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Prescribed-Time Observers for Linear Systems in Observer
Canonical Form

John Holloway

Abstract—For linear systems in the observer canonical form,
we introduce a state observer with time-varying gains that tend to
infinity as time approaches a prescribed convergence time. The
observer is shown to exhibit fixed-time stability with an arbitrary
convergence time, which is prescribed by the user irrespective of
initial conditions. The output estimation error injection terms are
also shown to remain uniformly bounded and converge to zero at
the prescribed time.

Index Terms—Linear systems, linear system observers, pre-
scribed time, stability of linear systems.

|. INTRODUCTION

Tactical missile guidance applications typically require a small miss
distance to nullify a target, and within a short time-to-go that can usually
be estimated using on-board or off-board sensors [1]. In these kinds
of applications, wherein initial conditions are uncertain, but excellent
state estimates are needed within a known finite time to meet the control
objectives, observers that allow for easy prescription of the convergence
time irrespective of initial conditions offer a clear advantage over those
that do not.

Existing approaches to finite-time state estimation achieve conver-
gence of estimation errors to zero within some finite time, which typ-
ically depends on initial conditions, and that time is often unknown
[2]-[19]. When the convergence time is bounded for all initial con-
ditions, the approach is said to achieve fixed-time stabilization [20].
Depending on the approach employed, and how the observer parame-
ters are coupled with the convergence time, fixed-time convergence in
a prescribed time, whereby the user can prescribe the convergence time
a priori and irrespective of initial conditions, is in some cases possible,
but in general is not guaranteed, and is typically difficult to implement
in practice. Here, we explore an alternative approach to prescribing the
observer convergence time, and it is easier to implement in practice.

Recently, Song et al., [21] solved the problem of robust prescribed-
time stabilization of nonlinear systems in normal form using an al-
ternative approach to finite-time control that employs feedback with

Manuscript received November 14, 2017; revised June 24, 2018 and
November 3, 2018; accepted December 8, 2018. Date of publication
January 3, 2019; date of current version August 28, 2019. This work
was supported by the SAIC EdAssist tuition reimbursement program.
The material, opinions, and conclusions expressed in this paper are the
personal views of the authors and not those of SAIC. Recommended by
Associate Editor K. Takaba. (Corresponding author: John Holloway.)

J. Holloway is with the Science Applications International Corporation
(SAIC (r)), USA (e-mail: john.c.holloway @ saic.com).

M. Krstic is with the Department of Mechanical and Aerospace Engi-
neering, University of California San Diego, San Diego, CA 92093-0021
USA (e-mail: krstic@ucsd.edu).

Color versions of one or more of the figures in this paper are available
online at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TAC.2018.2890751

and Miroslav Krstic

, Fellow, IEEE

time-varying gains that tend to infinity as time approaches the pre-
scribed convergence time. In this note, we explore this alternative ap-
proach to finite-time stabilization further in the context of prescribed-
time estimation, which employs time-varying observer gains that tend
to infinity as time approaches the prescribed convergence time.

A. Problem Statement

In this note, we study systems whose solutions are only required
to exist on a finite-time interval, ¢ € [ty,{y + ¢;), where ¢, > 0 is the
initial time, and ¢y > ¢, is the final or terminal time by which to meet
the estimation and control objectives. In particular, we restrict our
analysis to linear single-input single-output systems in the observer
canonical form as

ibl (t) = X9 (t) — (Ln,ly(t) (1)
j:rfl (t) = Ty (t) - ap+1y(t) (2)
I () = 21 () — a,y(t) + byu(t) 3)
a1 (8) = 0 (8) — ary(t) + byu(t) @
@y (t) = —agy(t) + bou(t) (5)
y(t) =21 (1) (6)

which is written more compactly as

i(t) = Ax(t) — ay(t) + {O“*b”“ } u(t)
y(t) = ef (1)

where e; := [1,0,...,0]T € %" is the first of the n-dimensional unit
vectors, and

0 ]nfl

Ay —1 bﬂ
0...0 Qg bo

Here, z(t) € Z" is the state, u(t) € Z' is a known and bounded
control input, y(t) € #" is the measured output,n > p > 0,7 =n — p
is the relative degree of the system, and the constant coefficients a;s
and b;s are known. Our goal is to obtain perfect estimation of the
state within a finite time 0 < T" < ¢y, in a manner in which T' is fixed
(independent of initial conditions) and easily prescribed a priori. We
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accomplish this with a dynamic state observer of the form

