(
θ̂(t), β̂(t)

)
eAcl(θ̂(t),β̂(t))D̂(t)(x−1)

[(
∂Acl(θ̂(t), β̂(t))

∂D̂(t)

˙̂
D(t)

+

p∑
i=1

∂Acl(θ̂(t), β̂(t))

∂θ̂i(t)

˙̂
θi(t) +

n∑
i=1

∂Acl

(
θ̂(t), β̂(t)

)
∂b̂i(x, t)

˙̂
bi(x, t)

⎞
⎠

× D̂(t) +Acl(θ̂(t), β̂(t))
˙̂
D(t)

]
(x− 1)Z(t)

+K
(
θ̂(t), β̂(t)

)
eAcl(θ̂(t),β̂(t))D̂(t)(x−1)φ

(
˙̂
D(t),

˙̂
θ(t),

˙̂B(x, t)
)
.

(53)

Please note that D̂(t), θ̂i(t), and
∫ 1

0
b̂i(x, t)dx are bounded as the

projector operators ensure them to stay in the interval (26)–(27). Making
use of Young’s and Cauchy–Schwarz inequalities, it is evident that the
inverse transformations of (34) and (41) implies

‖u(x, t)‖2 ≤Mu

(|Z(t)|2 + ‖w(x, t)‖2) (54)

|X(t)|2 ≤MX

(|Z(t)|2 + ‖w(x, t)‖2) (55)

where Mu > 0 and MX > 0 are constants, ‖u(x, t)‖ =

(
∫ 1

0
u(x, t)2dx)1/2 and ‖w(x, t)‖ = (

∫ 1

0
w(x, t)2dx)1/2.
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Utilizing (54)–(55) and inequalities 0 < |ε|
1+ε2

< 1 and 0 < ε2

1+ε2
<

1, it is easy to show that∣∣∣ ˙̂D(t)
∣∣∣ ≤ γDMD

|Z(t)|2 + ‖w(x, t)‖2
1 + Ξ(t)

≤ γDM̄D (56)

∣∣∣ ˙̂θi(t)∣∣∣ ≤ γθMθi

|Z(t)|2 + ‖w(x, t)‖2
1 + Ξ(t)

≤ γθM̄θi (57)

∣∣∣∣
∫ 1

0

˙̂
bi(x, t)dx

∣∣∣∣ ≤ γbMbi

|Z(t)|2 + ‖w(x, t)‖2
1 + Ξ(t)

≤ γbM̄bi (58)

where MD , Mθ , Mbi , M̄D , M̄θ , and M̄bi are positive constants.
Build the Lyapunov candidate such that

V (t) = D log (1 + Ξ(t)) +
g

γD
D̃(t)2 +

gD

γθ

p∑
i=1

θ̃i(t)
2

+
gD

γb

n∑
i=1

∫ 1

0

b̃i(x, t)
2dx (59)

where Ξ(t) has been defined in (42).
Under Assumption 3, the matrices Acl(θ̂(t), β̂(t)) in (33) and

(49) and P (θ̂(t), β̂(t)) in (42) satisfy a certainty-equivalence
alternative of (28) such that P (θ̂(t), β̂(t))Acl(θ̂(t), β̂(t)) +
AT

cl(θ̂(t), β̂(t))P (θ̂(t), β̂(t)) = −Q(θ̂(t), β̂(t)).
Taking the time-derivative of (59) along the target closed-loop sys-

tem (49) and (51)–(52), we get

V̇ (t) =
1

1 + Ξ(t)

[
−DZT (t)Q(θ̂(t), β̂(t))Z(t)

+DZT (t)ϕ
(
˙̂
D(t),

˙̂
θ(t),

˙̂B(x, t)
)
Z(t)

+ 2ZT (t)P (θ̂(t), β̂(t))

(
Dφ

(
˙̂
D(t),

˙̂
θ(t),

˙̂B(x, t)
)

+ D̃(t)fD(t) +D

p∑
i=1

θ̃i(t)fθi(t)

+D

∫ 1

0

n∑
i=1

b̃i(x, t)fbi(x, t)dx

)

