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a b s t r a c t

‘‘Prescribed-time’’ stabilization addresses the problem of regulating the state to the origin in a fixed
(prescribed) time irrespective of the initial state. While prior results on prescribed-time stabilization
considered specific classes of systems such as a chain of integrators with uncertainties matched
with the control input (i.e., normal form), we address here a general class of nonlinear systems in
a generalized strict-feedback-like structure with state-dependent nonlinear uncertainties throughout
the system dynamics. The proposed control design is based on our dynamic high gain scaling technique
along with a novel temporal transformation and form of the scaling dynamics with temporal forcing
terms. We show that the proposed control design achieves prescribed-time stabilization for the
considered general class of uncertain nonlinear systems.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

Control designs for continuous-time nonlinear systems typ-
ically address asymptotic stabilization (Jain & Khorrami, 1995;
Khalil, 2001; Krstić, Kanellakopoulos, & Kokotović, 1995) wherein
the system state (or output) converges to a desired value (e.g., the
origin) as time t goes to ∞. In contrast, the notion of finite-
time stabilization (e.g., Andrieu, Praly, & Astolfi, 2008; Bhat &
Bernstein, 2000; Haimo, 1986; Hong & Jiang, 2006; Huang, Lin,
& Yang, 2005; Moulay & Perruquetti, 2008; Polyakov, Efimov,
& Perruquetti, 2015; Seo, Shim, & Seo, 2008; Shen & Huang,
2012; Sun, Xue, & Zhang, 2015; Sun, Yun, & Li, 2017) requires
the convergence to occur over a finite time interval, i.e., as t →

T (x0, ψ0) where T (x0, ψ0) is a function of the initial condition of
the system state (x0) and the controller state (ψ0). Requiring the
terminal time T (x0, ψ0) to be bounded by a constant irrespective
of the initial conditions yields the notion of fixed-time stabi-
lization (e.g., Aldana-López, Gómez-Gutiérrez, Jiménez-Rodríguez,
Sánchez-Torres, & Defoort, 2019; Polyakov, 2012; Polyakov et al.,
2015; Polyakov, Efimov, & Perruquetti, 2016; Zimenko, Polyakov,
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Efimov, & Perruquetti, 2018; Zimenko, Polyakov, Efimov, & Perru-
quetti, 2018). Requiring this constant terminal time to be any pos-
itive constant arbitrarily picked (prescribed) by the designer yields
the stronger notion of prescribed-time stabilization (e.g., Be-
cerra, Vázquez, Arechavaleta, & Delfin, 2018; Jiménez-Rodríguez,
Sánchez-Torres, Gómez-Gutiérrez, & Loukianov, 2017; Jiménez-
Rodríguez, Sánchez-Torres, & Loukianov, 2017; Sánchez-Torres,
Defoort, & Muñoz-Vázquez, 2019; Sánchez-Torres, Gómez-Gu-
tiérrez, López, & Loukianov, 2018; Song, Wang, Holloway, &
Krstic, 2016, 2017; Song, Wang, & Krstic, 2019; Tran, Yucelen,
& Sarsilmaz, 2018; Zhao, Song, & Wang, 2019). Finite-time sta-
bilizing controller designs are typically based on feedback using
fractional powers of the state variables (e.g., Hong & Jiang, 2006;
Huang et al., 2005; Polyakov et al., 2015; Seo et al., 2008; Shen
& Huang, 2012; Sun et al., 2015, 2017). A finite-time stabiliz-
ing controller for stochastic nonlinear systems (Wang & Zhu,
2018; Zhu & Wang, 2018) based on a backstepping design using
fractional powers was developed in Wang and Zhu (2015). The
recent results (Becerra et al., 2018; Jiménez-Rodríguez et al.,
2017; Jiménez-Rodríguez et al., 2017; Sánchez-Torres et al., 2019,
2018; Song et al., 2016, 2017, 2019; Tran et al., 2018; Zhao
et al., 2019) on prescribed-time stabilization (and the extension
of the underlying methods to systems in the form of partial
differential equations Espitia, Polyakov, Efimov, & Perruquetti,
2019) address finite-time stabilization, but with the terminal time
being a parameter that can be prescribed by the control designer
independent of the initial condition. The state convergence at a
fixed prescribed time can be viewed, for example, in the context
of controls applications such as missile guidance, autonomous
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vehicle rendezvous, etc., where the control objective is formu-
lated inherently over a fixed time horizon. Mathematically, the
prescribed-time stabilization is attained via control gains that
go to infinity as the time t approaches the prescribed terminal
time T , while however ensuring that the state and the control
input remain bounded (and actually converge to zero). The use of
control gains that grow unbounded as t → T can be traced back
to early work on optimal control over time intervals (Rekasius,
1964) and time base generators (Morasso, Sanguineti, & Spada,
1997).

Constructive control designs for prescribed-time stabilization
(Becerra et al., 2018; Jiménez-Rodríguez et al., 2017; Jiménez-
Rodríguez et al., 2017; Sánchez-Torres et al., 2019, 2018; Song
et al., 2016, 2017, 2019; Tran et al., 2018; Zhao et al., 2019)
address specific classes of systems such as a chain of integrators
with uncertainties matched with the control input (i.e., nor-
mal form) or specific chained-form non-holonomic systems. The
control designs in Song et al. (2016, 2017, 2019) are based on
scaling the state by a function of time that goes to infinity
as t → T and then designing a controller to stabilize the
system written in terms of the scaled state. In this paper, we
show that a broad class of general strict-feedback-like systems
with state-dependent nonlinear uncertainties throughout the sys-
tem dynamics can be addressed by migrating our dynamic high
gain scaling technique (Krishnamurthy & Khorrami, 2003, 2004a,
2004b, 2007a, 2007b, 2008a, 2008b, 2013) (which was developed
in the context of asymptotic stabilization to address various
general classes of uncertain nonlinear systems Krishnamurthy
& Khorrami, 2003, 2004a, 2004b, 2007a, 2007b, 2008a, 2008b,
2013) to the prescribed-time stabilization context. While Song
et al. (2016, 2017, 2019) utilize a scaling of the state by a
function of time, the proposed control design approach in this
paper is based on (a) introducing a state scaling utilizing powers
of a dynamic scaling parameter; (b) introducing a time scale
transformation to map the prescribed time horizon to the infinite
time horizon of a transformed temporal variable; (c) design-
ing the dynamic scaling based controller using this temporally
scaled system representation; (d) introducing specifically de-
signed time-dependent forcing terms into the dynamics of the
scaling parameter. We show that the proposed approach can
handle a general structure of uncertain nonlinear systems and
considering the closed-loop system over the finite time interval
[0, T ) yields convergence of state and control input to zero as
t → T .

