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(without any required magnitude bounds on unknown parameters) and unmea-

out the system dynamics. We show that prescribed-time output-feedback sta-
bilization (ie, both prescribed-time state estimation and prescribed-time regu-
lation) is achieved through a novel output-feedback control design involving
specially designed dynamics of an adaptation state variable and a high-gain
scaling parameter in combination with a temporal transformation and a dual
high-gain scaling based observer and controller design. While standard dynamic
adaptation techniques cannot be applied due to crossproducts of unknown
parameters and unmeasured states, we show that instead, the dynamics of the
high-gain scaling parameter and adaptation parameter can be designed with
temporal forcing terms to ensure that unknown parameters in system dynamics
are dominated by a particular fractional power of the high-gain scaling parame-
ter and the adaptation parameter after a subinterval (of unknown length) of the
prescribed time interval. We show that the control law can be designed such that
the system state and input are regulated to zero in the remaining subinterval of
the prescribed time interval.
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1 | INTRODUCTION

Unlike asymptotic stabilization (ie, as time goes to co) which is typically addressed in most control design approaches,?
“finite-time” stabilization®!” addresses control designs to achieve desired properties (eg, convergence to origin) within
a finite time interval. Fast finite-time stabilization has been addressed in References 15,18-20 focusing on high-order
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uncertain nonlinear systems that can feature various fractional powers of state variables in the system dynamics and
including appended dynamics with unmeasured state in References 19,20. In addition, methods to adjust the finite con-
vergent time by appropriately picking parameters in the designed controllers are developed in References 15,18-20 to
attain fast convergence (as a function of the initial conditions). “Fixed-time” stabilization'>?!"?> further requires that this
finite terminal time should be bounded by a constant independent of the initial conditions. Further requiring that this
fixed terminal time should be possible to be arbitrarily picked (ie, prescribed) by the designer yields the stronger notion of
“prescribed-time” stabilization,?®-3 that is, prescribed-time stabilization requires that the convergence not just be over a
finite time interval, but that the length of the time interval be a parameter that can be arbitrarily prescribed by the control
designer independent of initial condition and system dynamics. This prescribed-time stabilization notion can be viewed
in the physical context of controls applications such as autonomous vehicle rendezvous, missile guidance, and so on,
wherein the state convergence control objective is inherently formulated over a time horizon of predefined length. Math-
ematically, the attaining of prescribed-time stabilization independent of initial conditions is fundamentally through the
use of control gains that go to infinity as the time ¢ approaches the prescribed terminal time T, while however ensuring
that the state and control input remain bounded (and, in fact, typically not just remain bounded but actually converge to
zero). The use of control gains that grow unbounded as ¢ — T can be traced back to early work on optimal control over
time intervals®*® and time base generators.?’

Prescribed-time stabilization of a chain of integrators with uncertainties matched with the control input (ie, normal
form) was addressed in References 26,27,33 based on scaling the system state by a function of time that goes to infinity
as t —» T and designing a controller to stabilize the system written in terms of the scaled state. A prescribed-time sta-
bilizing controller was developed in Reference 38 for a more general class of strict-feedback-like systems based on our
dual dynamic high-gain scaling based observer-controller design techniques®** and introducing a set of modifications to
address the prescribed-time instead of asymptotic stabilization objective in combination with a time scale transformation
and a scaling parameter dynamics including time-dependent forcing terms. The state-feedback design in Reference 38 was
extended to the output-feedback case in Reference 45. In this article, we consider a more general class of uncertain non-
linear strict-feedback-like systems'in which uncertain functions throughout the system dynamics involve combinations
of unknown parameters (without requiring magnitude bounds on unknown parameters) and unmeasured state variables:

X = g, u, ) + dairny)xiyr , =1, ... ,n—1,
xn = ¢n(X, u" t) + ,UO(xl)u?
y =X, (1)
where x = [x1, ... ,x,]T € R" is the state, u € R the input, and y € R the output®. ¢gi1y,i =1, ... ,n—1, and uo, are
known scalar real-valued continuous functions of their arguments. ¢;,i = 1, ... , n, are scalar real-valued uncertain func-

tions. As seen in Assumption 2 in Section 2, the functions ¢; that are allowed to involve parametric uncertainties (without
any known magnitude bounds) coupled with unmeasured state variables and output. It is shown that while the general
lines of the observer and controller designs from Reference 45 can be applied to the class of systems considered here,
the presence of unknown parameters and their coupling with unmeasured states necessitate several crucial changes in
the control design and stability analysis. Specifically, as discussed further in Remark 5, standard approaches to designing
dynamics of adaptation parameters using augmented Lyapunov functions cannot be directly applied since the coupling
between unknown parameters and unmeasured states would result in requiring that the dynamics of the adaptation
parameters need to depend on the unmeasured states. While such crossproducts were addressed in Reference 46 in the
context of asymptotic stabilization, the approach there relies upon analysis of asymptotic properties of the adaptation
state variables and does not directly extend to the prescribed-time context. Instead, the approach proposed in this arti-
cle is to consider the prescribed stabilization time interval as comprised of two subintervals (of unknown lengths) and to
design the dynamic output-feedback controller based on the following strategy:

« Design the dynamics of the high-gain scaling parameter and the adaptation parameter with temporal forcing terms
so as to ensure that the unknown parameters in the system dynamics are dominated by either a particular fractional
power of the high-gain scaling parameter or the adaptation parameter after a subinterval (of unknown length) of the
prescribed stabilization time interval.

IThroughout, a dot above a symbol denotes the derivative with respect to the time ¢ as is the standard notation, for example, X, = %.
2R, R+, and R¥ denote the set of real numbers, the set of nonnegative real numbers, and the set of real k-dimensional column vectors, respectively.
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« Design the control law such that the system state and input are regulated to 0 in the remaining subinterval of the
prescribed stabilization time interval.

To accomplish the above strategy, two additional controller state variables (6, and 6,) are introduced as adaptation
parameters, the dynamics of both of which will involve temporal forcing terms. In addition, it will be seen that the
dynamics of the high-gain scaling parameter () need to be of a significantly different form than Reference 45 and involve
quadratic and fractional powers of the scaling parameter. As discussed above, the dynamics of the adaptation and scal-
ing parameters will be constructed so as to be able to dominate the uncertain parameters in the system dynamics quickly
enough (within a subinterval of the prescribed stabilization time interval) while still retaining closed-loop system stability
and to enable exponential convergence of the system state and input within the remaining subinterval of the prescribed
time interval. As in Reference 45, the control design utilizes a time scale transformation = = a(t) that maps the finite time
interval [0, T) in terms of the original time variable ¢ to the infinite time interval [0, co) in terms of the new time variable 7.
Thereby, by designing the controller to achieve the desired convergence properties as ¢ — oo, the desired properties are
effectively achieved as t — T, that is, in the specified prescribed time.

The control objective and assumptions on the system (1) considered are provided in Section 2. The observer and
controller designs are presented in Section 3. The main result of the article and its proof are provided in Section 4. The
application of the proposed control design to an example third-order system is presented in Section 5. Concluding remarks
are summarized in Section 6.

