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Summary

We present a Newton-based extremum seeking algorithm for maximizing higher
derivatives of unknown maps in the presence of time-varying delays. Dealing
with time-varying delays has impact in the predictor design in terms of the
transport PDE with variable convection speed functions, the backstepping trans-
formation as well as the conditions imposed on the delay. First, the delay can
grow at a rate strictly smaller than one but not indefinitely, the delay must
remain uniformly bounded. Second, the delay may decrease at any uniformly
bounded rate but not indefinitely, that is, it must remain positive. We incor-
porate a filtered predictor feedback with a perturbation-based estimate for the

Damir Rusiti, Department of Aerospace
Engineering, Bundeswehr University
(UniBW), Neubiberg, Bavaria, Germany.
Email: damir.rusiti@me.com

Hessian’s inverse using a differential Riccati equation, where the convergence
rate of the real-time optimizer can be made user-assignable, rather than being
dependent on the unknown Hessian of the higher-derivative map. Further-
more, exponential stability and convergence to a small neighborhood of the
unknown extremum point are achieved for locally quadratic derivatives by using
backstepping transformation and averaging theory in infinite dimensions.
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averaging in infinite dimensions, backstepping, delayed systems, extremum seeking, time-varying
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1 | INTRODUCTION

In this article, we analyse the problem of nonmodel based and general scalar extremum seeking (ES) of higher derivatives
in the presence of time-varying delays. We use the term general to express that we can find an optimum of a function itself
as well as of its arbitrary derivatives. In recent time, ES becomes very popular in theory,!” as well as applications.®!! More-
over, there is a great scientific interest in ES coupled with distributed and networked control systems,!? since the most
sensor signals are sent over communication networks, like in wind turbines or photovoltaic systems,!* or are controlled
remotely.!*

We focus on Newton-based ES where the convergence rate of the real-time optimizer can be made user-assignable,
rather than being dependent on the unknown Hessian of the higher-derivative map. However, the overall system sta-
bility as well as the convergence properties in ES are strongly affected by delays which occur due to measurement,
computational, and transmission delays or transport leg and can degrade the performance of the system or even
destabilize it.

The work was carried out at the University of California - San Diego. The material in this article was not presented at any conference.
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FIGURE 1 Block diagram of the basic

prediction scheme for compensation of 0 () = h(0(t - D))
time-varying delay D(t) = D;n(t) + Doyr(t) in /\ [

Newton-based ES for maximizing higher

derivatives. The predictor feedback with a
perturbation-based estimate of the Hessian’s
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Predictor Yh(nt1)
Feedback

inverse obeys Equations (6), (31). The

demodulating and dither signals are given by

Y (n+1)> Y(n+2)> and S(¢) which are calculated

according to (8b)-(8d), and (9)[Colour figure can
be viewed at wileyonlinelibrary.com] NG,

7 = key(1 = y) h(n2)|

h(n+2)
Yins2)(t = (D () + Doyr())) ——(X )

For Newton-based ES in presence of constant delays we already presented the tools in our work,!>!¢ following the
mathematical foundation of ES for functional differential equations presented in Reference 17. The first attempt of con-
sidering ES under time-varying delays was done in Reference 18. However, only the gradient ES algorithm was developed
and the optimization process was performed to the map itself and not to the general case of the derivatives of the map.

The contribution of this article is a novel approach to general Newton-based ES where we use a predictor-based feed-
back system to stabilize our ES algorithm despite the presence of arbitrarily large time-varying delays. We rigorously
derive the necessary steps to prove the stability for locally quadratic higher derivatives via backstepping transformation
and averaging theory in infinite dimensions, considering the whole system as infinite dimensional due to delays. The
extension to time-varying delayed systems with low-pass filtered boundary condition!® is one further contribution not
reported in the ES literature yet. Simulation results validate the applicability of the proposed algorithm.

