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Equilibrium Solutions of Multiperiod Mean-Variance Portfolio Selection

Yuan-Hua Ni®, Xun Li

Abstract—This is a companion paper of [Mixed equilibrium solu-
tion of time-inconsistent stochastic linear-quadratic problem, SIAM
J. Control Optim., vol. 57, no. 1, 533-569, 2019], where general the-
ory has been established to characterize the open-loop equilibrium
control, feedback equilibrium strategy and mixed equilibrium so-
lution for a time-inconsistent stochastic linear-quadratic problem.
This note is, on the one hand, to test the developed theory of that
paper and on the other hand to push the solvability of multiperiod
mean-variance portfolio selection. A nondegenerate assumption,
which is popular in the existing literature about multiperiod mean-
variance portfolio selection, has been removed in this note; and
neat conditions have been obtained to characterize the existence
of equilibrium solutions.

Index Terms—Multiperiod mean-variance portfolio selection,
stochastic linear-quadratic (LQ) control, time inconsistency.

|. INTRODUCTION

Recently, a notion named mixed equilibrium solution is introduced
in [12] for the time-inconsistent stochastic linear-quadratic (LQ, for
short) optimal control; it contains two different parts: a pure-feedback-
strategy part and an open-loop-control part, which together constitute
a time-consistent solution. It is shown that the open-loop-control part
will be of the feedback form of the equilibrium state. If we let the
pure-feedback-strategy part be zero or let the open-loop-control part be
independent of the initial state, then the mixed equilibrium solution will
reduce to the open-loop equilibrium control and the (linear) feedback
equilibrium strategy, respectively, both of which have been extensively
studied in the existing literature [1], [2], [4], [S], [7], [8], [13], [14],
[18], [20], [21]. Furthermore, the mixed equilibrium solution is not a
hollow concept, whose study will give us more flexibility to deal with
the time-inconsistent problems.
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The multiperiod mean-variance portfolio selection is a particular
example of time-inconsistent problem. In fact, the recent developments
in time-inconsistent problems and the revisits of multiperiod mean-
variance portfolio selection [1], [2], [4]-[8] are mutually stimulated.
The (single-period) mean-variance formulation initiated by Markowitz
[10] is the cornerstone of modern portfolio theory and is widely used in
both academic and financial industry. The multiperiod mean-variance
portfolio selection, which has been extensively studied, is the natural
extension of [10]. Until 2000 and for the first time, Li-Ng [9] and
Zhou-Li [22] reported the analytical precommitment optimal policies
for the discrete-time case and the continuous-time case, respectively.

To proceed, consider a capital market consisting of one risk-
less asset and m risky assets over a finite time horizon N. Let
s;(>1) be a given deterministic return of the riskless asset at

time period k and e; = (e},...,ef")T the vector of random re-
turns of the m risky assets at period k. We assume that vectors
er,k=0,1,..., N — 1, are statistically independent and the only in-

formation known about the random return vector ¢, is its first two mo-
ments: its mean E(e;) = (Ee},Ee?,...,Ee )T and its covariance
Cov(er,) = E[(e;, — Eey.)(er, — Eey)T]. Clearly, Cov(e; ) is nonneg-
ative definite, i.e., Cov(e;) = 0.

Let X, € R be the wealth of the investor at the beginning of the kth
period, and let u, be the amount invested in the ith risky asset at period
k,i=1,2,...,m. Then, X; — > /", u} is the amount invested in
the riskless asset at period &, and the wealth at the beginning of the
(k 4 1)th period [9] is given by

Xls:+1 = Ze;‘u;‘ + <Xk - Zu}{> Sk = Sk—th + O]?ulf (1)
i=1

i=1

where Oy, is the excess return vector of risky assets [9] defined as

O, = (0},0%,..., 00" = (e} — sk ef — Sp,...,ef —sp)T. In
this note, we consider the case that short selling is allowed, i.e.,
ul,i=1,...,m, take values in R.

