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GLOBAL STABILIZATION OF A CLASS OF NONLINEAR
REACTION-DIFFUSION PARTIAL DIFFERENTIAL EQUATIONS
BY BOUNDARY FEEDBACK*

TASSON KARAFYLLIST AND MIROSLAV KRSTIC!

Abstract. This paper provides global exponential stabilization results by means of boundary
feedback control for one dimensional nonlinear unstable reaction-diffusion partial differential equa-
tions (PDEs) with nonlinearities of superlinear growth. The class of systems studied are parabolic
PDEs with nonlinear reaction terms that provide “damping” when the norm of the state is large
(the class includes reaction-diffusion PDEs with polynomial nonlinearities). The case of Dirichlet
actuation at one end of the domain is considered and a Control-Lypunov Functional construction
is applied in conjunction with Stampacchia’s truncation method. The paper also provides several
important auxiliary results, among which is an extension of Wirtinger’s inequality, used here for the
construction of the Control-Lyapunov functional.
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1. Introduction. The stabilization of equilibrium profiles for parabolic partial
differential equations (PDEs) by means of feedback control is an important problem
in control theory which has attracted the interest of many researchers. Research has
focused on linear parabolic PDEs, where several methodologies are available; see [8, 13]
and the backstepping design methodology described in [36]. Unstable nonlinear PDEs
are usually treated by performing a feedback design for the linearized model (see for ex-
ample [38]). Very few feedback design methodologies have been proposed for unstable
nonlinear parabolic PDEs: see the extension of the backstepping boundary feedback
design in [39, 40] (see also [5, 7] for applying backstepping to viscous Hamilton—Jacobi
PDESs) as well as feedback designs for distributed inputs in [11, 18, 33, 34]. In many
cases the stabilization results are local, guaranteeing exponential stability in specific
spatial norms. For nonlinear hyperbolic PDEs, feedback stabilization results are given
in [6, 12, 15, 16, 23, 32].

The recent paper [24] provided global exponential stabilization results in the L2
spatial norm for one dimensional (1-D) nonlinear parabolic PDEs by means of bound-
ary feedback. A small-gain methodology (based on the results in [22]) was applied
to parabolic PDEs with nonlinearities that satisfy a linear growth condition. It is
well known that global stabilization by means of boundary feedback may not be pos-
sible for parabolic PDEs with nonlinearities of superlinear growth due to the loss of
controllability and the existence of finite escape times (see [14, 17]).

The present work is the first paper that provides global exponential stabilization
results by means of boundary feedback control for 1-D nonlinear reaction-diffusion
PDEs with nonlinearities of superlinear growth. The class of systems studied is a
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specific class of PDEs where the nonlinear terms provide “damping” when the norm
of the state is large (which includes generalized Chafee-Infante PDEs and reaction-
diffusion PDEs with polynomial nonlinearities studied in [1, 10, 35, 37]). Nonlineari-
ties of this particular kind arise in many applications (see [37] and references therein):
superconductivity of liquids, combustion, nerve impulse transmission, and chemical
systems. We consider the case of Dirichlet actuation at one end of the domain. Our
methodology is different from the small-gain methodology in [24]: here we construct
Control-Lyapunov Functionals (CLFs) which provide exponential stability estimates
in the L? spatial norm. Lyapunov functionals for reaction-diffusion PDEs were re-
cently proposed in [29, 30]. However, due to the fact that the interval of existence of
the solution for reaction-diffusion PDEs is related to the sup-norm of the state, a more
involved analysis is required in order to guarantee existence of solutions for all times.
Applying Stampacchia’s truncation method (as presented in the proof of Theorem
10.3 in [9]) and exploiting the “damping” of the nonlinear reaction term when the
norm of the state is large, we are in a position to get bounds of the spatial sup-norm.
From a control-theoretic point of view this feature indicates a sharp contrast with the
nonlinear finite-dimensional case: in the nonlinear infinite-dimensional case a CLF
feedback design may not be sufficient for establishing existence of solutions for all
times (global solutions) and consequently may not allow a valid (not merely formal)
derivation of stability properties. Additional analysis may be required in order to ob-
tain bounds that guarantee the existence of the solution for all times and the pointwise
convergence of the solution to the desired equilibrium point (important in practice).

The obtained results guarantee global exponential stability in the L? spatial norm
and the H' spatial norm as well as global exponential convergence in the spatial sup-
norm. Thus we obtain different stabilization results in different spatial norms of the
state. This feature is well known in the dynamical systems literature of PDEs (see,
for example, the different attractors in different spaces presented in [37]).

We consider this work to be somewhat of a breakthrough in global stabilization
of open-loop unstable equilibria for nonlinear parabolic PDEs with nonlinearities of
superlinear growth. The paper advances a string of efforts over the past two decades
on this topic, which have so far resulted only in either global asymptotic stabilization
of equilibria that are already open-loop neutrally stable for sufficiently high viscosity-
like coefficients, such as for the viscous Burgers equation [2, 25, 28], KdV equation
[3], Kuramoto—Sivashinsky equation [27], and two-dimensional (2-D) Navier-Stokes
channel flow [4], or in merely regional stabilization for the open-loop unstable vis-
cous Burgers equation in [26] and for a class of integro-differential parabolic systems
with spatial Volterra operators on the right-hand side [39, 40]. In particular, the
methodology in [39, 40] is capable of handling a very wide class of nonlinear reaction
terms (including polynomial or analytic nonlinearities), and its main weakness (be-
sides complexity) is that it’s impossible to obtain global invertibility, even though the
basin of attraction can be large. In this paper we make a step forward in both allowing
open-loop instability and in achieving global asymptotic stabilization in closed loop.

The structure of the paper is as follows. Section 2 is devoted to the presentation of
the problem and the statement of the main result (Theorem 2.1). A discussion of the
main result is also provided in section 2 as well as an example (Example 2.4), which
illustrates how easily the main result can be applied to a given reaction-diffusion PDE.
Section 3 of the present work is devoted to the presentation of fundamental existence-
uniqueness results for semilinear reaction-diffusion PDEs with possible nonlocal terms.
Specific results are provided for the heat equation with Dirichlet boundary conditions
(Theorem 3.5). The existence-uniqueness results of section 3 are slightly different
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from similar results in [10] and can be used for control purposes (since the boundary
feedback gives a nonlocal term in the PDE after homogenizing the boundary condi-
tions). The proof of the main result is given in section 4 of the paper, where additional
auxiliary results are also presented. Among the auxiliary results, there is an extension
(Proposition 4.1) of the well-known Wirtinger’s inequality (see [19]). The concluding
remarks of the paper are provided in section 5.

Notation. Throughout this paper, we adopt the following notation.

* Ry = [0, +00).

% Let A C R™ be an open set, and let @ CRand A C U C A be given sets.
By C°(U )(or C°(U ; )), we denote the class of continuous mappings on U
(which take values in ). By C*(U) (or C*(U ; Q)), where k > 1, we denote
the class of continuous functions on U, which have continuous derivatives
of order k on U (and also take values in Q). For a differentiable function
u € C°([0,1]), v/(x) denotes the derivative with respect to = € [0, 1].

* For u,v € L?(0,1), (u,v) denotes the inner product in L?(0,1). For p €
[1,+00] and u € LP(0,1), [[ul|, is the norm of LP(0,1).

* Let u : Ry x [0,1] — R be given. We use the notation u[t] to denote the
profile at certain ¢ > 0, i.e., (u[t])(z) = u(t, x) for all x € [0,1]. When u(t, x)
is (twice) differentiable with respect to a € [0, 1], we use the notation wu, (¢, z)
(ugs(t,z)) for the (second) derivative of u with respect to x € [0,1], i.e.,
Uy (t, ) = g—z(t,x) (Uga(t, ) = gzg (t,x)). When u(t, z) is differentiable with
respect to ¢, we use the notation u(t,z) for the derivative of u with respect
to t, i.e., u(t,x) = %(Lx).

% For an integer k > 1, H*(0,1) (HE(0,1)) denotes the Sobolev space of func-
tions in L?(0,1) with all its weak derivatives up to order k > 1 in L?(0,1)
(with u(0) = u(1) = 0).