E(t) = Az(t) — ay(t) + {O“‘b”“ } u(t)

g1 (t — to, T)
+ : (y(t) — &1 () ™)
9n (t - t07 T)

where the time-varying observer gains {g; (¢ — ¢, 7") }7_, are functions
of the prescribed convergence time 7" and must be designed. Defining
the observer estimation error as Z; (t) := x; (t) — &;(t),i=1,...,n
yields the error dynamics

Ti(t) = Fig1 (t) — gi(t — o, T)E1 (1),

T (8) = —gn (t — 1o, T)@ (). )

i=1,....n—1 (8)

B. Design Approach

We show that by using a particular time-varying change of coordi-
nates of the observer error states, and selecting the time-varying ob-
server gains {g; (t — to,T")}_, in a particular way, we achieve a form
of fixed-time stability for (8) and (9) in a convergence time 7' > 0,
which we prescribe a priori and irrespective of initial conditions. To
motivate our approach, consider the change of coordinates

Gt) == p(t —to, T)E;i(t), i=1,...,n (10)
where for t € [to,tg + 1), p(t—1to,T): [to,to +T)— Z" is a
monotonically increasing function (to be defined) having the property
that pu(t — to, T') tends to infinity as t — t, + T, where T is prescribed
by the user. Clearly, (10) also gives the inverse mapping from Q:L () to
Z;(t) as

() = plt —to, T)'G(t), i=1,...,n. (11)
Since u(t — to,T) increases monotonically to infinity, then u(t — o,
T)~L decreases monotonically to zero. So from (11), if the error states
C; (t) remain finite, then clearly Z; (t) — O ast — &, + 7. Therefore, if
after transforming the Z; (£) system into the ¢; (¢) coordinates, we can
select the observer gains {g; (t —to,T)}'_, in a way that stabilizes
the é (t) system, then by the nature of the special relationship between
Ci(t) and Z; (t) in (11), we simultaneously enforce the condition that

Note that in general, the change of coordinates (10) may result in
a transformed version of (8) and (9), which is much more compli-
cated than the original one, and finding its inverse may not be trivial.
However, it offers the advantage of providing a means of achieving
fixed-time convergence in the prescribed time 7. Using this approach,
the convergence is global (with respect to initial conditions), uniform
(with respect to ¢y ), and the convergence time 7’ is fixed (independent
of initial conditions). In application, we calculate the state estimate on-
line using (7) and the time-varying observer gains {g; (t — to, )}/, .
The latter will be shown to have a special structure and are easy to
calculate.

In this framework, as the basis for our design, we define the function
pi(t—1to,T) : [to,to + 1) — Z" as

T
[L](tft(),T) :

= 12
T+t,—t (12)

which starts from 1 at ¢ = ¢, and increases monotonically to infinity as
t — to + T. Using this function, we define the function u(t — ¢y, T) :

[to,to +T) — Z" as

Tn +m

—_—— 13
(T + t[] o t)n+m ( )

pu(t —to,T) = (t —to, T)"*" =

which also starts from 1 at ¢ = ¢, and increases monotonically to
infinity as t — ¢y, + 7, but can be tuned to do so more quickly than
w1 (t — to, T') through the positive integers n (the order of the system)
and m > 1, a design parameter. For notational convenience, we also
define the function v(t — ¢y, T) : [to,to + T) — Z* as

_ TH1ty—1t

vt —to,T) = puy (t —to, T) 7

(14)
which starts from 1 at ¢ = ¢, and decreases monotonically to zero as

Notation: To save space, we often drop the explicit (¢ — ¢y) and T
dependence of the functions (12)—(14) and write them simply as z1, (,
and v, respectively.

Using these functions, our analysis employs the following definition
of fixed-time stability.

Definition 1 (FT-GUAS): The system & = f(z,t) (of arbitrary di-
mension of x) is said to be fixed-time, globally uniformly asymptoti-
cally stable in time 7" (FT-GUAS) over the interval I := [ty,t) + 1)
if there exists a class # . function /3 such that for all t € I

()] < Ble(to)l p (t =10, T) = 1)

where the function p; (t — ¢y, T) is defined in (12).

II. MAIN RESULTS

Using the functions defined in (12)—(14), it is possible to transform
the error system (8), (9) in a way that retains the attractive property of
(11), but also results in a transformed system that is easy to stabilize
asymptotically. This then provides for fixed-time stabilization of (8) and
(9) in the sense of Definition 1. Our transformation result is captured in
the following lemma, whose proof is provided in the following section.