2 | SYSTEM DESCRIPTION

In scalar ES one wants to maximize (or minimize) the output y € R of an unknown nonlinear static map h(0) by varying
the input 6 € R in real time. As mentioned above, we have to consider that the output may be affected by time-varying
delays since even small delay can cause instability or performance degradation. Hence, we assume that there is a known
time-varying delay D(t) > 0 such that the delayed output!’

y(t) = h(6(t — D())). (€]

For notation clarity, we assume that our system is output-delayed. Since any input delay can be moved to the output
of a static map, the results can be directly extended to the input-delay case. The case when input delays Dyy(t) and output
Doyr(t) delays occur simultaneously can be handled by assuming that the total delay is D(t) = Din(t) + Dour(t), with
Din(8), Doyr(t) > 0.

In Figure 1, we illustrate the proposed scalar version of the Newton-based ES for maximization of higher deriva-
tives based on predictor feedback for delay compensation. We state our optimization problem of the delayed output as
follows

max ™ot — D(t)), (2)

e

where h("(.) is the nth derivative of a smooth function h(:): R — R.

Assumption 1. Let us define

Omax = {0|K"*P (@) =0, K™ (9) <0} (3
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to be a collection of maxima where h® is locally concave. Now assume that @, # @ and 6* € ®p,, . For simplicity we
assume that O« = {0}.
2.1 | System and signals
Let & be the estimate of maximum point and
() = 6(t) - 0* (4)

be the estimation error satisfying Assumption 1.
From the block diagram in Figure 1, the error dynamics can be written as

6(t) = 0ty = U, ()

where U(t) is the control output. Moreover, we have
7= k(1= yhD),  § = kgly + (A™*2)1[1 = R + (R2)7)], ©)
where the first equation in (6) is a differential Riccati equation!® and 7(¢) = y(t) — (h**»)~1 is the estimation error of the

Hessian’s inverse.
The demodulating signals

hO(t) = y(O)Y;(t = D(t) 7)
are used to estimate the gradient (j=n+ 1) and the Hessian (j = n 4 2) of h™. The Equation (6) will be used to generate

an estimate of the Hessian’s inverse.
Now, we rearrange the equations given in Reference 20, by changing them to the following:

0 = 0 + asin(wt), (8a)
Y;(t-D(1) = C;sin (ja)(t— D(t))+% (1+(—1)f)) , (8b)
o =22y, (8¢)
)
j—|sin <J§>'
F= 3 , (8d)

where j=n+1 for the gradient and j =n + 2 for the Hessian estimate. We define the additive dither signal as
S(t) = asin(wt) 9)
which is not delayed.

In addition, we switch from maximization to minimization problem by setting sgn(yo) = sgn(h"*?(0)) with y, as initial
value of y, where y(¢) is an estimate®® of H~!.

2.2 | Conditions on time-varying delay

Consider the continuously differentiable functions of the delay time ¢(t), which is defined as

(1) =t —=D(), (10)
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and which satisfies the conditions
o) <t, vVt >0, (11)
and

d%qb(t) >0, V>0 12)

Assumption 2. The output time-varying delay D(¢) fulfills
—oo<g<D(t)<E<1, (13)

where d and d are constants.

This is consequence of (10) and (11). Furthermore, from Assumption 2 we conclude that ¢(¢) is strictly increasing. We
need this to ensure the invertability of ¢(-) as we will see it later. Moreover, we define prediction time as follows

oM7L =t + D), (14)

where ¢(1)~! is the inverse function of ¢(t).

Conditions (11) and (12) are related to causality issues and to guarantee the terms ¢ — ¢(t) and ¢~'(f) — t associated
to the delay-time and prediction-time are both positive and uniformly bounded, but not directly related to the type of
convergence (exponential or asymptotic) of the algorithm. It is worth mention that such conditions were already assumed
in the previous publications on stabilization for linear systems with time-varying input delay in Reference 21 and [22,
Chapter 6].

For better understanding, we state few remarks on the time-varying delay:

a. the delay function D(¢) is strictly positive (technical condition ensuring that the state space of the input dynamics can
be defined);

b. the delay function D(t) is uniformly bounded from above;

c. the delay-rate function D(¢) is strictly smaller than 1, that is, the delay may only increase at a rate smaller than 1;

d. the delay-rate function D(¢) is uniformly bounded from below (by a possibly negative finite constant), that is, the delay
may decrease at a uniformly bounded rate;

e. The delay function D(t) is not periodic in T = 2z /w such that D,,(t) = D(t), where @ > 0 is the frequency of the dither
signal in the ES loop.