Specifically, we consider systems of the following form1:

ẋi = φi(x, u, t) + φ(i,i+1)(x, t)xi+1 , i = 1, . . . , n − 1

ẋn = φn(x, u, t) + µ0(x, t)u (1)

where x = [x1, . . . , xn]T ∈ Rn is the state and u ∈ R is the
input.2 φ(i,i+1), i = 1, . . . , n − 1, and µ0, are known scalar real-
valued continuous functions of their arguments. φi, i = 1, . . . , n,
are time-varying scalar real-valued uncertain functions.

2. Control objective and assumptions

With T > 0 being a given constant, the control objective is to
design a dynamic control law for u so that x(t) → 0 and u(t) → 0
as t → T .

1 Throughout, a dot above a symbol denotes the derivative with respect to
the time t .
2 R, R+ , and Rk denote the set of real numbers, the set of non-negative

real numbers, and the set of real k-dimensional column vectors, respectively.

Assumption A1 (Lower Boundedness Away from Zero of ‘‘Upper
Diagonal’’ Terms φ(i,i+1) and µ0). A constant σ > 0 exists such
that3 |φ(i,i+1)(x, t)| ≥ σ , 1 ≤ i ≤ n − 1, and |µ0(x, t)| ≥ σ

for all x ∈ Rn and t ≥ 0. Since φ(i,i+1) and µ0 are continuous
functions, this assumption can, without loss of generality, be
stated as φ(i,i+1)(x, t) ≥ σ > 0, 1 ≤ i ≤ n − 1, and µ0(x, t) ≥

σ > 0.

Assumption A2 (Bounds on Uncertain Functions φi). The functions
φi, i = 1, . . . , n, can be bounded as |φi(x, u, t)| ≤ Γ (x1)

∑i
j=1 φ(i,j)

(x, t)|xj| for all x ∈ Rn and t ≥ 0 where Γ (x1) and φ(i,j)(x, t), i =

1, . . . , n, j = 1, . . . , i, are known continuous nonnegative func-
tions. Positive constants ϵ(i,j), i = 1, . . . , n, j = 1, . . . , i, and
ϵ̃(i,2), i = 2, . . . , n, exist such that ∀x ∈ Rn,

φ(i,j)(x, t) ≤ ϵ(i,j)
√
φ(j−1,j)(x, t)φ(i,i+1)(x, t) ,

i = 2, . . . , n − 1, j = 2, . . . , i
φ(i,2)(x, t) ≤ ϵ̃(i,2)φ(1,2)(x, t), i = 2, . . . , n

φ(i,1)(x, t) ≤ ϵ(i,1)φ(1,2)(x, t), i = 1, . . . , n. (2)

Assumption A3 (Cascading Dominance of ‘‘Upper Diagonal’’ Terms
φ(i,i+1), i = 2, . . . , n,). Positive constants ρ i exist such that φ(i,i+1)
(x, t) ≥ ρ iφ(i−1,i)(x, t) , i = 3, . . . , n − 1, ∀x ∈ Rn and t ≥ 0.

Assumption A4 (Cascading Dominance Between ‘‘Upper Diago-
nal’’ Terms φ(1,2) and φ(2,3)). A continuous nonnegative function
φ(1,2)(x1) exists such that φ(1,2)(x, t) ≤ φ(1,2)(x1)φ(2,3)(x, t) ∀x ∈

Rn and t ≥ 0.

Remark 1. The class of systems (1) is in a generalized strict-
feedback-like form, which is more general than the standard
strict-feedback form since the uncertain functions appearing in ẋi
can involve the ‘‘later’’ state variables xi+2, . . . , xn, and the control
input u. The structure of the assumptions above is analogous
to the assumptions introduced for the dynamic high gain based
state-feedback control design in Krishnamurthy and Khorrami
(2004a). Assumption A1 ensures controllability and uniform rela-
tive degree (of x1 with respect to u). As noted in Assumption A1,
the upper diagonal terms φ(i,i+1) and µ0 can be assumed, with-
out loss of generality, to have positive signs. If the signs of
some of these functions are negative, the state representation
can be easily transformed (by multiplying the corresponding state
variables by −1) to make the signs positive. Assumption A2
imposes bounds on uncertain terms in the system dynamics and
essentially requires known bounds on the uncertain terms with a
triangular-like state dependence structure in the known bounds
(up to coefficients dominated in a nonlinear function sense by the
upper diagonal terms φ(i,i+1)). The functions φ(i,i+1) are referred
to as ‘‘upper diagonal’’ terms since if the dynamics (1) were
to be written in the form ẋ = A(x, t)x + B(x, t)u + φ(x, u, t)
with φ = [φ1, . . . , φn]

T , the functions φ(i,i+1) would appear on
the upper diagonal of the matrix A(x, t). Assumption A3 imposes
constraints on relative ‘‘sizes’’ (in a nonlinear function sense) of
the upper diagonal terms and is vital in achieving solvability of
a pair of coupled Lyapunov inequalities (Section 3.6). While A3
imposes constraints on the relative sizes of φ(i−1,i) and φ(i,i+1) for
i = 3, . . . , n − 1, A4 imposes a similar constraint on relative
sizes (in a nonlinear function sense) between functions φ(1,2) and
φ(2,3). ⋄

3 Given a vector a, the notation |a| denotes its Euclidean norm. If a is a scalar,
|a| denotes its absolute value.
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3. Control design

3.1. State scaling using a dynamic scaling parameter

Define η2, . . . , ηn as

η2 =
x2 + ζ (x1, t)

r
; ηi =

xi
r i−1 , i = 3, . . . , n (3)

with r being a dynamic high-gain scaling parameter. The function
ζ is defined to be of the form

ζ (x1, t) = γ (t)x1ζ1(x1) (4)

where functions γ and ζ1 will be designed in Section 3.8. The
dynamics chosen for r will ensure r(t) ≥ 1∀t ≥ 0. The function
γ will be chosen such that γ (t) ≥ 1∀t ≥ 0.

