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Abstract— Metal additive manufacturing (AM) has been inten-
sively advanced due to numerous industrial applications, such
as automobiles, aerospace, consumer electronics, and medical
devices. The dynamics of the melt pool via laser sintering for
metal AM has been studied by means of the thermodynamic
phase change model known as the “Stefan problem”. In this
article, we develop a control design for the laser power to drive
the depth of the melt pool to the desired set point. The governing
equation is described by a partial differential equation (PDE)
defined on a time-varying spatial domain, which is dependent on
the PDE state, and the optical penetration of the laser energy
affects the PDE dynamics in the domain as well as at the surface
boundary. First, we design the full-state feedback control law
utilizing the entire spatial profile of the temperature in the melt
pool and the moving interface position. The closed-loop system
is proven to satisfy some conditions to validate the physical
model, and its origin is shown to be exponentially stable. Next,
we propose an observer-based output feedback control law by
reconstructing the temperature profile with the availability of
only the measured interface position and prove the analogous
properties of the closed-loop system. Numerical simulation for a
controller designed on a single-phase Stefan model is conducted
on a more complex and realistic two-phase Stefan model, which
incorporates the cooling effect from the solid phase. In addition,
a bias in the interface location measurement is considered.
The numerical results illustrate the robustness of the proposed
feedback. By lowering the initial temperature in the solid and by
increasing the interface sensor bias to more extreme levels, which
leads to the controller’s failure (where the failure is exhibited
through the entire metal freezing and the melt pool disappearing),
we explore the limits of how much uncertainty our control law
can handle.

Index Terms— Backstepping, distributed parameter systems,
Laser sintering, nonlinear stabilization, Stefan problem.

I. INTRODUCTION

ADDITIVE manufacturing (AM), also known as 3-D
printing, is a state-of-the-art manufacturing technology

that has emerged rapidly in the recent decade as observed
from the growth in the global market. AM’s impact relies
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on products and supply chains in numerous industries, such
as automobiles, consumer electronics, aerospace, and medical
devices [7]. While industrial AM systems for polymer mate-
rials can produce reasonable quality for customers, AM for
metallic materials still has room for quality improvement.

Selective laser sintering (SLS) is the most common tech-
nique of the powder-bed fusion AM processes that fabricate
structurally sound 3-D products from the computer-aided
design (CAD) models [1]. Using a high powered laser, a thin
layer of the metal powder at the surface of the bed is
fused to produce the desired geometry. A melt pool created
by the laser solidifies to a solid metal component. Such a
layer-by-layer process to fabricate the entire object enables
a relatively fast process speed together with complex
geometry.

As the phase transformation of the metal powder occurs in
a short time scale while operating a fast scanning speed of
the laser, SLS yields an inhomogeneous temperature field that
leads to a complex computational prediction of the geometry
of the melt pool (see [18]). The large thermal gradient inside
the metal can lead to brittle parts, and thus, the temporal
evolution of the temperature field has a significant role to guar-
antee the quality of the fabrication. Using a thermodynamic
model for phase transformations, several research articles have
studied the evolution of the melt pool in SLS by means of the
Stefan problem [9] and employed finite element (FE) methods
to obtain computational models [2], [5], [8], [27]. The Stefan
problem is governed by a parabolic partial differential equation
(PDE) for temperature field defined on the time-varying spatial
domains of the melting front, whose evolution is given by
the Neumann boundary value of the PDE state at the front
position. A comprehensive review of the thermal modeling of
melt pool dynamics in SLS can be found in [32].

Process control for SLS has been developed to guarantee
sufficient mechanical properties of the fabricated 3-D object.
For instance, in [33], a control system to eliminate ther-
mal gradients in the postsintering temperature is designed
using an IR camera as a sensor and laser power density as
an actuator. In [34], cooling rate control is developed for
a thermal PDE model by combining a feedforward input
based on a steady-state temperature profile with a PI feed-
back controller to regulate the set point under the model
uncertainties. Repetitive control methods for SLS-based AM
have been developed in [30] and [31] by utilizing 3-D FE
simulation for the melt-pool evolution. As a powder deposition
process, [3] proposed a control design for laser power and
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scanning speed to drive the solid–liquid interface position
in the melt pool to some predetermined set point geometry
using an adjoint-based optimization for the Stefan problem
developed in [11].

From a control perspective, the boundary stabilization of
the interface position for the one-phase Stefan problem was
recently developed in [13]– [17] based on the “backstepping
method” [19], [20]. More precisely, in [13], the observer-
based output feedback control was designed via a nonlinear
backstepping transformation, and the exponential stabilization
of the closed-loop system was proven without imposing any
a priori assumption. The application of the backstepping
method for the Stefan problem to the screw extrusion-based
polymer 3-D printing process was covered in [16] by devel-
oping the thermodynamic model, including the effects of
screw speed and the barrel temperature, and designing the
observer-based output feedback control law to stabilize the
ratio between the polymer granules and melt polymer. By other
approaches, the boundary control and estimation design for
the Stefan problem with applications to continuous casting
have been developed in [4] and [23]–[25] using enthalpy-
based design, online recalibration method, and bang-bang
control. However, none of the existing studies have studied
the control design of the Stefan problem with applications to
laser sintering.

This article develops the control design for SLS-based metal
AM to stabilize a depth of the melt pool at the desired position
utilizing a 1-D approximation of the Stefan problem [27]
in the vertical direction. The time-varying laser power is
manipulated as feedback control of the temperature profile
and the liquid–solid interface position by following the design
procedure in [13]. The governing equation considered in this
article includes the “in-domain” effect of controlled laser
power to a PDE of the temperature profile that obeys the
Beer–Lambert law for optical penetration. It is proven that
the proposed control law stabilizes the liquid–solid interface
position at the desired set point exponentially in time and
robustly with respect to the uncertainty of the optical pene-
tration rate. Numerical simulation for a controller designed on
a single-phase Stefan model is conducted on a more complex
and realistic two-phase Stefan model, which incorporates the
cooling effect from the solid phase. In addition, a bias in the
interface location measurement is considered. The simulation
results illustrate the robustness of the proposed feedback
control. By lowering the initial temperature in the solid and
by increasing the interface sensor bias to more extreme levels,
which leads to the controller’s failure (where the failure is
exhibited through the entire metal freezing and the melt pool
disappearing), we explore the limits of how much uncertainty
our control law can handle.

