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a b s t r a c t 

In this paper, we generalize our previous results of Newton-based extremum seeking of higher derivatives 

via predictors with averaging-based estimates for uncertain delays. We show necessary conditions for 

the robustness to small delay uncertainties of the proposed extremum seeking controller with predictor 

feedback. Local stability and exponential convergence to a small neighborhood of the unknown extremum 

can still be guaranteed. A numerical simulation example is presented to illustrate the performance of the 

predictor-based control scheme for uncertain time-delay compensation. 
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. Introduction 

Extremum seeking (ES) became an emerging scientific topic in 

ontrol engineering with various number of publications in the last 

ears [2–4,6,7,10,13,14,19,24,25,28] . Despite this fact, there was no 

ork which rigorously deals with the problem of ES in the pres- 

nce of delays. In [16–18] , the authors have started to give an an-

wer to this question by considering multiparameter gradient ES. 

n [20,22,23] , we extended the Newton-based ES principles from 

haffari et al. [5] to constant delays and even to variable delays in 

21] . However, the condition assumed there to face this challeng- 

ng problem was that the delays must be known. Hence, there is 

 need of deeper investigation of delay mismatch and its impact 

n general extremum seeking where the aim is to optimize a static 

ap or its arbitrary higher derivatives in presence of delays using 

he tools of Newton-based ES. 

In the present paper, we generalize our previous approaches to 

andle uncertain delays. First of all, we demonstrate that the pre- 

ictor compensation introduced in our previous publications is ro- 

ust to small delay mismatches. The delay mismatch also affects 

he averaging estimates of the gradient and the unknown second 
� The material in this paper was partially presented at the European Control Con- 

erence, June 29–July 2, 2021, Rotterdam, NL. 
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erivative (Hessian) [5] of the nonlinear map to be optimized. Lo- 

al exponential stability for (locally quadratic) higher-derivatives 

aps via backstepping transformation holds for sufficiently small 

elay mismatch. For the sake of clarity and simplicity, we con- 

ider only the scalar version of the multivariable Newton-based ES 

5] . Simulation results show the applicability of the proposed algo- 

ithm. 

Notation and Norms: The 2 −norm of a finite-dimensional (ODE) 

tate vector X(t) is denoted by single bars, | X(t) | . In contrast, 

orms of functions (of x ) are denoted by double bars. By default, 

 · ‖ denotes the spatial L 2 [0 , D ] norm, i.e., ‖ · ‖ = ‖ · ‖ L 2 [0 ,D ] . Since

he PDE state variable u (x, t) is a function of two arguments, we 

hould emphasize that taking a norm in one of the variables makes 

he norm a function of the other variable. For example, the L 2 [0 , D ]

orm of u (x, t) in x ∈ [0 , D ] is ‖ u (t) ‖ = 

(∫ D 
0 u 2 (x, t) dx 

)1 / 2 

. The par-

ial derivatives of u (x, t) are denoted by u t (x, t) and u x (x, t) or, oc-

asionally, by ∂ t u av (x, t) and ∂ x u av (x, t) to refere the operator for

ts average signal u av (x, t) . 

. System description 

Scalar ES considers applications in which one wants to find an 

ptimum, i.e., to maximize (or minimize) the output y ∈ R of an 

nknown nonlinear static map h (θ ) by varying the input θ ∈ R 

n real time . But like in many technical applications we have to 

onsider that the output may be time-delayed and hence, we 
rved. 
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Fig. 1. Block diagram of the basic prediction scheme for output-delay compensation in Newton-based ES for maximizing higher derivatives under delay mismatch, i.e., 

D = D 0 + �D . The predictor feedback with a perturbation-based estimate of the Hessian’s inverse obeys Eqs. (8) , (10) , (12) , and (22) . The dither and demodulating signals 

are given by S(t) , ϒ(n +1) and ϒ(n +2) which are calculated according to (9b)–(9d) and (11) . 
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dditionally assume that there is a constant and, contrary to our 

revious works, uncertain delay D ≥ 0 such that the output is 

xpressed by 

 (t) = h (θ (t − D )) . (1) 

As done in [15] , in this work we also assume that our map is

olely output-delayed. In Fig. 1 , we illustrate the proposed scalar 

ersion of the Newton-based ES for maximization of higher deriva- 

ives based on predictor feedback for delay compensation. 

.1. Problem formulation 

Without loss of generality, let us consider the maximization of 

 

th derivative of the output in the presence of time delay using 

ewton-based ES, where the maximizing value of θ is denoted by 
∗. We state our optimization problem as follows 

ax 
θ∈ R 

h 

(n ) (θ ) , n ≥ 0 . (2) 

ssumption 1. Let h (n ) (·) be the n th derivative of a smooth func- 

ion h (·) : R → R . Now let us define 

max = { θ | h 

(n +1) (θ ) = 0 , h 

(n +2) (θ ) < 0 } (3) 

o be a collection of maxima where h (n ) is locally concave. Now, 

ssume that θ ∗ ∈ θmax and θmax � = ∅ . For simplicity and without 

oss of generality, we assume that θmax = 0 . 