2 | CONTROL OBJECTIVE AND ASSUMPTIONS

Control objective: With T > 0 being a given constant (that can be picked arbitrarily by the control designer), the control
objective is to design a dynamic output-feedback control law for u so that, starting from any initial condition for x, we
have x(t) >0 and u(t) >0ast—T.

The assumptions imposed on the system (1) are summarized below.

Assumption 1. (Lower boundedness away from zero of “upper diagonal” terms ¢ i1y and pip): A constant ¢ > 0 is known
such that® |¢i41)(%1)| > 0,1 <i < n—1,and |uo(x;)| > o forallx; € R.Since ¢;;+1) and po are assumed to be continuous
functions, this assumption can, without loss of generality, be stated as ¢;i+1)(x1) > 0,1 <i <n -1, and po(x;) > o with
a constant ¢ > 0.

Assumption 2. (Bounds on uncertain functions ¢;): The functions ¢;,i =1, ... ,n, can be bounded as
i
|ix, u, )] < 0T (1) Y sy <) | @)
j=1
forallx € R" where I'(x;) and ¢ j(x1),i =1, ... ,n,j =1, ... ,i, are known continuous nonnegative functions and > 0

is an unknown constant.

Assumption 3. (Bidirectional cascading dominance of “upper diagonal” terms ¢ i+1),1 = 2, ... ,n,): Positive constants
pii=3, ... ,n—1,and pi,i =3, ... ,n—1are known such that Vx; € R
diirnX1) = pidi-1pCa), i=3,...,n—-1, 3)
biiry¥1) < pPipGa), i=3,....n-1 4)

Remark 1. The structure of the assumptions above is similar to Reference 45 except for the additional term 8, which is
an unknown parameter (without any requirement of known magnitude bounds). It is to be noted that the structure of
the bounds on uncertain functions ¢; in Assumption 2 allows crossproducts of unknown parameters and unmeasured
state variables, which is the primary crucial challenge from an adaptive control viewpoint; the challenge is further
amplified in the current context since we seek prescribed-time stabilization rather than just asymptotic stabilization.

3Given a vector a, the notation |a| denotes its Euclidean norm. If a is a scalar, |a| denotes its absolute value.
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Apart from the uncertain parameter 6, the introduced assumptions are also analogous to the assumptions introduced
for the dual dynamic high-gain based output-feedback control design in Reference 39, which addressed asymptotic sta-
bilization. Assumption 1 ensures observability, controllability, and uniform relative degree (of x; with respect to u).
Assumption 2 imposes bounds on uncertain terms in the system dynamics and essentially requires uncertain terms to
be bounded linearly in unmeasured state variables with a triangular state dependence structure in the known bounds
along with an uncertain parameter 6 without requiring any known bounds on the uncertain parameter. While the
bounds in Assumption 2 can feature multiple separate uncertain parameters 6;, a single parameter 6 is considered here
for simplicity and brevity. While the upper bound in Assumption 2 could be replaced with a “lumped” upper bound
[i(x, u, t)] < OT°(x1) 2;=1 |x;| with a suitably redefined I'(x;), the structure in Assumption 2 allows specification of more
precise and tighter bounds while a lumped upper bound would be the conservative “worst-case” bound. In addition, while
I'(x1) could be built into the ¢ j,(x;) functions in Assumption 2 instead of appearing separately, I'(x;) is explicitly written
as a separate term to allow factoring out of any common terms in the ¢ ;(x;) functions given a particular example and
therefore enable writing the ¢ j(x;) functions more compactly. Assumption 3 imposes constraints on the relative “sizes”
(in a nonlinear function sense) of the upper diagonal terms ¢; ;1) and is vital in achieving solvability of a pair of coupled
Lyapunov inequalities (Section 3.6). The functions ¢; ;1) are referred to as “upper diagonal” terms since if the dynamics
(1) were to be written in the form x = A(x1)x + B(x1)u + ¢(x) with ¢ = [¢1, ... , ¢,]7, the functions ¢ ;+1) would appear
on the upper diagonal of the matrix A(x;).

3 | CONTROL DESIGN
3.1 | Observer design

Since state variables x;, ... ,x, are not measured, we wish to design an observer to estimate these unmeasured states. In
particular, we wish to design a reduced-order observer (instead of a reduced-order observer, a full-order observer can be
designed instead as discussed in Remark 2). Denote the states of the reduced-order observer by £ = [X5, ... ,%,]7. Since
this is a reduced-order observer, the estimate for each x; is to be constructed as a combination of X; and a function of
x1. In particular, the typical structure in the dynamic scaling-based observer design® constructs the estimate for x; as
the combination &; + r'~f;(x;) where fi(x;) are functions of x; that will be defined below and r is the dynamic high-gain
scaling parameter whose dynamics will be designed later (Section 3.9). The dynamics chosen for r will ensure that r(¢) > 1
for all time ¢ > 0. From this structure of the estimate of x;, it follows that the observer errors are defined as

e=%+rfi)—x,i=2,...,n 5)

Per the dynamic scaling-based approach,®® the scaled observer errors are defined as

ei:%,i:l...,n ce=ley ... 0T, (6)
that is, scaling of ey, ... ,e, by successive powers of r. By this definition of the scaled observer errors, it is seen that
the derivative of ¢; will include a term given by —(i — l)i:el-. In addition, since X; includes a term given by ¢ i+1)(%1)Xi+1
as seen in the system dynamics (1), it can be expected that with an appropriate design of the dynamics of %;, we will
have a term ¢ ;41)(X1)eir1 in & and hence a term re41)(X1)€i41 in €; since e = rlejq from (6). Therefore, it can be
expected that with an appropriate design of the dynamics of X;, we should be able to obtain the dynamics of e to be of the
structure

€ =rApe — "De+ @ @)
r
where

« Apisa(n—1)x(n—1) matrix with (i, )th entry A, (x1) = —gis10a) for i=1, ... ,n—1,and A, (1) = Pi+1.i+2)(X1)
fori=1, ... ,n—2.
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« Disdefined as *
D = diag(1,2, ... ,n—1). (®)

Note that D is a positive-definite matrix.

« @ involves the uncertain functions ¢, ... , ¢y.

Itis now straightforward to evaluate what the appropriate design of the dynamics of %; should be to attain the structure
of the dynamics of e shown above. By simply substituting the form of e; from (5) and the form of ¢; from (6), it can be seen
that X; should therefore be of the form

% = i) Rirr + i ()] = (= Dir~2fita) — FlgiGe) e + rhea)l, i=2, ... ,n—1,
Xn = poCe)u — (n = DT 2f,(x1) — " gn(xn) %2 + ()], 9)

where g;(x;) is defined as ¢(1,2)(x1)%, or equivalently
1

8D iea o (10)

Jita) = o Paz(n) g

The functions g;(x; ) will be designed based on a pair of coupled Lyapunov inequalities in Section 3.6. With the observer
dynamics in (9), it can be seen by expanding the terms appearing in (7) that the term ® involving uncertain functions

@1, ... , Py, is given by

5= [62’ s ’5n]T,

— i, u, t X .
@i:—w +gi(x1)¢1( 1 ,i=2,...,n (11)
ri-1 b2
Remark 2. The observer structure given in Section 3.1 is a reduced-order observer with state variables [X,, ... ,%,]7.

