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ABSTRACT

We provide estimates for the asymptotic gains of the displacement of a vibrating string with endpoint
forcing, modelled by the wave equation with Kelvin—Voigt and viscous damping and a boundary distur-
bance. Two asymptotic gains are studied: the gain in the L2 spatial norm and the gain in the spatial sup
norm. It is shown that the asymptotic gain property holds in the L? norm of the displacement without
any assumption for the damping coefficients. The derivation of the upper bounds for the asymptotic gains
is performed by either employing an eigenfunction expansion methodology or by means of a small-gain
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argument, whereas a novel frequency analysis methodology is employed for the derivation of the lower
bounds for the asymptotic gains. The graphical illustration of the upper and lower bounds for the gains
shows that the asymptotic gain in the L2 norm is estimated much more accurately than the asymptotic

gain in the sup norm.

1. Introduction

Asymptotic gain properties for finite-dimensional systems
were introduced by (Angeli et al., 2004; Coron et al.,, 1995;
Mironchenko, 2016; Mironchenko & Wirth, 2018; Sontag &
Wang, 1996). More specifically, in (Sontag & Wang, 1996) it was
shown the Input-to-State Stability (ISS) superposition theorem,
which was extended in (Angeli et al., 2004) for the case of the
input-output asymptotic gain property. Recently, the asymptotic
gain property has been used in time-delay systems (Karafyl-
lis & Krstic, 2017) and abstract infinite-dimensional systems
(Mironchenko, 2016; Mironchenko & Wirth, 2018). For lin-
ear systems, where the asymptotic gain function is linear, the
asymptotic gain (coefficient) may be used as a measure of the
sensitivity of the system with respect to external disturbances.

The wave equation with viscous and Kelvin—Voigt damp-
ing is the prototype Partial Differential Equation (PDE) for the
description of vibrations in elastic media with energy dissi-
pation but may also arise in different physical problems (e.g.
movement of chemicals underground; see Guenther & Lee,
1996; Karafyllis & Krstic, 2018a). The study of the dynamics
of the wave equation with viscous and Kelvin-Voigt damping
has attracted the interest of many researchers (Chen et al., 1998;
Gerbi & Said-Houari, 2012; Guo et al., 2010; Liu & Rao, 2006;
Pellicer, 2008; Pellicer & Sola-Morales, 2004; Zhang, 2010).
Recently, the control of the wave equation with Kelvin—Voigt
damping was studied in (Krstic & Smyshlyaev, 2008; Siranosian
et al., 2009), while the control of the wave equation with vis-
cous damping was studied in (Roman et al., 2016a; Roman et al.,
2016b; Roman et al., 2018).

The long-time behaviour of the wave equation with vis-
cous and Kelvin-Voigt damping under a boundary disturbance
was studied in (Karafyllis & Krstic, 2018a), within the the-
oretical framework of the ISS property (Karafyllis & Jiang,
2011; Karafyllis & Krstic, 2018b). Moreover, an upper bound
of the maximum displacement that can be caused by a unit
boundary disturbance (Input-to-Output Stability gain in the sup
norm) was given under a specific assumption for the damping
coeflicients.

The aim of the present work is the extension of the result in
(Karafyllis & Krstic, 2018a) to various directions by employing
the asymptotic gain property for the wave equation with viscous
and Kelvin-Voigt damping given by

0% u 02 u 3 u ou
ﬁ(t,x) = W(t’x) + Um(t:x) - Mﬁ(ﬁx),
for (t,x) € (0,4+00) x (0, 1), (1)
u(t,0) = d(1)
u(t,1) =0, fort>0, (2)

where 0 > 0, u > 0 are constants. This is the mathematical
model of a vibrating string with internal and external damp-
ing and u(t, x) denotes the displacement of the string at time
t > 0 and position x € [0, 1]. One end of the string (atx = 1) is
pinned down while external forcing acts on the other end of the
string (at x = 0). The effect of the external forcing is described
by the boundary disturbance d(#) and
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e we show that the asymptotic gain property holds in the L2
norm of the displacement without any assumption for the
damping coefficients (Theorem 3.1),

e we provide upper and lower bounds for the asymptotic gains
in the sup-norm and L? norm of the displacement (Theorems
2.3 and 2.4 and Theorems 3.1 and 3.2).

This is the first time that a systematic study for the asymptotic
gains of a PDE with a boundary disturbance is being performed.
For example, Figures 1 and 2 depict the lower and upper bounds
of the asymptotic gain, in the sup-norm (Lo, and Uy,) and L2
norm (L, and U,), respectively, for o = 1 and for a wide range
of values for u.

The derivation of the upper bounds for the asymptotic gains
is performed by either employing an eigenfunction expansion
methodology (see also Karafyllis & Krstic, 2016, 2018b) or by
means of a small-gain argument (as in Karafyllis and Krstic
(2018a, 2018b)). The derivation of the lower bounds for the
asymptotic gains is performed by means of a novel methodol-
ogy, which has never used before for boundary disturbances in
PDEs: a frequency analysis methodology. The methodology is
convenient and can be used for other PDEs.

The structure of the present work is as follows: Section 2
introduces the reader to the notion of the asymptotic gain and
describes the frequency analysis methodology. All main results
in the sup-norm are stated in Section 2, while all main results
in the L? norm are given in Section 3. The proofs of all main
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Figure 1. The lower (red) and upper (blue) bounds for the asymptotic gain in
the spatial sup-norm for o = 1. The grey area depicts possible values for the
asymptotic gain in the sup-norm.
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Figure 2. The lower (red) and upper (blue) bounds for the asymptotic gain in the
spatial L2 norm for o = 1. The grey area depicts possible values for the asymptotic
gain in the L% norm.
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results are provided in Section 4. Section 5 provides a graphi-
cal illustration of the main results of Sections 2 and 3. Finally,
the concluding remarks of the present work are contained in
Section 6.