Remark 2. The structure of η2, . . . , ηn in (3) and the definition of
the Lyapunov function V in (15) are analogous to Krishnamurthy
and Khorrami (2004a) except for the introduction of the function
γ (t) in the definition of ζ , which appears in the definition of η2
in (3). As in Krishnamurthy and Khorrami (2004a), the motiva-
tion for defining η2 in the form shown in (3) is to incorporate
effectively one step of backstepping from x1 to x2 (wherein −ζ is
the virtual control law for x2) so that x1 can appear separately in
the Lyapunov function V in (15) and does not need to be scaled
by a power of r . By making x1 appear separately in (15), the
boundedness (respectively, exponential convergence) of x1 can
be inferred directly from boundedness (respectively, exponential
convergence) of V and it is seen in the proof of Lemma 3 that the
boundedness of x1 is crucial in showing that r is well-behaved (in
this case, grows at most polynomially in terms of a transformed
time variable τ ). ⋄

The dynamics of ηi are given by4

η̇2 = rφ(2,3)η3 +
φ2

r

+
γ (t)[ζ ′

1(x1)x1 + ζ1(x1)]
r

[(rη2 − ζ )φ(1,2) + φ1]

+
1
r
γ̇ (t)x1ζ1(x1) −

ṙ
r
η2

η̇i = rφ(i,i+1)ηi+1 +
φi

r i−1 −
ṙ
r
(i − 1)ηi , i = 3, . . . , n − 1

η̇n =
φn

rn−1 −
ṙ
r
(n − 1)ηn +

1
rn−1µ0u (5)

where ζ ′

1(x1) denotes the partial derivative of ζ1 with respect to
its argument evaluated at x1.

3.2. Design of control input u and dynamics of η

With η = [η2, . . . , ηn]
T , control input u is designed as

u = −
rn

µ0(x, t)
Kcη (6)

with Kc = [k2, . . . , kn] where ki, i = 2, . . . , n, are functions of
(x, t) that will be designed below. The dynamics of η under the
control law (6) can be written as

η̇ = rAcη −
ṙ
r
Dcη +Φ + Hη2 +Ξ (7)

where Ac is the (n − 1) × (n − 1) matrix with (i, j)th element
Ac(i,i+1) = φ(i+1,i+2), i = 1, . . . , n − 2, Ac(n−1,j) = −kj+1, j =

4 For notational convenience, we drop the arguments of functions whenever
no confusion will result.

1, . . . , n − 1, and zeros elsewhere. Also,5

Dc = diag(1, 2, . . . , n − 1) ; Φ = [
φ2

r
, . . . ,

φn

rn−1 ]
T (8)

H = [γ (t)[ζ ′

1(x1)x1 + ζ1]φ(1,2), 0, . . . , 0]T (9)

Ξ = [
(φ1 − ζφ(1,2))γ (t)[ζ ′

1(x1)x1 + ζ1] + γ̇ (t)x1ζ1(x1)
r

,

0, . . . , 0]T . (10)

3.3. Temporal scale transformation

A temporal scale transformation is defined as τ = a(t) where
a(t) is a function with the properties defined below. Let a′(t) =

da
dt

and let α(τ ) = a′(a−1(τ )), i.e., α(τ ) is the function da
dt expressed in

terms of the new time variable τ . The function a(.) is defined to be
any twice continuously differentiable monotonically increasing
function over [0, T ) that satisfies the following conditions (see
Remark 3 for examples of such functions):

• a(0) = 0, a(T ) = ∞

• a′(t) is bounded below by a positive constant over [0, T ),
i.e., a′(t) ≥ a0 for t ∈ [0, T ) with a0 being some positive
constant

• α(τ ) grows at most polynomially as τ → ∞, i.e., a polyno-
mial α(τ ) exists such that α(τ ) ≤ α(τ ) for all τ ∈ [0,∞).
Also, dα

dτ grows at most polynomially as τ → ∞.

From the first of the above properties, we see that the transfor-
mation above is a time scale transformation wherein the interval
[0, T ) in terms of the time variable t corresponds to the interval
[0,∞) in terms of the time variable τ . To denote a signal x(t) as a
function of the transformed time variable τ , we use the notation
x̆(τ ), i.e., x(t) = x̆(τ ) since both x(t) and x̆(τ ) refer to the value
of the same signal at the same physical time point represented
as t in the original time axis and τ in the transformed time axis.
Also,

dτ = a′(t)dt = α(τ )dt. (11)

It is evident that the conditions on the function a : [0, T ) →

[0,∞) introduced above imply that this function is invertible.
Denoting the inverse function by a−1, we have, by definition,

x(t) = x(a−1(τ )) = x̆(τ ) = x̆(a(t)). (12)

Remark 3. There are many (in fact, infinite number of) functions
that satisfy the conditions defined for the function a above. For
example, two choices for a(t) are:

a(t) =
a0t

1 −
t
T

; a(t) =
a0t√

1 − ( t
T )

2
. (13)

For example, for the first choice of a(t) in (13), we have:

a′(t) =
a0

(1 −
t
T )

2
; α(τ ) = a0

(
τ

a0T
+ 1

)2

. (14)

It is seen that α(τ ) and dα
dτ do indeed grow at most polynomially

with τ as required in the conditions on α summarized above. The
property that these functions grow at most polynomially with
τ will be seen to be crucial in showing that r grows at most
polynomially (Lemma 3 in Section 3), which in turn is crucial
in inferring that exponential convergence of η to 0 as τ → ∞

implies exponential convergence of x to 0 as τ → ∞. ⋄

5 The notation diag(T1, . . . , Tm) denotes an m × m diagonal matrix
with diagonal elements T1, . . . , Tm . Also, lowerdiag(T1, . . . , Tm−1) and
upperdiag(T1, . . . , Tm−1) denote the m × m matrices with the lower diagonal
entries (i.e., (i + 1, i)th entries, i = 1, . . . ,m − 1) and upper diagonal entries
(i.e., (i, i + 1)th entries, i = 1, . . . ,m − 1), respectively, being T1, . . . , Tm−1 and
zeros elsewhere. Im denotes the m × m identity matrix.
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Remark 4. To illustrate the motivation for the time scale trans-
formation defined above in the context of prescribed-time sta-
bilization, consider the simple scalar system ẋ = u. Designing a
control law as u = −kx with k > 0 being a constant would yield
exponential convergence of x(t) to 0 as t → ∞. However, with
any constant k, the convergence of x(t) to 0 is only asymptotic
and x(t) does not go to 0 at any finite time t . Instead, defining
u = −kγ (t)x analogous to the definition of ζ above where γ (t) is
a function of time, we get ẋ = −kγ (t)x. Now, defining the time
scale transformation τ = a(t) with a′(t) = α(τ ) as defined above,
we have dx

dτ = −
kγ (a−1(τ ))x

α(τ ) . Hence, defining, for example, γ (t) =

α(a(t)), we obtain dx
dτ = −kx, which implies that the signal x goes

to 0 asymptotically as τ → ∞ or equivalently as t → T , i.e., x(t)
converges to 0 at the prescribed time T under the action of the
controller given by u(t) = −kα(a(t))x(t). Instead of introducing
a time scale transformation, an alternative approach considered
in Song et al. (2016, 2017, 2019) is to introduce instead a state
scaling of form w = a(t)x and define the control law in terms of
the scaled state w as u = −kw = −ka(t)x. ⋄