Instead of a reduced-order observer, a full-order observer can also be used instead as in Reference 46.
For this purpose, to obtain an equivalent form of the dynamics as in (7), a full-order observer can be
written as

X N 7. N
X1 = dazx)x2 — ;(xl —Xx1) —rg1(x)[x; — x11,

%= Py (X)X —rgiGe)Z —xl, i=2, ... ,n—1,

X = po(x)u — r'gu(x)[X1 — x11, (12)
the observer errors can be defined as e; =X; —Xx;,i =1, ... ,n, and the scaled observer errors can be defined as
€ = ej i=1, ... ,n. The additional term involving ; in %; in (12) is introduced to generate that the resulting D matrix

in the scaled error dynamics (7) has a positive element in its (1, 1) location and is thereby retained as a positive-definite
matrix. The prescribed-time control design procedure in this article can be applied with either the reduced-order observer
(9) or the full-order observer (12). While the structure of the full-order observer in (12) is somewhat simpler algebraically
than the reduced-order observer in (9), parts of the control design and stability analysis are somewhat simpler with a
reduced-order observer since we have one less state variable in the reduced-order observer. In this article, we utilize a
reduced-order observer.

“The notation diag(T}, ... , T,,) denotes an m X m diagonal matrix with diagonal elements T4, ... , T,,. In addition, lowerdiag(T,, ... , T, _,) and
upperdiag(Ty, ..., T, _,) denote the m x m matrices with the lower diagonal entries (ie, (i + 1, i)th entries, i=1, ... ,m — 1) and upper diagonal entries
(ie, (i, i+ 1)th entries, i=1, ... ,m — 1), respectively, being T}, ... , T, and zeros elsewhere. I,,, denotes the m x m identity matrix.
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3.2 | Dynamics of scaled observer estimate signals
Define n, ... ,n, as
N 7@
= X +rf200) + {(x )’ (13)
r
% 4 pi-1f,
P VP (14)
rl—l
where the function ¢ is defined to be of the form
00, 6) = 6x181001) (15)

with 6 being a dynamic adaptation parameter (whose dynamics will be designed below) and ¢; being a function that will
be designed below. The dynamics designed for  will ensure that d(t) > 1 for all t > 0.

3.3 | Design of control input u and dynamics of scaled states

The control input u is designed as

rn
u=-——~Kn (16)
Ho(x1)
with® K. = [k, ... ,k,] wherek,, ... ,ky, are functions of x,. Under the control law (16), the dynamics of y = [#2, ... , 72]7
can be written as
i = A — gDn +®—rGey + Hlnp — 2] + 2 a7

where A, is the (n — 1) X (n — 1) matrix with (i, j)th element A, (1) = Pg1i42)(1) fori=1, ... ,n—2, and A, ,,(0) =

—kjs1(q) for j=1, ... ,n—1, with zeros elsewhere. The matrix D is as defined in (8). In addition,
_ T P
G - [gZ’ e ,gn] ’ @ - Gs (18)
¢(1,2)
H = [0[¢](x)x1 + G11da.2),0, ..., 017, (19)

(b1 — Chao)BIL (e + &1 + 0% 41 () .
- :

[1]

= ,...,01%, (20)

where ] (x;) denotes the partial derivative of {; with respect to its argument evaluated at x;.

Remark 3. The observer and controller structures in Sections 3.1 and 3.3 are based on the dual dynamic high-gain scal-
ing based design methodology.3® This underlying design methodology which was developed in the context of asymptotic
stabilization in Reference 39 is based on viewing the observer error dynamics and control design problem using matrix
structures (eg, Equations (7), (16), (17)) and designing observer and controller gains using pairs of coupled Lyapunov
inequalities (Section 3.6). After designing the observer and controller gains, the remaining design freedoms (dynamics
of r and @, function ¢;) are designed based on a Lyapunov analysis as discussed in Sections 3.7 to 3.9. The control design
and analysis utilize the time scale transformation r = a(t) defined in Section 3.4 that maps the finite time interval [0, T)
in terms of ¢ to the infinite time interval [0, o0) in terms of 7 so that achieving the desired convergence properties asymp-
totically as = — oo effectively achieves the desired properties as ¢t approaches the finite prescribed time T. Aspects of the
proposed design procedure (eg, time scale transformation = = a(t), decomposition of the prescribed time interval into a
first phase in which the uncertain parameters in the system dynamics are dominated by some appropriate controller state

*For notational convenience, we drop the arguments of functions whenever no confusion will result.
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variables in an initial subinterval of the prescribed time and a second phase in which the system state and input are reg-
ulated to 0 in the remaining part of the prescribed time interval) can be applied to other control design methodologies
such as backstepping as well to address different classes of systems. The dual dynamic high-based scaling based control
design methodology is used in this article for a few crucial reasons. First, while an application of the time scale transfor-
mation 7 = a(t) to a backstepping design for system class (1) would need to deal with repeated derivatives of a(z) that
would appear over multiple steps of backstepping leading to significant algebraic complexity, the one-step matrix-based
controller design (16) based on coupled Lyapunov inequalities (Section 3.6) does not involve repeated differentiation of
a(t). Second, the considered upper bounds on the uncertain functions ¢; in Assumption 2, which include crossproducts
between uncertain parameters # and unmeasured state variables x;, ... ,X, without requiring any a priori known upper
bounds on the uncertain parameters, cannot be handled in a typical backstepping-based control design since the usual
approach for introducing adaptations to handle uncertain parameters does not work when the uncertain parameters are
multiplied with unmeasured state variables. In addition, the appearance of x;, ... ,X, in the upper bounds are not eas-
ily handled in an output-feedback backstepping based design since while backstepping can efficiently assign gains to the
output, the gains to other states cannot be assigned arbitrarily since states farther from the output appear in increasingly
complicated combinations in the recursive design procedure and generated Lyapunov function. Such terms can however
be directly handled in the dual dynamic high-gain scaling based control design approach by writing these upper bounds
in terms of matrix structures (Section 3.7) and designing the dynamics of the high-gain scaling parameter r appropriately
to handle these terms (Section 3.9).

3.4 | Temporal scale transformation

As discussed in Remark 3, the control design and analysis are performed using a time scale transformation = = a(t) which
maps the finite time interval [0, T) in terms of the original time variable ¢ to the infinite time interval [0, o) in terms
of the new time variable z. By designing the controller to achieve the desired convergence properties as r — oo, these
properties are effectively achieved as t — T (ie, prescribed-time stabilization) since r — oo is equivalent to t — T with the
transformation = = a(t). The choice of the function a(-) for this purpose is discussed below.

Let a(-) be a twice continuously differentiable monotonically increasing function over [0, T) satisfying the following
conditions (see Remark 4 below):

e a(0)=0, lim,ra(t) =
. % is bounded below by a positive constant over [0, T), that is, % > ap > 0 for t €[0, T) with ao being a constant

« Denoting the transformation = = a(t) and writing a’ (t)defz% as a function of 7 as a(zr) = %, a(t) grows at most poly-

nomially as 7 — oo, that is, a polynomial a(z) exists such that a(z) < a(z) for all = € [0, ). In addition, % grows at
most polynomially as 7 — .