Let Fr =o(e,£=0,1,...,k—1),
with F, given by {(), Q}. Fort € T, denote

ke{0,...,.N—-1}=T

E(LR) = {yf

v; € R is F;-measurable, E\ut|2 < oo}

2 (T, R™) (v k€ T} v, € R™ is Fj-measurable,
; m — VL , e
o ' TEm 2 < o0, k€T,
where T, = {¢,..., N — 1}. Then, a time-inconsistent version of mul-

tiperiod mean-variance problem [9] is formulated as follows.
Problem (MV): For t € T and = € I%(t;R), find u* € {%(T;; R™)
such that

J(t,z;u") = inf

J(t, x5 u).
uEI‘fr(']I‘t:R"’) ( / )

Here

J(t, Xy U) = Et (Xj\r — Ef,XN)2 — (/le + /J,Q)Et XN
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which is subject to
X1 = s Xi + OkT,Uk, ke,
Xl =T

with p1, pe > 0 being the tradeoff parameters between the mean
and variance of the terminal wealth. Furthermore, E, ( - ) above is the
conditional mathematical expectation E( - |F; ).

It should be mentioned that Problem (MV) above has two unconven-
tional features: the term p; 2E, X v makes J (¢, z; u) a state-dependent
(or rank-dependent) utility, and the cost functional J (¢, x; u) involves
nonlinear term of the conditional expectation. It is known that any of
the above two features will ruin the time consistency of optimal con-
trol, namely, Bellman’s principle of optimality will no longer work for
Problem (MV). Note that the above model is more general than that of
[13], where the case without yiy xE; Xy is dealt with.

In [9], realizing the time inconsistency (called nonseparability there),
Li and Ng derived an optimal policy of multiperiod mean-variance
portfolio selection by using an embedding scheme. The optimal policy
of [9] is with respect to the initial pair, i.e., it is optimal only when
viewed at the initial time. This scheme is called the precommitted
optimal solution now. By applying a precommitted optimal control
(for an initial pair), we find that it will no longer be an optimal control
for the intertemporal initial pairs. Though the precommitted optimal
solution is of some practical and theoretical values, it neglects and has
not really addressed the time inconsistency.

Inrecent years, there is a surge to study the time-inconsistent optimal
control together with the revisit to multiperiod mean-variance portfolio
selection [1], [2], [4], [5], [7], [8], [13], [14], [18], [20], [21]. Two
kinds of time-consistent equilibrium solutions are investigated in these
papers including the open-loop equilibrium control and closed-loop
equilibrium strategy. To compare, open-loop formulation is to find an
open-loop equilibrium “control,” while the “strategy” is the object of
closed-loop formulation. Strotz’s equilibrium solution [16] is essen-
tially a closed-loop equilibrium strategy, which is further elaborately
developed by Yong to the LQ optimal control [18], [21] as well as the
nonlinear optimal control [17], [19], [20]. In contrast, open-loop equi-
librium control is extensively studied by Hu et al. [7], [8], Yong [21],
Ni—Zhang—Krstic [13], and Qi—Zhang [14]. In particular, the closed-
loop formulation can be viewed as the extension of Bellman’s dynamic
programing, and the corresponding equilibrium strategy (if it exists) is
derived by a backward procedure [18]—[21]. Differently, the open-loop
equilibrium control is characterized via the maximum-principle-like
methodology [7], [8], [13].

Itis noted that some nondegenerate assumptions are posed in [1], [2],
[4], [5], and [7]-[9]. Specifically, the volatilities of the stocks in [1], [2],
[7], and [8] and the return rates of the risky securities in [4], [S], and [9]
are assumed to be nondegenerate, i.e., Cov(e; ) > 0,k € T. To make
the formulation more practical, it is natural to consider, at least in theory,
how to generalize these results to the case where degeneracy is allowed.
In fact, mean-variance portfolio selection problems with degenerate co-
variance matrices may date back to the 1970s. In [3] or the “corrected”
version [15], Buser proposes the single-period version with possibly
singular covariance matrix. Clearly, such class of problems are more
general than the classical ones [10], and more consistent with the reality.

In this note, we do not pose the nondegenerate assumption and
want to find the conditions such that the time-consistent equilibrium
solutions of Problem (MV) exist. This can be done by using the the-
ory developed by [12]. The rest of this paper is organized as follows.
Section II gives the definitions of equilibrium solutions, whose exis-
tence is investigated in Section III. In Section IV, an example of [9] is
revisited.

II. EQUILIBRIUM SOLUTIONS

In the following, we introduce three equilibrium solutions for Prob-
lem (MV), which are the open-loop equilibrium control, feedback
equilibrium strategy and mixed equilibrium solution. Note that the
following notions are consistent with those of [12]. Throughout this
note, Problem (MV) for the initial pair (¢, 2-) will be simply denoted as
Problem (MV),,..