Lemma I: Consider the transformation Z; (t) — (; (t) defined by

Cl(t):/,b(t—to,T)i’z(t), iil,...,n (15)
and the transformation ¢; () — Z; (t) defined by
) =D pi(m)GE), i=1,....n (16)
j=1
where the functions {p; ;(y+1)} are defined by
piy(m) =Py, 1<j<i<n (17

and the coefficients {p; ; } are constants to be determined. By selecting
the {p; ; } according to

(18)
19

pii =1
iy =0, j>i
for {p; ; } with j > 4, the recursion relations

n+m-+i—j_

Dij-1 = T Dij tPiv1j, n—1>2i>j=>2
(20)

_ 2n+m—j _ .

Pn,j-1 = 7#pn‘jv J=n,n—- 17“-72 (21)
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for {p; ;} with j < 4, and the observer gains {g;(t — to,T)}/_} ac- for j=n,n—1,...,2. Next, we proceed to solve (20), begin-
cording to ning with i =n — 1 and j = ¢ =n — 1 for the set {p, _, ;1 } with

j=n—-1,n-2,...,2.8ince p, 1 -1 = 1isknown from (18), and

n+m-+i—1_

gi(t—ty,T)=1; + < T Dia *ﬁz‘+111> 1

i—1
= gt —to, T)pi (22)
j=1
and g, (¢t — to, T) according to
2n4+m—1_ N
9n (t - t07T) = ln + #pn,l/ﬁl
n—1 ‘
- Z gj (t — 1o, T)ﬁﬂ J ,LL;L - (23)
j=1

where the {/; }_, are constants to be selected, the observer error system
(8), (9) is transformed into

Zi(t) = Zi(t) — LA (),
Z (t) = =1, 21 (t).

The observer gains {g;(t — ty,T")}_, provided by (22) and (23)
are calculated recursively as follows. Observe from (22) and (23) that
if we proceed in the order ¢ = 1, 2, .., n, then explicit expressions for
each g; (t — to, T') are obtained in terms of {g; (¢ — to,T)},_", and the
constants {/; }é-zl, regardless of the values of the latter. Thus, after
determining the {p; ; } according to (18)—~(21), and selecting {/; }!"_,
as desired, we calculate the {g; (t — ¢y, T)}!_, using (22) and (23) by
proceeding in the order v = 1,2, .., n.

The system (24), (25) is stabilized by selecting the constants {l; }!"_,
to make the polynomial s" + [y s" L4+ ... 41, and the companion
matrix A Hurwitz, where A is defined from (24) and (25) as

i=1,...,n—1 (24)

(25)

7l1 In—l

A= (26)

=1, 0

Then by the nature of the transformations used in Lemma 1, we achieve
fixed-time stability of the system (8), (9) in the sense of Definition 1, as
stated in the following theorem. Its proof is provided in the following
section.

Theorem 1: For the dynamic system (1)—(6) defined over the inter-
val Iy := [to,tg +t 1), consider the observer (7) having error dynam-
ics (8), (9) and observer gains {g; (t —ty,T")}I_, given by (22) and
(23) where the {l;}!"_, are constants to be selected. If the constants
{l;}1_, are selected such that the polynomial 5" + I 8" 1 + -+ 41,
and the companion matrix (26) are both Hurwitz, then the system (8),
(9) has a FT-GUAS equilibrium at the origin, with a prescribed con-
vergence time T, and there exist positive constants M, & > 0 such that
forallt € I,

Z()] < v(t —to, T)" T Me " 10) | (t,)| Q7

where v(t — tg,T) is defined in (14), and m > 1 is an integer and
a design parameter. Furthermore, the output estimation error injec-
tionterms~y; (t — to,T") := g;(t — to, T)Z1 (t) fori = 1,..., nremain
uniformly bounded over the interval I, and also converge to zero as

Remark 1: The coefficients {p; ;} for j < i defined by the re-
cursion relations (20), (21) are easily calculated offline using the
following algorithm. Beginning with (21), since p,, , = 1 is known
from (18), we first obtain the set {p, ;_1} by working backwards

Dn.n—1 18 known from the previous ¢ = n step, we can again work back-
wards to obtain the remaining {;5,,,,14,1 }. We continue this process
fori =n —2,...,2 by working backwards from j = i,7 — 1,...,2 to
obtain the remaining {p; ; }.

In practice, we obtain the constants {p, ; } for j < ¢ defined by the
recursion relations (20), (21) as described in Remark 1. However, it is
possible to obtain explicit solutions for them as shown in the following
proposition. The proof is provided in the following section.

Proposition 1: For {p; ;} with 1 < j < i < n, the solution to (20)
is expressed as

(1) (n+m+i—j—1)!
Ti=i(n+m—1)!

ij =

=S

Jj-1
=0

(-1 (4t m 4 — 5 —1)!
Ti=7=0+1) (n + m + 1)!

Pit1,i-1

and for {p, ;} with1 < j < n — 1, the solution to (21) is expressed as

(=) (2n+m—j— 1)!.

