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Stabilization of Filament
Production Rate for Screw
Extrusion-Based Polymer Three-
Dimensional-Printing

Polymer three-dimensional (3D )-printing has been commercialized rapidly during recent
years, however, there remains a matter of improving the manufacturing speed. Screw
extrusion has a strong potential to fasten the process through the simultaneous operation
of the filament production and the deposition. This paper develops a control algorithm
for screw extrusion-based 3D printing of thermoplastic materials through an observer-
based output feedback design. We consider the thermodynamic model describing the time
evolution of the temperature profile of an extruded polymer by means of a partial differ-
ential equation (PDE) defined on the time-varying domain. The time evolution of the spa-
tial domain is governed by an ordinary differential equation that reflects the dynamics of
the position of the phase change interface between polymer granules and molten polymer
deposited as a molten filament. The steady-state profile of the distributed temperature
along the extruder is obtained when the desired setpoint for the interface position is pre-
scribed. To enhance the feasibility of our previous design, we develop a PDE observer to
estimate the temperature profile via measured values of surface temperature and the
interface position. An output feedback control law considering a cooling mechanism at
the boundary inlet as an actuator is proposed. In extruders, the control of raw material
temperature is commonly achieved using preconditioners as part of the inlet feeding
mechanism. For some given screw speeds that correspond to slow and fast operating
modes, numerical simulations are conducted to prove the performance of the proposed
controller. The convergence of the interface position to the desired setpoint is achieved

under physically reasonable temperature profiles. [DOIL: 10.1115/1.4045560]

1 Introduction

On the verge of new manufacturing techniques, additive manu-
facturing stands out as a versatile tool for high flexibility and fast
adaptability in production. It is applicable in a variety of produc-
ing industries, ranging from tissue engineering [1], thermoplastics
[2], metal [3], and ceramic [4] fabrication. One of the most popu-
lar types of three-dimensional (3D) printing is fused deposition
modeling [5], which uses filaments as raw material, that have
to be precisely manufactured to achieve a good final product
quality [6].

From the polymer processing and extrusion cooking industry,
screw extruders are well-known devices. Results stated in Refs.
[7-10] give an in-depth description of screw geometrics, extruder
setups, and describe the dynamics of extrusion process consisting
of a conveying zone, a melting zone, and a mixing zone. A mathe-
matical description of such a model is derived by mass, momen-
tum, and energy balances and appears as coupled transport
equations coupled through a moving interface. This model is used
in Ref. [8] to describe an extrusion cooking process. The boundary
control of a similar model is achieved in Refs. [11] and [12] under
the assumption of constant viscosity.

More recent contributions considered screw extrusion as a use-
ful technology for 3D printing applications [2,13-15], allowing to
manufacture a wider variety of materials than fused deposition
modeling, while using polymer granules as raw material [2]. In
Ref. [13], a time-delay control was developed on a model consist-
ing of two phases, similarly to Ref. [8]. In both cases, stabilization
of the moving interface separating a conveying and a melting
zone is achieved with a fast convergence rate. Another approach

Contributed by the Dynamic Systems Division of ASME for publication in the
JourNAL OF DyNamic SysTEMS, MEASUREMENT, AND CONTROL. Manuscript received
March 7, 2019; final manuscript received November 12, 2019; published online
December 23, 2019. Assoc. Editor: Alessandro Rizzo.

Journal of Dynamic Systems, Measurement, and Control

which enables to control screw extruders in 3D printing is pro-
posed in Ref. [14], where an energy-based model is established,
simplifying the implementation of the control law and circum-
venting difficulties with state measurement. In other words, the
control of the outflow rate at the nozzle only relies on the mea-
surement of the heater current and the screw speed.

In the screw extrusion process, the solid material is convected
from the feed to the nozzle located at the end of a heating cham-
ber. The solid raw material is melted and mixed before being
expelled through the nozzle as a thin filament. For this process,
the thermal behavior is an important factor which characterizes
final product quality. Indeed, heat is supplied into the system by
the heaters surrounding the extruder’s barrel on the one hand and
by the viscous heat generation due to a shearing effect [8] on the
other hand. The process of the phase transition from the solid to
the liquid polymer can be described as the Stefan problem [16]. In
this context, the dynamics of the solid—liquid phase interface is
derived from the energy conservation in which the latent heat
required for melting is driven by the internal heat of the liquid
phase, resulting in the interface velocity to be proportional to the
temperature gradients of the adjacent phase. For instance, in Ref.
[17], the Stefan problem for a polymer crystallization process is
described, and the analytical crystallization time is derived.

From a control perspective, the boundary stabilization of the
interface position for the one-phase Stefan problem was recently
developed in Refs. [18-22] based on the “backstepping method”
[23,24]. More precisely, in Ref. [18], the observer-based output
feedback control was designed via a nonlinear backstepping trans-
formation, and the exponential stability of the closed-loop system
was proved without imposing any a priori assumption. The appli-
cation of the backstepping method for the Stefan problem to the
aforementioned 3D-printing process was covered in Ref. [22] by
developing the thermodynamic model including the effects
of screw speed and the barrel temperature, and designing the
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full-state feedback control law to stabilize the ratio between the
polymer granules and melt polymer.
This paper extends the results in Ref. [22] by:

e developing a partial differential equation (PDE) observer to
estimate the temperature profile of the solid polymer gran-
ules with utilizing available measurements,

e designing the associated observer-based output feedback
control law and proving the stability of the closed-loop
system,

e and verifying the performance of the designed observer and
output feedback control law in numerical simulation.