Definition 2.1: A control u’* € [%(T;; R™) is called an open-loop
equilibrium control of Problem (MV),,, if

J (kﬁ?ﬁl"*?“t‘mhﬂ) <J (’“A(f (Umut"’mﬂ)) (@)

forany k € T, and any u; € I%(k;R™). Here, u"* |1, and u"* |,
are the restrictions of u** on T}, and T}, |, respectively; and X *%* is
given by

{ Rir = X040l ke,

vz,
X, =,

Definition 2.2: i) At stage k € T;, a function f; () is called an
admissible feedback strategy (or simply a feedback strategy) if for any
¢ € Z(k;R), f1.(¢) € I2(k;R™) with

I7(k;R™) = {vy|vy € R™ is F-measurable, E|vy|* < co.}.

The set of such type of f] s is denoted by Fy,, and F, x - -+ x Fy_; is
denoted by F, .

i) Let f = (fi,..., fx—1) €Fp,.For k € T, and ¢ € I%(k; R"),
fx(¢) can be divided into two parts, namely, fi(¢) = ff + f1(¢),
where f{ = f;(0) is the inhomogeneous part and the remainder f7 ()
is the pure-feedback-strategy part of fj,. Furthermore, (f/,..., fv ;)
is called a pure-feedback strategy.

Definition 2.3: i) A strategy 1 € [, is called a feedback equilib-
rium strategy of Problem (MV), ., if the following two points hold:

a) ¢ does not depend on .

b) For any k € T, and any u;, € [2(k;R™), it holds that

J (k,)?,:’,”’*; (w X”‘) |Tk)
< 7 (kKL (e (8- X5 [, ) ©

In 3, (¢-X""*)|r, and (';D~Xk>“*')\qu+l (with T, =
{k,...,N—=1},Ty1 ={k+1,...,N — 1}) are given by

(w-)?“”*) Ir, = (1/% (Xk”*) ey UN (f(zt\?i‘f»

- X"y, = W (X5 n 1 (X))

{X;ji* = s X[+ OFwe (X077), ke,

vix,
X, " =ux

X[ = s XPU 1 O g (XP'), £eTiy

kouy k,up
X Uk :Ska h +O{Uk

k+1
ko _ ytwx
XPu = Xt

ii) Let (U,v) € *(T;;R™) x I%(T,;;R™) with 1?(T;;R™) =
{{vi,k € Ty Hvr € R™, | |* < 0o,k € T, }. If ¥ and  do not de-
pend on z, and v of i) equals to (¥, ), namely

Ur(€) = Upé 4+, keTy, &elz(k;R")
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then (U, ~) is called a linear feedback equilibrium strategy of Problem
MV)y;.

Definition 2.4: 1) (®,v") € I*(T;; R™) x 12(Ty; R™ ) is called a
mixed equilibrium solution of Problem (MV),,, if the following two
points hold:

a) ® does not depend on x, and v*** depends on x.
b) For any k € T, and any u;, € {%(k;R™), it holds that

J (kX755 (@ X5 0" )

< T (kX7 (e (@ XP 0" ) [ ) @)

In(4), (® - X"** + v"*)|y, and (O - X0 + v )|, , , are given,
respectively, by

t,x,* t,x t,x,* t,x
(q)ka +’Uk 7...,(I)ANY_1XN71 +UN—1)

kuy t.x kug t.x
(cpk.HXk,+1 SOty X UN_1>

where X'+ and X*:"+ are defined by

(50 + O ) X[ + O,

X0 = keT,
X,t"z’* =z

Xf+u1k = (Sk + O{@k) Xfu]‘ + O{U;‘Jt, l e Tk+l
XE = 0 XE 4 0T,

kg t,x,x
Xpe = xher,

ii) ® and v"* in1) are called, respectively, the pure-feedback-strategy
part and the open-loop-control part of the mixed equilibrium solution
(®,v"7).

iii) Letting ® = 0 in i), the corresponding v satisfying (2.4) is
called an open-loop equilibrium control of Problem (MV),,..

iv) If (®,v"") does not depend on =, then it is a linear feedback
equilibrium strategy of Problem (MV),, .

Remark 2.1: By the definition, a mixed equilibrium solution
(®,v"") is time consistent in the sense that (®,v"*)|p, is a
mixed equilibrium solution for the initial pair (k, X, *"*). Since (® -
Xk‘@ + vl,x)lTk — (q>lel:,<I’ + U}i,x:, ((P X Xk,d’ 4 v[‘x)|Tk+| ), we
obtain (uy,, (® - X*ve® 4 1)">")\11~k+1 ) from (& - X*® 4 o),
by replacing not only ‘I>;‘,X,]:’(b + v,ﬂl with v, but also X*® with
X% uk:®  Furthermore, it is valuable to mention that v'**’s in both
sides of (4) are the same. This is why we call ® the pure-feedback-
strategy part and v*** the open-loop-control part.