With 7 defined as the transformation = = a(t), we see that when ¢ goes from 0 to T, = goes from 0 to co. Now,

dr =d'(tHdt (21)

where a’(t) denotes %. With the transformation = = a(t), let a(z) = d’(t). The transformation above is a time scale trans-
formation wherein the interval [0, T) in terms of the time variable ¢ corresponds to the interval [0, co) in terms of the time
variable 7. To denote a signal x(t) as a function of transformed time variable r, we use the notation X(z), that is, x(t) = X(z)
since both x(t) and X(r) refer to the value of the same signal at the same physical time point represented as ¢ in the original
time axis and  in the transformed time axis. The conditions on the function a: [0, T) — [0, c0) introduced above imply
that this function is invertible. Denoting the inverse function by a~!, we have, by definition,

xX(8) = x(a™'(z)) = X(z) = X(a(t)). (22)

Remark 4. Asnoted in References 38,45, there are many (in fact, infinite number of) functions that satisfy the conditions
defined for function a above. For example, we can pick a to be one of the following functions with a, being a positive
constant:
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apt

a(t) = —2—, (23)
T
a(h = —22—. (24)
V1-()7
a(t) = apTtan(1)| —2D 4 (25)
sin (1 — %)
For a(t) given in (23), we have:
a T ?
! _ 0 . _ _r
a(l.‘)—(l_%2 ; a(r)—ao<a0T+1> . (26)
For a(t) given in (24), we have:
a’(t):% : a(r)=a0<ﬁ+l>z. 27)
(1= (L) 0
For a(t) given in (25), we have:
. . ) . 2
() = ap sin(1) tan(1) cos (1 3 £> o) = (t + a9T51n(1) tan(i)) \/l B < agT smFl)tan(l) ) . 28)
sinZ (1 _ L) ag sin(1) tan(1)T" T+ aoT sin(1) tan(1)
T
&
3.5 | Lyapunov functions
Define
Vo=rePye; Vo= %xf +1TPay V=cVy+V,, (29)

where P, and P, are symmetric positive definite matrices to be defined later and c is a positive constant to be picked later.
Using (7), (17), and (29), and noting that the temporal scale transformation defined above yields dt = % we have

’
T

‘;—V = % {cr?eT[PyAy + ATP, Je + 2rce Pyd
T a\T

+x1[¢1 + (rm2 — ¢ — rex)pan] + r’n’ [PAc + ALPdn
+2rp " P(® — rGe, + H[n, — 2] + B)}

- % {ceT[P,D + DP,)e + nT[P.D + DP_1n}, (30)

where D =D — %I with I denoting an identity matrix of dimension (n — 1) x (n — 1).

3.6 | Coupled Lyapunov inequalities

Assumption 3 is the cascading dominance condition introduced in Reference 39 wherein the condition in (3) is
the “controller-context” cascading dominance condition and the condition in (4) is the “observer-context” cascading
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dominance condition. These cascading dominance conditions were shown in References 39,47,48 to be closely related to
solvability of pairs of coupled Lyapunov inequalities that appear in the high-gain based control design. Specifically, the
following lemmas follow from the construction for solution of coupled Lyapunov inequalities in References 39,47,48.

Lemma 1. Under Assumption 1 and the condition (3) in Assumption 3, a symmetric positive definite matrix P, and a
function K.(x1) = [ky(x1), ... , kn(x1)] (Whose elements appear in the definition of the matrix A.) can be constructed such that

the following coupled Lyapunov inequalities are satisfied (for all x, € R) with some positive constants v, v , and v.:
—-c

P.A, +AZPC < —Vc¢(2,3)I
vI<PD+DP, <Vl (31)

c

Proof. 'This lemma follows directly from theorem A2 in Reference 39. The matrix A. can be viewed as a special case of
the matrix A in theorem A2 in Reference 39 with nonzero entries only on the upper diagonal and the last row. In addition,
the matrix D is a special case of the diagonal matrix D in theorem A2 in Reference 39 with positive constant entries on its
diagonal instead of the more general case of state-dependent entries in theorem A2 in Reference 39. L]

Lemma 2. Under Assumption 1 and condition (4) in A3, a symmetric positive-definite matrix P, and a function
G(1) =[g2(x1), ... ,8n(x1)] (Whose elements appear in the definition of the matrix A,) can be constructed such that the

following coupled Lyapunov inequalities are satisfied (for all x; € R) with some positive constants v,, Vo, v , and vy:
-0

P,A, +AgPO < —vI - \70¢(2,3)CTC

vI<P,D+DP, <V, (32)
-0
where C=[1,0, ... ,0]. Furthermore, g, ... ,g, can be chosen to be linear constant-coefficient combinations of
d@23) --- > P11 and a positive constant G can be found such that the following inequality is satisfied:

<ng> < Goa.- (33)
i=2

Proof. The existence of a symmetric positive-definite matrix P, and functions g, ... , g, follows directly from theorem
Al in Reference 39. Similar to Lemma 1, the matrix A, can be viewed as a special case of the matrix A in theorem Al
in Reference 39 with nonzero entries only on the upper diagonal and the first column and the matrix D can be viewed
as a special case of the diagonal matrix D in theorem Al in Reference 39 with positive constant entries on its diagonal
instead of state-dependent entries. In addition, from theorem A1 in Reference 39, it is seen that g;, ... ,g, can be cho-
sen to be linear constant-coefficient combinations of ¢3), ... , pwu-1.,. From Assumption 3 (cascading dominance of
upper diagonal terms ¢; ;+1y), we have the inequalities ¢ i+1)(x1) < p ¢Pi_1.9(%1),i =3, ... ,n — 1, whichimply ¢ ;41)(%1) <

) -1
(H;.=3 p)be3(0a),i =3, ... ,n— 1. Hence, all the functions ¢; ;41) can be upper bounded, up to a multiplicative constant,
-J

by ¢2,3) therefore implying that a positive constant G exists such that (33) is satisfied. (]

The symmetric positive-definite matrices P, and P. and the functions g, ... ,g,, and k;, ... ,k,, are picked in
accordance with Lemmas 1 and 2. Using (31) and (32), (30) reduces to
dv 1 5 2 2~ 2 2 2
Fr m{—cr Vole|” — crivodz)e; — e nl
+2rce Py ® + x1[py + (rmy — £ — rex)d )]
+ 2 P(® — rGe, + H[n, — €] + B))
dr

—er ez 9, e
Cdryolel drycl’” ’ (34)
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3.7 | Inequality bounds on terms appearing in ‘;—‘T/

Using Assumption 2, (15), and (33), we obtain

— T'(xp)|x
@1 < 0" 15, 416611811+ or el Al + fel
bana)=
+ 0T (e 1 |~ Gipia 3y (1), (35)
ba.2)(x1)
where ¢; = (D21 Paa)s - > P b, = (D22, P32y - »Pm]Ls ||. || denotes the Frobenius norm of a matrix, and

A denotes the (n—1)x (n—1) matrix with (i, j)th element ¢ 141y at locations on and below the diagonal and zeros

everywhere else. Note that |¢, | = 1/ X, ¢? &) and |,| = \/ )2 @ 2)(xl)

Therefore, the term 2rce” P,® can be upper bounded as®
2rce"Po® < Lop 2] + 3r¢Amax (Po)OT 1A |11l + le]?)
22 (P,)el? s A
—E 0T (|1 + 10611111

Sodaz)