In addition, we consider the maps satisfying Assumption 1 are 

lso locally approximated by a quadratic function in a neighbor- 

ood of θ ∗: 

 

(n ) (θ ) = Q 

∗ + 

H 

2 

( θ − θ ∗) 2 , (4) 

or some constants Q 

∗ > 0 and H < 0 , where H is the Hessian of

he quadratic approximation [1] . 

The uncertain delay can be represented such that it has a mis- 

atch given by the uncertainty �D , which can be either positive 

r negative, relative to its assumed known nominal value D 0 > 0 . 

ssumption 2. The output time-delay D given in Fig. 1 is ex- 

ressed by 

 = D 0 + �D, (5) 

here D 0 and �D are constant and �D ∈ (−δ, δ) , for some small
onstant δ > 0 . S

76 
.2. System and signals 

Let ˆ θ be the estimate of maximum point and 

˜ (t) = 

ˆ θ (t) − θ ∗ (6) 

e the estimation error. 

From the block diagram in Fig. 1 , the error dynamics can be 

ritten as 

˙ ˜ (t) = 

˙ ˆ θ (t) = U(t) . (7) 

Note that the integrator dynamics (7) is part of the extremum 

eeking controller and it is not related to the plant to be optimized, 

hich is indeed a static map defined in Eq. (1) . 

Moreover, we have 

˙ = k R γ (1 − γ η(n +2) ) , (8) 

here (8) is a Riccati equation [5] . Hence, the Hessian’s inverse 

stimation error is defined by ˜ γ (t) = γ (t) − H 

−1 . 

Now, we rearrange the equations given in [12] , by changing 

hem to the following perturbed estimate, demodulation signal, 

nd normalizing gain: 

(t) = 

ˆ θ (t) + S(t) , (9a) 

j (t) = C j sin 

(
jωt + 

π

4 

(
1 + (−1) j 

))
, (9b) 

 j = 

2 

j j! 

a j 
(−1) F , (9c) 

 = 

j −
∣∣∣∣sin 

(
jπ

2 

)∣∣∣∣
2 

. (9d) 

The demodulated signals 

j (t) = y ϒ j (t − D 0 ) (10) 

re used to estimate the gradient ( j = n + 1 ) and the Hessian ( j =
 + 2 ) of h (n ) . The Eq. (8) will be used to generate an estimate of

he Hessian’s inverse [5] . 

We define the additive dither signal as 

(t) = a sin (ωt) (11) 
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hich is not delayed. However, as shown in Fig. 1 , the multiplica- 

ive dither signals ϒ(n +1) and ϒ(n +2) are delayed by the nominal 

elay D 0 in order to cope with the delayed output y [17] . 

Furthermore, let us define the measurable signal 

(t) = γ (t) η(n +1) (t) , (12) 

here γ is updated according to (8) and η(n +1) being the demod- 

lated signal. We can construct (12) , because we only use measur- 

ble/available signals γ and η(n +1) . 

. Extremum seeking for known delays 

First of all, we will revise and consider the baseline case where 

D = 0 , i.e., D (t) = D 0 , in order to review the case of known delays

20,22,23] . 

.1. Motivation for predictor feedback 

From (7) it follows 

˙ ˜ (t − D ) = U(t − D ) . (13) 

ow, using (7) , the following “shifted” average model 1 can be de- 

ived 

˙ ˜ 
av (t) = U av (t) , (14) 

ith U av ∈ R being the resulting average control for U ∈ R . 

One can try to feed back the future state z av (σ + D ) in the

quivalent average system where σ is time. Assuming that σ = 

 − D we get 

 av (σ + D ) = z av (t − D + D ) = z av (t) (15) 

nd thus time-delay compensated signal which we feed back. The 

elayed version of (14) is ˙ ˜ θav (t − D ) = U av (t − D ) . From (12) and

ccording to the developments carried out in [20,22,23] , it is pos- 

ible to obtain the following linearized average system: 

˙ 
 av (t) = U av (t − D ) . (16) 

eeding back the future state z av (t + D ) for the delay compensation

otivates the use of predictor feedback design. 

Applying variation of constants [11] , the future state is being 

alculated as 

 av (t + D ) = z av (t) + 

∫ t 

t−D 

U av (σ ) dσ. (17) 

e derive a controller as follows 

 av (t) = 

˙ ˜ θav (t) = −kz av (t + D ) , (18) 

 t ≥ D and k > 0 , which yields to an average predictor-based con-

rol 

 av (t) = −k 

[
z av (t) + 

∫ t 

t−D 

U av (σ ) dσ

]
. (19) 

Furthermore using (17), (18) as well as time shifting we obtain 

he linearization of the average error dynamics in the following 

orm 

˙ ˜ 
av (t) = −kz av (t + D ) = −k ̃  θav (t) , (20) 

 t ≥ D , with eigenvalues which are determined by −k . Thus, the 

ystem has an exponentially attractive equilibrium. 
1 Consider a generic nonlinear system ˙ x = f (t, x, 1 /ω) , where x ∈ R n is the state 

ector, f (t, x, 1 /ω) is periodic in t with period T := 2 π/ω, i.e., f (t + T, x, 1 /ω) = 

f (t, x, 1 /ω) . Thus, for 1 /ω > 0 sufficiently small, we can obtain its average model 

iven by ˙ x av = f av (x av ) , with f av (x av ) = 1 /T 
∫ T 

0 f (τ, x av , 0) dτ , where x av (t) denotes 

he average version of the state x (t) [9] . According to [8] , a similar procedure can 

e applied to obtain the average model of a delayed-system governed by ˙ x (t) = 

f (ωt, x t ) with x t (
) = x (t + 
) , and 
 ∈ [ −D , 0] . 