This article is organized as follows. The governing equation
of the temperature profile in the melt pool and the interface
position is given in Section II. The full-state feedback control
design is presented in Section III, and the output-feedback
control is given in Section IV. Simulation results are given
in Section V. We complete this article in Section VI with
concluding remarks.

Fig. 1. Schematic of the melt pool in SLS.

II. PHYSICAL MODEL OF MELT POOL IN SLS

SLS is a common AM technique as a layer-by-layer process
to fabricate a 3-D object through repetitive phenomena of
the melting and solidification. At each layer, first, the solid
object under the process of fabrication is covered by a thin
granular metal powder layer at the surface. Next, a laser beam
is injected through reflection by scanner mirrors to heat up
and fuse the metal powder at selective areas of the surface.
A local melt pool is developed by the laser power in the metal
powder. Through a phase change phenomenon, the domain of
the melt pool is given by the position of the melting front that
is varying in time. This configuration is depicted in Fig. 1.

The physical modeling of the melt pool dynamics has been
developed in the literature by means of a Stefan problem.
In general metal AM processes, the location of the scanner
mirror is moving to draw the desired surface shape of the melt
pool. As reported in [2], [5], and [6], with high scanning speed,
the dynamics of the temperature and the maximum depth of
the melt pool can be described by 1-D approximation of the
Stefan problem in the vertical direction with incorporating the
in-domain effect of the laser power to the temperature dynam-
ics, which is given by the following governing equations:

∂T

∂ t
(x, t) = α

∂2T

∂x2
(x, t) + g(x)qc(t), x ∈ (0, s(t)) (1)

−k
∂T

∂x
(0, t) = qc(t) (2)

T (s(t), t) = Tm (3)

ṡ(t) = −β
∂T

∂x
(s(t), t) (4)

where T (x, t) denotes the temperature profile in the melt pool
along the vertical coordinate x ∈ (0, s(t)), α := (k/ρcp)
is the diffusion coefficient, k is the thermal conductivity,
ρ is the density, cp is the specific heat capacity, Tm is
the constant melting temperature, β := (k/ρH f ) with the
latent heat of fusion H f , and qc(t) is the controlled laser
power. By Beer’s law for optical penetration of the energy,
in [27], the spatially varying function g(x) is given by g(x) =
(1/ρcpδ) exp(−(x/δ)), where δ is called optical penetration
rate. In this article, we consider a broader class of the spatial
function g(x) satisfying the following assumption.
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Assumption 1: The spatially varying function g(x) is con-
tinuously differentiable in x and satisfies g(x) ≥ 0 for
all x ≥ 0.

In (4), the left-hand side and the right-hand side represent
the latent heat and the heat flux by the melt pool, respectively.

Remark 1: As presented earlier, the 1-D approximation is
validated with the high scanning speed of the laser mirror.
More specifically, for a given laser beam diameter d and the
scanning speed v, the beam–material interaction time d/v must
be sufficiently smaller than the radial thermal diffusion time
(d/2)2/α, which leads to

v � 4α

d
. (5)

Remark 2: As the moving interface s(t) depends on the
temperature state, the problem defined in (1)–(4) is nonlinear.

The condition to validate the physical model (1)–(4) is given
in the following remark.

Remark 3: The model (1)–(4) is physically valid if and
only if

T (x, t) ≥ Tm ∀x ∈ (0, s(t)) ∀t ≥ 0. (6)

Based on the abovementioned condition, we impose the fol-
lowing assumption on the initial data.

Assumption 2: s0 := s(0) > 0, T0(x) := T (x, 0) ≥ Tm

for all x ∈ [0, s0], and T0(x) is continuously differentiable in
x ∈ [0, s0].
A sufficient condition to guarantee (6) is given by the follow-
ing lemma.

Lemma 1: Under Assumptions 1 and 2, if qc(t) is a
bounded piecewise continuous function with generating posi-
tive heat for a time interval, i.e., qc(t) > 0 for all t ∈ [0, t1)
for some t1 > 0, then there exists a unique classical solution
to the Stefan problem (1)–(4) with satisfying T (x, t) > Tm for
all x ∈ (0, s(t)) and t ∈ [0, t1). Moreover, if qc(t) > 0 for all
t ≥ 0, then T (x, t) > Tm for all x ∈ (0, s(t)) and t ≥ 0.

Lemma 1 is proven by applying the maximum principle and
Hopf’s lemma for parabolic PDEs, as shown in [10, p. 26,
Corollary 2]. Therefore, the condition qc(t) > 0 for all t ≥ 0
stands as a constraint of the laser power input, which needs
to be ensured after the feedback control law is designed. The
definition of the classical solution of the Stefan problem is
given in several studies. Here, we do not provide explicitly
and refer the reader to [10, p. 1, Definition 1].

III. STATE FEEDBACK CONTROL FOR LASER POWER

A. Problem Statement and Main Result

The steady-state solution (Teq(x), seq) of the
system (1)–(4) with zero laser power qc(t) = 0 yields
a uniform melting temperature Teq(x) = Tm and a constant
interface position given by the initial data. As proposed
in [3], driving the depth of the melt pool to the set point
is desired in AM. In this article, we design qc(t) > 0 such
that the interface position s(t) converges to the set point sr .
A restriction on the choice of the set point is given in the
following assumption.