ﬁn g =
Some remarks on the observer (7) and how it compares to existing
finite-time observers conclude this section.

A. Implementation

The observer (7) is conceptually easy to understand and implement.
Indeed, for system (1)—(6) of any given order n, its construction con-
sists of simply selecting the constants {/; }7_, to make the companion
matrix A Hurwitz, and then (independently) selecting the prescribed
convergence time 7' and the design parameter m > 1. These are the
only “tuning parameters” of the observer, since we have explicit for-
mula for the {p; ; } in (18)—~(21), which are set by n, m, and T', and
the time-varying gains {g; (¢ — to,7")}?_, in (22) and (23), which are
functions of the {p; ; } and the function 11 (t — to, T), where the latter
is defined by (12) based on 7" and ¢ — ¢,.

Although the output estimation error injection terms {~; (¢t — to,
T)}?_, remain finite (see Theorem 1), in practice the observer (7) will
exhibit numerical precision limitations as time tends to ¢y + 7, because
the gains {g; (t — o, T)}!_, go to infinity. This can be mitigated by
either: 1) extending the prescribed convergence time 7' to sometime
larger than ¢, or by 2) “turning OFF” the injections {~; (t — to, ")}/,
(zero them out) at some time ¢, < ¢y + 7'. Doing either will achieve
convergence of the estimation error to within some neighborhood of the
origin that could be tuned by the user if desired. For the latter option,
one can, in principle, determine such a t,, a priori as follows. First,
set each of the {g; (t — ty,7T")}7_, in (22) and (23) to some maximum
value selected by the user, say gm.x = 101%. Next, solve each expression
for t — ¢, . Finally, define ¢, as the minimum of those times. Clearly,
for high-order systems, this method becomes difficult, and may not be
worth the trouble in practice. A simpler solution is to instead monitor
the magnitude of the {g; (¢ — ¢y, 7"}/, in real time during estimation
until any of them approach g,.x, and then at that time, turn OFF the
injections. Once the injections are turned OFF, the estimation errors
will grow again. But if desired, the observer could be reset to begin
anew from that time, treating the current time Z., as a new t,, and
the current estimation error a?(tsmp) as a new initial condition. Notice
that in this regard, the observer (7) exhibits a high-gain or brute-force
nature “asymptotically,” whereas the classical time-invariant high-gain
observer is of a brute-force nature all of the time.
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B. Existing Methods

In theory, higher-order sliding mode differentiators [3]-[7] and ob-
servers based on concepts of homogeneity [8]-[14] can achieve conver-
gence in finite time. However, with both of these approaches, simple,
constructive procedures for selecting observer parameters that guaran-
tee convergence in a fixed, prescribed time appear to be unavailable
for higher-order systems, and parameter tuning must usually be done
through trial-and-error in numerical simulation. Approaches that use
multiple observers [16]-[19] provide for prescription of the conver-
gence time, but by requiring either delays or a hybrid-systems frame-
work, their implementation is relatively complicated. The implicit Lya-
punov function approach [15] also provides for prescribed convergence
time, by iterating parameters over a grid until a set of LMI are satis-
fied, and this can be done offline for linear MIMO systems. However,
implementation of this method is also complicated, and ultimately still
requires trial-and-error to tune the parameters through numerical simu-
lation. The attractive features of (7) are the simplicity of its design, the
explicitness of its gains and parameterization, and most importantly, its
ability to easily prescribe the convergence time irrespective of initial
conditions.

Ill. PROOFS OF MAIN RESULTS
A. Proof of Lemma 1

We begin this section with a proof of Lemma 1.
Proof: From (16), (17), and (19), we obtain

% T p11N1CI+Z T pz]ﬂi ]+1§1+Zp17//'1 C7
(29)

We rewrite the 57 terms as follows. By differentiating (15) and sub-
stituting in (8) and (9), the transformed error dynamics are shown to
be

Ci=*9i51+%€:fi+@+1v i=1,...,n—1 (30)

é‘n = —On C~1 + 55’u~ (31)

We next substitute in (30) and (31) for f ; in (29), which will yield a dif-
ferent expression for¢ = 1,2,...,n — 1 than for i = n. After lengthy
(but straightforward) calculations, we obtain fori = 1,2,...,n —1

i—1
B I ;o on+m4i—1_
2= (g; + § 9iPi iy |+ Piv1a gy — B Hl)

j=1

it Pij-1 — ﬁi+1.j) /LT].H G-

- ! n+m+i—j_
ra e S (I

Then by selecting the {p; ; } for j < i according to (20), and the gains

{gi(t —to, T)}=

11 according to (22), we obtain (24). Similarly, for
i = n, we obtain

n-1
. ; 2n+m —1
Zn (gn + § ngn J/"Ll I - T Pn 1,“1)

j=1

2n+m—j _
+Z(#INU+P"1 1) 1 7+1</

j=2

and by selecting the {p, j} for j < n according to (21), and the gains
{g:(t — ty,T)}!_, according to (22) and (23), we obtain (25). [ ]