2. Problem statement and main result. Consider the scalar semilinear 1-D
reaction-diffusion PDE

(2.1) Ut = PlUgy + F(u),

where € (0,1), u(t,z) € R, and p > 0 is a constant, with Dirichlet boundary
conditions

(2.2) u(t,1) = U(t),

where U(t) € R is the boundary control input. The mapping F : C°([0,1]) —
C°([0,1]) that contains the reaction terms is assumed to satisfy the following condi-
tions:

(2.3) (F(w)(z) = f(z,u(x)) for x €[0,1] and u € C°([0,1]),

where f € C°([0,1] x R) is a locally Lipschitz function (in the sense that for every
compact S C R there exists L(S) > 0 such that |f(z,u) — f(z,w)| < L(S) |u — w| for
all z € [0,1], u,w € S) that satisfies

(2.4) u(f(z,u) — qu) < vu? — Blul’ for all u e R, z € [0,1],

(2.5) |f(z,u) — qu| < ylul +6u’™" forallueR
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for certain real constants ¢ € R, 7,9, B > 0, and b > 2. This is the class of reaction-
diffusion PDEs, for which (as implied by (2.4)) the nonlinear reaction term plays a
“stabilizing role” when the state becomes “large.” This class includes the polynomial
reaction-diffusion PDEs studied in [1, 10, 35, 37]. Indeed, all polynomial functions
fz,u) =Y 7_, ar(z)uk with odd degree (i.e., n being an odd integer) and negative
coefficient for the highest order term (i.e., a,(x) < 0 for all z € [0, 1]) satisfy inequal-
ities (2.4), (2.5) for appropriate constants ¢ € R, ~v,6, B > 0, and b > 2. It should
also be noted that linear advection terms can be handled by the proposed framework
after a preliminary transformation, which in general will force the nonlinear reaction
term to depend on both z and u (as it is assumed in (2.3)).

We consider the problem of existence/design of a linear boundary feedback law
of the form

(2.6) U(t) = —r (k,ult]),

where k € C?([0,1]) is a function and r € R is a constant, that achieves global expo-
nential stabilization of system (2.1), (2.2) in the L? norm as well as global exponential
convergence of the state to 0 in the L* norm.

The reasons that force us to consider only a linear (and not a nonlinear) boundary
feedback law are: (i) for a nonlinear boundary feedback law additional technical issues
arise which make the analysis of the closed-loop system almost impossible; these
technical issues are explained in detail in what follows (see Remark 3.6 and Remark
4.6 below), and (ii) a linear boundary feedback law has the nice feature that when the
nonlinear term is of the form f(z,u) = qu— B sgn(u) \u|b_1, whereg e R, B> 0,b> 2
are constants; then a simple scaling argument shows that stabilization is achieved
for all values of B > 0, and therefore, we do not need to know the exact value of
the constant B > 0 (robust stabilization). Such nonlinearities arise in important and
well-studied problems: the original Chafee-Infante problem and generalizations of this
problem (see [1] and references therein) as well as in the study of superconductivity
of liquids (see [37], pages 100-101).

The statement of the main result of the paper follows.

THEOREM 2.1. Consider the closed-loop system (2.1), (2.2), (2.6), where k €
C?([0,1]) is a function with k(0) = 0, k(1) = 1 that satisfies k" (z) = pk(z) for
x € [0,1] and for some constant p € R, p > 0, r € R are constants with 1—|—||l<:||§ r >0,
and F : C°([0,1]) — C°([0,1]) is defined by (2.3) for a locally Lipschitz function f €
CY([0,1] x R) that satisfies (2.4), (2.5) for certain real constants ¢ € R, v,8,B > 0
and b > 2 with B > §|r| ||k, Hk||% Suppose that there exists a constant € > 0 that
satisfies the following inequality

3n2e(1 +¢)
max | 0,72 (||K||2 + (32 — 1) 72 ||K]|2 — k'(1)) +rg +
< (R e e e

2
_(+9) k|5 + (3c — 1) &2 P +v (1 +|rl IIkIIQ)

(2.7) 2
() 005 = k2) 1kl Pl

)

where g = 2(3e — 1)72 + T—p k= \/Qfol k(x)sin(rz)dx. Moreover, if ¢ > 0, then
suppose that B > 0 and b > 2. Then for every ug € H?(0,1) with up(0) = 0, up(1) =
—r (k,ug), there exists a unique mapping u € C°(Ry x [0,1]) N C*((0, +o0); L2(0,1))
with u[0] = wug, ult] € H%(0,1) for all t > 0 for which (2.1) holds for all t > 0
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2), (2.6) hold for all t > 0. Moreover, there exist constants G,o > 0 and a

nondecreasing function ¥ : Ry — R4 such that the following estimates,

(2.8)

(2.9)

(2.10)

[ult]ll, < G exp(—at) [[u[0]]],,

lult]l o < V2G exp(~ot) \/HU'OHQ (lublly + (M) [|uoll,),

[us[t]lly < exp(=ot) ([[uglly + ¢ (M) [Juoll,)

hold for allt > 0, where M := max{K, |lugll,, , G|r|l[kll, [uoll,}, K := (B~ 1q)V/(0=2)
when ¢ > 0 and K := 0 when q < 0.

Remark 2.2. (a) The state space for the closed-loop system (2.1), (2.2), (2.6)

(b)

is the space X = {u € H?(0,1) : u(0) =u(1) +r (k,u) = 0}. Notice that
if u[0] = up € X, then uft] € X for all t > 0.

Estimate (2.8) shows global exponential stability in the L? norm. Estimate
(2.10) in conjunction with estimate (2.8) and the fact that |jul| < ||u'||5, for
all w € H'(0,1) with u(0) = 0 allow the derivation of the estimate for ¢ > 0

(2.11) l[ua[t]lly + l[ultlll, < exp(=ot) (Juglly + [[uoll,)
X (1+G+9 (K + 1+ Gl [[Elly) (luplly + [luoll))) -

The above estimate shows global exponential stability in the H' norm.
Estimate (2.9) does not allow us to conclude global asymptotic stability in
the L norm because the right-hand side of (2.9) cannot be bounded by a
function of the L norm of the initial condition. On the other hand, estimate
(2.9) is useful because it demonstrates exponential convergence in the L™
norm. Moreover, estimate (2.9) shows global asymptotic output stability (see
[20]) for the output map X 3> u — y = u € L°(0,1), which simply maps the
state to a different space.

Due to the fact that f € C°([0,1] x R) is a locally Lipschitz function, it
follows that there exists a nondecreasing function L : Ry — Ry for the
mapping F : C°([0,1]) — C°([0,1]) defined by (2.3), for which the following
property holds:

1F(w) = F(v)llo < L (max (Jull , [vllo0)) 1w = vllo for all u,v e CO([0,1]).

The above Lipschitz property will be used heavily for the existence/uniqueness
results of the following section.

Remark 2.3. (i) The proof of Theorem 2.1 is based on the use of a CLF for
system (2.1), (2.2), (2.6), namely, the quadratic functional
1
(2.12) Vi) = 5 flull; + g (k,u)? for ue L*0,1).

(i)

It is interesting to note that for the case r = 0 (open-loop system), inequality
(2.7) for € = 0 gives the inequality ¢ < pm?, which is exactly the condition that
guarantees global exponential stability in the L? norm for the linearization
of system (2.1), (2.2), (2.6) around zero.
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(iii) The linearization of system (2.1), (2.2), (2.6) around zero is only “mildly

1 E|?+(3e—1) k2
t ! +(81)+”6)”|U;TI(2E’€§') L < 4 for every

nonzero k € L?(0,1) and for every e > 0. Therefore, inequality (2.7) (in
conjunction with the fact that v > 0) implies the following inequality:

unstable.” To understand this notice tha

q < 4m%p.

The above inequality implies that at most one mode is unstable for the lin-
earization of system (2.1), (2.2), (2.6) around zero.
(iv) The functions k € C%([0,1]) with k(0) = 0, k(1) = 1 that satisfy k”(z) =
pk(z) for z € [0, 1] and for some constant 4 € R are
1. k(z) = x, where p =0,

2. k(z) = S;ir‘nh}f(ccg;), where 1 = ¢, ¢ > 0,

3. k(z) = S;E](E‘jf)), where = —w? w >0 and w # nr forn =1,2,...
Therefore, one of the above functions can be used as the kernel of the bound-
ary feedback stabilizer u(¢,1) = —r (k,u[t]). Therefore, for a given nonlin-
earity that satisfies (2.4), (2.5) one has to select in an appropriate way three
parameters: p € R (which also specifies k& € C?([0,1])), r € R, and ¢ > 0.
These three parameters must be selected in such a way so that inequality
(2.7) as well as inequalities 1 + ||k:||§7" >0, B>4|r| |k, ||k||ﬁ hold.

The following example illustrates how easily we can use Theorem 2.1 for the global
exponential stabilization of a reaction-diffusion PDE.