3.4. Lyapunov function

Define

V =
1
2
x21 + rηTPcη (15)

where Pc is a constant symmetric positive definite matrix to
be defined later. As in Krishnamurthy and Khorrami (2004a),
x1 appears separately from the scaled state variables η in the
Lyapunov function V in (15) since x1 is not scaled by a power
of r while the scaling by powers of r in η generates dr

dτ terms in
conjunction with a matrix Pc D̃c + D̃cPc that will appear in the
context of a pair of coupled Lyapunov inequalities in Section 3.6.
From (15), we get

dV
dt

= x1[φ1 + (rη2 − ζ )φ(1,2)] +
dr
dt
ηTPcη

+ r2ηT [PcAc + AT
c Pc]η −

dr
dt
ηT [PcDc + DcPc]η

+ 2rηTPc(Φ + Hη2 +Ξ ). (16)

Hence,

dV
dτ

=
1
α(τ )

{
x1[φ1 + (rη2 − ζ )φ(1,2)]

+ r2ηT [PcAc + AT
c Pc]η + 2rηTPc(Φ + Hη2 +Ξ )

}
−

dr
dτ
ηT [Pc D̃c + D̃cPc]η (17)

where D̃c = Dc −
1
2 I with I denoting an identity matrix of

appropriate dimensions (here, (n − 1) × (n − 1)).

3.5. Inequality bounds on elements of Φ

Using Assumption A2 and the property r ≥ 1, we have, for
i = 2, . . . , n,

|φi|

r i−1 ≤
Γ (x1)
r i−1

{ i∑
j=2

r j−1φ(i,j)|ηj|

+ φ(i,1)|x1| + φ(i,2)|ζ1||x1|γ (t)
}
. (18)

At time instants at which r ≥ Γ (x1), (18) yields6 for i = 2, . . . , n:

|φi|

r i−1 ≤ r
i∑

j=2

φ(i,j)|ηj|

+ Γ (x1)
{
φ(i,1)|x1|

r
+
φ(i,2)|ζ1||x1|γ (t)

r

}
. (19)

Hence, denoting Φ(i,1) =
∑i

j=2 φ(i,j)|ηj|, Φ(i,2) = Γ (x1)
{
φ(i,1)|x1|

r +

φ(i,2)|ζ1||x1|γ (t)
r

}
, and defining Φ1 = [Φ(2,1), . . . ,Φ(n,1)]

T and Φ2 =

[Φ(2,2), . . . ,Φ(n,2)]
T , it can be seen that

Φ ≤e rΦ1 +Φ2 (20)

where ≤e denotes element-wise magnitude inequality.7 Using
the notation (a)i for the ith element of a column vector a, it is seen
that ηTPcΦ ≤

∑n−1
i=1 |(Pcη)i||(Φ)i| ≤

∑n−1
i=1 |(Pcη)i|[r(Φ1)i + (Φ2)i].

Hence, denoting S to be the diagonal matrix function of Pcη
defined as having its (i, i)th element S(i,i) equal to +1 if the (Pcη)i
is greater than or equal to zero and −1 otherwise, it is evident
that

ηT [PcAc + AT
c Pc]η +

2
r
ηTPcΦ ≤ ηT [PcAc + A

T
c Pc]η

+
2
r
ηTPcSΦ2 (21)

where Ac is the (n − 1) × (n − 1) matrix with (i, j)th element

Ac(i,i+1) = φ(i+1,i+2) , i = 1, . . . , n − 2

Ac(i,j) = S(i,i)φ(i+1,j+1) , i = 1, . . . , n − 2; j = 1, . . . , i,

Ac(n−1,j) = S(n−1,n−1)φ(n,j+1) − kj+1 , j = 1, . . . , n − 1 (22)

with zeros elsewhere. Note that Ac involves the time-varying
‘‘sign’’ terms S(i,i) which are each +1 or −1.

3.6. Coupled Lyapunov inequalities

Assumption A3 is the cascading dominance condition intro-
duced in Krishnamurthy and Khorrami (2004a) under which a
constant symmetric positive definite matrix Pc and a function
Kc(x, t) = [k2(x, t), . . . , kn(x, t)] (whose elements appear in the
definition of the matrix Ac) can be constructed (Krishnamurthy &
Khorrami, 2004a, 2006) such that the following coupled Lyapunov
inequalities are satisfied with some positive constants νc , νc , and
νc :

PcAc + AT
c Pc ≤ −νcφ(2,3)I

νc I ≤ Pc D̃c + D̃cPc ≤ νc I. (23)

Furthermore, from Assumptions A2 and A3, the matrix Ac defined
in (22) above satisfies the Cascading Upper Diagonal Dominance
(CUDD) condition (Krishnamurthy & Khorrami, 2004a). Hence, it
can be shown using the constructive procedure in Krishnamurthy
and Khorrami (2004a, 2006) (also see Krishnamurthy & Khorrami,
2007a) that a constant symmetric positive definite matrix Pc ,
function Kc(x, t) whose elements appear in the definition of the

6 The stability analysis in Section 4 will consider two cases, one for time
instants at which r is ‘‘big enough’’ in a sense defined in the proof of Lemma 2
and one for time instants at which r is not ‘‘big enough’’, but ṙ is ‘‘big enough’’.
7 Given two vectors a and b of the same dimension m×1, the relation a ≤e b

indicates |ai| ≤e |bi|, i = 1, . . . ,m where ai and bi indicate the ith element of a
and b, respectively.
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matrix Ac , and positive constants νc , νc , and νc can be found such
that the following coupled Lyapunov inequalities are satisfied:

PcAc + A
T
c Pc ≤ −νcφ(2,3)I

νc I ≤ Pc D̃c + D̃cPc ≤ νc I. (24)

The construction of Pc , Kc , etc., to satisfy the coupled Lyapunov
inequalities (24) requires only the magnitudes of the terms S(i,i)
φ(i+1,j+1) that appear on and below the diagonal in Ac and hence
does not require knowledge of the +1/−1 terms S(i,i) in Ac . Fur-
thermore, from the construction in Krishnamurthy and Khorrami
(2004a, 2006), the Pc , Kc , νc , νc , and νc picked to satisfy (24) also
satisfy (23), which differs from (24) only in that it involves Ac
instead of Ac . Note that Ac and Ac are the same except that Ac does
not include the terms S(i,i)φ(i+1,j+1), which appear on and below
the diagonal in Ac . From (23), we see that