+2g

∫ 1

0

(1 + x)w(x, t)wx(x, t)dx

− 2Dg

∫ 1

0

(1 + x)w(x, t)ψ
(
˙̂
D(t),

˙̂
θ(t),

˙̂B(x, t)
)
dx

− 2g

∫ 1

0

(1 + x)w(x, t)

(
D̃(t)hD(x, t) +D

p∑
i=1

θ̃i(t)hθi(x, t)

+Dhbi(x, t)

∫ 1

0

n∑
i=1

b̃i(y, t)fbi(y, t)dy

)
dx

]

− 2 g

γD
D̃(t)

˙̂
D(t)− 2gD

γθ

p∑
i=1

θ̃i(t)
˙̂
θi(t)

− 2gD

γb

n∑
i=1

∫ 1

0

b̃i(x, t)
˙̂
bi(x, t)dx (60)

where ϕ(
˙̂
D(t),

˙̂
θ(t),

˙̂B(x, t)) = ∂P (θ̂(t),β̂(t))

∂D̂(t)

˙̂
D(t) +

∑p
i=1

∂P (θ̂(t),β̂(t))

∂θ̂i(t)

˙̂
θi(t) +

∑n
i=1

∂P (θ̂(t),β̂(t))

∂b̂i(x,t)

˙̂
bi(x, t).

Utilizing the integration by parts inx, Young’s and Cauchy–Schwarz
inequalities and (56)–(58), grouping like terms in (60), as well as

following a similar proof of Theorem 1 of [5], we get

V̇ (t) ≤ 1

1 + Ξ(t)

[
−D · λ|Z(t)|2 − gw(0, t)2 − g‖w(x, t)‖2

+ (γD + γθ + γb)M
(|Z(t)|2 + ‖w(x, t)‖2) ]

− 2 g

γD
D̃(t)

(
˙̂
D(t)− γDτD(t)

)

− 2gD

γθ

p∑
i=1

θ̃i(t)
(
˙̂
θi(t)− γθτθi(t)

)

− 2gD

γb

n∑
i=1

∫ 1

0

b̃i(x, t)
(
˙̂
bi(x, t)− γbτbi(x, t)

)
dx

≤ N

1 + Ξ(t)

[−|Z(t)|2 − w(0, t)2 − ‖w(x, t)‖2] (61)

whereM,N > 0 are constants,λ is the known infimum of the minimum
eigenvalues ofQ(θ, β) for all (θ, β) satisfying (26)–(27), the designing
coefficients are selected to meet (γD + γθ + γb)M ≤ min{D · λ, g},
and τD(t), τθi(t), and τbi(x, t) are given in (36), (38), and (40).
Thus Z(t) and w(x, t) are bounded and converge to zero. By inverse
conversions of (34) and (41), the original states X(t) and u(x, t)
are bounded and converge to zero. Thus the proof of Theorem 1 is
completed. �

IV. PREDICTOR FEEDBACK UNDER COEXISTENT UNCERTAINTY IN

(D,B(Dx), u(x, t))

In this section, as shown in the fifth row of Table I, we consider the
case of coexistent uncertainty in (D,B(Dx), u(x, t)).

As analyzed in Chapter 8 of [8], when the actuator state u(x, t) is
unmeasurable and the delay value D is unknown at the same time, the
adaptive control can only achieve local stabilization both in the initial
state and in the initial parameter error. In other words, the initial delay
estimate needs to be sufficiently close to the true delay. As a result,
instead of adaptive control, in this section we use the constant estimate
and rely on robustness of the feedback law to small errors in the assumed
delay value.

Denote D̂ and b̂i(x) as the constant estimates of D and bi(x) (for
i = 1, . . . , n) with estimation errors satisfying

D̃ = D − D̂, b̃i(x) = bi(x)− b̂i(x) (62)

and accordingly

B̂(x) =
n∑

i=1

b̂i(x)Bi, B̃(x) =
n∑

i=1

b̃i(x)Bi. (63)

Furthermore, we employ

û(x, t) = U
(
t+ D̂(x− 1)

)
, x ∈ [0, 1] (64)

to be an estimate of the actuator stateu(x, t)with estimation error being

ũ(x, t) = u(x, t)− û(x, t), x ∈ [0, 1]. (65)

The PDE-observer-based control scheme is designed and the ob-
server of actuator state is as follows:

D̂ût(x, t) = ûx(x, t), x ∈ [0, 1] (66)

û(1, t) = U(t). (67)

The control law is

U(t) = û(1, t) = K(β̂)Z(t) (68)
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where K(β̂) is chosen to let

Acl(β̂) = A+

∫ 1

0

e−AD̂(1−x)�̂(x)dxK(β̂)

= A+

∫ 1

0

e−AD̂(1−x)

n∑
i=1

b̂i(x)Bidx︸ ︷︷ ︸
β̂

K(β̂) (69)

be Hurwitz and

Z(t) = X(t) + D̂

∫ 1

0

∫ x

0

e−AD̂(x−y)B̂(y)dyû(x, t)dx. (70)

The PDE (66)–(67) is an open-loop certainty equivalence observer
of the PDE (24)–(25). The “certainty equivalence” refers to the fact that
the unknown delayD is replaced by its estimate D̂, whereas the “open-
loop” refers to the fact that no output injection is used in the observer.

Theorem 2: Consider the closed-loop system consisting of the
plant (22)–(25), and the PDE-observer-based control scheme (66)–
(70). There exists δ1 > 0 and δ2 > 0 such that for any |D̃| < δ1
and maxx∈[0,1] |b̃i(x)| < δ2 for i = 1, . . . , n, the zero solution of the
system (X(t), u(x, t), û(x, t)) is exponentially stable. �

Proof: The invertible backstepping-forwarding transformation is
introduced as

ŵ(x, t) = û(x, t)−K
(
β̂
)
eAcl(β̂)D̂(x−1)Z(t). (71)

Differentiating (70) with respect to t along (22) and (66)–(67) and
using integration by parts in x, we have

Ż(t) = Ẋ(t) + D̂

∫ 1

0

∫ x

0

e−AD̂(x−y)B̂(y)dyût(x, t)dx

= AX(t) +

∫ 1

0

�(x)u(x, t)dx

+

∫ 1

0

∫ x

0

e−AD̂(x−y)B̂(y)dyûx(x, t)dx

= AX(t) +

∫ 1

0

�(x)u(x, t)dx

+

∫ 1

0

e−AD̂(1−y)B̂(y)dyû(1, t)−
∫ 1

0

B̂(x)û(x, t)dx

+

∫ 1

0

∫ x

0

AD̂e−AD̂(x−y)B̂(y)dyû(x, t)dx

= Acl(β̂)Z(t) +

∫ 1

0

B̃(x)û(x, t)dx+

∫ 1

0

�(x)ũ(x, t)dx

= Acl(β̂)Z(t) +

∫ 1

0

B̃(x)K(β̂)eAcl(β̂)D̂(x−1)dxZ(t)

+

∫ 1

0

B̃(x)ŵ(x, t)dx+

∫ 1

0

�(x)ũ(x, t)dx. (72)

The partial derivatives of (71) with respect to x and t are calculated
below, respectively,

ŵx(x, t) = ûx(x, t)−K(β̂)eAcl(β̂)D̂(x−1)Acl(β̂)D̂Z(t) (73)

ŵt(x, t) = ût(x, t)−K(β̂)eAcl(β̂)D̂(x−1)

(
Acl(β̂)Z(t)

+

∫ 1

0

B̃(y)K(β̂)eAcl(β̂)D̂(y−1)dyZ(t)

+

∫ 1

0

B̃(y)ŵ(y, t)dy +
∫ 1

0

�(y)ũ(y, t)dy

)
. (74)

Calculating D̂ · (74)− (73), substituting x = 1 into (71), we get

D̂ŵt(x, t) = ŵx(x, t)− D̂K(β̂)eAcl(β̂)D̂(x−1)

×
(∫ 1

0

B̃(y)ŵ(y, t)dy +
∫ 1

0

�(y)ũ(y, t)dy

+

∫ 1

0

B̃(y)K(β̂)eAcl(β̂)D̂(y−1)dyZ(t)

)
(75)

ŵ(1, t) = 0. (76)

Further taking the partial derivatives of (75) with respect to x,
we have

D̂ŵxt(x, t) = ŵxx(x, t)− D̂2K(β̂)eAcl(β̂)D̂(x−1)Acl(β̂)

×
(∫ 1

0

B̃(y)ŵ(y, t)dy +
∫ 1

0

�(y)ũ(y, t)dy

+

∫ 1

0

B̃(y)K(β̂)eAcl(β̂)D̂(y−1)dyZ(t)

)
(77)

ŵx(1, t) = D̂K(β̂)

(∫ 1

0

B̃(y)ŵ(y, t)dy +
∫ 1

0

�(y)ũ(y, t)dy

+

∫ 1

0

B̃(y)K(β̂)eAcl(β̂)D̂(y−1)dyZ(t)

)
.