F

i  

77 
.2. Predictor feedback for known delays 

In order to compensate known time delay, in [20,22,23] , we 

roposed a predictor-based controller which incorporates low-pass 

lter [15] 

(t) = 

c 

s + c 

{
−k 

[
z(t) + 

∫ t 

t−D 

U(τ ) dτ

]}
. (21) 

Note that here we mix the time and frequency domain notation 

n (21) by using the braces {·} to denote that the transfer function 

cts as an operator on a time-domain function. In [20,22,23] , we 

roved that the predictor (21) compensates the known and con- 

tant time-delay. 

In case of delay mismatch ( �D � = 0 ) the predictor (21) would be

(t) = 

c 

s + c 

{
−k 

[
z( t) + 

∫ t 

t−D 0 

U(τ ) dτ

]}
, k > 0 , (22) 

or known nominal delay D 0 . However, since the delay mismatch 

D is unknown, it may affect the convergence or even destabilise 

he whole system shown in Fig. 1 . Therefore, we have to analyse 

he behaviour of the system for �D � = 0 . 

. Robustness to delay mismtach 

If the output time-delay has a mismatch �D relative to the 

ssumed plant output delay D 0 ≥ 0 applied to the multiplicative 

ither signal ϒ(n +1) and the demodulating signal ϒ(n +2) , then the 

ollowing lemma holds. 

emma 1. Assume that Assumptions 1 and 2 hold and the output 

ime-delay D ≥ 0 has a mismatch �D , then the average versions of 

ignals η(n +1) and η(n +2) are given by 

av 
(n +1) (t) = H ̃

 θav (t − D ) cos ((n + 1) ω�D ) , (23) 

av 
(n +2) (t) = H cos ( (n + 2) ω�D ) . (24) 

roof. Proof: See Appendix A . �

In the case of Lemma 1 , the estimation error of the Hessian’s 

nverse in [23] must be redefined by 

˜ (t) = γ (t) − [ cos ((n + 2) ω�D ) H] −1 . (25) 

Analogously to [12] , the following delayed equations for the av- 

rage error system can be written 

d ̃  θav (t) 

dt 
= −kγav η

av 
n +1 ( t ) , (26) 

d ̃  γav (t) 

dt 
= k R γav 

(
1 − γav η

av 
n +2 ( t ) 

)
, (27) 

ith γ � = 0 and γav � = 0 , as c → ∞ . 

Additionally, if the predictor was not applied in the feed- 

ack loop, one could also write ˙ ˜ θ (t) = −kγ (t ) η(n +1) (t ) . Now using

23) and (24) we get for the system (26) and (27) the following 

xpression 

d ̃  θav (t) 

dt 
= −k 

cos ((n + 1) ω�D ) 

cos ((n + 2) ω�D )) 
˜ θav (t − D ) (28) 

− kH cos ((n + 1) ω�D ) ̃  γav (t) ̃  θav (t − D ) . 

d ̃  γav (t) 

dt 
= −k R ̃  γav (t) − k R H cos ((n + 2) ω�D ) ̃  γ 2 

av (t) . (29) 

rom (28) it is easy to conclude, that the best operational mode 

s (n + 1) ω�D = 0 , i.e., the uncertainty free case. Moreover, at
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Fig. 2. The function h (θ ) from (41) and its first derivative h (1) (θ ) with the ex- 

tremum (maximum) at (θ ∗ , Q ∗) = (2 , 2 . 5) . 

o  

fi

f

l

δ
(

r  

δ
a

0

5

a

f

h

w

h

i  

w

o

e

a

t

t

o

 

(  

g  

t

q

[  

0

2 As defined in [9] , a vector function f (t, ε) ∈ R n is said to be of order O(ε) over 

an interval [ t 1 , t 2 ] , if ∃ k, ̄ε : | f (t, ε) | ≤ kε, ∀ ε ∈ [0 , ̄ε] and ∀ t ∈ [ t 1 , t 2 ] . In most cases 

we use k and ε̄ as generic constants, such as in (40) , and we use O(ε) to be inter- 

preted as an order of magnitude relation for sufficiently small ε. 
/ 2 < | (n + 2) ω�D | < π the feedback changes its sign in the first

erm of the right side in (28) and as a result the system would

ove away from the extremum point even if the corrected predic- 

ion action was implemented to counteract the nominal delay D 0 . 

hus, a primary condition that the uncertainty in the output delay 

ust satisfy is | (n + 2) ω�D | < π/ 2 , i.e., 

 �D | < 

π

2(n + 2) ω 

(30) 

o guarantee the robustness of the predictor feedback. In addition, 

rom (30) it is clear that there is a trade-off between the dither 

requency ω, the order of the derivative and the maximum uncer- 

ainty �D . For constant dither frequency ω, the tolerated uncer- 

ainty decreases with increasing order of the derivative. 

However, the inequality (30) is not a sufficient condition. In 

hat follows, we discuss the effect of the delay uncertainties �D 

n the predictor design. 

