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a b s t r a c t 

In this paper, we address the optimal control of carbon and nitrogen removal from wastewaters in the 

presence of inhibition by substrates and products by Anaerobic Digestion Model n ◦ 1 (ADM1). The main 

objective is the optimal control of the dilution in order to enhance the concentration of methane gas. The 

ADM1 was previously calibrated using experimental data from batch experiments from a fish processing 

industry in order to guarantee the simultaneous carbon and nitrogen removal. The maximum concentra- 

tion of methane gas is achieved by extremum seeking control based on periodic perturbation signals. The 

results show that the proposed extremum seeking method is effective in controlling the systems dilution 

and obtaining the maximum concentration of methane. The numerical simulation also verifies that the 

method provides adequate increase in production, improvement rate and settling time. A new extremum 

feedback design based on q –trigonometry is introduced to achieve faster closed-loop responses when 

compared to the classical approach. 

© 2019 Elsevier Ltd. All rights reserved. 
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1. Introduction 

Biological digestion is the most cost effective biological treat-

ment process due to its high-energy recovery and limited envi-

ronmental impact. Publications [1–5] refer to the optimal control

of robust digestion model’s, which allows for the best operational

parameters. However, in the case of anaerobic digestion in the

presence of eutrophic nutrients, such as nitrate, this type of pro-

cess may not meet the legislated environmental standards of most

countries. Recent research efforts have been devoted to the im-

provement of carbon and nitrogen removal from wastewaters using

an anaerobic-anoxic approach [6–9] . The objectives of the treat-

ment system are not limited to carbon removal (with the best pro-

duction of biogas) alone, it is necessary to meet the effluent stan-

dards for other parameters. An alternative to using this second step

in the treatment is to carry out simultaneous carbon and nitrogen

removal as proposed in [10] . Reaching the optimal operation of this

kind of process is complicated, mainly due to their highly nonlin-
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ar nature, inhibition by substrates or products and by the sub-

tantial un-modeled dynamics. In the case of the fish processing

ndustry, the wastewater composition may vary widely depending

n the mode of operation of the processing plants [10] . It contains

arge amounts of biodegradable organic matter, mainly in the form

f proteins and lipids and high levels of salts, especially when the

rocessing makes use of seawater. In addition, the high blood con-

ent of the wastewater results in occasional high ammonia con-

entrations. With these characteristics, Chowdhury et al. [11] ar-

ues that biological processes, such as anaerobic digestion, are the

ost appropriate for treatment. Mathematical modeling, optimiza-

ion and control are therefore fundamental tools to optimally de-

ign and operate production facilities of such processes. 

Due to the high complexity and variability of this biological

rocess, any performance optimization and control may be the de-

iding factor in making its implementation feasible and obtain-

ng the best operating conditions in an existing process. Therefore,

e propose an extremum seeking control based on periodic per-

urbation signals [12] to maximize the outflow of methane in an

naerobic-anoxic reactor treating synthetic wastewater from a fish

ndustry process. The model chosen to represent the anaerobic di-

estion is IWA’s Anaerobic Digestion Model n º1 (ADM1) [13] and

14] with a modification proposed by Mendes et al. [10] to consider
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Fig. 1. Extremum seeking scheme for a static single-input map. 
he simultaneous removal of carbon and nitrogen. While applica-

ions of extremum seeking in the optimization of bioreactor are

ommon [3,15,16] , there are no applications of extremum seeking

n anaerobic digestion with simultaneous removal of carbon and

itrogen. Biological reactors have slow dynamics [17] , therefore,

 strategy for reducing the start-up time is inoculation [18] , [19] .

oreover, Dochain et al. [20] points out that among the advan-

ages of applying extremum seeking it is its ability to reduce the

ensitivity and to reject disturbances. 

Regarding the main practical contribution of our manuscript,

e have developed a new result considering q–generalized circu-

ar and hyperbolic functions [21] as a different choice for the dither

ignals and then we prove the advantages in terms of faster con-

ergence rates for the extremum seeking responses, when com-

ared to the classical approach [22] . This achievement is partic-

larly important in our application for methane production using

ioreactors of fish processing industry since in general the classi-

al extremum seeking may lead to very slow closed-loop response,

hich depends on the controller parameters. By preserving the

mplitude a of the conventional periodic dither signal as reference

o tune parameters a 1 and a q of the new ESC and by the keeping

nitial conditions within of the order of magnitude of the decision

ariable domain, we demonstrated that it is possible to reach the

nknown extremum point faster and ultimately drive this signal to

 smaller neighborhood of the maximizer point, when compared

o the classical ES design. In our simulation example, the general-

zed extremum seeking applied to ADM1 has a convergence time

or the decision variable of approximately two times smaller than

he conventional extremum seeking. Then, we show numerically

hat given a suitable tuning, a better performance is achieved in

he real-time optimization of the methane concentration. 

. Principles of extremum seeking control 

Extremum seeking (ES) is a method used for real-time opti-

ization, though invented in the 20 th century; the 21 st century

as been its golden age in development and in adoption in indus-

ry and fields outside engineering [23] . In recent years, there has

een a lot of advances in theory and applications of ES. This list

ncludes the proof of local [12,24,25] or semi-global [26] stability

roperties of the search algorithm even in the presence of local

xtrema [27] and time delays [23] and [28] , its extension to the

ulti-variable case [29] and advances in parameter convergence

nd performance improvement [30] . The book [31] also presents

tochastic versions of the algorithm with filtered noise perturba-

ion signals. Although there are many ways in which to apply ES,

he most common is to use a perturbation signal with the purpose

f estimating the gradient of an unknown non-monotonic map and

pdating the input of the map towards its optimal value. 

In particular, extremum seeking does not merely monitor the

irection of the output response but also explores the measured

esponse to estimate the gradient of the map and update the con-

rol input in proportion to the gradient of the map. Extremum

eeking has the dual benefit of rigorously provable convergence

nd simplicity of implementation, by employing only an integrator

nd optional high-pass and low-pass filters. For dynamic systems,

t is sufficient to select the extremum seeking probing frequency

easonably smaller than the highest frequency that can pass the

ystem without significant attenuation. This choice allows for the

ime-scale separation between plant and controller dynamics facil-

tating the convergence proof via singular perturbation and averag-

ng theory [3,25,32] . 

In the next sections, we introduce the usual notation employed

n the extremum seeking literature and summarize the main re-

ults for static and dynamic maps. 
.1. Defining notations and norms 

To be able to define the principles of extremum seeking con-

rol, it is necessary to define the notations used during the def-

nition. Thus, consider a generic nonlinear system 

dx 
dt 

= f (t, x, ε) ,

here x ∈ � 

n and f ( t , x , ε) is periodic in t with a period T and do-

ain D ⊂ � , as follows in Eq. (1) : 

f (t + T , x, ε) = f (t, x, ε) , ∀ (t, x, ε) ∈ [0 , ∞ ) × D × [0 , ε0 ] . (1)

As proven by Khalil [33] , by averaging f ( t , x , ε) at a sufficiently

mall and positive ε, it is possible to approximate the solution of

his system to the solution of the following average system pre-

ented by Eqs. (2) and (3) : 

dx a v g 

dt 
= f a v g (x ) , (2) 

f a v g (x ) = 

1 

T 

∫ T 

0 

f (t, x, ε) dτ . (3)

As defined by Khalil [33] , a vector function f ( t , ε) ∈ � 

n is of the

rder O ( ε) over an interval [ t 1 , t 2 ] as long as there are a positive

onstant C and ε∗ such that Eq. (4) is valid: 

f (t, ε) ≤ Cε, ∀ ε ∈ [0 , ε∗] , ∀ ε ∈ [ t 1 , t 2 ] . (4)

It will be possible to quantify O ( ε) knowing the estimates of C

nd ε∗, otherwise it is accepted that O ( ε) is an “order of magnitude

elation”, valid for a sufficiently small ε. 