(78)

Combining (24)–(25) with (66)–(67), and expressing ûx(x, t) in terms
of ŵx(x, t), we get the observer error system

Dũt(x, t) = ũx(x, t)− D̃

D̂
ûx(x, t), x ∈ [0, 1],

= ũx(x, t)− D̃

(
1

D̂
ŵx(x, t)

+K(β̂)eAcl(β̂)D̂(x−1)Acl(β̂)Z(t)

)
(79)

ũ(1, t) = 0. (80)

Remark 1: The target ODE–PDE cascade—the overall
(Z(t), ŵ(x, t), ũ(x, t))-system is obtained in (72), (75)–(76),
(77)–(78), and (79)–(80). It is crucial to observe the interconnections
among each subsystem, which is revealed in Fig. 1. The connections
dependent upon D̃ and B̃(x) could be treated as “weak” when the
estimation errors of delay and delay kernel are small. They disappear
when D̂ = D and B̂(x) =�(x). The connections ũ(x, t) → Z(t) and
ũ(x, t) → ŵ(x, t) are “strong” and they present even when D̂ = D
and B̂(x) =�(x), in which case we have two parallel cascades
of exponentially stable subsystems ũ-ŵ and ũ-Z. The analysis
will capture the fact that the potentially destabilizing connections
through D̃ and B̃(x) can be suppressed by making D̃ and B̃(x)
small. Another potential trouble is that an connection from ŵx to ũ
exists. We will deal with it by including a H1 norm in the stability
analysis. �

Consider the Lyapunov candidate

V (t) = ZT (t)P (β̂)Z(t) + g1D

∫ 1

0

(1 + x)ũ(x, t)2dx

+ g2D̂

∫ 1

0

(1+x)ŵ(x, t)2dx+ g3D̂

∫ 1

0

(1 + x)ŵx(x, t)
2dx

(81)

Authorized licensed use limited to: Miroslav Krstic. Downloaded on December 17,2020 at 00:56:05 UTC from IEEE Xplore.  Restrictions apply. 



5350 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 65, NO. 12, DECEMBER 2020

Fig. 1. Interconnections among the different variables of the target
ODE–PDE cascade (Z, ŵ, ũ)-system.

where g1 > 0, g2 > 0, and g3 > 0 are analysis coefficients. Differ-
entiating V (t) with respect to t along (72), (75)–(76), (77)–(78), and
(79)–(80), as well as using integration by parts in x, Cauchy–Schwarz
and Young’s inequalities, grouping like terms, as long as D̃ and B̃(x)
are sufficiently small, we have

V̇ (t) ≤ −M
(|Z(t)|2 + ‖ũ(x, t)‖2 + ‖ŵ(x, t)‖2

+ ‖ŵx(x, t)‖2
)

(82)

where M is a positive constant. Furthermore, making use of inverse
transformations (70) and (71), Theorem 2 is proved. �

V. PREDICTOR FEEDBACK UNDER COEXISTENT

UNCERTAINTY IN (D,B(Dx),X(t))

In this section, as shown in the last row of Table I, we consider the
case of coexistent uncertainty in (D,B(Dx),X(t)).

To stabilize (22)–(25), we have the following assumption.
Assumption 4: The pair (A,C) is detectable. There exists a matrix

L to make A− LC Hurwitz such that

(A− LC)TPL + PL(A− LC) = QL (83)

with PT
L = PL > 0 and QT

L = QL > 0. �
When both input vectorB(Dx) andX(t) are uncertain, the observer

canonical form and “virtual” observer with Kreisselmeier filters in [9,
Ch. 10] are required for adaptive control, which highly complicates
the design. What is more, the adaptive control problem may not be
globally solvable in its most general form as the relative degree plays an
important role in the output feedback. Therefore, similar to Section IV,
we use the linear controller and make use of robustness of the control
scheme to the delay mismatch.