Assumption 3: Given the initial conditions T0(x) and s0,
the set point sr is chosen to satisfy the following inequality:

sr > s0 + β

α

∫ s0

0
(T0(x) − Tm)dx . (7)

The necessity of Assumption 3 can be derived by consider-
ing the energy conservation law described by

d

dt

(
k

α

∫ s(t)

0
(T (x, t) − Tm)dx + k

β
s(t)

)

=
(

1 + k

α

∫ s(t)

0
g(x)dx

)
qc(t). (8)

Imposing the constraint qc(t) > 0 for all t ≥ 0 and taking
the time integration of (8) from the initial time to infinity,
the condition given in Assumption (3) is obtained. Under these
assumptions, we design the control law and state our main
result as follows.

Theorem 1: Under Assumptions 1–3, consider the closed-
loop system consisting of the plant (1)–(4) and the control
law

qc(t) = −c

(
k

α

∫ s(t)

0
(T (x, t) − Tm)dx + k

β
(s(t) − sr )

)
(9)

where c > 0 is a control gain. Suppose that (9) is continuous
in time. Then, the closed-loop system has a unique classical
solution that satisfies the model validity condition (6), and
there exists a positive constant M > 0 such that the norm

�(t) := ||T (x, t) − Tm||2H1
+ (s(t) − sr )

2 (10)

satisfies the following exponential decay:

�(t) ≤ M�(0)e−bt (11)

where b = min{(α/4s2
r ), c}, namely, the origin of the closed-

loop system is exponentially stable in the spatial H1 norm.
Remark 4: The control law (9) is equivalent to the design

developed in [13] for the system without in-domain effect,
as we can see that (9) is not dependent on the spatially varying
function g(x). Hence, the stability of the closed-loop system
is robust with respect to the uncertainty of g(x) as far as
Assumption 1 holds.

The proof of Theorem 1 is established through the remain-
der of Section III.

B. Reference Error and Target System

We define the reference error states as follows:

u(x, t) = T (x, t) − Tm, X(t) = s(t) − sr . (12)

Using these variables, the original system (1)–(4) is led to the
following reference error system:

ut (x, t) = αuxx (x, t) + g(x)qc(t), x ∈ (0, s(t)) (13)

−kux(0, t) = qc(t) (14)

u(s(t), t) = 0 (15)

Ẋ(t) = −βux(s(t), t). (16)
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Following the procedure in [13], we introduce the following
backstepping transformation:

w(x, t) = u(x, t) − c

α

∫ s(t)

x
(x − y)u(y, t)dy

+ c

β
(s(t) − x)X(t). (17)

Taking the time and spatial derivatives of (17) along the
solution of (13)–(16) yields the following target system:

wt (x, t) = αwxx (x, t)+ c

β
ṡ(t)X(t)+ ḡ(x, s(t))qc(t) (18)

w(s(t), t) = 0 (19)

wx(0, t) = 0 (20)

Ẋ(t) = −cX(t) − βwx(s(t), t) (21)

where

ḡ(x, s(t)) := g(x) − c
α

∫ s(t)
x (x − y)g(y)dy. (22)

The boundary condition (14) leads to the control design

qc(t) = −ck

(
1

α

∫ s(t)

0
u(x, t)dx + 1

β
X(t)

)
(23)

which is equivalent to (9).

C. Model Validity Conditions

To guarantee the condition (6) for the model validity to
hold under the closed-loop system, we provide the following
lemma.

Lemma 2: The closed-loop system of (13)–(16) under the
control law (23) satisfies the following properties:

qc(t) > 0 ∀t ≥ 0 (24)

u(x, t) > 0 ∀x ∈ (0, s(t)) ∀t ≥ 0 (25)

ṡ(t) > 0 ∀t ≥ 0 (26)

s0 < s(t) < sr ∀t > 0. (27)

Proof: First, we use contradiction approach to prove (24),
namely, we assume that there exists a finite time t∗ > 0 such
that qc(t) > 0 ∀t ∈ [0, t∗) and qc(t∗) = 0. Then, by Lemma 1,
we have u(x, t) > 0 ∀x ∈ (0, s(t)) ∀t ∈ [0, t∗), and ṡ(t) > 0
∀t ∈ [0, t∗). Then, by the control law (23), we deduce
0 < s0 < s(t) < sr ∀t ∈ (0, t∗). Taking the time derivative of
the control law (23) leads to

q̇c(t) = −c

(
1 + k

α

∫ s(t)

0
g(x)dx

)
qc(t). (28)

Applying s(t) < sr ∀t ∈ (0, t∗) with the help of g(x) ≥ 0
yields the following inequality:

q̇(t) > −c

(
1 + k

α

∫ sr

0
g(x)dx

)
qc(t) ∀t ∈ (

0, t∗). (29)

Applying comparison principle to (29), we get the following
inequality:

qc(t) > qc(0)e(−c(1+ k
α

∫ sr
0 g(x)dx)t) ∀t ∈ (

0, t∗). (30)

Hence, qc(t∗) ≥ qc(0) exp(−c(1+(k/α)
∫ sr

0 g(x)dx)t∗). How-
ever, Assumption 3 for set point restriction ensures qc(0) > 0,

and hence, qc(t∗) > 0, which contradicts with the imposed
assumption qc(t∗) = 0. Thus, the positivity (24) is proven.
Moreover, the properties (25)–(27) are shown by applying
Lemma 1 for infinite time domain and extending the manner
we presented at the beginning of this proof for the finite time
domain to the infinite time domain. �

Moreover, we have the following lemma.
Lemma 3: The control law (23) under the closed-loop sys-

tem satisfies the following inequalities:

qc(0)e(−c(1+ k
α

∫ sr
0 g(x)dx)t) <qc(t)<qc(0)e−ct ∀t ≥0. (31)

Applying the conditions (24) and (27) to (28) with the use of
comparison principle directly leads to (31).