Example 2.4. Consider the nonlinear reaction-diffusion PDE that arises in the
study of superconductivity of liquids (see [37], pages 100-101):

(2.13) Uy = Plgy + qu — Bu®,
u(t,0) =0,
u(t,1) = U(t)

for (t,z) € (0,4+00) x (0,1), where p > 0, ¢, B € R are constants. We show next that
global stabilization of system (2.13) can be achieved provided that

q ~

w2 18— w2 —18)2 727 _
TSI T 0.38, 1= 514 (1)1 2 2.823, g = T ~ 0.03,

where s = 5 A

272
by means of the boundary feedback law

(2.15) Ut) = —r/o au(t, x)dx.

Therefore, we are in a position to achieve global stabilization without knowing the
values of the constants B, g, p; only the ratio ¢/p is required to be known. It should be
noticed that inequalities (2.14) allow the case where ¢ > pr?, i.e., the case where the
linearization of system (2.13) around zero with U = 0 (open-loop system) is unstable.
Indeed, notice that the closed-loop system (2.13), (2.15) is of the form (2.1), (2.2),
(2.6) with f(z,u) = qu — Bu® and k(z) = z for z € [0,1]. Inequalities (2.4), (2.5)
hold with vy =0, b = 4 and 6 = B. Condition (2.7) takes the form
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3¢ r? q 9m*e(L + <)
=9 —) o 2B -Urt+ ——r+ o5
pﬂ-2 -+ max <O7 (36 ) 3 + (35 )r + p7‘r2r + (1 + E>7T2 — 6

(1+e)m? +6(3c—1)

<3
(I4+¢e)m2 -6

and using the fact that (77152)(;7;1)36 = s, the above condition takes

1—s

Setting ¢ =
the form

q 1 r2 pri(1+5s) —q
— 2 - 0,—= — P L34, 4 3) <1
+ max( 3 pr2(1+s) Tt

The fact that & max(0, —% — 2gr + 3) < g in conjunction with (2.14) guarantee
that the above mequahty (and equivalently condition (2.7)) holds. Condition 1 +
Hk||§ r > 0 holds automatically. Finally, the condition B > 5\r|||k:||b||k|| b withb =4
and § = B is equivalent to the condition r < 5/ 4( )3/4, which also holds Therefore,
all assumptions of Theorem 2.1 hold and consequently, there exist constants G,o > 0

and a nondecreasing function ¢ : Ry — Ry such that estimates (2.8), (2.9), (2.10)
hold for all ¢ > 0.

3. Existence and a uniqueness result. The goal of this section is the proof
of the following existence/uniqueness result.

THEOREM 3.1. Let p > 0 be a constant, and let F : C°([0,1]) — C°([0,1]) be a
continuous mapping with F(0) = 0, for which there exists a nondecreasing function
L:R, — (0,+00) such that the following property holds:

(3.1)
|1F(w) = P, < L (nax (Jull ol o)) lu = vl » for all u,v e °(0,1))

Let k € C?([0,1]) be a function with k(0) = 0. Then for every ug € H%(0,1) with
(O) =0, ug(1) = (k,up), there ezists tmax(uo) € (0,400] and a unique mapping u €
CO([0, tmax (u0)) x [0, L) NC (0, tmax (u0)); L*(0, 1)) with u[0] = uo, ult] € H?(0,1) for
allt € [0, tmax(uo)), for which the mapping t — HUL [t] — kult] ||; is C1 on [0, tymax (1))
and for which the following equations hold:

(3.2) wi[t] = pug[t] + F(ult]), for t € (0,tmax(uo)),
u(t,0) =0,

(3.3) u(t,1) = (k,ult]), for t € [0,tmax(uo)),

(3.4)

gt — ]

= —2p |Juga[t] — kuy[t] — E’u[t]”i — 2(KF(ult]) + pGult], ugy [t] — kug[t] — K'ult])

for t € [0, tmax(wo)), where K,G : L*(0,1) — L*(0,1) are the continuous linear
operators defined by the following equations for all w € L*(0,1), = € [0,1]:

(3.5) (Ku)(x / (s
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(3.6) (Gu)(z) = 2K (z)u(z) — /Ow K" (s)u(s)ds.

Moreover, if tmax(ug) < +00, then lim (|uft]]| ) = +oo.

t—tmax
In order to prove Theorem 3.1, we need to show first several auxiliary results. We
follow the methodology of Chapter 4 in [10], and we start with the following lemma.

LEMMA 3.2. Let p > 0 be a constant, and let F : C°([0,1]) — C°(]0,1]) be a
continuous mapping with F(0) = 0, for which there exists a nondecreasing function
L:Ry — (0,+00) such that (3.1) holds. Then for every wy € HZ(0,1), M > 0 and
for every T > 0 with

(3.7)

1< 7 (/3 6) S5 e (o ol 4 0) 370 )

n=1
there exists a unique mapping w € S, where

si={ueco11x 0.1+ max (i) < VE ol +

<t<
such that the following equation holds for all (t,z) € [0,T] x [0, 1]:
(3.8)

wit, z) = 2 f: [exp (—pn?r*) / " wo(s) sin(mrs)ds} sin(nz)

n=1 0

+2 nil { /O exp (—=pnr2(t — 7)) < /0 1(F(w[7]))(s) sin(mrs)ds) dr] sin(nmz).

Proof. Let wo € HZ(0,1), M > 0, T > 0 with (3.7) be given. Notice that

) 1

(3.9 w(t,z) =2 Z [exp (—pn’n?t) / wo(s) sin(nﬂ's)ds} sin(nmx)
n=1 0

for (t,z) € [0,T] x [0,1], is the solution w € C°([0,T] x [0,1]) N C*((0,T] x [0,1])

with @[t] € C?([0,1]) for ¢t > 0 of the heat equation w[t] = pi,.[t] with Dirichlet

boundary conditions and initial condition w[0] = wq, which by virtue of Remark 2.6

in [21, 22] satisfies

(3.10) ma ([[t].0) < V2 woll

Indeed, (3.10) is established by a density argument since Remark 2.6 applies to initial
conditions in C2([0, 1]) while here we have wy € H?(0,1). For each fixed wo € H?(0, 1)
define the operator P : CY([0, T] x [0, 1]) — C°([0,T] x [0, 1]) by means of the equation

(3.11)
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for (t,z) € [0,T] x [0,1]. Indeed, P : C°([0,T] x [0,1]) — C°([0,T] x [0,1]) is a well-

defined mapping by (3.11) since the facts that 2f01 sin®(nmz)dr =1 forn =1,2,...,
F(0) =0 and (3.1) imply the following inequality:

(3.12) ‘2 /0 Cexp (—pnr2(t — 7)) < /0 1(F’(w[7]))(s) sin(mrs)ds) dr

L max (o))
<V2 ( =7 >max (lwltll)

pn2m2 0<t<T

for all t € [0,7] and n = 1,2,..., which shows that the series in the right-hand side
of (3.11) converges absolutely and uniformly. Defining

5= {w € C°([0,7) x [0,1]) : max (Jwlt]l.) < V2 [lwoll +M},

0<t<T

we next notice that (3.7) guarantees that P maps S into S. Indeed, for every w € S,
the fact that F/(0) = 0 and (3.1) imply the following inequalities:

(3.13) ’2 /0 exp (—pn2n2(t — 1) ( /0 ) () sin(mrs)ds) ir

<V3(9) L(g) / exp (—prr?(t — 7)) dr
2/3

< V2 (g) L (g) exp (—pn®n2t) ( /O exp (3pn2ri/2) dr) /3

2/3
exp (3pn2ﬂ'2t/2) 4173
3pn2m2

<V2(g9)L(g)exp (—pn27r2t) (2

2/
S\@(Q)L(g)< 2 ) 3T1/3n74/3

3pm2

forallt € [0,7] and n = 1,2,..., where g = v/2 ||lwo|| ., + M. Notice that we have used

above Holder’s inequality as well as the facts that ¢ € [0, 7] and 2 fol sin?(nmz)de = 1
for n = 1,2,.... Inequality (3.13) in conjunction with (3.7), definition (3.11), and
estimate (3.10) guarantees that Pw € S. Finally using a similar line of operations as
in (3.13) we get for every w,u € S:

2 [ e (cpnite =) ([ (Flatr) — i) sintumsyis ) dr

5 \2/3

. < e 1/3,—4/3 _
314 < VAL (Vallunl + 1) (32 ) TR (folr] - ulrlo)
forallt € [0,T]) and n = 1,2, .... Inequality (3.14) in conjunction with (3.7), definition
(3.11) guarantees that

((Pw)(t. ) — (Pu)(t,2)) < = m

(3.15) - 2031&§T%§x§1

Ogtgnil’,%)émgl (|U}(t, 'T) - u(ta Jf)|) .