ηT [PcAc + AT
c Pc]η ≤ −νcφ(2,3)|η|

2. (25)

By the cascading dominance condition in Assumption A3, it is
seen that the upper diagonal terms φ(i,i+1), i = 3, . . . , n − 1,
are lower bounded (up to a positive constant factor) by φ(2,3).
From (20), (22), and (24), the inequality (19) obtained under the
condition r ≥ max{1,Γ (x1)} implies that the following inequality
holds:

ηT [PcAc + AT
c Pc]η +

2
r
ηTPcΦ ≤ −νcφ(2,3)|η|

2
+

2
r
ηTPcSΦ2. (26)

While (25) holds independent of the value of r , the inequality (26)
holds when r ≥ max{1,Γ (x1)}. Hence, combining the inequalities
(25) and (26), we see that

ηT [PcAc + AT
c Pc]η ≤ −νcφ(2,3)|η|

2

+ 1(r − max{1,Γ (x1)})

×

{
2
r
ηTPc(SΦ2 −Φ)

}
. (27)

Here, 1 denotes the ‘‘indicator function’’ defined as 1(a) = 1 for
a ≥ 0 and 1(a) = 0 for a < 0.

3.7. Lyapunov analysis

Using (24) and (27), (17) can be rewritten as

dV
dτ

≤
1
α(τ )

{
−x1ζφ(1,2) + x1[φ1 + rη2φ(1,2)]

− νcφ(2,3)r2|η|2 + 2rηTPc(Φ + Hη2 +Ξ )

+ 2r1(r − max{1,Γ (x1)})ηTPc[SΦ2 −Φ]

}
− νc

dr
dτ

|η|2. (28)

Using Assumptions A2 and A4, the uncertain terms appear-
ing in (28) can be upper bounded as (with some conservative
overbounding for algebraic simplicity)8

x1φ1 ≤ x21Γ (x1)ϵ(1,1)φ(1,2) (29)

x1rη2φ(1,2) ≤
νc

4
r2φ(2,3)|η|

2
+

1
νc

x21
φ2
(1,2)

φ(2,3)
(30)

|Φ| ≤ Γ (x1)∥Ãc∥ |η|

+
Γ (x1)|x1|

r
[|φ̃1| + |φ̃2||ζ1|γ (t)] (31)

8 Given a symmetric matrix P > 0, λmax(P) and λmin(P) denote its maximum
and minimum eigenvalues, respectively.

|Φ2| ≤
Γ (x1)|x1|

r
[|φ̃1| + |φ̃2||ζ1|γ (t)] (32)

2rηTPcΦ ≤ 2rλmax(Pc)Γ (x1)∥Ãc∥ |η|2 + ζ0φ(1,2)x21

+
λ2max(Pc)Γ

2

ζ0φ(1,2)

[
|φ̃1| + |φ̃2||ζ1|γ (t)

]2
|η|2 (33)

2rηTPcSΦ2 ≤ ζ0φ(1,2)x21

+
λ2max(Pc)Γ

2

ζ0φ(1,2)

[
|φ̃1| + |φ̃2||ζ1|γ (t)

]2
|η|2 (34)

2rηTPcHη2 ≤ 2γ (t)rλmax(Pc)φ(1,2)|ζ
′

1x1 + ζ1||η|
2 (35)

2rηTPcΞ ≤ ζ0φ(1,2)x21+
2

ζ0φ(1,2)
λ2max(Pc)|η|

2
[
γ̇ 2(t)ζ 21

+ (Γ φ(1,1) + |ζ1|γ (t)φ(1,2))2

× (ζ ′

1x1 + ζ1)2γ 2(t)
]

(36)

where φ̃1 = [φ(2,1), φ(3,1), . . . , φ(n,1)]
T , φ̃2 = [φ(2,2), φ(3,2), . . . ,

φ(n,2)]
T , ζ0 > 0 is any constant, ∥.∥ denotes the Frobenius norm of

a matrix, and Ãc denotes the (n−1)×(n−1) matrix with (i, j)th el-

ement φ(i+1,j+1) at locations on and below the diagonal and zeros
everywhere else. From A2, note that |φ̃1| ≤

√∑n
i=2 ϵ

2
(i,1)φ(1,2)(x, t)

and |φ̃2| ≤

√∑n
i=2 ϵ̃

2
(i,2)φ(1,2)(x, t). Using the inequalities in (29)–

(36) and using the definition of the indicator function 1, (28)

yields

dV
dτ

≤
1
α(τ )

{
−x1ζφ(1,2) + q(x1)φ(1,2)x21

−
3
4
νcφ(2,3)r2|η|2 + rw1(x1, γ (t), γ̇ (t))φ(1,2)|η|

2

+ 1(max{1,Γ (x1)} − r)rw2(x, t)|η|2
}

− νc
dr
dτ

|η|2 (37)

where

q(x1) = Γ (x1)ϵ(1,1) +
1
νc
φ(1,2)(x1) + 2ζ0 (38)

w1(x1, γ (t), γ̇ (t)) =
λ2max(Pc)Γ

2(x1)
ζ0

×

[√ n∑
i=2

ϵ2(i,1) +

√ n∑
i=2

ϵ̃2(i,2)|ζ1(x1)|γ (t)

]2

+ 2γ (t)λmax(Pc)|ζ ′

1(x1)x1 + ζ1(x1)|

+
2
ζ0
λ2max(Pc)

[
γ̇ 2(t)ζ 21 (x1)

σ 2

+ (Γ (x1)ϵ(1,1) + |ζ1(x1)|γ (t))2

× (ζ ′

1(x1)x1 + ζ1(x1))2γ 2(t)

]
(39)

w2(x, t) = 2λmax(Pc)Γ (x1)∥Ãc(x, t)∥ (40)

Note that the functions q(x1), w1(x1, γ (t), γ̇ (t)), and w2(x, t) in-

volve only known functions and quantities.
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3.8. Designs of function ζ1, dynamics of r, and function γ

The function ζ1 is designed such that9

1
4
ζ1(x1) = max

{
ζ , q(x1)

}
(41)

with ζ being any positive constant. With this choice of the func-
tion ζ1, the following inequality follows from (4) and (37):

−x1ζφ(1,2) + qφ(1,2)x21 ≤ −
3
4
x21γ (t)ζ1φ(1,2). (42)