Notation. Throughout this paper, we adopt the following
notation.

e M, :=[0,+00).Foreveryx € i, [x] denotes the integer part
of x. For a vector x € W™, |x| denotes the Euclidean norm
of x.

e Let A C N" be an open set and let U € R, Q@ C N be sets
withA € U C A, where A denotes the closure of the set A. By
C%(U) (or C°(U; 2)), we denote the class of continuous map-
pings on U (which take values in £2). By Ck(U) (or CK(U; Q)),
where k > 1, we denote the class of continuous functions on
U, which have continuous derivatives of order k on U (and
also take values in Q2).

e L2(0,1) denotes the equivalence class of measurable func-

. , ) ) S\
tions f : [0,1] — 9 for which ||f]| = (fo T3] dx) <

+00. L*°(0, 1) denotes the equivalence class of measurable

functions f : [0,1] — R for which ||f]|c := esssup(|f(x)])
x€(0,1)
< +o0.

o Letu: 9y x [0,1] — N be given. We use the notation u[¢]
to denote the profile at certain t > 0, i.e. (u[t])(x) = u(t,x),
for all x € [0,1]. When u(#, x) is differentiable with respect
to x € [0, 1], we use the notation v/ (¢, x) for the derivative of
u with respect to x € [0, 1], i.e. ¢/ (t,x) = (3 u/d x)(£, x).

e For an integer k > 1, H¥(0,1) denotes the Sobolev space of
functions in L2(0, 1) with all its weak derivatives up to order
k> 1in L*(0,1).

2. Asymptotic gain in the sup norm
2.1 Background

Let (P) be a specific 1-D PDE control system with spatial
domain [0,1] and let d(¥) € "™ be a disturbance input that
enters the system. Let X be the state space of the system (X
is a normed linear functional space of functions defined on
(0,1)) and for each (ug, wy) € X let @ (up, wy) # @ denote the
set of bounded disturbances d : 9ty — R for which the sys-
tem has a unique solution (u[t], w[t]) € X for t > 0 (a contin-
uous mapping N4 >t — (uft], w[t]) € X with (u[0], w[0]) =
(uo, wo) for which the classical semigroup property holds). We
assume that there exists at least one initial state (ug, wg) € X
and a non-zero bounded disturbance d € ® (ug, wyp) for which
the system has a unique solution (u[t],w[t]) € X for t >0
(because otherwise the only allowable disturbance would be the
zero input).

Suppose that (P) satisfies an output asymptotic gain property
with linear gain function, i.e. suppose that there exists a constant
y > 0such that for every initial state (19, wp) € X and for every
allowable disturbance d € & (ug, wp) the following inequality
holds for the solution (u[t], w[t]) € X:

lim sup(|[u[t]|ls) < y sup(ld()]), 3)

t—+o00 £>0
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where [|u[t]||s is the norm of a functional space S of func-
tions defined on (0, 1). Two things should be emphasised at this
point:

(1) Property (3) is an output asymptotic gain property. Notice
that the state may have additional components, denoted
here by w(t]. The output map is the map X 5 (u,w) — u €
S, where S is a normed linear functional space (of functions
defined on (0, 1)) with norm ||.||s. We assume that the map
X 5 (u,w) — u € S is continuous. Notice that even in the
case where the only component of the state is u[t], the out-
put map is not the identity mapping when norm |[|.||s does
not coincide with the norm of X. For instance, X may be the
H'(0,1) space while the norm [|.||s may be the sup norm
or the L? norm.

(2) Property (3) is an output asymptotic gain property with
linear gain function. The function g(sup,.,(|d(¥)])) =
Y sup,~o(|d(#)|) that appears on the right hand side of (3)
is linear. This feature allows us to use the name ‘d-to-u
asymptotic gain in the norm of §’ for the quantity

lim sup(|[u[t][]s)

t— 400

sup(|d(®))

t>0

Y|l | -= sup : (ug, wo) € X,

de ®(up,wy),d#0; <y, (4)

where (u[t], w(t]) € X denotes the solution with (u[0], w[0])
= (up, Wp), corresponding to d € ® (ug, wy).

It should be noticed that yj |, i.e. the d-to-u asymptotic gain
in the norm of S defined by (4), is the smallest constant y > 0
for which (3) holds for every initial state (19, wp) € X and for
every bounded disturbance d : i, — ™ for which the system
has a unique solution (u[t], w[t]) € X for t > 0.

Remark 2.1: (a) Due to the semigroup property, the output
asymptotic gain property with linear gain function (3)
holds if and only if the following inequality holds for every
initial state (uo, wp) € X and for every d € ® (1, wp):

limsup(|ulelly) < y limsup(d®D.  (5)

t—+00

Therefore, the d-to-u asymptotic gain in the norm of S
defined by (4) satisfies the following equation

lim sup(||u([t]]]s)
to40
lim sup(|d(t)|)

t—+00

VI | = sup : (ug, wo) € X,

d € ®(up, wp), limsup(|d(¥)|) > 0

t——+00

provided that there exists at least one initial state (19, wp) € X
and a disturbance d € ® (g, wp) with lim sup(|d(¢)|) > 0.If for

t—+00

every (ug, wo) € X the allowable disturbance set ® (ug, wp) con-
tains only disturbances d : iy — RN with lim sup(|d(¢)|) =0,

t—+00

then definition (4) and inequality (5) imply that y | = 0.

(a) The ratio lim (Ju[t]|lg)/ lim (|d(¢t)]) for disturbances
t>+o0 t>+o0

d € ®(ug, wp) which have a limit as t — +o00 may be
computed by using the Laplace transform of the PDE
in many linear PDEs. However, we emphasise that the
asymptotic gain yj | cannot be computed by using the
ratio tiirfoo(llu[t]||S)/tiill1oo(|d(t)|) for disturbances d €

@ (up, wp) that have a limit as t — +o0. It should be
noticed that definition (4) involves all allowable dis-
turbances (and not only those that have a limit as
t — +00) and is based on the vastly different ratio

lim sup (| [u[t]| Is)/Su]g(ld(t) -

t—+00 t>

2.2 Frequency analysis

The frequency analysis of the d-to-u asymptotic gain in the
norm of S consists of two steps.