¢(1 D=

+ 4cA2 (Po)ozrzxf G ¢(2 3 v0|€|2, (36)

(1 2)

where ¢, > 0 is any constant. Using Assumptions 1 to 3 and property r > 1, the other uncertain terms appearing in (30)
can also be upper bounded as

x1¢1 < X200 (x1)a1y(x1), 37)
2
V, 1 ¢(1 2) 1 ¢(1,2)
xir(m — e)paz < —roesylnl® + —x;—= +cr —¢(2 36 + —x; , (38)
4 Ve  $e3) Vo $23)
¢(2 3)
2rn"P® < ilznax (PG 02F2¢(21’1)xf + Zc”2¢(2,3)|11|2, (39)
(1 2)
) Vv,
-2r’n"P.Ge; < V—¢(2,3)V Anax (PG €3 + V2§C¢<z,3)|'1|2, (40)
C
2r" " PH(nz — €3) < 3rAmax (PO 2| ¢1xa + GillInl* + lel?], (41)
- 2 A2 A A2
2rn"PE < Z Amax (Pon|? [9 &+ OTpaq + 16110 2)*(Eix1 + 61)*0 ] + Sodpa 2k (42)
0ba2)
5 —
Picking ¢ > 32/12? (fC)G , the inequality (40) reduces to
v, 3 .
—27‘2]’]TPCG€2 < 72§C¢(2,3)|n|2 + ZCV0¢(2,3)72€§. (43)

3.8 | Lyapunov analysis

Using (31), (32), and the inequalities in (36) to (43), (34) yields

dv N 3 3
I < ?{—Xf‘%ﬂl’u,z) - A—LVoC"2|€|2 - ch¢(z,3)V2|’1|2
+ q1061)Pa 2% + 0% Q2 (1) pa2X? + riwi(x1, 0, 0) + 0" Wy (x1, D) 2 [ 1> + lel1}
—cv —|e|2 r|n|2, (44)
—0 —c

°Given a symmetric positive-definite matrix P, A,y (P) and Ap;, (P) denote its maximum and minimum eigenvalues, respectively.
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where 6* = 1 + 6 + 6% and the functions g, (x1), g2(x1), w1 (x1, 0, 5), and wy(x;, 0) are as given in (45) to (48) below:

1 dax1) 1 dazpx)

=20+ — — , 45
Ni0a) =260 + Ve P2,3)(x1) * cVo P2,3)(X1) (45)
b2 | (1)
g20) = oo 20D 4 g2 e a&G ¢, 5, 00) + — A%nax PG L2 242 ), 46)
ba,2(x1) 12 (1 2 1)
w0, 0,0) = —2— 2. (P) [ézrfm) + 2016601062y 0 )P ey + G100
§0¢(1 2)( 1)
+ 3Amax (PO|E] e )xy + C1(xr)l, (47)
A 2 2 0) 2 2 max( 0)
W) (. 0) = —r QD)1 e + 10816 1o G + 3¢ 2222 P ) [|AGxy ) |
Lot 2)( X1) ba,2()
2 2 2
Wﬂmax (Po) (TG0 (E e + 10620 . 48)

Note that the functions ql(xl) qz(xl) wi(x, 0, 0), and w;(x;, 0) involve only known functions and quantities. In the

equations above, note that 4 denotes = We have 33 a(lr) Zf

Remark 5. In (44), the terms in the first line are nonpositive functions of x1, €, and #, respectively, and can therefore
be seen to be stabilizing terms in the context of the Lyapunov inequality (44). The terms in the third line of (44) can be
made nonpositive by suitably choosing %. The terms in the second line are nonnegative (ie, destabilizing) terms, which
would need to be somehow dominated by the terms in the first and third lines. The design freedoms that are available
to us for this purpose are the function ¢; and the dynamics of r and 4, that is, g and Z—i. The goal in this design as will

be seen below is to pick function ¢; and the dynamics of r and 6 so that in some time interval r € [z, o0) With some
7y < 00, the inequality ‘;—‘: < —xV is satisfied with some x > 0. As will be seen in Section 4, achieving such an inequality
will imply that x;,x,, ... , X4, X2, ... ,X, g0 to O exponentially as = — oo, that is, as t - T. Also will be seen in Section 4,
ensuring that r and § grow at most polynomially in = will furthermore imply that u goes to 0 exponentially as 7 — oo,
that is, as t — T. In the design below, the function ¢{; will be picked (as shown in (49)) to address the terms involving
q: and g, (but with an adaptation parameter 6 in place of the uncertain parameter 0*). The form of ~ will then be
designed to address the terms involving w; and w, (but with a fractional power r® introduced to take the place of 6*). The
dynamics of & and r will then be designed to make 8 and r® able to dominate the uncertain parameter * quickly enough
(ie, within a subinterval of the prescribed time interval [0, T) which in terms of the transformed time variable = maps to
[0, o0) and to thereby make the system state and input exponentially converge to zero within the remaining subinterval
of the prescribed time interval. In this context, it is to be noted that the typical approach in adaptive control of using
a Lyapunov function such as V =V + %(9 — 6*)? to design the dynamics of  to handle the 8*w,(x1, O)dpa.[|7?] + |€]?]
term will not work since ¢ is not measured. Specifically, such an approach would lead to the adaptation dynamics
% a(r)
approach here is to use the fact that § and r grow with z (due to the designed dynamics of # and r) to dominate 6* after
some finite time. Hence, as will be seen in (57), the Lyapunov inequality (44) will be rewritten after the design of the
function &, and the dynamics of § and r in a form involving terms with coefficients (6* — 6) and (6* — r), both of which

become nonpositive after some finite time since 8 and r grow unbounded with .

[qz(xl)d)(l z)x + rwy(xy, 9)4)(1 »(In1? + |€]?)], which cannot be implemented since e is not available. Instead, the

3.9 | Designs of function ¢; and dynamics of r and §

The function ¢; is designed such that’

260) = max (¢,q:00) + ga00)) (49)

"The notations max (a,, ... ,a,) and min(ay, ... ,a,) indicate the largest and smallest values, respectively, among the numbers a, ... , a,.



12 KRISHNAMURTHY ET AL.
WILEY

with ¢ being any positive constant. With the choice of the function ¢; in (49), we obtain the following inequality by noting

that 5 > 1 for all time:

001061) — q1 (1) — 0*qa(x1) = 2081001) + 0lq1(a) + @2(x1)] — (1) — 0% q2(x1)

v

D>

v
Hlw AW

G10a) + (0 — 09)qa(x1). (50)

The dynamics of r are designed to be of the form

ﬂ = € max {—cor(r — max {1, a(r)} — c1) + Q(r, x4, 0, é) + a(r)a(r) , 0}
dr  a(r)

with r(0) > max {1, (0)}, (51)

~ d . . o . .
where () denotes d—”, c; is any nonnegative constant, and ¢y and € are a positive constant and a function, respectively,
T
picked as

Co =min § —, — (52)

Q(r,x1,0,0) = rlwy(x1, 8, 0) + r"wa(x1, 0)1p 2)(x;) max — (53)

where b is any constant in the interval (0,1). It is seen that the positive constant ¢y is picked in (52) to be “small
enough” so that the stabilizing —r? term in % fits within the “margin” provided by the —r? terms in ‘;—‘: in (44). In
addition, as will be seen in Lemmas 4 and 5 in Section 4, the —r? term in the dynamics of r is crucial to ensure
that r does not grow “too fast” in the time r and in particular, that r grows at most polynomially in z. Furthermore,
it will be seen in Lemma 8 in Section 4 that the fact that r grows at most polynomially is crucial in showing that
u—0 as 7 - oo by using the fact that a product of polynomial and exponentially decaying terms converges to zero.