B. Three Useful Lemmas

As shown in Lemma 1 and its proof, the change of coordinates
of the observer error system (8), (9) consists of two parts: 1) trans-
formation (15) to scale the error dynamics in a way that facilitates
fixed-time stabilization through the approach outlined in Section I-B,
and 2) transformation (16) to rewrite the scaled error dynamics into
a form that is easily stabilized asymptotically. This two-step change
of coordinates is easily expressed as a single transformation, and the
resulting transformation is invertible. These results are captured in the
following lemmas, whose short proofs are in the Appendix.

Lemma 2: The transformation &; (t) — Z; (t) is expressed as

Z(t) = p" P ()3 (t)

where P(y11) is a lower triangular matrix having elements {p; ; (11)}
given by

(32

pig(m) =pgm " 1<j<i<n (33)
where the constant coefficients {p; ; } are defined by (18)-(21).
Lemma 3: The transformation Z; (t) — Z;(t) is expressed as
2(t) =" Qv)z(t) (34)

where (Q(v) is a lower triangular matrix having elements {g¢; ; ()}
given by

i) =q v 1<j<i<n (35)
where the constant coefficients {g; ; } can be explicitly obtained from
the constant coefficients{p; ; } defined by (18)—~(21). Furthermore, g :=
Sup, c(g,1) |Q(v)] is finite.

The proof of Theorem 1 leverages Lemmas 1, 2, 3, and the following
lemma, whose proof is a straightforward application of induction and
is therefore omitted.

Lemma 4: The time-varying observer gains {g;(t —to, 1)},
given by (22) and (23) are ith-order polynomials in s, which we

denote as

gi(t —to, T) = hi(pu: (36)

)= higpk, i=1,2,....n
k=0

where the coefficients {h; ;} for i =1,2,...,nand k =0,1,...,i

are constants.

C. Proof of Theorem 1

We now have everything we need to prove Theorem 1.
Proof: In the proof of Lemma 1, we showed that substituting (22)
and (23) into (8) and (9) yield (24) and (25), which can be written as

Z(t) = AZ(t)

where A was defined in (26). By selecting the constants {/;}_, to
make the polynomial s + ;" ! + --- + [, and companion matrix
A Hurwitz, there exist positive constants M, ., > 0 such that for all
te [t()7 to + T)

Z()] < M.e™

0= (t=t0) | 5 (49). (37)

From (34) and the last statement in Lemma 3, we obtain the estimate

Z()] < [ THIQW)IIZ(D)]

S V7n+1q—|§(t)| (38)
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and from (32), we obtain the estimate
12(t0)] < | (0, 7)™ 7| P Gy (0, T)) (20 )]
— |P()[J(t0)).
Substituting (39) into (37), and then the result into (38) then gives
()] < v+ g P(L)[ML e 1) (k)|
Thus, we have obtained (27) with M := ¢|P(1)|M. and § := ..
We now consider our claim regarding the output estimation error in-
jection terms {~; (t — to,T)}_,.Fori =1,2,...,n — 1, multiplying

gi(t —to,T) by &, (t) and then using (15) and (13) to replace & ()
gives

(39)

Vit —to,T) = gi(t —to, T)&1(t)

1
=gi(t =10, T) 5 C1 ()
M1

=" gi (t — to 5 T)l/n 21 (t) (40)

since v = p;! and % (t) = ¢ (¢) by (16)—~(19). Now combine g; (& —
to, T') with v" to define a new polynomial using (36) from Lemma 4,
such thatfori=1,2,...,n—1

ni(v) = gi(t

Z hz ku]i n
c=0

- to,T)l/n

(41)

_ Z Elk ank
k=0
Then, (40) becomes

Vit =0, T) =v"ni(v)%

The transformed error Z; (¢) is asymptotically stabilized by our choice
of the constants {/; }!"_, . Additionally, from (41), it is clear that for ; =
1,2,...,n — 1,every n; (v) is a polynomial in the argument v € (0, 1]
fort € [ty,ty + 1), thus is bounded and goes to zero as t — to + 7.
Therefore, with m > 1, ~; (¢ — ty,T’) is uniformly bounded and goes
tozeroast — ty+ 1 fori =1,2,...,n — 1. The claim for i = n is
proven the same way. |

), i=1,2...,n—1.