Therefore, the mapping P : S — S is a contraction. The conclusion of the lemma
follows from Banach’s fixed point theorem. The proof is complete. 0
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The following lemma guarantees important regularity properties for the solutions of
(3.8).

LEMMA 3.3. Let p > 0 be a constant, and let F : C°([0,1]) — C°([0,1]) be
a continuous mapping with F(0) = 0, for which there exists a nondecreasing func-
tion L : Ry — (0,400) such that (3.1) holds. Let woy € HZ(0,1) be given, and
let w e C°([0,T] x [0,1]) be a solution of (3.8) for certain T > 0. Then w €
CL((0,T]; L*(0,1)) with w[t] € HZ(0,1) for all t € [0,T]. Moreover, the mapping
t— ||ws [t]||§ is C* on [0,T], and the following equations hold:
(3.16) we[t] = pwee[t] + F(w[t]) for t € (0,T],

(B17) w1 = 2 a1 — 2 (P wauld) for ¢ € [0,7).

Proof. Let w € C°([0,T] x [0,1]) be a solution of (3.8). Notice that since
|exp (—pnzwzt) — exp (fpn27r2t0){

o ont/r (T —1 (=i 2_2 1/r
< (pn T ) — exp(—pn“mty) (t — to)

forallm > 1,t >ty >0, r > 1, and since fol wo(s) sin(nws)ds = ——— fol wy (s) sin
(nms)ds for n = 1,2, ..., we obtain from (3.8) for all r > 2, t,tg € [0,T] with ¢ > to:

(3.18)
[[w[t] = wlto]ll

SQZ{ i exp (—pn®et) — exp (~pn*to)| /O 1 |w'0’(s)sin(nﬂ's)|ds}
+22 { / exp (—pn2n*(t — 7)) g(T)dT}

t
+2Z {Iexp —pn®m’t) — exp (—pn’mto)| / Cexp (PnQWQT)!J(T)dT}
0

(r=1)/r o0
r—1 1/ (r—1 r
<Va(Gm)  (phedl 2, (1F D) ) -t St

where g(7 fo | ) (s) sin(mrs)’ ds. Notice that for the above derivation we
have used the Cauchy Schwarz inequality and the facts that |sin(n7z)| < 1 and
2f01 sin?(nmz)dr = 1 for n = 1,2,.... Tt follows from (3.18) that the following in-
equality for all r > 2, t,tg € [0,T]:
(3.19) lwlt] — wlto]|| o, < K(T,r,p,w) It —to|"/",
where

pr? 0<t<T

r—1 (r—1)/r 0o
K rp)=VE (S ) (ol + 2 ma, (1FGED) ) o020
n=1
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Setting ¢, (z) = v2sin(nwz) for x € [0,1], we get from (3.8) for n = 1,2,... and
te[0,T:

(3.20)
022 (wlt], én) = p~* (1 — exp (—pnr®)) (F(wlt]), én) — exp (—pn2r®t) (wll, bn)
+n?n? /0 exp (—pnri(t — 7)) (Flulr]) — F(wlt), 6a) dr
Using (3.1), (3.19), and (3.20) we get for n =1,2,..., 7 > 2 and t € [0, T]:
(3.21)
n°m? [(wlt], ¢n)| < p~ ' [(F(wlt]), én)| + [(wh, dn)]

+ n27r2/0 exp (—pn27r2(t — T)) KF(?U[TD — F(w[t]), ¢n>| dr

HCF i), ¢n )| + [{wg, én)l

bl (Orgggt(lw[ 1)) [ exp (-pna2(e =)l - witl.. o
TP (wlt]) dn)] + [(wg s )l

+n2r’L (maéuw[ ]||OO)) K(T,r,p, w) /Ot(t—f)l/r exp (—pn®r?(t — 7)) dr.

We also have for n =1,2,...,r € (2,4), a € (%,2) and t € [0,T7]:
t
/ (t— 1)/ exp (=pn®n®(t — 7)) dr
0

< / (t — 7)Y exp (—pn27r2(t —7))dr

max(0,t—n—2)

max(0,t—n~"%)
+ / (t — 1)/ exp (—pn®m?(t — 7)) dr
0

2—a, 2
< n—a/'f 1 + Tl/'r' €xp (_pn m )

- pn2m2 pn2m2

Using the fact that n exp(—pn?~?7?) < (m)l/@*“), forn=1,2,...,a€ (5
r € (2,4) in conjunction with the above inequality, we get for n =1,2,..., r € (2,4),
a€(%,2),and t €0,T]:

(3.22)
t Y 5 o n—a/r 1/ 1 1/(2—a)
— r — - < 1+7Y" | —————— .
/0 (t—7)"/"exp ( pn T (t 7')) dr < o2 + (p7‘d’26(2 — a))

2), and

Combining (3.22) with (3.21) we get for n = 1,2,..., r € (2,4), a € (g,
tel0,1:

(3.23)
n*m? [(w[t], )| < p~ ' [(F(w[t]), )| + [(wg, ¢n)]
1/(2—a)
nfa/r max (||w[r T, p, W 1/r ; .
we L (s Hnoo))K(T, » ><1+T ( ) )

pr2e(2 —a
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Inequality (3.23) in conjunction with the fact that {¢, : n=1,2,...} is an orthonor-
mal basis of L?(0, 1) and Parseval’s identity, shows that w[t] € H3(0,1) for all t € [0, T
with

W[t Z%exp —pn°7t) (W), dn)

—p‘lzdm(l—e}cp( pr®m?t)) (F(wlt]), dn)

(3.24) — Z n2r2¢, / exp (—pn27r2(t — T)) <F(w[7‘}) — F(w[t]), ¢n> dr,
n=1 0
wy[t] =p~ ! Z n~ 7, (1 — exp (—pnzﬂ'zt)) <F ¢,L>

on 7, exp (— pn27r2t) (wy, dn)

n=1

(3.25) + Z nm, /0 exp (—pn2w2(t — 7')) <F‘(w[7']) — F(wl[t]), d)n> dr

for t € [0,T], where v, (z) = v/2cos(nwz) for x € [0,1]. Differentiating formally
with respect to ¢ € [0, 7] the right-hand side of (3.8) and using the fact that fol wo($)

fl w( (s) sin(nms)ds for n = 1,2, ..., we obtain the Fourier series:

sin(nms)ds = — 0

n2n2

P dnexp (—pn’m’t) (w, én) + Z On exp (—pn®n’t) (F(wlt]), dn)

n=1

" pun?n? / exp (—pn?n(t — 7)) (F(wlr]) - F(wlt)), 6,) dr.

Similarly as above and using the fact that pn?72t exp (—pn27r2t) < e~ !, we show that

the absolute value of each Fourier coefficient of the above series is bounded by

n727r72t51671p710r<117a<xT (HF || ) +p(wg, én)l

) 1/(2—a)
afr /e -
+n” L<rgg§t(llw[ ]Ioo)> K(T,r,p,w) <1+T <p7r2e(2—a)>

forn=1,2,. ,4
shows that w G C1 ((0,7); L

€(%,2),t € (0,7), and ¢ € [to, T]. The above inequality
(0, ) with
(3.26)

we[t] = pz bn exp (—pn?m2t) (wf, dn) + Z ¢ exp (—pn®mt) (F(w[t]), dn)

n=1

—p Z dpn’m? /0 exp (—pn27r2(t — T)) <F‘(w[7']) — F(wl[t]), ¢n> dr

for all ¢ € (0,T]. Equation (3.16) is a direct consequence of (3.24) and (3.26).
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Finally, we show the validity of (3.17). Writing (3.8), (3.24), and (3.25) in a
different way (using the fact that fol wp(s) sin(nms)ds = —
forn=1,2,...), we get for all ¢t € [0, T):

# fol wy (s) sin(nms)ds

(3.27)
w. ex n?m? —n?r? tex —pn?rl(t— 71 F(w(T n) AT |,
ol Z%[ p (-pnnt) an —nn? [ exp (gt 7)) (Flulr) ) dr

(3.28)
t] :Z Un |:—TL717T71 exp (—pn2712t) antnm /exp (—pn27r2(t — 7)) (F(w[r]), ¢n) dr] ,

0

(3.29)
1] :Z b [—n‘27r_2 exp (—pn®mt) a,+ /texp (=pn®m?(t — 7)) (F(w][r]), dn) dT:| )
n=1 0
(3.30)
||wx[tH|§ ZZ [n_lﬂ_l exp (—pn27r2t) Ap—NT /Oexp (—pn27r —7)) (F(wl[r]), ¢n) dr} ,

where a,, = (w(, ¢n). Notice that (3.30) is derived from (3.28) by using the fact that
{thp : n=0,1,2,...} with ¢g(x) = 1 for = € [0,1] is an orthonormal basis of L?(0,1)
in conjunction with Parseval’s identity. Differentiating formally the right-hand side
of (3.30) with respect to ¢ € [0,T], we get (using (3.26), (3.28), (3.29)) the following
series for all ¢ € [0, T7:

—2p§jn t], én) +2Zn2w2 (F(w[t]), dn) (wlt], dn) ,

which by virtue of (3.23) converges uniformly and absolutely for all ¢ € [0,T]. Using
(3.27) and (3.29), we obtain (3.17) for all ¢t € [0,T]. The proof is complete. d

The following lemma clarifies what happens when the solution of (3.8) cannot be
continued.

