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Stability Analysis for Time-Varying Systems
With Asynchronous Sampling Using
Contractivity Approach

Frederic Mazenc™ , Michael Malisoff

Abstract—We provide new sufficient conditions for a
generalized exponential input-to-state stability condition to
hold. Our proofs use innovative trajectory based contrac-
tivity and cooperative systems arguments. Another key
ingredient is a new variant of Halanay’s inequality, which
differs from prior Halanay inequalities because of its use
of sampling. Our sufficient conditions allow arbitrarily long
intervals between some consecutive sampling times, pro-
vided the intervals between consecutive sampling times are
frequently small enough. This removes a significant limi-
tation of prior results that relied on versions of Halanay’s
inequality that did not contain sampling. Unlike standard
stability conditions, the upper bounds for the norm of the
current state in our less restrictive exponential input-to-
state stability conclusions have suprema of disturbances
over intervals that include earlier times than the initial
times. We apply this letter to a broad class of time-varying
continuous time systems with sampling.

Index Terms—Sampling, linear systems, stability.

|. INTRODUCTION

YNAMICS having sampled data and discrete measure-
ments play a fundamental role in current research in
systems and controls. However, control and observer design
and stability analysis for these systems can be difficult, espe-
cially under asynchronous (i.e., nonperiodic) sampling. This
is because classical Lyapunov techniques provide conserva-
tive stability conditions in terms of upper bounds on the sizes
of the sampling intervals.
To address this fundamental case, we propose a new
stability analysis for systems with asynchronous sampling
when a variant of the celebrated Halanay’s inequality [3]
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is satisfied. The usual Halanay’s inequality has the form
v(t) < —cv(t) + dsupyep_r,qv(€) + A7) for nonnegative
valued functions v and A and positive constants ¢ (called a
decay rate), 7, and d (called a gain), where A represents a
disturbance. By contrast, our relaxed version has an integral
instead of the sup, and it removes the usual Halanay’s inequality
requirement that the decay rate is strictly larger than the gain.
Under our relaxed assumptions, we prove generalized expo-
nential input-to-state stability (or ISS) estimates of the form
v(t) < a1e” 20 sup, g g VM) 4 04 SUPer g Alm)
for suitable constants «; > 0 when ¢t > s > «3, which
is less stringent than traditional exponential ISS estimates
that require constants p; > 0 such that bounds of the form
V() < pie 2D ()| + 13 sup,,,er,. Alm) hold for all s > 0
and ¢ > s. Our inequalities are also less stringent than those that
are commonly used for time delayed ISS systems because our
sup of A in our estimates includes valuesm < sforinitial times s.

Our proofs use a representation that was proposed
in [7, Sec. 1.5.3], and rely on a novel analog of the trajec-
tory based and contractivity approach that was developed, e.g.,
in [6]. Our first theorem has a novel variant of Halanay’s
inequality as its main sufficient condition, and is applied in
our second theorem to solve a stability analysis problem for
linear time-varying systems with sampled data. Our proof of
our second theorem uses an innovative new stability analysis
that is based on the theory of cooperative systems [2] and linear
Lyapunov functionals. The interval observers in our proof of
our second theorem use tools that were developed, e.g., in the
pioneering paper [1]. A key feature of our results is that they
allow arbitrary large time intervals between consecutive sam-
pling instants, provided the intervals between other consecutive
sampling times are frequently small enough. Our results com-
plement both Halanay’s and the trajectory based approaches,
as well as our prior variants of Halanay’s inequality from [5]
which did not allow the types of sampling that we allow here.