.2. Extremum seeking approach for a static map 

To demonstrate the basic idea of an extremum seeking algo-

ithm, consider the case of a static single-input map of the quadric

orm, as shown in Fig. 1 . In this figure, there are three differ-

nt thetas: θ ∗ is the unknown optimizer of the map, ˆ θ (t) is the

eal-time estimate of θ ∗, and θ ( t ) the actual input into the map.

q. (5) represents the map presented in the scheme: 

 := f (θ ) = f ∗ + 

f 
′′ 

2 

(θ − θ ∗) . (5)

It is not necessary to know the numerical values of f ∗, f 
′′ 
, θ ∗,

nly the sign of the Hessian f 
′′ 
, which will determine if said map

as a maximum ( f 
′′ 

< 0) or minimum ( f 
′′ 

> 0) , and will define

he signal chosen for the adaptation gain k such that k = − f 
′′ 

. In

ddition, the value of the frequency ω must chosen to be larger

han the values chosen for a , k , and f 
′′ 

. In this scheme, a signal
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1 For simplicity, we assume that we have a static state-feedback control law; it 

would be trivial to extend the result to dynamic output feedback since y = g(x ) in 

(15b) [12] . 
perturbs the input θ ( t ), usually chosen as a sinusoid wave, to es-

timate the gradient f 
′′ 
(θ − θ ∗) of the map f ( θ ). This perturbation

signal does not have to be a sinusoidal wave, but must be a sig-

nal of zero mean. Using the integrator k / s with an adaptation gain

k generates estimate ˆ θ (t) , which is responsible for controlling the

speed of the estimation. 

It is defined that ˜ θ (t) is the error of the estimate ˆ θ (t) and θ ∗,

and the extremum seeking algorithm is considered successful as

long as said error converges towards zero, as shown by: 

˜ θ (t) = 

ˆ θ (t) − θ ∗ . (6)

Looking at the scheme in Fig. 1 , it can be seen that θ is ob-

tained by additively perturbing the estimate ˆ θ with a sinusoidal

function, thus, obtaining 

θ − θ ∗ = 

˜ θ (t) + a sin (ωt) . (7)

Carrying out algebraic substitutions results in: 

f (θ ) = f ∗ + 

f 
′′ 

2 

( ̃  θ (t) + a sin (ωt)) 2 . (8)

Based on Fig. 1 , by perturbing f ( θ ) multiplicatively with a

sin ( ωt ) and passing this signal through the integrator obtains the

estimate ˆ θ (t) , represented by: 

ˆ θ (t) = yka sin (ωt) . (9)

Substituting Eq. (8) into Eq. (9) , the estimation error must be as

shown in the following: 

d ̃  θ (t) 

dt 
= ka sin (ωt) 

[
f ∗ + 

f 
′′ 

2 

( ̃  θ + a sin (ωt)) 2 
]
. (10)

Expanding the right-hand side of Eq. (10) , results in 

d ̃  θ (t) 

dt 
= ka f ∗ sin (ωt) + ka 3 

f 
′′ 

2 

sin 

3 (ωt) + ka 
f 

′′ 

2 

sin (ωt ) ̃  θ(t ) 
2 

+ ka 2 f 
′′ 

sin 

2 (ωt) ̃  θ(t) . (11)

Further expansion of Eq. (11) and applying the trigonometric

expansions will result in: 

d ̃  θ (t) 

dt 
= ka f ∗ sin (ωt) + ka 3 

f 
′′ 

2 

sin (ωt) 

[
1 − cos (2 ωt) 

2 

]

+ ka 
f 

′′ 

2 

sin (ωt) ̃  θ(t) 
2 + 

+ ka 2 f 
′′ 
[

1 − cos (2 ωt) 

2 

]
˜ θ (t) . (12)

Approximating the solution of this system to the solution of the

average system, since the sine and cosine have zero mean, will re-

sult in the following exponentially stable average system presented

by: 

d ̃  θa v g 

dt 
= 

k f 
′′ 
a 2 

2 

˜ θa v g . (13)

The averaging theory [33] guarantees that, for a large enough

value of ω, the initial estimate ˆ θ (0) will be close enough to θ ∗

such that the following upper bound is valid: 

| θ (t) − θ ∗| ≤ | θ (0) − θ ∗| exp 

(
k f 

′′ 
a 2 

2 

t 

)

+ O 

(
1 

ω 

)
+ O (a ) , ∀ t ≥ 0 . (14)

This inequality guarantees that there is a sufficiently large ω, that

choosing a small a will result in the input θ ( t ) converging to a

small interval around the optimum θ ∗, consequently, the output

f ( θ ( t )) also converges to the proximity of its optimal value f ∗. 
.3. Extremum seeking approach applied to a dynamic system 

The present paper considers an extremum seeking application

or a dynamic system. In this case, it is necessary to make a few

daptations to the static map algorithm presented and extend it

or a dynamic system, as shown by Ariyur and Krstic [24] . 

When we are interested in maximizing (w.l.o.g.) the output of

n arbitrary, unknown, nonlinear dynamic map, we can consider

he following general representation 

˙ 
 = f (x , u ) , (15a)

 = g(x ) , (15b)

here x ∈ � 

m is the m -dimensional state vector, u ∈ � and

 ∈ � represent the scalar input and output, respectively, and f :

 

m × � → � 

m as well as g : � 

m → � are smooth [12] . Establishing

hat a smooth control law α: � 

m × � → � 

 = α(x , θ ) (16)

arametrized by a scalar parameter θ is acting upon the plant 1 ,

ne obtains the closed-loop system 

˙ 
 = f 

(
x , α(x , θ ) 

)
. (17)

ts equilibria, characterized by the scalar parameter θ , are specified

hrough the following assumptions [12] . 

ssumption A1. There exists a smooth vector field l : � → � 

m such

hat 

 

(
x , α(x , θ ) 

)
= 0 (18)

f and only if 

 = l (θ ) . (19)

ssumption A2. For every value of the parameter θ ∈ � , the equi-

ibrium of the system (17) is locally exponentially stable with de-

ay and overshoot constants uniform in θ . 

Assumption A2 is not restrictive since in a general context we

an encompass a complete wide class of nonlinear plants given

y (15a) –(15b) . Basically, we assume that we have a control law

16) which is robust with respect to its own parameter θ in the

ense that it exponentially stabilizes any of the equilibria that θ
ay produce. 

It simply means that we have a control law designed for local

tabilization and this control law need not be based on modeling

nowledge of either f ( x , u ) or l ( θ ). 

Thus, we assume that the output equilibrium map is 

 (t) = g(l (θ (t))) , (20)

ccording to Assumptions A1 and A2. 

Defining f : � → � as the composition of the SISO output func-

ion g in (15b) and the state vector function l in (19) 

f (·) = (g ◦ l )(·) , (21)

e formulate our optimization problem as 

ax 
θ∈� 

f (θ (t)) , (22)

here the corresponding maximizing value is denoted by θ ∗, ac-

ording to the next assumption. 
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Fig. 2. ADM1 reaction scheme. 

A  

c

f

 

m  

m  

o

 

a  

t  

t  

r  

t  

t  

t  

a  

(  

a  

O

 

a  

s  

l  

h  

t  

s

3

1

 

u  

s  

l  

t  

w  

s  

d  

s

3

s

 

b  

s  

n  

t  

m

 

r  

t  

f

 

v  

o  

t  

[

ssumption A3. There exists θ ∗ ∈ � > in the interior of some (lo-

al) closed interval θ ∈ [ a , b ] such that 

∂ f (θ ) 

∂θ

∣∣∣∣
θ= θ ∗

= 0 , 
∂ 2 f (θ ) 

∂θ2 

∣∣∣∣
θ= θ ∗

= f ′′ < 0 , (23) 

or maximization extremum seeking. 

Hence, we assume the output equilibrium map y = f (θ ) has a

aximum at θ = θ ∗, and the objective is to develop the feedback

echanism which maximizes the steady-state value of y , but with-

ut knowing either θ ∗ or the functions g and l . 