I1l. CHARACTERIZATION ON THE EQUILIBRIUM SOLUTIONS

To solve Problem (MV),,., we shall transform (1) into a linear con-
trolled system with multiplicative noises so that the general theory [12]
can work. Precisely, define

wi =€, — s, —E(el —sp)
Di =(0,...,0,1,0,...,0)
i=1,... k=0,1,...

5 1, 7N_1

where the ith entry of D{ is 1. Then, {w; = (w},...,wy)? k€
T} is a martingale difference sequence as e;,k =0,...,N — 1, are
statistically independent. Furthermore,

Ei[wpwf ] = Efwpwf ] = Cov(er) = (6 ) xm -
This leads to
{ X1 = (58 Xi + (EOR) up) + X072 Dywpwy,

5
.}([:.’L'7 kET[ ()

We first characterize the open-loop equilibrium portfolio control of
Problem (MV);,..

Theorem 3.1: For any ¢t € T and any z € [%({;R), Problem
(MV),, admits an open-loop equilibrium control if and only if
EO; € Ran(Cov(Oy,)), k € T. In addition

ult = —Ol Ly X" — 016, keT,
is an open-loop equilibrium control of Problem (MV),, with
{)?;ff = (ss —Of O[Ly)X["" = 0L Ol6, keT,
where (/9\,5 is the Moore—Penrose generalized inverse of (’A)k with
Oy = (Sp41 + Tro1)Cov(Oy)
L, = —spir - sn 1 EO;

Or = =581 -sn 1EOy, keT,

(6)

§k +fk = (§k+1 +fk+1)sf,
—s1 (Spi1 + T\k+l)(EOk)T6£Zk
Sy+Ty =1, keT,

andfork =N — 2, N — 1, sp 1 -+ Sy_1 in (6) is understood as

L
Sk+1 " SN-1 =
SN-1;

Proof: This result is proved according to [12, Th. 3.11]. In this case,
[12, Th. 3.11, egs. (3.21)—(3.23)] become to

§k = 5%§k+17 gk = Sz.gkﬂ =0, §N =1, §1\ =0

k=N-1
k=N -2

Oy = (EO)Si41(EOK)T + X7, 6 (DY) S D) (D
=8,.1Cov(0}) =0, keT

Ty = 83 The1 — 51 (Skar + Tis1)(EOL)T O} Ly

’j\z :ﬁJr][Si*Sk(EOk)T@};Ek] =0 (8)

'fN:O7 ’ZA}V:O, 61‘”@;2}‘7—,&}:07 keT
and

Fe = 8xTes1, By = —%27 0,00, —0, =0, keT (9

where

~

O =300 5 (D})" (Ski1 + fkﬂ)DIZ
= (Sps1 + Tiy1)Cov(Oy)
Ly = U, EO,, 0, =7,..EO;,, keT
with Uy = s,Ug 1, Uy = —“-, k € T. From (7)~(9), we have
S\k + ﬁc = (§k+1 +fk+1)5z-
— 51 (Sks1 + T )(EOk)T@L Ly
§N + f\ =1
5.OLT, —Fo—0, ke,

By some calculations, we have

M1
C SN =

2
X (Spi1 4 Tii 1) (Spr + Tri1) (BO)T

X [COV(Ok )} TIEOk

Sy + Ty = (§k+1 + ﬁ:Jrl)Si + Sk Skt
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where(gkﬂ + ka)Tequalsto(ng + fkﬂ)*l if§k+1 + ZA“,CH #

0; otherwise, it will be 0. Therefore

1, Spoy+Thr #0

(§k+l+fk+1)(§k+1+fk+l)f{ ~ ~
0, Sip1+ T =0.
As s > 1, > 0,Cov(0y) = 0,k € T, and Sy + Ty = 1, it fol-
lows that §k —I—fk >0,k € T. This together with 7 # O,ﬁk #
0,k € T implies that the solvability of (7)—(9) is equivalent to the
property EO;, € Ran(Cov(Oy)), k € T. Then, the proof is completed
by following [12, Th. 3.11]. |
Corollary 3.1: Let Cov(Oy,) > 0,k € T. Then, for any ¢ € T and
any x € [2(t;R), Problem (MV),, admits a unique open-loop equilib-
rium control, which is given by

U;{"T = 76;121¢X/i’z’* — (/9\];151“ keT,
with
{ X;le* = (Sk — OkT@;lZA,))?,Z’T‘* —

vt x,x
X, =z,

and @k , Ek , é\k ,k € T, are given in (6).