LEMMA 3.4. Let p > 0 be a constant, and let F : C°([0,1]) — C°([0,1]) be
a continuous mapping with F(0) = 0, for which there exists a nondecreasing func-
tion L : Ry — (0,400) such that (3.1) holds. Then for every wog € HZ(0,1) there
ezists tmax(wo) € (0,+00] and a mapping w € C°([0, tmax(wo)) % [0,1]) such that
(3.8) holds for all (t,z) € [0, tmax(wo)) x [0,1]. Moreover, if tmax(wo) < 400, then
i (Juwftl) =

—timax
Proof. Define for each wo € HZ(0,1)
(3.31)  tmax(wo) :==sup{T >0 : Jw e C°([0,7] x [0,1]) that satisfies (33) },

and notice that the set {7 >0 : Jw e C°([0,T] x [0,1]) that satisfies (33) } is
nonempty (by virtue of Lemma 3.2). Suppose that tyax(wo) < +oo. For every
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T € (0, tmax(wp)) there exists w € C°([0,T] x [0,1]) that satisfies (3.8). Consider a
solution u € C°([0,7"] x [0,1]) of

(3.32)
u(t,x) = QZ [exp —pn’m )/01 uo(s) sin(mrs)ds] sin(nma)

+2 Z [ / exp (—pn’m?(t — 7)) ( /O 1(F(um))(s) sin(mrs)ds) dT] sin(nmz),

where ug = w[T]. Notice that Lemma 3.3 guarantees that ug € H3(0,1). By virtue
of Lemma 3.2, such a solution u € C°([0,7"] x [0, 1]) exists for all 77 > 0 with

9 -3

T’ggé’\g ((max(z,\mw[cr]n 1) L (V2 Ilw(T]] +1)Zn )

Moreover, consider the function:

o uliftepT)
(3.33) wlt] -—{ ult —T) if t e (I,T +1T7).

Notice that @ € C°([0,7 + T'] x [0,1]) and that @ is a solution of (3.8). Thus,
definition (3.31) implies that

95;7;4 <<max(2,¢§||w[T]|| )) (f”w +1)Zn_4/3> LT
< tmax(wo)

which shows that lim (||w[T]||, ) = +o0o. The proof is complete. d

T—tmax

The following theorem deals with a similar case to that of Theorem 3.1, but the
boundary conditions are homogeneous.

THEOREM 3.5. Let p > 0 be a constant, and let F : C°([0,1]) — C°([0,1]) be
a continuous mapping with F(0) = 0, for which there exists a nondecreasing func-
tion L : Ry — (0,+00) such that (3.1) holds. Then for every wy € HZ(0,1) there
ezists tmax(wo) € (0,400] and a unique mapping w € C°([0, tmax(wo)) x [0,1]) N
CH((0, tmax(wo)); L*(0,1)) with w[0] = wo, w[t] € H(0,1) for all t € [0, tmax(wo)),
for which the mapping t — ||w, [t]||§ is C1 on [0, tmax(wo)) and for which the following
equations hold:

(3.34) wi[t] = pwae[t] + F(w[t]), for t € (0, tmax(wo)),
(3.35) % lwalt]|l5 = —2p [lwae[t]l5 — 2 (F(w[t]), wast]) . for t € [0, tmax(wo)).

Moreover, if tmax(wo) < o0, then lim (|lw[t]| ) = +oo.
t—tmax

Proof. The result is a direct consequence of Lemma 3.3 and Lemma 3.4. The
only thing that needs to be shown is uniqueness.

Let wg € HZ(0,1) and T > 0 be given, and consider two solutions w,u
CO(10,7] % [0,1]) 1 CL((0, T; L2(0, 1)) with w[0] = ulo] = wo, wlt], uft] € HA(0,
for all t € [0,7), for which the equations w[t] = pw..[t] + F(w[t]) and wu[t]
P[] + F(ult]) hold for t € [0, T]. Notice that necessarily w,u satisfy

IEm
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(336)
w<t,x>=;[exp( PPt — to) /01< o)) (5)n >ds] ou()
; i i exp (—pn®m(t — 1o — 7)) (/ (Flufto + D)($)6 (5)ds ) dr] o),
(337
“(t’””):;l[e b (~prin (t—t0>)/01< to])()6n >ds} ()

3 [[ e (ot tomr) ([t + 6160615 ) ar onter)

for all tg,x € [0,7T] x [0,1] and t € [tg, T], where ¢,(z) = v/2sin(nnz) for = € [0,1].
Notice that (3.36), (3.37) give (3.8) and (3.32) for ¢ty = 0. Define

(3.38) M i ma g (ol g, (i)

(3.39)

! <¢§L< (14 VI )zn /% (mas (2, (1+ v2)1) Ml/S)))_g-

By virtue of Lemma 3.2 and the fact that w[0] = u[0] = wo, we have w[t] = u]t]
on [0, min(r,T)]. If r > T, then we conclude that w = w on [0,7]. On the other hand,
if » < T then we apply Lemma 3.2 to (3.36), (3.37) with top = r. Using the fact that
wlr] = ulr], we get w[t] = u[t] on [0, min(2r,T)]. Similarly, we may continue to show
that w[t] = u[t] on [0, min(nr,T)] for all n > 1. Thus, we conclude that w = u on
[0,T7.

Since T > 0 is arbitrary, we have shown uniqueness of the mapping

w € CO[0, tma(10)) [0, L)NC (0, b (10)); L2(0, 1)) with w0} =wo, wlt]e HZ(0,1)

for all t € [0, tmax(wo)), which satisfies (3.34). The proof is complete. 0
We are now ready to provide the proof of Theorem 3.1.

Proof of Theorem 3.1. Consider the Volterra operator K : L?(0,1) — L?(0,1)
defined by (3.5) with inverse

(3.40)
(K~ 1w) / k(7) exp (/ k(s ds) m)dr for w e L*(0,1), = € [0,1].

Consider also the linear continuous operator G : L?(0,1) — L?(0, 1) defined by (3.6).
Using (3.5), (3.6), we can guarantee that the transformation w(t] = Ku[t] transforms
the solutions of (3.2), (3.3) with initial condition u[0] = ug to the solutions of

(3.41) wi[t] = pwao[t] + pGK tw(t] + KF(K wlt]),

(3.42) w(t,0) = w(t,1) = 0
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with initial condition w[0] = wq given by
(343) wo = KUO.

Moreover, using (3.5), (3.6), we can guarantee that the transformation u[t] = K~ 1w][t]
transforms the solutions of (3.41), (3.42) with initial condition w[0] = wq to the
solutions of (3.2), (3.3) with ug = K~ uo.

Notice that by virtue of (3.1) and the fact that both K, K~! are continuous
linear operators on C°([0,1]), the (nonlinear) operator F : C°([0,1]) — C°([0,1])
defined by F(w) = pGK ~'w+ K F(K~'w) for all w € C°([0, 1]) satisfies (3.1) with F
replaced by F (and a different function L). Theorem 3.5 implies that the solution of
(3.41), (3.42) with initial condition given by (3.43) for up € H?(0,1) with uo(0) = 0,
uo(1) = (k,uo), exists locally and is unique. Therefore, the solution of (3.2), (3.3)
with initial condition u[0] = wug exists locally and is unique. Inequality (3.4) follows
directly from (3.35), (3.5) and the fact that w[t] = Kult].

The proof is complete. ]

Remark 3.6. The proof of Theorem 3.1, which uses Theorem 3.5, shows one im-
portant technical issue that would arise in the case of a nonlinear boundary feedback
law: since the solution given by Theorem 3.5 is of class C1((0, tmax(wo)); L2(0,1)), the
time derivative of the control action would not be differentiable if the feedback law
is nonlinear. That would not allow the homogenization of the boundary conditions
(as performed in the proof of Theorem 3.1), which is necessary for the development
of existence/uniqueness results.