This letter is organized as follows. The main results are
stated and proved in Sections II and III. An illustrative example
is given in Section IV. We use standard notation, which is sim-
plified when no confusion would arise. Set Zo = {0, 1,2, ...}
and N = Zo\{0}. The standard Euclidean 2-norm, and the
corresponding matrix norm, are denoted by | - |, and | - |0 i8S
the usual sup norm. Let M € R™" be a matrix with entry
m;j in its ith row and jth column. We use M™ to denote the
matrix in R"*" whose entries are max {0, mij}, M~ = M*T—M,
Dy is the diagonal matrix in R™" whose diagonal entries
are mp1,...,Mypn, and Ry = M — Dy For two vectors
Vi = (V],] ey V1,n) and V, = (Vz,] ey Vz,n), we write
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Vi <V, when vij < vy for all j € {1,...,n}. A matrix is
called nonnegative (resp., positive) provided all of its entries
are nonnegative (resp., positive), and col;(M) is the jth col-
umn of any matrix M. We let f(s7) denote the left limit of
a function f at a point s, and we use the usual definition of
nonnegative systems, e.g., from [4]. We consider sequences t;
such that 7y = 0 that admit two constants v > 0 and v > 0
such that v < t;41 —t; <V for all i € Zy. We then also use
the constants v; = i1 — ¢;.

Il. VARIANT OF HALANAY’S INEQUALITY

Let the sequences f; and v; satisfy the requirements
from Section I. Consider a nonnegative valued function
v : [0, +00) — [0, +00) of class C! such that there are con-
stants J € N, a € R, b > 0 and ¢ > 0 and a piecewise
continuous function § : [0, +00) — [0, +00) such that

t
V() < —av(t) + (t — t;)bv(t) + c/ v(£)de
ti
+ &(¢) for all t € [t;, ti+1) and i > J. (D)
We also use S = ~/a? + 4c, and the function

()= (14 %4 KO D) -ete
=3 S cS ¢

+l<l_ﬁ+b(8+a)>eszar_lz' 2
c

S cS

We assume the following, which can be interpreted to mean
that w(vy) is frequently (but not necessarily always) in (0, 1).
Assumption 1: There are p € N and w € (0, 1) such that

Jjtp
[[non <z 3)

I=j

is satisfied for all j € N.

See Remark 1 for the motivation for Assumption 1 and our
example below, which explain how to check Assumption 1
(and why Assumption 1 is satisfied when a > 0). We prove:

Theorem 1: Let v be a function defined above such that
Assumption 1 is satisfied. Then there are positive constants «;
for i = 1 to 4 such that the inequality

V(1) < ae” ) v(0) + o4 (m)  (4)

sup
Le[s—as3,s]

sup
me[s—asz,t]

holds for all s > o3 and ¢ > s.

Proof: We can assume that (1) holds with equality for all
t € [, ti+1) and all i > J. To understand why, notice that if (1)
did not hold with equality, then it holds with & replaced by
6 — D for some nonnegative valued function D (where D can
depend on v at each time). In that case, we would be able to
replace § by § — D in the proof up through (21), and then we
would be able to complete the proof as given below starting
in (22) (with 8 instead of § — D) because of the nonnegative
valuedness of the function 6 that we use in the proof. This
would allow us to to obtain (4) with the original §, again
using the nonnegative valuedness of D.

To adopt a representation which is inspired
from [7, Sec. 1.5.3], we next define
t
wi(t) = v(®) + {j/ [ev(€) + bv(t;)]de (5)
ti

forj=1and j=2 for all ¢ € [¢;, ti+1) and i > J, where

a—a?+4c a+va?+4c
&= S P and { = B Y (6)

Then
t
wi(t) = —av(t) + (t — t;)bv(t;) + c/ v(£)de
I
+ Cilev(®) + bv(t)] + 8(D)

= (a ; S_ a)V(t) + (t = 1)bv(ty)

t
+ ¢ f V()AL + £1bv(ty) + 8(D)
.

a+S 2 !
=-— [v(t) T3S /t, [ev(e) + bv(ti)]dZ:|
+ S1bwi(t) + 8(2). N

Here and in the sequel, all equalities and inequalities should be
understood to hold for all 7 € [#;, #;+1) and all i > J. Observe
that

2 a—~at+4c a—~a?+4c
- = - 2 2 = = {1 (8)
a+S a* — (a* + 4c) 2¢
Thus,
S t
wi() = — [v(l) + & / [ev(€) + bv(t,-)]dﬂ]
t

+ Sibwi (1) +8(1)

S
— —“; Wi () + Cibwi () + 8(0). ©)

