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(ii) the proposed adaptive observer is quite different from existing ones for wave-type PDEs.
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1. Introduction

Designing state observers is a central problem in the theory
and practice of system control. Although most of the previous so-
lutions were developed for finite-dimensional systems described
by ODEs, it is nevertheless true that the case of infinite di-
mensional systems (IDSs) described by PDEs has received an
increasing interest especially over the last decade, e.g. Ahmed-Alj,
Fridman et al. (2016, 2018), Ahmed-Ali, Giri et al. (2017, 2018),
Ahmed-Ali, Giri, Krstic, Lamnabhi-Lagarrigue et al. (2015, 2016),
Ahmed-Ali, Karafyllis et al. (2017), Fridman (2013), Fridman and
Terushkin (2016), Guo and Guo (2013), Karafyllis et al. (2017),
Meurer (2013), Smyshlyaev and Krstic (2009), Vazquez et al.
(2008) and Vazquez et al. (2011). A common limitation of most
existing observers for PDEs, like those mentioned above, is that
they have been designed under the assumption that the system
model is fully known. The point is that, there are many practi-
cal applications involving systems whose models are subject to
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parameter uncertainty. When facing such situations, one needs
adaptive observers that are able to provide online estimates,
not only of the system states, but also of the system parame-
ters. Results on adaptive observer design for PDEs are much less
common (compared to nonadaptive observers). Furthermore, a
certain portion of the available results were implicitly derived
in the framework of output-feedback adaptive controllers (Aamo,
2013; Anfinsen & Aamo, 2015, 2018; Bernard & Krstic, 2014;
Guo & Guo, 2013; Guo et al., 2018; Hasan, 2017; Krstic, 2010;
Smyshlyaev & Krstic, 2005, 2007a, 2007b, 2010). In that context,
state and/or parameter online estimations are needed because the
control is performed at the boundary. Also, the convergence of
the parameter estimates to their true values is not required for
the achievement of the control objectives (e.g. typically output-
reference tracking). Wave PDEs were considered in Guo and Guo
(2013) and Guo et al. (2018) but only the former involved an
adaptive observer.

The problem of designing adaptive observers for PDEs, outside
the framework of output feedback control, has recently received
interest. In addition to their application to control, the observers
obtained this way can also serve in e.g. system monitoring and
diagnosis. The problem has been addressed in Ahmed-Ali, Giri,
Krstic, Burlion et al. (2016)-Ahmed-Ali et al. (2016d) where expo-
nentially convergent adaptive observers have been designed for
linear and semilinear parabolic PDEs involving unknown param-
eters both in the domain and the boundary. In Ahmed-Ali, Giri
et al. (2017), an adaptive observer design has been developed for
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cascade systems with parabolic PDE sensing. A similar result has
been achieved in Ahmed-Ali, Giri, Krstic, Lamnabhi-Lagarrigue
(2016) in the case of 1st order hyperbolic PDE sensing. In Aamo
(2016) and Anfinsen et al. (2016), adaptive observers have been
designed for coupled first order linear hyperbolic PDEs involving
unknown parameters in the boundaries. The case of 2 x2 first-
order hyperbolic PDEs has been addressed in Anfinsen and Aamo
(2017).

In the light of the above description, it is seen that quite a few
previous works have been devoted to adaptive observer design
for hyperbolic PDEs of wave type. In the present study, we de-
velop a new adaptive observer design that applies to wave PDEs
with Lipschitz nonlinear dynamics in the domain and unknown
parameters in both the domain and the boundaries. The intro-
duction of parameter uncertainty makes it possible to account for
uncertain characteristics of the system or of external disturbances
acting on its domain or its boundaries. In this work, we extend the
(finite-dimensional) decoupling-transformation design technique
(Zhang, 2002) to (infinite-dimensional) systems described by hy-
perbolic PDEs. We call this approach decoupling-transformation
because, when applied to linear systems, the design of the pa-
rameter estimator is decoupled from that of the state estimator.
The first generalization to infinite-dimensional systems has been
made in Ahmed-Ali, Giri, Krstic, Burlion et al. (2015, 2016) and
Ahmed-Ali, Giri, Krstic, Lamnabhi-Lagarrigue et al. (2016) for sys-
tems involving heat type linear PDEs. The novelty of the present
study is not only the extension of the approach to wave type
PDEs, it is also its generalization to the case where the PDE in-
cludes Lipschitz nonlinearities and parameter uncertainty enter-
ing all (domain and boundary) equations. The resulting observers
include three main components: (i) a state observer which is
a copy of the system, augmented with domain and boundary
feedback actions; (ii) a parameter adaptive law of the least-
squares type; (iii) an auxiliary filter defined by a hyperbolic PDE,
that generates a vector signal defining the search direction for
the parameter adaptive law. Finally, we show that the adaptive
observer is exponentially stable, provided that the vector signal
generated by the filter is persistently exciting. Compared to the
conference version (Benabdelhadi et al., 2019), the present paper
includes all technical proofs which were missing in the former. It
also provides much more comments and new simulation results.

The paper is organized as follows: the considered observation

problem is stated in Section 2; the adaptive observer design
is presented in Section 3 and its analysis is dealt with in Sec-
tion 4. To alleviate the exposition, all technical proofs are given
in Appendix.
Notation. Euclidean norms in R" and R™™ (with n > 0) are
denoted ||-|l. I2[0, D] is the Hilbert space of square integrable
functions n: [0, D] — R", for some integer n > 0 and real D > 0,
and |-|| is the associated L?>-norm. H!(0, 1) (resp. H?(0, 1)) is the
Sobolev space of absolutely continuous functions 5: [0, D] — R",
some integer n > 0, with d?n/d¢? e I?[0, D] (resp. dn/dc €
12[0, D]). The following Wirtinger’s inequality holds, for any scalar
function ¢ € H'(0, 1) such that ¢(0) = 0 or ¢(1) = 0:

D
sup ¢?(x) < D/ P2(x)dx (1)
0

0<x<D
2. Observation problem statement

We are considering nonlinear systems that can be modeled by
the following class of wave PDEs:

Ure(X, ) = un(X, £) + f (u(x, t), ue(x, t), ux(x, t), X, t) + $1(x, t)q1,
forO<x<D,t>0 (2a)
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ux(0,t) = —qau(0, t) + ¢5(t)qs, t=0 (2b)

u(D, t) = U(t) + ¢4(t)qa,
with initial condition u(., 0) € H,, u(., 0) € L?(0, D), and

H, = {¢ € H'(0,D)/¢(D) = U(0) + $4(0)g4(0);
2(0) = —q2(0)2(0) + ¢3(0)g3(0)}

The various notation in (2a)-(2c) have the following meaning:
. D > 0 is the known domain length;
u(x,t) (0 < x < D, t > 0) is the unknown distributed state;
.U € €90, 0), R) is a known input signal;
.f € C°(R*x [0,D] x [0, 00); R) is known globally Lipschitz
with respect to u, uy and u;, uniformly in (x, t).
.¢; € C' ([0, D] x [0, 00); R™™) (i = 1, 3, 4) are known bounded
functions; we will also need <i>4 to be bounded;
.qi € RM (i=1, 2, 3, 4) are unknown vector parameters.
.my=1and 1 <m; < oo(i = 1, 3, 4) are known integers.
For convenience, we introduce the following augmented (un-
known) parameter vector:

t>0 (2¢)

0=[d @ d5 dq;]eR", withn=m;+m;+m;+my (2d)

The goal of the study is to design an adaptive observer that
provides accurate online estimates, ti(x, t) and 6(t), of the system
distributed state u(x,t) (0 < x < D; t > 0) and the parameter
vector 6, based only on the input and output measurements
(u(t), y(t); t > 0) with:

y(t) = [u(0, t), u(0,t)], t=>0 (system output) (3)
Remark 1. (1) As pointed out in Guo and Guo (2013), in the case
where f (u, u, uy, X, t) = 0, g; = 0, Egs. (2a)-(2c) model the clas-
sical Rijke tube control experiment in combustion dynamics with
control of a loudspeaker, and a pressure sensor (microphone) near
the speaker, with ¢;(t)qi(i = 3, 4) are external disturbances. On
the other hand, in the case where f (u, u;, Uy, X, t) = aol — @1U;
and g; = 0(i = 1...4), Eq. (2a) reduces to the so-called damped
sine-Gordon equation (Kobayash, 2003).

(2) If q; is x-dependent in (2a), i.e. q1(x) = gi(x)q], with g; €
C' ([0, D] x [0, 00); R™*T) and q; € R’ is unknown, then we
substitute ¢;(x, t)gi(x) to ¢1(x, t) and g7 to qq. Furthermore, the
quantities ¢1(x, t)q; in (2a) and ¢;(t)q;(i = 3, 4) in (2b)-(2c) can
be external disturbances. If these are harmonic one has:

P1(x, t) = [cos(wn(X)t + ¢11) COS(@1m, (X)t + @1m, )]
i(t) = [cos(wint + ¢in) cos(@imt + @im)] (i = 3, 4)

where the wj’s and ¢;'s are known scalars or functions.

(3) In the case of no parameter uncertainty (i.e. 6 perfectly
known), a number of state observers have been proposed to
estimate of the state u(x, t), e.g. Fridman (2013), Fridman and
Terushkin (2016) and Krstic et al. (2008). In fact, the novelty of
the present study goes beyond of parameter uncertainty. Indeed,
the system in Krstic et al. (2008) is a special form of (2a) corre-
sponding to the particular case where f = 0,¢; = 0,q; = 0(i =
1,3, 4), and q; is known. The systems in Fridman (2013) and
Fridman and Terushkin (2016) corresponds to g; = 0(i = 1---4).
(4) Compared to Guo and Guo (2013) where an adaptive observer
has been proposed for linear hyperbolic PDEs of wave type, the
present study is more general in the sense that the domain
equation includes nonlinear dynamics and parameter uncertainty
is in the domain and both boundaries. In Guo et al. (2018) an
adaptive output-feedback controller was proposed that only in-
volved a parameter adaptive law (no adaptive state estimation
was required there).
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3. Adaptive observer design
3.1. Observer structure and error system

Consider the following observer structure, which is a copy of
the system model (2a)-(2c) with additional inputs:

U (x, £) = Qe(x, £) 4+ f (U(x, 1), Te(x, 1), Ox(x, 1), X, £)
+ ¢1(x, £)q1(6) + vi(x, £) (4a)

(0, £) = —q2(0)u(0, £) + P3(t)qs(t)
+ a(@(0, £) — u(0, £)) + va(t) (4b)

U(D, t) = U(t) + pa(t)qa(t) (4c)

where ii(x, t) denotes the state estimate; §o € R and §; € R" are
parameter estimates yet to be defined; a > 0 is an observer gain;
v1(x, t) and vy(t) are additional feedback functions, introduced
to cope with the parameter uncertainty (i.e. they are set to zero
in the case of known 0). The gain a, the couple of feedback
functions, and the parameter adaptive law will be selected so
that the following state and parameter estimation errors vanish
exponentially:

u(x, t) = f(x, t) — u(x, t) (5a)
Gi(t) = qi(t) —qi, (1=1,2,3,4) (5b)
For convenience, introduce the following notations:

6(t) = [a5(6) Ga(0) a5(0) (o)) (50)
0(t) = 0(t)— 0 (5d)
Then, it readily follows from (2d) and (5b)-(5c) that:

00 = [@O RO TGO TEO] (5e)

The error system is obtained by subtracting, side by side,
Eqs. (2a)-(2c) and the corresponding ones in (4a)-(4c). Doing so,
we obtain the following error system:

U (X, £) = U, t) + f(X, £) + P(x, )1 (t) + va(x, ) (6a)
Uy (0, t) = —qa(t)u(0, t) + a U (0, t) + ¢3(t)gs(t) + va(t) (6b)
U(D, t) = ¢alt)qa(t) (6¢)