Under the conditions above, extremum seeking extends in a rel-

tively straightforward manner from static maps to dynamic sys-

ems, provided the dynamics are stable (or stabilized by the con-

rol law u = α(x, θ ) ) and the extremum-seeking algorithm’s pa-

ameters are chosen so that the algorithm’s dynamics are slower

han those of the closed-loop plant. In the presence of dynamics,

he equilibrium map (20) –(21) will satisfy at least the same condi-

ions as in the static map (5) and, therefore, convergence is guar-

nteed. The main difference is that upper bound for | θ (t) − θ ∗| in
14) would contains an exponential term with slower decaying rate

nd the residual set of order O (1/ ω) is replaced by a term of order

 ( ω). 

The stability analysis in the presence of dynamics employs both

veraging and singular perturbations, in a specific order. The de-

ign guidelines for the selection of the algorithm’s parameters fol-

ow the analysis. Though the guidelines are too lengthy to state

ere, they ensure that the plant’s dynamics are on a fast time scale,

he perturbations are on a medium time scale, and the extremum

eeking algorithm is on a slow time scale [12] . 

. Extremum seeking applied to Anaerobic Digestion Model n. 

 (ADM1) 

Anaerobic Digestion Model n. 1 (ADM1) has been traditionally

sed to represent carbon removal. This model takes into account
even bacterial groups and constitutes extracellular and intracel-

ular solubilisation with the extracellular process responsible for

he solubilisation of complex organic matter into soluble substrate,

hile the intercellular process is responsible for transforming this

oluble substrate into various chemical products. Monod kinetics

escribe the intercellular processes, while first order kinetics de-

cribe the extracellular processes and the biomass decay. 

.1. The dynamic model of an anaerobic-anoxic reactor for the 

imultaneous removal of carbon and nitrogen 

The complete process shown in Fig. 2 is composed of: (1) Car-

ohydrate hydrolysis, (2) protein hydrolysis, (3) lipid hydrolysis, (4)

ugar acidogenesis, (5) aminoacid acidogenesis, (6) LCFA acetoge-

esis, (7) propionate acetogenesis, (8) butyrate and valerate ace-

ogenesis, (9) propionate methanogesis and (10) hydrogenotrophic

ethanogesis [10] . 

This section addresses the mass balance equations used to rep-

esent the dynamic behaviour of the proposed system. To represent

he degradation of the soluble substrates in the ADM1 model, the

ollowing equation is used: 

dS liq,i 

dt 
= D (S in,i − S liq,i ) −

19 ∑ 

j=1 

ρ j νi, j ; i = 1 , . . . , 3 ; i = 8 , . . . , 12 . 

(24) 

The model defines that, in the presence of N-oxides, butyrate,

alerate, propionate and acetate ( i = 4 , . . . , 7 ) are electron donors

f the denitrifiers, it is necessary to modify the mass balance equa-

ion of said components to account for the presence of N-oxides

10] . Applying these modifications to Eq. (24) , we obtain: 

dS liq,i 

dt 
= D (S in,i − S liq,i ) −

7 ∑ 

j=5 

ρ j νi, j −
10 ∑ 

j=8 

(ρ j + ρ j,nox ) νi, j + . . . 

−ρ11 ν7 , 11 I nox − ρ j,n ; i = 4 , . . . , 7 . (25) 
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The terms on the right-hand side of the differential equation

are, respectively: The substrate mass balance for a continuous

stirred-tank reactor (CSTR); the process equation for the uptake of

amino acids by fermentation; acetogenesis of soluble compounds i

in the absence of N-oxides by denitrifiers; the methanogens mul-

tiplied by an N-oxide inhibition factor ( I nox ) to account for the in-

hibitory effects of N-oxides on acetoclastic methanogens; and the

uptake of soluble substrates by denitrifiers in the presence of ni-

trate and nitrite. 

The next equation expresses the general rate equation for

the utilization of butyrate, valerate and propionate by facultative

anaerobes in the absence of N-oxides: 

ρ j,nox = k m, j 

S i 
K S + S i 

[
K S,NO 3 

K S,NO 3 + S NO 3 

K S,NO 2 

K S,NO 2 + S NO 2 

]

× S i 
S v a + S bu + S pro 

X f,nox , (26)

where K m , j is the rate constant for the fermentation of process j

and X f , nox is the population facultative anaerobes. The mass balance

for N-oxides (nitrate, nitrite and nitrogen gas) is: 

dS liq,i,nox 

dt 
= D (S in,i,nox − S liq,i,nox ) + ρ j,n ; i = 25 , . . . , 27 . (27)

The model assumes that nitrogen gas obeys the ideal gas law and

that there is a temperature that is equivalent to the liquid phase

temperature in a constant volume (perfectly mixed), a constant

pressure headspace. Eq. (28) represents this relationship 

dS gas,N 2 

dt 
= 

q gas 

V gas 
S gas,N 2 + ρT,N 2 

V liq 

V gas 
. (28)

Eq. (29) expresses the specific mass transfer rate of gas nitrogen

ρT,N 2 
and Eq. (30) defines the partial nitrogen gas pressure p gas,N 2 

ρT,N 2 = k L a (S liq,N 2 − 28 K H,N 2 p gas,N 2 ) , (29)

p gas,N 2 = S gas,N 2 RT . (30)

Eqs. (31) and (32) represent the dynamic behaviour of particulates

in the liquid phase and gaseous sub products respectively, 

dX liq,i 

dt 
= D (X in,i − X liq,i ) + 

∑ 

ρ j νi, j ; i = 13 , . . . , 24 , (31)

dS gas,i 

dt 
= 

q gas 

V gas 
S gas,i + ρT,i 

V liq 

V gas 
; i = CH 4 , CO 2 and H 2 , (32)

where q gas is the gas flow, ( m 

3 .h −1 ); V gas is the gas volume in the

reactor; S gas,i (mol.L −1 ) is the concentration of gas in the gaseous

phase of the component i and ρT , i the transfer rate of gas mass i is

given by 

ρT,i = k L a (S liq,i − K H p gas,i ) ; i = CH 4 , CO 2 and H 2 . (33)

The global mass transference coefficient multiplied by the spe-

cific transfer area is numerically equal to k L a . 

Eqs. (34) –(37) describe the partial gas pressures 

P gas,H 2 = S gas,H 2 

RT 

16 

, (34)

P gas,CH 4 = S gas,CH 4 

RT 

64 

, (35)

P gas,CO 2 = S gas,CO 2 RT , (36)

P gas,H 2 O = 0 . 00313 exp 

[ 
5290 

(
1 

298 

− 1 

T 

)] 
. (37)
inally, Eqs. (38) and (39) determine the total gas pressure and bio-

as flow, respectively: 

 gas = P gas,H 2 + P gas,CH 4 + P gas,CO 2 + P gas,H 2 O , (38)

 gas = 

RT 

P gas − p gas,H 2 O 

V liq 

(
ρT,H 2 

16 

+ 

P T,CH 4 

64 

+ ρT,CO 2 

)
. (39)

herefore, the complete ADM1 system can be represented in the

ompact form (15a) : 

dX i 

dt 
= F i (X 1 , . . . , X 35 ) , i = 1 , 2 , . . . , 35 , (40)

or appropriate nonlinear functions F i (X 1 , . . . , X 35 ) . Moreover, we

an conclude that (40) is locally exponentially stable (see Ap-

endix section), according to Assumptions A1 and A2 . ( Fig. 3 and

able A.1 ) 

On the modeling of the simultaneous removal of carbon and

itrogen in the treatment of salmon fishery wastewater, this re-

earch uses the process rates modeled and validated by Mendes

t al. [10] . In [10] , the kinetic parameters of these rates are ex-

licitly presented. Methane production via anaerobic digestion may

ave a substantial environmental impact due to industrially pro-

ucing green energy. Considering this, maximizing the production

f methane is fundamental to justify the use of anaerobic digestion

ver other processes, such as aerobic digestion. 