Similarly, by replacing S by —S§ in the preceding argument,
one can prove that

. a
wa(l) = — wa (1) + bwa (t;) + 8(2). (10)
By integrating, we obtain
at+S
atS 1 — e 2 1)
wi(t) =€ 2 i) +2 5 abm@
t a+S ¢
+/ ez EDsyde. (11)
1
By reorganizing terms, and noting that
4 Ab(a—S)?  4b(a—S)? 12)
@+8)? (@-8» 162
we obtain
r a+S
a+S, 1—8_2 (t—1;)
wi(t)=|e 2 70 42 TS C]b}m(ti)
t
+ / U5 )de
1
i D)
N P S Sl a=-§
= 2 b t;
¢ a+ S c wi (@)

t
+ / 505 p)de
ti

(14 =2 )e e - 2
LU @S2 @rsp 7
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t
+ / D5 0)de
L4

t
= Gi1(t — tywi () + / “FED5(0)de, (13)
ti
where
B b(a — S)? _ags,  bla— 8)2
gl(r)— <1+4—C2>€ _4—6‘2' (14)

Similarly, by replacing S by —S§ in the preceding argument,

t
wa(t) = Galt — thwa(t;) + / U Ds@yde,  (15)

1

where
ba+8)?\ s-=a, bla+S)?
As an immediate consequence, we have
t
v(t) + 1 / [ev(e) + bv(t;)]de
t
! at+S
= Gi(t — t;)v(t;) +[ ez EDsyde (17)
ti
and
t
W) + 6 / [ev(@) + b(i)]de
ti
t
= Gt — 1;)v(1y) +/ CTEDsyde. (18)
ti
From (17)-(18), we deduce that
(&2 = ov(®) = 0G1@ — t)v(t) — §1G2(t — t)v(t)
t t
+ f 6e D5 (0)de — ¢ / ¢ EDspyde. (19)
ti ti
Since ¢, — ¢ = S/c, we have
S
;V(l‘) =[0G — 1) — 501Gt — t) V(1)
t
+ / [cze#“*’) - ;16%(871)]8(6)(13. (20)
1
Consequently,
t
V() = e — tyv() + / 0(L — D3 (0)de,
1
where u(r) = S16261(r) — £1G2(1)]
C atS a—8
and 0(r) = gg'ze 2 ez’ 2n

where o agrees with the function we defined in (2), and 9 is
positive valued because cosh is positive valued, and because
our formulas & = (@ + S)/(2c) and ¢ = (@ — S)/(2¢)
from (6) imply that 6(r) is bounded below by %(S —
lae® 2 (572 + e=5712)) = L(S — |a)e®/? cosh(Sr/2).
Setting § = (¢/S)(1¢2]e“FS¥/2 4 |¢]), it follows that 0 <
0(r) <6 for all r € [0, V] and that

t
V(tix1) < pv(t) +0 / " s (22)
ti

Thus, for all j > J, we have

V(tipp41) < 1ip)v(tigp) + 6Z(0)
HOjp)V(Ejp) = W(jp) i (Vjp—1)V(ip—1)
+ 1(vp)0Z(1)

j+p . jtp Jtr B
[T wovian < [Tueove) + [T nendZe) @3)

l:j-i-l l:j l:j-’rl

ltpt+l—q
where Z(q) :/ §(0)de,

li+p—q

(24)

and we omit the dependence of Z(g) on j and p to simplify
notation. By moving the left side terms to the right side in the
last p of the inequalities in (23), then adding the results to the
first inequality in (23) and cancelling terms, we get

J+p
V(tipen) < [ [ v +06Z0)
I=j
- ]+p -
+ 1) + -+ [ nedZp)
I=j+1
TAL _ lp1
< [Trwov@) +60G. p) / s(6)de  (25)
I=j j
where the function
Jtp
o(p) =1+ uQp) + -+ [] (26)
I=j+1

admits a bound o > 0 that is independent of j (because of
our bound v on the v;’s), and where we use the nonnegative
valuedness of w and the nonnegativity of 6 to collect all of
the integrals from the Z(g) terms in the last integral in (25)
(which justifies the last inequality in (25) and explains why
there are no Z’s in (26)). This yields a constant C such that