Hence,

dV
dτ

≤
1
α(τ )

{
−

3
4
x21γ (t)ζ1φ(1,2) −

3
4
νcφ(2,3)r2|η|2

+ 1(max{1,Γ (x1)} − r)rw2(x, t)|η|2

+ rw1(x1, γ (t), γ̇ (t))φ(1,2)|η|
2

}
− νc

dr
dτ

|η|2. (43)

The design freedoms appearing in (43) are dr
dτ and γ (t). The

essential idea similar to Krishnamurthy and Khorrami (2004a) for
the design of dr

dτ is to pick dr
dτ such that the time derivative dr

dτ is
‘‘large enough’’ (relative to a state-dependent nonlinear function
designed based on the terms appearing in (43)) until the scaling
parameter r itself becomes ‘‘large enough’’ (again relative to a
state-dependent nonlinear function designed based on terms in
(43)). Also (as shown in Lemma 1), we want r to be larger than
or equal to α(τ ) for all time instants τ so as to dominate the term
α(τ ) appearing in the denominator in (43). For this purpose, the
dynamics of r are designed to be of the form
dr
dτ

= λ(R(x1, t) + α(τ ) − r)[Ω(r, x, t) + α̃(τ )]

with r(0) ≥ max{1, α(0)} (44)

where α̃(τ ) denotes dα
dτ . It is seen below in Lemma 1 that the

temporal forcing terms (α(τ ) and α̃(τ )) in the dynamics of r given
above ensure that r ≥ α(τ ) for all τ in the maximal interval of
existence of solutions. In (44), the functionsΩ(r, x, t) and R(x1, t)
are the ‘‘large enough’’ state-dependent functions as discussed
above to be designed based on the terms appearing in (43). To
make dr

dτ equal to or larger than Ω(r, x, t) + α̃(τ ) until r itself
becomes equal to or larger than R(x1, t)+ α(τ ), we pick λ : R →

R+ to be any continuous function such that λ(s) = 1 for s > 0
and λ(s) = 0 for s < −ϵr with ϵr being some positive constant.
Here, ϵr > 0 is introduced simply to allow λ to be a continuous
function instead of a discontinuous function with λ(s) = 1 for
s > 0 and λ(s) = 0 for s ≤ 0. Now, R and Ω are picked as

R(x1, t) = max
{
1,Γ (x1),

4w1(x1, γ (t), γ̇ (t))φ(1,2)(x1)
νc

}
(45)

Ω(r, x, t) =
1
νca0

[
rw1(x1, γ (t), γ̇ (t))φ(1,2)(x, t)

+ rw2(x, t)1(max{1,Γ (x1)} − r)
]
. (46)

It will be seen in the proof of Lemma 2 that the designs of
the functions λ, R, and Ω above ensure that the negative terms
in (43) dominate over the positive and sign-indefinite terms in
(43) under both of the following cases: (a) r < R(x1, t) + α(τ );
(b) r ≥ R(x1, t) + α(τ ). As to the choice of the function γ , we
want to pick γ such that γ (t) is larger than or equal to α(a(t))

9 max(a1, . . . , an) and min(a1, . . . , an) indicate the largest and smallest
values, respectively, among numbers a1, . . . , an .

for all time instants t so as to dominate the term α(τ ) appearing
in the denominator in (43). For this purpose, the function γ (t) is
picked to be of the form

γ (t) = α(a(t)) + γ0 − α(0) (47)

with γ0 being any constant such that γ0 ≥ max{1, α(0)}. From
(47), we see that γ̆ (τ ) = γ (a−1(τ )) ≥ α(τ ) for all τ ∈ [0,∞).
Also, from (47), γ̇ (t) = α(a(t))α̃(a(t)).

4. Stability analysis and main result

Several properties of the closed-loop system formed by the
system (1) and the dynamic controller designed in Section 3 are
summarized in the lemmas below followed by the main result of
the paper as Theorem 1. The proofs of the lemmas are provided
in Appendix.

Lemma 1. For all τ in the maximal interval of existence of solutions,
the inequality r̆(τ ) ≥ α(τ ) is satisfied.10

Lemma 2. At all time instants τ in the maximal interval of existence
of solutions, the inequality dV

dτ ≤ −cV is satisfied with some constant
c > 0.

Lemma 3. The signals γ (a−1(τ )), γ̇ (a−1(τ )), and r(a−1(τ )) grow at
most polynomially in τ as τ → ∞ and solutions exist over the time
interval τ ∈ [0,∞).

Lemma 4. V , x1 and
√
r|η| go to 0 exponentially as τ → ∞.

Lemma 5. η and u go to zero exponentially as τ → ∞.

Theorem 1. Under Assumptions A1–A4, the closed-loop system
formed by the system (1) and the dynamic controller designed in
Section 3 satisfies the property that starting from any initial condi-
tion for x, the signals x and u satisfy the properties limt→T |x(t)| = 0
and limt→T |u(t)| = 0.

Proof. Since x2 = rη2 − ζ and xi = ηir i−1, i = 3, . . . , n, we see
from Lemmas 3, 4, and 5 that x2, . . . , xn all go to 0 exponentially
as τ → ∞. Hence, x and u go to 0 exponentially as τ →

∞. Finally, since τ → ∞ corresponds to t → T , the above
properties hold as t → T . Therefore, x and u go to 0 as t → T ,
i.e., prescribed-time stabilization is attained. ⋄

Implementation of dynamics of r: From the design of the dy-
namics of r above in (44), it was seen in Lemma 1 that r goes
to ∞ as τ → ∞, which from (44) and (46) implies that ṙ
can also go to ∞ as τ → ∞. To avoid numerical difficulties
that might be caused by having a controller state variable whose
derivative goes to ∞ (since derivative going to ∞ corresponds
in numerical integration to requiring progressively smaller step
sizes), the dynamics of r can be indirectly implemented using a
scaled form. Instead of implementing the dynamics of r directly, a
variable r̃ defined as r̃ = rz can be used instead where z : R → R
is a function of τ as seen in the lemma below.

Lemma 6. A function z(τ ) can be picked such that the signal r̃ = rz
is such that r̃ and ˙̃r are uniformly bounded over the time interval
τ ∈ [0,∞) and furthermore r̃ converges to 0 as τ → ∞.

10 Note that, as defined in (12), the notation r̆(τ ) indicates the value of
the signal r at the time instant τ as measured in the transformed time axis,
i.e., r(t) = r̆(τ ).