2.3 | Predictor feedback
First, let us define the measurable signal
2(t) = y(Oh", (15)
where y is updated according to (6) and Jn+D) being the demodulated signal. We can construct (15), because we only use
measurable/available signals y(f) and h(*+D.
In [16, Lemma 1], we proved that the linearized expression of the average version of the signal in (15) is
Zav(t) = Oau(t — D), (16)

which can be rewritten in the time-varying delay case to

Zav(t) = Oan(t — D(1)), a7
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From (5), we conclude
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by assuming the conditions given in Section 2.2, particularly the nonperiodicity of D(¢) in T = 27/ w.
0t — D(t)) = U(t — D(1)). (18)
Now using (18), the following “shifted” average model can be derived
Ba() = Un(D),  Banlt = D) = Ua(t = D), (19)

with U,, € R being the resulting average control for U € R.

From (17), it becomes straightforward to write Z,,(t) = §av(t — D(t)) and with the help of the second expression in (19),

one has
Zav(t) = Ua(t — D(1)).
If we would be able to generate the control input??

Uav($(1)) = —kzav (D), V(1) = 0,

so that the closed-loop system has the form
Zav(t) = —kzay (1), V(1) > 0,

or, alternatively

Zao(t) = —kzay(), VL2 ¢$7H0),

using the inverse of ¢(-), we would stabilize the system (22) for k > 0.
In the next step, we rewrite (21) to

Un(t) = —kzay(¢7'(t)),  VE>0.

Using (20) and the variation-of-constants formula, for the quantity z(¢~'(t)) we obtain

0]
Zav(@ 71 () = Zav (1) + / Uw(g(7))dr.
t
To express the integral in terms of U(-) instead of U(¢(-)), we change the integration variables to
&= (o),
— -1
T=¢ (5.

Recalling the basic differentiation rule of the inverse of a function it follows

d 1
=)=
ds‘d) : A (39))
where ¢’ denotes the time derivative of ¢(-).
Finally, using (28) we get for (25) the following expression
b Un(©)

Zav(d)_l(t)) = Zav() + / dé.

o) P (@71(&)

(20)

1)

(22)

(23)

4

(25)

(26)

(27)

(28)

(29)
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Hence, from (24) and (29) we obtain the following control law

t
Ua($) 5] ‘ (30)

Uav = -k av —d
® [Z ® +/¢@ P @)

In order to still apply the theory presented by Reference 23 we derive a predictor which is a low-pass version!®

of (30)
e )
v = {_k [Z(t) * /m) ¢’<¢-l(¢>)d§] } ’ ey

where ¢ > 0 is sufficiently large. Note that we mix the time and frequency domain notation in (31) by using the braces {-}
to denote that the transfer function acts as an operator on a time-domain function. Thus, the term “s” stands either for the
Laplace variable or the differential operator “d/dt,” according to the context. For a transfer function H(s) with a generic
input u, pure convolution h(t) * u(t), with h(t) being the impulse response of H(s), is also denoted by H(s)u, as done in
Reference 24. We employ a low-pass filter, to still achieve our control objectives by transforming the original distributed
input-output delays into state-delays for analysis purposes.??

Remark 1. (Predictor Numerical Implementation): The controller (31) is hard to implement. Due to space constraint we
state another version? of (31) which is

c ! 1 ]}
Ut)=—< -k Ul)——d s 32
® S+C{ [z+/t_m) O (32)
t
1
= —— 33
°® t+/l—D(t) 1-D'(c(&) d (33)

Using the left endpoint rule of integration it is easy to calculate (32) and (33).

3 | STABILITY ANALYSIS

Theorem 1. Consider the delayed closed-loop system consisting of (18), the predictor feedback (31) and that Assumptions 1
and 2 hold as well as the conditions (a) to (e) about the time-varying delay D(t). There exist positive constants ¢> ¢, ay, a,
and u (independent of ¢) such that the average closed-loop system (6), (18), and (31) is locally exponentially stable and all
solutions satisfy Vt > 0:

t 0

[0a(PO)* + |70 (DI* + | Uan(O]* + /

U2(&)dE < Z2e [|00(O)]? + |7y + [Un(0)* + /
0] ai

Uiv(é)de:] . (39
¢(0)