jtp Litp+1
V(tipe) = [ [ v +C / s0de @27
I=j i

for all j. It follows from Assumption 1 that

_ litp+1
V(tjpe1) < V(L) +C f 5(s)ds. (28)
Ij
Also, we can apply an integrating factor to (1) to conclude
that for all 7 € [#;, ti+1] and i > J, we have

lalv 5

V) < e|a|v (bv(t,-) + sup 5(@)) + ey

Lelti,t]

t
+ cie‘“m/ v(0)de, (29)
t

so when a # 0, Gronwall’s inequality gives a constant ¢ > 0
such that

v(t) < E(v(ti) + sup 8(5)) (30)

Lelti,t]

for all ¢ € [¢, ti+-1) and i > J.
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Let k € N be such that k¥ > —In(c)/In(x). Then, since
n € (0, 1), the constant q = ﬁkE satisfies ¢ < 1. From (28),
we deduce that there is a constant d > 0 such that

V(tirkpen) < BV +d /

I

Litk(p+1)

8(s)ds. 31)

Let us take ¢ € [tjyk(p+1), Li+k(p+1)+2) With j > J such that
Litkp+1) = [k(p + 1) + 1]v. Then (30)-(31) give

v() <\ v(tikp+1) +  sup 8(0)
LEltjvk(p+1),1]

IA

. _ [Ut+ke+D
¢l 7 vy +d/ S(s)ds+  sup  8(0)
i Leltipk(p1).1]

qv(tj) + clk(p + 1)dv + 1] sup 8(¢). (32)

Lelty,t]

IA

Now, observe that our choice of v in Section I implies that
t < tigkp++2 < +V[k(@+1)+2] and so also #; > t — Q
where Q2 = [k(p + 1) + 2]v. It follows that

v(t) <q sup v(£) +clk(p 4+ Ddv + 1]

Le[t—2,1]

sup §(£). (33)
Le[t—82,1]

If we now apply [6, Lemma 1] to the functions w(€) = v(s+¥)
and d(€) = sup,c(p45_q ¢+ 0(r), we deduce that

In(q)
vty <e @ 9 sup v(0)

Le[s—,s]
clk Ddv + 1
L e Y
l—q Lels—Q,1]
if 1 > s> Q. Since q < 1, we can conclude. [ |

Remark 1: Using Taylor’s polynomials, we can find a
continuous function ¢ such that for all » € R, we have

w(r) = n(0) + 1 O)r + r*p(r).

Then simple calculations give n(0) = 1 (by the relation
(S — a)/(8)) + F(b(S + a)/(cS)) — b/c = 0 and can-
celling to a/S terms) and u'(0) = —%(%(1 + a/S +
b(S — @)/(cS) + 543 (1 — a/S + b(S + a)/(cS))) =
1 (—(S+a)(1+a/S)+(S—a)(1-a/8)) = y(~2a—2a) = —a.
Thus, when a > 0, then there are constants r > 0, r > 0, and
o € (0,1) such that u(r) € (0, uo] when r € (r, 7] (but
Assumption 1 is not satisfied when a < 0). Given any con-
stant v > 0, consider a sequence #; such that there is a k € N

such that k > 2 and v;4x = v; for all i € Z¢ and assume v; = r
for all i € {0, ...,k —2} and vg_; = v. Then

JHk—1

[T w0 < n@ug™ (36)
l=j

(35)

Then Assumption 1 is satisfied provided there is a constant
w € (0, 1) such that

@y

which is equivalent to

(37)

§w7

kZl—Hn( @ (38)

1
M(W) In(po)”
For any v > 0, there are k € N such that (38) is satisfied, so
no constraint on v is imposed, but larger sampling intervals
[#, tiy1) require more frequent small sampling intervals.

IIl. APPLICATION
A. Statement of Result

Consider the system
x(1) = M©O)x(1) + N(O)x(#) + v (1) (39)

where x is valued in R", M : [0,400) — R™" and
N : [0, +00) — R™" are continuous functions that are
bounded in norm by the constants 77 > 0 and 77 > 0 respec-
tively, and y : [0, 400) — R is a piecewise continuous
bounded function that can represent uncertainty.