~

f(xv t) =f(ﬁ(x’ t)! ﬁl’(xa t)? ﬁx(xv t)v X, t)
— flux, t), ue(x, t), ux(x, t), x, t) (6d)

3.2. Decoupling transformation

Consider the following 1 — z transformation:

2(x, t) = U(x, t) — A(x, £)O(t) (7a)
with
Ax, t) = [A1(x, £)a(x, E)As(x, )Aa(x, t)] € R (7b)

where Ai(x,t) € R™ (i = 1,2, 3, 4) are auxiliary signals yet to
be defined. To this end, the dynamics of the z(x, t) are identified
first. These are obtained from (7a) using (6a):

Zy =T +f + 1G1(6) +v1 — Al — 20,8 — 280, >0
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where the arguments (x, t) are, and will continue to be, omitted
to alleviate the expressions. Substituting z(x, t) + A(x, t)8(t) to
U(x, t), the above equality develops as follows:

2t = Zo+ T + O+ ¥ 1=2a)0 — 200(0) = 26(0) + v (8a)
with
Yi(x, £) = [$1(x, £)0]_,, ] € R (8b)

where 0,_p, denotes the zero vector in the space R"~™1. In view
of (8a), we let the feedback function vq(x,t) and the auxiliary
state A(x, t) be defined as follows:

ui(£) = 2e(x, DB(E) + A(x, £)(E) 9)
Aee(X, £) = Axu(X, £) + Y1(X, £) (10)
Doing so, Eq. (8a) boils down to:

Zu(X. 1) = Zu(x, 1) +F (x. 1) (11)

Using the mean value theorem, it follows from (6b), using (6d)
and (7a) that:

f(x, t) = filx, 0U(x, t) + fo(x, (X, t) + f3(x, O)ix(x, t)
= fi(x, ) (2(x, t) + Ax, £)A(1))

+h(x, 1) (zr(x, £) + Ae(x, 0B(E) + Ax, t)e(r))

+ 5%, £) (zlx, £) + Ax(x, £)A(D)) (12a)
with
Laf - ~ ~
filx, t) = f @(u(x, t)+ (s — Nu(x, t), ug(x, t), uy(x, t), x, t)ds
0

1
hx ) = f I, 00w, 0+ (5~ DRie, 0, Bl 0, 0
0 t

1
folx, t) = / %(u(x, ), us(x, t), ux(x, t) 4 (s — Dix(x, t), x, t)ds
0 X

Since f is globally Lipschitz in (u, u;, uy), one has:
[filx, £)] < Bi(i=1,2,3), Vxe€l0,D],Vt >0, (12b)

where the 8;'s denote the Lipschitz coefficients of fwith respect
to the arguments u, u;, and uy, respectively.

Now, let us define the boundary conditions to be associated to
the PDEs (8) and (10). For x = D, Eq. (7a) becomes:

2(D, t) = (Ya(t) — M(D, £)) B(¢)
using (6¢), where Yy(t) = [05_, ®a(t)]- Then, we let:

A(D, t) = Yu(t), Vt > 0 (13a)
so that we obtain:
z(D,t) =0, Vt (13b)
For x = 0, Egs. (7a) and (6b) yield:
240, t) = TUy(0, t) — A(0, £)8(t)
= az,(0, t) + (Y2(t) 4+ ar (0, t) — A,(0, £))B(t)
+vy(6) +a A0, )8(E) (14a)

with ¥5(t) = [0], — u(0, t)¢3(t)0p,, 1 € RV

Equality (14a) suggests the following definition and boundary
condition:

vy(t) = —ar(0, t)6(t) (14b)
Ax(0, t) = Yo(t) + ar (0, t) (14c)
Doing so, Eq. (14a) reduces to:

zx(0, t) = az(0, t) (14d)
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3.3. Adaptive parameter law

Consider Eq. (7a) and write it at x = 0 so that we get (0, t) =
A0, t) (t)+z(0, t). Since u(0, t) and A(0, t) are known quantities,
the above equations turn out to be affine in the unknown vector
6(t). Therefore, the following least-squares algorithm is a suitable
estimator:

. . T77|
bty =Bty = — R(t)A(0, t) u(0, t)
14 (0, £)A(0, t)T

R(HA(0, )TA(O, £)R(t)
14 A(0, £)A(0, t)T

(15a)

R(t) = aR(t) —

(15b)

with an initial condition é(O) and « > 0 a forgetting factor both
set by the user, where R(t) € R™*" is a matrix gain that is expected
to be positive definite. To this end, we let R(0) = R(0)" > 0 and
assume the following persistent excitation condition to be true:

PE assumption. The vector signal A(0, t) is persistently exciting
(PE), in the sense that,

(0, $)TA(0, 5)
1+ (0, s)A(0, s)T
where I denotes the identity matrix of the matrix space R™".
Technically, (16) ensures the existence and positive definiteness

of the inverse R(t)~! (Ioannou & Sun, 2006). Specifically, there
exist scalars 0 < ry < r; < oo such that:

Ht) < I, Vt (17)

t+8
35,69 > 0,Vt > 0: / ds > gl (16)
t

T()I <R~

Then, it is readily checked using (15b) that R(t)~! satisfies the
following ODE:
A0, £)TA(0, )

hTry . p—1
RO = =R O+ 17570 0. 07 (18)

where R~1(t) denotes the time derivative of R!(t).

Remark 2. (1) The PE condition (16) means that, for all t > 0,
the family of vectors % (t <s < t+38)spans the vector
space R" (i.e. the vectors occupy at least n different directions).
Just as for finite-dimensional linear systems, the PE requirement
is met if the frequency spectra of the input signals include enough
frequencies.

(2) It is seen from (19f)-(19h) that the signal A(x, t) is governed
by a known linear PDE that is driven by the external input signals
Yi(x, t), Ya(t), Yu(t), which are a priori know, and the output
signal u(0, t) which is accessible to measurements. It turns out
that, though it is formulated in terms of A(0, t), the PE condition
(16) is in effect a condition on known signals. Therefore, just as in
the case when finite-dimensional systems, one can check whether
the PE condition is satisfied by solving online the system (19f)-
(19h). The situation gets much simpler in the particular case
where ¢, is known. Then, g, and u(0, t) are ruled out from 6 and
Y,(t), respectively, making possible the determination of A(x, t)
by solving (19f)-(19h) a priori either analytically or numerically.