Step 1: Let d, : iy — N be a parameterised family of
non-zero inputs, with parameter @ > 0, which are periodic
with period T = 27 /w, i.e. dy, (t + 27 /w) = dy,(t) forall t > 0.
For each w > 0, find a periodic solution (u,[t], w,[t]) € X of
(P) with period T = 27 /w that corresponds to the input d,, :
Ry — R

Step 2:If Step 1 can be accomplished, then estimate the d-to-
u asymptotic gain in the norm of S, by means of the following
inequality

max  (|[ue[t]lls)

su 0<t<2m/w <y (6)
ool " sup (dwop | ST
0<t<2m/w

Inequality (6) is a direct consequence of (4), the fact that
(uwlt], we(t]) € X is a periodic solution of (P) with period
T = 27 /o that corresponds to the non-zero input d,, : N4 —
™ and the fact that the mappings X > (u,w) - u € S, Ry >
t — (u[t],w[t]) € X are continuous mappings (and therefore

max  (||uwlt]]]s) exists for each w > 0).
0<t<27/w

2.3 Wave equation with Kelvin-Voigt and viscous
damping

Consider the wave equation with Kelvin-Voigt and viscous
damping (1), (2), where o > 0, u > 0 are constants. With-
out loss of generality, the tension, ie. the coefficient of
(3% u/d x*)(t,x) in (1) has been assumed to be equal to 1; this
can always be achieved with appropriate time scaling. For this
system the disturbance is scalar, i.e. d : Ry — R™ with m = 1.

In order to obtain an existence/uniqueness result for the wave
equation with Kelvin—Voigt and viscous damping, we first need
to move the disturbance from the boundary to the domain and
make the boundary conditions homogeneous. However, this
process should be done with caution because we would also like
the non-homogeneous term that will appear in the PDE to be
expressed by a sufficiently fast convergent Fourier series. This



may be done in the following way: if we assume that d € C*("y)
then we may define the functions

Bir1(t) = o Bi(t) + o (uo — D;i(H) — (no — 1)

t
x/ exp (—
0

t—s
—) Bi(s)ds, fori=0,1,t>0,
o

(7)
with
Bo(t) = —pd(t) — d(t), fort >0, (8)
and perform the following transformation
1
u(t,x) = u(t,x) + dt)(1 — x) + 6—(x3 — 3x% + 2x)
o
t t—s
X / exp | —— ) Bo(s)ds
0 o
. 2053 & 15x% — 355
36004 (8x 0x” 4+ 15x 3x7)
t t—s
exp | —— ) Bi(s)ds 9)
0 o

which transforms problem (1), (2) to the following problem

0% u 24 3u it
W(t,x) (t x)+08t8 2(1‘ x) — Mﬂ(t,x)
8x — 20x3 64(; ;:x —3x° Bt
for
(t,x) € (0,400) x (0,1), (10)
u(t,0) = u(t,1) =0, fort=>0. (11)

For every pair of functions f € H®(0,1), g € H*(0,1) with
f©0) =f"(0) =fP0) =0, f(1) =f'(1) =fP1) =0, gO)
=g"(0) =0,g(1) = g’(1) = 0,asolution &z € C2(N4 x [0,1])
with (8 2/dt)[t] € C2([0,1]) for all t >0 of the initial-
boundary value problem (10), (11) with

S
0] = f, 8—1‘[0} = (12)

can be expressed by the formula

u(t,x) = «/EZan(t) sin(nmwx), fort>0,x¢€[0,1] (13)

where a,(t) for n = 1,2, ... are the solutions of

in(t) + (1 + n*m0)an(t) + n*mla,(t)

_ ﬂZ(t)ﬁ ! 3 4 5y .
= 6006 ./0 (8x — 20x” + 15x* — 3x°) sin(nmx)dx
(14)
with
1
a,(0) = /2 / f(x) sin(n7x)dx, @, (0)
0
1
= \/5/ g sin(nrx)dx, forn=1,2,.... (15)
0
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Indeed, since a,,(0) = O(n~°) (a consequence of the fact that
f e H%(0,1) with £(0) = f"(0) = f®(0) =0, f1) =f"(1) =
f(4)(1) =0), a,(0) = O(n™*) (a consequence of the fact that
g € H*(0,1) with g(0) =g¢"(0) =0, g(1) =¢"(1) =0) and
sincec, := («/5/36006). fol (8x — 20x3 +15x* —3x°) sin(nwx)
dx = O(n™), it can be shown that the solution of (14), (15) sat-
isfies a,,(t) = O(n~%) for every fixed t > 0. This follows from
the fact that for sufficiently large n > 1 (so that u + n’w%0 >
2n7 ), we have for t > 0:

an(t) = “;(0) (ko + 1) exp(—(kn — 1))
+ (r, — kn) eXP(_(kn + ry)t))
+ 2 exp—hy — r)t) — exp(—(ky + 7))

n

cn (!
+ > / (exp(—(kn — ) (t — )
n Jo

— exp(—(kn + 1) (t — 5))) f2(s)ds

wherek, = (u + n*m%0) /2,1y = \/(u + n2m20)? — 4n2m2)2
(notice that ¢, /r, = O(n~7) and that there exists a constant L >
0 so that k,, — r, > L for all sufficiently large n > 1). Therefore,
the function # defined by (13) is of class C2(%4 x [0, 1]) with
(@ u/dt)[t] € C*([0,1]) for all t > 0 and satisfies (10), (11) for
allt > 0,x € [0,1].

Using the transformation (9), we are in a position to give the
following proposition.

Proposition 2.2: Suppose that d € C*(R,) and f € H®(0,1),
g € HY0,1) with f(0) =d(0), f(0)=f®(0) =0, f(1)=
1) =D (1) = 0.8(0)=d(0), " (0) = (1/0) (u(0) + d(0)),
g(1) = ¢"(1) = 0. Then the initial-boundary value problem (1),
(2) with
ou

u[0] =fx§[0] = (16)
has a unique solution u € C*(My x [0,1]) with (du/dt)[t] €
C2([0,1]) for all t > 0, which satisfies (1), (2) for all t > 0, x €
[0,1].