Proof. Let us introduce the following nonobvious choice for the state of the transport equation??

u(x, t) = U(p(t + (™' () — 1))). (35)

From (35), we get boundary values
u(0, 1) = U(g(1)), (36)
u(l,0) = U(1). (37)

This yields to the following system

4(t — D)) = u(0, 1), (38)
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u(x, t) = m(x, Hu(x, t), xe€[0,1] (39)
ul,t) = U@, (40)

where the speed of propagation of the transport equation is given by

dt
mt) = — (41)

1+x<mww»_1>

The function (41) is strictly positive and uniformly bounded from below and from above by finite constants. This is
imposed by the Assumption 1 and Assumption 2.
Moreover, we have

x(0,t) = > my >0, (42)

1
ROR

where
" 1

0 SUpss g6 — $6)

(43)

According to condition (e) in Section 2.2 about the time-varying delay D(t), we assume z(x, t) to be nonperiodic on
T = 27 /w so that we can indeed follow 7z, (x, t) = z(x, t).
Furthermore, we can write

ot —t>0, (44)

which implies that delay-time and prediction-time functions are both positive and uniformly bounded.
Now, we rewrite the control law U(t) = u(1,t) in terms of u(x,t) as

1
u(l, 1) = < {—k [z(t) + / u(e, 1) (¢~ (1) — t)da] } . (45)
s+c 0
Moreover, we assume following initial condition
Uo(x) = ux,0) = U(p(¢~'(0)x), x € [0,1], (46)

where 8, = 6(—D(0)).
Using J(t) = 6(t — D(t)), the average version of system (38) to (40) can be written as

Gau() = (0, 1), (47)
Olay(X, t) = (X, t)0xUay(X, ), (48)
Uay(1, 1) = Uy (D), (49)
or
day() = Uy (0, 1), (50)
Oy (X, t) = (X, H)oxU(x, ), x €[0,1], (51)
% = —Cuay(1,1)

1
—ck [gav(t) + / Uyv(0o, t)(¢_l(t) —tdo| . (52)
0
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Consider the infinite-dimensional backstepping transformation of transport PDE state

WX, t) = Uyy(x, 1)

+k[§av(t)+ / Uy (o, )(p~! = Hdo |, (53)
0

which maps the system (50), (51), (52) into the target system

Jan(8) =~k () + w(0, 1), (54)
wi(x, t) = m(x, Hw,(x, t), x € [0,1], (55)
w(l, t) = —%dtuav(l, 0. (56)

The system (54), (55), (56) is a standard cascade configuration
w— Jyy. (57)

Let us now consider w(1,t). Differentiating (53) with respect to the spatial variable x and replacing o,u,,(x, t) =
(X, )0xUgy(X, t) and wy(x, t) = (X, Hwy(x, t)—see (51) and (55)—with x=1, it is easily seen that

wi(1,£) = Oty (1, 1) + ke (1, ey (1, [P~ () — 1], (58)
where 0,uay(1, £) = Uy (t). Equivalently, we can obtain

R ()
T o= —

W[(lv t) = atuav(l, t) + kﬁ* uav(l’ t)7 dt

(59)

by substituting the speed of propagation of the transport equation z(x, t) in (41) with x=1 into (58). Equation (59) is a
more convenient expression, which will be used in the stability analysis since 7° = d(¢;_2(t)) =1+ D(t) is upper bounded
such that |7"| < 2, according to (14) and Assumption 2.

The inverse of (53) is given by

Uay(X, ) = W(X, ) — ke @O0, (p)

-k / e k=@ Oy 1(pL(t) — t)do. (60)
0

Plugging (56) and (60) with x=1 into (59), we obtain
we(1,£) = —ew(l, £) + kT w(l, £) — K2z e X700, (1)

1
.y / e 1= -0y 5 1)1 (t) — t)do. (61)
0

On the other hand, the average model for the Hessian’s inverse estimation error in (6) is

d¥ o, (1) - S

% = —kr7 a(£) — krh"2(0)7 5, (D), (62)

since N+ 2g,(t) = L [ Y p(2)ydA = h+.
In addition, the linearized version for the average model of the Hessian’s inverse estimation error in (62) around

7a(t) = 0 is given by References 15,16

dy (1)

dt = _kRj;av(t)’ (63)
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which is exponentially stable for kg > 0.
Now consider the following Lyapunov-Krasovskii functional®!