3.4. Complete adaptive observer

The full adaptive observer is constituted by the state estimator
defined by Eqgs. (4a)-(4c), (9) and (14b), the parameter adaptive
law defined by (15a)-(15b), and the filter defined by (10) and the
boundary conditions (13a) and (14c). For convenience, the whole
observer thus defined is recapitulated in Table 1.
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Table 1
Adaptive state observer.
State observer:
fee(x, ) = f(x, ) 4+ f (Alx, £), Be(x, ¢

), flg(%, t), )

= +i1(x, £)q1(t) — 22 (x, £)6(t) — Mx, t) () (19a)

(0, ) = —G2()u(0, t) + 3()43(t)
+ aii(0, t) — ar(0, £)8(¢) (19b)
(D, t) = U(t) + @4(t)4a(t), (19¢)

where U(0, t) = (0, t) — u(0, t), with any a > 0 and any initial condition
satisfying #i(., 0) € Hy, (., 0) € L?(0, D) with
= {¢ € H'(0,D)/4(D) = U(0) + p4(0)34(0) ;
&(0) = —2(0)¢(0) + ¢3(0)33(0)}

Parameter estimator:

x ROAT(0,t) .
ot)y=————"—""""2__70,t); 6(t)eR" 19d
0= =155, opr0,p " 1 o€ (19d)
R(£)AT(0, £)A(0, £)R(t) |
THA0,047(0,1)
with o > 0, 6(0), R(0) = R(0)" > 0 arbitrary.

R(t) = aR(t) — R(t) € R™" (19)

Filter:

Ae(X, £) = Aex(X, £) + Y1 (x, £); A € RX" (19f)

2x(0, t) = Ya(t) + ar(0, t), (19g)

AD, t) = u(t),Vt > 0 (19h)

with

ya(t) = <ﬂ1(x t) 0, 1eR™" (19i)

Wz( )= —U(O t) ¢s(t) 0Of,1€R™" (19))
(t)= [ rmg Pa(t)] € RV (19K)

and A(.,0) € Hy, A ( 0) € [*(0, D) with

= {¢ € H'(0,D)/¢(D) = ¥4(0) ; £x(0) = ¥4(0)3(0)}

Remark 3. (1) The transformation (7a)-(7b) is a crucial part in
the adaptive observer design. It makes the design of the param-
eter adaptive law decoupled from the selection of the state esti-
mator. It also makes the z— dynamics (defined by (11), (13b) and
(14d)) weekly coupled with the 6 — dynamics (defined by (15a)-
(15b)). Moreover, in the case of a null nonlinearity f, the former
becomes fully decoupled from the latter. Decoupling transforma-
tions in adaptive observer design have been introduced in Zhang
(2002) to deal with ODEs. Extensions to PDEs of parabolic type
have been developed in Ahmed-Ali, Giri, Krstic, Burlion et al.
(2015), Ahmed-Ali, Giri, Krstic, Lamnabhi-Lagarrigue et al. (2016),
Ahmed-Ali, Giri, Krstic, Burlion et al. (2016), Ahmed-Ali, Giri,
Krstic, Lamnabhi-Lagarrigue (2016) and Ahmed-Ali, Giri et al.
(2017). It is the first time that a decoupling transformation is
developed for PDEs of hyperbolic type.

(2) In the case of no parameter uncertainty (i.e. when § = 0 in
(2a)-(2d)), the observer is reduced to (19a)-(19c) and the output
measurements are only entering the boundary condition (19b).
Consequently, the only signal that is required to be accessible
to measurements is y(t) = u(0, t). Then, the adaptive observer
(19a)-(19c) turns out to be of the same nature as those in Frid-
man (2013) and Krstic et al. (2008) as all these observers use the
measurements of u(0, t) to correct the state estimate trajectory
at the boundary x = 0.

(3) Like the adaptive observers in Guo and Guo (2013) and Guo
et al. (2018), the present adaptive observer requires both u(0, t)
and u,(0, t). Except for this similarity, the present adaptive ob-
server is quite novel. In effet, the main objective in Guo et al.
(2018) was to design a boundary output-feedback control of a
wave PDE where parameter uncertainty came in solely through a
structured boundary disturbance. Accordingly, the proposed con-
troller only involved a parameter estimator (as no state observer
was necessary). A nearly similar control problem was studied
in Guo and Guo (2013), but the output-feedback controller pro-
posed did involve an adaptive state observer. Again, parameter
uncertainty entered only one boundary disturbance, unlike in the
present study where parameter uncertainty comes in the domain
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and both boundary equations. Furthermore, Table 1 shows that
the present observer is quite different from existing ones because
it involves two innovation actions entering the domain and one
boundary equation, while the adaptive observer in e.g. Guo and
Guo (2013) only involved an innovation action in one of the
boundary equations.

(4) The present adaptive observer is also quite different
from existing adaptive observers for heat type PDEs
(Ahmed-Ali, Giri, Krstic, Burlion et al., 2015, 2016; Ahmed-Alj,
Giri, Krstic, Lamnabhi-Lagarrigue et al., 2016). In the latter, the
innovation terms were entirely concentrated in the domain equa-
tion, while they are presently distributed on the domain and one
boundary equation. Furthermore, the domain equations (in the
observers) of Ahmed-Ali, Giri, Krstic, Burlion et al. (2015, 2016),
Ahmed-Ali, Giri, Krstic, Lamnabhi-Lagarrigue et al. (2016) were

only driven by the parameter estimate rate 6, while they are
presently driven by both the estimate velocity and acceleration

(6 and 6).
4. Adaptive observer analysis

The analysis will mainly consist in proving that the observer
error system (z, 0) is exponentially stable. As a preliminary result,
we establish bounded properties of A(x, t).