In [22] , we pointed out the following linearized average expres- 

ions 

 av (t) = 

˜ θav (t − D 0 ) , (31) 

˙ 
 av (t) = U av (t − D 0 ) . (32) 

or the case with mismatch delays, we obtain 

 av (t) = 

cos ((n + 1) ω�D ) 

cos ((n + 2) ω�D ) 
˜ θav (t − D ) , (33) 

˙ 
 av (t) = 

cos ((n + 1) ω�D ) 

cos ((n + 2) ω�D ) 
U av (t − D ) . (34) 

onsequently, the resulting average control would be 

 av (t) = 

c 

s + c 

{
−k 

[
z av (t) + G 

∫ t 

t−D 

U(τ ) dτ

]}
, (35) 

ith 

 = 

cos ((n + 1) ω�D ) 

cos ((n + 2) ω�D ) 
. (36) 

hus, the average controller (35) would be a good approximation 

or (22) if and only if (n + 1) ω�D ≈ 0 , and D ≈ D 0 , as expected. 

Hence, we are able to provide the following theorem. 

heorem 1. Consider the average closed-loop system (34) with the 

ontrol law (22) . There exist c > 0 sufficiently large in (35) and δ > 0

ufficiently small such that, for 

D ∈ (−δ, δ) , (37) 

 av = 0 is exponentially stable in the sense of the state norm 

(t) = 

(
| z av (t) | 2 + 

∫ t 

t−D̄ 

U av (τ ) dτ

)1 / 2 

, (38) 

here 

¯
 = D 0 + max { 0 , �D } . (39) 

roof. See Appendix B . �

Hence, it is straightforward to conclude, that compensating the 

ominal delay D 0 , we are still able to guaranty local exponential 

tability in the sense of the L 2 norm for maximizing or minimizing 

he output y in Fig. 1 or any of its (if existing) higher derivatives,

s long as the delay mismatch is bounded as in (37) . 

Finally, since the average closed-loop system is exponentially 

table, analogously to the Steps 6 and 7 performed for the proof 
78 
f Theorem 2 in [18] , we can invoke the averaging theorem in in-

nite dimensions by Hale and Lunel [8] and conclude at least the 

ollowing local convergence result for delay mismatch 

2 : 

im sup 

t→∞ 

| θ (t) − θ ∗| = O ( a + 1 /ω ) . (40) 

When stating the Theorem 1 , we have not built an upper bound 

∗ for δ. Since the expression in (30) is only a necessary condition 

not necessary and sufficient), it would be hard to obtain a direct 

elation with the value of the upper bound | �D | ≤ δ < δ∗, for some
∗ > 0 . For this reason, we have conveniently kept the presentation 

s done before, considering in Theorem 1 an existence result for 

 < δ < δ∗ and δ∗ sufficiently small. 

. Simulation results 

In Fig. 2 , we consider the maximization of the first derivative of 

 cubic map rather than simply optimizing an unknown objective 

unction: 

 (θ ) = 2 . 5 θ − (θ − 2) 3 

3 

, (41) 

here its first derivative 

 

(n ) = 2 . 5 − (θ − 2) 2 , n = 1 , (42) 

s to be optimized and is subject to an output delay of D = 5 + �D ,

here the values for �D will be given later. 

This example better illustrates the main objectives of the paper 

n real-time optimization of higher-derivatives maps in the pres- 

nce of uncertain delays. Moreover, this scenario is closer to the 

pplications for refrigeration systems [26,27] , where the optimiza- 

ion is performed for a desired operating point such that the func- 

ion available for measurement has sigmoid-like properties and the 

perating point is the maximum slope. 

According to (41) , the extremum point for n = 1 is (θ ∗, Q 

∗) =
2 , 2 . 5) and the Hessian of the map is H = −2 with the inverse

iven by H 

−1 = −0 . 5 . In Fig. 2 , we depict (41) and its first deriva-

ive (42) . We use washout and low-pass filters with corner fre- 

uencies ( ω h and ω l ) to improve the controller performance (see 

5, Fig. 4] ). We use the following parameters: a = 0 . 2 , ω = 10 , k =
 . 2 , k R = 0 . 25 , ω h = ω l = 1 , c = 20 , ˆ θ (0) = 0 and γ (0) = −0 . 1 . 
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Fig. 3. Newton-based ES plus known output delay (time response of y(t)): (a) basic 

ESC works well without delays; (b) ES goes unstable in the presence of delays; (c) 

predictor fixes this, leading the output y (t) to y ∗ = h (θ ∗) = 2 . 5 θ ∗ = 5 . 
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Fig. 4. Newton-based ES under uncertain delays: (a) Time response of the output 

signal y(t) converging to y ∗ = h (θ ∗) = 5 in the presence of an uncertain delay D = 

5 + �D , with �D = 0 . 07 s ; (b) a lower frequency ω = 5 rad/s can increase the margin 

of delay uncertainty to D = 0 . 15 . 
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Fig. 3 shows the output y (t) in 3 situations: (a) free of delays,

b) in the presence of output delay but without any delay compen- 

ation and (c) with output delay and prediction based compensa- 

ion. In the latter case it was assumed no uncertainties for the de- 

ay, i.e., �D = 0 and D = D 0 . 