Proof: 1t follows from [12, Th. 3.9] and Theorem 3.1. |

The following result is based on [12, Th. 3.13], which is about the
feedback equilibrium strategy of Problem (MV);, .

Theorem 3.2: For any t € T and any z € [%(¢;R), Problem
(MV),, admits a feedback equilibrium strategy if and only if the fol-
lowing difference equations:

§k = §;,«+1 |:8f - st (EOk)T @}:Ek
+ LI OJE(0,OF O] Ly
gk = Szngrl — QSkngrl(EOk)T @;ik

+ 81 LT Ol EO, (EO,)T O Ly (10)
+ 811 LT O} Cov(0,) O] Ly
Sy=1, Sy=0
Or =0, O,0[L,=L,, keT
and
TN = —*‘7, @k@,ték =0, keT
are solvable, namely
Oy =0, O,0[L; =Li, 0,0/6,=0;, keT
where
O = 81 EOL (EO;)T + Sj,1Cov(Oy)
Ly = (8xSks1 + Ups1)EO; (12)
6, =71 EOp, keT
with
Uy = (st — (BO) O Li)TUyyr, Uy = 7“2*1, keT
and

Br = 1 Spi1 (EOL)T
+Si4+1Cov(0y)],

— LT O} [Si+1EO, (EOy)T

keT.

Theorem 3.3: Let EOj, € Ran(Cov(Oy,)), k € T. Then, (10) and
(11) are solvable; forany ¢ € T and x € I%(¢; R), (9, v') with

(I)t :{7©/i]1’:k’ ke']ft}, 'Ut :{7@£§k, kETt}

is a feedback equilibrium strategy of Problem (MV);,, where

Oy, Ly, 0, k € T,, are given in (12).
Proof: Note that (10) can be equivalently rewritten as

§k = §k+1 [(Sk - (EOk)T @lﬂk)z
glc = §k+l (s — (Eok)T ((N)jf]ik)z

- e~ . (13)
+ S 1 LT O Cov(0,) O] Ly
Sy = 1, Sy =0
©k >~ 0, @L(@]Eﬁ:k :igm keT.

Clearly, S, > S, >0,k € T.

Let EO;, € Ran(Cov(Oy)),k € T. We now prove that (10) and
(11) are solvable. For a generic k € T, we prove the conclusion by the
following two cases.

Case 1: Sg1 > 0. As EOj. € Ran(Cov(Oy,)), there exists £ € R"
such that Cov(Oy, )¢ = EO;.. Furthermore, £ Cov(0y )¢ = ¢TEO,, >
0. Then

@k Slcgk:+1 + ﬁk+1
Si+1ETEO), + S

_ 3k§k+1 + [71\'+1
Sk+16TEO, + Sk

X (Sp41EO (EO;)T € + Sy 1 Cov(Oy, )€)

= (Sk‘gk+1 + ﬁk+1)EOk: = ]Ek
Hence, @k @Zik = ﬂk, and (13) is solvable at k. Similarly

~ 7 B ~
Oy z——— =6 =T 1 B0 =y
Se 18T EO, + Sy

which implies the solvability of (11) at k.
Case 2: Sk+1 =0. IfSHz > 0, we have (O)k =0and

Sk+1 — (E0k+1) @k+1]Lk+1

= Egﬂ@£+1C0V(OL'+1)@/1+1H~4«+1 =0

(14)

which further implies UA+1 =0 and ILk = 0; hence, (13) is solv-
able at k. Furthermore, (14) implies L7 +1@k +1Cov(Op41) =

0. From this and (14), we have ﬁHl =0 and 74y =0, and
hence (11) is solvable at k under the condition of Sk+1 =
0, Sk” > 0. Finally, if Sk+2 =0, we must have some 7 > k +
1 such that S =0 Sr+1 > (. Similar to the comments below
(14), we have U = BT =7, = 0, which implies Uk+1 =0 and
the solvability of (13) at k. As Q, =0,( € {ky...,7—1}, it
follows that %k+1 = (8k+1 — (EOkJrl)T @£+1]Ek+1)T s (57-71 —
(EO, )T @i 1~T 1)T 7, = 0. Hence, (11) is solvable at k.