From the design of the dynamics of r, we also see that % > 0 for all 7 > 0. In addition, from (51), it is seen that the

inequality % > &(r) definitely holds at any time instant at which r < max {1, a(r)} + c;. It is seen below in Lemma 3
that the form of the dynamics of r given above implies that » > a(z) for all = in the maximal interval of existence of
solutions.

The dynamic adaptation parameter @ is defined to be comprised of two components, that is,

9 = él + éz (54)
and the dynamics of 6, and 0, are designed as
aé, A
o = a(r) with 6:(0) > max {1, «(0)}, (55)
T

do C L A
—2 = —L_g,(0)a.()x? with 6,(0) > 0, (56)
dr a(r)

where c, is any positive constant. From (55) and (56), we see that 8, > a(z) and &, > 0 for all 7 for all 7 in the maximal
interval of existence of solutions. Hence, we also have § > a(z) for all = in the maximal interval of existence of solutions.
As noted above, the dynamics of r in (51) also ensures that r > a(r) for all 7 in the maximal interval of existence of
solutions. The fact that  and 6 are both larger than or equal to a(r) for all times 7 is relevant in the context of (44) since
this implies that the r or § coefficients appearing in each of the terms in the first two lines of (44) dominate over the a(z)
term appearing in the denominator in (44).
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From the design of the dynamics of r in (51) with ¢p and Q as in (52)and (53), we see that (44) reduces to

v _ 1 [ 3., 1 1 L
— < {——xfgéflf.‘b(l,z) - ‘—1Vo(3"2|€|2 - §V0¢(2,3)r2|’7|2} + (0" = 0) (%1, 7)

dr % 4
+ (0" =) 261, 0, )0 1* + le]?], (57)
x1(x1,7) = $QZ(X1)¢(1,2)(X1)X% (58)
2200,0,7) = sz(xh 0)p.2)(1). (59)
a(7)

Hence, comparing with the definition of V in (29) and noting as discussed above that the dynamics of § implies that
0 > a(r) for all 7, (57) yields

dv # n # N
ar < —kV+ 0" = 0) y1(x1,7) + (0" — ") o, 0, Drl|n|* + ], (60)

3o

Vo VO

= , (61
2 " 4Amax (Po) 8Amax (Pe)

K = min

4 | MAIN RESULT AND PROOF

Theorem 1. Given a prescribed time T > 0 that can be picked arbitrarily by the control designer, a dynamic output-feedback
controller of the form u = f(y,y);w = g(y,y) can be designed for system (1) under Assumptions 1 to 3 such that starting
from any initial condition for x, the property lim,_r|x(t)| = lim,_ r|u(t)| = 0 is satisfied.

In this section, we prove Theorem 1 based on the control design developed in Section 3 by first showing that the
solutions to the closed-loop dynamical system exist for all time z € [0, c0) and then showing that § and r grow large
enough quickly enough in order to dominate the uncertain parameter 6* in (60) within a subinterval of the prescribed
time interval, (which is [0, T) in terms of the time variable ¢ or equivalently [0, co0) in terms of the time variable 7), and then
finally showing that V (and therefore, x, u, and so on) converge to zero exponentially within the remaining subinterval
of the prescribed time interval.

Lemma 3. The signal r satisfiesSthe inequality #(t) > a(r) for all t in the maximal interval of existence of
solutions.

Proof. From (51), we note that % > &(r) at any time instant at which r > max {1, a(r)} +c; is not satisfied.
If the claim in Lemma 3 is not satisfied, there should exist some time instants ¢ at which 7(r) < a(r). Let
Tmin D€ the infimum of all such time instants. Then, we note that since r(0) > «(0) from (51), we should have
Tmin > 0 and we should also have F(zpin) = a(tmin) and furthermore, for all = in an open interval (zTwin, Tmin +
6) with some sufficiently small § > 0, the inequality #(r) < a(r) should hold. However, #(zpmin) = a(7min) implies
% >a(r) = %. Hence, we should have #(zr) > a(z) for all = over an open interval (zpmin,Zmin +96) With some
sufficiently small 6 > 0. We therefore obtain a contradiction thereby implying that the claim of Lemma 3 is

satisfied. ¢ n

Lemma 4. A function R(x1, 0, é, 7) exists such that the dynamics of r in (51) imply that % =0 whenever

r> R(x.,0,0,7).

8Note that, as defined in (22), the notation ¥(z) indicates the value of the signal r at the time instant = as measured in the transformed time axis, that is,

r(t) = K7).
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Proof. Defining R(x;, 0, é 7) to be of the form max {3R; (x1, 0, 9 7), BRy(x1, 9))ﬁ, vV 3R3(7)}, the inequality r > R implies
r2>Rir + Ryr'+? + R3. Now, defining

Ri(x1, 6,0, 7) = max {1, a(r)} + ¢ + w100, )%, (62)
Ry(x1,0) = wa(x1, 0)%, (63)
Ry(r) = X020 (64)

Co

with ¢y = Cl max { i vi}, it is seen from the dynamics of r in (51) and the definition of Q in (53) that this implies that
0

% = 0 whenever r > R(x1, 0, (9 7). O n

Lemma 5. If x; is uniformly bounded over the maximal interval of existence of solutions, then the signals O(a(2)),
O(a~'(z)), and r(a~'(r)) grow at most polynomially in .

Proof. By the dynamics of 6, in (55) and the conditions on function a(z), we see that 6;(a~!(r)) and 6,(a"'(z)) are
polynomially upper bounded in 7. If x, is uniformly bounded over the maximal interval of existence of solutions, we see
that from the dynamics of 6, in (56), it follows that 8,(a~'(r)) and 6,(a~!(r)) are also polynomially upper bounded in 7.
Noting that § and § appear polynomially in the definitions of w; and w, and that a(z) and &(z) are polynomially upper
bounded in 7 due to the conditions imposed on a(z) in Section 3.4, it follows that the R(x;, §, §, t) constructed in Lemma 4
grows at most polynomially as a function of time 7. Hence, since, from Lemma 4, g = 0 whenever r > R(x1, 9, 9, 7), it is
seen that r(a~!(z)) grows at most polynomially as a function of time 7. © "

Lemma 6. Solutions to the closed-loop dynamical system formed by (1) and the designed dynamic controller exist over time
interval T € [0, 00). V' is uniformly bounded over the time interval © € [0, o0). The signals O(a~1(1)), 6(a~\ (1)), and ria (1))
grow at most polynomially in T as T — 0.