Fig. 4 shows the performance of the Newton-based ES scheme 

hen we take into account a small uncertainty �D = 0 . 07 in the

utput-time delay. The design parameters were the same used in 

he previous section supposing a nominal delay of D 0 = 5 s . Thus,

he simulation was performed with D = 5 . 07 s . 

The maximum delay uncertainty supported by the closed-loop 

ystem can be enlarged if ω decreases. As shown in Fig. 4 , we re-

et ω to 5 rad/s and an uncertainty of �D = 0 . 15 (about two times

arger than the previous one) could be admitted. It reinforces the 
ig. 5. Robustness analysis for different values of �D . The estimated optimal input sti

nfluences the convergence speed. 

79 
dea of the predictor feedback would actually have a more positive 

obustness margin to delay uncertainty. 

In Fig. 5 , the robustness of the proposed predictor-based ES 

o delay mismatch D 0 = D − �D is shown. We assume a relative 

ncertainty of the delay in the predictor, the additive dither S(t) 

nd demodulation signals ϒ1 (t) and ϒ2 (t) such that D = 1 and 

D = � ∈ [ −0 . 4 , 0 . 4] . 

For this choice of uncertainty the ES still converges to a neigh- 

orhood of the extremum, although the Hessian estimate ˆ H f is 

rong ( H = −2 ). The convergence speed depends on the Hessian 

f the static map, thus the perturbation-based Hessian estimate. 

n underestimation of the delay ( D > D 0 ) results in a faster 

onvergence to the extremum, but also for higher positive uncer- 

ainties it leads to overshooting or instability. Overestimation of 
ll converges to the optimizer θ ∗ , but the Hessian estimate is not correct, which 
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he delay ( D < D 0 ) results in slower convergence or instability for

igher negative uncertainties. Based on this numerical simulations, 

bservations indicate that there exist some lower bound 0 < D < D 

nd upper bound 0 < D < D̄ such that for D 0 ∈ [ D , D̄ ] the closed-

oop is exponentially stable and converge to a neighborhood of the 

xtremum. 

For this particular example the simulations suggest the delay 

ismatches may be greater than those expected by the condition 

iven in (30) and that, for this simple strongly convex example, 

he correspondent uncertainty on the Hessian estimate does not 

ffect the equilibrium of the ES dynamics, but only its speed of 

onvergence. 

emark 1. In the ideal scenario �D = 0 , we would like to obtain 

˙ ˜ 
av (t) = −kz av (t) 

= −kγav (t)ϒav 
n +1 (t − D 0 ) 

= −kH 

−1 H ̃

 θav (t − D 0 ) 

= −k ̃  θav (t − D 0 ) , k > 0 , (43) 

hich becomes exponentially stable if the nominal delay D 0 is 

roperly compensated and the convergence rate depends exclu- 

ively on the design parameter k > 0 . When �D � = 0 , the signals
av 
n +1 

(t) and γav (t) may assume values such that z av (t) ≥ ε ˜ θav (t −
 0 ) , with ε > H 

−1 H = 1 . In this case, the linearized expression of

q. (28) would be 

˙ ˜ 
av (t) = −k 

cos ((n + 1) ω�D ) 

cos ((n + 2) ω�D ) ︸ ︷︷ ︸ 
ε

˜ θav (t − D ) , (44) 

hich would result is faster convergence rates since ε > 1 . How- 

ver, we could not take it for grant since ε may also assume values 

uch that ε < 1 , depending on how the delay mismatch �D affects 

he estimates of ϒav 
n +1 

(t) and γav (t) individually. According to the 

ondition in Eq. (30) , for larger values of �D , the parameter ε may

ven become negative and then the closed-loop would be unstable 

rom Eq. (44) above, independently if the delay D = D 0 + �D was

ompensated or not. 

. Conclusions 

The robustness to delay uncertainties of the previously pro- 

osed Newton-based extremum seeking for higher derivatives via 

rediction feedback was discussed. We showed that the maximum 

elay mismatch is a function of the dither frequency and the order 

f the derivative that is subject to optimization. 

Moreover, the resulting approach of using predictor feedback 

o compensate the nominal (known) delay still guarantees ex- 

onential stability and convergence of the system output to a 

mall neighbourhood of the extremum point despite the suffi- 

iently small delay mismatch. 
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ppendix A 

roof of Lemma 1. Assume, that Assumption 1 and 

ssumption 2 hold. Consider the function η j := ϒ j y which 

an be written as η(n +1) (t) := ϒ(n +1) (t − D 0 ) y (t) for j = n + 1 . 