To motivate (39), note that systems of the type (39) are
encountered in many circumstances. For instance, a system
x(t) = A()x(t) +B(t)u(r) +d(t) with the discrete output y(r) =
Cx(t;) and the input u(t) = F(¢)y(t) gives

x(t) =AMx() + BOF@®)Cx(t;) + d(1) (40)

Also, if one wants to use an observer of the form ).Ac(t) =
ADx(@) + B@)u(t) — G()[Cx(t;) — y(1)], then one obtains the
error equation

e() =AMe(t) — G@)Ce(t;) — d(2)

for e = X — x, which also is of the form (39).

Having motivated (39), we next provide conditions ensur-
ing generalized input-to-state stability type properties of the
system (39). We introduce the simplifying notation H(¢) =
M(t) + N(¢) and the following assumption, in terms of the
matrices Dy, Ry, MT and M~ we defined in Section L

Assumption 2: There exist a C' function P =

(41)

(Py ..., Py : [0,400) — R" and positive constants p,
p, and p such that -
P(t) + [Du(® + Ru)T + Ry() 1" P(t) < —pP(H)  (42)
and p < Pi(r) <p for k=1,2,...,n (43)
hold for all ¢ > 0.
We also choose the positive constants
2|P|somini 2|P|ooit?
dl — M and d2 — Hi (44)
p p
and Sy = +/p? + 4d; and the function
1 p  d2(So—p)\ _rtSo
= — 1 —_ _— 2 T
k(r) 2( + So + 415 e
1 p  d(So+p)\ Sr, dr
—|1- =+ ——"= - = 45
+2< St T as, )¢ 4 P

which agrees with the u formula (2) when a = p, b = d», and
¢ = dj. The following is an analog of Assumption 1.

Assumption 3: There are two constants ¢ € N and ¥ €
(0, 1) such that for all j € N, the inequality

J+q

l_[K(vl) <k

I=j

(46)

is satisfied.

In the next subsection, we prove:

Theorem 2: Let the system (39) satisfy Assumptions 2-3.
Then there are positive constants g; for i = 1 to 4 such that
all solutions of the system (39) satisfy

(D] < Bre P07 sup  |x(m)| + Bs

me[s—p4.s]

sup
mée[s—py.1]

ly (m)]
(47)

for all s > B4 and t > s.
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B. Proof of Theorem 2
For all ¢ € [t;, ti+1), we can rewrite the system (39) as

x(t) = H(O)x(@) + N@O[x(#) — x()] + y (1)
t
= H(t)x(t) — N(t) / x(€)de + y (1)
4

t
— H(H)x(H) = N / [M(0)x(6)
4

t
+ N(0)x(z;)]de — N(t)/ y(Ode+y(@). (48)
t

Here and in the sequel, statements involving i should be
understood to hold for all i € Zy. Thus

t

() = HOx(0) + / Z(@t, O)x(0)dl + KOx(t;) + @ (f) (49)

fi

for all ¢ € [t, tiy1), where

t
K@) = —N(1) / N@)de, Z(t,£) = —N@OM (),
14

t
and @ (f) = —N(t) / y(O)de + y(1). (50)
1

We study the system (49) through the following dynamics:

X(t) = (Du() + Ru®HX(H) — Ru(H)~x()
+ [ 1Z(, 0T — Z(1, 0" x(0))de
+ KOTx(t) — K@)~ x(t) + w ()t

x(t) = (Du(t) + Ru()M)x() — Ry (1) "X(1)
+ [ 12(1, )T x(0) — Z(1, ©)"X(0)1de
+ KOt x(t) — KO "x(t) — @ (1)~

(D

for all ¢ € [¢, ti+1). Let s > V and let us consider a solution
of (51) with the initial conditions

&(m), x(m)) = (x(m)*, —x(m)™) forallm e [s — v, s]. (52)
Then we prove in the Appendix that
X(1) =20, x(t) =0, and x(r) < x(1) < X(1) (53)

hold if + > 5. As a direct consequence, we have —Xx(1) =
x(t) —x(r) < x(t) <Xx(t) — x(#) = X(t) and so also