In summary, for a generic k € T, we have proved the e solvability of
(11) and (13) at k, namely, O, (O)TILk = ]Lk and O, O GA = 0;.. From
[12, Th. 3.13] and Theorem 3.2, we can complete the proof |

Theorem 3.4: Let Cov(Oy) > 0,k € T. Then, for any ¢t € T and
any z € [%(¢;R), Problem (MV),,, admits a unique feedback equilib-
rium strategy, which is given by (®%, v') with

o' = {-0; 'Ly,

keT},v ={-0;'0,, keT}.
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Here, @M]Ijk,ak,k: € Ty, are given in (12).

Proof: In this case, (10) and (11) are solvable. From (13), we know
that S, > 0,k € T.In fact, suppose §ko = 0and §k,0+1 # 0 for some
ko € T, then

Sky — (IEOkO )T©]10Lk70 = I[Jgu@‘ﬂ COV(OkO)@I:O ]IF:];,O =0.

As Cov(Oy, ) = 0, it follows (5),10 IEkO = 0, which implies 0 = s;,, —
(EO;, )T @ioﬂjk,u = sy, - This is impossible, and thus Sy >0,keT.
Furthermore, we have ([N))k =0,keT. [ |

We now consider the mixed equilibrium portfolio solution. In this
case, [12, eq. (3.26)—(3.28)] read as

Sy = Skt1 [(Sk + (EO;)" @) + @] Cov(Oy,) Py,
Sp = Sps1(sp + (EOL)T @ )2
—+ Sk+1¢'{COV(Ok:)(I)k

(15)
Sy =1, Sy =0
Oy, = S EOL (EOL)T + Spy1Cov(O) = 0
keT
Ty = Spr [(sk + (EO) &, )(EO, )"
+ O Cov(04) | (~0] L — ®y)
+Ti {(sk + (EO)T @)
x (s — (EOx)T Ol L1,)
- @fCOV(Ok,)Oz_Ck]
T, = [Sk+l (st + (EOy)" @4 )(EO)" (16)
+ Skﬂq»gc(w(ok)] (~OLL;, — )
+ [T,m(sk + (EO) @)
x (s — (EOy)" O Ly)
kaJFICI)ZCOV(Ok)O,tl:k}
Ty =0, Ty =0
0. 0LL, =Ly, keT
and
T = =GO + (si + (EOR)T @) mpy
Ty = -k (17
0,010, =0, keT
where
Ok = (Sks1 + Trs1)EO, (EO,)T
+ (Sk+1 + Ty+1)Cov(Oy,)
Ly = 51(Sis1 + Tis1)EO; + Uy 1 EO,
0y = o EOp, keT
{ Ui = (st + (EOg)T @4 )Up 41
Uy =-4%, keT
and

Br = (Ste1 + Tivr)(se + PLEOL)(EO)"
+(Ski1 + Ti1)®F Cov(0y), keT.

From (15) and (16), we obtain

Sk + Tk = (Sk+1 + TkJrl) [(Sk + (EOk)T‘IDk)
x (s — (EOx)T Ol L},)
— &7 Cov(0},)0} Lk]

) (18)
Si + T = (Spv1 + Tisr ) (81 + (EOy )" @y )
X (Sk — (EO}C)T02£1€) — (Sk+1
+ Ty 1)®L Cov(0)O} Ly, keT.
Letting Sy, +Tx — Sk — Tr = Ay, k € T= {0,..., N}, then
Ap = Apsi (s, + (EOR)T @) (s — (EO)T O Ly) (19)
Ay = 1, keT.

For the case Cov(Oy) = 0,k € T, we have shown in the proof of
Theorem 3.4 that §k >0,k € T. Noting (13), (18), and (19), we
could select @ by the continuity suchthat S, + 7, > 0,A >0,k € T,
and hence Oy, k € T are invertible. As for any k € T, O, = 0, we
know that (15) is solvable. By [12, Th. 3.14], the following result is
straightforward.

Proposition 3.1: Let ® € [?(T;R™) such that (16) and (17) are
solvable, and let

0" = —(OL Ly + P) X[ = OO, kET,

where
XU = (s — 0L OL L) XL — O O],
X" =, keT,.

Then, (@], ,v"") is a mixed equilibrium solution of Problem (MV), ..