Lemma 1. The signal A(x, t) generated by the filter (19f)-(19h) is
bounded. Furthermore, lim sup,_, ., (MaXgx<1 |A(x, t)||) < Am(D)/
2 with Ay (D) a (4th degree) polynomial satisfying Ay (0) =0

See Appendix A for the proof of this lemma.
For convenience, let us rewrite Egs. (11), (13b), (14d), (15a)
and (18) which describe the (z, 6)-system:

Zu(%, 1) = Zu(%, ) +F (x, 1) (20a)

z(D,t) = 0, ¥t (20b)

ZX(Ov t) = aZt(O, t) (ZOC)

< ROMO, A0, 0)0(t)  R(A0,£)7Z(0, 1)

o) =~ 1+ (0, OM0, 0T 1+ A0, )A(0, t)T (20d)
T

RY(t)= —aR7'(t) + 0.6 M0, £) (20e)

14 A0, £)A(0, t)T

where (20d) is obtained from (15a), using (7a). The analysis of the
above error system is performed by making use of the following
f Lyapunov functional and function:

1 (", 1 (",
V,(t) = f/ zx(x,t)dx—kf/ z7(x, t)dx
b X
s / (=2 + X yax, 02x, Ddx 1)
0 D

Vi(e) = S8R (@80 (22)

with any scalar 0 < § < 1/2. It is readily checked that the
functional (21) and the function (22) has the following properties:

1 D D
(7+5)</ z,f(x,t)dx+/ z2(x, t)dx)
2 0 0
D D
—5)(/ zj(x,t)dx+/ Z2(x, t)dx) (23)
0 0

I

= Va(t) = (

N =

DI <wo = F O wsosn @
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To state the main result, we also introduce the following nota-
tions:

df &  P1 Piiu(D) 3B
V1_ﬁ_?_?_7_ﬂ3_8ﬂ2 (25)
o & 2D ~
7 s 28 D23 D) - 58y
4D
-2 52— spiu) - 258
— 8B2(1+ 2ry2DA%, (D)) — 383 (26)

& 1D (D)
T 2

+ 881DAm(D) + 8B2Am(D) +
n Baim(D)

+ B2DA3,(D)ry?
B3m(D)
2

+ 28 o1y *DAgy(D) + 8B3am(D) (27)

where § is as in (21). Then, the main result states as follows:

Theorem 1. Consider the system described by (2a)-(2d) subject
to PE assumption (16) and the adaptive observer of Table 1. Let us
further assume that the system parameters (D, B1, B2, B3) and the
observer parameter a are such that the following inequalities hold

1+a228,y1>0,y2>0, 0<ys<1 (28)
with

4y 2D _
ya = > . Yo =min(y1, y2) (29)

vo(1—28)\ roa

Then, the estimation errors [ti(x, t)| (0 < x < D) and 5(t) are expo-
nentially converging to zero, as t — oo, for any initial conditions
6(0), U(., 0) € Hy, Uy(., 0) € L*(0, D), with

Hy = {¢ € H'(0,D)/¢(D) = ¢4(0)q4(0);
&(0) = —q2(0)¢(0) + ¢3(0)g3(0)}

The proof of Theorem 1 includes three parts. First, using (21)
and (23), we show that the mapping ||6(¢)] — ll[z(.. t)z(., )]l

is input-to-state-stable (ISS), where z and 9 are governed by
Eqs. (20a)-(20e) and using the following notations:

I12e(., Oz N = Nz, OI + N1z, )11 (30)

D D
12 DI = f 2(x, O, [z, DI = f 20 (31)
0 0

Then, using (22) and (24), we show that the mapping (inverse)
Iz, )ze(., 1l — [[8(t)| is also ISS. Finally, invoking a small-
gain-theorem like argument, we establish the result of Theo-
rem 1. Being a bit long, the detailed proof is placed in Appendix B.

Remark 4. (1) In view of (25)-(27), the last three inequalities in
(28) entail conditions on the system characteristics (D, B1, 2, B3).
Accordingly, we cannot have D and max(Bi, B2, f3) simultane-
ously large. If the former is large, the latter must be small and vice
versa. In the particular case of linear systems, i.e. when f is null
in (2a)-(2c), then max(B, B2, B3) is zero and, consequently, D is
allowed to be arbitrarily large. Of course, Theorem 1 provides suf-
ficient conditions for the observer exponential convergence. No
formal analysis is currently available of whether the conditions
are necessary.

(2) The above comment highlights the fact that the presence of
the nonlinearity f entails a limitation on the admissible domain
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length D. This limitation stands even in the absence of parameter
uncertainty, see e.g. the LMIs in Fridman (2013), Fridman and
Terushkin (2016) and Terushkin and Fridman (2019).

(3) The first inequality in (28) entails a condition on the observer
gain a. Accordingly, the gain must be positive. The value a = 1
is particularly interesting as then the condition is satisfied for all
0<d<1/2

(4) In the case of arbitrary large Lipschitz coefficients Bi(i =
1, 2, 3) and domain length D, the present observer design can still
be beneficial provided one implements several sensors along the
domain, just as in Terushkin and Fridman (2019). If N sensors are
implemented then the requirement will be on D/N needed to be
sufficiently small, which can always be satisfied by increasing the
number N of sensors.

(5) Due to space limitation, no detailed analysis of the existence
of solutions can be developed for the different systems involved
in the present study.

(6) Finally, it is clear that the practical implementation of the
observer of Table 1 necessitates online numerical solution of
PDEs which of course is time consuming. This kind of diffi-
culty is commonly coped with by performing finite dimensional
approximations of the involved PDEs, based on eigenfunction
expansion.

5. Simulation

Throughout this section, the finite difference method is used
to simulate both the system and observer, with time step and
space step of 0.01 and 0.011, respectively. We used spatial grid
size N = 91. The whole numerical code has been realized on
Matlab.