Therefore, the output signal (15b) can be defined as solution of

he differential equation 

dS CH 4 (t) 

dt 
= −S CH 4 (t) 

q gas 

V gas 
+ 

V liq 

V gas 
ρT 9 (D (t)) , (41)

y solving the ADM1 system, which determines methane concen-

ration to be maximized. In other words, the state S CH 4 
(t) defines

he output of the system: 

 = S CH 4 (t) . (42)

.2. Classical extremum seeking applied to ADM1 

The simulation of methane production with a variable dilution

ate results in a bifurcation diagram shown in Fig. 4 . This shows

hat a non-monotonic input-output map relating the methane out-

ow ( y ) to the dilution rate D ( D (t) = Q(t) / V liq ) characterizes the

teady states of the process. Extremum seeking adjusts the dilution

f the reactor towards the maximum point on the map. Analysing

ig. 4 , it is clear that the optimum methane flow occurs for a di-

ution of D 

∗ = 4 . 25 × 10 −4 m 

3 h 

−1 /V liq which results in a methane

utflow of y ∗ = 0 . 225 kgCOD.m 

−3 . By knowing the optimum dilu-

ion value, it is possible to simulate the system using ADM1 and

btain the optimum values X ∗
1 
, X ∗

2 
, X ∗

3 
, . . . , X ∗

35 
(for more details, see

ppendix A.1). 

Fig. 6 shows the block diagram for the extremum seeking con-

rol. In this scheme, a slow periodic perturbation a sin ( ωt ) perturbs

dditively ˆ D , which is the best-known estimate of D 

∗. If this per-

urbation is slow enough, it is possible to assume the system re-

ponse to be that of static map and its dynamics will not interfere

ith the extremum seeking scheme [12,34] . This perturbation will

enerate a periodic response y that passes through a high-pass fil-

er, and updated towards D 

∗ by the integrator that functions as a

radient update law. The extremum seeking scheme itself incorpo-

ates a washout filter, which eliminates the DC component of the

utput in peak seeking. The high-pass filter preserves the equilib-

ium structure and improves only the transient performance. 

For the sake of clarity, the following theorem can be stated. A

etailed proof of this result can be directly derived from the step-

y-step given in [12] . 
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Fig. 3. Stoichiometric matrix for soluble components. 

Fig. 4. The non-monotonic map correlating dilution and methane outflow. 
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Fig. 5. ADM1’s time response. 
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heorem 1. Consider the closed-loop system presented in Fig. 6 . As-

ume that the speed of the system dynamics is faster than that of the

inusoidal perturbation and the tuning parameters satify: 

 (1) 
 ω 
 ω h , a, k . (43)

hen, the adaptation law for the input parameter given by: 

˙ 
 (t) = ka sin (ωt ) ξ (t ) + a sin (ωt) (44)

uarantees the maximization of the methane production, consistent

ith the assumption A3 which should attain to the following prop-

rties: 

1. For D in an interval [ D 1 , D 2 ], there is an isolated equilibria E ( D )

that depends smoothly on D; 

2. Each equilibria in E ([ D 1, D 2]) is exponentially stable with an O (1)

rate of decay; 

3. The equilibrium value of the output y on E ([ D 1 , D 2 ]) is a smooth

function of D with a maximum value of y ∗ at D = D 

∗. 

The conditions of this theorem are all verified by bifurca-

ion plots in the last section. Thus, there exists a ball of initial
onditions in the state-space of the overall feedback system in

ig. 6 around the equilibrium corresponding to D = D 

∗ and a pos-

tive constant 0 < ω̄ � 1 such that, ∀ ω ∈ (0 , ω̄ ) and ∀ ω h , a , k �ω
he solution converges to a O ( ω) neighbourhood of that equilib-

ium. 

Applying a step response of amplitude 4 . 25 × 10 −4 m 

3 h 

−1 / V liq 
or the system, the curve shown in Fig. 5 allows the calculation of

DM1’s dominant time constant at 63.2% of its final value, shown

y the red asterisk. Therefore, considering the model’s time con-

tant to be about 24 h , the extremum seeking parameters must be

maller than this value. 

emark 1. As already mentioned, it is necessary to ensure that the

lant’s dynamics are on a fast-time scale, the perturbations are on

 medium-time scale and the extremum seeking algorithm is on a

low-time scale. In order to satisfy the latter condition we have to

une the control parameters (frequency and amplitude of the sinu-

oidal functions – ω and a – as well as the integrator gain k ) as

n (43) . For instance, if the adaptation gain k in (13) was chosen

rbitrarily large (for instance of order O (1/ ω)), the averaging anal-

sis in Section 2 would naturally fail, as well as the stability proof
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Fig. 6. Extremum seeking control scheme for the ADM1 bioreactor. 
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[12] . In addition, the gain k cannot be tuned arbitrarily to relate

it with the Hessian f 
′′ 

since the latter has an unknown value to

the user. By the reasons exposed above, the speed of convergence

of the classical approach is impaired by the limitations of the con-

troller design and the theoretical analysis. 

4. Generalized extremum seeking algorithm based on 

q -Trigonometric perturbations 

There are many papers that demonstrate the applicability of Ex-

tremum Seeking Control aiming the optimization of the dynamics

of biological reactors. The design of these algorithms has been in-

vestigated from the perspective of the contribution of filters modi-

fications, dither’s amplitude adaptability [35] , and the modification

of the ES algorithm [36] . The adaptability [37] and the semi-global

and global search involving a special class of dithers [27] are re-

cently highlighted in the literature. In this context, we pursue an

alternative for a general excitation function to promote flexibility

to the movements of the extremum seeking’s dither signal while

minimizing the oscillations of the input and output variables after

reaching their optimum state. 

Trigonometrical generalization developed by Borges [21] who

defined the circular and hyperbolic functions on their generalized

forms derived from the Tsallis Statistics bases our proposition [38] .

In this paper, we explore an intuitive change to extremum seeking

substantiated on sin q ( x ), defined as: 

sin q (x ) = 

∞ ∑ 

j=0 

(−1) j Q 2 j x 
2 j+1 

(2 j + 1)! 
, q > 1 , (45)
Fig. 7. Function sin q ( ωt ) versus t . The red curve represents a function sin 1 (u ) = sin (x ) , 

overlaps the conventional case. As q increases, the amplitude of sin q ( ωt ) decreases and 

filled black line represents q = 1 . 5 with only one cycle. (For interpretation of the referenc

article.) 
here Q is the production function: 

 n (q ) = 1 q (2 q − 1)(3 q − 2) . . . [ nq − (n − 1)] , q > 1 . (46)

qs. (45) and (46) have guaranteed convergence to 

 x | = | 1 − q | −1 
, q > 1 . (47)

s presented by [21] , Eq. (45) in its compact form is 

in q (x ) = ρq (x ) sin 1 [ φq (x )] , (48)

ith ρq ( x ) given by: 

q (x ) = exp q ((1 − q ) x 2 ) 
1 
2 . (49)

The function exp q ( u ) is an approximate function law given by

 = [1 + (1 − q ) u ] 1 / (1 −q ) , limited to the base [1 + (1 − q ) u ] > 0 . The

imit q → 1 recovers the usual case of the exponential function, 

lim 

 → 1 
exp q (u ) = exp 1 (u ) . 

ndex 1 represents the usual case, that is, sin 1 (u ) = sin (x ) . There-

ore, we have u = (1 − q ) x 2 . The argument of the sin function φq ( x )

s defined by: 

q (x ) = 

arctan 1 [(1 − q ) x ] 

1 − q 
. (50)

imilarly to the sine function, the cos q ( x ) is associated to the

rigonometric generalization as 

os q (x ) = 1 + 

∞ ∑ 

j=1 

(−1) j Q 2 j−1 x 
2 j 

(2 j)! 
. (51)

qs. (50) and (49) can express Eq. (51) as: 

os q (x ) = ρq (x ) cos 1 [ φq (x )] . (52)

ig. 7 illustrates the behavior of the sin q ( ωt ) for different values of

 (note that q > 1). The red continuous curve is the case in witch

 = 1 that recovers the sin 1 ( ωt ) curve. While for values of q > 1

hese functions tend to reduce the amplitude value throughout the

ime and have a limited number of cycles, as shown by Borges [21] .

hese characteristics become even more evident as q increases. 