Using (9b) –(9d) we get 
80 
(n +1) (t) = h (θ (t − D )) P sin 

(
(n + 1) ω(t − D 0 ) + 

π

4 

(
1 + (−1) (n +1) 

))
(45) 

here P := C (n +1) = 

2 (n +1) (n + 1)! 

a (n +1) 
(−1) F and 

 = 

(n + 1) −
∣∣∣∣sin 

(
(n + 1) π

2 

)∣∣∣∣
2 

. (46) 

ow, recalling (4) , and assuming w.l.o.g. that j = n + 1 is odd, we

ewrite (45) in the neighborhood of θ ∗ as 

(n +1) = 

(
Q 

∗ + 

H 

2 

[ θ (t − D ) − θ ∗] 
2 
)

P sin ( jω(t − D 0 ) ) . (47) 

oreover, one can easily follow that 

(t − D ) − θ ∗ = 

˜ θ + a sin ( ω(t − D ) ) . (48) 

For the sake of simplicity consider the particular case n = 0 

uch that j = 1 . Hence, in average we obtain for (47) 

(n +1) (t) = Q 

∗P sin (ω(t − D 0 )) ︸ ︷︷ ︸ 
mean =0 

(49) 

+ 

H 

2 

P 
(

˜ θ (t − D ) + a sin (ω(t − D )) 
)2 

× sin (ω(t − D 0 )) , 

hich yields, if we suppress the first term in the RHS of (49) , 

(n +1) (t) = 

H 

2 

P 
(

˜ θ (t − D ) + a sin ( ω(t − D ) ) 
)2 

(50) 

× sin (ω(t − D 0 )) . 

urthermore, we get 

(n +1) (t) = 

H 

2 

P [ ̃  θ2 (t − D ) sin (ω(t − D 0 ) ︸ ︷︷ ︸ 
mean =0 

(51) 

+ 2 a ̃  θ sin (ω(t − D )) sin (ω(t − D 0 )) 

+ a 2 sin 

2 (ω(t − D )) sin (ω(t − D 0 ))] . 

ow, plugging D − �D for D 0 , from (51) we can follow 

(n +1) (t) = 

H 

2 

P [2 a ̃  θ (t − D ) sin (ω(t − D )) (52) 

× sin (ω(t − D + �D )) 

+ a 2 sin 

2 (ω(t − D )) sin (ω(t − D + �D )] . 

pplying trigonometric calculus, it is easily seen that 

in (ω(t − D + �D )) = sin (ω(t − D )) cos (ω�D ) (53) 

+ cos (ω(t − D )) sin (ω�D ) . 

ence, using (53) , we get for (52) the following expression 

(n +1) (t) = 

H 

2 

P [2 a ̃  θ (t − D ) sin 

2 (ω(t − D )) ︸ ︷︷ ︸ 
mean =0 . 5 

(54) 

× cos (ω�D ) 

+ { 2 a ̃  θ (t − D ) sin (ω(t − D )) 

× cos (ω(t − D )) sin (ω�D ) } 
+ a 2 sin 

3 (ω(t − D )) ︸ ︷︷ ︸ 
mean =0 

cos (ω�D ) 

+ a 2 sin 

2 (ω(t − D )) cos (ω(t − D )) sin (ω�D )] . 

e rewrite (54) to 

(n +1) (t) = 

H 

2 

P a ̃  θ (t − D ) cos (ω�D ) (55) 

+ [ HP a ̃  θ (t − D ) sin (ω(t − D )) cos (ω(t − D )) ︸ ︷︷ ︸ 
=0 . 5 sin (2 ω(t−D )) 
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+ 

H 

2 

P a 2 sin 

2 (ω(t − D )) cos (ω(t − D )) ︸ ︷︷ ︸ 
= sin (ω(t−D ))0 . 5 sin (2 ω(t−D )) 

] 

× sin (ω�D ) . 

sing the following trigonometric equations, 

in x cos x = 

1 

2 

sin 2 x, (56) 

in 2 x = 2 sin x cos x, (57) 

in 

2 
x = 1 − cos 2 x, (58) 

e get 

(n +1) (t) = 

H 

2 

P a ̃  θ (t − D ) cos (ω�D ) (59) 

+ [ HP a ̃  θ (t − D ) 
1 

2 

sin (2 ω(t − D )) ︸ ︷︷ ︸ 
mean =0 ︸ ︷︷ ︸ 

=0 

+ 

H 

2 

P a 2 ( cos (ω(t − D )) ︸ ︷︷ ︸ 
mean =0 

− cos 3 (ω(t − D )) ︸ ︷︷ ︸ 
mean =0 

) 

︸ ︷︷ ︸ 
=0 

] 

× sin (ω�D ) , 

hich gives in the average sense 

av 
(n +1) (t) = 

H 

2 

P a ̃  θav (t − D ) cos (ω�D ) 

= H ̃

 θav (t − D ) cos (ω�D ) , (60) 

ince P = 

2 

a 
for n = 0 . 

For the general case j = n + 1 odd or even, a similar sequence

f algebraic reductions follows [12, Appendix C] and we arrive 

t a result identical to (23) . Moreover, we can easily perform 

n analogous procedure for η(n +2) (t) := ϒ(n +2) (t − D 0 ) y (t) in or- 

er to obtain the expression in (24) . This concludes the proof of 

emma 1 . �

ppendix B 

roof of Theorem 1. We use the same transport PDE formalism 

3 

s in [11, Chapters 2 and 4 ] , i.e., the system (34) is represented by

˙ 
 av (t) = Gu av (0 , t) , (61) 

 t u av (x, t) = ∂ x u av (x, t) , (62) 

 av (D 0 + �D, t) = U av (t) , (63) 

here G is given in (36) and the spatial domain of the PDE is de-

ned by 

 ∈ ( min { 0 , �D } , D 0 + �D ] (64)

nd 

 av (x, t) = U av (t + x − D 0 − �D ) , (65) 

rom which, it follows that the boundary condition 

 av (0 , t) = U av (t − D 0 − �D ) . (66) 
3 We denote the partial derivatives of a function u (x, t) as ∂ x u (x, t) = ∂ u (x, t) /∂ x 

nd ∂ t u (x, t) = ∂ u (x, t) /∂ t . V  

81 
e use the following backstepping transformation and its inverse 

 (x, t) = u av (x, t) −
[∫ x 

0 

KGu av (y, t) dy + Kz av (t) 