~2 - 1
v = o Tl g / P wA(x, fdx + %w2(1, 0, (64)

2 2 2 /o
where the parameters a > 0 and b > 0 are to be chosen later.
FromAssumption 2, we have that 7 (0, t) and z(1, t) are lower and upper bounded by 0 < z; < #(0,f)and0 < #(1,t) <
1> with positive constants z; and #;, the former defined in (43). Reminding that w(x, t) = z(x, HhHwe(x, t) in (55) and

applylng the integration by parts to the 1ntegral term, the time derivative of (64) along of (54), (55), (56), and (63) is written
as

V() = =k () + Doy (HW(O, 1) — kT2 (£)

u

a 1™
+3 / Pz (x, £)2w(x, Hwe(x, Hdx + w(l, Hwy(1, £)
0 ——
dv

= —k§2 () + T (OW(O, ) — kr72,() + gebn(l, HwA(1, t) — %n(O, HWA, t)

1
— g / [br(x, t) + 7 (x, £)]ePW?(x, Hdx + w(l, Hwy(1, £)
0

1
< k() + 222 A0 — kr7am(t) — / [br(x, ) + 7y (x, £)]ePw?(x, t)dx
2a7r0 0
+w(l, £) [wt(l 0+ —e zrlw(l,t)] , (65)

since —%n(o, HW(0, 1) < —gn(’;wz(o, t) and, from Young’s inequality, we have

(WO, 1) < [9au (1) [W(O, 1)
- 92,() N aryw*(0, t).

~ 2arn, 2

(66)

Reminding that k>0, let us choose a =1/ (kzr(”;). Then,

V() < —§8§V(t) krya,(®) — / [br(x, t) + me(x, £)]e™ W (x, £)dx + w(l, £) [wt(l b+ —e zrlw(l t)]

= — 9§V(t) — k¥, (t) — C—l/ [br(x, t) + mc(x, £)]ePW?(x, H)dx + w(l, t) [wt(l t+ g, nlw(l t)] . (67)
2ax} 2 Jo 2

Next, we observe that

d@™'@®) _
dt

er(x, [) = m (68)
is a function of t only. Hence,
b [1 ix <d<¢;<t>> _ 1)] " d(dzim) -1
br(x, t) + m(x, t) =
7(X, t) + (X, 1) 0=t
b—14+ d(q::(t)) 4 b (d("’;(”) _ 1)
- ¢t )

Since this is a linear function on X, it follows that it has a minimum at either x=0 or x =1, so we get
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min{b 14+ 420} 4 1)2 ) 1}

br(x, 1) + mc(x, 1) > ¢_1 I, (70)
Next, we note that
— . d(@p7H) 1 1
o= > =7, 71)
d @@ ) sup ¢'(3) (
62¢71(0)
which yields
min{b -1+ 7", (b+ 1)z* —1}
br(x,t) + me(x, t) > 0 -1 . (72)
Choosing
w 1
bz(l—ﬂ)max{l,—}, (73)
ﬂ*
and reminding that ——— 1(:) - > m; from (42), we get
b”(x9 t) + ”X(x’ t) 2 ﬂgﬁ*3 (74)
where
p* =min{b-1+7*, (b+1z*—1}>0. (75)
So, returning to V, we have that
~2 a ! a
-0a0) — keF2,(0) = S " / P wA(x, Bydx + w(l, £) [wt(l, D+ Se'mu(l, t)] . (76)
0 0
Now, consider (76) along with (61). With a completion of squares, we obtain
1 2 ! 1
V() < ———0a() — kg¥an() = Y / W (x, Hdx + amg kK7 e MO0 Pwi(1, 1)
4071'0 0
FXIEF 1970 - tle™ 0= O 1)+ | Db + K | WAL ) = ewd(L, 0. (77)
To obtain (77), we have used:
—w(L, (T [¢H (D) — tle™ MO0 (s, 1))
< lw(@, HIIPF (7 (1) — tle ™ GO0 lw(o)|
< YIw|? + X7 (7 (1) — e =207 O 2w2(1, 1), (78)

where the first inequality is the Cauchy-Schwartz and the second is Young’s, the notation (-, -) denotes the inner product
in the spatial variable ¢ € [0, 1], on which both [¢~1(f) — t]e ¥1=2)@" 00 and w(e, t) depend, and ||-|| denotes the L, norm
in o. In addition, we have also applied Young’s inequality to show that