Proof. Define V=V+ %(92 — 0*)?. Noting from (56) that we have C(ii—éz = ¢y y1(x1, 7) where y1(x;, 7) is as defined in (58),
) T
and noting that §; > 0 for all 7 and that x1(x1,7) > 0 for all x; and 7, it is seen from (60) that

dv . A
I SRV H O = pp0a, 0, orlin + el’]. (65)
Denote the maximal interval (in terms of the 7 time variable) of existence of solutions by [0, zy). We will show below
by contradiction that 7y = co. Assuming 7y is finite, consider the two Cases (note that r is monotonically nondecreasing):
(C1) limf_,ffrb > 6*%;(C2) lim,_wfrb < 6*.
Under Case (C1), atime 7 < 77 should exist such that r’>0*forallr € [r ,77). Then, for all = € [z , 7), we should
-f -f -f

have g < —kV implying that V and therefore V (and therefore also x;) remain bounded on the maximal interval of

existence of solutions. Hence, by Lemma 5, §(a~'(z)), f(a~'(r)), and r(a~'(r)) grow at most polynomially in z. Therefore,
under Case (C1), we see that all closed-loop signals remain bounded over any finite time interval [0, zy). Hence, solutions
to the closed-loop dynamical system exist over the time interval = € [0, ).

Under Case (C2), we see by using the dynamics of r in (51), the definition of Q in (53), the definition of y, in (59), and
the observations that » > 1 and a(z) > ag for all time, that

ar s _ 6% + ey, 6.0, (66)
dr (o1)) -

where ¢ = max { i vi}. Hence, under the hypothesis of Case (C2), it follows that /Off 212(x1, 0, )dr < M with some finite

M if z; is finite. From (65), the definition of V in (29), and the definition of V above, it is seen, by noting that r > 0, that
dv

= <0 pr(x1, 0, 0KV, (67)
dr
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1 _1
Amin (Pc) ’ Cimin (Po)
edness of /OTf 21201, 0, 7)dr < M. Similar to Case (C1) above, it is then seen that boundedness of V implies that V and x; are

where k¥ = max { }. Hence, boundedness of V over a time interval [0, 77) with finite 7y follows from bound-

bounded over the maximal interval of existence of solutions and that the signals O(a~1(7)), é(a‘l(r)), and r(a™(r)) grow
at most polynomially in 7z, all closed-loop signals remain bounded over a finite time interval [0, t;), and that solutions to
the closed-loop dynamical system exist over the time interval = € [0, o). & [

Lemma7. V,xy, € 1, U, Xz, ... ,Xp, and X,, ... ,X, g0 to O exponentially as T — oo.

Proof. Noting from Lemma 6 that solutions to the closed-loop dynamical system exist over [0, o) and noting from the
dynamics of § and r that both § and r are monotonically nondecreasing with z and go to oo as 7 — o, it is seen that a finite
positive constant zj exists such thatd > 6* and r® > 6* for all time © > 7o. Hence, from (60), it follows that for all = > 7y, the
inequality % < —kV is satisfied. Hence, V goes to 0 exponentially as ¢ — co. From the definition of V from (29), it follows

thatx;, \/l_’ le], and \/7| n| go to 0 exponentially as ¢ — 0. Since, we know from Lemma 6 that r grows at most polynomially
in 7, it follows that |e| and || go to 0 exponentially as T — oo0. From the form of u in (16), this implies that u goes to 0
exponentially as 7 — o0.Sincex; = rq; — ¢ —re;and x; = F=l(y; — €),i = 3, ... , n, it therefore follows from Lemma 6 and
the design of the function ¢ that the signals x;, ... ,x, all go to 0 exponentially as 7 — oo. From the definition of functions
fiin (10), Assumption 1, and the fact that the functions g; can be chosen to be linear constant-coefficient combinations

of the functions ¢ 3), ... , Pw-1,») as noted in Section 3.6, it is seen that limxl_,of";il) = %. Therefore, since x; goes to
1 1.2)

0 exponentially as T — co while r grows at most polynomially, it is seen that r'~1f;(x;) goes to 0 exponentially as 7 — oo
fori=2, ... ,n. In addition, from the definition of the function ¢ in (15) and noting that § grows at most polynomially, it
follows that ¢ (x;, 8) goes to 0 exponentially as 7 — co. Hence, from the definition of #,, ... , 7, in (13) and (14), it is seen
that the observer state signals X, ... ,X, also go to 0 exponentially as ¢ — o0. Hence, from the above analysis, we see that
V,X1,€,1,U,X2, ... ,Xp,and Xz, ... ,X, all go to 0 exponentially as 7 — 0. & n

Conclusion of the proof of Theorem 1: Since ¢ — oo corresponds to t — T, the properties in Lemma 7 hold as t —» T.
Therefore, the signals x, u, and X = [X,, ... ,%,]" allgo to 0 as t — T, that is, prescribed-time stabilization is attained. Note
that T'> 0 can be arbitrarily picked by the control designer; given any T > 0, the control design procedure developed in
this article enables prescribed-time stabilization with convergence ast — T. &

Remark 6. As discussed above, the control design ensures that x and u go to 0 as t — T, that is, as ¢ — oo. In addition,
the observer state variables X,, ... ,X,, the vector of scaled observer errors ¢, and the vector of scaled observer estimates
n all go to 0 as t — T. However, the control gains, which from (16) involve r", go to oo as t — T. The characteristic that
control gains go to oo as t approaches the desired prescribed time T is intrinsic to the prescribed-time stabilization problem
and is shared with previous results in prescribed-time stabilization.?%27-33 It has been noted in References 26,27,33 that
indeed any approach for regulation in finite time (including optimal control with a terminal constraint and sliding mode
control based approaches with time-varying gains) will share this characteristic. Nevertheless, by the analysis above, we
see that the unbounded gains do not result in an unbounded control input u (which indeed converges to 0). However,
an implementation challenge can be posed by the fact that r goes to co as 7 — oo0. As shown in References 38,45, this
numerical challenge in implementing the dynamics of r can be alleviated through a temporal scaling ¥ = rz where 7 :
R — R is a function of r and computing r via the scaled state variable 7 instead of implementing the dynamics of r
directly. By picking, for example, z(r) = e%* with k, > 0 being any constant, it is seen that the scaled state variable 7 = rz is
uniformly bounded over the time interval = € [0, o) since we know from Lemma 6 from r grows at most polynomially in
7; furthermore, it is seen that 7 goes to 0 asymptotically as ¢ — oo. In addition, from the dynamics of r in (51), it is seen that
all the terms appearing in the expression for i = a(r)% grow at most polynomially in 7. Hence, it is seen that ¥ is uniformly
bounded and goes to zero as T — oo, that is, as t — o0. In addition, to alleviate numerical difficulties in implementation
due to unbounded gains as t — T (specifically, the facts that a(z), r, and § go to oo as t — T), a few approaches can be
utilized as noted in Reference 27. These approaches include adding a dead zone on the state x, a saturation on control
gains, and setting the terminal time in the controller implementation to be some T > T. All of these approaches sacrifice
asymptotic convergence of x to 0 as t > T (ie, x goes not to 0, but to a small neighborhood of 0 as t — T), but facilitate
practical implementation by preventing unbounded gains.?” &
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Design observer dynamics as in equation (9) in Section 3.1.

4

Define scaled observer estimates (1, ....,1,,) as in equations (13) and (14) in Section 3.2; define
control input structure as in equation (16) in Section 3.3.