Proof: A straightforward application of transformation (9)
and formulas (7), (8). Uniqueness follows by considering the
‘energy functional

ey dv 2
E@) = /(; ((E(t’x) - E(t’ x))
u ; av ; 2 dx
+ <a()x)_a( )x))

where e[t] = u[t] —v[t] and u,v € C2(My x [0,1]) with
@ u/dt)t] € C*([0,1]), (dv/d H)[t] € C*([0,1]) for all t > 0,
are two arbitrary solutions of the initial-boundary value prob-
lem (1), (2), (16). Using (1), (2), integration by parts (twice) and
the fact that e(t, 0) = e(t, 1) = 0 (which implies that 9 57(t,0) =
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3¢(£,1) = 0), we obtain for all £ > 0:

. L/ g2e

E(t):—ZU/O <atax
L/de 2

—ZM/(‘) (E(t,x)> dx. [ ]

Since E(t) < 0 for all + > 0 and since E(0) = 0, we obtain
that E(t) = 0 for all + > 0. This implies that (d u/d x)(t,x) =
(0v/0 x)(t,x) for all t > 0, x € [0, 1], which gives u = v. The
proof is complete.

Let X be the linear space of all (f,g) € C2([0, 1]) x C?([0,1])
for which there exists a bounded input d € C?(%,) such that
the initial-boundary value problem (1), (2), (16) has a unique
solution u € C>(M4 x [0,1]) with (3 u/d t)[t] € C*([0,1]) for
all t > 0. Notice that Proposition 2.2 guarantees that D C X,
where

2
(t, x)) dx

D = {(f.g) € H*(0,1) x H*(0,1) : f"(0) = f*(0) = f(1)
=f"(1) =P =g1) =¢'(1) = 0.

For every (f,g) € X, let ®(f,g) denote the set of bounded dis-
turbances d € C2(91) for which the initial-boundary value
problem (1), (2), (16) has a unique solution u € C?(% x [0, 1])
with (3 u/d t)[t] € C*([0,1]) forall t > 0. The linear space X is
equipped with the norm ||(f, 2)[Ix = ||f|lco + |1€]lc0; therefore
it becomes clear that for every (f,g) € X, d € ®(f, g) the map-
ping R4 >t — (ult], $%[#]) € X with (u[0], 34[0]) = (f, g) is
continuous.

2.4 Asymptotic gain in the sup norm
We assume that the following assumption holds.

(H1) There exists a constant y > 0 such that for every
bounded disturbance d € C?(R,.) for which (1), (2) has
a unique solution u € C2(My x [0,1]) with (3 u/d t)[t]
€ C([0, 1]) for all t > 0, the following inequality holds:

lim sup(|[u(t]lloo) < ¥ sup(ld(D)]). (17)

t—+00 t>0

It was shown by Karafyllis and Krstic (2018a) that Assump-
tion (H1) holds when 2 < 2o + o272, It is clear that the con-
dition 2 < 2uo + o?7? implies that sufficiently large damp-
ing (friction) is present in the string. When Assumption
(H1) holds, we are in a position to define the asymptotic
gain of the displacement in the sup norm by means of the
formula

lim sup(||u[t]|]s0)

t—+00

sup(ld(@®))

t>0

(f,9 eX,de (f,9),d#0,

Yoo i= sUp
(18)
where u € C2(R, x [0,1]) with (3 u/d t)[t] € C?([0,1]) for all

t > 0 is the solution of the initial-boundary value problem (1),
(2), (16). The results by Karafyllis and Krstic (2018a) show that

when 2 < 2uo + o272, the following inequality holds

no —1
o

g(s) = inf [1/(sin(9)(1 - ,/p(s,@))z) 0<0 <
(m — /Is[=53) /2} and p(s,0) := Isl/(s + (T — 26)).
Our first main result in the present work concerning the sup

norm is a sharper result than the result given by Karafyllis and
Krstic (2018a). Its proof is provided in Section 4.

(19)

where

Theorem 2.3: Consider the wave equation with Kelvin-Voigt
and viscous damping (1), (2), where o > 0, u > 0 are con-
stants with 2 < 2o + o2m?. Then Assumption (H1) holds and
inequality (19) holds with g(s) := inf{l/(sin(@)(l —p(s,0))) :
0<6 <m—/Is[—s}andp(s,0) = Is|/(s + (x — 0)).

Our second main result in the present work concerning the
sup norm is given below and it is proved by means of the fre-
quency analysis procedure that was described above. Its proof is
provided in Section 4.

Theorem 2.4: Consider the wave equation with Kelvin-Voigt
and viscous damping (1), (2), where o > 0, . > 0 are constants.
Suppose that Assumption (H1) holds. Define for each & > 0:

w\/(lw — 12?4 (u+ ow?)?

: N 20
r 1+ 02w? (20)

a:= \/r cos(6/2)
b= /7 sin(6/2)

where 6 € (0, ) is the unique angle that satisfies the equations

(21)

(o — Do’ . (4 +o0H)w
) = ———, 0) = ——. 22
cos(®) (14 o2w?)r sin(6) (14 o2w?)r (22)
Then the following inequality holds:
max (cosh(2ax) — cos(2bx))
yoo = sup | | 2 (23)
NG cosh(2a) — cos(2b)

Noticing that the right hand side of (23) is always greater
or equal to 1, Theorem 2.3 allows us to obtain the following
corollary for the sup norm.

Corollary 2.5: Consider the wave equation with Kelvin-Voigt
and viscous damping (1), (2), where o > 0, > 0 are constants.
Suppose that juo = 1. Then yoo = 1.

3. Asymptotic gain in the L2 norm
3.1 Existence of asymptotic gain in the L> norm

It is not clear whether Assumption (H1) holds for all o > 0,
i1 > 0 for the wave equation with Kelvin-Voigt and viscous
damping. However, the analogue of Assumption (H1) for the L2



norm holds for all ¢ > 0, i > 0. This is a consequence of the
following theorem.