Ix(O] < xX(0)]

for all t+ > s where x(f) = x(¢t) — x(¢).
Direct calculations imply that

(54)

. t
xX(t) = Mu(0x(1) + / Nu (t, O)x(0)de + Ke(D)x(t;) + o(1) (55)
ti

for all ¢+ > s with t € [¢, ti+1), where My(t) = Dy(t) +
Ry)" + Ru()~, Ny(t, ) = Z(1, )" + Z(1, )", Ke(r) =
K®OT + K@~ and o(t) = w () + @@ ~. By (53) and
Assumption 2, it follows that along all solutions of (55), the
time derivative of V(z, %) = ' P(¢) satisfies

t
V(1) < —pV(t. 50) + PT () / 2, &)
t;
+ Z(t, ©)T1%(0)dL + ¥ (1) "Ke () TP(t) + 0(t) " P(2)
t
< V(30 + di / V(e 3(0))de
14

+ do(t — )V (t:, ¥(1)) + 0(t) " P(2) (56)

for all ¢ > s with ¢ € [#;, ti+1), where the formulas for d; and
dy from (44) followed because, for any n x n matrix valued
function M(¢, £) having nonnegative valued entries,

2\ PT(H)col; M(t, €)

PTOM(t, OF(0) = pi(D%;(0)
= pi(®)
.
< LMDy 5y < POy s 57

Given s > 0 and i € Zg such that t; > s, we apply
Theorem 1 with the choices J =i, a =p, b = db, and ¢ = d;
to

v(l) = VL, ¥(£)) (58)
which satisfies
b(t) < —pv(t) +d, / tv(ﬁ)dﬁ
+ do(t — ti)v(ttli) +ot+1)"Pt+1)  (59)

for all t € [#,t4+1) and i > J. Then Assumption 3 gives
constants 6; > 0 such that
V(t, %(1) < 01”207

sup  V(m, x(m))

me[r—~0y,r]
sup  o(m) ' P(m)

me[r—6y,t]

+ 63 (60)

when t > r > 6y + s. Hence Assumption 2 provides constants
6; > 0 for i = 4 to 6 such that

[#(6)| < 64”5 sup  |%(m)| + 6 lo(m)| (61)

me[r—6gp,r]

sup
me[r—6y,t]

when t > r > 0y + s.
Thus, combining (54) and (61) with r = 6y + s, it follows
that when 1 > 6y + s, we have

—05(1—s)

[x(D)] < 67e sup

mels,0p+s]

[x(m)| 4+ 606 sup |o(m)| (62)

mel[s,t]

with 87 = 04¢%% . By applying variation of parameters to (55)
on [t;, t] for each t € [t;, t;+1) and then applying Gronwall’s
inequality repeatedly to the result on the intervals [¢;, f;41) for
i>i—1, one finds a constant C > 0 such that

sup  [x(m)| +

me[s—v,s]

sup

lo(m) |>
mel[s,0p+s]

§C< ?}lpi ! [X(m)| + sup IQ(m)|> (63)

mel[s,t]

Ix(O] < C(

for all £ € [s,6p + s] and t > 0y + s and s > V. Combining
the last inequality in (63) with (62), we obtain
|x(m)|

Ix(5)| < 67e~59C  sup

me[s—v,s]

+ 676750 C sup |o(m)| + 66 sup |o(m)| (64)

mels,t] me[s,1]

when t > 6y + s. Thus

—05(t—s)

Ix()| =< bge |x(m)| + 69 sup lo(m)| (65)

mels,t]

sup
me[s—v,s]

when t > 6y + s with g = 67C and 69 = 6;C + 0.
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It now follows from (54) and (63) that there are constants
610 and 611 such that

[x(D)] < 610 sup [X(m)| + 611 sup |o(m)]
me[s—v,s] me|s,t]
< 010¢"0e™ 50 sup  [x(m)| + 611 sup |o(m)] (66)
me[s—v,s] mels,t]

for all + € [s,00 + s]. Setting 613 = max{98,910e9590} and
014 = max{fy, 011}, it follows that if # > s > v, then

—05(t—s)

Ix(D)] < O13e [X(m)| + 614 sup [o(m)|. (67)

me(s,t]

sup
me[s—v,s]
Since |o()| < (2nV + 2) supye(,_y |y (O)| for all 7 € [#;, ti11)
and i € Zg, and since X(r) = X(r) — x(r) = x(r)* +x(r)~ and
so also |xX(r)| < 2|x(r)| for all r € [s — V, s], the theorem now
follows from (67).