D. Stability Proof

In this section, we prove the exponential stability of the
closed-loop system by the Lyapunov method with the help of
the properties shown in Lemmas 2 and 3. First, we prove the
stability of the target (w, X)-system given in (18)–(21). Note
that for this target system, Poincare’s and Agmon’s inequalities
are given by

||w||2 ≤ 4s2
r ||wx ||2, ||wx ||2 ≤ 4s2

r ||wxx ||2 (32)

wx(s(t), t)2 ≤ 4sr ||wxx ||2 (33)

where ||w|| denotes the spatial L2 norm defined by
||w|| := (

∫ s(t)
0 w(x, t)2dx)1/2. Let V be the Lyapunov function

defined by

V (t) = 1

2s2
r

||w||2 + 1

2
||wx ||2 + p

2
X(t)2. (34)

Taking the time derivative of (34) along the solution
of (18)–(21) leads to

V̇ (t) = − α

s2
r

||wx ||2 + c

βs2
r

ṡ(t)X(t)
∫ s(t)

0
w(x, t)dx

+ 1

s2
r

∫ s(t)

0
ḡ(x, s(t))w(x, t)dxqc(t)

− α||wxx ||2 − c

β
ṡ(t)X(t)wx(s(t), t)

− 1

2
ṡ(t)wx(s(t), t)2

−
∫ s(t)

0
ḡ(x, s(t))wxx (x, t)dxqc(t)

− pcX(t)2 − pβ X(t)wx(s(t), t). (35)

Applying the Cauchy Schwarz, Young’s, and Poincare’s
inequalities to the term on the second line in (35), for a positive
constant γ1 > 0, we get∫ s(t)

0
ḡ(x, s(t))w(x, t)dxqc(t)

≤ 2γ1s2
r ||wx ||2 + 1

2γ1
||ḡ||2qc(t)

2. (36)

Applying Young’s and Cauchy Schwarz inequalities to the
term on the fifth line in (35), for a positive constant γ2 > 0,
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we get

−
∫ s(t)

0
ḡ(x, s(t))wxx (x, t)dxqc(t)

≤ ||ḡ||2
2γ2

||wxx ||2 + γ2

2
qc(t)

2. (37)

Applying Young’s and Agmon’s inequalities, we get

−pβ X(t)wx(s(t), t) ≤ pc
2 X(t)2 + 2pβ2sr

c ||wxx ||2. (38)

Therefore, by applying (36)–(38) to (35) with setting

γ1 = α

4s2
r

, γ2 = 2||ḡ||2
α

, p = cα

4β2sr
(39)

we arrive at

V̇ (t) ≤ − α

8s2
r

(
||wx ||2 + 1

s2
r

||w||2
)

− pc

2
X(t)2

+ 3

α
||ḡ||2qc(t)

2 + ṡ(t)

(
1

2s3
r

||w||2 + 8sr c

α

p

2
X(t)2

)

≤ −bV + aṡ(t)V + 3

α
||ḡ||2qc(t)

2 (40)

where

a = max

{
1

sr
,

8sr c

α

}
, b = min

{
α

4s2
r

, c

}
. (41)

Let W be the functional defined by

W (t) = V (t)e−as(t). (42)

With the use of (40), the time derivative of (42) is shown to
satisfy

Ẇ (t) ≤ −bW (t) + 3

α
||ḡ||2qc(t)

2e−as(t). (43)

Recalling the definition of ḡ in (22) and applying Young’s
and Cauchy Schwarz inequalities, the spatial L2 norm is
bounded by

||ḡ||2 ≤ 2
∫ s(t)

0

(
g(x)2 +

(
c

α

∫ s(t)

x
(x − y)g(y)dy

)2
)

dx

≤ 2||g||2 + 2
c2

α2

∫ s(t)

0

(∫ s(t)

x
(x − y)g(y)dy

)2

dx

≤ 2

(
1 + c2s4

r

12α2

)
||g||2L2(0,sr )

(44)

which is time-independent. By Lemma 3, the square of the
controller is bounded by

qc(t)
2 ≤ qc(0)2e−2ct . (45)

Applying (44) and (45) to (43), we get

Ẇ (t) ≤ −bW (t) + Nqc(0)2e−2ct (46)

where N is a positive constant defined by

N = 6

α

(
1 + c2s4

r

12α2

)
||g||2L2(0,sr )

. (47)

Applying comparison principle to (46) leads to

W (t) ≤ W0e−bt + Nqc(0)2e−bt
∫ t

0
e−(2c−b)τ dτ. (48)

Noting b = min{(α/4s2
r ), c} given in (41), it is easy to see

that 2c > b. Thus, through the calculation of the integration,
the inequality (48) is led to

W ≤
(

W0 + Nqc(0)2

2c − b

)
e−bt . (49)

By V = Weas(t), (49) leads to the inequality of V as

V ≤ eas(t)

(
W0 + Nqc(0)2

2c − b

)
e−bt ,

≤ easr

(
V0 + Nqc(0)2

2c − b

)
e−bt . (50)

By the invertibility of the transformation, there exist pos-
itive constants M̄ > 0 and M > 0 such that for the
norm of the original (u, X)-system and the norm of the
target (w, X)-system, it holds

M�(t) ≤ V (t) ≤ M̄�(t) (51)

where

�(t) := ||u||2H1
+ X(t)2. (52)

Moreover, since the control law is qc(t) =
−ck((1/α)

∫ s(t)
0 u(x, t)dx + (1/β)X (t)), taking the square of

the control law and applying Young’s and Cauchy–Schwarz
inequalities lead to the following inequality:

qc(0)2 ≤ L�(0) (53)

where L =2c2 k2 max{(sr/α
2), (1/β2)}. Combining these,

we arrive at

�(t) ≤ easr

M

(
M̄ + N L

2c − b

)
�0e−bt (54)

from which the origin of the closed-loop system of (u, X) is
shown to be exponentially stable.