We employ notation (62)–(63) and denote X̂(t) to be an estimate of
the plant state X(t) with estimation error

X̃(t) = X(t)− X̂(t). (84)

The ODE-observer-based control scheme is designed and the ob-
server of plant state is as follows:

˙̂
X(t) = AX̂(t) +

∫ 1

0

�̂(x)u(x, t)dx+ L(Y (t)− CX̂(t)). (85)

The control law is

U(t) = u(1, t) = K(β̂)Ẑ(t) (86)

where K(β̂) is chosen to let

Acl(β̂) = A+

∫ 1

0

e−AD̂(1−x)�̂(x)dxK(β̂)

= A+

∫ 1

0

e−AD̂(1−x)

n∑
i=1

b̂i(x)Bidx︸ ︷︷ ︸
β̂

K(β̂) (87)

be Hurwitz and

Ẑ(t) = X̂(t) + D̂

∫ 1

0

∫ x

0

e−AD̂(x−y)B̂(y)dyu(x, t)dx. (88)

Theorem 3: Consider the closed-loop system consisting of the
plant (22)–(25), and the ODE-observer-based control scheme (85)–
(88). There exists δ1 > 0 and δ2 > 0 such that for any |D̃| < δ1
and maxx∈[0,1] |b̃i(x)| < δ2 for i = 1, . . . , n, the zero solution of the
system (X(t), X̂(t), u(x, t)) is exponentially stable. �

Proof: Subtracting (22) by (85), the dynamics of estimation error
satisfies

˙̃X(t) = (A− LC)X̃(t) +

∫ 1

0

�̃(x)u(x, t)dx. (89)

Differentiating (88) with respect to t along (85) and (24)–(25) and using
integration by parts in x, we have

˙̂
Z(t) = Acl(β̂)Ẑ(t) + LCX̃(t) +

D̃

D

(∫ 1

0

B̂(x)u(x, t)dx

−
∫ 1

0

e−AD̂(1−x)B̂(x)dxu(1, t)

−D̂
∫ 1

0

∫ x

0

Ae−AD̂(x−y)B̂(y)dyu(x, t)dx
)
. (90)

The invertible backstepping-forwarding transformation is introduced
as

w(x, t) = u(x, t)−K(β̂)eAcl(β̂)D̂(x−1)Ẑ(t). (91)

Taking partial derivatives of (91) with respect to t and x, respectively,
we get

Dwt(x, t) = wx(x, t)−DK(β̂)eAcl(β̂)D̂(x−1)LCX̃(t)

− D̃K(β̂)eAcl(β̂)D̂(x−1)

(
Acl

(
β̂
)
Ẑ(t)

+

∫ 1

0

B̂(x)u(x, t)dx−
∫ 1

0

e−AD̂(1−x)B̂(x)dxu(1, t)

− D̂

∫ 1

0

∫ x

0

Ae−AD̂(x−y)B̂(y)dyu(x, t)dx
)

(92)

w(1, t) = 0. (93)

Consider the Lyapunov candidate

V (t) = DẐT (t)P (β̂)Ẑ(t) + X̃(t)PLX̃(t)

+ gD

∫ 1

0

(1 + x)w(x, t)2dx (94)
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where g > 0 is an analysis coefficient. Differentiating (94) along
the target system (89), (90), and (92)–(93), utilizing the inverse
transformations of (88) and (91), and following a similar procedure of
proof of Theorem 2, under the premise that D̃ and B̃(x) are sufficiently
small, it is not hard to show that V̇ (t) is nonpositive. Then Theorem 3 is
proved. �

VI. CONCLUSION

This article presents predictor approaches for stabilizing uncertain
linear systems with distributed input delays. Three distinct combi-
nations of five basic uncertainties (unknown delay, unknown delay
kernel, unknown plant parameters, unmeasurable finite-dimensional
plant state, and unmeasurable infinite-dimensional actuator state) are
addressed in the article. Different coexistent uncertainties results in
distinct control designs, from which the designers can make selections
to address a vast class of relevant problems.
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