Theorem 3.1: Consider the wave equation with Kelvin-Voigt
and viscous damping (1), (2), where o > 0, u > 0 are constants.
There exists a constant y > 0 such that for every bounded dis-
turbance d € C*(M4.) for which (1), (2) has a unique solution
ue C2(My x [0,1]) with (3 u/d t)[t] € C*([0,1]) forall t > 0,
the following inequality holds:

lim sup(|[u[t]]]2) <y sup(ld(H)]). (24)
t——+00 t>0
Moreover, the constant y > 0 satisfies the inequality
y =G, 0), (25)

where

1 .

G(u,0) = o 26
.0) L2 n2A2 if 0<po <l o2
n=1

and
2Bua/1 — o B
A, =1+4+21— >
s ”“’(o(mnznzo)(l B —2ﬁn)
+n27t20
Bu: -

n-— >
\/(M + n2n20)2 — 4272
if w+ n’mlo > 2nmw > 201, 27)

A, = Lifnmo <1 and p+ n*n’c > 2nr, (28)

An=1+2,/1—;urexp<—1—
ifnro =1+./1— uo,

)

(29)

22
exp (u+n“n-o) _
\/4n2712—(u+n2n20)

2—op—n’nto?
arccos ( =3t =
(u+n?mio)mw

ex —1
P («/4112772—(;/,-{-1127{20)2 >

if w4+ n’nlo < 2nm.

Ap=14+2/1—0opu

(30)

The proof of Theorem 3.1 can be found in the following
section. A direct consequence of Theorem 3.1 is the fact that
for every o > 0, u > 0, we can define the asymptotic gain of
the displacement in the L? norm for the wave equation with
Kelvin-Voigt and viscous damping in the following way:

lim sup(||u(t]]],)

t— 400

sup(ld(®)])

t>0

Y2 1= sup 1 (f,9) € X,de®(f,2),d #0¢,

(31)
where u € C2(0%t4 x [0,1]) with (3 u/d t)[t] € C*>([0,1]) forall
t > 0 is the solution of the initial-boundary value problem
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(1), (2), (16). Moreover, it follows from Theorem 3.1 that the
following inequality holds:

Y2 < G(u,0), (32)
where the function G(u,0) is defined by (26). Finally, if
Assumption (H1) holds then the following inequality is a

direct consequence of the fact that ||u||; < ||u||co for all u €
C([0, 1]):

Y2 = Voo- (33)

3.2 Lower bound of asymptotic gain in the L2 norm

Our second main result in the present work concerning the
L? norm is given below and it is proved by means of the fre-
quency analysis procedure that was described above. Its proof is
provided in Section 4.

Theorem 3.2: Consider the wave equation with Kelvin-Voigt
and viscous damping (1), (2), where o > 0, . > 0 are constants.
Define r,a, b by means of (20), (21) for each v > 0, where 6 €
(0, ) is the unique angle that satisfies equations (22). Then the
following inequality holds:

Y2 = sup(Q(w)), (34)
w>0
where Q(w) :=+/p + VM with
sinh?(2a) + sin%(2b)
—4(bsin(2b)cosh(2a)
Mo 1 ~+a sinh(2a)cos(2b)) 35)
4(cosh(2a) — cos(2b))?>  16(a® + b*)(cosh(2a)
—cos(2b))?
_ bsinh(2a) — asin(2b) (36)

" 4ab(cosh(2a) — cos(2b))’

Combining Theorem 3.1 and Theorem 3.2, we get the follow-
ing corollary, which is proved in the following section.

Corollary 3.3: Consider the wave equation with Kelvin-Voigt
and viscous damping (1), (2), where o > 0, > 0 are constants.
Suppose that o > 1. Then y, = 1/\/5.

It is clear that the condition po > 1 implies the vibrating
string becomes overdamped when o > 1 and the boundary
forcing cannot produce large (in the L norm) oscillations in
the string.

4. Proofs of main results

Proof of Theorem 2.3: The fact that Assumption (H1) holds
when 2 < 20 + 0?72 is a direct consequence of Theorem
2.2 by Karafyllis and Krstic (2018a). We next notice that every
solution u € C2(My x [0, 1]) with (3 u/d t)[t] € C>([0,1]) for
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all t > 0, of (1), (2) is a solution of the system of the integro-
differential equation

2

au(t ) 0 u(t )
—(t,x) =0 —=(t,x) —
at 9 x2

o
n t au(o ) 8% u
exp| —— —(0,x) —0—
P o at 9 x2
—1
il u(O,x))

Let 6 € (0,m), ¢ € [0,m —0) be a pair of angles with

luo — 1|+ 1 — uo < o2p? (such a pair of angles exists due

to the fact that 2 < 2uo + o2n2). Define the positive func-

tion n(x) := sin(0 + ¢x) forx € [0, 1] and the norm |||,y ==

oTa§1(|u(x)| /n(x)) . Notice that Assumptions (H1), (H2), (H3),
X

(Iil43 by Karafyllis and Krstic (2018a) hold for the PDE problem

+

(37)

2

u o
ﬁ(t,x) —

—1
%(t,x) = u(t,x) + f(t,x)

with u(t,0) — d(¥) = u(t,1) = 0. Applying Corollary 4.3 by
Karafyllis and Krstic (2018a) to (37) with

—1 rt t—
f(t,x) = il 3 exp (——S> u(s, x)ds
o 0 o

and using the semigroup property and the fact that lim sup

t—>+00
(Il so,) < 22U sup (|ult]llos,,)> we get
t—>+00
lim sup(llult]llse,) < —— lim sup(id(o)) + L2 11
t——+o0 ’ (9) t—+00 pno —1

+o? lim sup(|[u[t] /] )

t—+00

It follows from the above inequality and the fact that ||u||oc <
|4l |00,y for all u € CO([0,1]) that yeo < 1/((1 — Is|/(s + ¢*))

sin(@)) for all @ € (0,7), ¢ € [0, — 0) with |s] — s < ¢? and
s:= (uo — 1)/o?. Therefore, for every 6 € (0,7) with 8 <

— JIs[—=s, it holds that ys < 1/((1 — |s|/(s + (r — 6)3))
sin(6)). Thus, inequality (19) holds with g(s) := inf {1/(sin(9)

1—-p(,0)):0<6 < — /s —s} and p(s,0) :=|s|/

(s+ (r — 0)?). The proof is complete.