P. Krishnamurthy, F. Khorrami and M. Krstic / Automatica 115 (2020) 108860 7

Proof. Pick, for example, z(τ ) = e−kzτ with kz > 0 being any
constant. Since we know from Lemma 3 that r grows at most
polynomially in τ , it follows that r̃ = rz is uniformly bounded
over the time interval τ ∈ [0,∞) since z(τ ) = e−kzτ goes to
0 exponentially as τ → ∞. Furthermore, r̃ asymptotically goes
to 0 as τ → ∞. Since α(τ ), α̃(τ ), γ , γ̇ , and r grow at most
polynomially in τ while x goes to 0 as τ → ∞, it follows from
the definition of Ω in (46) and the definitions of w1 and w2 in
(39) and (40), respectively, thatΩ(r, x, t) = Ω(r, x, a−1(τ )) grows
at most polynomially in τ . Also, since α̃(τ ) and r grow at most
polynomially in τ while z(τ ) goes to 0 exponentially as τ → ∞,
it follows that α(τ )r̃ = α(τ )z(τ )r goes to 0 exponentially as
τ → ∞. Also, from the fact that λ(.) is, by definition, constrained
to be in the interval [0, 1] and the fact that α(τ ), α̃(τ ), and
Ω(r, x, a−1(τ )) grow at most polynomially in τ , it is seen that ˙̃r
is uniformly bounded over the time interval [0,∞). ⋄

Remark 5. The designed controller is of dynamic order 1 with
r (or equivalently r̃ as discussed above) being the only dynamic
state variable of the controller. The overall controller is given by
the definition of the scaled states η2, . . . , ηn in (3), the control law
for u in (6), the choice of ζ and ζ1 in (4) and (41), the choice of
γ in (47), and the dynamics of the scaling parameter r in (44) or
the equivalent implementation in terms of r̃ as discussed above.
While using r̃ instead of r can help in numerical implementation
since this enables avoiding a controller state variable whose
derivative goes to ∞, it can still be necessary to guard against
numerical artifacts such as spurious instantaneous small negative
values of r̃ when r̃ → 0 as τ → ∞; since r̃ = rz, r̃ must be strictly
positive. To avoid such numerical issues, one possible approach is
to impose a positive lower bound on r̃ .

Remark 6. The properties that (by definition) the function α(τ )
goes to ∞ as t → T and that (by construction) γ and r also go
to ∞ as t → T result in unbounded gains as t → T . The char-
acteristic that control gains go to ∞ as t approaches the desired
prescribed time T is shared with previous results on prescribed-
time stabilization as well (Song et al., 2016, 2017, 2019), where
it is noted that indeed any approach for regulation in finite
time (including optimal control with a terminal constraint and
sliding mode approaches with time-varying gains) will share this
characteristic. By the analysis above, we see that while control
gains go to ∞ as t → T , u remains bounded (indeed converges
to 0) and the state variables converge to 0 as t → T . However, to
alleviate any numerical difficulties in implementation that could
be caused by unbounded gains as t → T , a few approaches can
be utilized as noted in Song et al. (2017) including adding a dead
zone on the state x, a saturation on the control gains, and setting
the terminal time in the controller implementation to be a larger
value T than the desired finite time T . All of these approaches
sacrifice asymptotic convergence of x to 0 as t → T (i.e., x goes
not to 0, but to a small neighborhood of 0 as t → T ), but facilitate
practical implementation by preventing unbounded gains (Song
et al., 2017). These approaches can also be used to address noise
in state measurements and/or the system dynamics. Another
implementation point to note is that the proposed prescribed-
time controller addresses the finite time interval [0, T ) and is
not applicable at or after the terminal time T . For systems for
which the control objective includes retaining the system state
at zero after the terminal time, a typically viable approach is
to switch to a different locally or globally stabilizing controller
(e.g., a controller based on a local linearization or a globally
stabilizing nonlinear controller) for the time interval [T ,∞). Also,
it is to be noted that the property (as seen, for example, from
Lemma 1) that r goes to ∞ as t → T is simply a manifestation of
the fact that control gains go to ∞ as t → T , which, as discussed
above, is intrinsic to the prescribed-time stabilization problem
being addressed.

5. An illustrative example

Consider the third-order system

ẋ1 = (1 + x21)x2
ẋ2 = [1 + sin(tu)]ex1x2 + (1 + x41)x3
ẋ3 = cos(t)x51x3 + u. (48)

This system satisfies Assumptions A1–A4. Here, the terms ex1x2
and x51x3 in the dynamics are not required to be known as long
as bounds as in Assumption A2 are known. Assumption A1 is
satisfied with σ = 1. Assumption A2 is satisfied with Γ (x1) =

4max(|x1|, ex1 ), φ(1,1) = φ(2,1) = φ(3,1) = φ(3,2) = 0, φ(2,2) = 0.5,

φ(3,3) =
x41
4 , ϵ(2,2) = ϵ̃(2,2) = 0.5, ϵ(1,1) = ϵ(2,1) = ϵ(3,1) =

ϵ(3,2) = 0. Assumption A3 is trivially satisfied. Assumption A4 is
satisfied with φ(1,2) =

3
2 . The matrix Pc and functions k2 and k3

can be found using the constructive procedure in Krishnamurthy
and Khorrami (2004a, 2006) to satisfy the coupled Lyapunov

inequalities in Section 3.6 as Pc = ac

[
3 1
1 1

]
, k2 = 5φ(2,3), and

k3 = 4φ(2,3), with ac being any positive constant. With this choice
of Pc , k2, and k3, it can be verified that the coupled Lyapunov
inequalities in Section 3.6 are satisfied with νc = 0.9467ac , νc =

ac , and νc = 5ac .
As in Section 3, defining η2 =

x2+ζ

r and η3 =
x3
r2
, the control

input is designed as u = −r3[k2η2 + k3η3]. The function α can be
picked for instance as in (14) with any a0 > 0. Since ϵ(1,1) = 0,
the function q defined in (38) simplifies in this example to be
a constant since φ(1,2) was found above to be a constant. ζ1 can
then be defined simply as the constant 4q. The functions R and
Ω can be computed following the procedure in Sections 3.7 and
3.8 and using sharper bounds taking the specific system structure
into account and noting that several terms in the upper bounds
vanish since ϵ(1,1), etc., are zero and ζ1 is a constant. The dynamics
of r are then given by (44).