First, the thermodynamic model of the polymer granules and
melt polymer in screw extrusion is described, and the steady-state
temperature profiles given by a prescribed setpoint of the interface
position are analytically solved as in Ref. [22]. Second, a PDE
observer is constructed as a copy of the plant plus the measure-
ment error of the surface temperature multiplied by a constant
observer gain. The designed observer is shown to be exponentially
convergent to the granular pellets’ temperature profile along with
the heating chamber of the extruder. Third, using the designed
observer, the output feedback control law for the boundary heat
flux to stabilize the interface position at the desired setpoint is
derived based on a similar manner to the full-state feedback
design in Ref. [22], and the stability of the closed-loop system is
proved under some realistic assumptions. Finally, the simulation
results are provided to illustrate the desired performance of the
designed observer and the output feedback control design for
some given screw speeds that correspond to the slow and fast
operating extrusion process.

This paper is organized as follows: The thermodynamic model
of the screw extruder is developed in Sec. 2, and the steady-state
analysis is provided in Sec. 3. The observer design is presented in
Sec. 4, and the associated output feedback control design is
derived in Sec. 5. The stability proof of the entire closed-loop sys-
tem for a specific setup is established in Sec. 6. The simulation
results are presented in order to analyze the controller’s perform-
ance in Sec. 7. We complete the paper in Sec. 8 with concluding
remarks.

2 Thermodynamic Model of Screw Extruder

We focus on the thermodynamic model of the screw extrusion
process in one-dimensional coordinate along the vertical axis,
motivated by Tadmor and Gogos [10] which developed a thermo-
dynamic phase change model for polymer processing. The model
provides the time evolution of the temperature profile of the
extruded material and the interface position between the fed poly-
mer granules and the molten polymer. The granular pellets are
conveyed by the screw rotation at a given speed b along the verti-
cal axis while the barrel temperature is uniformly maintained
at Ty. Defining Ts(x,7) and Ti(x,t) as the temperature profiles
of solid phase (polymer granules) over the spatial domain
x € (0,s(¢)) and liquid phase (molten polymer) over the spatial
domain x € (s(r),L), respectively, the following thermodynamical
model (Fig. 1):

T, O°T, T

o (x, 1) = g g (x,6)=b o (x,1)
+hy(Ty — Ty(x,1)), for0 < x < s(r) (1)

T, 0Ty on

E(X,l‘) = ﬁlW(X,l‘) —b O (X,[)
+m(Ty — Ti(x,1)), for s(r) <x <L 2)
is derived from the energy conservation and heat conduction laws.
In this paper, we consider the temperature distribution in the lig-

uid to be static as stated in Eq. (11) and in Assumption 1 (see
Sec. 5.1). Here, o; = (ki/(p;c;i)) and h; = (h;/(p;ci)), where p;, ¢;,
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Fig. 1 Schematic of screw extruder for original description
(left) and model description (right)

k;, and h; for i € {s,1} are the density, the heat capacity, the ther-
mal conductivity, and the heat transfer coefficient, respectively, and
the subscripts s and / are associated with the solid or liquid phase,
respectively. Referring to Ref. [25] which introduces a model of
spatially averaged temperature for screw extrusion, we incorporate
the convective heat transfer through the barrel temperature in
Egs. (1) and (2). The boundary conditions at x=0 and x=L
follow the heat conduction law, and the temperature at the interface
x = s(t) is maintained at the melting point 7', described as

8Ts o _qf(l) o

00 =-10 10,0 =T, @
oTy -~ 1. _
a(L,l‘) _717 T](S(I),l‘) =Tn (4)

where ¢¢(r) < 0 is a freezing controller at the inlet, and ¢}, > 0 is
a heat flux at the nozzle which is assumed to be constant in time.
The interface dynamics is derived by the energy balance at the
interface as

or,
ox

T,

vaHs(t) = ks a

(s(1),1) =k — = (s(1), 1) )

Equations (1)—(5) are the solid—-liquid phase change model known
as the “two-phase” Stefan problem. Such a phase change model
was developed for polymer processing. Here, we give the follow-
ing remark to emphasize the conditions for the models (1)—(5) to
be physically validated.

Remark 1. In this paper, we assume the pressure in the chamber
to be static, and the melting temperature is constant to avoid
supercooling. Then, to keep the physical state of each phase, the
following conditions must hold:

Ts(x,1) < T,

Vx e (0,s(r)), V>0 (6)

Ti(x,t) > T, Vxe (s(r),L), Vt>0 (7
which represent the model validity conditions.

Remark 2. We assume the existence of a heating/cooling system
that maintains the pellets at a controlled temperature, as stated in
Eq. (3), which describes the heat flux control at the inlet.
Extruders can be equipped with raw material preconditioners as
intermediate unit operators, which, for instance, help to preheat
ingredients before they enter the extruder chamber by adding
steam. The preconditioners are usually located between the inlet
and the extruder chamber, and a continuous flow of material from
the feeder to the preconditioner is maintained [26,27].
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3 Steady-State and Analysis

To ensure a continuous extrusion process, the control of the
quantity of molten polymer that remains in the extruder chamber
at any given time is crucial. By definition, the volume of fully
melted material contained in the chamber is directly related to the
position of the solid-liquid interface that needs to be controlled,
consequently. Physically, any given position of the interface along
the spatial domain corresponds to a melt temperature profile along
the extruder.