Proof of Theorem 2.4: We apply the frequency analysis
methodology for the parameterised family of inputs d,,(t) =
sin(wt) with parameter w > 0. A periodic solution u,,[t] of (1),
(2) that corresponds to the input d,, (t) = sin(wt) is given by the

formula

Uy (8, x) = sin(wt)h(x) + cos(wt)g(x), fort > 0,x € [0,1]

(38)
where h,g are solutions of the boundary-value problem
owg’ (x) — pwg(x) — w*h(x) — h'(x) =0 (39)
w*g(x) + &' (x) + owh” (x) — pwh(x) = 0’
h(0) =1, h(1) =g(0) =g(1) =0. (40)
It can be verified that the functions
(cosh(a(2 — x)) — cos(2b) cosh(ax)) cos(bx)
— sin(2b) sin(bx) cosh(ax)
h(x) =
cosh(2a) — cos(2b)
sin(2b) cos(bx) sinh(ax) — (sinh(a(2 — x))
+cos(2b) sinh(ax)) sin(bx)
gx) = (41)

cosh(2a) — cos(2b)

where a,b are defined by (21), are solutions of the boundary-
value problem (39), (40). Using (6) and (38), we obtain the
inequality

su max
w>0 \0=t=<27/w

( max (|sm(a)t)h(x) + cos(a)t)g(x)|)>> < Yoo-

(42)
Since

max
0<t<2m/w

( max (|51n(a)t)h(x) + cos(a)t)g(x)|)>

= Oxlqai(l (0 {nax (|sin(wt)h(x) + cos(a)t)g(x)|))

JrE= ( He gZ(x)) (43)
and since (41) implies that
K (x) + ¢2(x) = cosh(2a(l — x)) — cos(2b(1 — x))
&= cosh(2a) — cos(2b) ,
for x € [0, 1], 44)

we obtain from (42), (43) and (44) the desired inequality (23).
The proof is complete.

Proof of Theorem 3.1: It suffices to show that there exists
a constant y > 0 such that for every bounded disturbance
d e C*(M,) for which (1), (2) has a unique solution u €
C*(M4 x [0, 1]) with (3 u/d t)[t] € C>([0,1]) forall t > 0, with
the following property:

For every ¢ > 0 there exists T > 0 such that ||u[t]|], <
ysup(|d(s)|) + e forallt > T.

>0

Let an arbitrary bounded disturbance d € C*>() for which
(1), (2) has a unique solution u € C*(M4 x [0,1]) with



@ u/dt)[t] € C*([0,1]) for all t > 0. Define:

1
yu(t) = «/5[ u(t,x)sin(nwrx)dx, forn=1,2,.... (45)
0

Definition (45) in conjunction with (1), (2) implies that the fol-
lowing differential equations hold forallt > 0andn =1,2,.. .:

Fn(t) + (w4 1 720)ju(t) + n*wyu(t)

= nmv/2(cd(®) + d(1) (46)
When u + n?w%0 > 2n then we may define
272 (1 + n?n20)? — 4n2m?
kn::M—H;nU,rn::\/ ; (47)

and express the solution of (46) by the following formula:

)/n(t) = exp(_(k—n_rn)t)((kn + 1y — (kn — 1)
2ry
x exp(—211))yn(0)+y,(0)(1 — exp(—2r,t)))
nmo
— 7 exp(—(ky, — rp)t) (1 — exp(—2r,1))d(0)
+ gu(t), (48)
t
gn(t) L= n[ A -1 eXP(—(kn +r)(t—1))
+ (1 +ory, —oky) exp(—(ky — r)(t — 7)) d(7) dr.

(49)

When nro =1+ /T — uo (or equivalently when p + n?n?
o = 2nm) then the solution of (46) is given by the following
formulas:

In(t) = (1 + knt)yn(0) exp(—knt) + yu(0)t exp(—knt)

— nr o2t exp(—knt)d(0) + g4 (1), (50)

&n(t) = nnﬁfotw + (1 —oky)(t—9)
exp(—ky(t — s5)) d(s) ds. (51)

When u + n?7%0 < 2nm then we may define:
o \/4112712 — (u+ n?n2o)? 52

2

and in this case the solution of (46) is given by the following
formulas:

Yn(t) = y,(0) <k— sin(wyut) + cos(a)nt)> exp(—kyt)

Wy

)’n( )

sin(wy,t) exp(—kyt)
nmyf

n

sin(wyt) exp(—k,t)d(0) + g.(t), (53)
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t
gty = "2 / (0 n cos(@n(t — 5))
Wy 0
+ (1 — oky) sin(wy,(t — s5))) exp(—k,(t — s)) d(s) ds.

(54)

We next show that for every 6 > 0 there exists T > 0 that
depends only on the initial conditions, such that for all t > T
it holds that:

N

lyn(t) — gu ()] < forallt > T,n=1,2,... (55)
Definitions (47) imply that there exist positive constants

8, B, ¢ > 0 so that the following inequalities hold for all n > 1

with i + n?*m?o > 2nm:
2n*? nm? Q
> >k, —r, > 1 >
§= ptenie = kp —10 > wtninle = p (56)
Tn > cn?m?

It follows from (48) and (56) that the following estimate holds
forallt > 0 and n > 1 with u + n?*n2%0 > 2nm:

exp(—,gt)
2

n

lyn(£) — gn (D] < ((kn + 1) [yn(0)] + |72 (0)])

exp(—p1)|d(0)]. (57)

n o
cnm /2

Definition (45) and (2) imply that y,(f) = ~/2d(t)/(n) +

(ﬁ/(mr)) fol ' (t, x) cos(nmx)dx. Therefore, we get:

da(t 1
lyn()] < «/5M + —||W[t]]]p, forallt>0,n=1,2,...
niw niw
(58)
Similarly, definition (45) implies that:
forallt >0 andn > 1.