To illustrate the theoretical result of Theorem 1, we consider
the following system, which is of the form (2a)-(2d):

U (X, t) = Ulx, ) + f(u(X, ) + P1(x, £)q1,
with the mixed boundary conditions:

ux(0, t) = —q2u(0, t) + ¢5(t)gs,

u(1, t) = U(t) + pa(t)qa,
where

f(u(x, t)) = 1 sinu(x, 1)),

O<x<1, t>0

t>0

t>0

1(x, t) = Aq (Sin(wug + wp)t + sin(a)w)t) ,

#i(t) = Ai (sin(wnt) + sin(wipt)) (i = 3, 4),

U(t) = Ap (sin(z1t) + sin(w»t)) .

For simulation purpose, the parameters of the system and asso-
ciated signals are given the following values: g; = 0.8, q¢; = 1,
q3=0.5,93=2, w1 =3n,wy, =127

B1=2,A1=2,A0=A3 =A; =1,

w11 = 0.277, w1 = 0.2477.’, w13 = 0.27‘[,

w31 = 0.277, w3y = 0.577,’, w41 = 277,’, W4y = 1.5m7.

The system initial conditions are u(x,0) = uy(x) = 2,
ui(x,0) = uy(x,0) = 0, for all x € [0, 1) and u(1,0) = U(0) +
$4(0)q4 = 0.

We apply the adaptive observer of Table 1 to get state esti-
mates ii(x, t) (0 < x < 1) and parameter estimates g;(i = 1...4).
The observer gain is given the value a = 1 and @« = 0.8 which
proves to be convenient. The observer initial conditions are set as
follows:

L:l(x, 0) = iiy(x,0) =0, t1,(x,0) = 0, for all x € [0, 1]
6(0) = [5555]" and R(0) = diag(100, 25, 25, 25).

Fig. 1 shows the time evolution of the state estimate u(x, t) at
two particular positions in the domain, as well as the correspond-
ing estimates. Clearly, the estimates get very close to their true
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20 T T T T T T T T T

time

Fig. 1. State u(x, t) (dashed) and its estimate {i(x, t) (solid) for x = 0.1 (top) and
x = 0.7 (bottom).

20

X 10 time

Fig. 2. State estimation error U(x, t) = i(x, t) — u(x, t), 0 < x < 1.

variables after a transient period of 4 (s). Fig. 2 shows that the
result holds for the state u(x, t), for all 0 < x < 1. Fig. 3 shows
that the parameter estimation quality is also quite satisfactory
as the estimates are accurate after just a transient period of 4
(s). The above observations confirm the theoretical asymptotic
performance described in Theorem 1.

6. Conclusion

We have investigated the problem of adaptive observer de-
sign for the class of hyperbolic systems of wave type described
by (2a)-(2c). The complexity lies in the nonlinearity entering
the domain and the parameter uncertainty entering the domain
equation and both boundary equations. To the authors’ knowl-
edge it is the first time that an adaptive observer is developed for
a so general class of wave type PDEs. The proposed adaptive ob-
server is the only, in the case of wave PDEs, to be obtained using
the decoupling transformation (7a). Accordingly, it involves both
domain and boundary output injection, and so differs from the
other existing adaptive observers which only involve boundary
correction. The observer exponential convergence is established
under the persistent excitation condition (16), expressed in terms
of the auxiliary state A(t) which depends on a priori known
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10 T T T T T T T T T
OF— == =
_10 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
time
10 T T T T T T T T T
5 i
0 —_— = = e = = = T
0 1 2 3 4 5 6 7 8 9 10
time
10 T T T T T T T T T
5 i
b > —
0 1 2 3 4 5 6 7 8 9 10
time
10 T T T T T T T T T
0 = =
-10 : : : : : : : : :
0 1 2 3 4 5 6 7 8 9 10
time

Fig. 3. Fixed value of the parameters q;... q4 (dashed), and their estimates
(solid): q; (top) and q4 (bottom).

functions i.e. ¢1(x, t), ¢3(t) and ¢4(t). The present research can
be pursued in many directions. One topic for possible future
investigations is the extension of the proposed adaptive observer
design approach to n-D domain PDEs. The case of n-D domains of
regular shapes (e.g. rectangular) should not be an issue. However,
it is not clear whether the approach can be extended to more
general shape domains (of higher dimension).

Appendix A. Proof of Lemma 1

To analyze the system (19f)-(19h), we consider the following
Lyapunov functional candidate (similar to (20)):

1 (P 5 1 (P 5
Vi) =2 / I, DI dx + f e, 0112 dx
2 J, 2 J,
b X
+ n/ (—2+ B)A,{(x, Ere(x, t)dx
0

with any 0 < n < 1/2. It is readily checked that:

1 D 1 D
(s + n)/ (%, E)12 dx + (= + n)/ [ Ae(x, £)]1 dx >
2 0 2 0

1 b 1 b
Vx(t)z(i—n)f e t)||2dx+<5—n>f e, DI dx
0 0

(A2)
The time-derivation of V, gives, using (19f):
D D
Vi(t) = / Ay(X, Oy (x, £)dx + / AL (X, O (x, t)dx
0 0
D X
+ n/ (=2 + B)A;(x, )he(x, t)dx
0
b P
[ (2 Dl Ohal, e (A3)
0

Applying the integration by part to the first term on the right side
of (A.3) becomes:

D D
/ AL, Ehe(x, £)dx = / AL (%, E)h(x, )dx
0 0

= A5(D, Oa(t) — (Yalt) + are(0, 1) 2(0, 1)

D
- / AL (%, OA(x, £)dx
0
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_ B 2
< % 13D, D)1 — (a — %) 1200, ]2 + LZ0]s

250
()

25,
for any real scalar ¢p, 5, > 0, where the first equality is obtained
using similar argument as in Fridman and Terushkin (2016), the
second equality is obtained using an integration by part and
(19g)-(19h), the last inequality is obtained applying Young’s in-
equality. Similarly, the remaining terms on the right side of (A.3)
are bounded as follows:

D
+ / A (%, OAc(x, t)dx (A4)
0

D D
/ Ae(X, E)Age(x, t)dx < / Ae(X, O)Ax(x, t)dx
0 0

D D
S1 2 1 2

+ = Ap(x, t)dx + — ¥, t)dx (A.5)
2 Jo 261 Jo

for any scalar ¢; > 0, where the last inequality is obtained using
Young's inequality.