D. Proof of Proposition 1

The proof of Proposition 1 concludes this section.

Proof: Both (20) and (21) are linear difference equations that can
be viewed as discrete-time dynamic systems stepping backward in
time, with j playing the role of time. For ¢ = n, (21) is autonomous,
whereas for each i =n —1,n —2,...,2, each equation defined by
(20) is forced by {p;+1,;}, for j = 4,7 —1,...,2. Constrained by the
latter, we must solve (21) first. Define
2n+m —j
—

Then, (21) with initial condition (18) is written as

Ty (]) = ﬁn,j7 an (.7) ==

Ty (] - 1) = ay (j)xn (7)7 L (n) =1 (42)
The solution to (42) is
Ty (n—k)=T(n—k,n)x,(n) (43)
where
k—1
TG —k,i—1) {ILJi“_”’Oéﬁjh (44)

for integers i, k,l. Now consider (44) with [ = 0 for step k, where
O0<k<n-—1las

71—[( n+m+9) 45)
—1\*

:(7) (n+m+k—-1)n+m+k—2).

x (n+m+1)(n+m). (46)

Multiplying the numerator and denominator of (46) by (n + m — 1)!

results in

(-D*(n+m+k—1)
TF(n+m —1)!

I'(n—k,n)= , 0<k<n—-1. @47
Then the solution to (42) is provided by (43) and (47), and the initial

condition z,, (n) = 1, which gives

(=D*(n4+m+k—1)!
n —k)= 5 0 k< — 1. 48
oo (n = k) TF(n+m —1)! shsn (“48)
Define j := n — k, so that k = n — j. Then, since z,, (j) = p, ;. (48)
is rewritten as
N (=) 2n+m—j—1)! ,
n =Dn.j = " 5 1 S S -1
2, (§) = Puj T rr—Y ji<n
Now for the systems defined by (20) for i =n —1,n—2,...,2,
define
. _ ) n+m+i—j . _
zi(j) == Pijs ai(j) := 7 u; (j) == Pit1j-
Then, (20) can be expressed as
zi(j—1) = a;i(j)zi () + wi(f), wi(i) =1 49)

whose solution is

k-1
zi(t—k)=T( —k,i)z; (i +Zfz—k2—l+1))ui(i—l).
1=0

(50)
As for i = n, the transition from the initial condition is
(i —k,1) H a;(i—s)
—1)* —1)!
:( ).(n+m+k ) 1)
T+ (n+m —1)!
by using (45)—(47). Then, for the inputs
k-1
D(i—ki—(1+1)= ] ali-s
s=1+1
B ]ﬁ (_n+m+s)
N T
s=1+1
—1)k=0+1) E—1)!
_ (-1) (n+m+ ) _ 52)

T (0 +m + 1)!
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Fig. 1. Time histories of states and state estimates for Example 1, for ~ Fig. 2. Time histories of state estimation errors for the simulations

three sets of initial conditions.

Then, rewriting (50) with (51) and (52) gives

(-D*(n+m+k—1)!
TF(n4+m—1)!

+

k=1 \k—(1+1) -
Z( 1;k (nt+m+k 1)’7,,i(7:—1). (53)

(i1 |
ot D (n +m +1)!
Define j := i — k, so that £ = ¢ — 5. Then, (53) is rewritten as
(=) (n+m+i—j—1)!

T (n+m—1)!

Ii(j) =

i—

>

j—1
1=0

(=)D (4 m 4§ — 5 —1)!
Ti=i=(+D) (n 4+ m +1)!

(54)

after using z; (i) = 1. Then, since z;(j) =p;; and w;(i —1) =
Dit1,i—1> (54) becomes

(=) (n+m+i—j—1)!
Ti=i(n+m—1)!

bij =

i—j—
>

=0

DT ik mt i — 1)

Ti=i=U+1) (n +m +1)!

Di+1.i—i-

IV. NUMERICAL SIMULATIONS

We illustrate the performance of the observer (7) through the fol-
lowing example.
Example 1: Consider the double integrator with single output as

shown in Fig. 1.

8 T T T T T

6L (21(0),22(0)) = (0, 10) |
&4 ]
3 (21(0),22(0)) = (0,5)
I
2 I

0
(21(0),22(0)) = (0,1)
_ L | I i i I i | I
% 05 1 15 2 25 3 35 4 45 5
t
8 . . } . .
5 (21(0), 25(0)) = (0, 10) 1
4+ il

(21(0), 22(0)) = (0,5)

Yot —to, T)

0 05 1 1.5 2 25 3 3.5 4 4.5 5

Fig. 3. Time histories of output estimation error injection terms for the
simulations shown in Fig. 1.