[Fn(®)] < (59)

Using (2), (56), (57), (58) and (59), we obtain for all ¢+ > 0 and
n > 1 with u + n’*nc > 2nm:

[yn () — gn(D)]

< oCh ((5 2601 (V2lu(o,0)1 + 1 (011, )

(60)

H “Zlo] exp(—A1)[u(0,0)].

)t o

It follows from (56) and (60) that the following inequality
holds for all t > 0 and n > 1 with u + n?n20 > 2n7:

[yn(t) — gn(1)]
< S0P (24 25 ) (Va0 + ol
2nw
+ L %[O] +£«/5|u(0,0)|) (61)
cr || dt , €

If u + n?w%0 > 2nm holds for all integers n > 1 then (55) is a
direct consequence of (61). We next consider the case that there
exist integers n > 1 for which p + n’rc < 2nm.
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Let N > 1 be the integer defined in the following way: N =
lif uo > land N =[(1+T—po)/(om)]+1if uo < 1.
Notice that p + n?>m%0 > 2nx for all n > N. Without loss of
generality, we may assume that the positive constant § > 0 for
which (56) holds, also satisfies the inequality (1 + 720)/2 > B.
It then follows from (50), (53), (58), (59) and (2) that there
exists a constant G > 0 (depending only on the initial condi-
tions) such that the following inequality holds for all > 0 and
n=1,...,N—1with u + n’*n?%c <2nm:

yn(®) = gu(D)] < Gexp(=p1).
The above inequality implies that
N-1

yn() —gn(DI = G exp(—p1). (62)

Therefore, if there exist integers n > 1 for which u + n’rlc <
2nm, then (55) is a direct consequence of (61) and (62). Thus,
we have shown that (55) holds.

For all n > 1 with i + #?>7%0 > 2nm, definitions (47), (49)

imply the following estimates for all ¢ > 0:
niw
/2
x(t—1)+A+o0r, —oky)
x exp(—(k, — ry)(t — 7))|d7

t
gn(®)] < ||d||oo/ (@ + 07w — 1) exp(—(kn + )
0

IA

nm 1l < 1 1 )
rnﬁ OO kp =14 kn + 1y
it uo > 1ornwo < l(equivalently if o (k, —r,) < 1) (63)

niw

rnﬁ
x(t—1t)+ A +or,—cky)
x exp(—(k, — ry)(t — 7))|d7

t
lgn (D] =< ||d||oo/ l(okn + o1y — 1) exp(—(kn + 14)
0

IA

niw 1l < 1 1 )
V2 \kn—tn kntra

kn

ky, — — 1\
x 142 Okn — 0t — 2
ok, +or,—1

\/(akn +or,—1(ok, —or, —1)

if uo < land nwo > 1(equivalently if o (k, — 1) > 1),
(64)
where [|d||oo 1= supy((|d(s)]). Notice that uo >1 (which
implies p + n’m2o > 2nm for all n > 1), definitions (47), (51)
and estimate (63) give:
2
lgn ()] < £||d||oo, forallm > 1andt > 0. (65)
nm

Using (63), (64), (51), (54), (47), (52) and definitions (27),
(28), (29), (30), we obtain the following estimates for the case

no < 1:

2
lgn ()] < %Anﬂd”oo, foralln > landt> 0. (66)

We are ready to finish the proof. Let arbitrary & > 0 be given.
Since lim,,—, 1 50 (A;,) = 1 (a consequence of definition (27)), it
follows that the sequence {A,,} | is bounded. Let A be an upper
bound for the sequence {A,};2,. Pick 6 > 0 sufficiently small
so that 02(7%/6) + 0 (nﬁ/?») l|d||eoA < &2. Then there exists
T > 0so that (55) holds. Using the triangle inequality, we obtain
from (55) foralln > land t > T:

92 20
lya(B)|* < =+ g (1> + —lga (). (67)

Definition (45) and the fact that the set of functions {+/2 sin
(nmx) : n=1,2,...}is an orthonormal basis of L?(0, 1) implies
that Parseval’s identity holds, ie. |[|u[t]] |§ =3y yf,(t). If
no < 1 then we get from (66), (67) forall t > T:

e¢]

x
2
2 _ 2 -2 2 —242
lult]]l3 < 0% n +n2||d||°°§ n“A,

n=1

2V2 — _
+ = 0lldlloo 3 1A

n=1

n=1

(68)

Using (68) and the fact Y 02 | n™% = 7%/6, we get for all t > T:

NG

71’2 T2 _
lult]]]3 < 92? + (G, 0))*|Idl 1%, + TGIIdllooA, (69)

where A is the upper bound for the sequence {A,,}52 . It follows
from (69) and the fact that 62(r2/6) + 6 (n«/z/.’:) [1d]|s0A <
€2 that ||u[t]|]2 < G(,0)||d]|oc + € forall t > T.

The analysis is similar for the case o > 1 (simplyset A, =1
in the above analysis).

The proof is complete.

Proof of Theorem 3.2: We apply the frequency analysis
methodology for the parameterised family of inputs d, () =
sin(wt) with parameter w > 0. A periodic solution u,[#] of (1),
(2) that corresponds to the input d,(t) = sin(wt) is given by
(38), where h, g are given by (41). Using (38), we get forall t > 0:

l|ult]||3 = p + q1 coswt) + g2 sinwt), (70)
where

1 1
p:= 5/0 (h* (%) + g*(x)) dx, (71)

1 1
@i= fo @00 — K (x) dx, (72)

1

g = /0 h(vg () dx. (73)



Using (41), (44), (71), (72), (73), we obtain (36) as well as the
following formulas:

cosh(2a)cos(2b) — 1

o= 2(cosh(2a) — cos(2b))?
bsin(2b) — asinh(2a) (74)
4(a? + b?)(cosh(2a) — cos(2b))
. sinh(2a)sin(2b)
2= 2(cosh(2a) — cos(2b))?
asin(2b) + bsinh(2a) 75)

 4(a? + b?)(cosh(2a) — cos(2b))

Equation (70) implies that

2, | _ 2, 2
m“{WWMrOStS(U —p+/;:;; (76)

Equation (76) combined with (74), (75) and (6) gives (34) with
Q) := m and M given by (35). The proofis complete.