3.1 Steady-State Solution. An analytical solution of the
steady-state temperature profile denoted as (Tyeq(X), Tieq(x)) for
any given setpoint value of the interface position defined as s;,
can be computed by setting the time derivative of the systems
(1)—(5) to zero. Hence, from Eqgs. (1) and (2), the following set of

ordinary differential equations in space are obtained:
0= (XST;leq (X) - bT; eq (X) + hS(Tb - TS,C‘{ (X))
’ ’ (®)
0= aTieq(x) =T} o4 (x) + (T = Tieq(x))
and the boundary values are given as
T . (0) = _ Teq(st) =T,
s,.eq ks ) s,eq(dr m
7 ©)
Tll,eq(L) = ﬁ: Tl,eq (Sr) =Tn

At equilibrium, the interface Eq. (5) satisfies the following
equality:

0= ksT;eq (SF) - lellteq(Sr) (10)

The solution to the set of differential Egs. (8) has the following
form:

Tieq(x) = pre™) 4 pretls) 4 T, m
Toeq(x) = p3e®0) 4 pyetsl=s) 4Ty,
where
b+ /b% + doyhy b — V/b% + dayhy
Q=5 =—F (12)
20 204
b+ /b* + 4ohg b —/b* + 4ohs
q3 = T? q4 = T (13)
S S

Let r = Ty, — Ty Substituting Eq. (11) into the boundary condi-
tions (9) and (10), we obtain

raet ) + gt Jk

pr= qlgtll(L*Sr) —_ ngtlz(L*Sr) (14)
q1(L—s;) *
pa =~ T dn/h (1)
qedt ) — quqz( 5t)
y K /kg
Py = rqs + K/ks (16)
q3 — 44
“rgs — Kk
Py = "137/5 a7
q3 — 44
kir(— (enl=s0) — en(l=5)) 4 (g, — n
P (—192) (91 — 92) (18)

qle‘Il(L_Sr> — qze‘h(L_Sr)
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and the steady-state input is given by

q; = p3qse P + pagae” (19)
Hence, once the parameters (s, Th, ¢ ) are prescribed, the steady-
state input is uniquely obtained.

3.2 Barrel Temperature Condition for a Valid Steady-
State. For the model validity, the steady-state must satisty
Eqgs. (6) and (7), which restricts the barrel temperature to some
physically admissible values.

LemmA 1. If the barrel temperature satisfies

—q4<Ty—Tu<gq (20)
where
(@ —@)m I
= 2w =_—_ Im 21
1 4den 1 qu2eq2(1‘7x'> @b
Gden = — qulqz(eql(L—sJ _ eQz(L—Sr))
kg (qre? ) — oot ) 22)

then the steady-state solution satisfies (6) and (7).
Proof. Since T ¢q(sr) = T, it is necessary to have T,’_eq(sr) >0
which yields '

Piqi +p2g2 >0 (23)
Substituting Egs. (14) and (15) into Eq. (23), we get
(91 — )
Ty — T > (24)

- ququ(eql(L—s,) — et2(L-s)))

knowing that g;q» < 0. With the help of Eq. (23) and from

Eq. (11)  the  derivative  of  Tjeq(x) satisfies
T oq(x) > p1q1 (e — e2(=51)) Thus, the sufficient condition
of 7} . (x) > 0 forall x € (s;,L) is p1g1 > 0 which yields
Ty Ty < —— dm 25)
m = quzqu(L*Sr)

Next, the solid steady-state satisfies Teq(sy) = Tm, sO it is
necessary to have T;,eq(s,)zo leading to p3q3 + pags >0
which trivially holds wunder the condition of Eq. (23).
Hence, from Eq. (11), the derivative of Tqq(x) satisfies
Tgeq(x) > Paqa(—eB05) 4 ea1(=%)) Then, the sufficient condi-

tion for T;eq (x) > 0is psgq > 0, which yields

(91 — 42) 4},
dden

Ty =T = — (26)

One can notice that condition (26) is less conservative than
condition (24). Hence, combining (25) and (26), we conclude
Lemma 1. |

4 Estimator Design of the Temperature Profile

Our previous work in [22] presented the full-state feedback
control law by assuming that the spatially distributed temperature
profile can be measured. Some imaging-based thermal sensors,
such as the infrared camera, enable to capture the entire profile of
temperature. However, these sensors include high noise and detect
the temperature of the chamber, which contains a nominal error
from the temperature of the polymer inside. Instead, single-point
thermal sensors such as thermocouples enable to accurately mea-
sure the surface temperature at the inlet of the extruder. Moreover,
the interface position between the polymer granules and the melt

MARCH 2020, Vol. 142 / 031005-3



polymer can be detected by cameras via image signal processing.
Thus, we build an observer to estimate the temperature profile by
utilizing these two available measurements.

Let T s(x, ) be the estimated temperature profile. The observer
design for T(x, 1) is stated in the following theorem.