This behavior justifies that sin q ( ωt ) is of transient nature, while

in 1 ( ωt ) is persistent. The combination of these two characteristics

ay compose a generalized extremum seeking control, as shown

n the block diagram of Fig. 8 . Consider θ as the decision parame-
the dashed curves are for values of q > 1. When q = 1 . 0 0 0 01 the curve practically 

the number os cycles is limited to a determined value of t max . The curve with the 

es to colour in this figure legend, the reader is referred to the web version of this 
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Fig. 8. Diagram of the generalized extremum seeking control. 

t

a

w  

t

t

F  

a

l
q

s

R  

m  

s  

a  

w  

s

2

 

s  

e  

t

 

t  

T  

T  

p  

s  

a

∫
 

R

[  

w

−  

T  

(  

g

−

=

A

∫
 

∫
 

C

∫
 

∫
 

T  

a  

o  

t  

f

 

w

 

er, the closed-loop extremum seeking feedback becomes: 

dθ

dt 
= k (a q sin q (ω q t) + . . . 

 1 sin 1 (ωt)) 

[
f ∗ + 

f 
′′ 

2 

( ̃  θ + (a q sin q (ω q t) + a 1 sin 1 (ωt))) 2 
]
, (53) 

ith parameters a q = a 1 , ω q = ω 1 and q > 1. The limit when t goes

o infinity is given by: 

lim 

→∞ 

dθ

dt 
≈ f ∗ka 1 sin 1 (ωt) + . . . 

f 
′′ 

2 

ka 1 sin 1 (ωt) ̃  θ2 + f 
′′ 
ka 2 1 sin 

2 
1 (ωt) ̃  θ + 

f 
′′ 

2 

ka 3 1 sin 

3 
1 (ωt) . (54) 

or the case that each parcel contributes with the parameter of

mplitude a q = 

a 
2 , a 1 = 

a 
2 and q → 1, we have the following 

im 

 → 1 

dθ

dt 
= k 

a 

2 

( sin 1 (ωt) + . . . 

in 1 (ωt)) 

[
f ∗ + 

f 
′′ 

2 

( ̃  θ + 

a 2 

4 

( sin 1 (ωt) + sin 1 (ωt))) 2 
]

. (55) 

igorously, a proposed modification to extremum seeking control

ust attend not only the properties of the classical extremum

eeking control, but also must guarantee exponential convergence

long time. To comprehend the contributions of this proposition,

e expand Eq. (53) and regroup the terms of sin ( · ) and θ of the

ame power: 

d ̃  θ

dt 
= f ∗ka q sin q (ωt) + f ∗ka 1 sin 1 (ωt) + . . . 

f 
′′ 

2 

˜ θ2 ka q sin q (ωt) + 

f 
′′ 

2 

˜ θ2 ka 1 sin 1 (ωt) + . . . 

f 
′′ ˜ θka 2 q sin 

2 
q (ωt) + f 

′′ ˜ θka 2 1 sin 

2 
1 (ωt) + . . . 

 f 
′′ ˜ θka q sin q (ωt) a 1 sin 1 (ωt) + . . . 

f 
′′ 

2 

ka 3 q sin 

3 
q (ωt) + 

f 
′′ 

2 

ka 3 1 sin 

3 
1 (ωt) + . . . 

3 f 
′′ 

2 

ka 2 q sin 

2 
q (ωt) a 1 sin 1 (ωt) + 

3 f 
′′ 

2 

ka 2 1 sin 

2 
1 (ω t) a q sin q (ω t) . (56) 

The proposed perturbation function must achieve extremum

eeking’s specific characteristics, as listed by Liu [31] , with zero av-

rage ( 1 /T 
∫ T 

0 f (ωt) dt = 0 ) and positive square average of the per-

urbation function ( 1 /T 
∫ T 

0 f 2 (ωt) dt > 0 ). 

To apply time averaging theorem on Eq. (56) , among other

hings, we must calculate 
∫ T 

0 sin q (ωt ) dt . De Moivre’s Generalized

heorem is then used to demonstrate how to obtain this integral.
o exemplify, consider the integral ∫ exp ( ± ix ) dx and, to avoid com-

licated notations, consider only exp q ( ix ). Initially, we use the sub-

titution method and obtain the base of the function q –exponential

s: 

 

[ u ] 
1 

1 −q 
−i 

1 − q 
du = 

−i 

2 − q 
[ exp q (ix )] 2 −q . (57)

eminding the property 

 exp q (x )] b = exp 1 −(1 −q ) /b (bx ) , (58)

e obtain: 

i 

2 − q 
[ exp q (ix )] 2 −q = − i 

2 − q 
[1 − (1 − q ) ix ] 

2 −q 
1 −q . (59)

he expansion of Eq. (59) through the generalization of De Moivre

see Eq. (60) ) is used to demonstrate that the q –exponential inte-

ral is composed by the integrals of sin q ( x ) and cos q ( x ): 

i 

2 − q 
( cos q (x ) + i sin q (x )) 2 −q = . . . 

 − i 

2 − q 
( cos 

1 − 1 −q 
2 −q 

( ( 2 − q ) x ) + i sin 

1 − 1 −q 
2 −q 

( ( 2 − q ) x )) . (60) 

ccordingly, we can write: 

 

sin q (x ) dx = � 

{
− i 

2 − q 
( cos q (x ) + i sin q (x )) 2 −q 

}
, (61)

 

cos q (x ) dx = � 

{
− i 

2 − q 
( cos q (x ) + i sin q (x )) 2 −q 

}
. (62)

onsequently, 

 

sin q (x ) dx = − 1 

2 − q 
cos 

1 − 1 −q 
2 −q 

( (2 − q ) x ) , (63)

 

cos q (x ) dt = 

1 

2 − q 
sin 

1 − 1 −q 
2 −q 

( ( 2 − q ) x ) . (64)

hus, we analyze the behavior of Eq. (56) when submitted to the

verage system in time averaging. Fig. 9 (a)–(f) show the calculation

f the system average through numeric approach. The numeric in-

egration of sin q ( ωt ) in the analytic result of Eq. (61) , in which the

requency term appears in the denominator: 

1 

T 

∫ T 

0 

sin q (ω t) dt = − 1 

ω T (2 − q ) 
cos 

1 − 1 −q 
2 −q 

( (2 − q ) ω t) | T 0 , (65)

e can simplify this equation as 

1 

T 

∫ T 

0 

sin q (ω t) dt = − 1 

ω T (2 − q ) 
cos 1 

2 −q 
( (2 − q ) ω t) | T 0 . (66)
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Fig. 9. Behaviour of the time-averaging integrals of the independent terms of Eq. (69) , where T denotes the period of the dither function ( ω q = ω 1 ). 
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As demonstrated in Eq. (52) , the function cos q ∗ (ωt) has the

components, 

ρq ∗ (ωt) = [1 + (1 − q ∗) 2 (ωt) 2 ] 1 / (2(1 −q ∗)) 

and 

cos 1 (φq ∗ (ωt)) . 

These functions are used (defined) for a limited time over ( t l ) ap-

proximated by: 

lim 

 → t l 
ρq ∗ (ωt) ≈ | (1 − q ∗)(ωt) | 1 

1 −q ∗

lim 

→∞ 

φq ∗ (ωt) = 

π

2 

∣∣∣ 1 

1 − q ∗

∣∣∣. (67)

An approximate power law governs the decay of Eq. (66) for

large intervals of time. As q goes from 1.0 to 1.5, the decay

of the tail of Eq. (66) has dependency ≈ t −1 to reach ≈ t −3 .