IV. ILLUSTRATION OF THEOREM 2

Let #; be a sequence that satisfies the requirements from
Section I. Consider the two dimensional system

-):Cl (t) = —X] (t) + X2 (tl) (68)
X2() = —2x2(0) + x1 (1) — x1(%)-
Then, with the notation of Section III, we choose
-1 0 0 1
=3 5] =[5 ]
—1 1 1
H:|:O _2:|, and P:|:]:|. (69)
Since Ry = 0, the equality H = Dy + RE + Ry holds.
Therefore, (Dy + Rj; + Rp)'P = HTP = —P. Thus,
Assumption 2 is satisfied and p = p= =1, m =2, and
n = 1. Moreover, d| = 44/2 and dr = 2 2 and
1 1 dr (S — 1)) 1+So
=—(14+—
() 2( + So + d1So
1 1 dr(So+ 1) 0! da
A1l - =+ —— 2 "— =2 (70
+ 2( So + d1So ¢ (70)

where So = v 1 + 16+/2. Let us observe that k(r) is approx-
imated in any neighborhood of zero by 1 — pr (by using the
approximation from Remark 1 with a = p). It follows that
there are two constants vy > 0 and «; € (0,1) such that
Kk (V) = K.

We deduce that for any v > 0, one can satisfy Assumption 3.
Indeed, let & € N be such that

In(2« (v
M +1<h (71)
— In(ks)

and consider #; such that v; = v; for all / € {0, ..., h — 2},

vp—1 = v and vy is periodic of period A. Then for all j € Z,

j+h—1
]_[ k() = k@), (72)
I=j
From (71), if follows that for all j € Zg, we have
j+h—1 |
[] o0 < > (73)
I=j

so (68) satisfies the conclusions of Theorem 2.

APPENDIX
TECHNICAL RESULT
We prove that our conditions (53) from our proof of

Theorem 2 hold for all ¢ > s, in order to complete the proof
of this theorem. Let z = —x. Then (51) gives

X(1) = (Dy (1) + Ry () H)X(1) + R (1)~ 2(1)
+ [ 1Z(1, O TX(0) + Z(1, ) 2(0)]de
+ KO x(t) + K@©) " z2(t) + w ()™

2(1) = Dy () + Ry () )z(t) + Ry (1)~ X(1)
+ [ 12, 0T 2(0) + Z(1, £)X(£)]de
+ KO zt) + KO X)) + w (@)~

(A1)

for all t € [t;, t;11). Since Dy (t) + Ry(t)™ is Metzler for all
t >0 and all of the other matrices in (A.1) are nonnegative val-
ued, we can prove that (A.1) is nonnegative, by writing (A.1)
in the form

t
q) = Mi()q(1) + / My (O)q(6)dl + M3(1)q(1i) + p(1) (A.2)
ti

for all ¢ € [#;, t;+1) and i € Zy where M is Metzler for all ¢ >
0, and where M», M3, and p are nonnegative for all # > 0, then
noting that each entry of the state transition matrix &y, for M,
is positive valued (e.g., by [4, Lemma 2]) to conclude that the
positive orthant (0, 00)?" is forward invariant for (A.2), and
finally using a continuous dependence argument to conclude
nonnegativity of (A.2). Since t —t; < v for all ¢ € [¢, ti+1),
and since (52) gives

x(m) = x(m)*

z(m) = x(m)~ for allm € [s — 7, 5] (A3)

we get x(#) > 0 and z(#) > O for all + > s. By the same
reasoning, we can use (49) and (51) to check that the dynamics
for (x(r) —x(#), x(t)+2z(#)) is nonnegative, so (A.3) gives x(t) —
x(t) > 0 and x(¢) 4+ z(t) = 0 for ¢t > s.
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