TueOREM 1. Consider the plant model (1), (3) with the two
available measurements of

Yl(t) = S([)a YZ( ) - Ts(07 t) 27
and the following PDE observer

aT P aT
W(X,[):CXSW(X,I) ba ()C l)

+hs<Tb— ) O<x<Y() (8
afs q (Z) a
ax 00 = =57 =110 = T4(0.0) 29)
Ty(s(t),1) = Ty (30)

where y = (b/2us). Assume that s(t) € (0,L) and $(t) > 0 for all
t > 0. Then, the observer error system is exponentially stable at
the origin in the sense of the norm

(1) = [ITy(x,1) — o, 1) Iy, G1)
More precisely, there exists a positive constant M > 0 such that
the following inequality holds:

D(1) < MD(0)e” 2(he+ )t (32)
Remark 3. As stated in Lemma 3 (Sec. 6.1), the assumption §(r) >
0 for all # > 0 holds under the closed-loop control law proposed in
Sec. 5.
Proof. Let u1 be the estimation error state defined by
i=Ts—T, (33)
Subtraction of the observer system (28)—(30) from the plants (1)
and (3) yields the following estimation error system:

o %l ou _
¥ (x,1) = %oa (x,1) — ba (x,8) = hgti(x, 1) 34)
oit _
o (0,¢) = yu(0,1) (35)
u(s(t),t) =0 (36)
Let us introduce the following change of variable:
Z(x,0) = u(x,t)e ™ 37)

Then, u-system in Eqgs. (34)—(36) is converted into the following
Z-system:

0z 0%z

i @ -z (38)
oz
5. (0:0)=0 (39)
Z(s(r),1) =0 (40)

where A = hy + (b*/40y). To study the stability of the estimation
error state at the origin, we consider the Lyapunov functional

031005-4 / Vol. 142, MARCH 2020

R s(t) s(1) 9z
V= lj Z(x, 0)%dx + 1[ o (x,1)7dx (41)

2() 20 ox

Taking the time derivative of Eq. (41) along the solution of
Eqgs. (34)—(36) leads to

|
*llox?]|,

2 . s(1) 0z

2
I O

0z

(ocS +4) Ey

<
Il

(42)

Note that we used (0Z/01)(s(t),t) = —$(1)(9z /Ox)(s(t), t) derived
from the time derivative of the boundary condition (40). Wlth the
help of s(¢) € (0,L), Pomcare s inequality gives IEL L <
L2 (9% 0w) | and (02 /. < 4L (0°2) ). Applsing
these mequahties and $(¢) > 0 to Eq. (42) leads to the following
differential inequality:

% bl % 4
V< ( ' Lz) v 3)
Applying the comparison principle to Eq. (43) yields
V(1) < V(0)e 2(Ha) (44)

By the definition of Z given in Eq. (37), for the norm of -
system, the following upper and lower bounds hold ||2Hi2 <
_ 2 L1132 s 2 _ 2 ~2
llallz, <e *L||Z||L2 H(BZ/aX)HLZ < 2||(5M/3X)HL2 +22lallz,
119 /0x)I7, < 2¢**(1I(2/22)|IZ, + 7|21z, ). Hence, by defin-

ing ®(r) = ||| |H] , the following inequalities hold:

M\V <@ <M,V 45)
where M| = 1/max{3,2y?}, and M, = ¢¥*max{3,2y?}. Apply-
ing Eq. (44) to Eq. (45) with defining M = M,/M, leads to the
conclusion in Theorem 1. |

In addition, the estimated temperature cannot maintain greater
value than the true temperature in the plant, as stated in the fol-
lowing lemma.

Lemma 2. If ii(x,0) > 0, Vx € (0, s¢), then

i(x,1) >0, Vxe(0,s()), V>0 (46)
ou
—(s(r),1) <0, Vr>0 7
Ox

Proof. Applying Maximum principle to zZ-system governed by
Egs. (38)—(40) leads to the statement that if z(0,7) > 0, Vx €
(0,s0) then Z(x,7) >0, Vx € (0,5(¢)),Vt > 0. By the relation
between z and # given in Eq. (37), we prove Lemma 2, with the
help of Hopf’s lemma.

The properties in Lemma 2 are required to guarantee the posi-
tivity of the boundary heat input under the output feedback control
design which is given in the later sections. |

Remark 4. The convergence speed of the designed observer is
characterized by hy + (b /4as) + (ot /4L?) as seen in the estimate
of the norm (32), which cannot be chosen arbitrary fast for given
physical constants and the manufacturing speed. The performance
improvement to fasten the observer’s convergence can be
achieved by adding the measurement error injection to the
observer PDE formulated by

. )
(x,1) = as% (x,1) — baaz; (x, 1) + (Tb —Ty(x, z)>
+p(x,0)(Ya(r) — T5(0,1)),0 < x < Y1 (2)

where the distributed observer gain p(x, f) can be designed using
backstepping method as developed in Refs. [18,20], and [28].

(48)
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However, with the PDE observer (48), it is challenging to ensure
the positivity of the output feedback control law. Since this
paper’s primary focus is on control design, we use the PDE
observer given in Egs. (28)—(30).

5 Control Design of Boundary Heat

When the solid pellets are injected and heated into the extruder
chamber, the amount of the molten polymer expands, reducing the
quantity of solid material into the chamber. Thus, a cooling effect
arising from the continuous feeding of cooler pellets enables to
maintain the interface at the desired setpoint. The setpoint open-
loop boundary heat control g¢(t) = ¢} (see Eq. (9)) is not suffi-
cient to drive the solid-liquid interface position to the desired
setpoint. In this section, we develop the control design of the
boundary heat at the inlet to drive the interface to the setpoint
while stabilizing the temperature profile at the steady-state.

5.1 Reference Error System for a Dynamics Reduced to a
Single Phase. First, we impose the following assumption on the
liquid temperature.