Proof of Corollary 3.3: It suffices to show that lim,,_, o+ (Q(w))

=1/4/3, where Q(w) :=./p+ /M with p,M defined by
(35), (36). Indeed, definitions (35), (36) imply that p — 1/6
and M — 1/36 as (a,b) — (0,0). Moreover, definitions (20),
(21) imply that a — 0 and b — 0 as w — 0. The proof is
complete.

5. Graphicalillustration of the theorem statements

This section is devoted to the graphical illustration of the theo-
rems’ statements for the upper and lower bounds of the asymp-
totic gains. To this purpose, we define:

no —1
oeins(257).

foro > 0,0 > 0 with 2 < 2uo + o272,

(77)

where g(s) := inf {1/(sin(9)(1 —p(s,0)) : 0<O <m—
Vsl — s} and p(s,0) = |s|/(s + (w — 0)?),

Lo := Zlilg(ﬁ(w)), (78)
P xren[g))lc](cosh(Zax) — cos(2bx)) )
T cosh(2a) — cos(2b) ’
and a, b are being defined by (21),
Ly := Zli};(Q(w)), (80)
where
Q) =/p+ VM, (81)
and p, M are being defined by (35), (36) and
U, == G(u,0), (82)
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Figure 3. The lower (red) and upper (blue) bounds for the asymptotic gain in the
sup norm for o = 0.5. The grey area depicts possible values for the asymptotic gain
in the sup norm.

AMARMARAAN AMWMM@Z\AAAA%

Figure 4. Bode-like plot of In(A(w)) for o = 0.0001.

where G(u, 0) is defined by (26). Notice that the results of the
previous sections guarantee that

Yoo < Uso, forallo > 0,

w > 0 for which Assumption (H1) holds, (83)
Lo < Yo, forallo > 0,

pu > 0 for which Assumption (H1) holds, (84)

Ly <y, < Uy, forallo > 0,u > 0. (85)

Figures 1 and 3 depict the lower and upper bounds of the
asymptotic gain in the sup norm for 0 = 1and o = 0.5, respec-
tively, and for a wide range of values for p. Figures 4-6 are
Bode-like plots for the logarithm of A(w) defined by (79) for
o =0.0001, 0 = 0.001 and 0 = 0.01, respectively, and for four
different values of u. These plots indicate that for small o and
, A(w) presents ‘spikes’ at frequencies which differ by . On
the other hand, for sufficiently large o and u, A(w) identically
equal to 1.

Figures 2 and 7 depict the lower and upper bounds of the
asymptotic gain in the L norm, for o = 1 and o = 0.5, respec-
tively, and for a wide range of p values. Notice that for po >
1, we get L, = U, = 1/+/3. Comparing Figures 2 and 7 with
Figures 1 and 3, we conclude that the asymptotic gain in the L2
norm is estimated much more accurately than the asymptotic
gain in the sup norm.

Figures 8-11 are Bode-like plots for the logarithm of Q(w)
defined by (81) for o = 0.0001, ¢ = 0.001, ¢ =0.01 and
o = 0.5, respectively, and for four different values of . As in
the sup norm, these plots indicate that for small o and u, Q(w)
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6 .
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Figure 5. Bode-like plot of In(A(w)) for o = 0.001.
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Figure 6. Bode-like plot of In(A(w)) for o = 0.01.
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Figure 7. The lower (red) and upper (blue) bounds for the asymptotic gain in the
L? norm for o = 0.5. The grey area depicts possible values for the asymptotic gain
in the L2 norm.

o =0.0001

2 | |
0 20 40 w 60 80 100

Figure 8. Bode-like plot of In(Q(w)) for o = 0.0001.
presents ‘spikes’ at frequencies which differ by 7. These are

‘dangerous’ frequencies: the amplitude of the oscillation of the
boundary of a string becomes magnified in its domain.
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Figure 9. Bode-like plot of In(Q(w)) for o = 0.001.
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Figure 11. Bode-like plot of In(Q(w)) foro = 0.5.

6. Concluding remarks

We have provided estimates for the asymptotic gains of the dis-
placement of a vibrating string with external forcing. By consid-
ering an external boundary disturbance for the wave equation
with Kelvin—Voigt and viscous damping, we have shown that the
asymptotic gain property holds in the spatial L> norm of the dis-
placement without any assumption for the damping coeficients.
We have also provided upper and lower bounds for the asymp-
totic gains in the spatial sup-norm and the spatial L? norm of
the displacement.

The present work provided estimates of the asymptotic gains
of the displacement of a vibrating string with external forcing
without any uniformity with respect to the disturbances (see the
notion of the uniform asymptotic gain property by (Sontag &
Wang, 1996)). It should be noticed that the present paper stud-
ied output asymptotic gain properties and not state asymptotic



gain properties and that uniform asymptotic gains have been
defined only for the case where the output coincides with the
state. One can think of many different extensions of the uni-
form asymptotic gain property to the case of a general output
map. In any case, a slight modification of the proof of Theorem
3.1 shows that the following property holds:

For every ¢ > 0, R > 0 there exists T=T(s,R) > 0

such that for every (u[O], %[O]) € X with ||u[0]|]e +
[|w'[0]]]2 + ||‘;—’;[0]| |» < Rtheinequality [|u[t]]], < (¢ +
G(u,0)) sup(|d(s)|) +& holds for all +>T and d e

s>0

@ (u[0], 34[0]).

where G(it, 0) is the function defined by (26). The above prop-
erty guarantees some uniformity with respect to the allowable
disturbances.

As noted in the introduction, this is the first systematic study
of the asymptotic gains for a PDE with a boundary disturbance.
Although here we studied the wave equation with Kelvin—-Voigt
and viscous damping, it is expected that similar studies will be
performed for many other important PDEs.
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