19a (1. (79)

—I27 T ODF (Ow(L, 1) < ax |k e KT OD2u2(1 1) 4 4a1
0

Then, from (77), we arrive at
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1
Vi) < — — 0 — ke72 () - Y / P w(x, Hdx — (¢ — cW*(L, 1), (80)
4(171'0 0
where
¢ = ax; [T e M O012 4 X||IPT [N (8) — tle K@ 002 4 [%ebn; + k%*] , (81)

for appropriate constants X > 0 and Y > 0. Hence, from (80), if c is chosen such that ¢ > ¢", we obtain
V() < —uV(t), (82)

for some u > 0. Thus, the closed-loop system is exponentially stable in the sense of the full state norm

1 1/2
<|'§av(t)|2+|}7av(t)|2+/ e w?(x, t)dX+w2(1,t)> : (83)

0

that is, in the transformed variable (J,y, w).

- 1/2
To obtain exponential stability in the sense of the norm <|19a\,(t)|2 + 7] + /01 uZ, (x, Hdx + u? (1, t)) , we need to
show there exist positive numbers a; and a, such that

a¥(@®) < V() < ¥, (84)

where W(t) 2 |9, (D) + 7,0 + /01 u, (x, Hdx + u? (1, ), or equivalently

t

(1) £ |0a(t — D) + |70 ()] + / Uz, (v)dz + Ug, (D). (85)
t—D(t)

This is straightforward to establish by using (53), (60), (64) and employing the Cauchy-Schwartz inequality and other
calculations, as in the proof of Theorem 2.1 in Reference 22. Hence, with (82), we get

¥(t) < Lerip (), (86)
(441

From (86), the origin of the average closed-loop system (38), (39), (40) with transport PDE for delay representation
and (62) is locally exponentially stable, which completes the proof. (]

Remark 1 (Averaging for Time-Varying Delays): In Theorem 1, we proved that the average closed-loop system (38), (39),
(40) with transport PDE for delay representation is exponentially stable. In References 15-17, we used the averaging results
for constant delays. However, for time-varying delays there is no suitable averaging theorem such as in publication.?* We
have found an interesting result applicable to a point time-varying delay by Lehman and Weibel?® but unfortunately it
does not work when the delay is distributed as in our case due to the predictor feedback. From Reference 23 and under
the assumption of constant delays (D(t) = 0), we would be able to write the closed-loop system (6), (18), and (31) into the
form

n(e) = f(t/e, no),

where #(t) = [y(t),0(t — D), U®)]", n(r) = n(t +r) for —-D<r<0, and f being an appropriate continuous functional,
such that the averaging theorem by Hale and Lunel?® (see Appendix of Reference 17 for a compact version) can
be directly applied, considering @ = 1/e. The difference here is very subtle: if the delay is time-varying, D(t) # 0,
we need to prove if the function r(t), which is also time varying, would lead to —Dyq < 1(t) <0, where Dyqx >0
is a fixed upper bound for D(t). This point may not seem of simple demonstration, and a formal proof was not
given in the referred literature, which would involve the theory of semigroups for linear operators applied to
PDEs.?’
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Analogously to the Steps 6 and 7 performed for the proof of Theorem 1 in Reference 17, if a suitable averaging theorem
existed, then we would be able to conclude the following result for time-varying delays.

Theorem 2. There exists ¢ >0 such that,Ye>c', 3 w*(c) > 0 such that, Vo > w*, the delayed closed-loop system (18) and
(31), with z(t) in (17) WD caleulated as in (7), y(t) in (6) and state 7(t), 6(t — D(t)), U(c), Vo € [t — D(t), t], has a unique
locally exponentially stable periodic solution in t of period I1 = 2z /w, denoted by 77(¢), 9H(t — D)), U(6),Vo € [t — D(b), 1],
satisfying, Vt>ty:

t

1/2
<|é”(t—D(t)>|2+|7“(t)|2+[U“(t>]2+ / [U“(r)]2d1> go(

t—=D(t)

) . (87)

1
w
Furthermore,

lim sup|0(t) — 6*| = O(a + 1/ w). (88)

t—>+o0

The asymptotic convergence of 6(t) to a neighborhood of #* according to (88) leads to the maximization of h™(8) in
(1) and (2) due to Assumption 1.