Similarly, the other integrals of superior order will also behave

faster than the usual q = 1 , that is, the correspondent term to
1 
T 

∫ T 
0 sin q (ωt ) dt tend to a constant value and the average of the

differential Eq. (56) becomes: 

d ̃  θa v g = 

k f 
′′ 
a 2 1 ˜ θa v g . (68)
dt 2 
By analyzing this system for a small interval of time, outside of

he static region, we can better observe the contributions of this

pproach. Considering the quadric terms of Eq. (56) , we obtain: 

d ̃  θ

dt 
≈ f 

′′ ˜ θka 2 q sin 

2 
q (ωt) + f 

′′ ˜ θka 2 1 sin 

2 
1 (ωt) 

+2 f 
′′ ˜ θka q sin q (ωt) a 1 sin 1 (ωt) 

d ̃  θ

dt 
≈ f 

′′ ˜ θk (a q sin q (ωt) + a 1 sin 1 (ωt)) 2 . (69)

From the first line in (69) and the sin q ( ωt ) definition in (48) –

49) , one can obtain the following average model in the time scale

= ωt: 

d ̃  θa v g 

dτ
= kc f 

′′ [
a 2 q exp q ((1 − q ) τ 2 ) + a 2 1 

]
˜ θa v g , (70)

or some appropriate constante c > 0. Note that when goes q → 1,

he bracket term becomes Eq. (68) , similarly to a usual case. Hence,

y comparing (13) and (70) , we can conclude that the new de-

ign using generalized dithers allows us to accelerate the con-

ergence rate (at least in the transitory phase) since the term

xp q ((1 − q ) τ 2 ) > 0 and monotonically decreasing for any finite-

ime instant τ ∗. There exists an analytical solution to Eq. (70) by
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Fig. 10. Extremum seeking process for an initial dilution D 0 = 0 . 4 h 
−1 

(left) and D 0 = 

0 . 6 h 
−1 

(right). 

Fig. 11. Time response of methane outflow with initial dilutions. 
eans of the q –exponential and q-gaussian functions to be ex-

ressed in terms of hypergeometric function. 

A generalized hypergeometric function p F r (a 1 , . . . , a p ; b 1 , . . . ,

 r ; x ) can be written in function of the Pochhammer symbol. The

 and r indices are the number of symbols of Pochhammer in

he numerator and the denominator, respectively. The Pochham-

er symbol is defined by: 

(a ) n = a (a + 1)(a + 2) . . . (a + n − 1) = 

(a + n − 1)! 

(a − 1)! 
. (71) 

he hypergeometry applied in this section is given by equation: 

 

F 1 (a, b; c; x ) = 

∞ ∑ 

n =0 

(a ) n (b) n 
(c) n 

x n 

n ! 
. (72)

he exp q ((1 − q ) τ 2 ) may be expressed in terms of generalized

ypergeometric functions 2 F 1 ( α, β; γ ; z ) from the Gradshteyn

39] (number 9.121 1. 8 ) : 

 

F 1 (−m, b; b;−z) = (1 + z) m , (73) 

here z = (1 − q ) 2 τ 2 and m = 1 / (1 − q ) , therefore 

xp q ((1 − q ) τ 2 ) = 2 F 1 

(
1 

q − 1 

, b; b;−(1 − q ) 2 τ 2 
)
. (74) 

he approach of this work requires the integral representation to

olve the equation of the convergence of the parameter. It is possi-

le to use the hypergeometric equation (Gradshteyn [39] , number

.194 1.) to solve the first term inside the brackets of the differ-

ntial Eq. (70) : 
 u 

0 

x μ−1 dx 

(1 + βx ) ν
= 

u 

μ

μ
2 F 1 ( ν, μ; 1 + μ;−βu ) , 

 arg (1 + βu ) | < π, �{ μ} > 0 . (75) 

he integration of the first term of Eq. (70) was calculated by rear-

anging terms such as an integral representation of the hypergeo-

etric function (75) , with x = τ 2 , ν = 1 / (q − 1) , β = (1 − q ) 2 and

= 1 / 2 : 
 τ ∗

0 

exp q ((1 − q ) τ 2 ) dτ = τ ∗
2 F 1 

(
1 

q − 1 

, 
1 

2 

; 3 

2 

;−(1 − q ) 2 τ ∗2 
)
, 

1 + (q − 1) 2 τ ∗2 
∣∣ < π, (76) 

uch that 

˜ θa v g (τ ) − θ ∗

˜ θa v g (0) − θ ∗

∣∣∣∣
exp 

(
τkc f 

′′ 
(

a 2 q 2 F 1 

(
1 

q − 1 

, 
1 

2 

; 3 

2 

;−(1 − q ) 2 τ 2 
)

+ a 2 1 

))
, 

0 ≤ τ < τ ∗ . (77) 

. Numerical results and discussions 

Although the parameters of the ADM1 model were obtained by

djusting experimental values in the publication of [10] , we con-

ider the model parameters in our approach to be unknown since

he user does not have this information for the control design, as

ell as in the classical model-free extremum seeking approach. 

Results of numerical simulations were organized as follows.

ection 5.1 presents the Extremum Seeking Classical results to

odel ADM1. Section 5.2 shows the results of generalized ex-

remum seeking. The effects of external disturbance on the per-

ormance of the generalized model are still evaluated. 

.1. Classical extremum seeking 

According to Figs. 4 and 5 , it is known that the peak oc-

urs at D 

∗ = 4 . 25 × 10 −4 m 

3 h −1 /V liq and y ∗ = 0 . 225 kgCOD.m 

−3 .
o achieve this point on the map, the classical extremum seek-

ng algorithm uses the following parameters: ω h = 5 × 10 −5 , ω =
 × 10 −5 , a = 5 × 10 −5 , k = 1 . The tuning of these parameters, cho-

en based on exhaustive testing, results in the best performance

ossible in the controller. By using these parameters, two sets

f extremum seeking approaches take place: the first has an ini-

ial condition lower than the optimum value D 0 = 0 . 4 h 

−1 and the

econd has an initial condition higher than the optimum value

 0 = 0 . 6 h 

−1 . 

The maximum seeking process for the lower and higher initial

ilutions can be seen in Fig. 10 , while the methane outflow seek-

ng process and dilution seeking process for both conditions are

escribed in Fig. 11 and Fig. 12 , respectively. The analysis of both

gures shows that the simulation with the lower initial dilution

as a settling time of 223 h , while the simulation with the higher

nitial dilution has a settling time of 805 h , considering an error

f 5%. This is an improvement of 18.5% and an improvement rate

f approximately 0 . 1% h 

−1 
for the first simulation and an improve-

ent of 19% with an improvement rate of 0 . 03% h 

−1 for the second

imulation. Although these improvement rates are not impressive,

o a certain degree, they are satisfactory [40] . However, modifying

he extremum seeking process, the scheme parameters could result

n enhancements in the improvement rate. Choosing initial condi-

ions closer to those of the optimal value D 

∗ would also result in

igher improvement rates, although doing so would not show the

obustness of the extremum seeking scheme in reaching the opti-

um value. 
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Fig. 12. Time response of dilution with initial dilutions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 14. Behavior of methane concentration in the output of the reactor in function 

of three different configurations of generalized extremum seeking for the search, in 

large domains of the decision variable. The red curve represents the performance 

of the usual extremum seeking with amplitude a 1 = 2 . 0 × 10 −4 ( a q = 0 ). The blue 

curve represents the performance of the proposed extremum seeking with am- 

plitude q = 1 . 01 ; a q = 2 . 0 × 10 −4 and a 1 = 0 . The green curve represents the per- 

formance of the new extremum seeking composed by the persistent and tran- 

sient signals a 1 = 1 . 0 × 10 −5 ; q = 1 . 01 and a q = 2 . 0 × 10 −4 . In all other cases, ω = 

8 × 10 −2 ;ω h = 5 × 10 −3 and k = 1 . (For interpretation of the references to colour in 

this figure legend, the reader is referred to the web version of this article.) 
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l  
5.2. Generalized extremum seeking 

Fig. 7 shows the sin q ( ωt ) decreases over time for different val-

ues of q (with q > 1). Although, for the limited time, this function

contributes significantly to the behavior of Extremum Seeking Con-

trol. In this sense, Eq. (69) shows that it is possible to act artifi-

cially on the system, accelerating the search for the optimal point.