The observer (7) becomes
21(t) = &2(t) + g1 (t — 10, T) (y(t) — 21(t))
o (t) = u(t) + g2 (t — to, T) (y(t) — &1 (¢))

which has the error dynamics

1 (t) = B2 (t) — g1 (t — to, T)E: (1)
5.02 (t) = =02 (t - to,T)fl (t)

Using (18)—(21) and the algorithm provided in Remark 1, we find
the constants {p; ;} to be p11 =pPao =1, P12 =0, and pp; =
— %2 Then, from (22) and (23), g, (t — to, T) and g (t — ty, T') are
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Fig. 4. Time histories of states and state estimates for Example 1, for
three values of the observer parameter m.

Fig. 5.
shown in Fig. 4.

Time histories of state estimation errors for the simulations

found to be

m+ 2
gt —t,T)=1 +2TN1

+2 m+1)(m+ 2
p s D2

T T2 r

m
gQ(tithT) = l? +ll

Fig. 1 illustrates simulation of Example 1 with control input u(¢) =
sin(10t) + cos(t) for three sets of initial conditions: (z; (0),z2(0)) =
(0,1), (z1(0),22(0)) = (0,5), and (z,(0),z2(0)) = (0, 10). In all
cases, the observer was initialized to (& (0), Z5(0)) = (0, 0). The ini-
tial time is ¢, = 0, and the terminal time is ¢; = 5. For observer pa-
rameters, we selected [; = I, = 1, m = 1,and T" = 5. In Fig. 1, solid
lines denote the states, and dashed lines denote the estimates. Fig. 2
shows the corresponding estimation error states versus time. Figs. 1
and 2 show that the convergence of the estimation errors to zero is

t

Fig. 6. Time histories of output estimation error injection terms for the
simulations shown in Fig. 4.

achieved at the prescribed time 7" = 5, regardless of the initial condi-
tions, which illustrates the fixed-time property of the observer. Fig. 3
shows the corresponding output estimation error injection terms versus
time. As proven in Theorem 1, they remain uniformly bounded and
converge to zeroas t — ty + 1.

Figs. 4-6 again illustrate simulation of Example 1 with control input
u(t) = sin(10t) 4 cos(t), but with initial conditions (z; (0), 22 (0)) =
(20,1), (21(0),22(0)) = (0,0), observer parameters [; = Iy = 1 and
T = 5, and the observer parameter m > 1 is varied. In Fig. 4, solid lines
denote the states, and dashed lines denote the estimates. Figs. 5 and 6
show the corresponding estimation error states and output estimation
error injection terms. Figs. 4-6 show that varying the parameter m
tunes the transient responses of the estimation error states, but for all
m used, the estimation error states converge to zero at the prescribed
time 7" = 5.

V. CONCLUSION

The main benefit of the observer (7) is how easily it allows the user
to prescribe the convergence time irrespective of initial conditions.
In the presence of significant unmodeled dynamics or measurement
disturbances, convergence of the estimation error will degrade to a
nonzero neighborhood of the origin. For linear time-invariant systems
with piecewise-constant measurement disturbances, the hybrid-system
finite-time observer of Li and Sanfelice [19] may be more appropriate
than (7).

APPENDIX

Proof of Lemma 2: The transformation (16) can be written as

Z=P ()¢
where P*(p11) has elements given by (17)—(21), which show that
P*(uy) is unit lower triangular. Then, substituting in (15) for ¢ and
using pp = pj ™" gives

n+m z,

F= P ()t g (55)

Now factoring out x" ! to the left and defining the matrix P(p,) :

Py )pt " gives (32) and (33). [ ]
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Proof of Lemma 3: From (17)—(21), it is clear that the matrix
P*(py) is unit lower triangular. Then, its inverse exists and is also
unit lower triangular. Define Q* := (P*)™" (uy). Since P* (1, ) is in-
vertible, and since v = ,ul’l, we obtain from (55)

F=ttmQrs. (56)
Since Q* is the inverse of P* (1, ), the matrix Q* obeys
P (p)Q" =1, (57)

where [, is the n X n identity matrix. After obtaining the elements
of P*(py) from (17)—~(21), we can determine the elements of Q* by
solving (57) using forward substitution. The result of this process yields
the matrix Q*(v) with elements {g; ; ()} of the form

a (v) = Qi,jyjii

where the {g; ; } are known functions of the known constants {p; ; }.
Having determined the {q; ; ()} in this way, we return to (56), which
now reads
7= Vn+m Q*(V)E (58)
Now factoring out #™*1 to the left and defining the matrix Q(v) :=
"1 Q*(v) gives (34) and (35).
The finiteness of g follows from the fact that |Q ()] is a continuous
function of a bounded argument v € (0, 1]. |

REFERENCES

[1] P.Zarchan, Tactical and Strategic Missile Guidance (Progress in Astronau-
tics and Aeronautics), Sth ed. Washington, DC, USA: American Institute
of Aeronautics and Astronautics 2007.