4. Proof of main result. For the proof of Theorem 2.1, several auxiliary results
are needed. The auxiliary results are of independent interest. We start with the
following proposition which extends the well-known Wirtinger’s inequality.

PROPOSITION 4.1 (Extension of Wirtinger’s inequality). For every u € H(0,1)
and for every nonzero k € L2(0,1) the following inequality holds for every e > 0:

3(1+¢) (|Ik]|2 — &3

2 2

(41) [4- (2 2) w2 Jlully < Jlu'|l5 +
(1+e) |kl — &3

3m2e(1+¢)
3
(1+e) [[kll; — k2

(k,u)?,

where ki = ﬂfol k(x)sin(rz)dx.

Remark 4.2. For € = 0 inequality (4.1) gives the well-known Wirtinger’s inequal-
ity: 7 [lull; <[]

Proof. First notice that when k; = 0 inequality (4.1) becomes

2 2 2
© ully < ']l + (kyu)”,

EE

which holds for all ¢ > 0 (by virtue of Wirtinger’s inequality). Similarly, for e = 0
inequality (4.1) gives Wirtinger’s inequality.

Next we assume that k; # 0, and we show inequality (4.1) for every € > 0. Since
u € HY(0,1) with u(0) = u(1) = 0, it follows that

(4.2) u= Z (U, Pr) Gn,

n=1
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(oo}

(4.3) Z Uy Gn) P,

where ¢, (z) = v/2sin(nmz), ¥, (x) = v2cos(nmz), and the above equalities are in
the sense of L?(0,1). Since k € L%(0,1), we get from (4.2) and definition k; =

\ffo ) sin(7x)dz:

(4.4) (kyu) = ky (u Z (ky ) (u, dn) -

Moreover, since {¢, : n=1,2,...} and {¢, : n=10,1,2,...} with ¢o(z) = 1 for
x € [0,1] are orthonormal bases of L?(0, 1), we obtain from (4.2), (4.3), and Parseval’s
identity:

o0 o0 9 o0
45)  ully = (wdn)®, k5 =D (k,6n)” and |[u'll; =Y n’x*
n=1 n=1 n=1

Using (4.4) and the Cauchy—Schwarz inequality, we get

o o 1/2
(46) |<u,¢1>k;1<k,u>|szﬁ|—l< m) (z ) |
2

n= n=2
The triangle inequality (which implies |(u, ¢1)| < |(u, ¢1) — Tk )|+ |k k,u)|)
gives the following inequality for all € > 0
_ _ 2 _ 2
(s @) < (T4 e7") [{usdn) = kit (k)| + (L+2) [kt (k)|

which in conjunction with (4.5) and (4.6) and the following inequality (which is a
consequence of (4.5) and (4.6))

)

_ 1/2 1/2
[, 01) = k7 ()] < Voa | (IRIZ = &) (Il = G, 9)°)

gives for all ¢ > 0:

,_ () (Il - 17) ol c(l+e)
A+e)lklz -k 7 Q+e)llkl:— &2

4.7 (w61 (K, u)|”

Moreover, we obtain from (4.5):

|3 = 7 |, 1) +Zn (u, $n)” > 72 |(u, 1) +47r22 (u, b

n=2 n=2
= 4 |lull; — 37 |(u, $1) [,
which implies the inequality
2
(4.8) 4 [lully < flu'll5 + 37 | (u, $1)*.

Combining (4.7) and (4.8) and rearranging, we obtain (4.1) for all € > 0.
The proof is complete. 0
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PROPOSITION 4.3. Suppose that u € H'(0,1) satisfies u(0) = 0. Then for every
k€ H'(0,1) with k(0) = 0 and k(1) = 1 the following inequality holds for every e > 0:
(1+e) [|k]5 + (3 — 1) k2 3n2e(1 +¢)

(1+¢) [Ikl5 — &2 (1+¢) [Ik]5 — &2

2 2
(1) (K5 + (3 = 1) 7 [RI13) = 2u(1) (3= = D)7 (k,u) + (o))

(k,u)?

2 2
© Jlully < [lw'll; +

(4.9)

where ky = \/§f01 k(z)sin(mz)dz.
Proof. Define

(4.10) w:=u—u(l)k.

Since u,k € H'(0,1) with w(0) = k(0) = 0 and k(1) = 1, it follows from definition
(4.10) that w € H'(0,1) satisfies w(0) = w(1) = 0. Therefore, by virtue of Proposition
4.1, it follows that the following inequality holds for every € > 0:

(4.11)
3(1+¢) (1Ikl3 - #?)

2 2 112
- 2 7 Jwlly < [lw'll; +
(1+e) [Ikll; — k2

3m2e(1+¢)
p
(1+e) [kl — &

(k,w)?,

where ky = \/§f01 k(z) sin(wz)dz. Notice that definition (4.10) implies the following
equalities:

(4.12) lwlls = [[ul3 + (1) [k]3 — 2u(l) (k,u),
[w'|[5 = [Ju'[[5 + w2 (1) 1K' |5 — 2u(1) (', o) ,
(k,w) = (k,u) —u(1L) |[k]]3-

Combining (4.11) and (4.12), we obtain (4.9). The proof is complete. 0

The following proposition uses the CLF defined by (2.12) as well as Proposition 4.3
in order to obtain a bound for the L? spatial norm of the state. It is one of the main
auxiliary results.

PROPOSITION 4.4. Let tpax € (0,+00], and let u € C° ([0, tmax) X [0,1]) be a
function of class C* ((0,tmax); L?(0,1)) with ult] € H?(0,1) for all t € [0, tmax) that
satisfies (2.1) fort € (0,tmax) and (2.2), (2.6) for t € [0,tmax), where k € C2([0,1])
is a function with k(0) = 0, k(1) = 1 that satisfies k" (x) = pk(x) for x € [0,1] and
for some constant p € R, p > 0, r € R are constants with 1 + ||k||§r > 0, and the
mapping F : C°([0,1]) — C°([0,1]) is defined by (2.3) for a locally Lipschitz function
f€C°([0,1] x R) that satisfies (2.4), (2.5) for certain real constants q € R, v,8, B >
0 and b > 2 with B > §|r| ||k, Hk||% Suppose that there exists a constant ¢ > 0

that satisfies (2.7). Then there exist constants G, > 0 (independent of the particular
solution u and the time tyax € (0,400]) such that (2.8) holds for allt € [0, tmax)-

Proof. Consider the Lyapunov functional defined by (2.12), which (by virtue of
the Cauchy-Schwarz inequality) satisfies for all u € L2(0,1)

1 . 1
(413) 5 (1+min(O,r) k113 ful} < V() < 5 (1+max(O,r) [K13) llul3 -
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Therefore, by virtue of (4.13) and the inequality 1+ ||k|\g r > 0, there exist constants
co > ¢1 > 0 such that

(4.14) 1 Hu||§ <V(u) <ey ||u\|§, for all u € L*(0,1).

Since u € C% ([0, tmax) * [0,1]) N C* ((0, tmax); L*(0,1)), it follows from definition
(2.12) that the mapping (0,tmax) 3 t — V(u[t]) € R is continuously differentiable
with V (uft]) being continuous at t = 0 and satisfies
d

(4.15) £V(u[t]) = (u[t], uelt]) + 7 (k, ult]) (k,ue[t]), for all t € (0,tmax)-
Using (2.1), (2.3), (2.4), the fact that B > d |r| ||k, ||k||b%1, integration by parts and
(2.6), we get from (4.15) for all ¢ € (0, tmax):
(4.16)

d

2V ) < pu(t, Do (1) = p lualt)15 + (g + ) [ultlls = 8] [l 5] 2 lult]];
+rpk(1) (ky ult]) we (8, 1) = rp (ky ult]) (K ug [t]) + g (k, ult])?
+ [r[ [k, ulth] [k, F(ult]) — qut])].