Figs. 13 and 14 show that different tunings do not promote signif-

icant differences in the searching behaviour for the first cycles of

the initial region of the numerical simulations. However, the case

of a q = 0 , that is, for a 1 = a, when t goes to infinity, the variable

reaches a pseudo steady state, or local maximum. By observing

Figs. 13 and 14 , it becomes clear that it is possible to compact a

high frequency signal in a planned interval by using sin q ( ωt ). Fur-

thermore, due to its dissipative nature, this function acts as an ac-

celerant to the reduction of the gradient for the extremum seek-

ing’s performance. In order to achieve its maximum in a large in-

terval of flow while preserving the usual properties of extremum

seeking, it is possible to combine the sum of these two signals as

shown on Fig. 8 . In order to preserve the initial amplitude a of the

dither for the usual extremum seeking and keeping the order of

magnitude of the decision variable domain, we associate an addi-
Fig. 13. Behavior of effluent flow in three different configurations of generalized 

extremum seeking, considering the search in large domains of the decision vari- 

able. The red curve represents the performance of the usual extremum seeking with 

amplitude a 1 = 2 . 0 × 10 −4 ( a q = 0 ). The blue curve represents the performance of 

the new extremum seeking with amplitude q = 1 . 01 ; a q = 2 . 0 × 10 −4 and a 1 = 0 . 

The green curve represents the performance of the proposed extremum seeking 

composed by the persistent and transient signals a 1 = 1 . 0 × 10 −5 ; q = 1 . 01 and 

a q = 2 . 0 × 10 −4 . In all other cases, ω = 8 × 10 −2 ; ω h = 5 × 10 −3 and k = 1 . (For in- 

terpretation of the references to colour in this figure legend, the reader is referred 

to the web version of this article.) 
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p  
ional term based on q –trigonometry with amplitude a q to the pe-

iodic term now denoted with amplitude a 1 , both subjects to the

ondition a q + a 1 ≈ a, with a q 
 a 1 . Hence, it is possible to reach

he neighborhood of the maximizer point in a faster way and to

eep it in this reduced region (ultimately bounded by a 1 rather

han a ), due to the dissipation of sin q ( ωt ) and the persistence of

he signal sin 1 ( ωt ). In addition, assuming comparable regions of

onvergence of decision variable, the application of the conven-

ional ESC to the static map of the ADM1 model reaches the op-

imal value over 800 h ( Figure 12 ). While the application of the

eneralized extremum seeking applied to the dynamic nonlinear

DM1 model takes around 400 h ( Figure 13 ). 

In [26] , the authors propose methods of tuning that would al-

ow amplification of the domain of initial conditions; however,

ere we demonstrate that it is possible to control the behavior of

he regime, sweeping large regions of the decision variable. The

in q ( ω q t ) has limited cycles that depend on the ω q and q parame-

ers. In this way, it is possible to design the signal dissipation time

nterval. However, reactors are susceptible to external disturbances,

herefore, it is necessary to include sin 1 (·) in the generalized ex-

remum seeking. This signal maintains the search in function of

he gradient since the external disturbances evaluated do not pro-

ote changes of the optimum point of the order of magnitude of

he output variable. For the case of a 1 = 0 , there is no action on θ
ince the function sin q (·) tends to 0 over time, as shown in Fig. 14 .

Each of the Figs. 15 (a)–(c) shows three optimum states by map-

ing the objective function y = S CH4 due to variations of external

isturbance. This disturbance signal performed as a step condition

n some soluble components of intermediate reactions of the di-

estion ( S in aa , S in v a and S in 
bu 

). Clearly, we have seen that the search

or the optimum is performed in two different orders of magni-

ude, resulting in the effect of a q and a 1 . After having established

or the standard condition, the external disturbance is evaluated

y 50% step of the maximum condition of amino acids, valeric

nd butyric acids concentration. First, for the standard pattern in

hich we have used a q = 2 . 0 × 10 −4 and a 1 = 1 . 0 × 10 −5 and the

une conditions adopted in Fig. 14 , we have noticed that for the

ew condition, due to the disturbance, the signal is guided by the

islocated optimization surface. Although a big disturbance is ex-

lored for this system, with the presence of the permanent signal
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Fig. 15. Fig. 15 (a)–(c) show three dashed curves representing the map of the objective function – S CH 4 versus flow rate effluent DV liq – for three different parametric 

conditions of the concentrations of S in aa , S in v a and S in 
bu 

. The black dashed line represents condition S in aa = 0 , S in v a = 0 and S in 
bu 

= 0 , the red and the blue dashed lines show the 

conditions of 50% and 100% of the maximum reference value of theses parameters, respectively. The search trajectory on time interval of 20 0 0 hours is presented by the 

blue continuous line. The only difference between the plots is due to the tuning parameter a 1 , where a 1 = 1 . 0 × 10 −5 for Fig. 15 (a), a 1 = 2 . 5 × 10 −5 for Fig. 15 (b) and 

a 1 = 5 . 0 × 10 −5 for Fig. 15 (c). All remaining parameters are the same as those adopted in Fig. 14 (of the manuscript), with q = 1 . 01 and a q = 2 × 10 −4 . The corresponding 

dynamics of S CH 4 (t) in Fig. 15 (a)–(c) are compared in Fig. 15 (d). Initially, the values of the concentration parameters of the three acids are S in aa = 0 S re f 
aa , S in v a = 0 S re f 

v a and 

S in 
bu 

= 0 S re f 

bu 
. Then, we generated a step perturbation (at the time of 500 h to 2000 h ) into the parameters such that the acids concentrations become S in aa = 0 . 5 S re f 

aa , S 
in 
v a = 0 . 5 S re f 

v a 

and S in 
bu 

= 0 . 5 S re f 

bu 
. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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in 1 (·) , it is possible to preserve the search of the sub optimal con-

ition under the red dashed curve. As we improve the value of a 1 
 Figs. 15 (a)–(c), we notice a loss of the reached performance of the

aximum before the application of the disturbance in the time of

00 h . However, the higher the value of a 1 , the greater its capabil-

ty to adapt the response of the system to the disturbance, and the

aster the response in searching for the new optimum. In the limit

 1 → 0, the system tends not to respond in the presence of external

isturbances. 

. Conclusion 

In this paper, we introduce a generalized dither in the ex-

remum seeking structure with time-varying of amplitude for a

odified ADM1. The application of generalized extremum seeking

o the modified ADM1 exhibits speed of convergence twice as fast

s the usual extremum seeking applied to the linearized ADM1. In

ddition, it reduces the surrounding oscillation in the vicinity of

he optimum point. 

Analysing the numerical results, it was clear that not only both

ilution and methane outflow reach their optimum values in an

naerobic-anoxic tank reactor with simultaneous removal of car-

on and nitrogen, but the extremum seeking process was efficient

or an initial value lower than and higher than the optimum. Both

imulations reached their optimum values with a periodic signal

scillating with less than 3% around the mean value. Furthermore,

here was an improvement of up to 18.5% in methane outflow, an

xtremely satisfactory increase in production, which shows the po-

ential growth in methane production in an anaerobic process with

imultaneous removal of carbon and nitrogen. Although there was
 satisfactory increase in methane production, the ADM1 revealed

erious problems with its calibration uncertainty and its ideality

onsiderations. For example, the ADM1 considers the ideal gas law

n its thermodynamic calculations, which result in less reliable val-

es of methane outflow due to the equilibrium between the gas

nd liquid phases. Finally, the adoption of an empirical model is

uggested when a more precise estimate of production is required.

otwithstanding its limitations, ADM1 is a robust model capable

f simulating a vast range of anaerobic digestion conditions. 

Generalized Extremum Seeking performs well when subjected

o moderate disturbances demonstrating the advantage of remain-

ng with the classical term beyond the dissipative signal. It has

een shown that a q sin q (·) is monotonically decreasing and obeys a

ower law. The numerical evaluation of the optimum point change

hows that it is necessary to keep the signal a 1 sin 1 (·) to ensure

he balance between the speed of convergence and the capacity of

hange of state. 