IV. OBSERVER-BASED OUTPUT FEEDBACK CONTROL

The control design (23) of the full-state feedback requires
the spatial profile of the temperature along the vertical axis
inside the powder bed, which is not practically feasible.
To handle the issue, we construct a state observer to estimate
the temperature profile by measuring only the position of
the melting front s(t) and design an output-feedback control
law for the actuated laser power by utilizing the estimated
temperature profile. Therefore, the measured output y(t) is
given by

y(t) = s(t). (55)

Online sensing of the melt pool’s depth is not standard in cur-
rent products of 3-D printing; however, there are several poten-
tial ways. One way is utilizing the acoustic sensor or ultrasonic
to directly measure the depth, as proposed in [12] and [28].
Another possibility is to measure the surface geometry of
the melt pool by imaging-based sensors (e.g., CMOS and IR
camera) [29], which is more standard sensing method for laser
sintering, and obtain the depth by calculating the total volume
of melt pool from the energy and mass balance, as developed
in [26]. Throughout this section, we assume that the output
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(55) does not include a disturbance for the purpose of proving
the stability of the closed-loop system. In Section V, we study
the numerical simulation with including the disturbance in the
measurement (55).

A. Observer for the Temperature Profile

Let û(x, t) be the estimate of the reference error of the
temperature u(x, t) = T (x, t) − Tm . We design the PDE
observer for û as a copy of the plant (13)–(15) with utilizing
the measurement y(t) as the domain of the PDE estimator as
follows:

ût(x, t) = αûxx (x, t) + ĝ(x)qc(t), x ∈ (0, y(t)) (56)

−kûx(0, t) = qc(t) (57)

û(y(t), t) = 0 (58)

where ĝ(x) is the guess of the spatial function g(x) in the
plant, which is essentially uncertain. Let ũ be the estimation
error state defined by ũ := u − û. Then, the dynamics of ODE
(16) can be rewritten with respect to û and ũ as follows:

Ẋ(t) = −βûx(s(t), t) − βũx(s(t), t). (59)

Subtracting the observer PDE (56)–(58) from the plant PDE
(13)–(15), we get the dynamics of the estimation error as
follows:

ũt(x, t) = αũxx (x, t) + g̃(x)qc(t), x ∈ (0, s(t)) (60)

ũx(0, t) = 0 (61)

ũ(s(t), t) = 0 (62)

where g̃(x) := g(x) − ĝ(x).

B. Output Feedback Control Design and Stability Proof

The output feedback control law is designed by replacing
the plant state u in the full-state feedback control law (23) with
the observer state û, resulting in the following description:

qc(t) = −c

(
k

α

∫ y(t)

0
û(x, t)dx + k

β
(y(t) − sr )

)
. (63)

To prove the stability of the closed-loop system, we require
the following assumptions.

Assumption 4: û(x, 0) is continuously differentiable in x
and satisfies û(x, 0) ≥ u(x, 0) ≥ 0 for all x ∈ (0, s0).

Assumption 5: ĝ(x) is continuously differentiable in x and
satisfies ĝ(x) ≥ g(x) ≥ 0 for all x ∈ (0, sr ).

Assumption 6: The set point sr is chosen to satisfy

sr > y(0) + β

α

∫ y(0)

0
û(x, 0)dx . (64)

Remark 5: ĝ(x) can be chosen so that Assumption 5 holds.
In laser sintering, g(x) is given by g(x) = (1/ρcpδ)e−(x/δ),
and the penetration rate coefficient δ is highly uncertain.
However, it is possible to know the upper bound δ and lower
bound δ, i.e., 0 < δ ≤ δ ≤ δ < ∞. Thus, a conservative
choice of ĝ(x) to satisfy Assumption 5 is

ĝ(x) = 1

ρcpδ
exp

(
− x

δ

)
. (65)

The theorem for the observer-based output feedback control
is given in the following.

Theorem 2: Under Assumptions 4–6, consider the closed-
loop system consisting of the plant (13)–(16), the measure-
ment (55), the observer (56)–(58), and the output feedback
control (63). Suppose that (63) is continuous in time. Then,
for any ĝ(x) satisfying∫ sr

0
(g(x) − ĝ(x))2dx ≤ α

80k2sr
(66)

the closed-loop system has a unique classical solution that
satisfies the model validity condition (6), and there exists a
positive constant M > 0 such that the norm

�(t) := ||u||2H1
+ (s(t) − sr )

2 + ||ũ||2H1
(67)

satisfies the following exponential decay:

�(t) ≤ M�(0)e−bt (68)

where b = (1/4) min{(α/4s2
r ), c}, namely, the origin of the

closed-loop system is exponentially stable in the spatial H1

norm.
The proof of Theorem 2 is provided in the remainder of

this section.

C. Model Validity Conditions

First, we prove the following lemma that is analogous to
Lemma 2.

Lemma 4: The closed-loop system satisfies the following
properties:

qc(t) > 0 ∀t ≥ 0 (69)

ũ(x, t) < 0 ∀x ∈ (0, s(t)) ∀t ≥ 0 (70)

ũx(s(t), t) > 0 ∀t ≥ 0 (71)

u(x, t) > 0 ∀x ∈ (0, s(t)) ∀t ≥ 0 (72)

s0 < s(t) < sr ∀t > 0. (73)

Proof: We use the contradiction approach. Assume that
there exists a finite time t1 > 0 such that (69) is violated,
namely, qc(t) > 0 for all t ∈ (0, t1) and qc(t1) = 0. Then,
due to g̃(x) < 0 given by Assumption 5, the estimation error
PDE (60) satisfies ũt (x, t) < αũxx , and thereby, applying the
maximum principle to ũ-system leads to the negativity of the
solution, i.e., ũ(x, t) < 0 for all x ∈ (0, s(t)), t ∈ (0, t1), and