AssumpTION 1. The liquid temperature is at steady-state profile,
ie., T1(x, 1) = Tieq(x).

Assumption 1 reasonably describes the case where the entire
extruder chamber is filed with molten polymer at equilibrium tem-
perature at the initial time. Thus, under the setup introduced later
in Sec. 6, the L>norm of the reference error temperature
[|[v(x, 1) = Ti(x, 1) — Ty eq(x)|[,2 converges to zero according to a
straightforward Lyapunov analysis omitted in this paper to avoid
lengthy statement. Under Assumption 1, the two-phase dynamics
governed by Egs. (1)-(5) is reduced to a single-phase model. Let
(u(x,1),i(x,t),X(¢)) be the reference error variables defined by

u(x, 1) = —kg(To(x, 1) — T eq(x)) (49)
a(x, 1) = —ks(T(x,1) — Ty eq(x)) (50)
X(1) =s(r) — s¢ (5D

Note that the negative signs are included in Eqgs. (49) and (50) to
make the states (u,ii) have positivity properties for the model
validity conditions to hold, which is consistent with the analysis
in Ref. [18]. Then, the estimation error state i defined by Eq. (33)
yields #(x, 1) = i(x,t) — u(x, 7). We rewrite the original system
(1)—(5) using the reference and estimation error states (ii, X, ).
Substituting x = s(¢) into Eq. (50) with the help of Eq. (30), we
get

i (s(t), 1) = ky(Tseq(s(r)) — Trn) (52)
In addition, rewriting Eq. (5) in terms of i (x, t) with i(x,¢) leads
to the following equation of interface dynamics

%0 =200~ 20,0

B (kT g (5(0) = kT (s(0))) (53)

where f§ = (p,AH)'. Taking a linearization of the right-hand
side of Egs. (52) and (53) with respect to s(¢) around the setpoint
sy and by the steady-state solutions in Eq. (11), the dynamics of
the reference error system is obtained by

oi i oi )

é‘ (x,1) = o 6—;2‘ (x,1) — ba—z (x,0) — hit(x,1) (54
oi )

5(07 t) = _U(t) +yu(0, t) (55)
a(s(t),n) = CX(1) (56)

Journal of Dynamic Systems, Measurement, and Control

X() = AX() ~ B2 (s(0,0) + B (s0.0)  (57)
where
U(t) = —(a:(1) — 4r) (58)
C = k(p3q3 + paqs) (59)
A = Blks(p33 + pad) — ki(pigi + p243)) (60)

5.2 Backstepping Transformation. A well-known design
method of the output feedback control for PDEs is achieved by
introducing the backstepping transformation which maps the
observer PDE with using the gain kernel function derived for the
full-state feedback control. Therefore, we consider the following
transformation:

B ®
W(x,t) = it(x,t) — oc_J G(x — y)i(y, )dy
S Jx

—p(x —s(1)X (1) (61)

where ¢ is the gain kernel function derived in Ref. [22], which
satisfies the following differential equation with the initial
condition:

o (x) — (b + BC) ¢ (x) — (A — ’ifc + h) d(x)=0 (62)
$(0) =0, ¢'(0) = % (63)

where ¢>0 is a control gain. The solution to Eq. (62) with
Eq. (63) is uniquely given by

c !
o(x) = = (e oY) (64)
®) pldy — da)
where d}, d, are defined by
b++/D b—+/D
o=t VD g VD (63)
20 20

_ _ _ b
b =b+BC, D:b2+4ocs(A—[;—C+hs) (66)
The full-state feedback control law developed in Ref. [22] is

7 os(n)
Uran (1) = —yu(0,1) — éjﬂ f(x)u(x, t)dx

—f (s(2))X(7) (67)
where y = (b/2as), and
fx) = ¢'(=x) =y (~x) (68)
¢ —dix __ — ) bx
= Bl —do) ((dy = p)e™ = (dy — y)e™ ™) (69)

The associated output feedback control law is generally designed
by replacing the plant state in the full-state feedback control law
with the observer state. Since X(7) in Eq. (67) can be directly
measured and its observer state is not constructed, we keep the
term X (7). Moreover, for the sake of proving the positivity of the
designed control law later, we also hold the boundary value term
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u(0, ) in Eq. (67), which can also be directly measured. Hence,
the resulting observer-based output feedback control law is
designed by

hors(n)
U(r) = —yu(0,1) — EJ F(x)i(x, r)dx

s

—f(s(1)X(t) (70)
Then, taking the derivatives of Eq. (61) in x and ¢ along the
solution of Egs. (54)—(57) with the gain kernel function Eq. (64),
the transformed (Ww,X)-system (so-called “target system”) is
described by the following dynamics

ow P ow

S () = S (6, 1) - ba—‘;: (x, ) — ho (x, 1)
+5(0)g(x — s())X(1)
Bl —s(0) Ge(s0.0,0 < x < s() 1)
%Z(Q 1) =yw(0,1) (72)
w(s(t),t) = CX(¢) (73)
. oW O
X(0) = (A=e)X(0) = g (s, 0) + 5o (s(0),0) (74

where g(x) = ¢'(x) — (B/o)Ch(x). Rewriting the control law
(70) with respect to the boundary heat control g¢(t), the estimated
temperature 7', the reference steady-state T4, and the measured
variables Y1 (7) and Y,(z), the resulting output feedback control is
described by

qr(t) = qi — vks (Yz([) — Ts,eq(O))
B (0
- JO f(x) (Ts(x, 7 — Ts‘,eq(x))dx

+f((0)(X1 () = s) (75)

6 Theoretical Analysis for a Specific Setup

While the controller is designed through the backstepping
method, the stability of the target system is not proven theoreti-
cally. Moreover, the condition of model validity needs to be satis-
fied under the control law. To achieve a theoretical result, in this
section, we impose the following assumptions.