Using (2.5), the Cauchy—Schwarz inequality and the Holder inequality, we get

|, F(ult]) — qultD)] < 7 [[Klly [w[f]ll, + 811kl ;"

Combining the previous estimate with (4.16) and applying again integration by parts,
we get for all ¢ € (0, tmax):

(ult]) < p(ult, 1) + k(1) (k,ult]) us(t,1) — p us[t]]]3
+ (g + ) lultlllz = 8 | 1kl RN ol

— rpk (L)ult, 1) (k, alt]) + rp (k, ult]) (K", ult]) + rq (k, ult])?
| (B, ult])] (1B, lule)ll "

(4.17) + [k w[th Fll; l[uftllly + 61|

The Cauchy-Schwarz inequality implies that |(k, u[t])| ||k]||, ||u[t]]l, < Hk||§ Hu[t]Hg
Moreover, using Holder’s inequality we get [(k,u[t])] < Hk||ﬁ |lu[t]]|,- Combining
the previous inequalities with (4.17) and using (2.2), (2.6), and the fact that k(1) =1
and k" = uk, we get for all ¢ € (0, tmax):
d
SV lt) < —p w3+ (a+7 (14 1 1KI3) ) el
(4.18) + (rpk' (1) + rpp + 7q) (k,ult])? .
Exploiting Proposition 4.3 in conjunction with (4.18), we get the following inequality
for every e > 0 and ¢ € (0, tyax):

Zy
dt

(4.19)
d
Ly up)
2\ (1+¢) ||k‘|§+(35—1)k%7r2 Wl
<<q+7(1+lr i) D e >| 1

) 3r2e(1+¢)
(+e) IWE- R

(1) (K115 + (Be=1) 72 [[KI3) — 2put, 1) (3 — ) Gk, ult) + (), walt]) -

(k,ult])? + (pr®K (1) + prov+ rq) (k, ult]))?
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Using (2.6), the fact that k" = pk, integration by parts, and (4.19), we get for every
e>0and t € (0, tmax):
(4.20)

LV ult) < <q+v (1+ 1l k1) =

(1+¢) [|k]|Z + (3e — 1) k2
e il I 1713
(L+e) [Ikll5 — k7

2 2 . 7T2 2 gy r 37T2€(1+€) w 2
+p<r (115 + @e=t) 2 bl = K (1) o2 o T k%><k, )*

where g = 2(3e — 1)m? + 1 — . Let € > 0 be the constant involved in (2.7). Define

(4.21)
(1+e) [Ikl3+ (3 —1) K
(1+¢) k)5 — &2

o= —q— (1+ Il IKl13) +p

2 3m2e(l+¢
— p ]} max (o (1812 + (8e-1) 2 2 = K (1)) g =02 ) .

2
(1+e) |1kl — ki

It follows from (2.7) that ¢ > 0. Moreover, it follows from (4.20) and the Cauchy—
Schwarz inequality that the following differential inequality holds for all ¢ € (0, tmax):
d

(4.22) SV lt) < —e ][5 -

Exploiting (4.14) and defining o := ;&

202 ?

all tg € (0,tmax) and t € [to, tmax):
(4.23) V(ult]) < exp (=20t — o)) V(ulto)).

we get from direct integration of (4.22) for

Estimate (2.8) with G := |/ is a direct consequence of estimates (4.23) and

(4.14) and the fact that V (u[t]) is continuous at ¢ = 0 (which allows the derivation of
(4.23) with t9 = 0). The proof is complete. |

As remarked in the introduction a CLF feedback design may not be sufficient
for the derivation of stability properties in the nonlinear infinite-dimensional case.
Additional analysis may be required in order to obtain bounds that guarantee the
existence of the solution for all times. This crucial step is performed by the following
proposition.

PROPOSITION 4.5. Let tyax € (0,+00], and let u € C°([0,tmax) % [0,1]) be a
function of class C* ((0, tmax); L*(0,1)) with u[t] € H*(0,1) for allt € [0, tmax), which
is a solution of (2.1), (2.2), (2.6), where k € C*([0,1]) is a function with k(0) = 0,
k(1) = 1 that satisfies k" (x) = pk(z) forx € [0, 1] and for some constant pn € R, p > 0,
r € R are constants with 1 + Hk:||§r > 0, and F : C°([0,1]) — C°([0,1]) is defined
by (2.3) for a locally Lipschitz function f € C°([0,1] x R) that satisfies (2.4), (2.5)
for certain real constants ¢ € R, v,6,B > 0, and b > 2 with B > ¢ |r| || k|, ||kHbTb1
Suppose that there exists a constant € > 0 that satisfies (2.7). Moreover, if ¢ > 0, then
suppose that B > 0 and b > 2. Then the following estimate holds for all t € [0, tiax)

(4.24) lult)ll o < max {K, [[u[0]l| , G Ir| Kl 0]l }

oo

where K = (B’lq)l/(b_Q) when ¢ > 0 and K := 0 when ¢ < 0 and G > 0 is the
constant involved in (2.8).
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Proof. We use Stampacchia’s truncation method (as presented in the proof of
Theorem 10.3 in [9]) as well as the fact that for every

u € C° ([0, tmax) x [0,1]) N C* ((0, tmax); L*(0,1))

and for every globally Lipschitz function g € Cl( ) with a globally Lipschitz de-

rivative ¢’ € C°(R), the function h(t fo u(t,z))dz is of class CO ([0, tmax)) N
O ((0, tmax)) with h(t) = 01 g (u (t7m))ut(t7m)dac for t € (0, tmax)-

Let tmax € (0,+00] and u € CO ([0, tmax) % [0,1]) N C* ((0, tmax); L*(0,1)) with
uft] € H?(0,1) for all t € [0,tmax) be a solution of (2.1), (2.2), (2.6). Define M :=
max {K, [u[0]||. , G |r[[|k]l; [u[0]]|,} and

4.25 T:= t € (0,tmax) : , 1+ M,

(4.25) sup {1 € Duton) + o (ulsa)) <141
0if s<M,

(4.26) g(s) =% (s—M)* if se (M, M+1),

3(s—M)—2 if s>M+1,

1
(4.27) h(t) ::/0 g(u(t, z))dx.

Notice that g € C!(R) as defined by (4.26) is globally Lipschitz function with a
globally Lipschitz derivative ¢’ € C’O( ). Thus h as defined by (4.27) is of class
C0 ([0, tmax)) N CY ((0, tmax)) with A(t fo x))u(t, x)dx for t € (0,tmax). By
continuity of u (and the maximum theorem see page 306 in [31]), it follows from
definition (4.25) that T € (0, tmax]. Moreover, definition (4.25) implies that u(t,z) <
1+ M for all (t,x) € [0,T) x [0,1]. Finally, if T < tmax, then max,¢o,1) (w(T,2)) =
1+ M.

We show next that T = tnax. Indeed, since h fo w(t, x))u(t,x)dx for t €
(0,T), we get from (2.1) and (2.3):
(4.28)

h(t) = p /0 o (ult, 7)) (1, ) dar + /O o (ult, 2) f (@, ult, 2))dz for t € (0,T).

Furthermore, notice that Proposition 4.4 (estimate (2.8)) in conjunction with defi-
nition M := max {K, |[u[0]||., , G|r| ||kl [|u[0]|l,}, (2.6), and the Cauchy-Schwarz
inequality implies that u(¢,1) < M for t € (0,7). Therefore, we get (using (2.6)
and definition (4.26)) that ¢'(u(¢,0)) = ¢'(u(t,1)) = 0 for t € (0,7). The fact
u(t,z) < 1+ M for all (t,z) € [0,T) x [0,1] in conjunction with the fact that g
is of class C? on (—oo, M + 1) allows us to use integration by parts (notice that
ult] € H?(0,1) for all ¢ € [0, tmax)) and write (4.28) in the following way:

(4.29)
h(t) = —p/o g"(u(t, z)) (ug(t, x))° dz +/O g (u(t,z)) f(z,u(t,x))dz for t € (0,T).

The fact that u(t,z) < 1+ M for all (¢,z) € [0,T) x [0, 1] in conjunction with the fact
that ¢”(s) > 0 for all s € (—oo, M + 1) and (4.29) gives

1
(4.30) h(t) < /0 g (u(t,z)) f(z,u(t,z))dz for t € (0,T).

Moreover, inequality (4.30) in conjunction with the facts that
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1. u(t,z) <1+ M for all (¢,z) € [0,T) x [0,1],

2. ¢'(u(t,x)) =0 for all (¢t,z) € [0,T) x [0,1] with u(¢,z) < M (a consequence
of definition (4.26)),

3. ¢'(u(t,x)) > 0 for all (¢,z) € [0,T) x [0,1] with M < u(t,z) <14+ M (a
consequence of definition (4.26)),

4. f(z,u(t,z)) < 0 for all (t,z) € [0,T) x [0,1] with M < wu(t,z) < 1+ M
(a consequence of definitions M := max {K, [[u[0]||, , G |||kl [[«[0]]5},

K = (B_lq)l/(b_2) when ¢ > 0 and K := 0 when ¢ < 0 and inequality

(2.4)),

allows us to conclude that

(4.31) h(t) <0 forte (0,T).