The performance of the prescribed-time stabilizing controller
is illustrated in Fig. 1. The terminal time is specified as T =

0.2 s. To avoid numerical issues, the effective terminal time T in
implementation is defined as T = 0.205 s. Also, a0 = ac = 0.05
and ζ0 = 0.1. The initial condition for the system state vector
[x1, x2, x3]T is specified as [5, 0, 0]T and r is initialized to be 1. The
closed-loop trajectories and the control input signal are shown in
Figs. 1 and 3: Left. It is to be noted that the initial spike in the con-
trol signal is due to the large magnitude of φ(2,3) = 1+ x41 around
the initial time when x1 is relatively large. To study the controller
performance in the presence of noise, the measurement of x1 was
corrupted with an additive noise of zero mean, standard deviation
of 0.05, and bandwidth of 10 Hz (generated by passing a white
noise through a low-pass Butterworth filter of bandwidth 10 Hz).
Additionally, a process noise (or actuator noise) was included as
a noise signal added to the control input. This additive noise was
generated with a mean (bias) of 5, standard deviation of 0.1, and
bandwidth of 20 Hz. It is assumed that the characteristics of the
measurement noise and process noise are completely unknown
to the controller. The closed-loop state trajectories and control
input signal are shown in Figs. 2 and 3: Right. It is seen that the
proposed controller retains its performance even in the presence
of the measurement noise and process noise. One point to note
is that with additive measurement noise (in this case, added
to x1), the state trajectories will converge as t → T to the
values that make the sum of the original state variables and the
instantaneous values (as t → T ) of the additive measurement
noise go to 0. This is as would be expected since what is being
measured is the sum of the state variable (in this case, x1) and
the instantaneous value of the noise signal and hence, this is the
signal that can be made to go to 0. Also, it is to be noted that the
effect of the additive process noise is attenuated as t → T since
the control gains are large (in fact, go to ∞) as t → T .
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Fig. 1. Simulations for closed-loop system (system (48) in closed loop with
prescribed-time stabilizing controller).

Fig. 2. Simulations of closed-loop system with measurement and process noise.

Fig. 3. Scaling parameter r for simulations in Figs. 1 and 2 on left and right,
respectively.

6. Conclusion

A dynamic state-feedback control design was developed to
achieve prescribed-time stabilization of a class of uncertain non-
linear strict-feedback-like systems. It was shown that our dy-
namic high gain scaling technique previously developed for
asymptotic stabilization of nonlinear systems can be applied
using a transformed time axis along with scaling dynamics with

a temporal forcing term to achieve prescribed-time stabilization.
Topics for future research include application of the proposed
techniques to other classes of nonlinear systems such as feedfor-
ward and non-triangular systems as well as systems with time
delays, noise, and uncertain appended dynamics.

Appendix

Proof of Lemma 1. From (44), we note that dr
dτ ≥ α̃(τ ) at any

time instant at which r < R(x1, t) + α(τ ). Since R(x1, t) > 0, this
implies that at any time instant at which r > α(τ ) is not satisfied,
we have dr

dτ ≥ α̃(τ ). If the claim in Lemma 1 is not satisfied,
there should exist some time instants τ at which r(τ ) < α(τ ).
Taking the infimum τmin of all such time instants, we note that
since r̆(0) ≥ α(0) from (44), we should have τmin > 0 and such
that r̆(τmin) = α(τmin) and with some τ in an infinitesimal open
interval after τmin such that r(τ ) < α(τ ). However, r̆(τmin) =

α(τmin) implies dr
dτ ≥ α̃(τ ) =

dα
dτ . Hence, we should have r̆(τ ) ≥

α(τ ) in an infinitesimal open interval after τmin, leading to a
contradiction implying that the claim of Lemma 1 is satisfied. ⋄

Proof of Lemma 2. Consider two cases: (a) r < R(x1, t) + α(τ );
(b) r ≥ R(x1, t) + α(τ ). From the design of λ, we see that under
Case (a), we have dr

dτ ≥ Ω(r, x, t) + α̃(τ ). Hence, from (46), we
see that under Case (a), we have
dV
dτ

≤
3

4α(τ )

{
−x21γ (t)ζ1φ(1,2) − νcφ(2,3)r2|η|2

}
. (49)

Under Case (b), we note from (45) that,
dV
dτ

≤
1

4α(τ )

{
−3γ (t)ζ1φ(1,2) − 2νcφ(2,3)r2|η|2

}
. (50)

Hence, (50) holds under both cases (a) and (b) and therefore holds
for all times in the maximal interval of existence of solutions.
From the property γ (a−1(τ )) ≥ α(τ ), which followed from design
of γ (t) in (47), we see that
dV
dτ

≤ −
3
4
x21ζ1φ(1,2) −

1
2
νcφ(2,3)r|η|2. (51)

From the definition of V in (15), this implies that dV
dτ ≤ −cV with

c = min
{
6ζσ , νcσ

2λmax(Pc )

}
. ⋄

Proof of Lemma 3. By the design of the function γ in (47) and the
conditions imposed on the function α(τ ), we see that γ (a−1(τ ))
and γ̇ (a−1(τ )) are polynomially upper bounded in τ . Since x1
goes to 0 exponentially as τ → ∞, we see that the signal x1
is uniformly bounded. Hence, noting that γ (t) and γ̇ (t) appear
polynomially in the definition of w1, it follows that R(x1, t) =

R(x1, a−1(τ )) grows at most polynomially in τ . From the dynamics
of r in (44), it is seen that at each time τ , we either have r ≤

R(x1, a−1(τ )) + α(τ ) + ϵr or ṙ = 0. Note that α(τ ) and α̃(τ ) are
polynomially upper bounded in τ due to the conditions imposed
on the function α(τ ) in Section 3.3. Hence, R(x1, a−1(τ ))+α(τ )+ϵr
and therefore r(a−1(τ )) grow at most polynomially as a function
of time τ . Noting from Lemma 2 that V (and therefore x1 and√
rη) remains bounded over the maximal interval of existence of

solutions, it follows that solutions to the closed-loop dynamical
system exist over the time interval τ ∈ [0,∞). ⋄

Proof of Lemma 4. From Lemma 2, V goes to 0 exponentially as
τ → ∞. From the dynamics of r , it is seen that r is monotonically
non-decreasing and is initialized such that r(0) ≥ 1. Hence, from
the definition of V in (15), it is seen that V is bounded below
by 1

2x
2
1 + ηTPcη. Therefore, it follows that x1 and

√
r|η| go to 0

exponentially as τ → ∞. ⋄
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Proof of Lemma 5. From Lemma 4,
√
r|η| goes to 0 exponentially

as τ → ∞ while from Lemma 3, r grows at most polynomially in
τ . Hence, we see that |η| goes to 0 exponentially as τ → ∞. From
the form of u in (6), this implies that u goes to 0 exponentially as
τ → ∞. ⋄
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