AsSUMPTION 2. The initial condition of the estimated tempera-
ture profile is not higher than that of the true temperature profile,
i.e.,Ts(x,0) < Ty(x,0), for all x € (0,s0), where sy := s(0).

AssuMPTION 3. The barrel temperature is set as melting temper-
ature and the external heat input is zero, i.e., T, = Ty, q;, = 0.

CoROLLARY 1. Under Assumption 2, it holds u(x,t) > 0 and
(Ou/0x)(s(1),1) <0, for all x € (0,s(t)) and for all t > 0, as pro-
ven in Lemma 2.

CoROLLARY 2. Under Assumption 3, the steady-state profiles
(11), and steady-state input (19) becomes Tjcq(x) = T,
Tseq(x) = T, and q; = 0. Also, C=0 and A=0.

In addition, the following setpoint restriction is given.

AssumpTioN 4. The setpoint is chosen to satisfy

R ke [* R

s, > 50+ &J Fx) (T — T4(x,0))dx (76)
as Jo f(s0)

The physical meaning of Assumption 4 is that the user needs to

choose the setpoint position s, sufficiently closer to the outlet of

the extruder than the initial interface position s, depending on the

initial temperature profile of the solid polymer granules. Such a
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choice of the setpoint position becomes more restrictive as the ini-
tial temperature profile in the solid polymer decreases.

The main theorem is stated as follows.

THEOREM 2. Let Assumptions 1-4 hold. Then, the closed-loop
system consisting of the plants (1)—(5), the measurements (27), the
observer (28)—(30), and the control law (75) satisfies the condi-
tions for model validity (6) and (7), and is exponentially stable at
the origin in the norm

(i)(t) = ||Ts(x, 1) — Ts.eq(x)HH.

T (x, £) = T(x, )y, + () — 4] a7

namely, there exists a positive constant M > 0 such that (b(t) <
M®(0)e " holds, where d = min{ o /165, 4 b? /4o + hs, ¢ }.

The proof of Theorem 2 is established by showing that Egs. (6)
and (7) are satisfied and employing a Lyapunov analysis through
the remaining of this section.

6.1 Model Validity Condition. Let Z(¢) be defined as

Z(t) = U(t) + yu(0,1)

=- g J:t)f ()i (x, £)dx — f(s(£))X (1) (78)
The following lemma is stated.
LemmMma 3. The following properties hold:
Z(t)>0, Vi>0 (79
u(x,t) >0, $()>0 Vxe(0,s(r), Vi>0 (80)
s(0) <s(t) <s, V>0 (€3]

Proof. Taking into account A = C = 0, the differential equation

for ¢ in Eq. (62) is given by a,¢”(x) — b¢'(x) — hep(x) = 0.

Thus, recalling f(x) = ¢'(—x) — y¢(—x), we have
of” (x) + bf/(x) —hf(x) =0

%f'(0) + (b — o7)f (0) = 0

(82)
(83)

Taking the time derivative of Eq. (78) along with the solution of
Egs. (54)—(57), and substituting Eqgs. (82) and (83), we obtain

Z(0) > —eZ(1) — $(0F (s(1)X (1),

where we used Corollary 1 and f(x) >0. We prove Eq. (79) by
contradiction approach. Assume that Eq. (79) is not valid, which
implies 3r* > 0 such that

V>0 (84)

Z(t) >0, Vte(0,r), Z(t')=0 (85)

Similarly to Lemma 2, by Maximum principle and Hopf’s lemma,
we get

u(x,t) >0, $(1)>0, Vxe (0,s(r)), Vre (0,£) (86)
which, with the help of Lemma 2, leads to
i(x,r) >0, s(r)>0, Vxe (0,s(r)), Vre (0,£) (87)

Applying Egs. (85) and (87) to Eq. (78) with f{x) >0 leads to
X(1) <0, for all ¢ € (0,r"). Therefore, applying this inequality and
Eq. (86) to Eq. (84) leads to

Z(t) > —cZ(t), Vte (0,1) (88)

Applying Gronwall’s inequality to Eq. (88) leads to
Z(t) > Z(0)e™, Yt (0,r*]. Thus, we have Z(¢*) > Z(0)e™" >0,
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which contradicts with the assumption (85). Hence, Eq. (79) is
proved. Then, by Maximum principle, Eq. (80) holds. Imposing
Egs. (79) and (80) on Eq. (78), we obtain X(f) <0 which leads to
Eq. (81).