I FIGURE 1 Block diagram of the

overall design procedure for the

proposed output-feedback
prescribed-time stabilizing controller for

the class of uncertain

strict-feedback-like systems (1)
I Define time scale transformation T = a(t) as in Section 3.4. l

¢

I Define the overall Lyapunov function as in Section 3.5. l

4

| Design observer and controller gains as in Section 3.6. l

4

Design the function {; as in equation (49), the dynamics of r as in equation (51), and the dynamics
of § as in equations (54)-(56) in Section 3.9, based on the analysis in Sections 3.7 and 3.8.

Remark 7. The designed controller is of dynamic order (n + 2) with the controller state comprising of the observer state
variables %, ... ,%,, the dynamic scaling variable r, and the dynamic adaptation state variables §, and 8,. The overall
controller is given by the observer dynamics (9), the definition of scaled states #,, ... ,#, in (14), the control law for u in
(16), the choice of ¢ and ¢; in (15) and (49), the dynamics of the adaptation parameters 6, and 0, in (55) and (56), and the
dynamics of scaling parameter r in (51). The overall design procedure is shown in Figure 1.

5 | ANILLUSTRATIVE EXAMPLE
Consider the third-order system

X1 =0+x)x ; y=x,
%2 = (14 x))x3 + 0,61%,,

X3 = U+ 0p%3 + 0cX7 COS(X3)X2, (68)

where 6,, 0y, and 6, are uncertain parameters (with no magnitude bounds required to be known). Only the output y=x;
is assumed to be measured. It can be seen that the uncertain parameters appear multiplied with unmeasured state vari-
ables x; and x3. Here, ¢p1 5)(x1) =1 + xf, dezx) =1+ x‘l‘, and po(x;) = 1. This system satisfies Assumption 1 with ¢ = 1.
Assumption 2 is satisfied with ¢(1,1) = (I)(Z,l) = ¢(3?1) =0, (]’)(2,2) = 1, ¢(3,2) = |X1 |, (]’)(3,3) = let, 6 = max {Egea,zgeb, Egac} with
¢y being any positive constant, and I'(x;) = El( |x1| + €%). Note that the form of the terms 6,¢*1x, and befx3 + 9fo cos(x3)x;
in the dynamics are not required to be known as long as bounds as in Assumption 2 are known. Assumption 3 is trivially
satisfied since n =3.

Using the constructive procedure in References 39,47,48, a symmetric positive-definite matrix P. and functions k, and

31 .
1 1] , kz = 5(1)(2’3), and k3 = 4(1)(2!3), and with

ve = 1.6754., v = @, and v, = 5a, with @, being any positive constant. In addition, using the constructive procedure in

k5 can be found to satisfy the coupled Lyapunov inequalities (31) as P, = @, [

—C
References 39,47,48, a symmetric positive-definite matrix P, and functions g, and g; can be found to satisfy the coupled

Lyapunov inequalities (32) as P, = d, [E% 2 2

v = 3.698a,, and v, = 33.8024d, with @, being any positive constant. The inequality (33) is satisfied with G =23.324. As

(o]

], g2 = 12(1)(2,3), and g3 = 20(]5(2,3), and Wlth Vo = 6.675&0, \70 = 32.070&0,

dr and f3(x) = 20 [ (d+x)

0 1+

3
the definitions of the functions f(x;) and f3(x;) can be evaluated in closed form using /;" (:ﬁ)dn = ’% —x1 + 2tan~t(xp).
1

4
in Section 3, the functions f, and f; are defined as f(x;) = 12 f it

o > dr. These integrals in
T4x7

A reduced-order observer is designed as

%2 = A +xH[%5 + r2f300)] — rg2(e)[%2 + rh0a)] — i), (69)

X3 = u— r’gs(x)[Xz + rf2(a)] = 2irf3 (%) (70)
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FIGURE 2 Simulations for the 1 0
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Then, defining n, = ), the control input is designed as u = —r3[ky#, + ksns]. The func-
tion « is picked for instance as in (26) in Remark 4 with any ao > 0. The function ¢, is given in (45). The function g,
reduces to 0 for this system since ¢ 1) = 0. The function ¢; is then defined as in (49) and the function ¢ is defined as in
(15). The functions w; and w, can be computed following the procedure in Section 3 (which yielded Equations (47) and
(48)) using sharper bounds taking the specific system structure into account and noting that several terms in the upper
bounds vanish since ¢ 1), and so on, are zero for this system. Finally, the function Q is defined as in (53) and the dynam-
ics of r is defined as in (51). The dynamic adaptation parameter 6 is defined as the combination §; + 6, as in (54) and the
dynamics of 6, and 6, are defined as in (55) and (56).

Taking the unknown values of ,, 6,, and 6, to be 8, = 8, = 6, = 2, the numerical simulation of the closed-loop sys-
tem is shown in Figure 2 with initial conditions for the system state vector [x;,x,,x3]7 being [1,1,1]". Since the initial
conditions for x, and x; are not known, the initial conditions for X, and X; are picked simply as the values that make the
initial values of the estimates for x, and x; zero, that is, such that X, + rf>(x;) and X3 + r?f3(x;) are zero at time ¢t = 0. Hence,
the initial condition for [&,, %3] is [— 1Q.85, —18.08]”. The initial conditions for r, 6, and , are picked tobe 1, 1, and 0,

respectively. Note that for this system, % reduces to 0 since as seen from (56), % has g,(x;) as a factor and g,(x;) is found

Sy +fy ()4 (0.0) and m. = B
r "3 r?

to be 0 for this example system as noted above. Therefore, with @, initialized to be 0, it is identically 0 for all time. The
terminal time for prescribed-time stabilization is specified as T'=0.2 s. To avoid numerical issues, the effective terminal
time T in implementation is defined as T = 0.205 s. The constant ¢, in the dynamics of r in (51) is given by (52) and the
constants ¢; and b are picked as 0.1 and 0.02, respectively. In addition, ay = 0.05, @, = 0.1, d, = 0.5, {, = 0.1, ¢y = 1073,
and ¢y = 10°. The closed-loop trajectories and the control input signal are shown in Figure 2.

6 | CONCLUSION

An adaptive dynamic output-feedback prescribed-time stabilizing controller was developed for a general class of uncer-
tain nonlinear strict-feedback-like systems which allows uncertain functions that can include crossproducts of unknown
parameters (without requiring any known magnitude bounds on the uncertain parameters) and unmeasured state vari-
ables. The design introduced several novel ingredients based on designs of time-varying dynamics of an adaptation state
variable and the high-gain scaling parameter to ensure that the uncertain parameters (without any known magnitude
bounds) that are coupled with the unmeasured state variables are dominated by the adaptation state variable and a frac-
tional power of the dynamic high-gain scaling parameter within a subinterval of the prescribed time interval so as to
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achieve exponential state and input convergence to zero within the remaining subinterval of the prescribed time interval.
The control design is performed over a transformed temporal representation that maps the finite prescribed time interval
to an infinite interval in the transformed time axis. It was shown that given any desired convergence time, the proposed
adaptive output-feedback control design provides both prescribed-time state estimation and prescribed-time state regula-
tion for the considered class of uncertain nonlinear systems irrespective of the initial conditions. It is a topic of on-going
work to determine if the proposed approach can be extended to other general classes of nonlinear systems (eg, feedforward
and nontriangular systems and systems with delays, appended dynamics, or input unmodeled dynamics).
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