Remark 3.1: Mixed equilibrium solution is studied in this paper,
by which we can investigate the open-loop equilibrium control and the
linear feedback equilibrium strategy in a unified way. Importantly, the
mixed equilibrium solution is not a hollow concept. In an example of
[12], it is shown that neither the open-loop equilibrium control nor
the feedback equilibrium strategy exists for the initial pair (¢, z) with
t =0,1andx € [%(¢;R?), although we are able to construct ten mixed
equilibrium solutions. Therefore, it is necessary to study the mixed
equilibrium solution, which gives us more flexibility to deal with the
time-inconsistent control.

IV. AN EXAMPLE

Consider a multiperiod mean-variance portfolio selection problem.
A capital market consists of one riskless asset and three risky assets
over a finite time horizon N = 4, and the parameters of the model are
as follows:

r=10, s, =104, Ee, =1.162, Eej =1.246
Eef =1.228, k=0,1,2,3
and the covariance of e, = (e}, e?, e} )7 is
0.2920 0.3740 0.2900
Cov(ey) = | 0.3740 1.7080 0.2080| =0, k=0,1,2,3.
0.2900 0.2080 0.5780
In this paper, we assume 1y = po = 0.2. Clearly
EO; = (0.1220, 0.2060, 0.1880)", k=0,1,2,3.

As Cov(Oy) = Cov(e;) > 0,k =0,1,2,3, Problem (MV) has
a unique open-loop equilibrium control and a unique feedback
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equilibrium strategy. In what follows, we will compute the equilib-

rium solutions, respectively.
Open-loop equilibrium control

By (6) and some calculations, we have

£0.0047 7 £0.00457
~0;'Ly = | 0.0077 ~0;'L, = | 0.0073

[ 0.0274 | [ 0.0261

£0.00437 £0.00417
—~O;' Ly = | 0.0070 —~0,' Ly = | 0.0067

[ 0.0250 | 0.0239 |

£0.0047 7 r0.0045 7
~0;'0; = | 0.0077 ~0,'6, = | 0.0073

[ 0.0274 | | 0.0261 |

£0.00437 r0.00417
~0;'6, = | 0.0070 0y 0y = | 0.0067

[ 0.0250 | [ 0.0239 |

Then, the unique open-loop equilibrium portfolio control for the initial

pair (0, x) is given by

Wt = —O L X0 — 010 (20)
with
X5t = (s — OF O L) X" — OF O;16,
{ X0 =g, k=0,1,2,3.
Feedback equilibrium strategy
By (10), (11), and some calculations, we have
£0.0047 7 70.0045 7
—0;'Ls = [ 0.0077 | , —0;'L, = | 0.0073 1)
1 0.0274 | | 0.0259 |
70.0043 7 70.0040 7
—0;'L; = [ 0.0069 | , —O; 'Ly = | 0.0065 (22)
1 0.0246 | [ 0.0233 ]
70.0047 7 70.0045 7
—0;'0; = [ 0.0077 | , —0;'6, = | 0.0073 (23)
1 0.0274 | 1 0.0259 |
70.0043 7 70.0040 ]
—0;'6, = [ 0.0069 | , —0; "6, = | 0.0026 (24)
1 0.0276 | 1 0.0233 |

Then, the unique feedback equilibrium strategy is given by
{(=0, Ly, 0. "0:), k = 0,1,2,3}.

Mixed equilibrium solution

—2.5864
—0.6164
0.2276

—0.7152
—0.9901
—0.3816

o=

0.4841
—0.9765
—0.7177

1.1024
—0.3161
—2.4514

¢ =

—1.1274
—1.5599
—0.0299

0.0945
—0.7431
0.8976

o=

—0.8463
—0.2754
—0.6649

0.9086
—0.8210
—1.8209

¢ =

0.0358, 0.2787, 0.8133 :
0.0549, 0.4294, 1.2536 :
0.0366, 0.2861, 0.8349 :
0.0813, 0.6370, 1.8598 :

0.1148, 0.9002, 2.6286 :
0.1745, 1.3695, 3.9993 :
0.1219, 0.9564, 2.7927 :
0.0813, 0.6370, 1.8598 :

0.0663, 0.5188, 1.5146 :
0.1169, 0.9164, 2.6758 :
0.1078, 0.8455, 2.4688 :
0.0813, 0.6370,1.8598 :

0.0356, 0.2771, 0.8087 :
0.0583, 0.4563, 1.3320 :
0.0547, 0.4278, 1.2487 :
0.0813, 0.6370, 1.8598 :

four ¢’s and the eigenvalues of the corresponding O, k = 0,1, 2, 3:

0.3583  0.6190
0.6117 —1.8179
0.7348 —1.3685

eigenvalues of Oy
eigenvalues of O,
eigenvalues of O,

eigenvalues of O

12733 0.9204
—0.2800 0.9836
1.1265  0.2306
Oy
O,
0O,
O,
0.7550  —0.1835
—0.3098  1.3948
—0.1677 —0.3083
@)
(@
O,
O3
~0.5227  0.1135
—0.4079 —1.3856
0.6685 —0.4858
Oy
O,
0,
0;.