It follows from (4.31) and continuity of h that h(t) < h(0) for t € [0,T"). Since h(0) =0
(recall (4.26), (4.27) and definition M := max {K, [[u[0]||., , G |||kl [|u[0]]/y}) we
get that h(t) < 0 for t € [0, 7). Continuity of u and definitions (4.26), (4.27) imply
that u(t,x) < M for all (¢,2) € [0,T) x [0, 1].

As remarked earlier, if 7' < tmax, then max,¢(o 1) (u(7,x)) = 1 4 M; a contradic-
tion with continuity of w and the fact that u(t,z) < M for all (¢,2) € [0,T) x [0, 1].
Therefore T' = tmax and u(t,z) < M for all (¢,z) € [0, tmax) X [0, 1].

A similar analysis is used in order to show that u(t,z) > —M for all (¢,2) €
[0, tmax) X [0,1]. Thus (4.24) holds. The proof is complete. 0

Remark 4.6. The proof of Proposition 4.5, which uses Proposition 4.4, shows
another one important technical issue that would arise in the case of a nonlinear
boundary feedback law: since Proposition 4.4 provides a bound for the L? spatial
norm of the state, the boundary control action given by a nonlinear feedback law would
have to be bounded by expressions involving only the L? spatial norm of the state.

Combining Theorem 3.1 and Proposition 4.5, we obtain the following corollary.

COROLLARY 4.7. Consider the closed-loop system (2.1), (2.2), (2.6), where k €
C?([0,1]) is a function with k(0) = 0, k(1) = 1 that satisfies k" (z) = uk(z) for
x € [0,1] and for some constant p € R, p > 0, r € R are constants with 1+||k||§ r >0,
and F : C°([0,1]) — C°([0,1]) is defined by (2.3) for a locally Lipschitz function f €
C°([0,1] x R) that satisfies (2.4), (2.5) for certain real constants ¢ € R, v,6, B > 0,
and b > 2 with B > §|r| ||k, Hk||ﬁ Suppose that there exists a constant € > 0 that
satisfies (2.7). Moreover, if ¢ > 0, then suppose that B > 0 and b > 2. Then for
every ug € H?(0,1) with ug(0) = 0, ug(1) = —r (k, ug), there exists a unique mapping
u € CO(R4 x[0,1])NCL((0, +00); L2(0,1)) with u[0] = uo, ut] € H?(0,1) for allt >0
for which (2.1) holds for allt > 0 and (2.2), (2.6) hold for allt > 0. Moreover, there
exist constants G,o > 0 such that estimates (2.8), (4.24) hold for all t > 0. Finally,
the mapping t — |luz[t] + rku[t]Hg is C1 on Ry and the following equation holds for
allt >0

(4.32)
L uale) + rhuld]
= —2p ||t [t] + rhug[t]+rk u[t)|2 — 2 (K F(ult]) +pGult], s [t]+rku,[t] + 7k ult])

where K,G : L*(0,1) — L?(0,1) are the continuous linear operators defined by the
following equations for all uw € L*(0,1), z € [0,1]:
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(4.33) (Ku)(x) =u(z) +r /0m E(s)u(s)ds,

(4.34) (Gu) () = —2rk (@)u(z) + 7 /0 " (5)u(s)ds.

We are now ready to give the proof of the main result of the paper.

Proof of Theorem 2.1. Using (2.3), (2.5), the triangle inequality, and the fact that
b > 2 we get

(435)  KF@)+pGul, < (pIGH, + 1K1, (v+lal +6 ul22?) ) lull,
for all w € C°([0,1]), where
IGly = sup { | Gully : v e L0, 1), [loll, = 1},

1K, = sup { | Kvll, : v e L*(0,1), flu], =1}
Let ug € H?(0,1) with ug(0) = 0, ug(1) = —7r (k,up), be given (arbitrary), and
consider the unique mapping u € C°(Ry x [0,1]) N C1((0, +00); L*(0, 1)) with u[0] =
ug, ult] € H?(0,1) for all ¢ > 0 for which (2.1) holds for all t > 0 and (2.2), (2.6) hold

for all t > 0 (whose existence and uniqueness is guaranteed by Corollary 4.7).
Using (4.32), (4.35), and the Cauchy—Schwarz inequality, we get for ¢ > 0

(4.36) N+ el

< =2 ugalt] + rhualt] + r ult]];
+2g (ult)ll o) ltwalt] + rhus[t] + r& ult]]l; [ult]ll; ,
where g(s) := p|[|Gll, + [|K||5 (v + || + 8s"72) for s > 0 is a nondecreasing function.
Using the fact that
29 ([lult]ll ) uaelt] + rkusft] + rk ult)]l, [[ult]]l,
2,
< p s [t] + rhu[t] + rk ult]l5 + g (Jult]llo) llult]ll3

where g (s) := % (9(s))? for s > 0 is a nondecreasing function, we get from (4.36) for
t>0:

(4.37) % lua[t] + rhult)l3 < =p e [t] + rhug 1] + rkult]|5 + g (R0 llufe]]3 -

It should be noticed that the function ¢ = u,[t] +rkult] for each fixed ¢ > 0 is of class
H1(0,1) and satisfies fol w(x)dz = 0 (a consequence of (2.2), (2.6)). Therefore, using
Theorem 258 on page 185 in [19], we get that ||g0’||§ > 4n? ||<p||§, which combined with

(4.37) gives
(4.38)

d
77 luelt] + rkult]]|3 < —4pr® [|ug[t] + rRult)]5 + g (Jult]ll o) lult]]5 for t = 0.
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Using (2.8) in conjunction with (4.38) and (4.24) we get for ¢ > 0:

d _
(4.39) — llua[t] + rkult]|3 < —4pr® Ju[t] + rkult]]|3 + G*g (M) exp (~201) [|uol3 ,
where M := max {K, [[u[0]||, , G |r[|k]l, lu[0]],}, K := (B71¢)"/®=2) when ¢ > 0
and K := 0 when ¢ < 0 and G, > 0 are the constants involved in (2.8). Without
loss of generality, we may assume that o < 27%p. The differential inequality (4.39)
directly implies

G?%5 (M
|wm+wﬁm63mmi%w@%+ﬁm@+g()>Mﬂ@

2(2m2p—o
fort > 0, or

(4.40)  lualt] + rkult]ll, < exp (=ot) (ug + rkuolly + g (M) Juolly) for t =0,

where g (s) :== G/ % for s > 0 is a nondecreasing function. Using the facts that

l[wa[t]lly < [lue[t] + rEult]lly+ [ [E]l o Nult]lly; [[ug + rhuolly < lluglly+ 7] [[Ello lluoll
(both consequences of the triangle inequality), we obtain from (4.40) in conjunction
with (2.8):

(4.41) ltaftlll, < exp(=ot) (I, + 6 (M) [fuolly) For t >0,

where 9(s) := g (s) + (1 + Q) || ||k, for s > 0 is a nondecreasing function. Estimate
(2.10) is a direct consequence of estimate (4.41). Finally, estimate (2.9) is a direct
consequence of estimates (2.8), (2.10), and Agmon’s inequality

lull o < V24/llully 1]l

for all w € H(0,1) with u(0) = 0. The proof is complete. 0

5. Concluding remarks. The present paper showed what difficulties may be
encountered in the extension of well-known feedback design methodologies for finite-
dimensional systems to PDEs. More specifically, it was shown that in the nonlinear
infinite-dimensional case a CLF feedback design may not be sufficient for establishing
existence of solutions for all times (global solutions) and consequently may not allow
a valid (not merely formal) derivation of stability properties. Additional analysis may
be required in order to obtain bounds that guarantee the existence of the solution
for all times and the pointwise convergence of the solution to the desired equilibrium
point (important in practice).

It should be clear that this paper is only a first step towards the design of global
boundary feedback stabilizers for 1-D nonlinear parabolic PDEs. Additional steps
are needed and will be the topic of future research. For example, the stabilization
of unstable PDEs with more than one unstable mode will require the development
of novel mathematical results which will allow the construction of appropriate CLF's.
Detailed simulation studies are needed for the evaluation of the performance of the
proposed controllers. Other extensions of the present work that can be topics of
future research are observer-based output feedback design for semilinear parabolic
PDEs with boundary measurements, different boundary conditions, and the study
of parabolic systems with nonlinear advection terms. In particular, the extension
to different boundary conditions is straightforward (by replacing sin(nmz) with the
eigenfunctions of the corresponding Sturm-Liouville operator).
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