ũx(s(t), t) ≥ 0 ∀t ∈ (0, t1). (74)

Taking the time derivative of the control law (63) along
the solution of (56)–(59) leads to the following differential
equation:

q̇c(t) = −c

(
1+ k

α

∫ s(t)

0
ĝ(x)dx

)
qc(t)+ckũx(s(t), t). (75)

Applying (74) to (75) leads to

q̇c(t) > −c

(
1 + k

α

∫ s(t)

0
ĝ(x)dx

)
qc(t) ∀t ∈ (0, t1). (76)
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Using the same procedure as the derivation in Lemma 2,
the differential inequality (76) leads to the following inequality
of the solution:

qc(t) > qc(0)e(−c(1+ k
α

∫ sr
0 ĝ(x)dx)t) ∀t ∈ (0, t1). (77)

Thus, we have qc(t1) > 0, which contradicts with the assump-
tion qc(t1) = 0. Hence, we deduce (69), and again applying
the maximum principle to (60)–(62) leads to the properties
(70) and (71) for all t ≥ 0. The conditions (72) and (73) are
derived by same procedure as in Lemma 2.

�

D. Stability Analysis

To study the stability of the plant states (u, X) under the
output feedback design (63), we prove the stability of coupled
ũ-system (60)–(62) and (û, X)-system (56)–(59). As in full-
state feedback design, we introduce the following backstep-
ping transformation from (û, X)-system to (ŵ, X)-system:

ŵ(x, t) = û(x, t) − c

α

∫ s(t)

x
(x − y)û(y, t)dy

+ c

β
(s(t) − x)X(t). (78)

Taking the time and spatial derivatives of (78) together with
(56)–(59) yields the following target system:

ŵt(x, t) = αŵxx (x, t) + c

β
ṡ(t)X(t)

+ ḡ(x, s(t))qc(t) − c(s(t) − x)ũx(s(t), t) (79)

ŵ(s(t), t) = 0 (80)

ŵx(0, t) = 0 (81)

Ẋ(t) = −cX(t) − βŵx(s(t), t) − βũx(s(t), t). (82)

First, we prove the stability of the coupled ũ-system (60)–
(62) and (ŵ, X)-system (79)–(82). Consider the functional Ṽ
defined by

Ṽ = 1

2s2
r

||ũ||2 + 1

2
||ũx ||2. (83)

Taking the time derivative of (83) along the solution
of (60)–(62), we get

˙̃V = − α

s2
r

||ũx ||2 +
∫ s(t)

0
ũ(x, t)g̃(x)dxqc(t)

− ṡ(t)

2
ũx(s(t), t)2 − α||ũxx ||2

−
∫ s(t)

0
ũxx (x, t)g̃(x)dxqc(t). (84)

Applying Young’s and Cauchy–Schwarz inequalities to (84)
leads to

˙̃V ≤ −α

2
||ũxx ||2 − α

2s2
r

||ũx ||2 + 5

2α
||g̃||2|qc(t)|2. (85)

In the stability proof of the full-state feedback system in
Section III, the square norm of the control law was shown
to be bounded by an exponential function in time prior to
the Lyapunov analysis with the help of the closed-form of
the differential equation of the controller. However, under the

output feedback control design, as observed from the differen-
tial equation (75), including the extra term of ũx(s(t), t), it is
hard to apply the same approach. To deal with the problem,
we additionally consider the functional Q(t) defined by

Q(t) = 1

2
qc(t)

2. (86)

The time derivative of (86) with the help of (75) yields the
following:

Q̇(t) = −c

(
1 + k

α

∫ s(t)

0
g(x)dx

)
qc(t)

2 + ckũx(s(t), t)qc(t)

≤ − c

2
qc(t)

2 + 2ck2sr ||ũxx ||2 (87)

where we used Young’s, Cauchy–Schwarz, and Agmon’s
inequalities for the derivation from the first line to the second
line. We consider the following functional


(t) = Ṽ + α

8ck2sr
Q. (88)

Taking time derivative of (88) and applying the inequalities
(85) and (87) with the help of (66) yields


̇(t) ≤ −α

4
||ũxx ||2 − α

2s2
r

||ũx ||2 − α

32k2sr
|qc(t)|2. (89)

In addition, as defined by (34), we consider the following
functional:

V̂ (t) = 1

2s2
r

||ŵ||2 + 1

2
||ŵx ||2 + p

2
X(t)2 (90)

where p = (cα/4β2sr ). Referring to the derivation of (40)
with additional terms involving ũx(s(t), t) in (79) and (82),
one can deduce that the time derivative of (90) is bounded by

˙̂V (t) ≤ − α

16s2
r

(
||wx ||2 + 1

s2
r

||w||2
)

− pc

4
X(t)2

+
(

18s3
r c2

3α
+ α

4sr

)
ũx(s(t), t)2

+ 3

α
||ḡ||2qc(t)

2 + ṡ(t)

(
1

2s3
r

||w||2 + 8sr c

α

p

2
X(t)2

)

≤ −b

2
V̂ + aṡ(t)V̂ + 3

α
||ḡ||2qc(t)

2

+
(

72s4
r c2

3α
+ α

)
||ũxx ||2. (91)

Finally, by defining

V (t) = V̂ (t) + r
(t) (92)

for sufficiently large r > 0, taking the time derivative of (92)
and applying (91) and (89) lead to

V̇ ≤ −b

2
V̂ + aṡ(t)V̂ − rα

16s2
r

Ṽ − rα

32k2sr
Q(t),

≤ −b̄V + aṡ(t)V (93)

where

b̄ = 1

4
min

{
α

4s2
r

, c

}
. (94)
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Applying comparison principle to (93) with the help of
ṡ(t) > 0 and s0 < s(t) < sr leads to the exponential decay of
the norm as