For each ¢, all the eigenvalues of O, k = 0, 1, 2, 3, are nonzero; this

means that Oy, k = 0, 1,2, 3, are all invertible. Therefore, the corre-
sponding (16) and (17) are solvable. In addition, (15) is clearly solvable.
From Proposition 3.1, we know that for all the above four cases the
mixed equilibrium solutions exist. For example, with the first ¢ above,
the mixed equilibrium solution is as follows. Let

Frankly speaking, up to now we have not yet got the quantitative
result about what kind of ®'s will make (16) and (17) be solvable, but
for any given ® we can check the solvability of (16) and (17). So, here
we would like to select ® by using the command “randn” of MATLAB
and check whether it is the pure-feedback-strategy part of a mixed
equilibrium solution. Specifically, use “randn” to generate 4 ®'s with
& = {d), € R3*! k =0,1,2,3} and perform the iterations (15)—(17)
for four times. Denoting ¢ = (P, ®,, o, P3), the followings are the

[ —2.5864 —0.7152
By = | —0.6164 | , ®; = | —0.9901 25)
L 0.2276 —0.3816
[0.3583 0.6190
Py = | 0.6117 |, &3 = | —1.8179 (26)
[ 0.7348 —1.3685
and
vt = (O Ly + B XY — O, (27)
with

{ X())z,* _ (S]; _ O}g‘o]:l‘ck)Xl(f)a* _ OZ'O};IQk

k+1
Xg" =2, k=0,1,2,3
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-25 0.005
-26 b
0
=27
© -0.005
28+ 2
o
8 £ 01
% 29 - a ™
> g
°
30T = 0,015
| —=&— Open-loop equilibrium contro1
-31 —— Feedback equilibrium strategy
—&— Mixed equilibrium solution 0.02
32+ Precommitted policy
-0.025 ! !
-33 ! ' 1 2 3
1 2 3 Time Period
Time Period
_ Fig.2. Curve of V, (k) — V;(k), k = 0,1,2,3.
Fig. 1. Curves of V, (k), Vy (k), Vi, (k),V, (k), k = 0,1,2,3.
and For k = 0,1, 2, 3, define the expected values under the four policies
0.0132 0.0080 V, (k) = E[J(k, Xk;ug’x T, )]
—0y Ly = 10.0215 |, —O; 'L, = | 0.0130
0 =0 Lt Vi (k) = E[J(k, X0} " |1, )]
0.0765 0.0461 .
Vi (k) = E[J(k, Xi; u,," [1,)
0.0113 0.0047 " [ oo ]
V, (k) =E|J(k, Xp;u, |,
~O}L; = [ 0.0183 |, —03' Ly = | 0.0077 o (k) = E[J(k, Xy;uy |, )]
0.0651 0.0274 where u-* is the open-loop equilibrium control (20); and u?“” ,ud-® are
-0.01247 - 0.0077 7 the controls generated by the feedback equilibrium strategy (21)—(24)
. ' . ’ and mixed equilibrium solution (25)—(27). Then, we have the curves of
=0y 0 = |0.0202 |, —O; 6 = | 0.0125 the expected values corresponding to the four policies; see Fig. 1 and
[ 0.0719 | | 0.0444 | Fig. 2.
[0.01107 [0.0047 7
n i REFERENCES
-0, 60, = 100179 | , =05 65 = | 0.0077
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Then, (®,v%%) is a mixed equilibrium portfolio solution of Problem
(MV) for (0, x), where ® = {®;, k = 0,1,2,3}.

Furthermore, by results of [9] and [11], we have the following pre-
committed optimal control ug*l' :

1
ug,k = —Wng(Xk —E()Xk) + §W2E0k8k+1 SN T

+ %WZEOkskH o Sy_oipe, k=0,1,2,3 (28)
where
W, = P E(0,OF)
Hy = 5, P11 EOy
Wi = Pp11Cov(Oy)
k=0,1,2,3
with

Py = si P [1 = (EOy)" [E(O, O )'EO;]
Py =1, k=0,1,2,3.
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