]
, (67)

 av (x, t) = w (x, t) + 

∫ x 

0 

Ke GK(x −y ) Gw (y, t) dy + 

+ Ke GKx z av (t) . (68) 

he target system is given by 

˙ 
 av (t) = Kz av (t) + Gw (0 , t) , (69) 

 t w (x, t) = ∂ x w (x, t) , (70) 

nd with the boundary condition for w (D 0 + �D, t) to be defined

ater on. 

First, we notice that the average version of the feedback control 

aw (22) approximates (35) for δ sufficiently small ( �D → 0 ) and 

he latter is written as 

 av (D 0 + �D, t) = K 

[
z av (t) + 

∫ D 0 +�D 

�D 

Gu av (y, t) dy 

]
, (71)

s c → ∞ in (22) and G → 1 in (36) , with K = −k . Using (67) for

 = D 0 + �D , give us 

 (D 0 + �D, t) = −k 

∫ �D 

0 

Gu av (y, t) dy. (72) 

Then, employing (68) under the integral and performing certain 

alculations, we obtain 

w (D 0 + �D, t) = K 

[ (
I − e GK�D 

)
z av (t) 

− ∫ �D 

0 e GK(�D −y ) Gw (y, t) dy 

] 
. 

(73) 

One then shows that 

 (D 0 + �D, t) 2 ≤ 2 q 1 | z av (t) | 2 + 2 q 2 

∫ max { 0 , �D } 

min { 0 , �D } 
w (x, t) 2 dx, (74)

here the functions q 1 (�D ) and q 2 (�D ) are 

 1 (�D ) = 

∣∣∣K 

(
I − e GK�D 

)∣∣∣2 , (75) 

 2 (�D ) = 

∫ max { 0 , �D } 

min { 0 , �D } 

(
Ke GK(�D −y ) G 

)
2 dy. (76) 

otice that 

 1 (0) = q 2 (0) = 0 (77) 

nd that q 1 and q 2 are both continuous functions of �D . 

The cases �D > 0 and �D < 0 have to be considered sepa- 

ately. The case �D > 0 is easier and the state of the average

ystem is z av (t) , u av (x, t) , x ∈ [0 , D 0 + �D ] , i.e., z av (t) , U av (
) , 
 ∈
 t − D 0 − �D, t] . The case �D < 0 is more complicated since the

tate of the average system is z av (t) , u av (x, t) , x ∈ [�D, D 0 + �D ] ,

.e., z av (t) , U av (
) , 
 ∈ [ t − D 0 , t] . 

Caso �D > 0 : We take the Lyapunov function 

 (t) = λP z 
2 
av (t) + 

a 

2 

∫ D 0 +�D 

(1 + x ) w (x, t) 2 dx (78)

0 
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ith λP > 0 and a > 0 . Computing the time-derivative of (78) , one

ets 

˙ V = −λQ z 
2 
av (t) + 2 λP Gz av (t) w (0 , t) 

+ 

a 
2 
(1 + D ) w (D 0 + �D, t) 2 

− a 
2 

w (0 , t) 2 − a 
2 

∫ D 0 +�D 

0 w (x, t) 2 dx 

≤ −
(

λQ 

2 
− a (1 + D ) q 1 (�D ) 

)
z 2 av (t) 

−
(

a 
2 

− 2(λP G ) 
2 

λQ 

)
w (0 , t) 2 

−a 

(
1 
2 

− (1 + D ) q 2 (�D ) 

)∫ D 0 +�D 

0 w (x, t) 2 dx, 

(79) 

here we have denoted D = D 0 + �D , such as in (5) . 

This proves the exponential stability of the origin of the trans- 

ormed system with state (z av (t) , w (x, t) , x ∈ [0 , D 0 + �D ]) , for suf-

ciently small �D , by choosing 

 > 

4(λP G ) 2 

λQ 

, (80) 

nd then choosing the sufficiently small δ > 0 as the largest value 

f | �D | so that 

λQ 

2 

> a (1 + D ) q 1 (�D ) (81) 

nd 

1 

2 

> (1 + D ) q 2 (�D ) . (82) 

xponential stability in the norm N 2 (t) is obtained using a linear 

unction N 

2 
2 
(t) for upper- and lower-bounding V (t) , 

 2 (t) = 

(
z 2 av (t) + 

∫ t 

t−D 0 −�D 

U av (
) 2 d


)
1 / 2 . (83) 

ase �D < 0 : In this case, we use a different Lyapunov function, 

V (t) = λP z 
2 
av (t) + 

a 
2 

∫ D 0 +�D 

0 (1 + x ) w (x, t) 2 dx 

+ 

1 
2 

∫ 0 
�D (D 0 + x ) w (x, t) 2 dx, 

(84) 

nd obtain 

˙ 
 ≤ −

(
λQ 

2 

− a (1 + D ) q 1 (�D ) 