In turn, the third term on the right side of (A.3) develops as
follows, applying integration by part:

b X
77/ (=24 = )hxe(x, DA (x, t)dx
0 D

D
7 Ui
= —ny(0) + M0, 6) - 5 / A2 (x, t)dx
0

The last term on the right side of (A.3) gives, using (19f):
b X
1 [ (2 Bl Ol e
0 D
b X
= 77/ (_2 + 7)}‘X(Xv t))hxx(xa t)dx
0 D
b X
— an/ (-2 + B)Ax(x, t)Ae(x, t)dx
0

b X
+ n/ (=2 + = )Ax(x, Opa(x, t)dx
0 D

< —gxﬁ(n, £) + 20220, ) + 2ny(t)
D

T 32x, t)dx

_ﬁo

D an D
+0“7§2/ Ap(x, t)dx + —/ AZ(x, t)dx
0 2 Jo

D D
+7)§3/ Aﬁ(x,t)dx+1/ Y3(x, t)dx (A7)
0 S3 Jo

For any real scalar ¢;, ¢3 > 0. Using (A.4) to (A.7) and rearranging
terms, inequality (A.3) gives:

o =—(3-3)M0.0- (a —2 - 2na2) 20,0

D
- (ﬁ - 2)/ A2(x, t)dx
b 2/,

77 D
(L n§3)/ A2(x, E)dx
0

(A.8)
261 63
Let the free scalar n be small so that:
a—n—2na® >0 (A.9)
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Then, we let the remaining free positive scalars be as follows (this
is not a unique choice):

n _ 2 n

= —, = ad — — 2 a = —, = 2 N = —_—,
So 2 So n na- ¢i D S2 n, 63 2D
Doing so, it is readily checked that:
g _ % >0, a— % —p—25a® >0 (dueto(A9)) (A.10)
(due to (A.9))
n S1 n n n
O L i ) A1
D 27220 "2 "™Ta” (A1)

where last inequality is a consequence of the second part of
(A.12). In view of (13)-(A.5), it follows from (A.11) that:

n [P n [P
y 2 2
Vi(t) < —5/0 A2(x, t)dx—E/O A2(x, t)dx + Wy (D)

__n
D(1—2n)

using (A.2), with ¥, a positive real constant defined as follows:

1 2 1 2

)= (21 55 ) Vi (5, =1) v
D 4 apn)y2,D
+<E+ W>W1M>

Yy = sgpwf(r), Vi = sgmbf(r), Yy = sup Vi, t)
=0

Vi(t) + ¥um(D) (A.12)

(A.13)

(A.14)

Applying the comparison theorem to (A.12), we get that lim
SUp;_, o Vi(t) < @l]/M(D). The rest of the proof is straight-

forward using (A.2) and (1). ®
Appendix B. Proof of Theorem 1

Part 1. Proof that [[6(t)| — ll[z(., t)z(., t)]]] is ISS.
Time-derivation of V, gives, using (20a)-(20c):

D D
V,(t) = f 24(%, Dz, )x + / 2e(x, Dz, t)dx
0 0

D
+8[(—
0

b X
5 / (=2 + X200, zulx, (B.1)
0 D

¥ g)zxf(x, £)ze(x, t)dx

In the next lines, the different terms on the right side of (B.1)
will be focused on. The aim is to show that the right side of
(B.3) is bounded by —V,(t). According to Lemma 1 we have
maXg.y<1 |AX, t)]| < Am(D), for t sufficiently large. This result
will be used several times in the sequel but, to alleviate the
text, it will not be recalled each time that the result holds for
t sufficiently large. The first term on the right side of (B.1) is
processed as follows:

D D
/ Zx(x, )z (x, t)dx = / Zy(x, t)zp(x, t)dx
0 0

D
:—azt(O t)— /zxx(x,t)z[(x,t)dx (B.2)
0

where the first equality is obtained using similar argument as
in Fridman and Terushkin (2016) and the second by applying an
integration by part and the boundary conditions (20b)-(20c).
The second term on the right side of (B.3) develops as follows,
using (20a), (12a)-(12b) and Lemma 1 and applying Young’s
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inequality several times:

D D
/ ze(x, t)ze(x, t)dx = / Ze(x, t)z(x, t)dx
0 0

/fl
D

+/ Z(x, t)z(x,t)(zt(x, £) + A(x, £)0(E) + A%, B (¢ ))d
0

2(x, t)ze(x, tdx—}—/ Fi()ze(x, A, 0)O(t)dx

D
+ / 2e(x%, DF(x, 0) (2x(x, €) + A, (D)) dx
0

D
< / 2e(x, t)z(x, D)X
0

+&/ Z2(x, t)dx—l—&f 2%(x, t)dx
0 2 Jo

2
Biim B1DAn(D) \~ ”2

D
> /zf(x t)dx + 5

+/32/ z2(x, r)dx+—/ 2(x, t)dx—l——)w, )|}5(r)”2
0

4 57 / 22(x, t)dx + ’?DM ) (22305 o)
0

+

D
+2am(D)ry / Z2(x, t)dx)
0

+é/ Z2(x, t)dx+&f z2(x, t)dx
0 0

+%/ Z2(x, t)dx—i—%km D) 6| (B.3)
0

with Ay (D) as in Lemma 1, where we have used the inequality:
. D
H’e”(t H < 2r722,(D) [30)|> + 2ry 2Am(D) / 2(x, t)dx  (BA)
0

where we have used (20d), (20b) and (1). Applying integration by
part, the third term on the right side of (25) writes as follows:

b X
5 / (=2 + X )zulx, Dlx, D)
0 D

5 D
=822(0,t) — 5[ z2(x, t)dx (B.5)
0

Using (20a), the last term on the right side of (B.1) is bounded

from above as follows, where the arguments of z, A and the f;'s
are omitted to alleviate the expressions:

b X
) 24 = d
/0 (=2 + D)sztt x

D X D
:5/ (—2+—)zxzxxdx+8/ (—
0 D 0

b X ~ b X
+5/ (— +f)z,(f1(.)k6(t)dx+8/ (=2 + Szh()zdx
0 D 0 D

D
+5/(—
0
D

D
+5/( 24 = )ng()dx+8/(
0

+ g)le(.)zdx

D .
+ 52 h(OrB(0dx + af (=2 + X2 (A8 )dx
D 0 D

2+ g)zxfg(.)xxé'(r)dx

(B.6)