V (t) ≤ easr V (0)e−b̄t . (95)

Let �(t) = ||û||2H1
+ X (t)2 + ||ũ||2H1

and �̄(t) = ||û||2H1
+

X (t)2 + ||ũ||2H1
+ qc(t)2. Due to the invertibility of the

transformation from (û, X) and (ŵ, X), the norm equivalence
between V and �̄ holds, i.e., there exist positive constants
M > 0 and M > 0 such that M�̄(t) ≤ V (t) ≤ M�̄(t)
holds. Furthermore, using the bound of qc(t)2 derived in (53)
(qc(t)2 ≤ L�(t) for some L > 0), we obtain �(t) ≤ �̄(t) ≤
(1 + L)�(t). Therefore, we get

�(t) ≤ easr
M

M
(1 + L)�(0)e−bt . (96)

Finally, the norm equivalence between (u, X, ũ)-system and
(û, X, ũ)-system holds due to the relation u = û + ũ, and
therefore, the exponential decay of the norm holds for the
functional �(t) = ||u||2H1

+ X (t)2 + ||ũ||2H1
, from which we

conclude Theorem 2.

V. NUMERICAL SIMULATION

In this section, we provide two illustrations. First, we show
that the controller is effective even when applied to a con-
siderably more complex and realistic model than the one for
which the design was conducted and the theorems are proved.
Second, we push the model mismatch to the point of the
controller failing, identifying the size of the modeling error
that is intolerable for the controller.

A. Incorporating the Freezing Effect From the Solid Phase

The dynamics of the moving interface (4) are given under
the assumption that the freezing effect from the solid metal
part is negligible; however, we incorporate the freezing effect
in the numerical simulation by modifying the dynamics as

ṡ(t) = −βl
∂Tl

∂x
(s(t), t) + βs

∂Ts

∂x
(s(t), t) (97)

where the variables with subscript l and s denote those of
the liquid phase (melt pool) and the solid phase (metal part),
respectively. Similar to PDE for the liquid phase, the governing
equation of the solid phase is given by

∂Ts

∂ t
(x, t) = αs

∂2Ts

∂x2
(x, t), x ∈ (s(t), L) (98)

∂Ts

∂x
(L, t) = 0 (99)

Ts(s(t), t) = Tm (100)

where L is the thickness of the metal part. For the computation
of the Stefan problem (1)–(3) and (97)–(100), we use the
boundary immobilization method combined with finite dif-
ference semidiscretization [21] for both the liquid and solid
PDEs. The resulting approximated ODEs are calculated by
using MATLAB ode15 solver.

TABLE I

PHYSICAL PROPERTIES OF TI6AL4V ALLOY [22]

B. Input Parameters

We use the physical parameters of Ti6Al4V that is a popular
composite material for metal AM, as given in Table I. The
initial values are set as s0 = 50 [μm], and

Tl(x, 0) = T
1 + cos

(
π x
s0

)
2

+ Tm ∀x ∈ [0, s0] (101)

T̂l(x, 0) = T̂

(
1 − x

s0

)
+ Tm ∀x ∈ [0, s0] (102)

T̂s(x, 0) = T

(
1 − L − x

L − s0

)
+ Tm ∀x ∈ [s0, L] (103)

where T = 10 [◦C], T̂ = 50 [◦C], and T = −100 [◦C]. Note
that the profiles have boundary values Tl(0, 0) = T + Tm ,
T̂l(x, 0) = T̂ + Tm , and T̂s(x, 0) = T + Tm . The set point
is chosen as sr = 200 [μm], which is a reasonable value
for layer thickness of the SLS-based AM. Then, the set point
restriction (7) is satisfied. The control gain c is set to have a
reasonable value for the laser power at initial time, and here,
we choose c = 10000 [1/s]. The spatially varying function
is set as g(x) = (1/ρcpδ)e−(x/δ) following [27], where
δ = 10 [μm]. The thickness L of the metal part is set as
L = 2 [cm].

C. Practical Setup for the Observer Design

As presented in Remark 5, the spatially varying function
ĝ(x) in the observer (56)–(58) is chosen as (65), where the
upper bound and the lower bound of the penetration rate
are chosen as δ = 8 [μm] and δ = 12 [μm]. Moreover,
we incorporate the measurement uncertainty as the constant
bias d , namely, the measured value y(t) for the interface
position s(t) is given by

y(t) = s(t) + d. (104)

In the simulation study, we investigate the results with noise-
free d = 0, the positive bias d > 0, and the negative bias
d < 0.

D. Simulation Results

1) Robustness of the Performance Under the Small Per-
turbations: The simulation results of the interface position,
the laser power controller, and the surface temperature are
given in Fig. 2(a)–(c), respectively, for the cases of the
measurements under noise-free d = 0 [μm] (red), the positive
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Fig. 2. Responses of the system (1)–(3) and (97)–(100), under the output
feedback control law (63) associated with the observer (56)–(58). The
proposed method is successful: the convergence of the interface, the positivity
of input, and the required condition for the liquid temperature are all achieved
for both positive and negative measurement biases, namely, for d = 0, 5,
−5 [μm], and in the presence of the solid phase. (a) In spite of the
interface measurement bias d in (104), the regulation near the interface
set point is achieved. (b) Positivity of the laser power control is main-
tained. (c) Model validity of the boundary liquid temperature is maintained,
i.e., T (0, t) ≥ Tm , in spite of the presence of the solid phase and the interface
measurement bias.

bias d = 5 [μm] (blue), and the negative bias d = −5 [μm]
(green). Fig. 2(a) shows that under the noise-free measurement
(red), the interface position s(t) converges to the set point sr

without overshooting in a short time scale 10 [ms], which
illustrates a sufficiently fast process of the melting each layer.
On the other hand, in the presence of the measurement bias,
a modest error of the converging position of the interface
from the set point position is observed in both positive
and negative biases. From Fig. 2(b), we observe that the
implemented output feedback control maintains positive value
under noise-free measurement and even in the presence of the
measurement bias, which satisfies the constraint for the input
laser power. Due to the positive valued input, Fig. 2(c) shows
that the temperature at the surface position remains above
the melting temperature Tm , which ensures the condition (6)
for the validity of the model addressed in Remark 3 under

Fig. 3. Snapshots of the true temperature profile (solid line) and the estimated
temperature profile (dashed line) at t = 0, 1, and 5 [ms] under the positive
bias.

both noise-free measurement and the biased measurement.
Therefore, the numerical results illustrate that the proposed
observer-based output feedback control law performs robustly
even in the presence of the measurement uncertainty.