6.2 Stability Analysis. Taking into account A = C =0, we
study the stability of the target (w, X)-system governed by Eqgs.
(71)—(74). Let Z be a variable defined by

Z(x, 1)

Applying Eq. (89) and 7 := se™"" in Eq. (37), the target (w, X)-
system in Eqgs. (71)—(74) leads to the following (Z, X)-system

=w(x,t)e ™ (39)

O = TE e — p ) 4 $(0gln — ()X (e
() = 2 2 (1) — (1) + 5(0)g

0z

—Bp(x — s(1)) 5, (50,0, 0 <x<s(0) (90)
0z
o (0,1) =0 (C2Y)
Z(s(t),1) =0 92)
%0 =-ex) ) (Es0.0 - Zis0.0) 09

where . := hg + (b*/4a). Consider the following functional

R 1 S(t)
V==
ZJO

where p >0 is to be determined. Taking the time derivative of
Eq. (94) along with the solution of Eqgs. (90)—(93), and applying
Young’s, Cauchy-Schwarz, and Agmon’s inequalities, we get

A(x, )dx+2L (g;(',t))zdx—ng(tf (94)

et 8_ — 22| —%X(z)
+<M¢( ) m*m>%mmy
+j%<“+@“¥+g2WW+‘%z> ©5)

where g = max,()c(0)(2(0)* + g(=s(1))* + ||¢'||*). Choosing

p= ((c'ocse*27'5f)/(16B25r)), the inequality (95) is led to

B o || 0%2 0z .2 PC 2
e m+w\& AR 2 x)
0%z
+as()V+M1H (96)

where a=max{((1+2)/p),I|g|", 1}, My =4s:(B*[|¢I[*((1/2hs) +
(1/0g)) +(os/16s;)). Thus, using the Lyapunov function V in
Eq. (41) for the estimation error Z-system (38)—(40)), we define
the Lyapunov function for the total (Z,X,Z)-system as

2M,

Ols

V=V+ 14 (CD)

Combining the inequalities (42) and (96) leads to

V < —dV +as(t)V (98)
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where d = min{(o/16s;) + A,c}. Following the procedure in
Ref. [18], the inequality (98) with Egs. (80) and (81) leads to the
exponential norm estimate

< 99)

V(1) < GO0y (0)e® < ™V (0)e™
Let ¥(r) = ||WH$11 +X(t)°. Then, we have MV <¥(r) <MV
where M = 2max{e?* (1 +1?), (1/p)}, M = (max{2(1 + y?),
(p/2)})"". Therefore, W(r) < (M /M)e®¥(0)e~, which proves
the exponential stability of the target w-system in H;-norm. Since
the wu-system in Egs. (54)—(57) and the target w-system in
Egs. (71)—(74) have equivalent stability property due to the invert-
ibility of the backstepping transformation (61), the exponential
estimate in H;-norm is also guaranteed for the u-system, which
concludes the proof of Theorem 2.

7 Simulation

7.1 Setup and Method. For numerical study to investigate
the controller’s performance in different operating conditions, we
have employed the simulation of the original “two-phase” model
governed by Egs. (1)—(5) without assuming that the liquid phase is
at steady-state, run the PDE observer given in Eqgs. (28)—(30), and
implemented the associated output feedback controller (75). We
used the boundary immobilization method to obtain a fixed
boundary system and discretized the system with finite differences
to construct a finite-dimensional representation of the model and
the estimate.

Using MATLAB’s ode23s solver, we simulated the setup with
three different advection speeds b ranging from 2 mm/s to 50 mm/
s, to cover a wide spectrum of operating modes. The material
parameters are chosen from Ref. [10], in which distinct values for
high-density polyethylene in solid and liquid state were experi-
mentally derived (see Table 1). The extruder length is given by a
physical device, and here, we used L =10cm. The initial condi-
tions of the true temperature profile and the estimated temperature
profiles are set as linear profiles with the boundary temperature
T and 7T, namely, Ty(x,0)= (T —Tn)(1—x/s0)~+ Tm,
Ts(x,0) = (T —Tw)(1 — x/s0) + Ty. In the simulation, we set

=125°Cand T = 105 °C to satisfy Assumption 2.

The free parameters are the constant barrel temperature 77, the
auxiliary heat input ¢, at the outlet, and the control gain c. The
barrel temperature and the auxiliary heat input are chosen so that
they neutralize the cooling effect of the initial temperature in the
solid phase within a range close to the conditions imposed in
Sec. 6, namely, the barrel temperature is chosen close to the melt-
ing temperature 7}, and the auxiliary heat input is chosen as a posi-
tive value close to zero. Since the initial profile of the estimated
temperature is slightly below the melting temperature, the cooling
effect of the initial temperature is limited, and thereby we
set the free parameters sufficiently close to the specific setup,
T, = 145°C and ¢, = 100 W/m?.

7.2 Gain Tuning. For a given advection speed, the control
gain ¢ is adjusted so that the following two properties are
observed:

Table1 HDPE parameters obtained by Tadmor and Gogos [26]
Melting point Tm 135°C
Specific heat solid Cs 1895Tkg 'K ™!
Specific heat melt a 2640T kg 'K!
Therm. conduct. solid ks 0.373Wm™'K!
Therm. conduct. melt k 0.324Wm'K!
Solid density Ps 955kgm 3
Melt density n 780kgm3
Heat of fusion AH 39,000 Jkg !
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e The convergence of the interface position to the setpoint
position is achieved sufficiently fast.

e The temperature in the solid phase maintains a reasonable
value during the process.