In future research investigations, the trigonometric functions

ay be used to allow exploring and expanding tools for adap-

ive and global extremum seeking. Moreover, the properties of de-

ormed trigonometric functions by Costa and Borges [41] have been

dentified as an interesting option for persistent dithers with vari-

ble frequencies. 

Regarding the optimization criteria, the global environmental

erformance of the anaerobic digestion system should consider

oth the maximization of methane production and the minimiza-

ion of waste in the effluent. Although we have focused on the

ptimization of the methane production since the reduction of

aste was not a big issue since we dealt with low concentration

ontaminants, an excellent topic for future research investigation
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would include the optimization for wastewater quality parameters

as well. 
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Appendix A. Stability Theory considering an n –Dimensional 

Linear System 

Since the ADM1 is a non-linear model with m equations and

n variables, it is necessary to consider non-linear stability. In this

case, it is possible to linearize the equations on the optimum equi-

librium (X ∗
1 
, X ∗

2 
, X ∗

3 
, . . . , X ∗n ) to describe the local behaviour around

the optimum equilibrium. If the initial condition is close enough to

the optimum, it is possible to consider that the linearized system

reliably represents the behaviour of the system. 

To apply the linearization, consider Eq. (40) and consider that in

Eq. (40) , the functions F 1 , F 2 , F 3 , . . . , F m 

are nonlinear for the vari-

ables X 1 , X 2 , X 3 , . . . , X n and continuously differentiable so that the

linearization technique is applicable. Then, given the optimal equi-

librium, Eqs. (A .1) –(A .4) show linearized system: 

dX 1 
dt 

= F 
′ 

1 (X ∗1 , X 
∗
2 , X 

∗
3 , . . . , X 

∗
n ) + 

∂F 1 
∂X 1 

(X ∗1 , X 
∗
2 , X 

∗
3 , . . . , X 

∗
n )(X 1 − X ∗1 ) + . . . 

+ 

∂F 1 
∂X n 

(X ∗1 , X 
∗
2 , X 

∗
3 , . . . , X 

∗
n )(X n − X ∗n ) , (A.1)

dX 2 
dt 

= F 
′ 

2 (X ∗1 , X 
∗
2 , X 

∗
3 , . . . , X 

∗
n ) + 

∂F 2 
∂X 2 

(X ∗1 , X 
∗
2 , X 

∗
3 , . . . , X 

∗
n )(X 1 − X ∗1 ) + . . . 

+ 

∂F 2 
∂X n 

(X ∗1 , X 
∗
2 , X 

∗
3 , . . . , X 

∗
n )(X n − X ∗n ) , (A.2)

dX 3 
dt 

= F 
′ 

3 (X ∗1 , X 
∗
2 , X 

∗
3 , . . . , X 

∗
n ) + 

∂F 3 
∂X 3 

(X ∗1 , X 
∗
2 , X 

∗
3 , . . . , X 

∗
n )(X 1 − X ∗1 ) + . . . 

+ 

∂F 3 
∂X n 

(X ∗1 , X 
∗
2 , X 

∗
3 , . . . , X 

∗
n )(X n − X ∗n ) , (A.3)

dX n 

dt 
= F 

′ 
m 

(X ∗1 , X 
∗
2 , X 

∗
3 , . . . , X 

∗
n ) + 

∂F m 

∂X 3 
(X ∗1 , X 

∗
2 , X 

∗
3 , . . . , X 

∗
n )(X 1 − X ∗1 ) + . . . 

+ 

∂F m 

∂X 
(X ∗1 , X 

∗
2 , X 

∗
3 , . . . , X 

∗
n )(X n − X ∗n ) . (A.4)
n 

Table A1 

Eigenvalues for optimum equilibrium (X ∗1 , X 
∗
2 , X 

∗
3 , . . . , X 

∗
35 ) . 

λ1 = −21520 . 594 λ19 = −8 . 761 

λ2 = −1741 . 946 λ20 = −8 . 703 

λ3 = −1512 . 422 λ21 = −8 . 468 

λ4 = −1382 . 431 λ22 = −8 . 335 

λ5 = −1322 . 416 λ23 = −8 . 349 

λ6 = −26 . 177 + 469 . 057 i λ24 = −8 . 289 + 0 . 003 i 

λ7 = −26 . 177 − 469 . 057 i λ25 = −8 . 289 − 0 . 003 i 

λ8 = −18 . 008 λ26 = −8 . 288 

λ9 = −16 . 651 λ27 = −8 . 287 

λ10 = −13 . 669 λ28 = −8 . 287 

λ11 = −16 . 624 λ29 = −8 . 287 

λ12 = −10 . 609 λ30 = −8 . 287 

λ13 = −2 . 857 λ31 = −8 . 287 

λ14 = −0 . 784 λ32 = −8 . 287 

λ15 = −0 . 042 λ33 = −8 . 287 

λ16 = −0 . 031 λ34 = −8 . 287 

λ17 = −0 . 001 λ35 = −8 . 287 

λ18 = −9 . 431 . . . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Given that (X ∗1 , X 
∗
2 , X 

∗
3 , . . . , X 

∗
n ) is an equilibrium solution of

he system, the following values must be F 
′ 

1 (X ∗1 , X 
∗
2 , X 

∗
3 , . . . , X 

∗
n ) =

 

′ 
2 (X ∗1 , X 

∗
2 , X 

∗
3 , . . . , X 

∗
n ) = F 

′ 
3 (X ∗1 , X 

∗
2 , X 

∗
3 , . . . , X 

∗
n ) = . . . = F 

′ 
m 

(X ∗1 , X 
∗
2 , X 

∗
3 , 

 . . , X ∗n ) = 0 , and Eq. (A.5) characterizes the ODE system: 
 

 

 

 

 

 

 

X 

′ 
1 

X 

′ 
2 

X 

′ 
3 

. . . 

X 

′ 
n 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

= 

⎛ 

⎜ ⎜ ⎝ 

∂F 1 
∂X 1 

. . . 
∂F 1 
∂X n 

. . . 
. . . 

. . . 

∂F m 
∂X 1 

. . . ∂F m 
∂X n 

⎞ 

⎟ ⎟ ⎠ 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎝ 

X 1 

X 2 

X 3 

. . . 

X n 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎠ 

(A.5)

Note that the matrix of partial derivatives is the Jacobian matrix

f the system and therefore it is possible to obtain the eigenvalues

hat represent the system stability using the same method as pre-

ented for the linear system. If the Jacobian in Eq. (40) is Hurwitz,

he system is asymptotically (exponentially) stable. 

Due to the complexity of the ADM1 described in Section 3.1 ,

t is necessary to obtain the analytical Jacobian using Mat-

ab/Simulink®. The sym function simulates the symbolic variables

nd the Jacobian function obtains the analytical Jacobian matrix of

he system. Knowing the optimum, it is possible to apply these val-

es to the analytical Jacobian and obtain the numerical Jacobian

inearized at the optimum value. From the numerical Jacobian, it

s possible to analyse the stability of the solution by analysing the

igenvalues associated with the Jacobian. The eigenvalues of the

ystem for the optimum value of D 

∗ = 4 . 25 × 10 −4 m 

3 h −1 /V liq with

(X ∗1 , X 
∗
2 , X 

∗
3 , . . . , X 

∗
35 ) , are shown in Table A .1. 

Since all the eigenvalues of the linearized model of (40) are

egative, the stability theory proves that, as t approaches infin-

ty for a close enough initial condition to the optimum equilib-

ium (X ∗
1 
, X ∗

2 
, X ∗

3 
, . . . , X ∗

35 
) , the values of X ( t ) approach the values of

 

∗. Thus, the system is locally stable for the optimum equilibrium.

his guarantees that the extremum seeking algorithm will be able

o tune the dilution rate in the direction that will maximize the

ethane production in the system automatically. 
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