[2] A. Levant, “Robust exact differentiation via sliding mode technique,”
Automatica, vol. 34, no. 3, pp. 379-384, 1998.

[3] A. Levant, “Higher-order sliding modes, differentiation and output-
feedback control,” Int. J. Control, vol. 76, no. 9/10, pp. 924-941, 2003.

[4] A. Levant, “Homogeneity approach to high-order sliding mode design,”
Automatica, vol. 41, no. 5, pp. 823-830, 2005.

[5] E. Cruz-Zavala, J. Moreno, and L. Fridman, “Uniform robust exact dif-
ferentiator,” IEEE Trans. Autom. Control, vol. 56, no. 11, pp. 2727-2733,
Nov. 2011.

[6] A. Levant, “On fixed and finite time stability in sliding mode control,” in
Proc. 52nd IEEE Conf. Decision Control, Florence, Italy, 2013, pp. 4260—
4265.

[71 M. Angulo, J. Moreno, and L. Fridman, “Robust exact uniformly conver-
gent arbitrary order differentiator,” Automatica, vol. 49, pp. 2489-2495,
2013.

[8] Y. Shen and X. Xia, “Semi-global finite-time observers for nonlinear
systems,” Automatica, vol. 44, pp. 3152-3156, 2008.

[9] W. Perruquetti, T. Floquet, and E. Moulay, “Finite-time observers: Appli-
cation to secure communication,” IEEE Trans. Autom. Control, vol. 53,
no. 1, pp. 356-360, Feb. 2008.

[10] V. Andrieu, L. Praly, and A. Astolfi, “Homogeneous approximation, re-
cursive observer design, and output feedback,” SIAM J. Control Optim.,
vol. 47, no. 4, pp. 1814-1850, 2008.

[11] Y. Shen and Y. Huang, “Uniformly observable and globally Lipschitzian
nonlinear systems admit global finite-time observers,” IEEE Trans. Autom.
Control, vol. 54, no. 11, pp. 2621-2625, Nov. 2009.

[12] T.Menard, E. Moulay, and W. Perruquetti, “A global high-gain finite-time
observer,” IEEE Trans. Autom. Control, vol. 55, no. 6, pp. 1500-1506,
Jun. 2010.

[13] Y. Shen, Y. Huang, and J. Gu, “Global finite-time observers for Lipschitz
nonlinear systems,” IEEE Trans. Autom. Control, vol. 56, no. 2, pp. 418—
424, Feb. 2011.

[14] H.Du,C.Qian, S. Yang, and S. Li, “Recursive design of finite-time conver-
gent observers for a class of time-varying nonlinear systems,” Automatica,
vol. 49, pp. 601-609, 2013.

[15] F. Lopez-Ramirez, A. Polyakov, D. Efimov, and W. Perruquetti, “Finite-
time and fixed-time observers design via implicit Lyapunov function,” in
Proc. Euro. Control Conf., Aalborg, Denmark, 2016, pp. 289-294.

[16] R. Engel and G. Kreisselmeier, “A continuous-time observer which con-
verges in finite time,” IEEE Trans. Autom. Control, vol.47,no.7, pp. 1202—
1204, Jul. 2002.

[17] T. Raff and F. Allgower, “An impulsive observer that estimates the exact
state of a linear continuous-time system in predetermined finite time,”
in Proc. Mediterranean Conf. Control Autom., Athens, Greece, 2007,
pp. 1-3.

[18] G.Zheng, Y. Orlov, W. Perruquetti, and J.-P. Richard, “Finite time observer
design for nonlinear impulsive systems with impact perturbation,” Int. J.
Control, vol. 87, no. 10, pp. 2097-2105, 2014.

[19] Y.LiandR. Sanfelice, “A finite-time convergent observer with robustness
to piecewise-constant measurement noise,” Automatica, vol. 57, pp. 222—
230, 2015.

[20] A. Polyakov, “Nonlinear feedback design for fixed-time stabilization of
linear control systems,” IEEE Trans. Autom. Control, vol. 57, no. 8§,
pp- 2106-2110, Aug. 2012.

[21] Y. Song, Y. Wang, J. Holloway, and M. Krstic, “Time-varying feedback
for regulation of normal-form nonlinear systems in prescribed finite time,”
Automatica, vol. 83, pp. 243-251, 2017.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