)
z 2 av (t) 

−
(

a 

2 

− D 0 

2 

− 2(λP G ) 2 

λQ 

)
w (0 , t) 2 

−
(

1 

2 

− a (1 + D ) q 2 (�D ) 

)∫ 0 

�D 

w (x, t) 2 dx 

− D 

2 

w (�D, t) 2 − max { a, 1 } 
4 

∫ D 0 +�D 

�D 

w (x, t) 2 dx. (85) 

his quantity is made negative definite by first choosing 

 > D 0 + 

4(λP G ) 2 

λQ 

(86) 

nd then choosing the sufficiently small δ > 0 as the largest value 

f | �D | so that 

λQ 

2 

> a (1 + D ) q 1 (�D ) (87) 

nd 

1 

2 

> a (1 + D ) q 2 (�D ) . (88) 

onsequently, one can write 

˙ 
 ≤ −

(
λQ 

2 

− a (1 + D ) q 1 (�D ) 

)
z 2 av (t) 
82 
−
(

1 

2 

− a (1 + D ) q 2 (�D ) 

)∫ 0 

�D 

w (x, t) 2 dx 

− max { a, 1 } 
4 

∫ D 0 +�D 

�D 

w (x, t) 2 dx 

≤ −
(

λQ 

2 

− a (1 + D ) q 1 (�D ) 

)
z 2 av (t) 

−
(

1 

2 

− a (1 + D ) q 2 (�D ) 

)
2 

D 0 

1 

2 

∫ 0 

�D 

(D 0 + x ) w (x, t) 2 dx 

− max { a, 1 } 
4 

2 

a (1 + D ) 

a 

2 

∫ D 0 +�D 

0 

(1 + x ) w (x, t) 2 dx, (89) 

hich leads to 

˙ 
 ≤ −μV, (90) 

ith 

= min 

{ (
λQ 

2 
− a (1 + D ) q 1 (�D ) 

)
1 
λP 

, (
1 
2 

− a (1 + D ) q 2 (�D ) 
)

2 
D 0 

, 
max { a, 1 } 
2 a (1+ D ) 

} 

. 

(91) 

ence, we get an exponential stability estimate in terms of 

 z av (t) | 2 + 

∫ D 0 +�D 

�D 
w (x, t) 2 dx . 

With some further work, we also get an estimate in terms 

f | z av (t) | 2 + 

∫ D 0 +�D 

�D 
u av (x, t) 2 dx , i.e., in terms of | z av (t) | 2 +

 t 
t−D 0 

U av (
) 2 d
. We start from 

 1 

(
| z av (t) | 2 + 

∫ D 

�D 

w (x, t) 2 dx 

)
≤

V (t) ≤ ψ 2 

(
| z av (t ) | 2 + 

∫ D 

�D 

w (x, t ) 2 dx 

)
, (92) 

here 

 1 = min 

{ 

λP , 
a 

2 

, 
D 

2 

} 

, (93) 

 2 = max 

{ 

λP , 
a (1 + D ) 

2 

, 
D 0 

2 

} 

. (94) 

et us now consider 

 (x, t) = u av (x, t) − m (x ) � u av (x, t) − Kz av (t) , (95)

 av (x, t) = w (x, t) + n (x ) � w (x, t) + KN(x ) z av (t) , (96)

here � denotes the convolution operation in x and 

 = KG, n (s ) = KN (s ) G, N (x ) = e (GK) x . (97)

It is easy to show, using (95) and (96) , that 

 D 

�D 

w (x, t) 2 dx ≤ α1 

∫ D 

�D 

u av (x, t) 2 dx + α2 | z av (t) | 2 , (98)

 D 

�D 

u av (x, t) 2 dx ≤ β1 

∫ D 

�D 

w (x, t) 2 dx + β2 | z av (t) | 2 , (99)

here 

1 = 3 

(
1 + D 0 m 

2 
)
, α2 = 3 K 

2 , (100) 

1 = 3 

(
1 + D 0 || n || 2 ), β2 = 3 || KN|| 2 , (101)

nd || · || denotes the L 2 [�D, D ] norm. Hence, we obtain 

1 

(
| z av (t) | 2 + 

∫ D 

�D 

u av (x, t) 2 dx 

)
≤ | z av (t ) | 2 + 

∫ D 

�D 

w (x, t ) 2 dx, 

(102) 
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[  
 z av (t) | 2 + 

∫ D 

�D 

w (x, t) 2 dx ≤ φ2 

(
| z av (t) | 2 + 

∫ D 

�D 

u av (x, t) 2 dx 

)
(103) 

here φ1 = 

1 
max { β1 ,β2 +1 } and φ2 = max { α1 , α2 + 1 } . 

Combining the above inequalities, one gets 

1 ψ 1 N 

2 
2 (t) ≤ V (t) ≤ φ2 ψ 2 N 

2 
2 (t) , (104) 

here, for �D < 0 , 

 2 (t) = 

(
| z av (t) | 2 + 

∫ t 

t−D 0 

U av (
) 2 d

)

1 / 2 . (105) 

ence, with (90) , we get 

 

2 
2 (t) ≤ φ2 ψ 2 

φ1 ψ 1 

N 

2 
2 (0) e −μt , (106) 

hich completes the proof of exponential stability. �
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