The various terms on the right side of (B.8) are further processed
in the next lines. Applying an integration by part to the first term
one gets, using the boundary conditions (20b)-(20c¢):

b X
5 / (=2 + X)ax Dalx,
0 D
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8 s (P
= —523(13, t) + 8a*z%(0,t) — 5/0 Z2(x, t)dx (B.7)
Applying Young’s inequality to the two terms containing fi(.)

on the right side of (B.8) and using (12b) and Lemma 1, we
respectively get:

b X
5 / (=2 + Xy 00 )zx, Ddx
O D

D D
5351/ Z2(x, t)dx—i—zSﬁ]/ Z2(x, t)dx (B.8)
0 0

D
5/ (=2 + S)zx O (OA, D0 ()dx
0 D

D
< 8D [ 2x. e+ 51 Dan(D) [FC0)| (8.9)
0
The next three terms containing f>(.) on the right side of (B.6) are

similarly handled. The first of the three gives, applying Young’s
inequality and using (12b):

b X
5 / (=2 + Xy O (Jalx, Ddx
0 D

D D
< 8;32/ Z2(x, t)dx+5,32/ Z2(x, t)dx (B.10)
0 0

The second term in f,(.) on the right side of (B.6) yields, using
Young's inequality:

D
5 / (2 + 2 )ax, DR, 0
0

D
< 552/ Z2(x, t)dx + 8 om(D) || B(0) | (B.11)
0

The last term containing f>(.) on the right side of (B.6) implies:
D X .
5 [ -2+ ontn A e
0
D " 2
< 56 / 2x. -+ 82D [0
0

D
< 8B, (1+20415°D) / Z2(x, t)dx
0

+ 288021 2D || 80| (B.12)

where we have used (B.4) in the last inequality.

The last couple terms containing f3(.), on the right side of (B.6),
are next processed in order. First, the penultimate term is simply
bounded from above, using (12b):

D D
5/ (—2+ %)zf(x, Hfs(x, tdx < zaﬂgf Z2(x, t)dx (B.13)
0 0

The last term, on the right side of (B.8), is bounded as follows,
using (12b) and applying Young’s inequality:

D
5 / (=2 + 2)2.0x Ofs (%, O(x, OF(0)dx
0 D
D
< 5p [ 220 i+ i) [T (B.14)
0

Using (B.4) to (B.13), we obtain from (B.1), rearranging terms:

. S D
V,(t) < —(a — 8 — 8a®)z(0, t) — Ezf(D, t)— / Z2(x, t)dx
0

D
1w / 2(x, Odx+ 75 [30)|
0
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< —nVu(t) + ys |80

with yp = min (y1, y2), where the last inequality is obtained
using (28). It follows from (B.14) that:

(B.15)

t
V,(t) < e 70V, (0) + y3 / e |[5(s)|* ds
0

which together with (23), (30) and (31) gives

. 14+26
Iz, Dz (L O < e Wl — 55 Izx(.. 0)z:(.. O]
2rs " ) (512
0 d B.16
w25 [ ol @

Following a well known argument (see e.g. Appendix C in Folin
et al., 2016), it follows from (B.15) that, for all t > 0:

sup (e7 2 |l[z(., )z(., s)1I)

0<s<t

4 -
<Mo+ B sup (¢7 ¢ |As)]) (B.17)
0<s<t

Yo(1 — 28)0<s<

for any 0 < 0 < yp/2, with My =
This proves Part 1. ~
Part 2. Proof that the mapping ||[z(., t)z:(., )]l — ||6(t)] is
ISS.

Time-derivation of Vj gives, using (23) and (20d)-(20e):

I (),
U0 = =50~ 3 TG
A7)0, )T

1+ A0, A0, £)T

1555 2., 01 (-, O)II-

z(0,t) (using (7a))

D
< —an(t)—i—gf Z2(x, t)dx (using (20d)) (B.18)
0

where the last inequality is obtained using successively Young's
and Schwarz inequalities. Inequality (B.17), together with (24),
implies the ISS property for the mapping ||[z(., t)z:(., D)]| —
||§(t) | just as (B.14) did for the mapping ||5(t)|| —
II[zx(., t)z:(., t)]]l. Accordingly, we get the following inequality, for
any 0 <o < a/2:

~ 2D
sup e’ *2||6(s)|| < M1+ | =— sup e **||[z(.. $)z(.. )]l
0<s<t o p<s<t
(B.19)

with M; = \/:I |6(0)|. This proves Part 2.

0
Part 3. Proof of the theorem result.

Using (28) and (29), it follows from (B.16) and (B.18) that for
any 0 < o < min(yp/2, a/2):
1 4)/3
sup (e” 72 [I[zx(.. )z (., ) < Mo+ [ —————M
Ossst( i ' ) T—ya \ yo(1—28)
(B.20)
~ 1 2D
supe” 2 ||6(s)| < (Ml + /M(,)
0<s<t 11—y, oo

It readily follows from (B.19) and (B.20) that ||6(t)], P 22(x, t)dx

and fOD zf(x, t)dx converge exponentially to zero as t — oo. By
(1), it turns out that supy_,-p 1z(x, t)| also converges to zero as

(B.21)
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t — oo. On the other hand, one immediately gets from (7a) using
Lemma 1:

sup [{llx, O] = sup [2(x. Ol + v/ [0(0)
<x<D

0<x<D

V¥t >0 (B.22)

using Lemma 1. Inequality (B.21) implies that sup,_,p [Ti(, t)|
also goes to zero as . t — oo. Theorem 1 is established ®
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