Fig. 3 depicts the snapshots of the true temperature profile
(solid line) and the estimated temperature profile (dashed line)
at t = 0, 1, and 5 [ms] in the presence of the positive bias.
From Fig. 3, we observe that the estimated temperature profile
gradually converges to the true temperature profile, albeit
the convergence speed is not fast. Nevertheless, the control
objective and the model validity conditions are well satisfied,
as shown in Fig. 2, which shows the sufficient performance of
the observer for the purpose of stabilization of the melt pool
in SLS.

2) Limitation of the Performance Under Large Perturba-
tions: However, under large uncertainty in the model caused
by the cold (the negative heat) in the solid metal, or by the
measurement uncertainties, the proposed method is shown to,
expectedly, violate the required conditions for the physical
model. Fig. 4 depicts the interface response under an ini-
tial very low temperature in the solid phase (103), namely,
T = −1630 [◦C] that results in the boundary value Ts(L, 0) =
T + Tm = 20 [◦C], which is still physically possible. As we
observe from Fig. 4, the interface disappears and with it the
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Fig. 4. Interface response of the closed-loop system under very cold
initial temperature of the solid phase. The proposed method fails, in this
caricatured scenario, and the melt pool gets entirely frozen, as observed from
the disappearance of the interface position around t = 14 [ms].

Fig. 5. Response of the closed-loop system under a large negative bias
d = −30 [μm]. The proposed method fails due to the violation of the
positivity of the input and the condition of the liquid temperature. (a) Input
of the laser power reaches the negative value. (b) Liquid temperature can be
below the melting temperature, which causes the solidification of the melt
pool from the controlled boundary.

molten metal phase, at around 14 [ms] due to the complete
solidification of the melt pool. This is caused by an insufficient
amount of the laser power input for the given “deeply” frozen
solid metal initial state. The limitation of the proposed control
law can be relaxed by designing a “two-phase”-based control
law proposed in the absence of radiation in [17], which will
be considered with radiation in the future work.

Next, we investigate the closed-loop response under
d = −30 [μm], namely, a large negative bias in the mea-
surement. Fig. 5 shows the response of the control input
and the boundary temperature. Fig. 5(a) illustrates that the
controlled laser power reaches negative value after t = 2 [ms],
which violates the input constraint. Due to the negative input,
Fig. 5(b) illustrates that the boundary temperature of the melt
pool reaches below the melting temperature, which physically
causes the solidification of the melt pool from the controlled

Fig. 6. Plot of the minimum value of the control input over time through
varying the bias d from −5 to −15 [μm]. Positivity of the input is violated
under the bias d ≤ −8 [μm].

boundary, and therefore, the condition of the model is violated.
Hence, there is a limitation of the performance of the proposed
control law with respect to the level of the measurement
uncertainty in the case of negative bias. Fig. 6 shows the plot
of minimum value of the control input qc(t) over the time
interval t ∈ [0, t f ], where t f = 20 [ms] under the bias d
ranging from −5 [μm] to −15 [μm]. From Fig. 6, we observe
that the critical value of the bias violating the positivity of the
input is between −7 and −8 [μm], which is approximately
15% of the initial interface position s0 = 50 [μm]. On the
other hand, under the positive bias, as long as Assumption 6
holds, we observe that the performance of the control law is
robust, as we have seen in Fig. 2.

VI. CONCLUSION

In this article, we have developed the control design of laser
power in SLS for metal AM by using the PDE backstepping
method following [13] in a form of both full-state and output
feedback design. The governing equation is given by the
one-phase Stefan problem with the in-domain effect of the
controlled laser power to the PDE dynamics. The closed-loop
system is shown to satisfy some required conditions for the
physical model to be valid, and the exponential stability at
the origin is proven. Numerical simulation is performed by
computing the full “two-phase” Stefan model incorporating the
cooing from the solid metal part and adding the measurement
uncertainty. The simulation results illustrate that the proposed
output feedback control design enables a sufficiently fast
process of the laser melting to drive the depth of the melt pool
to the desired set point, and the performance is robust under
perturbations of the model and the measurements. We push
the proposed control law to its failure limit by exhibiting the
closed-loop responses that violate the required conditions of
the physical states under the large perturbations of the model
and the measurement.

The limitation of the controller’s robustness might be
exploited analytically in the sense of input-to-state stability
(ISS), by using the Lyapunov method for the perturbed system,
including the model and measurement uncertainties, similar
to [15]. One challenge lies in the fact that the model and
the estimator are defined on a distinct range of the spatial
domains, (0, s(t)) and (0, s(t)+d(t)), under the measurement
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uncertainty of the moving interface. Such a discrepancy of
the domains makes the analysis of the estimation error system
much harder. Moreover, while we have focused only on the
stabilization of the melt pool’s depth in this article, the stabi-
lization of the surface area of the melt pool is also a significant
task for the scanning process. This motivates us to exploit
the control design for the Stefan problem along the surface
geometry of the powder bed in the metal AM process, which
is also challenging due to the movement of the scanner mirror.
We will consider these problems as future work.
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