As the control gain gets larger, the convergence becomes faster;
however, the temperature in the solid phase can reach an unrea-
sonably low value due to the large amount of the cooling input.
Hence, we aim to choose a suitable value of the control gain c.
First, we test three simulations under the small advection speed
b =2 mm/s by setting the control gain as ¢ =0.05/s, ¢ =0.2/s, and
¢ =0.4/s, respectively. The closed-loop responses of the interface
position s() and the boundary temperature 7(0, ¢) are depicted in
Figs. 2(a) and 2(b), respectively. From Fig. 2(a), we can observe
that the convergence of the interface position with ¢ =0.05/s takes
approximately 10 min, while those with ¢ =0.2/s and ¢ =0.4/s
take 6 min. Additionally, from Fig. 2(b), the boundary temperature
with ¢ =0.4/s reaches a value around 20 °C that is a relatively low
temperature while the boundary temperatures with ¢ =0.05/s and
¢ =0.2/s remain the reasonable range 80—135°C. Therefore, the
control gain ¢ =0.2[/s] is a suitable value which satisfies the two
desired properties.

7.3 Simulation Results. Following the gain tuning, the simu-
lation results for higher advection speed b =10mm/s and
b =50mm/s are performed, and the control gain is adjusted as
¢ =1.0/s and ¢ =5.0/s, respectively. For these advection speeds
and the adjusted control gains, the closed-loop responses of the
interface position s(7), the boundary control input g¢(7), and the
boundary temperature 75(0,7) are shown in Figs. 3(a)-3(c),
respectively. The interface responses, depicted in Fig. 3(a), have
quite similar behaviors in all three setups. However, the control
input, shown in Fig. 3(b), appears to act faster for higher advec-
tion speeds but exhibits similar qualitative behavior. Similar

@) Time (min)

Boundary temperature (°C

- ¢ =0.05(/s)

—c = 0.2(/s)
0 e = 0.4(/s)
% 05 1 1.5 2

Time (min)

—~
(=)
-~

Fig. 2 The closed-loop responses under the control gains
¢ =0.05/s (dash), ¢ =0.2/s (solid), and c =0.4/s (dotted). The
convergence of the interface position is sufficiently fast and the
boundary temperature remains a reasonable range for ¢ =0.2/s
(solid): (a) the time evolution of the interface position and (b)
the time evolution of the boundary temperature.
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Fig. 3 The closed-loop responses under the proposed output
feedback control law for each operating speed: (a) for each
operating speed, the interface position is stabilized after 6 min;
(b) the transient of the control input gets shorter as the opera-
tion gets faster; and (c¢) the boundary temperature maintains
reasonable value for the material and safe operation

properties were observed in the boundary temperature response in
Fig. 3(c). Note that all three figures have different time ranges.
Moreover, for the fast operating condition b =50 mm/s, the
comparison of the estimated temperature profile and the true tem-
perature profile at r =0s, 0.2s, 0.4 s are shown in Figs. 4(a)—4(c),
respectively. We can observe that the estimated temperature pro-
file gets almost the same as the true temperature profile at 0.4 s,
associated with the expansion of the solid granules’ region.
Hence, the convergence of the designed observer to the true tem-
perature profile is approximately 1000 times faster than the con-
vergence of the interface position to the setpoint position, which
is a sufficiently quick performance of the temperature estimation.

7.4 Comparison With Proportional-Integral Control. For
comparison, we also tested a closed-loop setup with proportional-
integral (PI) control given by

1

qe(t) = qf + Kp(s(r) — 5) + Ki I (s(t) — s;)dr (100)

Jiy

where Kp and K| are gain parameters to be tuned in order to
achieve the desired performance. However, for any choice of the
parameters we have tried, the closed-loop response of the inter-
face position does not stabilize at the setpoint s;. Figure 5 depicts
the responses under PI control with a relatively suitable choice of
the gains. The plot in Fig. 5(b) shows that the temperature at the
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Fig. 4 The comparison of the true and estimated temperature
profiles at (a) t=0s, (b) t=0.2s,and (¢) t=0.4s
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Fig.5 The closed-loop response under Pl control: (a) the inter-
face position is not stabilized and (b) the boundary temperature
is heated up after 1 (min) and gets above the melting tempera-
ture after 2.9 (min), which violates the condition for the solid
phase temperature

Journal of Dynamic Systems, Measurement, and Control

inlet of the extruder gets above the melting temperature at approx-
imately 2.9 min, which violates the validity condition (7) of the
solid polymer temperature, while our proposed output feedback
control guarantees to satisfy the condition under the closed-loop
system. Such an overshoot behavior beyond the melting tempera-
ture might be reduced by proportional-integral-derivative control;
however, the velocity of the interface position is nearly impossible
to measure online, and the differentiator generally causes high
noise. Overall, the proposed output feedback control law illus-
trates superior performance to PI control in terms of both conver-
gence to the setpoint and the validity condition.

From the simulations, we conclude that our control design
achieves a stable interface position, even with very fast advection
speeds 50mm/s, with which a particle inserted in the inlet will
travel in 2 s through the extruder, when assuming a 10 cm extruder.

8 Conclusions

In this paper, we designed an observer and the associated output
feedback control to stabilize a filament production process of the
screw extrusion-based polymer 3D-printing. The steady-state
analysis is provided by setting the setpoint as a given value, and
the control design to stabilize the interface position is derived.
The simulation results illustrate the effectiveness of the boundary
feedback control law for some given screw speeds. While the the-
oretical analysis in this paper is established under the assumptions
on the liquid phase temperature maintaining the steady-state tem-
perature and on the heat flux at the outlet being zero, it is expected
to further develop the control law for the two-phase system fol-
lowing [21], and guaranteeing the robustness of the control with
respect to the nonzero heat flux at the outlet following [19], which
could relax the aforementioned two assumptions.
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