4 | SIMULATION RESULTS
Consider the following static cubic nonlinear map
h(@) = —(0 — 0.5)> + 0, (89)

which is subject to output delay D(¢) = 5 + 2 sin(w,t) sec., with w,, = 0.45, such thaty = h(6(¢t — D(t))). The original map
(89) is shown in Figure 2 with solid line (in black). The objective is to maximize the first derivative of the map hV(9),
which has an extremum at 8* = 0.5—see the dashed line in Figure 2.

We use low-pass and washout filters with corner frequencies (@, and w;) to improve the controller performance (see
[13, Figure 4]). We present a simulation of the predictor (31), where ¢ = 20, z is given by (17) with h0) as in (7) and y in
(6). The tests were performed with the w;, = w; = 1. For the simulation we use @ = 30 rad/s,a=0.1, k=0.1, kg =0.6. The
initial conditions were 8y = 0 and y, = —0.01.

Figure 3 shows maximization of the first derivative of (89), where after the transient, the output y(t) converges to
the desired value. Figure 4 shows the time-varying nature of the delay D(¢) satisfying the required assumptions of the
article. Figure 5 presents the effect of the time-varying delay function in the convergence of the algorithm for differ-
ent time-varying delays D(t) = 5 + 2¢ sin(wy,t) with @,, € [1, 50] and ¢ = 0.01. When w = wy, the delay function D(¢) is

2 "
—h (9)
15 TR (@),
“h)

FIGURE 2 Thestaticmapy = h(d) = —(8 — 0.5)> + 0 and its first
derivative hM(9) = —3(8 — 0.5)? + 1, with maximum at #* = 0.5 and
h®(0) = —6[Colour figure can be viewed at wileyonlinelibrary.com|
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FIGURE 3 Maximization of h¥(9) where

h() = —(8 — 0.5)*> + 6, D(t) = 5 + 2 sin(wp,t) sec, and w,, = 0.45. The
top plot represents y(¢), the middle 6(t), the bottom y(¢) and the
horizontal axis the time in seconds. The blue dashed lines represent
the targets y'=0.5, * = 0.5, and y* = (h"*?)~! = —0.16[Colour
figure can be viewed at wileyonlinelibrary.com]

FIGURE 4 Time-varying delay D(t) from Figure 2 and its first
derivative. The top plot represents D(t) = 5 + 2sin(wy,t), where

®,, = 0.45. The bottom plot represents D(t) = 2w,,sin(w,,t)[Colour
figure can be viewed at wileyonlinelibrary.com]

FIGURE 5 Effects of the time-varying delay function

D(t) = 5 + 2e sin(wy,t) in the convergence of the algorithm for
different frequencies w,, € [1 , 50] satisfying Assumption 2 with
Wy < i and e = 0.01. At the critical ratio of the frequencies
/oy, =1, an undesired performance is generated since the delay
function D(t) becomes periodic in T = 2z /w such that the average
condition D, (t)=D(t) is violated[Colour figure can be viewed at
wileyonlinelibrary.com]
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periodic in T = 2z /w such that the condition D,,(t)=D(t) is violated, resulting in a nonconvergence of the ES algorithm
to the desired value.

5 | CONCLUSION

In this article, we presented and proved the first results of local stability for the Newton-based ES algorithm in presence
of time-varying delays, which maximizes arbitrary nth derivative of an unknown static map. The only available measure-
ments are from the map itself and not of its derivatives. We give a rigorous proof in terms of backstepping transformation
and averaging analysis in infinite dimensions for locally quadratic objective functions. Numerical simulations illustrate
the ability of the proposed predictor feedback based ES in handling nonconstant delays. The extension of our results using
adaptation for unknown constant delays is currently under investigation. The derivation of a completely novel averag-
ing theorem for general time-varying delays seems to be a challenging and interesting generalization for future research
as well.
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